Stochastic Processes

Volker Betz

Motivation and contents

Many laws of nature are encoded by differential equations. For example, the position z(t) € R
of a moving particle as a function of time can be described by

0w (t) = —a(z(t))0x(t) + F(t,x(t)), (0.1)

where a(y) is the friction coefficient at the location y € R, and F\(y) is the external force at
position y € R. Other laws of nature (like e.g. fluid dynamics or electrodynamics) are encoded
by partial differential equations.

In many cases, it is useful to model the external force F' as a random quantity. For example,
the particle might be travelling through a gas of other particles and get frequent pushes from
these other particles. Of course, one could try to model all of the particles at the same time,
but there are typically many millions of them, and this would give millions of coupled ordinary
differential equations, impossible to solve in practice. So in this cases, it is better to focus on
the one particle that we are interested in, and model the pushes by other particles by a random
external force. There are two questions:

(1) What type of random force can we use? Is it suitable for the given physical situation?
Cn we prove that the randomly forced system somehow approximates the relevant
aspects (e.g. the movement of the single particle) of the full, non-random system?

(2) How can we mathematically describe the most relevant random forces?

(3) Given a certain random force, can we actually solve the resulting differential equation?
This means: does a solution exist? Is it unique? Can we calculate it in good cases, or
at least find properties of it?

Point 1) is usually quite difficult and either part of physics, or sometimes can be solved via
statistical mechanics. We will not discuss it in this lecture. Instead, we will start with item 2)
and present a very important case of random force (called ,noise“ in the following), leading
us to the study of Brownian motion. Brownian motion is easily the most important, and also
among the most beautiful objects of probability theory, and we will study many aspects of it.
Then, we will turn to item 3) and talk about stochastic differential equations. Here we will take
a modern point of view, and use the theory of rough paths that has been established since the

early 2000’s.
1
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We will be content with a simpler version of (0.1), namely the first order differential equation
8tXt = b(t, Xt) + O'(t, Xt) . ft, (O2>

where X; € R is the quantity of interest (e.g. our particle), b € R is a deterministic force that
may depend on the time ¢ and on the current state X, of the system, & € R? is the random
noise (more about this just below), and o (¢, z) is another factor that modulates how strongly
this noise influences the dynamics of the particle when the particle is at position z at time ¢.

So how should the random function ¢ — &; look like? If we think of the particle getting random
and very chaotic pushes from other particles, we want to make t — &; ,,as random as possible “.
An interesting idea for this is the following: let us restrict our attention to 0 < t < 1. Then a
large class of functions on this interval can be represented by a Fourier series:

& = Z Yy cos(2mkt) + Z Zy sin(2mkt),
k=0 k=1

with coefficients Y}, Zi.

If we already know the function £ that we want to approximate, then Fourier theory tells
us that we can compute the coefficients by the usual Fourier inversion formula, for example
Zy =2 fol & sin(27kt) dt for k > 1. But since we do not know the function £ but instead want
to produce a random function, it is reasonable to just use random Fourier coefficients. Our aim
to be ,as random as possible is achieved by choosing Yy, Zp ~ N (0,1) and iid, i.e. standard
normally distributed and independent. A more physical justification for this choice is that the
energy spectrum is iid, i.e. if { were a wave composed of elementary waves (the sin and cos
functions), then all elementary waves occur with the same strength on average, and do not
influence each other.

The problem with this definition is that the limit N — oo of the functions

N N
)= Z Y}, cos(2mkt) + Z Zy sin(2mkt),

k=1 k=1
with Yy, Zy, iid N(0,1), does not exist for any ¢ € [0, 1] almost surely. This can be seen easily
for t = 0, because §§N)(O) = SV Y4, and the variance of this expression is equal to N — 1/2.
It is also true for all other ¢t. Nevertheless, the limit & = limy_ §t(N) is very important and is
called white noise. This might sound strange, but what happens is that while the limit does not
exist as a random function, it does exist as a random distribution. We will however not follow

this route, but rather use a trick to improve convergence, namely we integrate. This means that
we consider

t N
1
B = / EMds =Y, + ) 5 (Yisin(2mht) + Zy(cos(2mkt) — 1)).
0 k=1

You will soon prove as an exercise that this limit does exist as a random function. An easy
special case is the case t = 1, when BEN) =Yp. The random function t — B; = l@'mN_mBISN) is
Brownian motion (in our case: on the unit interval), which will be the main topic for the first
half of the lecture. We will give a quite different definition of it in the next chapter.
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Coming back to the equation (0.2), we see that it still has the problematic quantity & in
it, instead of the (allegedly) unproblematic B;. At least of o(t,z) = 0y = constant, we can
integrate this equation on both sides, and get

t t
X — Xy = / 0, X,ds = / b(s, Xs)ds + o¢B;.
0 0

This equation now makes sense provided we can prove that the function ¢t — B; makes sense. A
different question is how to find a solution to it, this is not clear at the moment. In the second
half of the lecture we will learn how to find solutions to this equation, and also how to deal
with non-constant o (¢, z). We will introduce the famous It6-integral, but also the more modern
theory of rough paths to deal with these problems.

Some literature

There are many books about Brownian motion and stoachstic differential equations, and not
very many about rough paths. Here I give a few books that I have read (at least in part) and
used for this lecture, along with some comments on them.

Books on Brownian Motion and SDE

[SP] R. Schilling and L. Partzsch: Brownian Motion: An Introduction to Stochastic Processes.
Berlin, Boston: De Gruyter, 2012. https://doi.org/10.1515/9783110278989.
The strength of this book is that it does all the proofs very carefully and in great detail. The
price to pay for this is that in some places, things appear more complicated than necessary.
Qverall a great reference.

[MP] P. Mérters and Y. Peres: Brownian Motion. Cambridge University Press, 2016.

A wvery beautiful book concentrating on the geometric and sample path properties of Brownian
motion, less on SDE. It is written in ,american style“ which means it is engaging and fun
to read, but can skip over some details that may be a bit hard to fill in in some places. In this
respect it is quite the opposite of the book of Schilling and Partzsch.

[Li] T. Liggett: Continuous Time Markov Processes: An Introduction. AMS publishing, 2010.

Another fantastic book. It has the best treatment of the theory of Markov processes that I
am aware of, has a very nice chapter on Brownian motion and several other things that are
not done in this lecture. Very clear and careful presentation, great choice of notation and
terminology.

[RY] D. Revuz and M. Yor: Continuous martingales and Brownian Motion. Springer 1999

Still ,,the bible “ on the topic of Brownian motion and SDE. Contains everything you want to
know about continuous martingales and Brownian motion, and probably much more. Written
i a concise, exact style, that can be a bit demanding, but very thorough and complete.

Book on Rough paths

[FH] P. Friz and M. Hairer: a course on rough paths, Springer Universitext, 2014

The only textbook on the subject that I am familiar with. Its advantage is that it treats the
topics in a very concise way and does not try to achieve mazximal generality. The proofs,
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however, are often so concise that I find it very hard to follow them. Several proofs in these
lecture notes are mine, in part because they were so short in the book that I had to fill 90
percent of the steps, in part because I simply did not understand them and had to do my
own ones. So please check them very carefully! If you work hard enough, the book can be very
inspiring, but it can also be a bit frustrating at times. Of note, there is a chapter on regularity
structures (which I do not cover). The only other book I am aware of is a monograph by Friz
and Victoir, which is a few years older, seems very thorough, and has almost 600 pages.

Other sources

[K1] A. Klenke: Probability Theory, Springer Universitext, 2014
Typical german style text book: does not try very hard to entertain you, but does a very good

job in laying out and explaining the basic building blocks in probability, and it does have some
very nice examples. Very solid reference volume to have around.

[Ka] O. Kallenberg: Foundations of modern probability, Third edition, 2021
In my opinion, the best reference on probability theory in general, although not completely
easy to read. The notation may be a bit hard to follow at first, because it is rather minimali-
stic, but the proofs are highly elegant (and often very short). The whole book has a very ,pure
mathematics “ feeling to it. Highly recommended.

[Be] V. Betz: Probability theory lecture notes, 2020; available on the moodle page.

I refer to these notes in several places, mostly because I know them rather well. I do like
them, but anything els would be quite sad I suppose. Whether you like them too is up to you
- but do try some of the other literature as well in any case!

1. Brownian Motion

(1.1) Definition

Let (F,€) be a measurable space, T a set. A collection (which is another word for ,a set®)
of (E,&)-valued random variables X = (X;);er is called E-valued stochastic process with
index set T For each w € Q, the function 7" — E,t — X;(w) is called the sample path (or
simply: path) of the stochastic process X belonging to w €  if T' is a subset of R, otherwise
it is sometimes called the configuration corresponding to w.

(1.2) Examples

The definition of stochastic process is very broad - for example, for any random variable one
can take T'= {1} and X; =Y, so every random variable is a (trivial) stochastic process. Like
some other definitions in probability theory, the value of the concept of a stochastic process
lies less in the mathematical structure that it implies (because it is too broad to have much
structure) and more in the intuition it tries to evoke. See also next item. For now, here are
some examples:

a) If (E,€) = (RY, B(RY)) and T = R, then (X;) is called d-dimensional, real time stochastic
process.
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b) If (E,&) = ({—1,1},P({—1,1}) and T' = Z%, then (X;) is called spin system with lattice Z¢
and binary spins.

c) If T = Ny, then (X;) is called a discrete time stochastic process; for example, a simple
random walk would have E = Z.

(1.3) Remark

There are two fundamental points of view on a stochastic process, both of them are useful in
some ways and less useful in others. The first is the dynamical point of view: (X;) is thought
of as a random quantity and ¢ as a time, and the random quantity changes with time. This is
natural for examples a) and c¢) above.

The other point of view is the global point of view: a stochastic process can also be viewed as
one single random variable that takes values in the space

Q=E"={f:Tw— E}

of sample paths. This amounts to considering the ,random quantity “ (X;) at all times at once!
In other words, instead of looking at each X; separately as t evolves, one looks at the whole
path ¢ — X, as one single random object. This is natural e.g. for example b) above, where T'
anyway does not look like a time, and (X;);er can be visualized as an infinitely large pattern
of —1’s and 1’s located at the vertices of Z<. But it is also useful in example ¢). When we apply
it, we imagine that instead of discovering (X, )nen separately for each n, each w € Q = EN
represents one possible evolution of the random events into the infinite future, i.e. for all n at
once.

An important question is what o-algebra should be used on €2, but we will come to that.

(1.4) Definition

Let X = (Xy)ier be a stochastic process, and assume that the state space E is a group (the
most important examples are ¥ = R and £ = R"), and that 7" C R. The set of random
variables (Xs)ser with

Xs,t = Xt — Xs

is called the set of increments of the process X.

A stochastic process is said to have independent increments if for all n € N and for all
51 <t < sy <ty < ... < s, <ty with s;,t; € T, the random variables (X, )1 <i<n are
independent.

In the same situation as above, the stochastic process is said to have stationary increments if
for all 7 € R so that s;+r € T and t;+r € T for all i, we have (X, +,)i=1...n ~ (Xs;4rtitr)i=t,..n-

Remark: a)(X;+)ser is a stochastic process with index set {(s,t) € T'x T': s < t} and state
space F, called the increment process.

b) Importantly, independence of increments is only required when the intervals [s;,¢;) do not
overlap for different 7. This is important because otherwise we could take s; = so,t; = t9, and
then there would be only very boring stochastic processes with independent increments.
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c) For shorter presentation, the disjointness property is also required in the definition of statio-
nary increments. But here it is not necessary, and it actually implies the stationary increment
property for all sets of increments. It is a useful exercise to convince yourself that this is so.

(1.5) Definition

A Rvalued stochastic process B = (Bt)teRg is called a Brownian motion if it has the
following five properties:

(B0): By(w) = 0 for almost all w, i.e. By = 0 almost surely.

(B1):

(B2): B has stationary increments.
):

(B3): B, — By ~ B,_s ~ N(0, (t — 5)idga), where A is the d-dimensional normal distribution®
and idga is the d-dimensional identity matrix.

B has independent increments.

(B4): The map t — B;(w) is continuous for all (note: not only almost all) w € Q.

(1.6) Remark

Let us interpret the properties (B0)-(B4) in the light of the formula B, = fg & ds, where & is
the white noise from the introduction. We ignore the fact that £ does not exist as a function,
and just work heuristically. We have:

(B0) is necessary since fOO &s ds = 0 whatever & might be.

(B1) represents the complete lack of memory (,,whiteness“) in the white noise: We have B;; =
fst &-dr for all s,t, and for sy < t; < sy < to the sets (&§)s, <rer and (&)s, < s<¢ are sets of
independent random variables. So also the integrals B;, ;, and Bs, 4+, are independent.

(B2) just means that white noise is not changing with time: the integral fstll &, ds only depends
on the length ¢; — s; of the integration interval.

(B3) comes from the central limit theorem: if we believe that all the & are independent of each
other, then B, , = 5_2 & dr is a sum of (infinitely many!) iid random variables, and must
therefore be a Gaussian.

(B4) is again very reasonable since ¢ — fot f(s)ds should be continuous for any function f,
even a non-existent one like £&. More seriously, and only for those who might have already heard
about these things or are interested in them: £ as a distribution is regular enough to guarantee
the continuity of the map ¢ — (1o, &), where the bracket is the dual pairing via the ordinary
L?-scalar product.

Since Gaussian measures play a central role in most of what follows, we next give a short but
complete (for our purposes) and systematic account of their most important properties.

(1.7) Definition

The Gaussian measure (or: normal distribution) with mean m € R and variance o > 0 is the

DWe will recall (of learn about) the most important facts about multi-dimensional Gaussians (or normal
distributions) just below, see in particular (1.13)
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probability measure on (R, B(R) with Lebesgue density
1 (x —m)
9m,o? (.’L’) - /—271'0'2 exXp < - 252 )

2

(1.8) Proposition
Let X ~ N(m,0?). Then
a) E(X) =m, V(X) = o2
b) For ¢ > 0 and all C' > 0, we have
1 C
V2r C?+1

c) For real sequences (my)gen and (o )keny and m, o € R we have

2
€ 0/2.

e 2 <P(X —m > Co) <

5l
3
Ql~

< lim my = m and lim o, = a) & N(my,o3) ey N (m,c?) in distribution.
k—ro0 k—o0

Proof: exercise.

(1.9) Definition
A R%valued random variable X is called d-dimensional Gaussian if for all linear maps
L :R? — R, there exist m,o € R with LX ~ N (m, o?).

Remark: In words: a random variable is d-dimensional Gaussian if and only if the image
measure of its distribution under all linear maps L : R — R is one-dimensional Gaussian.
Explicitly, this means that with X = (X, ..., X?), we need that for any choice ay, ...,aq € R,

. d - .
the real random variable > ;_; a, X" is Gaussian.

(1.10) Example and warning

If X1 ..., X9 are independent one-dimensional Gaussians, then (X!, ..., X?) is a d-dimensional
Gaussian. But without independence, this is not necessarily true. As an example, let

XHw) for those w that give | X! (w)| < 1,
— X' (w)  for those w that give | X*(w)| > 1.
Then X? ~ N(0,1) (to see this calculate P(X? < ¢) for all ¢ € R), but the pair (X', X?)
is not a Gaussian random variable. One can see this by noticing that |X?(w) + X! (w)| < 2
for all w € Q, and P(X! + X2 # 0) > 0. So with L(x,y) = x + y the image measure of the

distribution of (X!, X?) under L is a nonzero distribution with compact support, and thus can
not be Gaussian.

X'~ N(0,1), X*(w)= {

From a systematic point of view, requiring that X* is Gaussian for all ¢ means that the image
measures under all coordinate projections are Gaussian, or in the phrasing of the remark above,
that all a; except one are zero. But since there are many more linear maps from R¢ to R than
there are coordinate projections (for example the map L above), this is not sufficient to fulfil
Definition (1.9). For independent Gaussians, on the other hand, it is enough, since we know
(e.g. by studying the characteristic function, see below) that the sum of independent Gaussian
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random variables is Gaussian, and so again in the language of the remark above, it is clear that
Zle a; X" is Gaussian if all the X* are independent Gaussians.

(1.11) Proposition

Let X be a real random variable. X ~ A(m,0?) if and only if its characteristic function is
given by

1,2 2

SOX(U) — eium efgu o (*)

Proof: Recall that px(u) := E(e“X ) uniquely determines the distribution of X. Therefore we
only need to show that (*) holds when X ~ A(m,0?). Since px.m(u) = €™ px(u), we can
restrict to the case m = 0. For this case, we calculate

d 1
—_ e 202 dx ——
du Px(u) \/27m2 \V2mo?

2
iy e 0 27307 do = —uopx (u).
\/27r0 /

For the first equality, integration under the integral is justified by the integrability of x —
2 2 2

(x e 207 > dx

x

|| e~ 207 , and in the third equality we integrated by part using the fact that 0, e 27 = e 202,
Since we have ¢x(0) = 1, for the function h(u) = Inpx(u) we get

B (u) = zigg = —uo?,  h(0)=0.

Integrating gives h(u) = —iu?0?, and this shows the claim. O

(1.12) Corollary
For X ~ N(0,0?%) and ¢ € C we have
E( eCX) — e+g242/2.

Proof: The function ¢ — E(e%) is analytic on C (e.g. estimate its Taylor coefficients using
the integral with Gaussian density). It is given by et*C/2 for ¢ = iu, u € R. Therefore by the
uniqueness of analytic continuation, the claim follows. O

(1.13) Theorem and Definition

Let X = (X)) <, <4 be a d-dimensional Gaussian.
a) The distribution of X is uniquely determined by its mean vector

m =E(X) = (E(X")1<i<a €RY,
and its covariance matrix
C=(Cij)i<irca € R with O, := Cov(X’, X)) = E(X'X7) — E(X)E(XY).
We write N (X, C) for such a Gaussian.
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b) X has a Lenesgue-density on R? if and only if C is invertible. In this case,

1 1 )
P(X € dx) = ) (et )12 exp < - 5(:1: -—m,C " (x — m))) de,

=1)()
where (.,.) is the scalar product in R¢, and the above formula is a useful and suggestive way
to write that ¢ () is the Lebesgue density of the distribution of X.

Proof: Assume that X and Y are d-dimensional Gaussians, both with mean m and covariance
matrix C. Then for all @ € R?, the random variables Z = Y% | ¢;X* and W = 3>7 a,Y" are
one-dimensional Gaussians with E(Z) = E(W) = (a, m), and
V(Z) = V(W) = (a,Ca). (%)

Therefore,

; L) 1(aCa

(PX(a> _ ]E(el(a,X)) (:) e1(a,,m) e 2( ,Ca) — QOY(CL)

for all @ € R?, and thus the characteristic functions of X and Y are equal. This implies that
the distributions of X and Y are equal, which shows the claim.

b) Assume first that C is not invertible. Then there exists 0 # y € R? with Cy = 0, and so

V((y, X)?) = (y,Cy) = 0.

This means that (y, X) = (y, m) almost surely, and so the distribution of X is concentrated
on the hyperplane. Therefore it can note have a Lebesgue-denisty.

Assume now that C' is invertible. This ensures that ¢ as defined in the claimed equation is well-
defined and nonnegative. What remains is to compute the characteristic function of ¥ (x)dx
and verify that it matches the function ¢y given in the first part of the proof. This is left as
an exercise. 0

(1.14) Proposition

Let X be a d-dimensional Gaussian, X ~ A (m,C) and A € R". Then
AX ~ N(Am, ACAY),

where A is the Hermitian conjugate of A.

Proof: exercise.

(1.15) Proposition
Let X ~ AN (m,C). Then X!, ..., X% are uncorrelated if and only if they are independent.

Proof: Independent random variables are always uncorrelated, wo the one implication is trivial.
For the other implication, note that uncorrelatedness of the X implies that C' is a diagonal ma-
trix, with diagonal elements C;;. Let Y! ... Y% be independent Gaussians with E(Y;) = E(X;)
and with V(X;) = C;; for all 7. Then ¢y (a) = px(a) can be easily verified for all a € R?, and
thus by Theorem (1.13) the distributions of Y and X are equal. O
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Remark: Be careful: it is not true that uncorrelated Gaussians are always independent. They
need to be jointly Gaussian in the sense of Definition (1.9). The reason is similar to the one
given in (1.10).

It is time to come back to the topic of stochastic processes and Brownian motion!

(1.16) Definition

Let (X;) be a stochastic processes with state space (E, &), defined on some probability space
(Q, F,P). The set of finite dimensional distributions (short: fidis) of X is the family of
probability measures

{ptl .... tn . tl, e 7tn - T, tz 7é tj If 7 7é j,n - N}, Where pt1,--.,tn = ]P)O ()(t17 .. .th)_l

is the image measure of P under the measurable map Q — F,w — (X4 (w),..., X, (w)).
Put differently, ps, 4, is the unique probability measure on (E™, £%") with py, 4, (A) =
P((Xy,,...,Xy,) € A) for all A € &%,

(1.17) Example

Let T = N, (X, )nen be a simple random walk, i.e. X,, = Y " | X; where (X;) are iid random
variables it P(X; = 1) = P(X = —1) = 1/2. Then, for example, for A, B,C C Z,

p17479(A X B x C) = P(Xl cA X, e B, Xy € O)

So, the p;, 4, are used to measure what the process does at the precise times ti,...,t,, but
are blind to everything that it does at any other times. Each finite dimensional distributions
thus only controls a finite number of points in time of the process, hence the name.

(1.18) Proposition

Let X be asin (1.16). Then the finite dimensional distributions fulfil the consistency conditi-
ons: for allty,...,t, € T all Cy,...,C, € £, and all permutations o : {1,...,n} — {1,...,n},
we have

(Cl) ptl?"'vt"(cl’ R Cn) - pto‘(l)""7t0'(n) (Cg(l) >< T X Ca(n))’
(C2)  ph,tn(Cr X X Oy X E) =ppy oty (Cr X oo X Cy).

Proof: easy exercise.

Remark: By (C1), we may always assume that ¢; < t5 < --- < t,, when talking about fidis.

(1.19) Definition

A Rvalued stochastic process is called Gaussian process if all its fidis are Gaussian measu-
res.
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(1.20) Remark

a) Explicitly, this means that each p;, _; is the distribution of a R?-dimensional (jointly)
Gaussian random variable. In fact, the relevant random variable is simply given by w

(Xp, (W), ..., Xy, (w)).
b) Example (1.10) shows that there are stochastic processes that are not Gaussian processes,
but where the one-dimensional distributions p; are Gaussian vor all ¢. In fact, the example

given in (1.10) is such a process if we take T'= {1,2}, F =R and X; = X!, X, = X2
c) If X is a Gaussian process, then its fidis are fully determined by the two functions

T —RY  t—EX,) (the mean),

T2 — R™4 (s,t) — Cov(Xs, Xt) (the covariance function).

This follows from Theorem (1.13).

(1.21) Theorem

a) A Révalued Brownian Motion (short: BM?) is a Gaussian process B with mean E(B;) = 0
for all t and (matrix-valued!) covariance function

Cov(Bs, By) := E(B;B;) = min{s, t}idgs = (s A t)idpa.
Here Bj is the column vector (BL,...,B%)* ie. BB, is the rank one matrix A with entries
Ai,j - B;Btj
b) Conversely, a Gaussian process with the above mean and covariance is a BM? if it also fulfils
the continuous paths condition (B4).

Proof: Let 0 < t; <ty < ... < t,. Define the matrix

1000 --- 0
1100 -+ 0
1110 - 0
A=11111 .
: 0
1111 1

Then

t

(B, (W), ..., By, (w)) = A(Bt1 — By, By, (w) — By, (w), ..., By, (w) — Btn_l(w)) .

By (Bl), (B?)) and (110), we have (Btl - Btz’—l)l <i<n ™ N(O, C) with Ci,j = 52,](751 - tifl). By
(1.14), this implies py, 4, ~ N (0, ACA*), so B is a Gaussian process. Clearly its mean is zero,
and for the covariance we compute
Cov(Bs, B)) =E((Bs —0)(B; —0)) = E((B, — Bs)B,) +E(B?) =s5=sAt.
:O,independ;;t increments

b) We need to check (B )-(B ) (B4) is explicitly assumed to hold, and (B0) follows from
E(By) = V(By) = E(B3) = 0A0=0. For (B1), (B2) and (B3), we note that the assumed form
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of the covariance function implies that for ¢t; < --- < t,,, the covariance matrix of (By,, .
is given my
ty 1 1 1 -0 T
t1 to To To -0 o
t1 1o t3 t3 S 2
M= ¢ t, ty t, - t,
ty to t3 tg -0 In
The matrix A from the first part of the proof has inverse
1 0 0 0
-1 1 0 0
At=10 -1 1 0
SRR
o -~ 0 —-11
Therefore, (B, — By, By, — By, - .., B, — By, _,) has covariance matrix
t 0 e 0
M = A M(AY) = 0 lo —t
: e .. 0
o .- 0 tn,—th
This implies (B1)-(B3).
(1.22) Proposition
Let B',..., B? be independent 1-dimensional Brownian motions. Then B := (B}, ..

., By)

'7B§l)t20

is a d-dimensional BM. Conversely, if we are given a d-dimensional BM B, then the coordinate

processes (B!), > o are one-dimensional Brownian Motions for all i < d.

Proof: exercise.

(1.23) Proposition

Let B be a one-dimensional Brownian motion. Then its fidis have the following Lebesgue-

density: for all 0 =ty < t; < ... < t,, we have

Ph...tn(dx) =P(By, € day, ..., By, € dxy,) = ¢y, (x)d, (%)
with
oxp (st )\

ti—tj—1

27T<tj — tjfl)

n
¢t1,...,tn(371, . xn) = H
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with the convention xqg = 0. An equivalent way to write this fact is to state that for all

Ay, ..., A, € B(R), we have

2
1vn  (Ei—zi1)

T2 4uj=1 it

! i~t-1 dap.

(27T>n/2<Hn (t; — tj—1)>1/2 /Al><~~~><An ¢

=1

P(Btl S Al,---;Btn S An) -

Proof: exercise - use Theorem (1.21).

We have now defined Brownian Motion axiomatically and connected it with the theory of
Gaussian processes, but we do not yet know that there even exists a stochastic process fulfilling
(B0)-(B4). Our next task is to see that this is the case. This will take a while. We start by
making sure that the fidis we found in (1.23) have the chance of belonging to a bona fide
stochastic process, i.e. that they fulfil the consistency conditions from (1.18).

(1.24) Proposition

Consider the family of time-ordered fidis {p;, ., : 0 < t; < ty... < t,}, where the p;, ., are
given by the right hand side of equation (%) in (1.23). Extend this family in the unique way
that satisfies condition (C1) of (1.18) to a family of non-time-ordered fidis. Then this family is
consistent, i.e. it also fulfils condition (C2) of (1.18).

Proof: a direct, but somewhat tedious calculation that involves some integration arithmetics.
Left as an exercise.

(1.25) Definition

Let (E, &) be a measurable space and 7" a set.

a) The maps m; : ET — E, (es)ser — ¢ are called the coordinate projections to the ¢-th
coordinate. When we identify E7 with the set {f : T — E} of all functions from T to E, then
mi(e) = e(t) = e, is the point evaluation of the function e at the point t.

b) The o-algebra €97 is the smallest o-algebra on ET so that all the maps m; : ET — FE are
E¥T_E-measurable.

c¢) The measurable space (ET,£%T) is called the canonical measurable space for E-valued
stochastic processes with index space T

d) If Qo C ET is any (not necessarily measurable) subset of E7, then the o-algebra (!)
5®TﬂQo = {AQQO . AE 8®T}

is called the trace of £27 on Qy. The measurable space (Qg, ET N Q) is the canonical measu-
rable space for F-valued stochastic processes with index set T and sample paths in ).

(1.26) Example
(i): For E =RY T =R§ and Q = ET = {w: Rf — R}, m(w) = w(t), we see that € is the
space of all paths t — w(t) of the process X with X;(w) = w(t).
(ii): With
Q. = Co(RJ,RY),
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the measurable space (€, B(RY)®® 1 €),) is the canonical space for stochastic processes with
continuous paths.

(ii):

QO = CQ(RK,Rd) = {w € C(RJ,RC[> . W<O) = O},
the measurable space (9o, B(R?)®®5 1)) is the canonical space for stochastic processes with
continuous paths starting in 0.

(1.27) Remark

The metric of local uniform convergence on Cy = Cy(R7, R?) is given by

p:CoxCo= Ry, p(fig)=D (LA sw |f()=g(t))27"
n=1 Stsn

The Borel-o-algebra B(Cy) on Cj is the smallest o-algebra on Cj such that all p-open subsets
of Cy are B(Cp)-measurable. We have

B(Cy) = B(R)®® N C,.

Proof: exercise.

(1.28) Lemma
Let (E, &) be a measurable space and T a set. Then for A C ET, we have
A &%t = 31 C T, I countable, with A € o(m; : t € I).

Proof: exercise.

We recall a theorem from the probability theory course. For the purpose of this lecture, we
add a Definition that is a bit more general than what we had before. In my lecture notes on
probability theory, part ¢) below is proved as Theorem 3.29.

(1.29) Definition and Theorem
a) Let (S,S) and (T, T) be measurable spaces. A map p : SxT — [0, 1] is called a probability
kernel from S to 7' if

(i): s — u(s, A) is S-measurable for all A € T,
(ii): A — u(s, A) is a probability measure on (T, 7) for all s € S.

b) Let (2, F) be a measurable space, G C F be a sub-o-algebra. A probability kernel® s :
Q2 x F — [0,1] is called a regular conditional probability with respect to the o-algebra G
if for almost all w € 2, we have

(e, A) = P(A]G)(w).
c) If (2, F) is a Borel-space, then for each G C F a regular conditional probability exists.

2in the notation of a) we have (5,8) = (€,G) and (T,T) = (2, F)



STOCHASTIC PROCESSES 15

We will also need the following technical but useful fact:

(1.30) Lemma

Let (S,S) be a measurable space, (T,7T) a Borel space, p a probability kernel from S to T,
and Y a U([0, 1])-distributed® random variable. Then there exists a S ® B([0, 1])-measurable
function f: S x [0,1] — T such that

1
(s, A) = P(f(s,Y) € A) = / 1oy (1) du
0
forallse S, AeT.

Proof: A Borel space is by definition isomorphic to a Borel subset of [0, 1] as a measurable
space, i.e. there exists a Borel subset U C [0, 1] and a bijective map h : U — T so that h and
h~! are measurable. We first show the claim for the case T'= U and 7 = B([0,1]) N U. In this
case, we define the function f: S x U — [0, 1] by

f(s,t) :==sup{x € [0,1] : u(s,UNI0,2]) < t}, for all s € St € U.

We claim that for all ¢ € [0, 1] we have

f(s,t) <ec < sup{z €[0,1]: u(s,UNI0,z]) <t} <c < pwu(s,UNJ0,q) >t
Indeed, the first equivalence is by definition, and for the second we look at the two possibilities
for the right hand side:
if (s, UN[0,¢]) > tis true, then ¢ ¢ A, := {z € [0,1] : u(s,UN[0,z]) < t}. By the monotonicity
of the map = — u(s,UN|0,z]), A; is an interval starting from 0. Therefore, its rightmost point
f(s,t) can be at most equal to ¢, in other words f(s,t) < c.

If, on the other hand, u(s,U N[0,¢]) >t is not true, then by the continuity from above of the
measure f(s,.) we have lim,, o (s, UNJ0,c+1/n]) < t, which means that there must be ¢ > ¢
with u(s,UN[0,¢]) < t. So é € A;, which means that f(s,¢) > ¢ > c¢. This shows the claimed
equivalences.
Next we show that the function f is S ® B([0, 1])-measurable. For this we first note that the
function Fi.: S x U — RU{oo}, (s,t) — p(s,UNJ0,x])/t is jointly measurable as the quotient
of two (trivially) jointly measurable functions. Then the measurability of f follows from the
equality

F7H0,¢]) = F7H([1,00]) € S x (B([0,1]) N V)
for all c.
Since Y ~ U([0,1]), for all z € [0, 1] we have

P(f(S,Y) < C) = P(N(‘S? [07 C]) > Y) = :U’(Sv [076])7

and since probability measures on [0, 1] are determined by their values on intervals, this shows
the claim for the case T'=U.

For the case of a general Borel space T, let U and h : T'— U be as indicated in the beginning
of the proof. We define the probability kernel fi(s, B) = u(s, h"'(B)) for all B € B([0,1]) N U,

and find a function f and a 2¢([0,1]) random variable Y with ji(s, B) = P(f(s,Y) € B) by

3)this means: uniformly distributed on [0, 1]
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the first part of our proof. Now define f(s,t) = h™! o f(s,t), check measurability (easy), and
compute

(s, A) = fi(s, h(A)) = P(f(s,Y) € h(4)) = B(f(s,Y) € A),

which shows the claim. O

The following theorem is the central step in the proof of existence os stochastic processes.

(1.31) Theorem

Let (E, &) be a Borel space. For each n € N, let P,, be a probability measure on (E", £%"), and
assume that the consistency equations

P.1(AX E)=P,(A)
hold for all A € £ and all n € N. Then on the probability space
(. F,P) = ([0, 1]", B([0, 1]))*",u([0, 1)*"),

there exists a family (X;);en of E-valued random variables so that for alln € N and all A € £
we have

P.(A) =P((Xq,...,X,) € A). (%)

In other words, a stochastic process with the fidis given by the P, exists.
Proof: We construct the X; recursively. For this purpose, we write w € Q as w = (wy, wo, .. .)
and define Y;(w) = w;. Then the (Y;) are iid, U(]0, 1])-distributed random variables.

For the first step we are looking for a random variable X; so that P;(A) = P(X; € A). We
did this in Theorem (2.22) of the course , Einfiihrung in die Stochastik“, where we constructed
X, as the generalized inverse of the distribution function of P;. Alternatively, we can use the
trivial probability kernel po(x, A) = P1(A) from {0} to E in the context of Lemma (1.30), and
find a function f with Py(A) = E(f(Y1) € A), so X; = f(Y7).

Assume now that we have already constructed X, ..., X, so that (x) holds up to n, and that
in addition each X; is o(Y1,...,Y;)-measurable. Let

Gni=0({A;1 x - x A, x E: A; € EVi}),

be the sub-o-algebra of £2("*t1) that only depends on the information contained in the first n
coordinates. The regular conditional probability

[ - BT £80F) 5 10,1] with g, (2, A) = P11 (A| G,)(2) almost surely

exists by (1.29). Since & — u,(x, A) is G,-measurable, it depends only on zy,...,z, but not
on z,41. In other words, there exists a function fi : E™ x £20F) — [0,1] with u(z, A) =
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a((xq,...,2,),A). We then have

Ppy1(Ar X - X Apig) = By (PnJrl(Al X oo X Appa | Qn)) =En1 (PnH(AnH 1 Gn) H llAi) =

=1

:/la((xl,...,:L‘n),An+1)H]lAi(xi>Pn+1(dw)

_ /,1((931, o) Ape) [T )P (de) = E(f((X1, - Xa), Auir) 11 L4 (X0)) = ().

In the penultimate step, we used the assumed projectivity property, and in the last we used
the induction hypothesis.

By Lemma (1.30) there exists?) f: E" x [0,1] — E so that

ﬂ((xlu s ,In), ATL+1) = P(f(xh <oy T, Yn+1> € An+1)

for all xy1,...,x, € E. Let F, = o(Y3,...,Y,) C F. Since Y,,1; is independent of X,..., X,
by our induction hypothesis, Proposition (3.23) of the probability theory lecture notes applies
and states that

P(f(‘)(la s 7Xn7 Yn+1) S An—l—l | fn)(@) = P(f(Xl((D)? s 7XYL((D)7 YTL+1) € ATL+1)'
Taking these facts together, we obtain

(%) = /IP(f(Xl(w), e Xn(@), Yot) € Anar) [ 1, (X0(@)P(dw)

=1
= E(]P)(f(Xl, . ,Xn, Yn+1) € An+1 |~Fn) H ]lAz(XZ)>
i=1

_ P(f(Xl, e X Y1) € Apir, Xy € Ay, X € A,

Setting X,+1(w) = f(X1(w), ..., Xn(w), Yai1(w)), we have constructed X, that fulfils () and
is measurable with respect to Y;,7 < n + 1. This concludes the proof. [l

(1.32) Theorem (Kolmogorov 1932)

Let (E,€&) be a Borel space, T' a set. Let {pi, .+, @ t1,...,t, € T'n € N} be a family of
probability measures that fulfil the consistency conditions (1.18), (C1) and (C2). Then there
exists a probabiltiy measure P on (ET, £97) with

ptl 7777 tn(A):]P(('ﬁtl,---,'ﬁtn)EA) VAE(S@n,nGN,tl,...,tnET.
(Recall Definition (1.25)).
Proof: Let A € £9T. By Lemma (1.28),

37 C T, I countable with A € o(m; : t € I).

Yhere we need that products of Borel spaces are Borel spaces, which is left as an exercise
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We can therefore write A = B x E™V for some B € £%!. By Theorem (1.31), there exists a
(unique (1)) probability measure P; on £®7 with

D,..., tn(AlX"'XATL):]P](’/TQGAiVi<n), VnGN,Al,...,AnES,tl,...,tnEI.

Now for each A € £%7, pick I and B with A = B x ETV define P; as above, and set
P(A) = P;(B). The choice of I is not unique, but consistency guarantees that the value of P(A)
does not depend on the choice of I, thus IP is a well-defined map from £%7 to [0, 1]. It remains to
show its o-additivity. So let (A;);en be disjoint elements of £%7, choose I;, B; for each of them
so that A; = By, x ET\I | and put I = [J32, I;. Then A4; = B; x E™ with B; = By, x BN,
Then the Bj form a disjoint family of elements from £%7, I is still countable, and thus the
o-additivity of P; gives

P((JA4) =Pi(|B) =D Pi(Bj) =) P(A)).

jeN jEN jEN jEN

(1.33) Corollary and Definition

A Ri-valued stochastic process fulfilling (B0)-(B3) from (1.5) exists. Explicitly, there exists
a (unique) probability measure Wy on (Q, F) = ((R4)E (B(R%))Es ) such that the random
variables

B;: Q — RY, w Bi(w) = m(w) = wy
have the properties (B0)-(B3). W is called the pre-Wiener measure.
It remains to show that property (B4) also holds. The slight difficulty here is that the statement

SWo(C(RE RY)) = 1“ makes no sense, because C(RJ,R?) is not an element of F (exercise).
Therefore we need to be slightly more careful.

(1.34) Definition
Let D C R{, a > 0. A function f: R — R? is called a-H6lder continuous on D if

() = f(s)|

I =sup(HI= L e Dis 1) <

In this case we write f € C%(D).

[ is locally a-Holder continuous on D if || f||pnon),e < oo for all n € N. We then write
f E CI%C(D)

(1.35) Remarks

a) If D has no cluster points, then f € C*(D) for all functions f.
b) Usually we will take D to be a dense subset of some interval [a,b] C Ry .

c) In the case described in b), f € C*(D) can be uniquely extended to a function f € C*([a, b]):
for = € [a,b], we define f(z) = lim, .o f(z,) for any sequence (x,) C D with z, — x. You
should check that ||f||p. < oo guarantees the independence of this limit from the chosen
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sequence.
d) If D is dense and f €
e) f € CL_ means that f is locally Lipschitz continuous.

@ (D) for some o > 1, then f is constant

£) ||.llp.a is only a semi-norm: we have ||f||p. = 0 for all constant f.

g) The map ||.||pa : C(RE,RY) — [0, 00] is (B(R?))®E5-B([0, oc])-measurable if D is countable
(exercise!).

(1.36) Theorem

Let (X¢)co,r be a R? valued stochastic process. Assume that there exist ¢ > 2, 8 > % and
C < oo such that

Vs,t € [0,7] with [t — 5] < 5 E(|X.47) < CJt — 5| (%)
(or, equivalently, | X, |z« = E(|X,4|7)? < C|t — s|%). Then for the choice
D={2"k:keN,neN}N0,T] (the dyadic rational numbers)
we have
E(|X|5a) <00 Vae[0,8—12).
Proof: Let D, := {27"k : k € N} N [0,7]. Then D = |J,,cy Drn. We define
K, (w) := max{| X} yo-n(w)| : t € Dy} = max{|X;(w)| : s,t are neighbous in D, }.

We begin by estimating the g-th moment of this random variable, something we will need later.
We have

()
<E X, i0-n|1) < |DylC(27M)P < T2 C(27™)% = CT2™ n(Ba—1) (4
4

t€Dy

—p‘is’ts(l‘iﬂ in terms of the K,(w), for all w.

First we note that we may restrict to the supremum to |t — s| < 5, because if [t — 5| > 3, we
can choose m < 27" and to,...t,, € D with tg = s, t,,, = t, and ]t ti—1] < 1/2 for all 7. Smce
|X87t| < 2211 |Xti—17ti|’ we have

| X - . X4 1
: il cop { L .steD,|t— <—}.
=l ,Zlﬁz—tz o S EI et e Bl <

Now we can take the supremum over s,t € D on the left hand side and indeed find that there is
only a constant factor 27" difference between it and the supremum over s, ¢ with |t — s| < 1/2,
for which we have made assumption (x).

The next task is to find a way to estimate sup,;cp

Under this assumption, for each s <t € D there exists 7 € N with
27 <t—s< 2771

Below, we will connect s and ¢ by a chain (s = tg,t1,...,t,_1,t, = t) of points from D with
the properties that two consecutive points always have distance 27" from each other for some
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m > 7, and that each of the possible distances occurs at most twice in the chain. Let us assume
that we have already constructed such a chain, then we can estimate

’X&t(w” < Z |Xti717ti(w)| < 22[(5(("))'
i=1 =j
Since |t — s| > 277, we then have

X, o o N N
Xaa@) o g 2) Ki(w) <2) 2K (w) <2) 2 K(w).
—j =0

t=j

Since the right hand side now no longer depends on s and ¢, we obtain

X, 1/q > 1/q
E(|IX|I},0) """ = E( sup {H s,ite D) <E(En(Y20K)") " <
) — S (0%
<AT|Y 2Ky, AT 2|K|p, < 40T ) 2t Pl
(=0 =0 =0
The sum on the right hand side is finite when o < 5 — 1/¢, showing the claim.
It remains to construct the chain tq,...,%¢,. To follow the construction, it is very useful to

generate a drawing as you read the steps. We start by observing that since 277 < t —s < 277+,
the set (s,t) N D, contains either one or two points. We call them Tji, with ¢; < t;r. Now from
t;, we look to the left: the interval [s,t;~) contains at most one point from D; ;. If it does,
we define this point to be t

11, 1 not we take ¢, = ¢;. Now we look left again from ¢, the

interval [a,t;,,) again contains at most one point from D;i5. As before, we define this point
to be t;,, if it exists, otherwise we take ¢, , =1

i+1- This now continues until we hit s, which

will happen at the latest when 5 = N. The same procedure is then repeated with tj*, this time
looking the the right. It is easy to see that we obtain a chain of ordered points, each distance
occurs at most twice, and that there are at most n = 2(N — j) such points. This finishes the
construction of the tg,...,%, and thus the proof. O

(1.37) Definition

Let X = (Xt)teRg be a stochastic process with values in R%. A stochastic process X = (Xt)teRg
on the same probability space (2, F,P) as X is called a continuous version of X if

(i): X has continuous paths for all w, i.e. for all w € Q the map t — X,(w) is continuous.

(ii): For each t € R}, we have P(X; = X,) = 1.

This definition circumvents the problem that the set of continuous functions might not be
measurable by simply requiring continuity for all paths of X . The second requirement ensures

that we cannot distinguish X and X for all practical purposes, in particular their fidis are the
same.

(1.38) Theorem

Assume that a stochastic process X satisfies condition (x) of (1.36).
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a) Kolmogorov-Chentsov-Theorem: Then there exists a continuous version X of X.

b) X can be realized as a random variable on the canonical probability space €, described in
Example (1.26), i.e. there exists a probability measure P, on this space so that when Yi(w) =
m(w) = w(t) for all w € Q, then the process (Y;) has the same fidis as (X;) (and also the same
as (Xy)).

Proof: a) By Theorem (1.36), E(|| X||,,. ) < oo for some a > 0,¢ > 0 and for all 7', and so
P(| X ||ppa <o) =1 — P(X € Ch. (D)) =1.

Note in particular that the set Qg := {w € Q : || X(w)||p;.a < 00} depends only on the values
of Xi(w) for ¢ in a countable set and is therefore measurable. We define

: I X, (w) f ) C Doty =t  ifwe,
() = { imy, _,; Xy, (w) for some (t,) C — if w e Q

0 otherwise,

and note that X,(w) is independent of the approximating sequence for all w € Qg and all ¢t € Ry .
Also, t — 1X;(w) is continuous for all w € Q. So requirement (i) of Definition (1.37) is fulfilled.
To verify requirement (ii), we fix ¢ € R} and define

Zt(W) = Xt(CU) — Xt((&)), Ztn (CL)) = Xt((.d) — th (CL))
for (t,) C D, t, — t. Then Z; — Z; on Qy, i.e. almost surely, and Chebyshevs inequality gives
%) in (1.3

1 (*) in (1.36) e
P(1Z.,| > ) < E(Xp, = X7 < Cltn =t =3 0.
9

Thus Z,;, converges to zero in probability, and thus its almost sure limit 7, is equal to zero
almost surely. This concludes the proof of a).
b) The map F' : Q@ — Q¢ ,w — (Xt<w))teRa' is measurable - you can easily check this for sets

generated by the inverse images under coordinate projections, and then it extends to the full
o-algebra. Now simply take P, = Po F~!. O

(1.39) Theorem

a) There exists a stochastic process satisfying (B0)-(B4) from Definition (1.5), i.e. a Brownian
motion.

b) There exists a probability measure W, on (Cy, F) so that under W, the coordinate projections
B; : Cyp — R% w +— w(t) form a BMY. The space (Cy, F, W) is called Wiener space and W ist
called the Wiener measure.

Proof: By (1.22), we only need to prove the theorem for d = 1. By (1.33), a process (B)
fulfilling (B0)-(B3) exists. (B3) implies

E(|Bosl?) = Enoa—s (1X[7) "= ¢t — 5|72,
Thus (1.36(x)) holds for all g < 1/2, all ¢ > 1 and all |t — s| < 1. By Theorem (1.38), the

claims follow. O

Remark: By taking ¢ — oo in the proof above, we see that Brownian paths are a-Hdélder
continuous almost surely for all & < 1/2 (remember that we need a < f—1/q). a = 1/2 is
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where the proof fails to provide information, and we will see below that this is for good reason:
it will turn out that Brownian paths are not a-Hoélder-continuous for a = 1/2 (and thus not
for any larger ).

2. Properties of Brownian Motion

A: Invariance properties

(2.1) Orthogonal invariance

Let B be a BM? and U an orthogonal matrix. Then (UB;)er is a BM?. In particular, —B is a
BM¢<.

Proof: UU* = idga, so Proposition (1.14) shows that (UB)s; ~ N (0, (t — s)idga), and that
E(UB;) = 0 for all t. Since the map U is continuous from R? to itself, the paths ¢ — UB;(w)
are continuous for all w. Then Theorem (1.21) shows the claim. 0

(2.2) Time shift invariance
Let (B;)¢>0 be a BM? a € R}. Then the stochastic process (Byyq — Ba)i >0 is a BMZ

Proof: exercise.

(2.3) Elementary Markov property (aka memorylessness)

Let (Bi)¢>o be a BM% a € RS. Then the stochastic processes (Bi)o<¢<a and (Wy)iso =
(Bita — Ba)t > 0 are independent (this means: o(B; : 0 <t < a) L o(W; : t > 0)). In particular,

E(F((Wo)e=0) |o(By s <a)) =E(F((Biso))
for all bounded, measurable F': Cy — R.
Proof: The sets

{ﬂ{Bti €AY neNt < - <t,€0,a,A,..., A, eB(Rd)}
i=1

are a MN-stable generator of o((B)o <t <a), and since the matrix A from the proof of Theorem
(1.21) is invertible, the same is true for the family

A= {ﬁ{Bti — B, ,€Ct:neN0=ty<t;---<t,€[0,a],C,...,C, € B(Rd)}.
Similarly, -
Ay = {ﬁ{Wti ~W,,_,€C}:neN0=ty<t;---<t,€l0,a],Cy,...,Cp, € B(Rd)}
i=1
generates o((Wy)i>0) = 0((Bat)t>a)- By (Bl), Ay L Ay whenever A; € A, and Ay € A,

which (by definition) means that A; 1L As. Since o-algebras are independent if they have
independent N-stable generators, this proves the claim. O
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(2.4) Invariance under diffusive rescaling

Let (B;); >0 be a BM? Then for all ¢ > 0, the process (—=Bet)¢ > o is a BM?.

1
NG
Proof: exercise.

(2.5) Time reversal invariance

Let (Bi)o<¢ <7 be a BM?n [0,T]. Then (Br_; — Br)o<: <7 is a BM%n [0, T].

Proof: exercise.

(2.6) Time involution invariance
Let (B;): >0 be a BM?. Define

tByp(w) ift>0

Then (W;); > o is a BM?,

Proof: Clearly, W is a Gaussian process and W = 0 almost surely and E(W;) = 0 for all ¢. Its
covariance is, fr s < t,

Cov(Wy, Wy) = Cov(sBys, tBiy) = stCov(Bis, Bij) = st( ) = stl =s=sAt.

By Theorem (1.21) (B0) - (B3) are now guaranteed, and it remains to check (B4). The map
t — 1/t is continuous for all ¢ > 0, and so the map ¢ — tB;; is continuous on (0,00). What
remains to be seen is the continuity at £ = 0. We have

Qo::{weﬂzlim|Wt( ) =0}={weQ:Vn=21Im=>1VreQn(0,1/m]: |W,.(w)| < 1/n}
-=NU N {wea:Wi(w)<1/n}.
n>1m2>1reQn(0,1/m]

The restriction to QN (0,1/m] is possible because we already know that W is continuous away
from ¢t = 0. We also know that B and W have the same fidis, and thus

P( (Wil < 1}) =P(N{IBI < 1})
recA rcA

for all finite subsets A C QN (0,1/m]. Since measures are continuous from above, we can take

A 7 Q and get the same equality for A = Q N (0,1/m], all n and all m. Now by first using

continuity from above and then from below, we find

Po) = im P () AWl <1/n}) = lim lim P( () (W <1/n})

n—0o0 Mm—0o0

m > 1reQn(0,1/m)] reQn(0,1/m]
— lim lim IP( N (BI< 1/n}> — P(lim By(w) = 0) = 1.
n—00 M—>00 t—0

reQn(0,1/m]

This means that (WW;) is a BM%n the restricted probability space (Qq, F N Qo, P|7nq, )- O
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Time involution invariance can be used to give a very quick proof of one of the more intriguing
properties of Brownian motion: although its paths are all continuous, they are still quite irregu-
lar. More precisely, we have seen in the remark after Theorem (1.39) that Brownian paths are
a-Hoélder continuous for all v < 1/2. We will now show that they are not 1/2-Hélder continuous,
and thus in particular not differentiable at t = 0. By the time shift invariance (2.2), this then
immediately implies the same statement for any t > 0.

(2.7) Proposition

Let B be one-dimensional Brownian motion. Then all of the four statements below happen with
probability 1:

. 1 .. . 1 |

limsup —B; = oo, liminf —B; = —c0, limsup —B; = oo, liminf —B; = —cc.

1
B
t—o00 t t—o0 \/% ! t—0 \/E t=0 \/%

In particular, for any ty > 0, t — B, is almost surely not differentiable at .
Proof: We have

1 1 1 &
lim sup —=B;(w) = limsup —=B,,(w) = lim sup — B r_1(w).
t—)oop t t( ) neN P \/ﬁ ( ) n—>oop n ; Pk 1( )

The (By-1) are iid random variables with V(Byx—1) = 1 for all k. By remark (2.50 a) of the
Probability Theory course, we have P(limsup,,_, \%Bn) = 1, which gives the first two claims.

For the other two claims, note that

1 1
P(limsup —= B; = o0) = P(limsup v¢B, ;; = 00) = P(limsup —= t By, = o0) = 1.
10Vt t—00 t—00 b~~~
=W

The last equality follows from the first two claims because by (2.6), (W) is a Brownian motion.
This shows the third and fourth claim. Now non-differentiablilty at 0 is clear, and (2.2) easily
transfers this to any point ¢y > 0. O

Remark:

By taking unions of countably many sets of measure zero, it now follows immediately that
P(t — By is differentiable for some t € QF) = 0.

With some more work, we can show
P(A({t € R} : Bis differentiable at 1}) = 0) =1,

where ) is the Lebesgue measure on Ri. We will do this in an exercise. With significantly more
work, one can even show

P(3t > 0 : B is differentiable at t) = 0.

We refer to the literature (e.g. the book by Morters and Peres) for the proof of this statement.
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(2.8) Remark: invariances of the Wiener measure

An important reason for the significance of the Lebesgue-measure on R? are its many invarian-
ces: it remains unchanged under translations and rotations. For exactly the same reason, the
Wiener measure VW on Cj (i.e. the probability measure for Brownian motion on its canonical
probability space) is so important. We have seen in the previous few items that W is invariant
under the following maps Cy — Cp:

a) f1:Co = Co, (we)e=0— (Uwr)e> o,
i.e. orthogonal transformations in the ,target space® of the function w, see (2.1).

b) fa: Co = Co, (W)t >0 > (Weta — wWi)e >0,
i.e. the operation of cutting off the first bit of the path w and starting with time 0 at
the cut point, see (2.2).

c) f3:Co— Co, (Wi)r>0r> (\/%wct)@m
i.e. speeding up the flow of time by a factor ¢, but at the same time squeezing the
values of w; by a factor 1/4/c, see (2.4).

d) fa:Co([0,T]) — Co([0,T]), (i)t <7+ (wr—t — wr)i <1,

i.e. running time backwards and re-shifting the values so they all start at zero.

e) f5:Co— Co, (We)e >0 (lwis)e >0,
i.e. reversing time in a strange way (in fact, applying what is called an involution to
it), and correcting by a factor of t.

B: Martingale properties of Brownian Motion

(2.9) Definition
Let (2, F,P) be a probability space.
a) A filtration (F;); > ¢ is a family of o-algebras such that for all s < ¢, we have F, C F; C F.
b) A stochastic process (X;); > o is adapted to the filtration (F;) if X; € mF; for all ¢.
¢) A Re-valued or C-valued stochastic process (X;); > ¢ is a (F;)-martingale if

(i): (X;) adapted to (F).

(ii): E(X}) < oo for all t.

(iii): E(X¢|Fs) = X, P-almost surely for all s < t.
d) An R-valued stochastic process fulfilling points (i) and (ii) is called a

submartingale if E(X; | F) > X for all s < t,

and is called a
supermartingale if E(X, | F;) < X for all s < t.
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(2.10) Remark

For a stochastic process X, let F;¥ := o(X, : s < t). Then (F&); > o is the smallest filtration so
that X is adapted.

(2.11) Proposition
BM¢4is an (FP)-martingale.
Proof:
E(B,| F?) = E(B, - B,| F#) + E(B, | F?) ¥ E(B,,) + B, = B,
—
U

Remark: As we will see soon, sometimes the filtration (F?) is too small, and we want to
replace it with a larger one. This is not completely harmless, however, as it can destroy the
martingale property. The reason is that a (F,) martingale needs to fulfil, for all A € F; and all
t > s, the equality

E(Blx) = E(E(B, | F.)14) 2 B(B, 1),

where the first equality always holds by the properties of conditional expectation, but where
the second one is required to be true for B to be a martingale. Making the filtration larger
means that this equality needs to hold for a larger class of sets A, and making it too large
may lead to the inclusion of some A where the equality no longer holds. Then B is no longer a
(F})-martingale. This motivates the next definition.

(2.12) Definition

A filtration (F;) is admissible for BM? if
a) FP C F; for all t.
b) (Bs:) L F; for all s < t.

(2.13) Proposition
Let (B;) be a BM?, (F;) admissible. Then (B;) is a (F;)-martingale.
Proof: the same as for (2.11). O

There are many ways to get other martingales from Brownian motion. Here are some of them.

(2.14) Proposition
Let (B;) be a BM?, (F;) admissible. Then the following stochastic processes are (F;)-martingales:
a) Mt = ’Bt‘z — dt,

b) M} = e(WB)=5 X1 for all v € C
In particular M := /©BI+31E* and MS := e&B)=31¢" are martingales for & € RY.
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¢) MP = t"2H,(t"'/?B,), in case d = 1,
22
where H,(x) = (—1)" exp(2?/2)0% e~ = is the n-th Hermite polynomial.
Proof: a) d = 1 is enough since |B;|* — dt = Z;l:l((Bg)Q —t). Then

E(Btz ‘ .Fs) = ]E(<Bt — Bs)2 + ZBtBs — Bg ‘ -Fs) (Bt_BZS)JL]:s

b) E(|M}|) < oo by Corollary (1.12). Then,

E(M; | Fs) = e—%Z?zwf e(v:Bs) E( e(”’Bt*S)) (1.12) e_%zj‘:l”]z o(v:Bs) o55° Simv; — M.

. _ty2 B k
¢) Exercise. You should expand M = e*Pt72%" =%~ q"20 %% oz%( — %) kl,, and sort by

powers of a. ([l

All martingales that we built from Brownian motion in the previous point had the form M; =
f(t, By) for some function f. In order to construct different ones, we need the following result.

(2.15) Lemma

The transition density
B 1 ||
pt(x) - (27Tt)d/2 e

of BM? solves the heat equation

Ope(z) = —Apt : 282 pe(x Vi > 0,2 € R

Proof: py(k) := [ el p,(z) do "2 e3¢ Clearly, 9,py(k) = —1|k|*ps(k), and so by Lebes-
gue’s differentiation theorem,

d
i A 1 i(k,z) 1 x)
[ e o) do = 0(h) = = [ €4 kPa) do =+ [ S0(8 ¢4 ) do = (1
7=1

Now integration by parts (twice) in each coordinate gives

()= [ e (@p)(e) da,

for all k. Now an inverse Fourier transform yields 9yp,(z) = $Ap(x) for A-almost all z, and
since p; and its derivatives are continuous, the claim follows. ([l

(2.16) Theorem

Let (B;) be a BMY, (F;) admissible. Let f € C([0,00) x R4 R) N CH2((0,00) x RY R) with the
property that there exists C' < oo, and a locally bounded function ¢ : [0, 00) — Ry with

max{0,f(t,x),0] f(t,z), f(t,z):1<i<d,j=1,2} <c(?) el v ¢,
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For t > 0 define Lf(t,z) := 0,f(t,x) + 32, f(t, z), and

t

M] = f(t.B) — (0, Bo) — / (LS)(r, B, dr.

0

Then (M]),~ ¢ is an (F,)-martingale. It is called the fundamental martingale associated to
the function f.

For the proof, we first need the following lemma, which we already know for martingales with
discrete time parameter:

(2.17) Doobs maximal inequality
Let (M;) be a submartingale with continuous paths. Then

p p
VEZ0,¥p > 11 E(sup MJ7) < (E) E(|M]7).

Proof: in case of discrete time this is (4.39) from the probability theory lecture. The transfer
to continuous time is left as an exercise. [

Proof of (2.16): We have
E(M, | F.)(@) =f (s, B.(0)) — £(0,0) - / (L) B.(@)) drt

+E(10.8) — (68— [ B ar| 7)@) = (o)

Proposition (3.23) from the probability theory lecture tells us that when X 1 Y for two random
variables, then

E(h(X,Y)|o(Y))(@) = E(h(X,Y(©))),

if the integrability condition is fulfilled. We will use this fact below for the case X = (Bs, ), > o
and Y = (B,), < s, and for the function

t
WX, Y) = f(t, Bsi + Bs )—f(s,Bs)=/ (L)(r, Brs + B, )dr.
~—~ ~~~ s ~—~
=m(X) 7s(Y) = (X) =ms(Y)

We then get
(5) = MI(@) + B(f(t Bua + @) = 15 B(@) — [ (LI)(r, B+ Bo(@) )

) M (@) + E( folt — s, B,_) — f(0,0) — /0 t_s(Lﬁ—J)(n B,_s) d?‘)v

with f(u, z) := f(u+s,2+ By(w)). Here we used that L commutes with shifts of variables. For
all @, the function f; fulfils the conditions of Theorem (2.16) if the function f does. Therefore
the proof will be finished if we can show E(Mtf ) =0 for all ¢ and all suitable f. To do this, let
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€ > 0 consider the following computation, where in the first equality we used Fubinis theorem,
and this is where the conditions on f enter in the proof:

B [ (i Bas) = [ Ests.as = [ [ noens.oar)is -
/Rdd:c/dtps (0:f)(s, x) /ds/ da py(z) (30, 1) (s, ) "2

_/Rdda:<pt( Vf(t,z) —p(x)f(e, ) — /dsasps +/ dS / (%Axps)(x)f(svx))

_E(f(t, B)) - / s /d Dpa(x) — Aupa()) £(5,2).

~
=0 since s > >0

We have shown that
E(M]) =E(f(e, B.) — £(0,0)) — ]E(/I(Lf)(s, B,) ds) Ve >0

and need to control this expression as ¢ — 0. On the one hand, Lf (s, By) < c¢(s) eIl for some
¢, C by our assumptions, and therefore

)E(/OE(Lf)(s,Bs)ds> < / c(s)E(e“1P1) ds < / c(s)E( 1Py ds =3 0.

0 0
In the second inequality we used that (e >0 is a submartingale since el is convex. This
fact will also be useful when we control the other part of the expression above: we get

CIBSI)

2.17

E(sup |f(s, Bs)|) < sup c(s)]E( sup (e%C|BS| >2> ( < ) sup c(s)4E<eC|Bl‘ ) < 00.
s<1 s<1 s<1 s<1

This means that the function w — sup, . | f(s, Bs(w))| is an integrable majorant for the family

of functions (w +— g(e,w) = f(e, Bs(w)))o << 1. Since for all w we have lim._,o f(e, Bo(w)) —

f£(0,0) = 0 by the continuity of f and of s — B,(w), dominated convergence now shows that

indeed E(M]) = 0. O

(2.18) Example

a) f(x) = |x|?, then Lf(z) = 525:12 = d, and so M/ = |B? — fotd ds = |B|* — dt is a
martingale, see (2.14 a).

b) f(x) = 2® d =1, then Lf(z) = % -3-2x, so M/ = B} —3 [ B, ds is a martingale. This one
we haven’t seen before!

¢) Let f : RY — R be harmonic, i.e. let Af(x) = 0 for all . Then Lf = 0, and thus
(f(B;) — f(Bg))r >0 is a martingale. As a concrete example, we can take d = 2, f(x,y) =
e” sin(y), then Af(z,y) = 0 and the integrability conditions of Theorem (2.16) are fulfilled.
Thus the strange stochastic process (ePt sin(B2?)),s ¢ is a martingale if (B}, B?);> ¢ is a two-
dimensional Brownian motion. Note that neither (e ), ¢ nor (sin(B2)); ¢ are martingales
by themselves - only their product is one!
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d) Let B; = B} +iB? be complex Brownian motion, i.e. B! and B? are independent one-
dimensional Brownian motions. Then ( eB*), 5 o is a martingale: indeed, Re (Bt ) = eP cos(B2)
and Im (eBt) = eP sin(B?), and both are martingales by (resp. in analogy to) c). We stress

again that for real-valued Brownian motion, (e ) is not a martingale, but e®~*/2 is one thanks
to (2.14 b).

(2.19) Defintion

Let (Q,F,P) be a probability space and (F;) a filtration. A random time is a Rj U {oo}-
valued random variable. A stopping time for the filtration (F;) (or: an (F;)-stopping time) is
a random time 7 that fulfils

{r <t} eF for all t € Ry .

(2.20) Example

Let (X;) be an (F;)-adapted process with continuous paths, and let F' C R? be a closed set.
Then the first entry time of X into F given by

Tr:=inf{s > 0: X, € F}
is a stopping time.

Proof: Let d(z, F) := inf{|x — y| : y € F}. You should convince yourself that the map
x +— d(z, F) is continuous. We have the following chain of equivalences, where two of them
need further justification that will be given below:

TF(w)<t<D:ef>inf{s>O:Xs(w)€F}<t

&EIxGF,sét:Xs(w):x

L inf{d(X,(w), F):s € [0,8]} =0

S ALLE) L A(X (W), F) s € [0, N Q) = 0,

Since {w € Q : inf{d(X;(w), F) : s € [0,t] N Q} = 0} € F;, the claim follows once we have
justified equivalences (1) and (2).

For (1), the direction <= is trivial. For the direction =, we use that F is closed and s — Xj is
continuous, therefore the set X 1(F) = {s > 0: X, € F} is a closed subset of [0,00). So the
infimum in the first line is in fact a minimum, and it is attained for some s < t.

For (2), the direction = is trivial, and for <= we use that by the continuity of s — d(X;(w), F'),
the image of [0, t] under this map is compact. So the infimum in the third line above is attained
somewhere, leading back to the second line. 0

The proof of the above example does not work for open sets; however, we really want to the
first entry into an open set to be a stopping time too. This leads to the necessity to enlarge the
filtration F for Brownian motion, as already announced above.
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(2.21) Definition
Let X be a stochastic process. The filtration (!)
}—ri{%::ﬂff: ﬂ ft)j-l/n
u>t n>1

is called the right continuous completion of FX. Any filtration (F;) with the property that
Fe=, 51 Fit1/n is called right-continuous.

Of course, the right continuous completion of (F7¥) is right continuous. With this definition we
now have what we want:

(2.22) Lemma
Let X be a stochastic process with continuous paths, U C R? an open subset. Then
Tvi=inf{s >0: X, €U}
is an (F4)-stopping time.
Proof: We have
{w<ty=Nw<t+it=) U Xev}= U X eUler.
neN neN s<t+1/n neN se(0,t+1/n)NQ
In the last step we used the continuity of the paths of X. O

We now see that for Brownian motion (and in general for continuous martingales) the comple-
tion of the minimal filtration does not destroy the martingale property:

(2.23) Lemma

Let (X;) be a (F;*)-martingale such that ¢t — X;(w) is right-continuous almost surely, and
such that E(|X;|P) < oo for some p > 1 and all ¢. Then (X;) is also an (F;})-martingale. In
particular, (F£ ) is admissible for Brownian motion B.

Proof: We have
E(X | FY) = E(Xo | FL) + E(X | FY)
as before. Since FX. D F.X, the second term is equal to X, almost surely. We need to show that

the first term vanishes; since it is Fs)fr—measurable, it is enough to show that for all A € Fs)i,
we have

E(B(Xo0 | FX5)1a) = E(X,14) =0,

To show the last equality, we first note that for A € FX, we have A € FX_ for all € > 0 by
the definition of F;% . Since X is an (F;*)-martingale,
E(MaXieite) = B(LAE(Xopepre | FiyL)) =0

for all € > 0. We have supg_..; | Xset+e| < 2(sup, < 141 | X|P 4 1) for all p > 1, and the latter
expression is integrable by Doobs maximal inequality (2.17) and our integrability assumption.
So we have found an intergable function dominating w +— supg..cq | Xstete(w)], and since
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lim, 0 Xgte t4e(w) = X (w) for almost all w by right-continuity of paths, the claim now follows
by dominated convergence. O

Many statements below will be stated for martingales with right-continuous paths and admis-
sible filtrations. Of course the most important example is Brownian motion, but the added
generality is useful in many places, and the proofs are not made more difficult by the greater
generality. First however, we need a few more properties of stopping times.

(2.24) Proposition

Let (F;) be a filtration, and let 7,0 and (7, ),en be (F;)-stopping times. Then

a) {T <t} € F; for all t.

b) If (F;) is right-continuous and p is a random time with {p < ¢t} € F; for all ¢, then p is a
stopping time.

¢)T+o, T No, TV o, and sup, 7, are (F;)-stopping times.

d) If (F) is right-continuous, then inf,, 7, liminf, 7,, and lim sup,, 7,, are (F;)-stopping times.
Proof: exercise.

(2.25) Lemma: Approximation of stopping times

Let 7 be an (F;)-stopping time. If we define

r(w) = (m+1)27" itm2™ < 7(w) < (m+1)27",
" 00 if 7(w) = oo,

then 7, is a stopping time for all n, each 7, only takes countably many values, and
Tn(W) \insoo T(w) Yw € Q.

Proof: exercise.

(2.26) Definition
Let (F;) be a filtration, 7 an (F;)-stopping time. The o-algebra (!)

Fr={Ae F: An{r <t} e F VvVt >0}

is called the o-algebra of the T-past.
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(2.27) Example
Let Q = Co(R,R?), Fy = o(ms: s <t), F =, o Fe. Then for A € F, we have

Vw € Q, knowledge of the values (7s(w))s < ¢
is enough to determine whether w € A or not.

Ae}}iff{

Vw € Q with 7(w) < t, knowledge of the values (7s(w))s <+

X

A F iff is enough to determine whether w € A or not, but ...
cF,i
Yw € Q with 7(w) > t, knowledge of all the values (75(w))s >0

might be necessary to determine whether w € A or not.
For example, let F, G, H be closed subsets of R? and 75, 7 and 75 the respective hitting times.

You should check for the sets
A:={we Q:t— m(w) first hits F, then G, then H},

B :={w € Q:t m(w) hits F before possibly entering G or H}

whether they are in F, for ¢ = 7p,7¢ and 7. Try to first decide this by the semi-heuristic
explanation above, and then by checking the definition.

(2.28) Proposition

Let (F;) be a filtration, 7 and 7,,, n € N be stopping times.
a) T € mF;.
b) If (F) is right-continuous, then F, = {A € F: An{r <t} € F, Vt}.
c) If m; < 7y, then F,, C F,,.
d) If (F;) is right-continuous and 7, \yn—o0 7, then Fr = (), oy Fro-
e) If (Xy) is (Fi)-adapted, (F;) is right-continuous, and ¢ — X;(w) is right-continuous for all
w € €2, then
(w — XT(w) (w) ]l{T(w)<oo}> € mF;.

Proof: a,b,c) exercise.
d) By ¢), Fr C [,y Fra- Conversely, if A € F, for all n, then

An{r<t}=|JAn{m <ty eF forallt.
—_— —
neN R w
e) Assume first that 7(€) is countable, i.e. 7(Q2) = {¢; : i € N} for some numbers ¢;. Then
{X,eBin{r<t}= |J {r=t.2, €B}eF,
kit <t

for all B € B(R?), because 7 is a stopping time. For general 7, we approximate as in (2.25) by
a sequence of stopping times (7,,) with 7,(w) N\, 7(w) for all w. Since X is right-continuous, we
have lim,, 00 X, (w)(w) = X7 () (w) for all w. Thus for n > m, we have

7n (Q)countable Tn < Tm,C)

X, € mF., C F
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Since limsup,, . X,, = X, this implies that X, € F,, for all m, and thus
X;€m ﬂ Fr d

meN

(2.29) Theorem: Doobs optional stopping theorem

Let (X;) be an (F;)-submartingale with continuous paths, and let o, 7 be (F;)-stopping times.
a) For all £ > 0, (X, ax)ken is an (Fy)-submartingale, and also an (F,j)-submartingale.
b) If there exists T' < oo with o(w) < 7(w) < T for all w, then

E(X7 | Fo)(@) 2 Xo@) (@)
for P-almost all @.

Proof: for discrete martingales, this was done in the probability theory lecture. The extension
to continuous martingales (by approximation!) is left as an exercise. 0

(2.30) Remark

The restriction 7(w) < T for all w is rather strong. But, for example, the condition P(7 < 00) =
1 would not be enough. A counterexample occurs when X = B is one-dimensional Brownian
motion, and 7 = 7y is the hitting time of the value 1, and ¢ = 0. Then (e.g. by (2.7)),
P(T < 00) =1, but B;,)(w) =1 for all w € {7 < oo}, and thus 1 = E(B;) # E(By) = 0.

It is possible to prove the statement of Theorem (2.29) under various weaker conditions though,
see e.g. Theorem 1.93 in [Liggett: continuous time Markov processes|. For our purposes, a version
of (2.29 b) that works for L:-martingales is particularly interesting. We start by introducing a
very important quantity in the theory of L2-martingales.

(2.31) Definition

Let (X;) be a continuous, real-valued martingale with E(X?) < oo for all t. A stochastic process
(A;) is called quadratic variation process (qvp) of X if

(i): Ap = 0 almost surely,

(ii): t — Ay(w) is increasing for almost all w,

(iii): (X2 — Ay); > 0 is a martingale.

Remark:

a) Proposition (2.14 a) shows that A;(w) :=t is a qvp for Brownian motion.

b) For a discrete time martingale (X,,),en, in Theorem (4.49) of the probability theory lecture
we showed that

A=) E(X7 | Fer)
k=1

fulfils the conditions of Definition (2.31) and is thus a quadratic variation. We also showed that
A, is the unique predictable quadratic variation, i.e. the only quadratic variation such that A,
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is F,,_i1-measurable for all n. Since in continuous time, there is no ,previous time step®, the
condition of previsibility does not make sense in this setting. However, condition (2.31 (iii))
implies that a qvp (A4;) must be (F;)-adapted.

In general, the existence of a qvp is ensured by the following theorem:

(2.32) Theorem

Let X € M3.
a) There exists a unique qvp A of X, with continuous paths.

b) If X is uniformly bounded, i.e. | X;(w)| < K for some K € R and all w € Q, ¢t < T, then A
is given by the limit
2]

13 _ . 2
At = nh_{{.lo Zl (Xk,zfn X(k—1)2 ) y
j:

which exists in L?, and thus almost surely along a subsequence.

Proof:

(1): We start by showing uniqueness. Let A and A be two continuous qvp for the same martingale
X, then (Dy) with D, := A; — A, is a martingale. Since t Dy(w) is the difference of two
increasing functions, it has finite total variation; a continuous martingale with finite total
variation must be identical to zero. We will do both statements in an exercise. Thus D = 0 and
A=A

(ii): To show existence, we start with the situation in b) where X is uniformly bounded. Let
D,(t) ={k27": k € Z} N |0,t] denote the dyadic rationals, and let P, (t) be the partition with
separating points D, (t) U {t}. For each ¢, we put

AP W)= > X2, ().

[u,v)EPn (t)
Then
2
(%) Xf—A,E’”z( 3 XW,> - Y X2w=2 Y XuXe
[u,0)EP,(t) [u,v)EP, () [u,v),[u’ v )EP(t)

u<u’
Now let s < t, and [u,v),[v/,v") € P,(t) with u < «/. If v < s, then E(X, , Xy |Fs) =
XuwXuw o since X is adapted. If s < o/, then
]E(Xu,vXu/,v’ ’F3> = E(Xu,v E(Xu’,v/ |Fu’) ‘Fs) = 0,
—— —
=0 since X martingale
and if v’ < s </, then
E(Xu,quu’,v’ ’]:s) - E(Xu,v E<Xu’,v’ |~F5) |~Fs) = E(Xu,vXu’,s |]:s>
—— —
ZE(XU/’S+X37U/ |]:S):Xu/,

S

Using these equalities in the representation (x), we find that X? — Ag”) is a martingale for

each n. Clearly, it is also continuous, but it is not a qvp because it is not monotone increasing:
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making t larger changes the last term Xit in the sum, and this term can decrease. On the other

hand, on the subset D, (T') of [0, 7], the process X? — A,En) is increasing, and so it is plausible
that the non-monotonicity goes away in the limit n — oo. But first, we have to control that
limit.

(iii): Let n,m € N with n > m. In the same way that let to (x), we see that

A —AP =2 Y > XopXwro =t Y Juw(X).

[u,0)EPm (t) [w,z),[w'z")EP, (t)N[u,v) [u,v) € P, (t)
w<w’

We now want to square this expression, take expectation, and see that this becomes small as
n,m — 0o to establish an L2-Cauchy sequence. Squaring gives many terms, but most of them
are zero. We go through all the terms that can appear systematically, then the calculation is
rather manageable. By the same conditioning trick as above, we find that for [u;,v;) € P,(t),
i =1,...k and u; < ugyy for all i we have E([]", Xy,0) = 0 except when the rightmost
interval appears at least twice, i.e except when uj, = up_;. This means that E(Jjy ) w)) =0
when u # o/, and

E(J[%L,v)) = Z E(Xw,ZXw/,Z/Xi”7Z//> - ]E'( Z XS,”LU"X”LQU",Z")‘
[w7z)’[w/’zl)’[w//72//) [w//7z//)epn(t)m[u7,v)
EP, (H)N[u,w):w,w’ <w”

Let ps(X(w)) = sup{|Xs(w) — X, (w)| : |s — 7| < 6,0 < s, < T be the modulus of continuity of
a given path ¢ — X;(w). Then

E((A™ - A" —4B( > S XL <

[u,0)E P (t) [w,z)€ Py (t)N[u,v)

<E((p-(x) Y Y X2 -

[u,0)E P () [w,z)€Pn (t)N[u,v)

—4E((p(X))" D Xi,z)<4E((pz—m(X))4>l/2E(( > X))

[w,2)E P, (t) [w,z)€ Py (t)

1/2

In the last step, we used Cauchy-Schwarz. Now the random variable ps(X (w)) converges to zero
by path continuity for all w as m — 0o, and it is bounded by 2/ by the uniform boundedness®.
Therefore the first factor above converges to zero as m — oo, and we will have our Cauchy
sequence once we show that the second factor is bounded uniformly in n > m. We will actually
bound it independently of m,n.

In the following calculations, all intervals will be from P,(¢) and we leave this out of the
notation. The conditioning trick gives

B Y xExi)=E(X XY X)) =E(X Xz,

[u,0),[w,z):u<w [u,v) [w,z):u<w [u,v)

5)Only here we really need this - up to now, fourth moments would still be enough.
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and we have

(z ) (z >oxxE) =

[u,0),[w,z):u<w

- E(Z +22 ) < 12K2E<2Xﬁ,v) -

[u,0) < 4K2 < 4K2 [u0)

— 12KE( (Y Xoo) 2) < 48K,

[u,v)

In the final equality, we used the conditioning trick one last time. We have thus shown that
E((AM™ — AM)?) < 28K%E a0
((4; )7 < (p2-m (X))

for all n > m. Since both M? — A™ and M? — A are martingales, also A(™ — A ig a
martingale, and so Doobs inequality even gives

S

E(||A<m> - A<n)||m(0,t>) - E(sup{|Agm> _ AP o< s < t}) < AE((A™ — AM)?),

and so even (A.("))neN is a L?-Cauchy sequence in the Banach space L?(IP, L°°([0,t)). This means
that an almost sure pointwise limit (which exists) converges uniformly in [0, ¢) for each w, and
since all A™ are continuous, this defines a continuous function. This function is monotone on
all dyadic rationals, and so it is monotone on [0, ?).

(iV): We have just shown b). To show a), we need to remove the condition that X is uniformly
bounded. Here one uses the technique of loclization, which we will see later in more detail. The
basic idea is to first replace (X;) by (Xiar, ), wehre 7oy = M Ainf{s > 0 : | Xs| > M}. This is
a bounded martlngale (why?) and so the previous reasonmg applies, giving (unique) quadratic
variations A ) for each M. One then checks that A ( )= A,gM )( ) for all M’ > M and all

w such that 7p/(w) > ¢, and defines A;(w) := At ( ) for such w, and checks that this is the
desired qvp. The details can be found in the Proof of Theorem 5.3 in [Liggett], which is also
the model for the proof given here. O

(2.33) Theorem

Let (X;) be a continuous, square integrable martingale, (A;) its qvp, and o, T stopping times.
Assume that 0 < 7, P(7 < 00) = 1, and E(A,) < oo. Then (with the convention X, := 0) we
have

a) E(X, | F,) = X, almost surely, and

b) E(X? — A, | F,) = X2 — A, almost surely.

In particular, E(X,) = E(X,) and E(X?) = E(X?) + E(4,).

Proof: Let n > k. Since Fp, D Frrr O Fonk, for any continuous martingale M we have

(2.29a) (2.29b)

E(Mrpn | Forr) = B(E(Mern | Frr) | Forr) 27 BO0Mops | Fors) “2 Mo (3)
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Since P(0 < oo) = 1 and the paths of M are continuous, the right hand side above always
converges to Myarll{s<o0y almost surely. What remains is to show

(xx) lim lim E(Mn, | Forr) = E(M, | Fy) almost surely,

k—o00 n—00
for the choices M = X (giving (a)) and M = X2 — A (giving (b)).

For this, we set 0 = 7 in (*) to see that (M x,)nen is a discrete time martingale. In particular,

E((XT/\’VZ - XT/\k)2> - E(Xf/\n - X72-/\k) - ]E(AT/\n - AT/\k) - I[?:'((147'/\n - AT/\k)]l{T > k})

The first equality above holds for all square integrable martingales, the second is obtained by
applying () to 7 = o and M; = X? — A;, taking expectations and rearranging, and the third
holds because on {7 < k} both terms in the difference are equal to Ay.

Since t — A; is increasing, we have sup,, - |Aspn — Arni] < A, € LY, and since Igropy — 0
almost surely as £ — oo, and thus

lim sup E((AT/\’VZ - AT/\k)]l{T > k}) =0

k—>oon>k

by dominated convergence. This implies that the sequence (X, r,)nen is an L2-Cauchy sequence
(and thus an L!'-Cauchy sequence), and since A,;n, — A;nr = |Aran — Arak|, the sequence
(Aran)nen is an L'-Cauchy sequence. Finally, since for any L2*-Cauchy sequence (f,) the se-
quence (f2) is an L'-Cauchy sequence, also (X2, )nen is an L'-Cauchy sequence.

Since we already know that M, ., — M, almost surely, we now have lim,, ... M,r, = M, in
L' for both choices of M, and in particular M, € L'. We know from Theorem (4.66) of the
probability theory (PT) lecture that a discrete time martingale (like (M r,)nen) converging in
L' to an integrable limit is uniformly integrable. By Theorem (4.68 a) of [PT], this implies

E(M;|Frrn) = Mopn almost surely for all n € N,
and thus for k < n,
E(Monn| Fork) = E(E(M- | Fran) | Fonr) = E(M | Fonr),
which allows us to take the n — oo limit in (xx). By Theorem (4.68 b) of [PT], we have
klgrolo E(Y |Gr) =E(Y | G) in L' and almost surely
for any integrable random variable Y and any filtration (Gy), where G, = (G : k € N). We
put Y = M, and Gy = F,ax to justify the & — oo limit in (x) (you should check that indeed

Fy = 0(Fonk : k € N)), finishing the proof of a) and b). The additional statement is obtained
by taking o = 0 and by taking expectations. ([l

(2.34) Corollary: Wald’s identities
Let B be a BM!, 7 a stopping time. If E(7) < oo, then
E(B,=0) and E(B2) = E(r).

Proof: B, is a continuous martingale with qvp A; = ¢. The claim follows from (2.33) and the
fact that A;,)(w) = 7(w) so that E(A,) = E(7). O
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(2.35) Proposition

Let (X;) be a continuous, real-valued martingale with P(X, = x) = 1 for some = € R. For
a<z<b let 7:=inf{t >0:X; ¢ (a,b)}, and assume P(7 < oco) = 1. Then we have

P(X, = a) = P(X hits a before it hits b) = l;—a:)
—a
and
r—a
P(X, =0b) = :
( )=

Proof: Let (A4;) be the qvp of X. Since 7 A n < n, Theorem (2.29 b) gives E(X2,,, — Apnn) =
E(X2) = 22, thus E(X?,,) = E(A,,,) + 22. Monotone convergence now gives

TAN
E(AT) — T}LIEOE(AT/W) — nhi{.lo]E(Xz ) + SE2 < maX{CLZ’bQ} + xQ.

TAN
So, Theorem (2.33) applies, and we get

r=E(Xy) = E(X,) =aP(X, =a) + bP(X, =D).
Together with the equality P(X, = a) + P(X, = b) = 1, we obtain the claim. O

Combined with Example (2.18 ¢), the previous proposition gives very interesting results about
the long time behaviour of Brownian motion paths. To state them, we make the following

(2.36) Definition

Let B be a BM? x € R? The stochastic process (B; + z); ¢ is called the d-dimensional
Brownian motion started in z. Its path measure is denoted by P*.

(2.37) Theorem

Let z € RY B a BM? started in x. For r € RY, let K(0,7) := {y € R? : |y| < r}. For
r < |z| < R, we have

R—|z| N N
B—r lf d = ].,
PI(TK(OJ) < TK(O,R)C> = % if d= 2,

R2—d_|$|27d

Proof: The case d = 1 was done in (2.35). For d = 2, note that the function f : R?\ {0} —
R, z + In|z| is harmonic, as can be seen by computing

2
00 f () = —Olal = 2 and 82 f(@) = 5 — 200 Lol

] PP MR T

and adding for i = 1,2. Now let f be a bounded C2-function with f(z) = f(z) when |z| > r.
One example would be the choice f(x) = h(|z|) with

h(u):{lnu if u>r,

1 €T;

|z

av ' +bu?+c ifu<r,
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where a, b, ¢ hare chosen such that A is C? at 7. One can calculate that a = —§T*3, b= %T*Q and
c=Inr— %, but this is not so important. What matters is that now f fulfils the assumptions
of Theorem 2.16, so (Mtf) with Mtf = f(By) — fg Lf(B,)ds is a martingale. Let

T=1inf{t > 0: |B| <r or |B;| > R}.
be the hitting time of the complement of the annulus with radii » and R. By the optional
stopping theorem, also the process MthT is a martingale. On the other hand,

- ~ tAT _
M = [(Buo) = [ (LPB)ds = f(Bi),
0
where the last inequality holds because |Bia,(w)| = r for all w, and thus in particular

(LF)(B:) = (LF)(Banr) = (Lf)(Barr) = 0
for all s <t A 7(w) and all w. It follows that (f(Bia-)) is a (bounded) martingale starting in
x € (r, R), and now (2.35) gives
. B B _ InR—In|z|
P*(Tr(0,r) < Tr(o,r)) = P(f(Br) =Inr) = TR —Inr’

as claimed. For d > 3, check that f : RY\ {0} — R, x — |z|?>~? is harmonic, and the proceed
as above. O

(2.38) Corollary

For BM? starting in x with |z| > r > 0, we have

a) [P’”C(T{o} < OO) = {(1) i ;Z ; ;7

1 if d <
P <20 <%')2_d if d >
Proof: a) By continuity from above,

P* (1101 < Ti(0,R)e) = }g% P*(Tx(0,) < Tr(0,R)c) = 0

for d > 2. By continuity from below, we can now take R — oo and obtain the result, since
Tk (0,r)c — 00 almost surely as R — oo, e.g. by Doobs maximal inequality. The same reasoning
works for d = 1 and is left as an exercise. For b), just use Theorem (2.37) and let R — oo as
above. 0

(2.39) Remark

The interpretation of (2.38) is:

a) says that BM? never , finds“ pre-determined points in d > 2; this is maybe not too surprising,
it is a little bit like the fact that P(X = ¢) = 0 if X ~ U(][0, 1]) for all = € [0, 1]. Note however
that for d = 1, things are different!

b) says that BM? finds arbitrarily small balls from arbitrarily far away with probability 1 for
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d = 2 (this is surprising), but has a (good) chance to never find them when d > 3.

It is tempting to claim that BM? finds all balls not only once, but infinitely often. The reason is
that after the Brownian motion has visited a ball and left it again, we can ,restart“ it by using
the invariances (2.2) and (2.3). In the same spirit, it looks like we should have P(lim;_,, | B;| =
o0) for d = 3 (but not for d < 2). The reason is that any compact set is only visited finitely
many times by part b) above: each time a Brownian motion leaves a compact set, we restart
it, and then it has a positive probability of never finding it again. So eventually, it will succeed
in never finding it again.

Both considerations are correct in principle, but suffer from the fact that the ,restarting® of
Brownian motion is a bit vague - we should specify where and when we restart, and investigate
what happens then. For the correct way to handle such things, we need the Markov property
of Brownian motion, which we treat next.

C) Markov Properties of Brownian Motion

(2.40) Definition
Let E be a metric space. For s > 0, the map

95 : C(R(Tv E) — C(R(—)i_’ E)a (Xt)t >0 (Xt+s)t >0
is called the shift to the left by s.

(2.41) Definition
Let

e (2, F) be a measurable space with a filtration (F;),

e F be a metric space and £ its Borel-o-algebra,

e (X;): >0 be a family of functions from 2 to F, such that each X, is F;-E-measurable,

e (P*),cp be a family of probability measures on (€2, F) such that P*(Xy, = z) = 1 for
all z € E.

Note that for each P*, the measurable maps (X;) form a stochastic process on (2, F,P*) with
values in F, and for all x these stochastic processes may be different even though the maps X,
are always the same. The collection ((X;);> o, (P?)zer) of all such pairs is called

a) a weak Markov process if for all f € Cy(E,R), all z € E and all s > 0, we have
E2(f(Xpss) | Fo)(@) = EX@(f(X,))  for P*-almost all & € Q.

b) a Markov process if for all measurable, bounded F : (E®0 €85 ) — (R, B(R)), all z € E
and all s > 0, we have

E® (F 0 05((Xe)e>0) ‘ fs) (@) = E” <F<(Xt+s)t >0) ‘ -7:3) (@) = EXE(F((X1)i>0)),

for P*-almost all w € €.
¢) a strong Markov process if for all B(R) ® E¥Fs — B(R)-measurable, bounded functions
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F:R} x ERS — R, all z € E and all (F;)-stopping times 7, we have
E* (F(T, (QTX)t) ‘ f}) ((D) — EXr @) (@) <F (7’((})), (Xt)t > 0)),

for P*-almost all @ € {7 < oo}.

(2.42) Remark

Observe how the definition gives an intricate connection between the (usually uncountably ma-
ny) probability measures P? in terms of how the stochastic processes ((X;),P*) behave under
conditioning. The best way to understand this definition is to take (2, F) = (ERJFOJr,cS'®R3r )
Xi(w) = m(w) and F; = o(X; : s < t). Then the different probability measures P* describe the
random behaviour of the process when started at x. Note however that the maps w — X;(w)
are always the same, it is the P* that change!

a) (2.41 a) means that if we know what (X;) did up to time s and want to know the probability
of if (e.g.) being in a set A at time ¢ + s, then all we need to know is the point X (@) to which
it arrived at time s; the information about things that the process did before time s has no
influence on the answer. Moreover, the answer can be computed by asking what the probability
of a process started (at time 0) in the point X () is to be in the set A, i.e. we switch probability
measures depending on where we find the process (and decrease the run-time from ¢ + s to t).
Compare also with Proposition (2.3).

b) (2.41 b) is an improved version of a): instead of just answering questions about the (con-
ditional) behaviour of X at one time point in the future by switching probability measures
and shifting time, we can do the same for questions about the whole path after time s. Ex-
amples for the function F' might be integrals, e.g. FI(X) = f07 sin(X,.)dr. Then F o 6,(X) =

f07 sin(X,43) dr = f;o sin(X,) dr. Another example would be F(X) = max, <5 |X(r)]|.

¢) (2.41 c¢) means that we can even replace s by a stopping time in the context of b), i.e.
the time when we stop may depend on (usually) what the process has done in the past. An
example of what we can achieve with this is the following calculation, for £ = R, » < R and
under the assumption that X is a strong Markov process with continuous paths, and that with
Tr =1inf{s > 0: X; > R} we have P'(1z < o0) = 1:

P°( X, returns to K (0,r) after having been larger than R) = EO(H{XHTR;t > 0}NK(0,)£0}) =

2.41c
= E° (Eo(ﬂ{Xt+TR:t > 0}NK(0,r)#0} |-7:TR)) (249 go (EXTR<')(')(]1{Xt:t > o}mK(o,r);é(Z)})) =
= Ef(Iyx,4 > 0ynr0.)201) = PF(X ever hits K(0,7)).

The equality in the last line is because by path continuity, we have X, y(w) = R for all
w € {Tr < oo}. This is precisely what we were aiming for in the last part of Remark (2.39).

d) In many textbooks, the strong Markov property is written in the ,classical probability
theory “ way, i.e. without writing the arguments @ in the conditional expectation. Here is one
of the places where this classical way is really inadequate and creates a lot of confusion: there
is then simply no way to write that in the first slot of the function F' on the right hand side,
the 7 must be given the (fixed) w, while the (X;);> ¢ is integrated over. In integral notation,
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the right hand side actually reads

/ F(7(@0), (Xi(w))e 5 0) PXr@ @) (w),

while the integrand (inside the conditional expectation) on the left hand side ist given by
F(1(w), (Xt4rw)(W))e = 0). Notice the precise places where w and w are used, respectively!

In many important cases, all three notions of Markov processes coincide. We prepare this
statement by an important variant of the m-A-Theorem from probability theory.

(2.43) Monotone Class Theorem

Let F be a o-algebra on a set Q, A C F be a m-system (i.e.: A, B € A implies AN B € A),
and let H be a collection of F-measurable functions with the following properties:

(i): Qe A and 14 € H for all A € A.
(ii): H is a vector space, i.e. af + g € H whenever f,g € H and « € R.

(iii): H is closed under monotone limits, i.e. if f,, € H for all n, f,(w) < fny1(w) for all w € Q
and all n € N, and lim,,_,, f,, = f for some bounded function f, then f € H follows.

Under these conditions, H contains all bounded, o(.A)-measurable functions.

Proof: exercise using the m-A-Theorem. 0

(2.44) Theorem

Consider the situation as in Definition (2.41), and assume in addition that (F;) is the right-
continuous filtration generated by the maps X, i.e. F; = (), cn0(Xs 1 s <t +1/n), and that
F=0(F:t>=0). Let ((X3),(P*)) be a weak Markov process.

a) Assume in addition that for all 0 < t; < ty--- <t, and all fi,... f,, € Cp(E,R), the map
x— E°(f1(Xy,) - fu(Xy,)) is continuous. (i)

Then ((X), (P*)) is a Markov process.
b) Assume that (i) holds, and in addition assume that

Vw € Q:t— Xy(w) is right-continuous. (ii)

Then ((X;), (P*)) is a strong Markov process.

Proof:

a) We first show by induction that (i) implies that for all n € N, all fi,..., f,, € C,(E,R) and
all 0 <ty < ...t,, we have

E”(f1(Xerrs)  falXinis) | Fo) (@) = EXE(f1(Xy) -+ ful( X)) (*).
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For n = 1, this is just the weak Markov property. Assuming it holds up to n — 1, we have

n

e ([TA0ve

.7:S> (w) Tover e <Ex( f[ fi(Xit4s) ‘ -7:t1+s) fs) () =

=FE* (fl (Xt E*( H [i(Xi4s) | Frrts) fs> (w) = (induction hypothesis)
=2
=E* (fl (Xpyps)EX0%s ( H fi(Xt—0)) ’ .7-;) (w) = (weak Markov, continuity of x +— E*(---))
i=2

- ([ 5o = 0

By the induction hypothesis, for almost all w € €2 and for the (fixed) @ from above, we have

EXS(Q)<ﬁfi(Xti> ]—"tl)(w) = Eth(w)<ﬁfi(Xti—t1)>a

We read this from right to left, plug it into (x%) and use the tower property (with respect to
the measure EX+(¥)) in order to prove ().

The next step is to extend (%) to the case when the f; are indicators of open subsets of FE.
This is done by the monotone convergence theorem on both sides, by approximating indicators
of open sets U by continuous functions from below: f,(x) = min{1, nd(z,U¢)}, where d is the
metric. We then have shown the validity of the defining equation

E*(Fo0,(X)| ) @) = EX@(F(X))  (xx)

for a Markov process in the case where F'(X) =[]\, 14,(X3,) for opensets A; C E, ty,...t, > 0,
and n € N. Thus letting

H ={F : Q — R bounded, measurable, such that (* % %) holds},

we first see that H is closed under monotone limits (this follows from monotone convergence for
conditional expectations and ordinary monotone convergence), is a vector space by the linearity
of (conditional) expectation, and contains the indicator functions for the set system

A={X"(A4)N---NX,"(A,) : ¢, 20,4, C E open Vi <n,n € N}.
Since o(A) = F by assumption, the monotone class theorem now shows that (x * %) holds for

all bounded, measurable F, which is the Markov property.
b) Consider first functions of the type

F(t,X) = fi(t, X)) -+ fu(t,X,,)  for f; € C(RE x E,R),0<t; < ...<ty,neN.

For such F, the map Z : @ — EX-@ @) (F(7(@), X)) is F,-measurable by ((2.28) a,e) and by the
continuity of the map = — E”([]"_, fi(7(©), X,)). So Z already has the right measruability for
being the conditional expectation E*(F (7,0, X)|F;). To prove that it really is the conditional
expectation we still need to check the defining equality for conditional expectation, which in
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general reads E(E(Y |G)1g) = E(Y1g) for all G € G, and in our particular case is best written
as

VA€ F., AC {r<oo}: / EX@ @) (F(r(@), X)) 14(@)P(dw) = E*(F(r,0,.X)1,)  (+Y)

Let us first assume that 7 only takes countably many values, i.e. 7(Q) = {s; : i € N} U {o0}
with s; € R{. Then for A € F, with A C {7 < oo},

E°(F(7,0,X)14) = 3 E*(F(s1,04,X) Lungr—sy) ) ZE“(EX% sz,X))]lAm{T:Si}> -

€N emF,, ieN
= Z/EXT(“’) w) ( ) X))ﬂAﬂ{T sz}(w) ]P)x(dw)
€N

_ / EX@ @) (F(r(@), X)) 1a(@) P*(dw),

so () holds for discrete 7. For general 7, use Lemma (2.25) to approximate 7 from above by
discrete (7g)ken. By the right-continuity of paths of X and the continuity of the f;, we have

lim F(7(@), 0, X (@) = lim [[ﬁ(m( ©), Xtitmw) =

n

= H film(@0), Xtiar(w) = F(T(@), 070 X (w)).

i=1
If we take w = w and use dominated convergence, we find

lim E*(F (7, 0, X) 1) = E*(F(7,0,X)1a).

By keeping @w and w different, using of the triangle inequality (to separate the k-dependence
of the upper index below from the k-dependence of the function that is integrated), recalling
assumption (i) and using dominated convergence we get

lim ]EXTk(“U)(‘D)((F(T/@(@)?X)) = lim EXw@® (Hfz T (W Xtﬁ—m))) =

k—o0 k—o0

— EXr@) @ (H filr thw))) — X @) (F(r(@),X))

for all @. We multiply this by 14(w), integrate using to P* and employ dominated convergence
once again to see that (x*) holds for general stopping times, too.

The final step is to allow general bounded, B(R{) ® F-measurable functions F : Rf x E® — R.
Here we use again the monotone class theorem: fist of all, just like in a) we use monotone
convergence to get (%) for the case where F(¢,X) =[], 1,(¢, X;,) with A; C Rj x E open
in the product topology, and t,...,t, > 0. The set system

A={(t,w) e RIxQ: (t, Xy, (w)) € Ay,..., (1, Xy, (W) € Apyt; >0, A; C RIXE open Vi < n,n € N}
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generates B(R§) ® F, and the set of functions
H = {F : R{ xQ — R bounded, measurable such that (x*) holds for all A € F,, A C {r < oco}}

is closed under monotone limits (again monotone convergence!), a vector space, and contains
the indicators for all sets in A as we have proved above. This shows the claim. 0

(2.45) Corollary

Define P*, x € R?, as in (2.36), and let (B;) be a BM? with its right-continuous filtration. Then
((By), (P*)) is a strong Markov process.

Proof: By (2.2) and (2.3), the maps (W;) = (Bs4+) > s and (B,), < s are independent Brownian
motions under P°. Moreover, (W;) has the same distribution under all P*, i.e. is a Brownian
motion starting in zero under all of these measures. Therefore

E* (F((Bt—s)t > 0) ‘ Fs)(w) =E* (F((Wt)t =8 + Bs) ‘ ‘FS)(@)

YR (F(Woe >+ + Ba(@))) = EA(F((W)» o + By(@)))

(w
=E°(F((B): >0+ Bs(@))) = E*@(F((B)): > 0)),
which is the regular Markov property. The equality (x) is a special case of the fact that

E(f(X,Y)|F)(@) = E(f(X,Y(w))) in the case when X L F and Y € mF. The strong
Markov property now follows from path continuity and Theorem (2.44). ([l

The strong Markov property is very powerful. In the remainder of this chapter, we give se-
veral examples where it (or the regular Markov property) is used to extract very interesting
information about Brownian motion. We start by completing what we began in Remark (2.39):

(2.46) Theorem: transience and recurrence of Brownian Motion
a) BM! is point recurrent, i.e. P*(B; = 0 infinitely often) = 1 for all z € R.
b) BM? is neighbourhood recurrent. i.e.

Vr > 0,z € R* : P*(B; returns to K (0, ) infinitely often) = 1.

Here, ,returns to“ means that there are two time t; < sy < t9 so that By, By, € K(0,7), but
B, ¢ K(0,7).
c) BM? is transient for d > 3, i.e.

Vo € R : P*(lim |By| = c0) = 1.
t—ro0

Proof:
a) holds by (2.8) and path continuity.

b) Let R > r and define o, = inf{s > 0 : |B;| < r}, Tro := inf{s > 0: B; > R}, and
TRn =1nf{t > 0:3s) <t1 <s9 <ty <---<s, <t, <t:|Bg|<r|By| > RVi<n}.

By (2.38 b), PY(0, < o0) = 1 for all y € R?, and by (2.8) (e.g. for the first component),
PY(tpo < c0) = 1 for all y € R. The claim will be shown once we prove the same for 7 for
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all k. Assume we have it for some £, i.e. we know that PY(7p; < co) =1 for all z. Then by the
strong Markov property (twice), we get

P (e < 00) = B (B (Lao<scti e el<rf o211 | Frne) ) =

T X X
— E (E R,k ( :[I-{O'T<OO} ]l{Supt S0 |B0T+t|>R})) —
——

=1 almost surely

= E* <]EXTR,k (EXTR,k (ﬂ{supt > 0 |Boptt|>R} | .FO-T))) =

= [E* (]EXTR,k(]PDXUr(Sup |Bt| > R))) = ]_’
t>0

[ J/
-~

=1

which completes the induction.

c) exercise, similar to b). O

The most famous application of the strong Markov property is

(2.47) Theorem: the reflection principle
Let B be a BM!, and M;(w) := max{B,(w) : s <t}. For all 0 < b < a, t > 0, we have

IP)()(Mt > a, Bt < b) = IP)()(Bt > 2a — b)

Proof: Let us first give an informal proof. Pick w € Q with M;(w) > a and Bi(w) < b, i.e.
an w that contributes to the first probability. Now we take the part of the path s — Bg(w)
that comes after the time 7,(w) when the path first hits of a (which must have happened since
M;(w) > a), and ,reflect it. This means we now consider the path

~ ) Bi(w) = a+ (Bs(w) — a) if s < 7, (w)
By(w) = {Qa — By(w) =a — (Bs(w) —a) if r(w) <s

Then Bt(w) > 2a — b because By(w) < b. Therefore, the set of paths making up the second
probability emerges from those that make up the first probability by reflection, and there as a
bijective map between the two sets. By the strong Markov property, each reflected path has the
same (,infinitesimal“) probability as the original path: there is the (infinitesimal) probability
p1 of getting to a in time 7, in the first place, at which time the path is ,restarted at a, and the
difference between B and B is just that in one case the negative of the reflected path is taken,
but this has the same probability p, by orthogonal invariance (2.1). Since the part after 7, is
independent of how we got there by the strong Markov property, the infinitesimal probability
of both B(w) and B(w) is just pips. Of course, the problem with this proof is the use of the
suggestive but ill-defined notion of ,infinitesimal probability“, which is why we will now give
the formal proof.

For this, let

(@) inf{s >0: By >a} if M; > a,
To(w) := '
00 if M, < a.
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This is a stopping time. We also define
F(s,0) = Nacry (Wp,_s@)>20-1y = Ui w)<t})

and observe that for fixed s < t, we have
E*(F(s,)) =P"B;_s >2a—b) —PB;_, <b) =P°(B,_, >a—b) —P"(B,_, <b—a) =0,
by symmetry (i.e. by (2.1)), while for s > ¢t we have F(s,.) = 0 by definition. Therefore
EXT@(JJ)(‘D) (F(Ta< ) ))Il{,ra w)<oo} — O V(D c Q
Together with the fact that {7, < oo} = {M; > a}, we get
2.41c¢)

0= / EXwa® @ (F (1 (@), ) L, @)ooy PO (d) 22

- / E®(F(Tay 0+, B) | Fr) (@) Lra (@) <00} Po(d) "=

- EO (F(Tav HTaB) Il{ra<00}) = EO(]]{Mt > a}(]l{Bt_Ta+Ta>2a—b} - ]I{Bt_Ta+Ta><b}>) -
=P(M; > a, B, > 2a — b) —P°(M; > a,B; < b) =P*(B, > 2a — b) — P°(M; > a, B; < b).

O

The important point about Theorem 2.47 is that for many stochastic processes, we have some
idea what the distribution of the process X; at some time t is (for BM it is Gaussian), but
the maximum M, up to time ¢ is often a complicated object, where we know little about the
distribution. For Brownian motion, however, the theorem shows that M; is also not too difficult.
For example:

(2.48) Corollary

Let B be one-dimensional Brownian motion, a > 0 and ¢ > 0, and define 7, = inf{s > 0
Bs > a}. Then

a) PY(1, < t) =P (M, > a) = P(|B| > a), i.e. My ~ |By| for all t.

b) PO(M; — B, > a) = PY(|B;| > a) for all ¢.

Proof: a) The first equality holds by definition of 7, and M,. For the second, take b  a in
Theorem (2.47), and use that

(247)

PO(M, > a) = PY(B, > a) + P'(M, > a, B, < a) "2 2P°(B, > a) &) P*(|B,| > a).

b) We have

M, — B, = sup(Bs — By) = sup(B;_s — By) @5 sup B, = M, 2 |Bt|

s<t s<t s<t
[

Remark: The equality b) in (2.48) actually holds for the full distribution of the processes: we
have (M;— Bi)t>0 ~ (| Bt|t > 0). For the proof, see Remark 1.75 and after in the book of Liggett.
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(2.49) The arcsine law

Let B be a one-dimensional Brownian motion, and define & := sup{s < ¢ : B, = 0} (note that
this is not a stopping time!). Then we have

PO(¢ < ) ——arcsmv Vo < s < ¢

Proof: For s < t, let h(s) = P°(& < s). Then we have

h(s) = P°(By # 0 Vu € [s,1]) = E°(P*(By # 0 Vu € [s, 1] | Fy)) "2
— B (PPO(B, #0 Yu € [0, — s])) =

=B (s, > )PP O (B, > 0 Yu < t — 5)) + B (I, cpPPO(B, < 0 Vu < t — 5)) =

:C2
e = PY(B, >0Vu<t—s).

= 2B (Iyp, > )PPV (B, > 0Vu <t — ) = 2/ da
0

2rs
Now
0 0 (2.480)
P(B,>0Vu<t—3s)=P(-M;_s > —2)=P"(My_,<xz) =
= Po(lBt,S| < Jf) = ZPO(O < Btfs < .1:),
and thus

) /ood 1 22 /md 2 __v? 2/d 52 /5: id 2
5) =2 rT———=e 2 ——— W) = — Te 2 ge 7,
0 V2ms 0 Y V27 (t — s) T 0 Y

where we used the substitution = z/y/s and § = y/+/t — s in the integrals. It is easiest to
compute the value of this final integral by first differentiating with respect to s: since

9 s 1 Jt—s t B 1 t
NVi—s 2V s (t-s52 2 s(t—s)t—s’
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Since h(0) = 0, integrating this gives h(s) = 2 arcsin(y/s/t). O

(2.50) Proposition: zeroes of Brownian motion
Let B be a one-dimensional Brownian motion, and let Z(w) := {t > 0 : By(w) = 0} be the
(random) subset of zeroes of Brownian motion.

a) Z(w) is Lebesgue-measurable for all w, and we have E*(\(Z)) = 0 for all z € R, where A is
the Lebesgue measure.

b) Almost surely, Z is a perfect subset of Ry, which means that
(i): Z is closed, and
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(ii): Z has no isolated points, i.e. for every z € Z and every open U C R with z € U, we
have U N (Z \ {z}) # 0.

Proof: a) Z(w) = (B.(w))"({0}) is closed (and thus Lebesgue-measurable) as the inverse image
of a closed set under a continuous function. The claimed equality is simply an application of
Fubini: E*(A(Z)) = [, P*(By = 0)dt = [;~0dt = 0.
b) We have already seen that Z(w) is closed. To show that Z is perfect, let us define
To.a(w) :=inf{s > a : By = 0},
and
0 :={weQ:VaeQI(s,) CRY such that s, > 7,(w), Bs, (w) = 0 ¥n, lim s, = 7,(w)}.
n—oo

In words, for all w € €2y, the next Brownian zero after each rational number can be approximated
from the right by a sequence of other Brownian zeroes, and is therefore not isolated in Z. In
particular, this means that if w € Q; and s € Z(w), then

e cither s = 79,(w) for some a € Q, in which case it is approximated from the right by
other Brownian zeroes, by the definition of €2,

e or it is not of this form, in which case for all a € Q N [0, s), there must be another
Brownian zero in the interval (a, s). Then it easily follows that s is approximated from
the left by Brownian zeroes.

In both cases, s is not isolated. This means that we can finish the proof by showing that

A={weQ:3(s,) C Ry such that s, > 0, B, (w) =0 Vn, lim a, = 0}.
n—oo

By (2.7), we have P°(A) = 1, and the strong Markov property gives
E*(14 00, | Frp,,) (@) = EP@) (1) = P°(4) =1

for P*-almost all w, and taking E*-expectation shows E*(1400,,,) =1 for all a € R, and thus
14005, =1 almost surely. Since Oy =), co{w € Q: 1400, =1}, we have P*(y) =1. U

Remarks: a) Perfect sets are always uncountable (exercise!). On the other hand, the zeroes of
Brownian motion have Lebesgue measure zero almost surely, and therefore are not a ,,boring*
perfect set like a closed interval. Indeed, they look very much like a (random) Cantor set, with
lots of holes but no isolated points.

b) It is also known that complements of perfect sets are countable unions of open intervals.
Thus when Brownian motion leaves the value zero, it stays away from zero during an open time
interval - but on the other hand, many of these open time intervals are so small that when we
follow a Brownian path and find we have just hit zero, we know that we will hit zero again
infinitely many times in any arbitrarily small future interval.

c¢) On the other hand, if we just came from somewhere else and have hit zero for the first time,
then of course we have not hit zero at all in a sufficiently small time interval in the past. Thus
when we ,,sit“ on a typical zero of Brownian motion, the view into the future is very different
from the view into the past. Again on the other hand, we have the time reversal symmetry
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(2.5) which tells us that we can invert the flow of time - how does this combine with what we
just said?

d) The resolution is that while it is very easy to find the first zero of Brownian motion that
has been started from x # 0, it is very hard to nail down the last zero before it goes onto an
excursion. Of course, fore each Brownian path, such ,last zeroes* exist, but we cannot predict
them by looking at our past, while we can tell when we are sitting on a ,first zero“. In other
words, while the distribution of Brownian motion is invariant under time reversal, the Markov
property strongly needs the time direction because it separates past from future. Put differently,
Brownian paths indeed ,look the same® when time-reversed, but only if we look globally on
them as a whole - if we try to follow them as time goes on, we will find some features of them
(first entry points) while others (last entry points) will be hidden from us.

e) Brownian paths are extremely intriguing mathematical objects, but in this lecture we will
not have further time to investigate their geometry. I highly recommend looking into the Book
,Brownian motion“ by Peter Morters and Yuval Peres, which is available for free from the
author’s home pages. It contains many very beautiful further facts about geometry, fractal
dimension, and many other aspects of Brownian paths.

D) Brownian Motion and partial differential equations

(2.51) The Brownian semigroup

Let B be a d-dimensional Brownian motion, and f : R? — R be a bounded function. For all
t >0 let

Bif(x) == E*(f(B))-
Then (P,); > o is a semigroup of operators mapping L®(R?) into C°(R?, R) for all ¢ > 0, i.e.

x +— P, f(x) is smooth for all t > 0, and [P, f]|(z) = [P(Psf)](z) for all .

Proof: Since

Pif(r) = W/ e f(y) dy,

smoothness of P, f is clear e.g. by differentiating under the integral and invoking dominated
convergence. The semigroup property follows from the Markov property of Brownian motion:

P f(x) = E*(f(Bsrr)) = E* (E*(f(Biss) | 1)) = E*(E® (£(Bs))) = E*([Pof1(By)) = [P(Pof)] (2).
O

(2.52) Theorem

Let f: RY — R be bounded and continuous on an open subset A C R? with A\(A¢) = 0. Then
the Brownian semigroup (P;f);> ¢ solves the heat equation with initial condition f, i.e. for
all £ > 0, we have

1

0P f(x) = §Ax[Ptf] (x) = 92 [Pif](x), and 11_{% P, f(z) = f(z) for almost all z.

1
2 . i

d
Jj=1
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Proof: For all x € A, a change of variables in the integral gives

Ew(f(Bt)):W/e = Iy )dy_w/e_ff(x—\/%z)dzﬂ;f( )

by dominated convergence. For the differential equation, we recall that by Lemma (2.16), the
transition density p;(z) of Brownian motion satisfies the heat equation, and so for f € C? and
0 < e <t we have

Pof(a) - f(z) = / Pl — ) f(y) dy — f(z) =
- [ | dsOupu(z — ) f(y) + [ dvscta =01 - 1) =
= [ as [ a3 = 07w + [PA)@) - Flo).

We have just proved that the last two terms cancel as ¢ — 0. For the first term, note that
[Ap|(x —y) = Ayp(z —y) in the sense that in the first expression, the Laplace operator acts on
the function p and only then the argument x — y is inserted, and in the second expression it
acts on the function y — p;(z — y). Then we can perform two integrations by part in the first
expression and find

P f(z) - = lim / ds / dyps( / ds / dyps(z — y)[3A[](y)

L f(2)]i= O—hm1(Ptf( ) — f(2)) =1im% OtdS(/dyps(fE—y)[%Af](y)>-
Since f € C?, we have
sup{| [ o= AW - 5a7@)| s <t} 50 astoo,

and thus O, P, f(x)]=0 = %Af(x) For ¢t > 0, apply this result to Py f — P.f = Py[P.f] — P.f
with C? (even smooth) function P, f instead of f. O

So,

Remark: Theorem (2.52) is also called Kolmogorov’s backward equation for Brownian
motion. The term , backward“ comes from the fact that the ,last“ point in time ¢ of where
f(By) is evaluated becomes the starting point for the heat equation, and the starting point x
of Brownian motion has to be inserted into the solution of the heat equation at its final time .
The backward equation is much more general than this, and holds for many continuous Markov
processes. When we study solutions of stochastic differential equations, we will meet a few more
processes for which it holds, only that then of course a different partial differential equation
needs to be solved.

(2.53) The mean value property

Let 0K, (x) := {y € R?: |y—z| = r} be the sphere of radius r around z. Let ¢, denote rotation
invariant probability measure concentrated on 0K, (x), i.e. the unique probability measure on
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R? with 0, ,.(0K,(z)) = 0,,(R?) = 1, and 0, ,.(UA) = 0,,(A) for all A € B(R?), where U is a

rotation around the point z.

Let D C R? be open. A function h : D — R is said to have the mean value property if for
all z € D and all > 0 so that S,(z) C D, we have

hx) = /a o ().

Theorem: A function u € C*(D) has the mean value property on D if and only it is harmonic
on D, ie. if Au(x) =0 for all x € D.

Proof: Let u € C?. A change of variables and dominated convergence give

o) = [ o) = [ atet ) onalan) 7 ute)

S1(0)
We investigate ¢.(r). We have

8.(r) = / e D7) o) = / Vel(z + ) - y oo, (dy) =

9K, (0)
1 1
= / =Vyu(x +ry) - yooi(dy) = - Ayu(x + ry)dy,
oK1(0) T T JK,(0)

where in the last step we used the Gauss divergence formula, since the vector y is just the
normal vector of unit length at the point y of the unit sphere. K, (x) denotes the ball of radius
r around z. Since Ayu(z + ry) = r*[Au](z + ry), we change variables back and get

b.(r) = =t /K ()

for all z € D and all » > 0. The function u has the mean value property if and only if ¢/(r) =0
for all x and r. On the one hand, for harmonic w, this is true. On the other hand, if Au(x) # 0
for some x € D, then by continuity and because D is open, we find r > 0 so that K,.(z) C D and
Au(z) # 0 on K,(x), showing that u does not have the mean value property in this case. [

(2.54) The harmonic measure

Let D C R4 D # R? be open, x € D. Let D denote the boundary of D, B a d-dimensional
Brownian motion, and let 79p := inf{t > 0 : B, € 0D} be the hitting time of the boundary of
D. The probability measure vp, on B(R?) NdD defined through

vpa(A) =P*(B

is called the harmonic measure on 0D of Brownian motion started in € D. For bounded
D, the condition 79p < oo can be dropped (why?). Rotational invariance of Brownian motion
shows that when D = K,(x), then vk, (2)2 = 0.

rop € Al Top < 00)

(2.55) Proposition

Let D C R? be open, h : R — R be continuous with E*(|h(B;)|) < oo for all ¢ and all x. Let
Top be the hitting time of D of Brownian motion as above (and 7yp := oo if D = R?).
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(i): If k is C* on R? and h is harmonic on D, then (A(Biar,,)): >0 is a martingale.
(i1): If (R(Biaryp))t >0 15 a (Fiaryp )t > o-martingale under all P*, then h is harmonic on D.

Proof: (i): By Theorem (2.17), the process (M}') with

t
M = h(B,) —/ %Ah(Bs)ds
0

is a martingale. The same holds for (Mthmw) by optional stopping. Since B, € D for all s < 7yp,

the integral is zero when h is harmonic in D.

(ii): Let z € D, r > 0 with 9K, (r) C D. By optional stopping, also the process (h(Biary., ,)))t >0
is a martingale. This implies h(z) = E*(h(Biar,y,,,)) for all ¢, and since 7ok, () < oo almost
surely, we can take ¢ — oo to obtain

bla) = B (B, ) = |

K, (x)

) BBy €)= [ bl o)
OKr(x)

This shows that h has the mean value property and is therefore harmonic. 0

The reason for including the case D # R (and thus inducing additional notation and comple-
xity) is that for D = R?, one can show that all bounded harmonic functions are constant (the
so-called maximum principle). While Proposition (2.55) can then still be interesting for non-
bounded (but locally bounded) harmonic functions, it is good to have it for bounded domains
too, because there we can have many harmonic functions that are bounded. In fact, we can have
a (unique) harmonic function for every boundary condition on domains D whose boundary is
not too irregular. We will show this after a technical Lemma that is ,,obvious“ but somewhat
unpleasant to prove.

(2.56) Lemma

Let B be a d-dimensional Brownian motion, £ > 0, and let A = {z € R? : ; > k30,
Let 74 be the hitting time of A, and 7, := 75k, (0 be the hitting time of the boundary of the
ball with radius r around O. Then

hm Py(m < T\/—)

Proof: We note two general facts:
1) For z € R* and § > 0, 2; > 0 and |z| < \//k implies z € A.

2) For t > 0, ¢ > 0, and a one-dimensional Brownian motion B, we have P°(|By| < ¢) =
P°(|B;| < ¢/v/t) by Brownian scaling, i.e. by (2.4). Then (2.48 b) implies

P(sup | B| = ¢) < P (supB c) +P0(igftBs < —¢) =2PY(|B)| = ¢) = 2P°(|By| > ¢/ V).

s<t
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Let now ¢ > 0 be arbitrary for the moment. Then

1),6=[y|
PY(74 <7’\/m) > PY(1y <t<7\/m) > PY(sup X1V > [y, sup!X@ | < Viz1)

s<t

> ]P’yl(sust(l) > Jy|, sup | XWV] < \ =g vl )I_IIP’Z”(Sup\XS(Z | <d %) = (%)
s<t s<t

=9 s<t

Now let us choose t = M?|y|? for M > 0. Then for all i, fact 2) gives

, , 1 1
Pyi(sup|Xs(’)| < %) >1 —]P’O(sup|Xs(Z)| > \/% —ly]) =1 —2P0<|Bl| > — —)
s<t s<t Md+\/kly] M

So the product on the right hand side of (%) converges to 1 as y — 0 for all fixed M. For the
first factor of (x), we have

Pyl(supX > |y|, sup | XI] < %) Pyl(SUpX()>|y|)_Pyl(§‘£|Xs(l)|>\/%)

s<t s<t s<t

We have
]P’yl(supX > \y|) ]Po(supX > |yl — yl) = IP’O(\Xt(l)| > |yl — yl) >

2 4
> PO XV > 2ly)) = POXY > =) 21— —
(X4 > 2lyl) = B > 2y 21— o
and lim,_,o P¥* (sup, x| > \ nd vl ») =0, as above. This shows lim,_,o P¥(14 < 7‘\/—) 1-—
4/M for all M > 0, proving the claim. 0

(2.57) The solution of the Dirichlet problem

The Dirichlet problem: Let D C R be open, f : 9D — R any locally bounded function. A
function h : D — R is said to solve the Dirichlet problem with boundary condition f on D
if

(i): h is harmonic on D.

(ii): lim,,, h(z) = f(y) for all point y where f is continuous.

A solution formula for the Dirichlet problem: Let D C R? be bounded and open, and
assume that D can be locally described by a C?-manifold. Let f : 9D — R be bounded. Then
the function

h:D — R, xHE”(f(BTBD))
solves the Dirichlet problem with boundary condition f on D.

Proof: We first prove that h is harominc on D. We write 7 = 75 for brevity. By (2.55), we need
to confirm that (h(Byat))e s o0 is a (Frar)e > o-martingale. We use the strong Markov property on
the function F(B) = f(B.,). The strange thing about that function is that F o 64(B) = F(B)

for all s, namely

Fo QS(B) = f(Bs+inf{u:Bs+u§§D}) - f(Bs+inf{u—s:Bu§§D}) = f(Binf{u:BugéD}) - F(B>
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Thus for s < ¢, we have
B (h(Brad) | Frno) = B (B2 (f(B2)) | Fons) = B (B2 (F(B)) | Fras) =
— B (B (0-F(B) | Fon) | Fens) = B (B (F(B) | Fop0)
=E*(F(B) | Frps) = E*(f(Br) | Fras) = h(Bras)-

Fons)

Therefore h is harmonic in D.

The second task is to prove that lim,_,, h(z) = f(y) when x — y and f is continuous at y. For
this, let (y,) C D with y, — y as n — oo. For each n € N, let z, be the point in 9D that is
closest to y,. We change to a coordinate system so that in the new coordinates, z,, is the origin
and y, lies on the negative xq-axis. For large enough n (and thus small enough z, —y,,), we can
then find x,, > 0 so that, in the new coordinate system,

{xGRd:x1>nan?}ﬂK (yn) C D°.
Py V [yn|

By the assumed curvature of the surface D and the fact that z, — y, the sequence (k,)
can be chosen to be bounded by some x > 1. Now we apply Lemma (2.56) to show that

iy, o0 P (Tpe < Ti (o)) = 0. Since |z, — ya| < |y — yn| and thus [z, —y| < 2[y — yal,
we have K\/m(zn) C K3m<y) if |y — yn’ < 1. This shows that lim,,_, ]P’y”(BT c
K, m(y) = 1. If f is continuous at y, we conclude

|h(yn) — f(y)| < sup{|f(2) = f(W)|: 2 € 0D, |2 — y| <3V |yn — y|)}

3
1P (B: ¢ K, o—(y) 5 0.
This finishes the proof. U

Remark: The condition on the boundary of D is not optimal. With additional effort, one can
show that the exterior cone condition (or Poincaré cone condition) is sufficient: at each point z
of 0D, it must be possible to find a cone with tip z such that the intersection of that cone with
a sufficiently small ball around z is fully inside D¢. See the book of Mérters and Peres (chapter
3) for details.

3. Stochastic integrals

(3.1) Motivation
In the introduction, we considered (informally) stochastic differential equations (SDE) of the
type

8tXt = b(t, X) ‘l— U(t, Xt)€t7

where & is white noise; white noise is (again, for us only formally) the derivative of Brownian
motion, and so we can integrate both sides above and arrive to the integral formulation of the
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SDE . .
Xo+ :/ b(s, Xs) ds+/ o(s, X )B ds
0 0 =

Here, B, denotes the derivative of B at time s. We still don’t know what the last integral should
be, but we can try to interpret is as a Riemann-Stieltjes integral, i.e. we define

[ 76ats) = i SWOICCSEVO) NS
=1
Notice that when g € C} and f € Cy, then as n — oo, k — oo and k/n — s, we have
Tim n(g(51) — (%)) = g(s),

and so by multiplying and dividing the n-th element in the sequence on the right hand side of
(*) by n, using the n for the limit just described, and the other one for the Riemann sum, and
after being a bit careful with justifying swapping the order of limits, we arrive at the equality

[

In cases where g is not differentiable but where the right hand side of (x) still converges, we
can interpret the limit as a generalization of the integral fot f(s)g(s)ds, which is what we want.
There is one caveat: just like for Riemann integrals, we would like the convergence in (x) to
hold not only for the regular partition of [0, ¢] into intervals of length 1/n, but for any sequence
of partitions where the length of the shortest interval converges to zero. Our next few items
will investigate when this is possible.

(3.2) Definition
Let I = [a,b) with 0 < a < b < 0o, T C I finite. The set of intervals
P(T) ::{{xel:s<x<inf{t€7-u{b}:t>s}}:SET}
is the partition generated by 7. It 7 C 7', we say that P(7T') refines P(T), and write
P(T) C P(T"). The number
|P(T)| := max{|t — s| : [s,t) € P(T)}

is the fineness of P(7). For a function F' from the set of partitions of [a.b) into a metric space,
we say that lim p|o F'(P) exists if for all sequences (P,) of partitions with P, C P, for all
n and lim, ., |P,| = 0, the limit lim, .., F/(P,) exists and is independent from the chosen
sequence.

(3.3) Example
a) Let f:[0,7] — R be Riemann-integrable. Then

ul)i\glozf )t =) /f

[s,;t)eP
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b) If g € C* and f is continuous, then for s < ¢ the expansion g(t) = g(s) + ¢'(s)(t — s) +
g"(€)(t — 5)* with s < (s) <t gives

D IO —gls) = D FEg (-9 + D f()6'(©) [t =)
[s,t)eP [s;t)eP [st)eP <|P|(t—s)

The last term above is bounded by [g”[|oc| P >_ syep f(8)(t — s) which by a) converges to zero
as |P| — 0. Thus

lim 37 f5)(g(0) / F(3)g'(s) ds = /ondg‘

This is the Riemann-Stieltjes integral.

The following relaxes the conditions of Example (3.3 b) significantly. Recall that C is the
space of a-Holder continuous functions.

(3.4) Theorem: Young integral, Young (1936)
Let f € C%([a,b],R), X € C%([a,b],R) and assume v := a + 8 > 1. Then®

b
dX, = i X
/a frdX, Jim > fuXu

[u,v)eEPNla,b)
exists and is called the Young integral with integrand f and integrator integrator X.
Proof: For a <u < v <b, let

‘—‘u'U‘ f’LL u,v

denote the ,approximation of order zero to the integral f; frdX,“ The quantity =, , clearly
does not enjoy the additivity property that a proper integral should have, i.e. in general we
have E,, + Z,, # E,, When u < r < v. Let

<5E)u,r,v = Eu,v - (Eu,'r + Er,v) - fu (Xu,v - Xu,r) _err,v - _fu,'rer
—_———
:Xr,'u
be the ,extent of non-additivity “ that one gets for the points u < r < v. We have the estimate
|(6E)U77’,U| < |fu77’| |X7",U| < |fu77’| |X7"U|

X
v —up T |v—ulrv—ulf T |r—uljv—rP < [ fllallX s

Here and below, we write || f||q instead of || f{|s,q,a etc. for brevity. Our assumption v > 1 now
guarantees that

sup |(02)uro| < [1flall X1 slv = ul? (A)

refu,v)

vanishes faster than linearly when |v — u| — 0. This is already the key estimate for the proof.

6)yecall the increment notation Xuo =Xy — Xy
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Now consider a < s = ug < uy < -+ < uy,, =t < b, and the partition P = P({ug,...,un}) of
[s,t). We have

m 1 m—1 m

t—s=> (u—uj_1) > 5 ( D (uy—ujoa) + > (u; — Uj—l)) =
j=1 j=1 =2
m—1
1 1 .
=52 (W — ) 2 5(m—1)  min _ (ujp — ),

which means that there must be (at least) one i < m — 1 with w;1 —u;—1 < % This means
that

- — - 2|t — s\
Y R Y Ew] = 10D <IN (E—)

—1
[v,w)eP({uj:j#i}) [v,w)eP m

We now repeat this argument with the partition P({ug, ..., w1, Uit1,--.,Un}), and continue
recursively until we reach the trivial partition Py = [s,t]. A telescopic sum together with the
triangle inequality then yields

m—1
_ _ 2|t — s|\7
= 2 Bl <IFIXI Y (S=5) < IfllaliXla@lt = s ¢k) ()
[v,w)eP j=1

and ((y) = >272, 777 < oo thanks to v > 1.

Now let P’ and P two partitions of [a,b) such that P’ refines P. We apply the estimate (x) to
each element [u,v) of the partition P and obtain

— — — —
§ = _ § =, | = § = — § =
‘ —u,v —u’ v ‘ (Hu,v Hw,z)

[u,v)EP [u/ w)eP! [u,v)eP [w,z)€P'N[u,v)
< D I lalIX N2l = ul)¢(y)
[u,v)EP
< DUFIX D¢ s fo =P 3 (0 =) =2 X6~ PP
’ [u,v)eP
—_———
=b—a

So if we have two partitions P, and P, (not necessarily refining each other), the difference
between their approximating sum is (by the triangle inequality) bounded by the sum of the
difference of each partition to their common refinement. Each of these distances is bounded
by a constant (not depending on the partitions) times the mesh (fine-ness) of the partition.
This shows that for a sequence (P,) with |P,| — 0, the sequence of approximating integrals is
Cauchy. Thus the limit exists and is independent of the sequence of approximating partitions.
The details of this argument are left as an exercise. 0

Remark: The same proof shows the following extension of the Young integral: Let V. W, Z
be Banach spaces, f € C%([a,b],V), X € C®([a,b],W) and H : V x W — Z continuous and
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bilinear. Then a4+ 8 > 1 again guarantees the existence of the limit

Indeed, bilinearity of H guarantees the validity of the important formula for (0Z),,., (with
Euw = H(fu,Xuo) in this case), while continuity guarantees the validity of the estimates
that come later. This extension will become important in the next chapter, when we apply
it to V =R", W = R™, and H(v,w) = v ® w is the matrix n x m-matrix with elements
(U ® w)i,j = ViWj.

(3.5) Remark

We can not take f = X = B (with B a one-dimensional Brownian motion) in the previous
Theorem, because t — B, is a-Holder-continuous for all & < 1/2 but not for @ > 1/2. So
f; By dB; is not a Young integral. It is not very difficult to see that if ¢ is differentiable and
h € C%, then also the composition t — g(h(t)) is in C* for the same «, but that on the other
hand if A ¢ C%, then also g o h ¢ C?, at least at all places where ¢’ # 0. Thus the integral
fot g(Bs) dBy is not a Young integral either in this case. We will see, however, that this is the
type of integral that we need to understand if we want to solve stochastic differential equations.
We therefore need a further extension of the Young integral. Unfortunately, the key estimate
(A) in the proof of Theorem (3.4) is simply not true (with v > 1) if f = X = B, and the
sequence of approximating integrals does then not converge; more precisely, fg Bs(w) dBg(w)
can not be approximated as a Young integral for almost all w.

a) The first is the classical It6 integral, and the idea is that while e.g. the expression

lim 9(Bu(w))Buy(w)
|P|—0
[u,w)eP
from the statement of Theorem (3.4) might not exist for almost all w, it could still exist in
L?(dP)-sense, where P is the path measure of Brownian motion. The It theory establishes that
this is indeed the case, and defines fot g(Bs) dB, (and more general integrals) as the L?-limit of
its approximations.

Maybe this is already a good place to reflect about how it is possible that a sequence con-
verges in L?, but that there is no way to make sense of its pointwise limit. Note that the
L?(dP)-convergence does imply almost sure convergence along a subsequence, so for each fixed
sequence of partitions (F,) with [F,[ — 0, the limit limg o0 D2y, e Pa 9(Bu(w))By(w) exists
almost surely for some subsequence (n;). We could be tempted to take that as the definition
of the pointwise limit. But for different sequences of partitions we will have to take different
subsequences, and get different subsequential limits; all of these limits agree with the L2-limit
L2-limit for almost all w, but there are uncountably many sequences of partitions, and therefore
uncountably many exceptional sets {2 of measure zero where this subsequential limit does not
agree with the L2-limit. Therefore, there is no sensible way to go much beyond the L2-limit in
[to theory.
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b) The relatively new theory of rough paths provides such a way. The main idea is that the
expression =, , = fy, Xy, which is just the zero-order approximation of the integral f: frdX,,
is not good enough, and one has to add to it a correction term that

(i): vanishes faster than =, , itself as [u — v| — 0, i.e. it is indeed a correction term,

(ii): makes equation (A) (with the corrected Z,,,) in the proof of (3.4) true for some vy > 1.
This choice is far from unique, but once we make it, we can actually prove convergence along
all sequences of partitions, and independence of the limit from the chosen sequence. We will do
this in the last chapter of the lecture and for now focus on the It6 integral.

(3.6) Definition
Let T = {s0,51...,5,} be a finite subset of R} with 0 = sy < s; < -+ < s,,. Let (Q, F) be
a measurable space and (F;) a filtration of F. A family (Yt)teRg of measurable maps is called

T-elementary if for each ¢ < n there exists a bounded, F;,-measurable random variable ¢,
such that

do(w) fo<t<s
b5, (W) if s1 <t < s9
Yiw)= Y dulw)luy(t) =
<) b s(@) fsu << s,
(G5 (W) if s, <t < 00

We write
Er = {(Kf)teRg‘ : (V) is T-elementary for some finite 7 C [0, T]}.

Renark: Note that the integral is well-defined in the sense that its value does not depend on
adding artificial points to the partition. If s ¢ 7, we may add it without changing the value of
Y;: indeed, let 7 = T U {s}, and define ¢,(w) = Pmax{ueTu<s} (W), and bu = ¢y for all u e T.
Then the elementary process Y with Y;(w) = > uwyep Pu(w)lu, v)(t) is equal to Y, and also

[V o X],(w) = [V @ X];(w) for all ¢ and all w

(3.7) Proposition and Definition

Let (Y;) be a T-elementary stochastic process as in (3.6) for some T, (X;) an (F;)-martingale.
Then with

t
[Y L4 X]t = / YS dXs = Z gbu/ Il[u,v)(s) dXs = Z ¢u oAt T u/\t)
0 [u,w)eP(T) [u,v)eP(T

the process ([Y ® X];):> o is a martingale. It is called the (elementary) stochastic integral
with integrand Y and integrator X.

Proof of the martingale property: Let s > 0. By the remark after (3.7), we may assume that

s € T. We then get
B(Y o X | F)=E( Y ouXu|R)+E( Y E(0uXuo | F)|F).

[u U EP [u,U)EP!
[u,0)C[0,s) [u,v)C[s,00)
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where in the last sum we used the tower property on each term. The sum in the first term above
is acutally F,-measurable and thus gives [Y e X]|;. In the second term, the JF,-measurable
quantity ¢, can be pulled in front of the inner conditional expectation, and E(X,, | F,) =
0 since X is a martingale. Thus the second term vanishes, and the martingale property is
proved. 0

To make more progress, we will need to impose more integrability than just the L! minimum
requirement for a martingale.

(3.8) Definition
Let 0 < T < oo. We define

MG = {(M)o<¢<r: M is a continuous martingale with E(M;) < oo V¢ < T},

and
M| vz, = E(sup |M,[*)'/2.
seT

for M € M2. Note that || M ||y < oo follows from Doobs L?-maximal inequality.
T

(3.9) Proposition
Let X € M2z and let A be the qvp of X. Let Y € &7. Then M :=Y o X € M2, and its qvp
A is given by

Ay(w) = / V(W) dAw) = Y diw)(Aumlw) = Aun(w)).

0 [u,0)€ P(T)
Moreover, ||Y o X |2, < 4E(A7).
T

Proof: Let Y be given in the notation of Definition (3.6). Y e X is a martingale by (3.7), and
Doobs L?-inequality gives us

E(sup [M;[*) < 4E(M7) < dmax |6, E(XF) < oo.
ue

s<T

Also, t — A, is continuous and increasing. Let us check that (M? — A,) is a martingale: let
s <t < T. We may assume that s,t € T, because if they are not, we re-define Y by putting
T =TU{s, t}, ¢r(w) = PmaxfueTu < r} (w) for r € {s,t}, and observing that this changes none
of the values Y, (w), M,(w) or A,(w) for any w and any w.

Now let [u,v),[t,0) € P(T) with s < v and 4 < u (or equivalently with ¢ < u). Then
() E(dudaXuoXas | 7o) = E(9aXasou E(Xuw| F) | ) =0,
—0
and

(**) E(Qbin,v - QS?LAUJ) | FS> = E<¢i E(‘X”LQL'U - Auw | ]:u) ‘ ]:S) =0.

~~
=0
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Therefore
E(M} — A | Fo) = M2 — A+ BE(Myo(My + M,) — Ay, | Fy) =

M- AR Y aXu(@ Y eiXet D 6aXad) - Y G,

[u,v): [4,0):0 < s [@,0): [u,v):

F)

s<uwv <t s<u,w <t s<uw <t
(*) 2 ~ 2 2 2 () 2 2
= M;—-A;+E E OuXw — E GiAu | Fs) = M7 — Az,
[u,v): [u,v):
s<uv <t s<uw<t

which is the martingale property. The claimed inequality just follows from Doobs L?-inequality:
IMIE, < 4E(MZ) = 4E(Ar). 0

(3.10) Remark and Definition

Since t — A;(w) is increasing and continuous for all w, a finite measure y,, on [0, 7] is uniquely
defined by the equations ji4 ([, t]) := Ay(w) — Ag(w) for all 0 < s <t < T. We write

T T
| ¥ dw) = [ i) skt
0 0
whenever fOT |Yi(w)]| pe,(dt) < oo for a stochastic process Y.

(3.11) Definition
The measure py on Q x [0,7] (with product o-algebra) is uniquely defined by the equations

1A(C X [s,1]) = /nc(w)uA,w([s,tw(dw) forall C e F,0<s<t<T
We define L?(j14) in the usual way. Note that for Y = (Y)o<¢ <7 € L*(j14), we have
T
/ Y2 (w) dAy(w) < oo P-almost surely,
0

and that

T T
Wl = E( | Y2)ade)) = [Plaw) [ ader?o)
(3.12) Lemma
Let X € M2 with qvp A. For t < T, the map
t
& — L*(dP), YH/ Y, dX;
0
(see Definition (3.7)) is a linear isometry between the spaces (&, ||.|[12(u,)) and L*(dP). In

particular, . .
IE((/O Y,dx,)*) :E</O vZda,)

forallY € Er and all ¢t < T
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Proof: We use the equality E(M?) = E(A;), valid for any square integrable martingale M and
its qvp A, in the case where M; = fOtYSdXS. By (3.9), the qvp is given by A; = f(f Y2dAs,
which shows the claimed equality, and thus the isometry property. Linearity is clear. U

(3.13) Definition
Let X € M7. L3.(M) denotes the closure of & with respect to the norm ||.||r2(,,), ie.

Def
g

f € L7(M) 3(f) C Ep with || fu = fllz2(0s) =3 0.

(3.14) The It6-integral

Let 0 <t < T, X e MELY € LA(X). Then M = (X,)s<¢ € M? and (Y,)s<, € L2(M). We
define

t t
(%) / Y,dX, = lim [ Y™dX,,  (limit in L*(dP)),
0

n—o0 0

where (Y (™)g < ; < is any sequence in & that fulfills lim, e [|[Y™ — Y| z2(,,) = 0. The random

variable f(f Y, dX, is independent of the approximating sequence in the sense of L?(dP), i.e. we
have

n—oo

t t
lim ]E(( / YWdx, — / Y. dXs)2> =0  whenever lim [[Y™ — V|12, = 0.
0 0 n—oo

fg Y, d X, is called the Ito-integral with integrand Y and integrator X.

Proof: M € M? is clear, and (Y;), <+ € £?(M) can be seen by cutting off the an approximating
sequence of elementary functions from £ at time ¢, it then remains elementary. A sequence
(V™) < ¢ with [|[Y® — Y|l 12(us) — O is in particular a Cauchy sequence in L*(u4). By the
isometry proved in (3.12), then () Y dX,)pen is a Cauchy sequence in L2(dP). Since this

space is complete, the limit exists and defines fg Y, dX,. Independence of this limit from the
approximating sequence is proved exactly in the same way, using the isometry. ([

(3.15) Proposition

Let X € M2)Y € L2(M). Then
a) The map Y — [Y;dXj is a linear ismoetry from L?*(p4) to L*(dP).
b) The Ité-isometry holds:

E((/OtndXS)Q) _E(/OtdeAs).

Proof: this follows directly from the corresponding properties of the approximating sequences.

O
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(3.16) Proposition

a) Let (F;) be a filtration, X € M2 with qvp A, and Y a stochastic process such that
(i): Y is (Fy)-adapted.

(ii): t — Y; is almost surely continuous.

(iii): Y € L*(ua).

Then Y € L2.

b) If in the situation of a), either Y is bounded, or if for

p(d) := Sup{vqu(/v(wadAs) 0<u<v< T, |lu—v|< (5}

we have lims_,o p(d) = 0, then [; Y, dX, can be approximated (in L?(dP)) by arbitrary partiti-
ons, with the limit independent of the partition, i.e.

T
* lim Yo, X0 = Y, dX, in L2(dP).
€ Jm, 3 VX / (@)

Proof: We first consider the case where Y is bounded and fulfils conditions (i)-(iii), and prove
the statements of a) and b) in this case. For a partition P (with set of separating points T ),
we define for all t < T

[u,v)EP

Then Y? € Er by (i) and our boundedness assumption. By (ii), we have

|P|—0
Y;P(W) :Ymax{rET:rgt}( ) — Y;f( )
for almost all w. We have HHYHOOH%Z)(MA) = [|[Y||AE(A7) < oo, and so we can use ||V as

an integrable, dominating function for Y for all partitions P and find Y¥ — Y in L?*(ua)
as |P| — 0. This shows that Y € L2, and so fot Y, dX; exists and is independent of the
approximating sequence of elements from &r. Since the sequence of partitions P above was
arbitrary, this shows (x) for the case of bounded functions.

To Complete the proof of a) without assuming boundedness of Y (and instead using (iii)),
consider Y () (Y;]l{‘yﬂ <n})t <7 By the first part of the proof, Y™ € £2 for all n. On the
other hand, ||Y — Y™ 12(,,) — 0 as n — oo by dominated convergence. Since £% is a closed
subspace of L?(u4), this implies Y € £2.

Turning to equality (), note that the dominated convergence argument in the final step can
(and in general will) destroy its validity for general unbounded Y. The reason is that for (x)
to hold, we would need to exchange the limit where Y™ approximates Y with the limits of
partitions, and this is in general not possible. However, the second conditions guarantees that
for any sequence of partitions,

E(/OT(YSP— a4,) = ZE(UUU_U/U( D) <plPh 3 w-u) "0,

[u,v)eP [u,v)EP
—_———
=T
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which shows (x) in this case. O]

(3.17) Remark
a) In assumption (ii) above, left-continuity of the paths of Y is enough, as can be seen from
the proof.

b) The condition lims_0p(d) = 0 is a bit hard to understand intuitively, but is actually not
very strong. Let us assume for simplicity that A; = t, i.e. the case of Brownian motion. Then

]E(/uv(Yu,s)ZdAs) = /qu((Yu,S)?)ds _ (),

and if we now assume any kind of Kolmogorov-Chentsov-type control over the second moment
of the increments, we are done. More precisely, assume that E((Y; — Y;)?) < |t — s|® for some
a > 0, then () < (v —u)'™ as |u — v| — 0, which shows that (ii) is valid. This is a much
weaker condition than the one in Theorem 1.36, so in particular we can include some (Y;) with
discontinuous paths, as long as the second moment of increments remains a Holder-continuous
function, i.e. Y2 is not discontinuous ,,on average“.

It is a bit strange that for uniformly bounded Y, we need no restriction at all on the regularity
of increments, while for possibly unbounded Y, we need (ii), but that’s just what we get at the
moment. Also, when A, itself is a nontrivial stochastic process, we have to take the behaviour
of its paths into account, and the simple picture above becomes more complicated.

(3.18) Important example
Let B be a BM!, then

t 1 1
/ B,dB, = -B? — —t.
0 2 2

Proof: By (3.16), B € L2, and condition (ii) holds since p(§) = $62 by an easy calculation. So

the Ito integral can be approximated by partitions. For a partition P of [0,¢), we have
S BB- Y 4B 4B - (B +3B-BB) - 15—} Y B,
[u,v)EP [u,v)EP [u,v)EP

You can prove as an exercise that the second term in the final expression converges to %t in
L?(dP) as |P| — 0. O

(3.19) Remark
a) The same calculation shows fg X, dX, = 1X}? — 1A, for X € M7 with qvp A.
b) For f € C! with fy = 0, we can define fg fsdfs as a Young integral, and

[ ar= [ = [ @ryas=is

So for functions where the function s — f2 can be differentiated using the chain rule, the extra
term 3¢ or 1A, is absent. So, the It6-integral for Brownian motion (or non-trivial continuous
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martingales) does not fulfill the integral version of the chain rule. This is an important point
that will come up again many times in this lecture.

c) There actually is a way to define an integral of Brownian motion against itself that does
fulfill the chain rule: note that the limit in (%) in (3.16) is actually the limit of a Riemann sum
where the function Y is always evaluated at the left endpoint of the intervals in the Riemann
approximation. Of course, we could also try to evaluate at the right end point, or use the
trapezoid rule of numerics, i.e. take the average of left and right end point. This then leads to

t . By + B, 1 A
[ Broan= i, 3 2B = iy 3 (5 B = 35

[u,v)EP [u,v)EP
This looks very nice, so why don’t we always do it like this? There are two reasons: first of all,
it only works so nicely for the case where Y; = By, but e.g. for Y; = sin(B;) it is not so clear
what to do! The second reason is that when we do not use the left endpoint approximation,
then the process t +— fo s) dB; is no longer a martingale, and this is a big advantage to
lose. Nevertheless, the mtegral fo B, o dB, is very useful in many instances, and the general
strategy of using the trapezoid rule leads to the so-called Stratonovich integral.

d) You should verify the following important equality as an exercise: if B = (B®M, B®?) is a
two-dimensional Brownian motion, then

t t
1 2
/ BYdB® + / B®dBY = BB,
0 0

Notice that this means that independent Brownian motions behave like differentiable functions
when integrated against each other: To see what this means, let f, ¢ be differentiable, and
integrate the equality (fg)' = f'g + ¢'f from 0 to ¢, and use [ fsg.ds = [ fsdgs. To prove the
equality for Brownian motion, you should first try to show that Z[u,v) Bi(tl)Bl(f% — Z[um) BY Bi(tzi),
converges to zero in L? as |P| — 0.

e) The choice of trapezoid rule that we made in d) is not the only alternative to the left
endpoint rule that leads to the Ito-integral. As an example of what else is possible, let f € C?
and Y = f(X). Then for all A € [0, 1] we can define

Y XA )X = Y f(X) Xt Y F(X AXMXM+ > (X )NX]

[u,v)eP [u,v)eP [u,v)eP [u v)eP

with v < &, < v. You should use this expansion to show as an exercise that

t t
. _ /
i, 3 I AKX = | rexgax.en [

in particular the third term in the expansion vanishes. So in general, this gives a different
integral for each choice of A. For some A, the resulting integrals have names: A\ = 0 is the
[t6-integral, A = 1/2 is the Stratonovich-integral (written as fo )odXj), and A =1 is the
backwards-Ito-integral. The most important cases are A = 0 and )\ = 1 /2. The relation

/f )odX, = /f dX+/f
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is called the Ito-Stratonovich-correction.

In the next items, we will investigate the stochastic process ( fg Y, dX;); > o made from stochastic
integrals.

(3.20) Proposition

. 1/2
M3 is a Banach space under the norm M > ||M|| e := E(sup, < r |M,|?) 2,

Proof: L?-spaces where the target space is itself a Banach space are Banach spaces. Consider
the space C([0,T7]) of continuous functions with the sup norm and the o-algebra generated by
the point evaluations, and define

L*(dP,C([0,T))) := {f : Q0 — C([0,T]) : f measurable, /Hf(w)Hio P(dw) < oo}

Since C([0,T]) with the sup norm is a Banach space, we only need to show that M2 is a
closed subspace of L2(dP,C([0,T])). So let (M™) c M2 and M € L*(dP,C([0,7])) with
|M™ — M| mz — 0 asm — co. We need to show that M is also a continuous martingale.

First of all, we can choose a subsequence, also denoted by (M), so that ||[M™ — M|/, — 0
P-almost surely. This shows that M has continuous paths almost surely. To show that M is a
martingale, let s < t, and note that for all r < T,

lim E(|M™ — M,|) < lim E(|M®™ — M||s) < lim E(JM™ — M|2)Y* =0
n—oo n—oo

n—o0

by assumption. Thus for all A € F,, we have

E(1,M;) = lim E(LM™) 2 lim E(1,M ™) = E(14M,),

n—o0 n—o0

where the equality (*) holds because each M is a martingale. Since

M(w) = limsup M™(w) € mF,,

n—oo

we see that M is a martingale. O

(3.21) Theorem
Let X € M2 with qvp A. The map

t
L2 M2, Y|—>(/YSdXs>
0 t<T

is a bounded linear operator from L% to M2, and the qvp of the martingale (M;); <1 =
t .
(fo Y, dXs): < 7 is given by

t
(At <7 = (/ YZ2dA) <.
0

Proof: let Y™ be a sequence of elementary stochastic processes approximating Y, then for all
n, M™ = 'y dX, is in M2 with qvp A® = [(Y{")2dA, by (3.9). Since M™ — M is
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a martingale for all m,n, we have

(3. 12) n,m—00

Doob
1M — M < 2AME = ME | p2amy = Y = YO g S 0.

So the sequence (M ™) is M2-Cauchy, and by (3.20) it thus converges to an element of M?2.
This shows that M is a continuous martingale. We have

Ito

Doob
[Mlrez < 2([Mrllre@r = 2)Y [ L2

so the map Y — M is bounded. Its linearity is trivial.
To show that A is the qvp, first note that for all ¢,

t
||A§n)_At|]L1<IE(/ |(Y(n) - Y2 dA /]Y y|2dA /|yn)+y’2dA>
0 S—

by the Cauchy-Schwarz inequality applied in L?(z4). The first term on the right above goes to
zero, the second is bounded, showing that A™ — A4, in L'. A similar argument shows

(M) — M| =% 0.

Finally, for each n, all s < ¢, and all C' € F,,
E(((M™); - A7) 1e) =E(((M™)2 - A7)1c).

because (M™)2 — A™ is a martingale, and the L'-convergence that we just proved shows that

this equality survives the limit n — oo. Therefore also M 2 _ A is a martingale, which shows
that A is the qvp of M. O

So far, we have only defined the stochastic integral for Y € £2. On the other hand, it is quite
reasonable to want integrals also for stochastic processes Y with locally bounded paths, but
with Y ¢ £2. One example is Y; = exp(B?), which is a bounded function on [0, T] for every
Brownian path, but where

22
E(Y?) = * ¢ dx = oo

1
V2t
for t > 1/4. So, the reason why we can not define f Y, dB; in this case is because there are
,too many“ paths where Y; gets large, while for each individual path, the integral should be
harmless! The problem is that our It6-integral needs all paths to work together to achieve its
L?-convergence, and if too many of them are bad, they spoil the convergence also for the well-
behaved ones. The solution is to hit the bad paths on the head, more precisely when Y;(w)
exceeds a certain level D, we just freeze the path belonging to w for all future points in time.
We then define the integral in this case, and in the end take the freezing threshold D to infinity
in the integral itself. This technique, which we will elaborate now, is known as localization.
We start with a technical result on stopped stochastic integrals.
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(3.22) Lemma
Let X € M2, Y € L2 and 7 a stopping time. Then

tAT t t
/ }/;dXs = / Y:edXs/\‘r = / Y:s]l[()ﬂ—)(s> dXs
0 0 0

almost surely.

Remark: it is useful to think about what the difference between the three expressions above
is. The first is the Martingale (fot Y, dX,)s < 7 stopped with the stopping time 7. The second is
the (un-stopped) stochastic integral if Y with the stopped martingale X, as integrator - this
works since stopped martingales are martingales. The final expression is the normal stochastic
integral with integrator X, but with an integrand that is zero for all pairs (s,w) where s > 7(w).
The Lemma says that these three ways of stopping lead to the same result.

Proof of Lemma (3.22):

a) We start with the first equality. It is true for elementary Y € Er, since then for the partition
P belonging to Y, we have

tAT(w)
/ VX ()= ) Yi(w) (Xv/\(t/\T(w))(w) - Xu/\(tAT(w))((-“-))) =
0

[u,v)eP

t
- Z Yu(w)<X(v/\‘r(w))/\t(w)_X(u/\T(w))/\t(w)> :/ stXs/\T(w)(w)a
0

[u,v)eP

for all w. For Y € L2, let (Y™) be a sequence approximating Y in L?(u4). Since the claimed
equality holds for all n, it remains to show that both sides converge to the claimed expressions
in L?(dP). For the left expression, let M; = fot Y, dX, and Mt(") = fg Y™ dX,, and observe
that for each w,

$p { | Minrio) (@) = M (@) £ < T < sup {[Mifw) = MO ()| 1 < T}

simply because the supremum on the right hand side is over a larger set of numbers when
7(w) < T. This implies that

n—o0

I(Mrn)e <7 — (MEDe < rllage, <M — M| =50,

T

showing convergence of the approximations for the leftmost expression in the claim. For the
middle expression, we first find that (A;x,): < r is the qvp of the stopped martingale (Xiar): < 7.
This is true because t — Aynr (o) (w) is increasing and continuous for all w, and (X7, — Air)e <7
is a martingale due to the optional stopping theorem. Moreover, we have

E(A%n—wyU%Aw)<E(A%K—K@fd&)ﬁ§a

which means that A™ also converges in L?(dA,,; ® P). By definition of the stochastic integral
(with respect to the martingale (X;a,)¢ > o), this means that

t t
[vmaxs, - [ viax,
0 0
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in L?(dP) as n — oo, and the first equality is shown.

b) For the second equality, assume first that 7 is discrete, i.e. 7(Q) = {t1,...,t,}, and that
Y € &p. Then also (Y,1jg1)(5))s <7 € Er, and the claim holds in the same way as in a) by writing
both sides with a suitable partition P. Let now Y € £2, but still 7 discrete, and let Y™ — Y
in £2. We already know that the middle expression converges under this approximation. For
the right expression, it is enough to show (Yg(n)]l[oﬁ)(s))ng converges to (Yl (s))s<7 in
L?(uy4), which is quite obvious. Let now 7 be a stopping time and let 7, \, 7 as n — oo be
a sequence of approximating discrete stopping times. The middle expression converges almost
surely by path continuity of the stochastic integral (it is in M?%). For the rightmost expression,
the Ito-isometry gives

t t
H /O Y.l (5) dX, — /0 Yl (5) dX,

t
o= B( ] V2 (o (s) = T (5)2 04.).

—0 a.s.

which converges to zero by dominated convergence. This shows the second claimed equality. [

(3.23) Definition

A stochastic process Y is called progressively measurable with respect to a filtration (F;) if

VA € BRY), Wt < T: {(s,w) € [0,] x Q: Yi(w) € A} € B(0,]) ® F..

(3.24) Proposition
a) Every Y € &r is progressively measurable.

b) Let X € M? with qvp A. Then

L3 ={Y € L*(14) : Y has a representative that is progressively measurable}

Proof: a) is left as an exercise. b) is a bit more technical, but we will not do it here. See
Theorem 14.23 of Schilling/Partzsch. U

(3.25) Definition
Let X € M2 with qvp A.
a) We define

T
L5(X) :={Y : Y progressively measurable,/ Y2(w) dA,(w) < oo for P-almost all w}.
0

b) Let (F;) be a filtration and Y be an (F;)-adapted process. A localizing sequence (wrt. the
filtration) is a is a sequence (o,,) of (F;)-stopping times that fulfil 0,11 > o, almost surely, and
lim,, .o, 0, = oo almost surely. Recall that

Yi(w) ift < o,(w)
0 otherwise.

Yi(w) o0, (8) = {
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We define

L7 106(X) == {Y : there exists a localizing sequence such that (Y1) is in £7 for all n.}

(3.26) Example

With Y, = exp(B}), we have (V;) € L%,,.. We see this by choosing o,,(w) := min{t > 0 :
|Bi(w)| = n} and checking that this is a localizing sequence.

(3.27) Proposition
We have L7.(X) C L3(X) C LF),.(X).

Proof: exercise. Use the stopping times o,, := inf{t > 0: fo Y2(w)dA(w) = n} for the second
implication. ([l

(3.28) The stochastic integral for integrands from L7,

Let X € M7 and Y € L7,,.(X), with localizing sequence (o). We define Y =Yg, ().
The Ito-integral J(n f Vi dX, then exists in L3(P) for all n. Now for each ¢t < T and all
n,k € N, we have the following equalities (valid in L*(P)):

tAon

t
]l{on>T}Jt(n+k) = ]I{Un>T}/ }/:9(“+k) dXs = ]l{an>T}/ }/;]1[0,0”+k ( )dX
0 0

(3:22)

t

t
= ]]{an>T}/ Yoo, (8) 0,0, (5) dXs = ]]{an>T}/ Y 1o, (s) dX,
0 0

This means that on {0, > T'}, the sequence (J")) becomes constant after the n-th term. We
pick a representative w — J™ (w) for each n and define

Jw) = JM(w)  forw € {o,1 < T < 0,},
0 for w € {lim,, 0 0, < 00}.

Since P(lim o,, < 0c0) = 0, we have

lim (Jt(n))t <r=(J)i<r P-almost surely
n—oo

This defines the generalized stochastic integral for fixed ¢ < T". You should check that J; is
independent of the localizing sequence in the sense that for two different localizing sequences,
the results differ at most on a set of measure zero.

Note that the generalized stochastic integral (J;) is not a martingale, in general, because we

cannot guarantee E(|.J;|) < co. However, (Jt(n)) = (Jirs, ) 18 @ martingale for all n by Theorem
(3.21). Such objects are of independent interest, and we define
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(3.29) Definition

An (F;)-adapted, right-continuous stochastic process (M), is called a local martingale
if there exists a localizing sequence such that (M;,,, ]l{an@o})t >0 1s a martingale for each n.
We write M. for the set of local martingales, and ./\/l%lOC for those local martingales where

(Mino, ]l{an<oo})t <7 lsin M% for all n.

(3.30) Properties of generalized stochastic integrals
Let X € M7 and Y € L7,

a) The map ¥V — f(f Y dX is linear from L7, to M7,,..
b) The process ((fotYs dX,)? — fot Y2dA,), o7
¢) P(| fo YsdXy| > ) < & +P(fy |Yi]?dA, > C) for all e > 0,C > 0.

d) For a stopping time 7, the equality fOtAT Y,dX, = fot Y 1o, (s)dX, holds P-almost surely.

Warning: There is no equivalent to the Ito-isometry for generalized stochastic integrals.

is a local martingale.

Proof: a), b) and d) are just chasing of definitions and are left as exercises. For ¢), consider
the stopping time

t
=infqt <T: [ Y2dA, > Cy,
T 1mn { /0 > }
then E( J (Yo, (5))?dA,) < C and thus Y1) € £3. We have
t t
P(\/ Y,dX,| > ) <]P><}/ Y,dX,| > &7 > 1) + P(r < 1),
0 0

The second term is equal to IP’( fot |Y,|?dA, > C) and thus corresponds to the second term in

the claim. The first term is equal to ]P(| f(f/\TYSdXs! >e,7>1t) < IP’(| f(fATYSdXS‘ > ¢), and
by d), the Chebyshev intequality and the It6-isometry applied to Y1 ), we get

t 1 t 9 B 1 t )
(| /0 Vollg(s) X, > <) < /0 Vil () 4X,)°) = 5 ( /0 (Vallp r(5))* A4, ).

We have already seen that the expected value on the right hand side is bounded by C', so the
claim follows. O

(3.31) Abbreviation

A right-continuous function f such that lim, ~, f(t) exists for all ¢, is called cadlag, short for
the French expression ,,continue a droite, limites a gauche®.

(3.32) Theorem

Let Y be an adapted stochastic process with cadlag paths, let X € M2 for all T', and assume

that for almost all w, the measure pa, : f +— fOT f(s)dAg(w) is absolutely continuous with
respect to the Lebesgue measure. Then Y € £7,,.(X) for all T < oo, and approximations to
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the generalized stochastic integral by arbitrary partitions converge uniformly in probability to
the generalized stochastic integrals; this means that for all £ > 0,

|E|130P< sup y Z YXM—/YSdXS\>a):0.

<t<L
O<t<T v)EPN[0,t)

Proof: Cadlag functions are locally bounded and Ap < oo almost surely, thus fOT Y2dA, < oo
almost surely. This means that ¥ € £4 and thus Y € L3, by (3.25). We define the localizing
sequence

op(w) :=inf {s > 0: [Y,(w)]> > n} An,
and Y. (W) = Ys(w) o0, () (5). As in the proof of (3.30 c¢), we find that

t
P(swp | YuXu,v—/YSdXSbs)g
0

O0SEST () yepn(o)

\€2E< sup \ S YX,, /OY Vax,[*) + P, < T).

<t<
OstsT u,v)EPN|0,t)

Since o, is a localizing sequence, it converges to infinity almost surely, and thus for each § > 0
there exists n € N with P(0,, < T') < 9. The proof will thus be finished once we show that the
first term converges to zero for each n when |P| — 0.

To show this, note that Y™ & L2 because it is bounded, and so f(f v d X, exists as a classical
[to-integral for all ¢ < T and all n € N. For a partition P of [0, 7], let us write

VO = 30 V@) (5)
[u,v)eP

for the , Riemann approximation“ of Y with respect to P, then

t
Z Y(n)qu — / ys(n),P dX,,
0

[u,v)€PNI0,t)

and we have

IE( sup | Z Y™X,, /Otys(”) dXS|2> = sup |/ dX‘)

<t< <t<
OSEST 1 vyePnio) 0 t<T

T 2 T 2
< 4E<(/0 (Ys(n),P _ Ys(n)> dXS) > 1o 4E(/0 (YS(N),P _ Ys(n)) dA5>.

The integrand in the final expression is bounded by 4n?. For a sequence of partitions (P,,) with
P, C Py, we have Y (W) = Y (w) for all s € [0,7] and all w as m — cc. To see this

note that for points of continuity of s +— Y;(”) (w), the convergence obviously holds. Now one can
show that a cadlag function can only have countably many discontinuities, and by assumption,
the measure dA,;(w) is absolutely continuous with respect to Lebesgue measure almost surely.
Thus, almost surely, [ 1p, dAs(w) = 0, where B,, is the set of s € [0,7] where the convergence
fails. Now Fubinis theorem shows the claimed almost sure pointwise convergence. Dominated
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convergence now shows that the final expression in the last display converges to zero as |P| — 0,
and finishes the proof. O

(3.33) Remark

Up to now, we have mostly considered the existence (and approximability) of stochastic inte-
grals. This is necesseary, but is only interesting if we can do something useful with the objects
we obtain. A useful theory should enable us to actually calculate something of interest, for
example:

a) We have already seen that fot B,dB, = 1B} — it. But what about fot B%dB, for k > 17
Is the solution also given by the classical term kLHBf“ + ,,a correction“? If so, what is this
correction? Is there closed formula for all £7

b) Eventually, we want to solve stochastic differential equations. In classical ODE theory, a
very nice way to solve an ODE is just to guess the solution and then check that it actually is
the solution. Let us assume we have a process Y; and we guess that it fulfils the equation

Yt—Yoz/tf(Y;)st
0

for some smooth function f. How can we check this?

In classical analysis, the answer to both questions is the chain rule. If we replace t — B;
by a differentiable function ¢ — h(t) with h(0) = 0, then in problem a), the chain rule give
Oh* () = (k+ 1)R*(t)l/(t), and by the fundamental theorem of calculus this gives the answer

/ BE(s) dh(s) = / BE(s)H () dis = —— hA+1(¢).

The differential equation from problem b) in classical analysis reads u/(t) = f(u(t))h'(t), where
we replaced the process Y by the classical function v and ignored the initial condition. The
solution by separation of variables, in the most general form, again relies on the chain rule:
assume that we are able to find a primitive (antiderivative) t — K (t) of t — 1/f(t), and let us
assume that for the (given) function h we can find the solution u to the equation h(t) = K (u(t))
for all ¢, and that it is a differentiable function. Then by the chain rule, this solution u satisfies

1 /
u'(t),
fu(t))
which gives a solution of the ODE by rearranging. Of course, many things can go wrong here,

but for example the solution to the equation u/(t) = ﬁh’ (t) can then be computed to be

u(t) = (3h(t))'/3, and one easiy checks (again by the chain rule) that this is indeed a solution
(of course h should be nonnegative here).

W(t) = 0K (u(t)) =

The problem is that for stochastic integrals, as we have seen the chain rule is not valid. But
the good news is that there is a replacement, which is the Ito-formula. It is the most important
formula for stochastic integrals, and we will discuss it now.

(3.34) The Ito-formula (elementary version)

Let X € M3 with qvp A, f € C?*(R). Then the map (s,w) — f'(X(w)) is an element of
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L7 10¢(X), and for all ¢, the Ité-formula

FIX) — f(X) = /f dX+/f”

holds almost surely. For the case X = B, the Ito-formula specializes to

f(By) — f(By) = /f )dBs + = /f”

Proof: Clearly f'(X) € L}, since it is adapted, continuous in s, and locally bounded. The
idea of the proof of the It6 formula is not difficult: first, we write the left hand side of Itos
formula as a telescopic sum along a partition P of [0,¢):

FX0) = f(Xo) = > (f(X,) = f(X.).

[u,v)eP

Since X is continuous, X, will be close to X, for each interval [u,v) once we send |P| — 0.
Therefore the next natural step is to approximate each term (f(X,)— f(X,)) on the right hand
side by a Taylor approximation. The only thing we have to be careful about is that we actually
expand the function f around the point X, and not the function u — f(X,) around the point
u, because the latter will usually not even be differentiable. Also, it will turn out that we have
to expand to second order. The result is

F) = ) = F(X0) + F/ 06 X+ 5" (X)XE, + Ay = F(X,),
where
Ayy = d pdy "X, + Xy, — (X)) X2
o= [ [ X - )

is the Taylor remainder term in a slightly unusual integral form. The explicit ,,raw form* that
does not need any extra differentiability beyond C2. Consequently,

() X~ fX) = Y P Xty O KX+ Y A

[u,v)EP [u,v)EP [u,v)eP

The first term on the right hand side converges to f(f f'(Xs) dXs in probability as |P| — 0 by
Theorem (3.32), yielding the first term of the [t6 formula. For the other terms, we first assume,
as we did in the proof of Theorem (2.32) that X is uniformly bounded, i.e. | X (w)| < K for
some K, all s and all w. Note that this also implies that [|f” o X||o = {sup{|f"(Xs(w))]| :
s < t,w € Q} < oo. Also like in Theorem (2.32), let P,(t) be the partition generated by the
dyadic rationals of spacing 27" and the point ¢. We know that

D G AN

[u,v)EPp(t
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for all w, and are thus interested in the L2-distance between this expression and the second
term of (x). We have

Z f//(Xu)(X,iv . Auyv))2> g ||f” o XHZOIE(( Z (Xi,'u — Au,v))2)
[u,w)EPR(t) [u,v)EPR()
= "o XIZE((A" = 4)°),
where A" = D uw)ePat) X2 is precisely the approximation from Theorem (2.32 b). The state-

ment of that Theorem says that this converges to zero as n — 0o, and so 33, e p ["( X)X2, —

f(f X2 dA, almost surely along a subsequence. Picking this subesquence gives us the second term
in Itos formula.

For the third term, we set

D(w,u,v,v) = [["(Xu(w) + v Xup(w)) = f(Xu(w))]

and estimate (again with the partition from above, more precisely with the subsequence from
the last step)

‘ Z Au,v(w)‘ < gup{D(wauﬂja V) : |u _U| <2 SV 1} Z uva

[u,v)EPR(t) :5(;;(0-1) [u,v)EPp ()

and applying the Cauchy-Schwarz-inequality gives us

E(\ 3 AM )gE((sg)E(( 3 Xiv)?).

[u,v)EPR(t [u,v)E Py ()

We have seen in the proof of Theorem (2.32) that the second factor on the right hand side above
is bounded independent of n. The integrand in the first factor is bounded by 4| sup, < 35 f"(2)]?
for all n and converges to zero pointwise by uniform continuity of s — X (w) and of f on
compact subsets of R. It therefore converges to zero by dominated convergence. It follows
that |Z[u7v)e Palt) Auvv(w)| converges to zero in L', and thus almost surely along a (further)
subsequence. Running through this final subsequence in the expression (*) now gives Ito’s
formula for bounded X.

For unbounded X, we have to localize again. Let 7,, = inf{s > 0 : | X,| > n}. Since Doobs
inequality gives E(sup, < , X?) < 4E(X}) < oo, we have P(7, <t) — 0 as n — oo for all ¢, and

so 7, — oo almost surely. Now for the bounded martingale (Xs(n))s <t = (Xsns)s <t With qvp
A™ = (A nr)s <1, we find by the first part of the proof

Xt(n) _ X(n) — ' /X(n) // dA(n)
FX) = p(x§) Af(s /f

:Am7www+2fmﬂwmm

So Itos formula holds for all w € {7, > t} and all n, and thus for all w € (J, {7 > t} D
{lim,,_y00 7, = 00}. This shows the claim.
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(3.35) Examples
a) For f(x) = 2%/2, we get

1

t 1 t t 1
§Bt2 - f(Bt) - f(BO) = /0 f/<Bs) st + 5/(; f”(Bs> ds = /(; Bs st + §t

Rearranging shows the known formula fot B,dB, = %Bf — %t.

b) The geometric Brownian motion Y; = e

process in financial mathematics. It solves the SDE

(with @ > 0) is an important stochastic

t 052 t
Yt—YOZOz/stBS+—/YSdS.
0 2 Jo

(Exercise using Itos formula). Formally writing dB; = B’ ds and differentiating this SDE gives

2 2
2
Y/ =aY,B] + %Yt = %Y;(l - a,,noise“),

2

compare this to the ODE f'(t) = % f(t), which models the exponential growth of the price of
an asset e.g. under constant inflation or with constant value gain. So Y; is the analogue when
there is in addition some market movement (noise) that changes the rate of price growth either

up or down.

Note that we can only get growing solutions with e*Pt it does not help to put e *5* since (by

symmetry of Brownian motion, or by calculation) the result will be the same. So what about

the very important ODE f' = —%2 f when we perturb it by some noise? We will see the answer
later.

(3.36) The elementary It6 formula in d dimensions

Let B be a d-dimensional Brownian motion, and f € CV?(R{ x R R), i.e. once continuously
differentiable in the first variable and twice in the second. Then

t t 1 [t
(6,80~ £0.50) = [ 015 B s+ [ (9f)(sB)-dBo+ 5 [ 18,7105, B s
0 0 0
where Vo f = 0y, f, ..., 0u,f), and A, = 30 82,
Proof: Analogous to the proof of (3.34), but somewhat more notation-intense... 0J

(3.37) Remark
Compare Theorem (3.36) to Theorem (2.16): the latter tells us that

M= £t B~ 0,80~ [ (BALf)(5, B + [0.)(s, B.)) ds

is a martingale; Theorem (3.36) actually tells us what martingale it is!
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(3.38) Differential Notation
a) SDE are often written in differential notation:
dY; =0(t,Y;) dt + o(t,Y;) dB; (%)

Integrating (%) from 0 to 7" then gives the familiar form

T T T
YT—YO:/ dYt:/ b(Yt,t)dBtJr/ o(t, B,) dB,.
0 0 0

Stochastic processes of the form (x) are called Itd processes, for the precise definition see
below.

b) It6’s formula in differential form reads: for Y; = f(¢, B;), B Brownian motion,
dY; = [0, f](t, By) dt + %[Axf] (t, B,)dt + [V f](t, B,) - dB,.

If X € M? with qvp A, Y; = f(t, X;), in one dimension we get
dY; = [0, f](t, X;) dt + %[aif](t, Xi) dAy + [0, f1(E, X) dX.

A multi-dimensional analogue exists, but needs the concept of quadratic covariation which we
will not cover in this lecture.

(3.39) Ito-processes

Let B be a d-dimensional Brownian motion with its filtration (F;). Let (0;); > be an R™*%-
valued stochastic process, and let (by);>o be an R™-valued stochastic process. Assume that
both processes are progressively measurable and have locally bounded paths. The R™-valued
stochastic process Y with
d
dY; = O0¢ dBt + bt dt = (Z(Ut)i’j dBt(]) + (bt)z dt)
j=1

i=1,....m

is called the It6 process with drift b and diffusion coefficient o.

(3.40) Theorem: general I1t6 formula
Let Y be an R™-valued It6 process with m-dimensional drift b and m x d-dimensional diffusion
coefficient o, and let f € CM?(R$ x R™ R). For Z,(w) := f(Yi(w)) we get
1
dZ, = 0,f(t,Y,) dt + St [of[D?f](t,Yy)o,] dt + [V, f](t, Y;) - dY5,

where o* is the transpose of o, D?f is the m X m-matrix with entries 9;0; f (i.e. the Hessian of
f), and
(Vo f1(8,Yy) dYy = [Vo f1(8, YY) - [ovd B + [V f](2, Y2) - by di.
—_— ——
eR™ ER™
For m = 1, this simplifies to

A2, = [0.f1(6,Y0) dt + 0.1](1,Y:) dYe + Str(ofo) [021)(1, Yo) dr,



80 VOLKER BETZ

where tr(cfoy) is just a fancy way of writing the squared norm 3% (5¢)? of the d-dimensional
vector o;.

Proof (very short sketch): The proof is not so different from the one of the elementary It6
formula: one has to do a Taylor expansion of f around the points Y,, of a partition, and collect
terms of first and second order.

a) Terms containing (dBIEi))2 converge to terms with dt.

b) Terms containing dBt(i)dBt(j ) vanish when i + 7.

¢) Terms containing dB”dt or (dt)? also vanish.

For purposes of calcualation, the following table summarizes these facts in a useful way:

|aB” at
dBY | dts;; 0
a o 0

(3.41) Exercise

Consider the linear SDE
dY; =b(t)Yydt + o(t)Y; dB;
(note that b and o do not depend on w). Use the It6 formula with the Ansatz

Voo [aas+ [r)am)

to show that (x) is a solution to the SDE when r(t) = o(t) and q(t) = b(t) — o(t)>.

(3.42) The Ornstein-Uhlenbeck porcess
Consider the linear SDE

dY; = —aY,dt + o dB;, (a,0 > 0).
(Why is this not a special case of the previous example?) The corresponding ODE is

with a smooth function h, and by the variation of constants formula it has the solution

f(t) = 0/0 elt=s) (Osh)(s)ds + e £(0) = 0/0 ealt=s) dh(s) + e~ f(0).

Observe that in the final integral, it is no problem to replace dh(s) by d By, since the integrand is
smooth and thus the Young integral exists. Therefore, it is a safe bet to guess that the solution
to the SDE is

t
Y,=0 / e =9 qB, + ey,
0
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Of course, we have to verify that this indeed gives a solution to the SDE, and we do this by using
the Ito formula: we define Z; := fot e® dBy and g(t,x) = e * (ocx + Yp). Then Y, = g(t, Z,),
and
dY; = Owg(t, Z,) dt + 0pg(t, Z0) dZ, + 939(t, Z4)(d Z,)?
=0
=—ag(t,Z)dt + ce " dZ, = —aY,dt + o e ™ dB,.

So Y indeed solves the SDE.

(3.43) Levy’s characterisation of Brownian motion

Let X be an (F;)-adapted, real-valued stochastic process with continuous paths, and with
Xo = 0 almost surely. Then the following two statements are equivalent:

(i): (Xt)t >0 is a Brownian motion.
(ii): (X¢)¢>0 and (X? —t); > o are martingales.

Proof: We already know that (i) implies (ii). To show the converse, we check the axioms (B0)-
(B4) of Brownian motion. (B0) (which is Xy = 0 a.s) and (B4) (which is continuous paths)
hold by assumption. (B1)-(B3) say that X has stationary, independent, Gaussian increments,
and all of this will be shown once we prove that (ii) implies

(x)  EB(et1,) = e 20~ ¢ PA)  VEER A€ F,
Why is (x) enough? Because the choice A = Q gives the Gaussian distribution (B3) of the
increment and its stationarity (B2), and for the independent increment property (Bl), we

replace e~2(79%” by E( X+ ) (which is true by (x)) and obtain
E(e*¥ 1) = E(e**)P(A) VE€R, A€ F,.

Since any bounded measurable function can be approximated by linear combinations of complex
exponentials (this is the reason why characteristic functions determine the distribution!), we
conclude that E(g(Xs:)1a) = E(g9(Xs4))P(A) for all A € F; and all bounded measurable
functions. This means that X, L F;, which shows the claimed independence.

To show (), first note that (ii) implies that the qvp of X is A; = t. It6’s formula applied to
f(x) = e (with f/(z) = i€e® and f"(x) = —&2f(x)) then gives

t 2 t
f(Xy) = f(X,) = if/s X dXx, — %/ el Xr %.
=dr

We multiply this with e*s 1, with A € F, and take expectations on both sides, leading to

t 2 t
B 1) <P = B( & 1B Ge [ o ax | 7)) - § [ B 1) ar
——— — s 2 s
=) emre =0 m;rrtingale ’ =¢(r)

We conclude that the function ¢ solves the ODE ¢/(t) = —%gp(t) with initial condition ¢(s) =
P(A). This ODE has the unique solution ¢(t) = e ¢ ¢=/2P(A), which shows that (*) holds. [
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(3.44) Remark

Question: What is the difference between a one-dimensional Brownian motion and a general
(local) martingale M?

Answer: The speed at which it runs through its paths.

Explanation: For each path, the quantity A(w) = limyp|0 32, e p M ,(w) (the limit actually
might not exist pathwise, but does exist in L?) can be thought of the ,,dlstance“ that the path
has covered up to time ¢. For smooth functions, that distance would be given by the total
variation limp—0 Yy, ,ep |f(v) = f(u)], but for continuous martingales this quantity is always
infinite (unless M is constant), and so the quadratic variation is the next best quantity. More
precisely, it measures the total variance (in the sense of the central limit theorem) that the
martingale has picked up by time ¢.

For Brownian motion, we have A;(w) = t for all w, so all paths run ,,at the same speed“, which
is given by A'(t) =

For a general martingale M, A;(w) usually depends on the path belonging to w. So we can try
to individually slow down each path when Aj(w) > 1, and to speed it up when A’(t) < 1. When
we do this path by path, we should get back Brownian motion. The next theorem shows that
this strategy works, at least when the variance of M; diverges when ¢ goes to infinity.

(3.45) Theorem (D6blin 1940, Dambis, Dubins, Schwartz 1965)

Let M be a continuous square integrable martingale for the right-continuous filtration (F;). Let
A be the qvp of M. Assume that lim; ,,, A; = co P-almost surely. Let 74(w) be the generalized
inverse of A;(w), i.e.

Ts(w) :=1inf{t > 0: Ay(w) > s}

Then

a) Ts is an (F;)-stopping time for all s, and 75, > 7, when s > r.

b) Let F,, :={B € F : BN {rs <t} € F;Vt} be the stopped sigma-algebra for the stopping
time 75, and G5 := o(F,,. : v < s). Then the stochastic process (M, )s o is a (Gs)-martingale,
and its qvp is given by A, = s.

¢) The stochastic process B, := M,, is a Brownian motion for the filtration (Gs)s > .

d) For all w € Q and all 7 > 0, we have M;(w) = Ba, () (w).

Proof: a) The stopping time property follows from Lemma 2.22 since A; € mF; and F; = Fy.
The inequality is clear from the definition.

b) We have P(1; < o0) = P(lim, o A, = 00) = 1. For those w with 73(w) < oo, the equality
A w)(w) =t by path continuity of A. Since E(A,,) =t < 0o, Theorem 2.33 gives E(M,, | F,) =
M., and E(M2 — A, | F) = M2 — A, so (M.,)ss0 and (M2 — A;)ss0= (M2 — )55 are
(Gs)-martingales. The uniqueness of the qvp completes the claim.

¢) This follows from b) and Theorem 3.43 if we can show that B has continuous paths. The
map s — Tg(w) is not necessarily continuous; if s — Ag(w) is constant on some interval [a, b],
then 7.(w) has a jump of size b — a at s = A,(w). However, in this case also s — My(w) is

constant on [a, b] (why?), and so s — B,(w ) M, ) (w) is still continuous.
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d) We have BAt(w)(w) = M-, (W) and T4, (w) = nf{r 2 0: A (w) > A(w)}. If A(w) is

strictly increasing on an interval [t, b], then 74,(,)(w) = ¢, showing the claim. If A.(w) is constant
on an interval [¢,b] and strictly increasing after that, then 7,,(,)(w) = b. However, then M.(w)

is also constant on [t,b], and thus M, () (w) = My(w) = M(w), showing the claim also in

this case. O

Remark: The theorem even holds for the case where M is only a local martingale. We did not
develop enough theory of local martingales to give an effortless proof, so we skip it.

(3.46) Preparations
A function f : C — C is complex differentiable (analytic) in z = x + iy € C if (with f(z) =
u(x,y)+iv(z,y) for functions u, v : R? — R) the Cauchy-Riemmann differential equations
(CRE)
Oyu(x,y) = Oyv(x,y), Oyu(z,y) = —0,v(z,y)

hold. The function

f:C—C, T+ iy — Oy[u+ v](z,y) = —i0,[u + v](x, y)
is the derivative of f. As a consequence of the CRE, we have dJu + dju = 02v + 0ov = 0.
Complex Brownian motion is the stochastic process B, = Bt(l) + iBt(z), where BY) and B?)

are independent one-dimensional Brownian motions. Let f be complex differentiable. Writing
f(z) = u(z,y) + iv(z,y), we apply the two-dimensional It6 formula separately to the real and

imaginary part of f and obtain for U, +iV; = Y, = f(B,;) = u(Bt(l), Bt@)) + iv(Bt(l),Bt(Z)) the
equality
1
dY, = AU, +idV;, = (V[u+iv)(B{", B)) - (B{Y, B?)t + 5 (Dlut iw](BY, B?)) dt.

By the CRE, the second term above vanishes, and the first is equal to f'(B;)dB;. So we obtain
the Ito formula without It6 term,

dY; = f'(B;)dBs.
In other words for complex Brownian motion, stochastic integrals behave just like classical ones!
This is an important ingredient in the next theorem.

(3.47) Theorem

Let D C C be a domain (open, connected subset) in C, f : D — C analytic. Let B be a complex
Brownian motion, starting in x € D. Define

Tp :=1inf{t > 0: B; ¢ D}, and  &(w) = /0 ‘f’(BS(w))‘st.

There exists a complex Brownian motion B, starting in f(z) € C, such that
F(B)Vicrpy = Bg li<ryy.
If in addition f is bijective from D onto D = f(D), then we have
f(Binrp) = Benry,  with 75 :=inf{t > 0: B, ¢ D}.
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Proof: Let B, = BY +idB™, and B, = (Bt(l),Bt@)). We have seen above that with Y; =
Uy + iV, = f(By), we have

AU, +idV, = dY; = f/(B,)dB, = d,u(B)dB +d,u(B,)dB +i(d,v(B,)dB" 4 8,0(B,)dB™).

Therefore, U and V' are martingales. We will now show that they have the same quadratic
variation process. U is the Itd process with dU;, = O'(Bt)dét, i.e. with with drift 0 and 2 x 1
diffusion matrix o(B,) = (9,u(B,), dyu(B,))'. We apply the general It formula (3.40) (for the
simple case m = 1) with the function f(z) = 2% and obtain

d(U?); = 2U0,dU; + ((0,u(By))? + (0,u(By))?) dt.

Since fg U,dU; is a martingale, this shows that the qvp of the process U is given by the process

oo ([reenras), = (] (@) + @uw)B.e) i)

t>0 t>0

The same calculation for the process V' shows
d(V?), = 2VidV; + ((0,0(By))* + (8,v(By))?) dt.

3 VidV; is a martingale, and by the CRE, (9,u)? + (9,u)? = (9,v)* + (9,v)%. So the qvp of V
is exactly the same process (not just equal in distribution). This means that we can make U
and V' into Brownian motions by the same time change in the spirit of Theorem (3.45)!

To do this, let us first clarify that we only need to consider the case where D is compact and
where f is analytic on an open subset containing D. Namely, otherwise we define

D, :=B(0,n)N{z € D :inf{|z— 2| : 2 € 0D} > 1/n}.

Then each D,, has the required properties, and once we have proved the claim for D, we let
n — oo. Path continuity of Brownian motion then gives the general claim.

Assume therefore that D is compact and where f is analytic on an open subset containing D.
Then f’ is uniformly bounded on D, and thus (Uiar, )¢ > 0 and (Viar, )¢ > 0 are L2-martingales by
the It6 isometry. They share the qvp A; = MTD | f'(Bs)]? ds. We can not directly apply (3.45)
because lim;_, flt < oo almost surely. We repalr this as follows: Let B; be another complex
Brownian motion, independent of B, and let (ﬁt+) be the completed o-algebra generated by
both Brownian motions. Then B and B’ are (F;,)-martingales. We define

My(w) = f(Binrp ()W) + By(w) = Binrp()(W);

in words, we follow (f(B;)) until the time 7p when B exits D, and after that time we follow
the Brownian motion B’ which is however first ,glued“ to the value of f(B,,). The glueing is
achieved by adjusting the current position of B’ by the term f(B;,) — By, .

The real and imaginary parts of all terms are martingales by the optional stopping theorem, and
they still have the same quadratic variation process A with A;(w) = Ajnrp () (W) +t— A, w)( w).
Now we can apply (3.45) and find Brownian motions B®) and B® such that with M,(w) =
(B(}) w), BY ) (w)). Since A Lgyerpy = Ay = & and since M =Y on {t < 7p}, we have

At(w)( Ag(
f(Bt)]l{t<TD} = (Bé ) + 1B )ﬂ{t<rD},
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which is almost the first claimed equality. What is still missing is that B and B® are
independent Brownian motions. In order to see this, we apply the general It6 formula for the
function f(x,y) = zy and the R2-valued Ito-process

d (Ut) _ (aﬂ(ét) ‘9@/“(3)) 4B, = o(B,)dB..

‘/t aa:v(Bt) ayU<Bt)
We have
0 1 *( D) F . 2U, U, *
Df = <1 0) — tI‘(O’ (Bt>Df<Bt)O'(Bt)> = tr( . 2uyvy> — O,
since u,v, = —u,v, by the CRE (we wrote u, = d,u here to cut down on notation). This means

that A(UV), = U,dV, 4+ V,dUy, in other words the process UV is a martingale. This means that
E(Us+Vst) = 0, and then by optional stopping also E(ngé(z)) = 0. So the increments of the

s,t
two Brownian motions are uncorrelated, and since they are Gaussian, they are independent.

The independence of the full processes follows from the general fact that for two Brownian
motions that are adapted to the same o-algebra, the independence of the increments (Bgt), B égt))
for all s < t is sufficient for the independence of the full processes. The proof is a standard
exercise: consider the characteristic function of the type E(exp(} i, aiBS,)ti Z;nzl aiég?tj)) and
use successive conditioning and the assumed inedependence to show that this is equal to the
product of the corresponding characteristic functions for BM) and B®.

Let us now show the second statement. If f is bijective from D to D, then =z ¢ D if and only if
f(z) ¢ D for all z € C. Consequently,

t<Tp & B,€DVs<t < Be =f(Bpp) €DVs<t & & <7p

So the claim follows. O

(3.48) Remark

Theorem (3.47) implies that two-dimensional (or complex) Brownian paths are conformally
covariant, in the following sense: For a Brownian motion B starting in x € D, the map
w i {Bs(w) : s < 7p(w)} defines a random subset of D, namely the ,trace“ of the path of
B. Conformal covariance means that when f is bijective from D onto V = f(D), then the
distribution of the random set defined by w +— {f(Bs(w)) : s < 7p(w)} is the same as the
distribution of the map w + {B(w) : s < 7p(w)}, where B is a Brownian motion started
in f(z) € V. This is a similar statement as the ones we gave at the beginning of Chapter 2,
but more complicated because it involves a time change. A special case occurs when D = D,
then the distribution of the random set is invariant under the map f : D — D. The conformal
covariance of Brownian motion is a corner stone of the theory of Schramm-Léwner-evoultions,
which produced the first two fields medals for probability theory in 2006 and 2010.

(3.49) Definition

Let B be a d-dimensional (F;)-Brownian motion, b : [0,00) X R” — R™ and o : [0,00) x R" —
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R™*? be measurable. We say that a stochastic process X is a strong solution of the SDE
dXt:b(t,Xt)dt+U(t,Xt)dBt, X0:$€Rn,t<T<OO

if X is (F;)-progressively measurable, and

t t
X;=z+ / b(s, Xs)ds + / o(s, Xs)dB; vt < T,
0 0

P-almost surely.

(3.50) Remark

a) If b and o are Lipschitz-continuous, then a solution to the SDE exists and is unique (up to
sets of measure zero). We will prove this fact in the context of rough paths in the next chapter.
There, we will need a bit mor regularity of b, ¢ (they need to be in C?), but the benefit is that
we get a much better concept of a solution (see c) below). For the classical proof of existence
of solutions to SDE see e.g. Schilling/Partzsch.

b) It is possible to show that for two solutions X? and X? with different (possibly random)
starting points X = z, X = y of the SDE, there exists C, k > 0 such that

E(| X" = X¥|%r) < Ce E(lz —yf)

holds. Here, || X ||oo.r = sup{|X¢| : t < T'}. This means that the solution of the SDE is continuous
in the initial condition (in the stated norm): small changes of initial condition mean small
changes of the solution.

¢) Strong solutions of SDE are, however, not continuous in the ,,noise that drives them“. This
means that if for two Brownian motion paths B(w) and B(w’) we have || B.(w) — B.(W')|oo,r < €,
we have no guarantee that the solutions of the SDE for the same pair w,w’ are close to each
other. This is not convenient, since in many cases the noise is supposed to be a ,,perturbation “
of the ODE without noise, and it means e.g. that the solution with no noise at all may look
very different from the solution with a very tiny bit of noise. But it is unavoidable: one can
show that there exists no norm on the space of continuous functions such that the map that
maps a Brownian motion path to the solution of the SDE for this path is continuous in this
norm.

In the chapter about rough paths, on the other hand, we will meet another type of solution (not
the strong solution above!) that has this continuity property. This is one of the big advantages
of using rough paths.

Our last item in this chapter is about the Markov property for solutions of SDE. In Definition
(2.41) we only introduced time-homogenous Markov processes in order not to introduce too
many difficulties at once. Since SDE are quite often time-inhomogenous, we now extend this
definition. It is a useful exercise to go through all our earlier statements on Markov processes
and check that they still hold (with the hopefully obvious modifications) for time-inhomogenous
Markov processes. The intuition of the Definition below is that P%? is the probability measure
for the process X started in x at time ¢, but that from the point of view of the process itself,
time starts at 0. In other words, P™( f(X,)) means that the process (in a global point of view)
has run for time s after being started at time ¢ in x and is then plugged into f and integrated.
Of course, the definition reduces to Definition (2.41) if the P* are the same for all ¢.
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(3.51) Definition
Let
e (2, F) be a measurable space with a filtration (F;),
e I/ be a metric space and & its Borel-o-algebra,
e (X;): >0 be a family of functions from 2 to E, such that each X, is F;-E-measurable,
o (P*"),epys >0 be a family of probability measures on (€2, F) such that P**(X, = z) =1
for all x € E.
The pair ((Xs)ss 0, (P*")sers>0) is called
a) a weak Markov process if for all f € Cy(E,R), all z € E and all s,r > 0, we have

E2*(f(Xepy) | Fr) (@) = BX-@str(£(X,))  for P**-almost all @ € Q.

b) a Markov process if for all measurable, bounded F : (E®o £%85) — (R, B(R)), all z € E
and all s,7 > 0, we have

B (F o6, ((X)iz0) | F) @) =B (F((Xier)i0) | 7 ) @) = EX O (F((X0)r o))

for P**-almost all w € €.
¢) a strong Markov process if for all B(R) ® E¥Fs — B(R)-measurable, bounded functions
F R} x ERS — R, all z € E and all (F;)-stopping times 7, and all s > 0, we have

ot (F (7, (6. X)) ]—"T) (@) = EXr@@)s+7(@) (F(T(@)a (Xi)i > 0)) )

for P*-almost all w € {7 < oo}.

(3.52) Theorem
Let b,0 be as in (3.49), and assume they are Lipschitz continuous. Then the solution of the
SDE

dZ, = b(t, Z,)dt + o(t, Z;) dB; (%)
is a weak Markov process.
More precisely: For z € R™ and s > 0, let (Z]

t;s
dZE, =b(t+ s, Z,)dt + o(t + s, Z{,) dB;, Zys = .

Let P** be the distribution of (Zf,); > o, i.e. the probability measure on C(R,R") such that for

all t1,...,t, >0, and all Ay,..., A, € B(R"),
Pm’s(ﬂ'ti c Az Vi é n) = ]P(Zta;s € Az Vi g n),

)t > 0 be the strong solution of the SDE

with m(w) = w(t) the point evaluation. Then the family (P**),cgn s > ¢ together with the maps
(7¢)¢ > 0, the complete filtration (F;);>o with F; = (o, 0(m : 7 < u) and the target space
E =R" is a weak Markov process in the sense of Definition (3.51).

Proof: We have to show that for all s,¢ and all bounded continuous f,

B (f(miqr) | Fp) (@) = E™ @7 (f(m,)) P**-almost surely. (%)
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The central formula is the identity
t+r t+r
2@ = 2@+ [ but s Zu@)dut [ [ otut s 2 dB) @)
which follows from the additivity of integrals. Let Z7 '.r.s be the solution of the SDE
¢ ¢
ngJrr =Y + / b(u +s+ Ty Zg;s—l—r) du + / U(” +s+ T, Zg;s-l—r) dBu7
0 0

where the Brownian motion B, = B,., has increments that are independent of (By)v <+ Then
by the above identity and the unigeness of SDE solutions, the distribution of Zf,, . is the

same as the distribution of w fojiw) (w). Writing ¢(y, 7, t, (Bru(W))usr) = ng+r(w) for the

solution map, we then get
B2 (f (m0) | Fo) (@) = B(f (Ziy0.6) | Fo)(@) = B(f 0 ¢(Z75, 7, b, (Bra)u> ) | Fr) (@)
gz

—B(f 0 $(Z7,(@), 1,1, (Brw)usr)) = B(F(Z05 D)) = BF@57(f (). (%)

The equality of first and second line holds because the map w — Z%¥(w) is F,-measurable and
w > (Byu(w))y > is independent of F,; see Proposition (3.23) of the Probability Theory lecture
notes. Since , has distribution Z7  under P**, we have for all (F,)-measurable A that

B2 (B (f(moyr) | Fo)a) E B2 (™4 (f () 14).

Since w + E™ @t ( (7)) is clearly J,-measurable, this implies (*). O
4. Rough Paths

(4.1) Another look at Young integrals
For X € C® Y € CP with v := a+ 3 > 1, Theorem (3.4) states that the limit

T
/0 YodX, = lim > YuXu,

[u,v)eP —

w,v

exists. Let us recall the central estimate that makes this true: the quantity

_ 1
|10Z]|, == sup

ru<r<v |U - u|’Y

—

= _ =
—u,v —u,r —rv

is finite. Here is another point of view on the situation: if =, , would be a proper integral, then
it would be additive, i.e. =,, — Z,, — =, would be equal to zero. But it is not an integral,
only an approximation. The condition on 0= just means that the ,deviation from additivity

—_

(0Z)u0 = SUD,yecrcy Suw — =ur — =ro vanishes faster than linearly as |u — v| — 0.

(4.2) Beyond Young integrals
For X € C® and Y € CF with a + 3 < 1, the supremum over r € (u,v) of the quantity
(5E)u,r,v = Eu,v - Eu,r - Er,v = YuXu,U - YuXu,r - YTXT,U - _Yu,rXr,v
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is only guaranteed to vanish like |u — v|*™? which is not fast enough. To see this, take r =
u + (v —u)/2. This breaks the proof of Theorem (3.4). To see how this can be repaired, let us
first consider the special case when Y, = f(X,) for a C?-function f. Then Y € C?, and so we
are looking at the cases a < 1/2. The approximation =,, = f(X,)X,, to the (not yet well-
defined!) integral [ f(X,)dX, is then not good enough, since its ,deviation from additivity
does not shrink fast enough as |u —v| — 0. The key idea is to improve this by adding a further
term: by expanding f around the point X, we find

/ f(XT) dX, ~ / (f(XU) + f/<XU)Xu7T‘) dX, = f(Xu)Xu,v + f/(Xu)/ Xu,r dX, .

The improvement of approximation is comparable to a ,,one sided trapezoid rule“ in numerical
analysis. The first term on the right hand side is the Riemann sum term, the next one is the
next order improvement. Of course, still all the integrals do not make any sense - but we remark
already now that if we somehow succeed in making sense of the single quantity X, , then we
have a (hopefully) improved approximation of [ f(X,)dX, for all f € C?. Before we worry
about what X, , might be, let us convince ourselves that finding it is worth the effort.

For this purpose, let us go back to the case a > 1/2 for the moment. Then all integrals above
make sense as Young integrals, and we can easily calculate (exercise!)

v 1
/ X, dX, = 5()(3 - X2).
This means that

)

v v 1
Xu,v - / (Xr - Xu) dX'r - / X'r er - XuXu,v - §<X2)u,v - XuXu V-
This quantity is again not additive, but we can specify precisely the defect to additivity:

1
Xu,v + Xv,w = §(X2)u,w - XuXu,v - Xva,w -

1
- §(X2)u,w - XuXu,w + XuXv,w - Xva,w = Xu,w - Xu,va,w-

This means that
Xu,w - Xu,v + Xv,w + Xu,va,w (A)
and important identity that we will meet again later. On the other hand, we have

1 1
Xu,v = §(Xv + Xu)Xu,v - XuXu,v = Q(Xu,v>27 (B)

— X, < 00, i.e. X is twice as regular as X. Of course, what
|v7u| @ N Y Y

we really want is that if we re-define = as

which means that SUDPy,ve[0,7]

Eu,v = f(Xu>Xu,U + f/(Xu)Xu,va
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then the deviation from additivity of the improved approximation =, , vanishes faster than for
the original approximation f(X,)X,,. This is indeed the case:

Eu,v + Evﬂu = f(Xu)Xu,w _I_ (f(Xv) - f(Xu))XUﬂU + f/(XU)XU,U + f/(XU)XUﬂU =

= f(Xu>Xu,w + (f(X))u,va,w + f,(XU) (Xu,v + Xv,w) +(f/(X>>u,va,w =
—_——

A
(:>Xu,w_Xu,va,w

= f(XU)Xu,U + f,(Xu)Xu,ui—'—(f(XU) - f(Xu) - f/(Xu)Xu,U)XU,w + (f,(X))u,UXv,w'

=Eu,w

By Taylors theorem and the mean value theorem, there exist 7, § € [u, v] with

RGO = f(X) ~ F(X0) ~ F(X)Xuw = 3 PO X (P = (5 X

which means that

sup |Eu,w - Eu,v - E"v,w| < ||f”||oo sup ‘%(Xu,v)2Xv,w + Xu,UXv,w| ~ |’LL - w|3a7
v:u<v<w viu<v<w

where for the second term above we used equality (B). Therefore, the new =, , deviates from

additivity only by oder 3«, compared to the previous order 2a. Using it to approximate the

integral as in (4.1) then repairs the proof of Theorem (3.4) and restores convergence if o > 1/3.

This is good enough for Brownian motion! The task that remains is to make sense of the

expression X, , = [ X, dX,.

(4.3) Example

Let B be a one-dimensional Brownian motion. Then we can define

Kool) = [ [ BusdB] ),

where on the right hand side we use the Ito integral. [t0’s formula then gives

1 1 1 1
Koo = [ BudB, = BuBuy = (B2 = B2 = 50— 0) = Buuy = 5(Bun)® - (0~ ),

2
which means that X, ,(w) € C?* almost surely for any a < 1/2. This regularity is what is
needed from equation (B) of (4.2). On the other hand,

1

Xu,w - Xu,v - Xv,w - 5((Bu,w)2 - (Bu,v)2 - (Bv,w)2) - _Bqu + Bqu + Bva - B?; =

= Bu,va,wa

so equality (A) from (4.2) holds. In other words, the Ito-integral seems like a valid choice for
the quantity X. There are some hidden pitfalls in this reasoning, though (can you spot them),
which we will discuss and remove below. The Stratonovich integral, on the other hand, is also
a valid choice, as is any other of the classical stochastic integrals (why?). For general square
integrable martingales X with qvp A, the correct choice is

1

Houol) = [ [ Ko 4] @) §(Xaaw))? = 5Aunle)
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Since A, , is additive, the same calculation as above gives that (4.2) (A) holds. For (B), one
needs to use Theorem (3.45) and change in order to obtain a Brownain motion again - we omit
the details.

Instead of trying to find X, ,,, we will take an axiomatic approach in the following: the philosophy
is to just postulate the existence of some X with the property (B) and the 2a-regularity that
comes from (A) in the context of (4.2). We will then call the pair ((X.)o<u <7, (Xu0)o < uw<7)
a rough path, and show that then all integrals, differential equations etc. make sense. We will
want to do this in higher dimensions and therfore we will need some preparations.

(4.4) Tensor products

In the following, U, V,W will always denote Hilbert spaces - in fact we will need only finite
dimensional Hilbert spaces (aka R™), but the theory actually works even for Banach spaces
(but is less clean there). Let (e;) be an orthonormal basis (ONB) of U and (f;) be an ONB of
V. The tensor product U ® V of U and V' is the Hilbert space with ONB (e; ® f;); ; (which, as
a set, can be identified with the set of ordered pairs {(e;, f;) : ¢,7}) and scalar product

(e: @ fj,ex @ frluev = (ei eryulfs fov.
For two vectors u = ), aue; € U, v = Zj B f; € V, the vector Z” a;fje; ® f; € U®V is the
tensor product u ® v of u and v.
Two special cases are instructive: if U,V are vector spaces of functions f : x — f(x), g:y —
g(y), then f ® g is (can be identified with) the function f ® g : (z,y) — f(z)g(y). In the even

more special case where z € {1,...,n} and y € {1,...,m}, U ~ R" and V ~ R™. Then we
write u(z) = u;, v(j) = v, and identify v ® v with an n x m-matrix:

nxm
U®U:(Uﬂ)j)1<i<n1<j<meR .

)

This formula gets a separate line because this identification will be used in all that follows. It
also shows that for finite dimensional U ~ R™, V ~ R™, we have U ® V ~ R™*™,

We will use another identification of two vector spaces frequently: the map U x V - U ® V,
(u,v) — u ® v is bilinear, and therefore

{bilinear maps U x V. — W} = LU x V,W) ~ L(U ® V,W) = {linear maps U @ V — W}

(4.5) Definition

Recall Definition (1.34): for f : Rf — RY D C R and o > 0 we defined ||f|po =
Sups,tED,Sith — 5|_a|fs,t| and CO‘<D,Rd) = {f : HfHD,a < OO} We will now abuse this no-
tation and define

1 fll7,0 == ||f||[0,T],a for T > 0.

Also, if f: U — V where U is a subset of U C R", V a Hilbert space, and D C U, then the
definition || f||p, still makes sense by replacing |t — s| by ||u — «|| for u,u’ € D, and |fs.| by
| fs.tllv. We will continue writing |f| instead of || f||v in this case.

For F:[0,T]*> = V, we define
| FllT.0.diag := sup{|t — s| " “F(s,t) : s <t,s,t €[0,T},
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and C([0,T],V) ={F : [0,T)> = V : || F|la.rdiag < o0}. Note that C5([0,T],V) # C*([0,T)*, V),
actually the two are very different. Functions from C$ ([0, 7], V) are necessarily zero on the dia-
gonal s = t, which is not the case for functions from C*([0,T)? V); on the other hand, they
have no restrictions for any points away from the diagonal.

(4.6) Definition
Let X : [0,7] =V, X:[0,T]* -V ®V, and consider the pair X = (X, X).
a) X satisfies Chen’s relation if for all 0 < u < v < w < T, we have

Xu,w = Xu,v + me + Xu,v X Xv,uw

b) Let a € (1/3,1/2]. X = (X, X) is called a a-Ho6lder rough path (or a-rough path) if
(i): X € C*([0,T],V),

(ii): X € C3%([0, 7],V @ V),

(iii): Chen’s relation holds.

We write C*([0,T],V) C C*([0,T],V) x C2%([0,T],V ® V) for the set of a-rough paths.

(4.7) Remark

a) Chen’s relation is the axiomatization of equality (A) from (4.2), and X, , is the abstract
replacement of the quantity f: Xu,s dX;. It is far from unique: for any pair (X, X) that fulfils
the reqiurements of Definition (4.6) and any function f € C?*([0,T],V®V), the pair (X, (X, ,+
Juw)uweo,r) also fulfils them (exercise!). This in particular covers all It6-, Stratonovich-, and
other stochastic integrals, but is actually much more flexible than that.

b) While C*([0,T7], V) is a subset of the vector space C*([0,T], V) x C2*([0,T],V ®V), it not a
subspace. Since Chen’s relation is not linear (not conserved under addition), C* is not a vector
space!

c) The case a > 1/2 is possible but uninteresting, since then we can do Young integrals. The
case a < 1/3 is interesting, but not necessary for the case of Brownian motion. If one wants
to treat o < 1/3, one has to add higher order correction terms (in the spirit of (4.2)) to the
approximations of the integral. Basically, one assumes more regularity of f there and does
further Taylor expansions. The details are a bit messy, and we will not cover this case.

d) Chen’s relation means that the values of (X;Xg;): < r determine all values of X, for s,t < T
(exercise!). Therefore even though it seems as if X is a function of two variables, X = (X, X)
is indeed a ,,path“, i.e. a function of a one-dimensional variable with values in V' x (V ® V).

Our next aim is to define [j f(X,)dX, = lm pjs0 3 ep(f(Xu) Xuw + /(X0)Xy,) in the
spirit of (4.2). Before we do this, we need to clarify what the expression f'(X,)X,, is in higher
dimensions.

(4.8) Derivatives in higher dimensions

For f € C*(V,L(V,W)) and X € V, we have f(X,)X,, € W. The total derivative of f is the
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map
Df:V = L(V,L(V,W)) =~ L(V & V,W).
that satisfies
[Df(v)] (e; @ e;) = [0:f(v)](e;) € W
N——
EL(VRV,IWV) EL(V,W)
for all basis vectors e;,e; of V. Since Df € CY(V, L(V, L(V,W))), we can define
D2f .V = LV, L(V,L(V,W)) ~ L(V @V @V, W)
as D?f = D(Df) in the same way as above, with T replaced by £(V,W). This means that
[Df()l(e: ® e; ® ex) = [0:0;f (v)](ex) € W.

The case V = R? reduces the familiar case where e; and e; are used to pick the matrix element
of the Hesse matrix. Since the target space of f is L(V, W), the additional basis vector ey is
needed to produce an element of W.

For X = (X,X) € C*([0,T],V) and f € C*(V,L(V,W)), we will frequently use the following
abbreviations:
Y= f(Xs) € LV, W),
V! i= DF(X,) € L(V & V, W) = L(V, £(V, V),
R, =Y, —Y/X,, € L(V,W),
O . YS/Xs,t e W.

Here, th should be viewed as the ,second order Taylor term*®, and =, ; as the approximation

to an integral over the intervall [s,¢] when |t — s| is small.

(4.9) Lemma

Let f € C2, T > 0. Writing || - ||, instead of || - || for brevity, we have
a) Y € ([0, T], L(V.W)) with [[Yla < [[Df[[sol| X |la;

b) Y e C([0,T], L(V @ V,W)) with [[Y"[la < [D?flloc/| X [|a

c) R € C3°([0, 7], L(V. W)) with [|RY [|2a,diag < 51D fll[ X2,

d) We have
Eu,w - Eu,v - Ev,w - _RZ,UXv,w - Yu/ﬂ;Xv,un (*)
and
— . |Eu,w - Eu,v - Ev,w| Y /
10= |34 =L P <R |l2.diagl X [la + 1Y lal X[ 20,ding-

Proof: a) we have

1 1
Y, -V, = / %f(Xu +hX,,)dh = / [Df] (X + hXyp) Xy dh.
0 0 N

-~

Il < 1IDflloo

Dividing by |v — u|* and taking the supremum shows the claim.
b) The same as above for Y — Y.
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c) We have

1
RY, =Y, ~ V!X, / (DF(Xy +hXus) — DF(X) dh X,
0

:/01 dh/ohds[% [Df(Xu+qu,U)]]Xu,v =

1 h
_ / dh / ds [D? F(Xy + 5Xu0)] (Xuw ® Xon).
0 0

Since X, ® Xu, € C3* and the integral is bounded by 1||D?f|w, the claim follows.

d) The calculations we did at the end of (4.2) lead (in the same notation!) the equality (x),
and the claimed estimate then follows from a), b) and c). O

(4.10) Notation
Let T, o, f > 0. We write
Ar:={(5,t) €[0,T?:0<s<t<T}.

For = : A — W we define

o=y = sup { Eem B Zeel 0 cucocw <) s = I + 1021,

and
CSP([0,T), W) == {2 : Ap = W : |E]las < 00, E(t, 1) = 0Vt € [0,T]}.

(4.11) Sewing Lemma

Let 0<a<1<f,and T > 0.
a) For all 2 € C?([0,T],W) and all s < t € Ay, the limit

I=)es = i =
( )s,t |P1|r—r>10 Z u,v
[u,v)EPN[s,t)

exists, and fulfills
}(IE)S’t — Es,t| < C't — S|B (*)
with the constant C' = ||0Z]|52°¢(3), where ( is the Riemann zeta function.
b) The map t +— (ZZ)o, is in C*([0,T], W), and
HIEHa < max {Q’BTﬁiaC(BL 1} HEHOAﬁ'

¢) The map = ((IE)O,t)
some C' < 00.

, < ¢ 1s the unique linear map 5P — O sucht that (%) holds for

Proof: Recall that 6=, ,, := 2, , — Sy, — E,p for u < r < v. By the assumption = € C’Qo"ﬁ, the

inequality

sup [0Zyr0| < (|62 5u — U’ﬁ
re€u,v)
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holds for all u < v. This means that the inequality (A) from the proof of Theorem (3.4) holds.
Following the proof of that theorem from that point on (word by word!), we obtain a).

For b), we estimate

()
T2)ua] < (Tt = B+ [2a] € 1= = ol + Ikt — 5]
Since a < 3, we have |t — s|® < TP~2|t — s|%, and b) follows.

c) is left as an exercise. O

(4.12) Definition
Let X € C*([0,7],V). The rough path norm pf X is

I XN, = 15X e 4 A/ 1X 20 diag-

For X,Y € C*([0,T],V), the rough path distance of X and Y is given by
0a(X,Y) = | X = Yo + [IX = Yl|20 diag;

where ||X — YHQa,diag = SUPg < s<t < T mpg&t - YS,t|-

(4.13) Remark

a) The square root in the definition of ||-||, makes the expression homogenous in the following
sense: the only way to ,,multiply “ a rough path by a constant ¢ so that Chen’s relation still holds
is to define ¢X = (cX,?X). Then the definition of our norm guarantees [|cX|, = ¢[| X],.
Note that no square root appears in the definition of g, which seems odd at first - would we not
like an equality like 0,(X,Y) = || X — Y|, to hold? The answer is that this is not relevant,
because X —Y is in general not a rough path: Chen’s relation is not linear! On the other hand,
c¢X 1is a rough path for ¢ € R, which is why we want to keep the homogeniety of the norm
intact.

b) Note on the other hand that for two rough paths X and Y, the expression | X — Y|, +
V1 X = Y ||l2a.diag does make sense exactly as given in Definition (4.12 b). X — Y is then
viewed as a function of two variables, as in Definition (4.5). So g, is the ,distance* that is
derived from the ,norm* (X, F) — || X||o + || F||20.diag o0 the vector space C* & C3*, and in
this sense the omission of the square root in this expression is the sensible choice. Note however
the quotation marks: the rough path norm is not actually a norm on C* & C2 because it is
equal to zero on all constant functions. The same problem exists for p,. It is not hard to see
that the map X — || X|| ,+|Xo| is a norm, and that (X,Y") — po(X,Y)+|Yo—Xo| is a metric.

d) Below and in the remainder of the lecture notes, we will use the notation || F|[¢r = Z?:o | D7 F| oo

(4.14) Theorem
Let X = (X,X) € C*([0,T),V), a € (1/3,1/2] and F € C(V,L(V,W)). We define
S = F(Xu)Xuw + [DF)(X0) X0
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a) The limit
¢
F(X,)dX, = 1l S
[ronax - pm 5 =

[u,v)EPN[s,t)
exists for all s < ¢, and

t
| [ P00 X, = 2] < Ol (X1 + 1Kl Kl It — 5

with C(«a) = 2max{23aT20‘C(3oz) 1}.
b) The map ¢ + [, F(X,)dX, is in C*, and

H/OFX

Proof: a) will follow from the Sewing Lemma (4.11) once we show that = € C$**. We have

Zuol SHF ool Xuwl + IDFlloo Xl < [Fllez (X lalv = ul® + 1 X|20diaglv — ul**),

<120 Fliez (1X 1L, v (IX I max{T*~*, 1})).

and
_ (4.9d) o , (4.9b,c) 9 1 3
10Z]3a < R [20diagl| X la + Y ol X[l20,d0g < [|D FHoo(§HXHa+HXHaHXIba,diag)-

The sewing lemma now yields the claim.

b) We estimate | f F(X,)dX,| <| f; F(X,)dX, — Zs| + |Zs4|- For the first term, we use a)
and bound it by C'(« )||F||C§(||X||i + | X o]l X 20,diag )|t — s]**. The second term is bounded by

IF ool X llalt = s1* + | DF[lool[Xll20,aiag [t — **. Since C(a) = 1 and [|X |laa,aing < [ X[l W
obtain the intequality

t
‘/FX

If |t — s|* < [| X", then we can divide the above inequality by |t — s|* and obtain
1 t
/ F(X;) Cl)l[Fllez 1X, - (%)

|t —s|*
If [t —s|* > | X2}, then h = | X[V fulfils 1 < ==l We set t; = (s + jh) A t, have
lt; —tj1] < |||X|||a_1/a = h, and thus get

R
J+1
[ e > /
0< t
< ((t- /h+ 1) -6C()[[Fllcz I Xl < 12C ()| Fllcz IX /" [t = sl-
< 2(t-s)/h =1
When we divide this by |t — s|%, together with the case (x) we obtain

! / P(X,)

|t — s

3
) Fllog D IXI, ¢ — sl
i=1

()
<

~

Cl)Fllez(I1X 0, v IX " max{T'~*, 1}),
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which shows the claim. O

We have just shown the existence of the rough integral for every given rough path. In order to
make the connection to the theory of Brownian motion, we need to show that almost surely, a
Brownian motion path B can be enhanced to a rough path. This means that we need to define
what B should be, check that (B,B) fulfils Chen’s relation, and that the rough path norm of
(B,B) is finite for a € (1/3,1/2]. We start by defining B.

(4.15) Definition

Let B be a d-dimensional Brownian motion. For every w € 2 and all 0 < s <t < T, we define

B (w) := ( /O ‘B dBr)(w) . ( /0 ‘B dBr> (w) — By(w) ® Byy(w).

(4.16) Lemma
a) B fulfils Chen’s relation for all s, t, w.
b) For all s < t we have B? = [* B, ® dB, almost surely.
Proof: Let us write B instead of B"® for simplicity. Define J, = [ B, ® dB,. By the definition
of B, we have
Buy+Byw+Bupw@Byw=Jy, —Jyu =By, @By, +Jy —Jy — By @ By + By @ By oy =
=Jy—Ju—(By® By — By, ® Byw) — By ® By + Buyw @ By = By

This proves a). For b), we use that Ito-integrals are additive almost surely, and get

t t t s t
(/ Bs,r®dB,q>uz/ Bg’rng:/ BidB,Z—/ B;;ng_B;‘/ dBi = B
s 2 s 0 0

s

almost surely. ([l

(4.17) Remark

Definition (4.15) is made so that Chen’s relation holds for all s,t and w. The equality in (4.16
b), on the other hand, extends to all s,¢ simultaneously by path continuity of Brownian motion
and its integrals. So, we could equally well define B}'? := fst B, ® dB,, in this case Chen’s
relation would only hold on a set of probability one, but would hold on that set for all s,
simultaneously.

We have made sure that Chens relation holds for B'*°; we also know that the first component
of the pair (B,B"°) is in C® for all « € (1/3,1/2). What we still need is that B is in C3* for
the same range of a.. This will be our next task.

(4.18) Kolmogorov-Chentsov-Theorem, rough path version

Let (Xt)o <+ <7 be a V-valued stochastic process, and let (X;)o < s<t <7 be a family of V ® V-
valued random variables on the same probability space as X. Assume that

(i): The pair (X (w), X(w)) fulfils Chen’s relation for all w.
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(ii): There exists ¢ = 2, f > 1/q and C' < oo with
E(|X.4]7) < CJt — 5| and  E(]X,,|¥?) < Ot — 5|

for all s < t. Then
a) with D ={k27" : ke Nyn e N} N [0,77], for all &« € [0, 3 — %) we have

E(IX]5,) <oo,  and  E(|X]420 dng) < 00

b) there exists a version of (X, X) that fulfils (X (w),X(w)) € C*([0,T1]) for all w.

Proof: The statement E(|[X||},,) < oo was already proved in Theorem (1.36). The other
statement is proved in a similar manner. We write

D, :={27"k: ke N}nI0,T],
K, (w) = max{|X;;10-n(w)| : t € D, },
K, (w) := max{| X;12-n(w)| : t € Dy }.

Then

(i)
E(KY?) < ) E(Xpwen|??) < 2'TC27"0 =0T, (%)
teDn

E(K9) < CT(27™)P L,

As in the proof of Theorem (1.36) we have that for given s < ¢ with |t —s| < 1/2 , there exists
j € Nwith2™7 <t—s <277 and a chain s = tg,t1,...,t, = t of points from D such that two
consecutive points have distance 27 for some m > j and each distance appears at most twice
in the chain. For arbitrary s < t € [0,7] we can then find a similar chain (by concatenation)
such that each distance

The trick in the proof of (1.36) was to write X, = > | Xy, , 4+ as a telescopic sum and then
use the triangle inequality. This does not work here directly because X;; is not additive, but
Chen’s relation helps us again. We have

n n
X&t = § :Xti—hti + § :Xti—lati ® Xtivt’
i=1 i=1

which is proved by iterative application of Chen’s relation (exercise!). Writing Xy, , = > . Xo | 4,5
we then obtain (with Ky(w) = max{|X;y2-»(w)|: t € Dy,})
n 2
+ (Z ’Xtiflyti )
i=1

+ Z ‘Xtiflyti
=1
< QiKg + (2%1@)2 TR S 8‘2a<22mm>2
=j =j

[t—s|>277
X —

l=j

n n
’XS,t’ < Zl ‘Xtiflyti 0 inka:én ‘th,t’ < Zl ’Xti—lyti
1= 1=
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for all s,t with |t — s| < 1/2. For general s,t € [0,T], we can choose at most 27" + 1 points
§S=89<S81... <8, =twith s;31 —s; < 1/2 for all 7. Then, as above,

n n
Kool < D Kol + (O [Xoial)”
=1 =1

<t — s ((4T +2) f: 2°°K, + (8T +4) ( f: 2&%)2 + (4T + 2)? ( f: 2&*}@)2).

=5 =3 =3

Dividing by |t — s|** and taking the supremum over {(s,t) : s,t € DN[0,T] : |s — t| < 1/2},
we get

~ e o0 9
]E(||X||%,22a,diag)2/q < O H Z QQKQKK + <Z 2€O‘K€>

La/2

Lq/?)7

where the constant C depends on T as a quadratic polynomial. The first term above is equal
to

< O(Z?MHKZHLQ/Q n H 2&*}() ‘
(=0

£=0

00 00
Z QZaE Kf]/2 2/q < CT CQ/q Z 222042—4(&1—1)% _ éT%CQ/q Z 2726(571/q7a)7
=0 =0 £=0

and thus finite for « < 8 — 1/¢. The second term is equal to || Y o ZZO‘Kg”iq which is finite

under the same condition by the first part of the proof, see the proof of Theorem (1.36) for
reference. This finishes the proof of a). The proof of b) is literally the same as the one for
Theorem (1.38). O

What remains is to show that BI*® fulfils assumption (4.18 (ii)).

(4.19) Proposition
For all ' > 0, ¢ = 4k with k € N, there exists C;, < oo with

E(|B,.|"%) < C,lt —s|Y* Vs, t € [0,T].
As a consequence, the second inequality of (4.18 (ii)) holds for all § < 1/2.

Proof: We start with some preparations. First of all, we use that

t t—s
B, = / B, ®dB, ~ / B, ®dB,,
s 0

where the first equality holds almost surely. Second, we use the sum norm for the matrix
B, € R4 and then the triangle inequality gives

Bl o2 < Z H/ BOdBY)

i,7=1

La/2 '
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So we only need to see that each term of that sum is bounded by a constant times (|t —s|%/2)%/7 =
|t — s|. For i = j, this follows from the It6 formula and the fact that for a centered Gaussian
random variable Y with variance o2, we have E(Y?*) = (¢)%(2k)!!. We have for q/2 = 2k

t—s ; ; 1 ;
| [ BOaBO e = 0B = (= 9l < GUBL) e+ Nt = ) =
= [(4k)]t — ™7 + |t — 5.

For i # j (wlog let i = 1,5 = 2), let F!) be the o-algebra generated by (Bt(l))tgo. We claim
that for all @ > 0 and all ¢ > 0, the equality
2

B (oo 278 | FO) (@) = exp (- 5 / t(Bgﬂ(@)fds) (%)
0

holds for almost all w. (In other words, the distribution of fg B dB® conditional on FU is
Gaussian with mean zero and variance fo (B (@ ))?ds.) To see the claimed equality, we recall
that >, yep B BB converges in L? to fo BMdB® when |P| — 0, and thus almost surely
along a subsequence. Along this subsequence, then also exp(ic Z[M)E P B&DBQ%) converges to

exp(ia fot Bgl)ng)) almost surely, and since the complex exponential function is bounded, do-
minated convergence implies the convergence in L2. Since conditional expectation is continuous
(it is a projection), we conclude that for the subsequence (FP,) of partitions

;(1)) - E<eiaf3 BMap ‘ ;(1))

in L2, and thus almost surely along a further subsequence (also called (P,)). For each n, the
fact that BM is FW-measurable and B® is independent from F) implies that, almost surely,

. . _ o2 _
E(elo‘z[umepn 1)B(2) ‘F > ) _ E(elaz[uw)GPn B&l)(w)BfL%%) — e 2 Z[uyv)gpn(Bl(,,l)(w))2(U—u)

; (1) p(2)
hm E < ela Z[u,u)EPn By’ By sV

n—oo

)

where the last inequality comes from the Gaussian and independent increments of B ), The
sum in the exponent on the right hand side is a Riemann sum and converges to fo (w)] ds,
which shows the claimed equality ().

What remains to do is to take expectaion in (x), then differentiate both sides 2k = ¢/2 times
with respect to «, and finally to evaluate at a = 0. On the left, this gives E((Bo;_,)%/?). On the
right, the fact that we evaluate at a = 0 means that what we get is the term where precisely
k derivatives hit the exponential (each producing a prefactor of f[; (BM(@))2ds under the
integral), while the other k derivatives act on the existing prefactor from earlier differentiations.

This means that
t—s
%) -cus(( [ )
0

t—s
E(( / BWAB®
0

< Colt — 5|k]E<SuP{‘Br‘2 <t - 3|}k) = Oyt — S’kE( max (BT)%) =

r < |t—s|

248(1
\Corlt — s (| Bi—s[**) = Coglt — s[* (2k) 1]t — "

This proves the claim. O



STOCHASTIC PROCESSES 101

(4.20) Corollary
For all o € (1/2,1/2] and all T' > 0, we have

B .= (B,B"®) € c*([0,T],R%).
Proof: just combine (4.16), (4.18) and (4.19). O

(4.21) Remark

a) We have now succeeded to give a pathwise interpretation of the Ito integral fg f(Bs) dBs,
at least for f € C?. In the past, we were very careful to always write [ fot f(Bs) dBS} (w) to
emphasize that for the It6 integral is an L? limit, and all paths need to work together to make
sense of it. For rough integrals, we can pick (P-almost) any Brownian path, compute its second
rough path component B™ as in (4.15) (not that this is still an It6 integral, i.e. no pathwise
integration here!), and then compute all integrals fot f(Bs(w)) dBY(w) as rough integrals, i.e.
pathwise.

b) But what have we actually achieved by this? First of all, instead of having fot f(Bs)dB; as
a different L2-limit for each f, we have a single L? limit which is then used to make pathwise
sense of stochastic integrals for all f € L2 Moreover, we will soon see that with this single L?
limit, we can even define pathwise integrands for much more general inegrands than those of the
form f(Bs) - in particular, we will not need the integrands to be adapted. This is an important
advantage, since the need to have adapted integrands has always been a serious limitation of
stochastic integration; there have been some ad hoc ways around this, but no systematic one.

¢) The only ambiguity left in the stochastic integral is thus the choice of the second rough
path component B. Here, B is not the most natural choice for many applications in rough
paths; the reason is that the theory of rough paths does not rely on martingale properties as
heavily as the classical theory does, and it is therefore attractive to make another choice for B,
namely the one that obeys the chain rule. Rough paths that obey the chain rule are important
in general, and we now study them.

(4.22) Definition
For X € V ® V, the symmetric part of X is the element of V' ® V with components

Sym(X)" := é(X” + X7,
where X%/ is the component of X.

(4.23) Definition
A rough path X is called geometric if Sym(X ;) = %Xs,t ® X, for all s < t. We write

Cy = {X €C%: X is geometric}.
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(4.24) Remarks

a) Consider a differentiable function X with its natural second component X, ; = fst Xs,r®X, dr.
Then (X,X) is a geometric rough path for all a < 1 (proof: exercise). This explain why the

equation Sym(X,;) = %Xs,t ® X, is also sometimes called the chain rule.

b) Geometric rough paths are ,,almost“ the closure of ,;smooth“ paths under the rough path
distance. More precisely, let

Oo: (C(0,T),V) x C2*([0,T],V @ V))* = R,
(X, X), (Y,Y)) = [|Y = X|la + |Y = X]2a,diag + [Yo — X0l

be the metric on C*([0,T], V) x C3*([0,T],V ® V') that corresponds to the rough path distance
0a; see also remark (4.13 b). Let C*([0, T) be the closure of the subset

t
{(X, (/ Xop@Xydr)y_ ,_p): X € 01} c C*([0,T],V) x C3*([0,T],V® V)
with respect to this metric, i.e. the rough paths that can be approximated by smooth functions
and their natural second components. Then we have forall 0 < a < g < 1
B 0, a _ pgla
C, CC, ;Cg =Cg .
In words: the set of a-geometric rough paths complete under ., but is strictly larger than the

set of approximable a rough paths. It is however smaller than the set of approximable rough
paths when we are allowed to approximate Cg in the slighty weaker p, metric.

The proof of these important relations will be given in a series of exercises on the problem
sheets. Only the strict inclusion is too difficult, here we refer to the literature.

(4.25) Example
By Lemma (4.16 b) and the It6 formula, we have

N N L
svu(EE) = o [ 8

Therefore, B"° ¢ Cy

(4.26) Definition
The geometric rough path
B(w) = B> (w) := (B(w),B"(w) + (3(t — s)I),,)

is called Stratonovich-Brownian motion, or simply Brownian rough path.

(4.27) Remark

The calculation in Example (4.25) shows that Stratonovich-BM B is indeed a geometric rough
path. Therefore, by Remark (4.24 b), it can be approximated (in a-rough path distance for
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any a < 1/2) by sequences of the form (B™ ( f: B ® qugn)), where B™ is a mollification
of B. In the remark, this mollification is chosen to be in C!; in practice, a different and very

concrete sequence of B™ is quite useful, and it can be checked by hand that this converges to
Stratonovich BM. We do this next.

(4.28) Definition

Let P, be the partition of [0,7] generated by the dyadic rationals with nearest neighbour
distance 27". For f € C([0,T],V), the dyadic piecewise linear approximation of f at level
n is the function f™ with

=S (= ft (= 0 ) D).

v —ul
[u,v)€P,N[0,¢)
The following proposition serves as a preparation for Theorem (4.31) below, but is quite inte-

resting on its own.

(4.29) Proposition

Let B be a d-dimensional Brownian motion, D,, be the set of dyadic rationals with spacing 27",
and F™ = o(B; : t € D,,). Then for all t > 0, we have

B = E(B,| F™) almost surely.

Moreover, for 7,7 < d with ¢ # 7 and all t > 0, we have

t t
[y —g( [ g
0 0

F (”)> almost surely.

Proof: To see the first claimed equality, first note that Bt(n) is F(™-measurable. Let [u,v) € P,
with v <t < v. Then with
v—1 t—u

B, — ——B,,
v—1Uu V—1Uu

Y :=B —B" =B, -

what remains to be checked is the orthogonality condition E(Y Z) = 0 for all F(™-measurable
bounded Z. By a monotone class argument, we can restrict our attention to Z of the form
Z = [luep,no,r) fu(Buw) for bounded functions f,, and fixed . We can also assume ¢ > u since
otherwise Y = 0 and the claim is trivial. Finally, by treating each component separately, we
need only investigate one-dimensional Brownian motion. By the explicit formula (1.23) for the
fidis of Brownian motion, we then find bounded functions F' and G with

(z—2)? (y—2)2

e_ 2(t—u) e_ 2(v—t) v — t t — U
( )

dz
) R \\/271’(15 —u) /27 (v — t)/

-~

=:9(z)

E(YZ) = /R deF(z) /]R dyGy

The functions F' and G appear by integrating out all variables in the formula from (1.23) except
the ones corresponding to B,, B; and B,. We thus need to show that the dz-integral in the



104 VOLKER BETZ

above expression is equal to zero for all choices of u,v,t,z and y. This can be checked directly
(e.g. by completing the square), but this is extremely painful. A little trick helps: we have

0.0() = (F— + LYo = (4 L - ))Mz

t—u  v—t t—u v—t (t—u)(v—t

:(t_vu;(:_t><v—t t_uy—z)q)(z).

The right hand side is (up to a z-independent factor) our integrand of interest, and the integral
over [dz0,®(z) is equal to zero by the fundamental theorem of calculus. This shows the claim.

T
V—U V—Uu

For the second equality, first note that for arbitrary functions f,g, f™ and ¢ are Lipschitz
(and piecewise differentiable), and thus the Young integral fot fs(”) ® dggn) exists and is given by

t t—u)f, —
) & do™ — + Jv = Ju gy =
/Ofs 0 dgs Z / v—u >® v—u

[u,v)€P,N[0,t)

= Z i(fy+fu)®(gv_QU>‘

[u,v)€P,N[0,¢)
Note that this means that
t
1
/ BM®dB™ = Y 5(Bo+ Bu) ® Bu,
0 [u,v)EPRN[0,t)

is precisely the Stratonovich approximation to the stochastic integral. We also have

E tBi MBI | Fr=D) = E LB+ Biy(BI - Bi)| O

[u,v)€P,N[0,)

—E( Y S(BYY + (BE(BYY - (BYY)

[u,v)€PRN[0,t)

> LB+ (BEDY)(BEDY — (BUY) = (+)

[u,v)EPLN[0,t)

;:(n—l))

The final equality holds because we already know that ((Bt(n))")n is a martingale for all ¢, and
because of the following fact: if (M,) is an (F,)-martingale and N, is a (G,)-martingale, and
if 7, and G, are independent for all n, then (M,N,) is a (F, ® G,)-martingale (check that
this is precisely the situation we have above!). To see this, check that that E(M, N, T141p) =
E(MpNi141p) for all A € Fr and B € Gi. By the usual approximation argument this then
holds with 1g for C' € Fj, ® Gy, instead of T41g. This shows E(M,N,, | Fr @ Gr) = M Ny, hence
the claim.

Now again for general functions f, g, for [u,w) € D, _; and for (the unique) v € (u,w) N D,,

we have

£ = L (o) fu (0 — ) fu),

w—u
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and therefore

g(n—l)_g(n—l): U_Uguw g(n—l)_ ("_1)=w_vguw
v “ w—u’ " v v w—u’ "
and
e e w — v V—Uu . e w—0 v — U
POV = (L ) fu b fur VAT = o fu o (L ) fu
w—u w—u w—u w—u

Now an elementary but tedious calculation gives

S+ ) @ (90 =gl D) + (LY FE) @ (9807 =98 Y) = (fu+ £u) @ (90— 90).

Applying this to (x), we see that the contribution of each pair of intervals [u, v) and [v, w) with
u,v € P,_1 and v € P, combines to give precisely the term that belongs to the interval [u,w)
in the formula for [}(B1)®Vd(B!)™. We thus have

t t
B( [ mymam) | Fe0) = [ vam)n.

Iterating this using the tower property, we find that for all n and all m > n,

t t
E(/O (B;)(m)dugg)(m) ’]:(n—l)> :/0 (B;)(n_l)d(Bg)(n_l),

The random variable [;(B?)™d(B)(™ converges to the Stratonovich integral [, BidBJ in L?,
which coincides with the It6 integral since we are only looking at off-diagonal terms. Since
conditional expectation is a projection, and thus continuous in L?, the left hand side converges
to E(f(f BidBJ | F™=Y). This shows the claim. O

Remark: Note that we have not claimed the second identity for the diagonal terms i = j.

It is wrong there, because for a one-dimensional Brownian motion, fot BMdABM™ = %(Bt(n) )2

by the telescopic sum. Since (Bt(n))neN is a non-trivial martingale, ((Bt(n))Q)neN can not be a
martingale. But (E(X | (™)), ey is always a martingale, so fot BMdB{™ cannot be of that form.

Another ingredient for the theorem below is

(4.30) Lemma

For rough paths (X("))neN and X assume that Xt(n) — X; and Xy, — X, for all £. Assume
further that for some g < 1,

sup [X®]|s <00 and  sup[X7[ys <00 (xx)
neN neN

Then X € C?, and po(X™, X) — 0 for all o < f.

Proof: will be given in the exercises.
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(4.31) Theorem

Let B be a d-dimensional Brownian motion. Then for all a < 1/2, we have
IP’(a)a((B("),/ B @ dB™), (B,]B%S“at)> oy 0) ~ 1.
0

Proof: Recall Theorem (4.68) from Probability Theory: for an integrable random variable X
and a filtration (F,), the sequence (E(X |F,))nen is a uniformly integrable martingale and

converges almost surely to E(X | F.), with Foo = o (U, cny Fn)- Write B! = [ B " @ dB{"

Proposition (4.29) then shows that (B{™),ey and ((B\) Jnen (for @ # j) are uniformly inte-
grable martingales and converge almost surely to B; and By’ := fot BidBJ, respectively. Since

(BM)yii = %((Bt(n))i)Q, it converges almost surely as well. Note that the limit is not the It
integral $(Bj)? + 5t, however, but the Stratonovich integral 1(Bj)?. By the usual argument
of continuous paths, we can then find a set of measure one such that the convergence holds
simultaneously on all ¢ for each w from that set.

For arbitrary 8 < 1/2. we will now find a (possibly different) set of measure one such that on
that set, sup,,cy |B™||s < oo and sup,,cy |B™ |25 < co. Then on the intersection of the two
sets of measure one, Lemma (4.30) will show po(B™, B) — 0 for all & < 3 (and thus for all
a < 1/2), and therefore show the claim.

We will show the claims separately for each component of (B™) and of (B™). We will start with

(B(™)% and use ideas from the proof of the Kolmogorov-Chentsov theorem. Let ¢ = 4k with

k € N. Since ((BE") ) )en is a martingale, the process (BY))9),,ex is also a martingale, and

1 ‘(B(n) ,J |q/2

the process (m w0) is a submartingale as a convex function of a martingale.

neN
Since suprema of several submartingales are also submartingales, the process (S, ),eny With

1 NG q/2
Sy = sup (m’(ﬁgg) J)|>

u,vED u#v

is a submartingale. Then Doobs maximal inequality gives for all N € N

1 ..
IP’( su sup  ————[(BM))] > C’) = P(sup S, > C¥?) < S *
néI?Vu,veDgt?fv |v—u|25}( u,v) )‘ <n<I?V ) Cq/2 <| ND ( )
For each N and all u, v, Proposition (4.29) and the conditional Jensen inequality yield
a/2 - 19/2 ,
- IB%(N) ij (‘—IB%” ]:(N)) < ]E< ZJ ‘]:(N)>
‘|v—u!25( ) o — u|?? SUP |1 g
which in turn gives
1 a/2
E(Sx]) < E(supE (| sup — B [* | FO) ) =B (|sup —|BY )
<| ND iig 31;13 ‘U—u|25 u,v ii{)) |U—U|26’

We know from Theorem (4.18) and Proposition (4.19) that the last quantity is finite for all
B < 1/2. We can thus take the limit N — oo in (), use continuity from below of measures on
the left hand side, and obtain

K
P g C
(sup [(B) 25 > €) <
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for some constant K. This shows that sup,,cy ||(B™)™7||4s is finite almost surely.

The same argument works for the components of sup,y [|(B™)?| 5, using Theorem (1.36)

this time. The details are left as an exercise. Once this is shown, the remaining claim for
sup,,c || (B™)#||55 follows immediately because (BU))i = (BL,)?. O

s,t

Our next aim is to integrate more general functions than s — f(X) against a rough path X.
This will be necessary e.g. for treating rough differential equations: they have the form

t
vi— [ Fvax,
0

so Y does not only depend on the value X but also on all X, with » < s. The idea is to replace
the objects Y, = F(X,), Y/ = DF(X,) and RY, =Y., — Y/X,,; by more general expressions so
that the proof of Lemma (4.11) still works, and see where this gets us.

(4.32) Definition

For X € C*(]0,T],V), we say that Y € C*([0,T], L(V,W)) is controlled by X if there exists
Y’ € C*([0,T], L(V, L(V,W)) such that with

R;/:t = }/s,t - }/Sle,t € E(V7 W)7

RY is an element of C2%([0,T], L(V,W)). Any Y’ with this property is called Gubinelli deri-
vative of Y with respect to X.

(4.33) Remark

a) For X € C* and f € C%([0,T], L(V,W)), Lemma (4.9) shows that with Y/ := Df(Xj), Y’
is a Gubinelli derivative of X.

b) Set Y; = X, for all s, then Y is controlled by X. More precisely, set W = R and then
identify V' with £(V,R) via the scalar product, then Y € L(V,W) as required. With Y =
idy € L(V,L(V,R)) ~ L(V,V), we then find R}, = X, —idy X, = 0, which shows the claim. In
other words, X is controlled by itself.

¢) In more generality, we can define when some Y € C*([0,T], U) for an arbitrary Hilbert space
U is controlled by C € C*([0,T],V) by just replacing L£(V,W) with U everywhere. Since we
will not need this for rough integration and since there are already too many vector spaces
floating around, we do not do it.

d) The requirement RY € C3([0,T], L(V,W)) means that Y/ is the correct factor that is needed
at point s so that Y.X;; cancels some of the irregularity of Y;, for ¢ very close to s. In the
classical case Y’ = D f(X), this cancellation is provided by the Taylor expansion, in general we
just have to assume it axiomatically.

e) Gubinelli derivatives are possibly not unique. If X and Y are already in C?** C C'“, then any
smooth Y’ will do the job. On the other hand, if

t—s

1
lim sup mhﬁ(‘x&t” = 0 for all ¢ S E(X, R),
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then one can show that Y is uniquely determined by Y for all Y € C¢, even smooth ones. Such
functions X are sometimes called truly a-rough. One can also show that Brownian motion
is truly a-rough for any o > 1/4. We will not discuss this topic further, see the book of Friz
and Hairer, Sections 6.2 and 6.3. Also, a possible non-uniqueness of Y has no consequences for
anything we will be doing.

(4.34) Definition
For X € C*([0,T],V) define
x ={Y € C*([0,T],L(V,V)) : Y is controlled by X}

We will choose a specific Gubinelli derivative Y’ for each Y € Yy, using the axiom of choice if
X is not truly rough, and with this choice define

D¥ ={(Y,Y):Y € Vx}, Yx = (Y, YY),

and
1Yxllx 20 == 1Y [la + | R l20.diag-
(4.35) Proposition
a) ||.[[x,2q is a seminorm. The map Yx — [¥o| + [Yg| + [[Yx|lx20 =t [[Yx[[x 20,0 is & norm. DY

is complete under this norm.
b) There exists C' < oo with

Yo < CO+[X]0) (Y] + T Vx|lx20)  forallY € DY

In particular, this means that the inclusion of the term [|Y|, into the seminorm ||Yx | x 24 is
not necessary, since the norms || - || x 24,0 would be equvalent with or without this inculsion.

Proof: Exercise.

(4.36) Theorem

Let T > 0,0 € (1/3,1/2), X = (X,%) € C*([0,1}, V), Yx = (¥,Y") € DR (0, T, L(V, V).
Then:
a) The rough integral

t
/ Y,dX, = lim (YoXuo + Y/X,0)
s IP=0 [u,v)eP

exists for all 0 < s < ¢t < T and is independent of the approximation partitions (it does depend
on the choice of Y if there is one). We have

t
| [ ¥ 4%, = (e + V0| < 2B Xl Bt + 1Yo Kzt~ oI

b) Set Z; = fOtYT dX,. The map Z is an element of C“, and
1Z]l0 < 2max{2°T?*¢(3a), 1} (| X lal| BY [l20ding + 1Y [|alX]20.diag) -
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¢) Fundamental Theorem of Calculus for Rough Paths: The map t — f(f Y,dX, is an
element of Vy, and Y is a Gubinelli derivative for it. We write

Iy = (2,7) = (/'stxs,y> e D2([0,T], W).

We have
1Zx 1 x200 < Yol + 1Y lla + 1Y ool X2 + C(@)(T* V 1) (IX || BY ll2a.diag + 1Y lla|Xll20ding)
with C'(a) = 3¢(3a)23* max{T?*, 1}. In particular, the linear map
DX([0, 7], L(V.W)) = DX ([0, 7], W),  (V.Y) = (Z.Z)
is continuous with respect to the norm ||.|| x 2q,0-

Proof: With =, = Y, X,; + Y/X,,, we find exactly as in (4.9 d) (or (4.2)) that =, ., — Zun —
Eow = — R, Xow—Y, Xy Thus [[0Z]30 < [|RY ||2a.diag| X |l + 1Y [|a X/ 20,diag, which is finite
by assumption. Thus the Sewing Lemma (4.11) applies and its part a) gives claims a), and its
part b) gives claim b).

For c), we prove the claimed inequality, all other statements follow from it. By definition of
|1 x 2, we have || Zx || x 20,0 = | Zo|+ |25 + | Z]|a + || R?||20- We investigate the terms separately.
We have Z/ =Y, and

t t
R?, = 2oy — 7/X0s = / Y, dX, — Y.X,, = / Y, dX, — .+ Y/X,,,

and thus part a) gives
1R ]|z < 2°°¢(3c) max{L, T} (| X lal| BY |l 20,diag + Y lall Xl 20,diag) + 1Y lloo]|X|20,diag-
By part b) we have
1Z]la < 2¢(30)2% max{T**, 1} (| X [lal| R [|20.diag + 1Yo/ Xl|20diag)-
Together with Zy = 0 and Z) = Yj, we obtain the desired inequality. OJ

(4.37) Definition
For X, X € C, Yy € D3 and Y/X € D?{a, the controlled rough path distance is defined by

Ay 520V, V) =Y = Y'[la + |R = R ||20,diag-

Warning: it is possible that D3 ND% = {0} € C*([0,T], V) x C*([0, T, L(V, W)). The reason
is that we need RY and RY to be 2a-Hoélder continuous on the diagonal, which means that the
small scale structures of Y. X;; and Y,; have to cancel some of each other’s roughness. If the

two paths X and X are too different, this will not be possible. Therefore, it is again not a good
idea to try and define dy g ,, just as the norm on the intersection of the two spaces.

Also, note that again, dy g ,, is only a semi-distance.

Remark: As is the case for || - || x .24, the inclusion of a term ||Y" — Y|, into the semidistance
dy % 9, 15 DOt necessary, as the next lemma shows.
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(4.38) Lemma
In the situation of (4.37), we have

1Y = Yo IV ool X = Xlla + X [lal¥s = Yol + T + [ X[la)dy 3,20 (Yx, Y3)-

Proof: exercise.

Next, we link the general rough integral back to general classical [t6 and Stratonovich integrals.

(4.39) Proposition

Let B be a d-dimensional Brownian motion, (JF;) its filtration, and let B = B™ be the It6 rough
path. Let (Y,Y”) be a pair of stochastic processes on the same probability space €2 as B, and
assume that (Y (w),Y’(w)) € Di, for all w € Q, so that the rough integral Ji Yi(w) dX (w)
exists for all w and all £.

a) If we assume that Y is (F;)-adapted, then the It6 integral fg Y,dB; exists almost surely.

b) If we assume that both Y and Y’ are (F;)-adapted, then almost surely and simultaneously

for all ¢,
t t
/Y;st:/ Y, dB,.
0 0

Proof: a) Since Y € C* and is adapted by assumption, Theorem (3.32) gives the existence of
the generalized Ito-integral.

b) The same theorem also gives the convergence of the approximating expressions Z[u »)EPA0Y) Y.Bu.»

in probability, and so the convergence is almost sure along a subsequence of partitions. On the
other hand, we have

t

li Y. (w)Buo Y!(w)B, ., = | Yi(w)dB

B Y () Bue) +Yi)BL ) = [ Vi) dB.@
[u,v)€PN[0,¢)

for all w € (2 and all ¢£. On the subsequence of partitions and the set of measure one where the

[to-integral is the pointwise limit of its approximations, we thus find

t t
Ay(w) = Y, dB — [ Yi(w)dBy(w) = li Y, (w)B =: lim Af
)= ([ Veam) @) = [ Vi) daBuw) dm, 3 VIDBul) = hm A7)

where the limit exists as the difference of two existing limits. We want to show that it is equal
to zero.

For this, assume first that there exists K < oo such that |Y'(w)| < K all w, and fix a partition
P generated by the points 0 =ty < t; < ... <t, =t. Then for i < n, we have

| th) = Z Yzi]Buﬂ) + Y;f/l E<Bti,tz‘+1 | th)
—_————

[u,v)EPNI0,t;)

E(AP

tit1
=0

almost surely. Here we used that Y’ is adapted by assumption, and that B, , = f: B,, ®
dB, almost surely, and thus is F,-measurable. The equality above implies that (A”); <, is a

i
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martingale, which in turn implies
E(aD) =E(( Y viE)) = Y E((VBLY) <KDY EE)
[u,v)EPN[0,t) [u,v)EPN[0,t) [u,v)EPNI0,t)

By Brownian scaling (2.4), we have

E(B2,) _E(</OMBS®dBS>2> —E(<(v—u)/0

for some ¢ > 0, which implies that

E((A])?) < cK® Y (v—u)* < cK’T|P|' ==

[u,v)EP

1

B ® st>2> =c(v—u)?
P20

This shows that AP converges to zero almost surely along a subsequence, hence A;(w) = 0
almost surely. Since it is continuous as the difference of two continuous expressions, this holds
simultaneously of all ¢, almost surely. This shows the claim for uniformly bounded Y.

For general Y we use localization. We define 0, (w) = inf{t > 0 : |Y/(w)| > n}, and define
(Y)) "™ (w) = Y/(w)Ljp,,@)(t). Since we did not change (Y;), the Ito-integral fOtYSdBs still
exists as the limit along the same subsequence of partitions and on the same set of probability
one as before. Also, the same calculation as above gives lim|p_o Af ™(w) = 0 on a set of
probability one, where A]"™ is defined like AP with Y’ replaced by (Y’)™. On the intersection
of those two sets of probability one, the limit

. Pn
ABEN ( Y Vi(w)Buw(w) + A (w))
[uw)eP
exists and equals the It integral - note that the right hand side is not a rough integral as we de-
fined it, since (Y”)™ is possibly discontinuous and thus (Y, Y"™) ¢ D?*. More precisely, we have
convergence for the particular sequence of partitions generated by choosing the subsequence
to get from convergence in probability to almost sure convergence, but have no guarantee for
other sequences of partitions However, for all w with o, (w) > T, we have (Y{)™(w) = Y/(w),
and so J,( f Y (w (w). So the equality holds on the set |J, {0 = T}, which is a
set of probablhty one as ||Y' ( )||oo < 00 for all w due to path continuity. O

(4.40) Stratonovich integrals
For Y € L3, we say that the Stratonovich integral exists if the limit

t t
1
/Y;ost ::/YSdBS—i—— lim YiuoBuw
0 0 2 ‘P‘—)O ’ ’
[u,v)EP

exists with respect to convergence in probability, where the first term on the right ist the
generalized It6 integral. Similar arguments as above show that for adapted processes (Y;)s < 7,
(Y])s <7 with (YV(w),Y'(w)) € DQO‘  for all w, the Stratonovich integral exists and equals the

rough integral with respect to Stratonovmh Brownian motion:

t t
/ Y,odB, = / Y, dB5a almost surely.
0 0
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Our next aim is an [to-formula for rough integrals. For this, we introduce the following notion:

(4.41) Definition
Let X = (X,X) € C* The map

[(X]:[0,T)? - V&V, (5,8) = [X]ss := Xsp @ Xy — 2SymX,
is called the bracket of X.

(4.42) Lemma

a) For u < v < w, [X|yw = [X]uv + [X]ow, i.e. the bracket is the increment of a function
r — [X], = [X]o,. This function is an element of C?*.

b) For two rough patss X = (X,X) and X = (X,X) with the same first component, the
map (s,t) — Sym(X;, — X,;) is additive (i.e. the increment of a function). It is given by
%([X]S,t - [X]s,t)'

c) X is a geometric rough path if and only of [X] = 0.

Proof: a) By Chen’s relation

Sym(Xu,v) + Sym(XU,w) = Sym<Xu,v + Xv,w) - Sym(xu,w - Xu,v & Xv,w)

1
= Sym<Xu,w) - _(Xu,v X Xv,w + Xv,w X Xu,v>‘

2
This gives

[X]u,v + [X]uw = Xu,v X Xu,v + Xv,w X Xv,w + Xu,v ® Xv,w + Xv,w ® Xum - QSym(me) = [X]u,w-
The regularity of the bracket is clear from its definition.

b) is immediate from a), and c) is by definition of geometric rough paths. O

(4.43) Itd’s formula for rough integrals
Let X € C, f € C3([0,T], L(V,W)) and o > 1/3. Then for all s < ¢,

Fx) = 1060 = [ prexyax,+ 5 [ Deaa),

where the last expression is a Young integral.
Proof: As usual, we consider the telescopic sum
FX) = f(X) = Y (f(X) = (X)) (»)
[u,v)EPN[s,t)

Taylor expansion gives
1

Since | X,,|> < (v — u)3* vanishes faster than linearly, the correction term disappears when
taking the limit |P| — 0 in (x).
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On the other hand, the rough integral fst Df(X,)dX, is the limit

> (DAX) Xy + D (Xu)Ku)

[u,v)EPN[s,t)

and

D?f( X)Xy = D*f(X,)Sym(X,.,).
The last equality is true because (D*f(X,))" = [9;0;f](X.) = (D*f(X,))”" is a symmetric
matrix, while Anti(X, ,) = X, , — Sym(X,,) is an antisymmetric one. For a symmetric matrix
A and antisymmetric matrix B, the contraction ) ", | A;;B;; = 0. Each component of the
vector D? f(X,)Anti(X,,,) is just such a contraction.

Therefore,
t
1
FO6) = £00) = [ DAY AN = i Y SO (K © K — 2y

|P|—0 ~
[u,v)EPN[s,t)

~[(X]ue

Since [X,,] is the increment of a C**-function and s — D?f(Xj) is in C?, the claim now
follows from a > 1/3 and Youngs theorem (3.4). O

(4.44) Examples

a) Since B is geometric, we have [B5"*],, = 0 for all s, t. Therefore

f(B.) — f(B,) :/ DJ(B,) dBS"

i.e. the classical fundamental theorem of calculus holds. By (formally!) differentiating this with
respect to ¢, one obtains the ,chain rule® &, f(B;) = Df(B;)B;, where of course the time
derivative B of B does not really make sense.

b) Since [B"°],, = 1(t — s)id, Ito’s formula yields the classical It6-Stratonovich-correction also

for rough integrals.

Our next aim is to define rough differential equations and prove existence of their solutions.
We prepare this by two technical estimates that tell us what happens when we plug controlled
rough paths into a smooth function .

(4.45) Proposition

Let X € C%([0,T],V), Y € D2([0,T],W) and ¢ € CZ(W,W). Define Z;, := ¢(Y;) and Z| =
([Dg](V3)Y/ € L(V,W"). Then

Zx = (2,7") € D¥([0,T],W),

and
1Zx]1x 20 < 1Dl Y | x .20 + [D*@llo0 (Y112 + 1Y [JallY[|s0)-
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Proof: Since
RY, = Zoy = ZXo1 = (Vi) — 9(Ys) = Do(Y) YIX,
——

:Ys,t+RZt
and .
o(Y;) — (Ys) — Dp(Y;) Y, = / dT/ dUDQ(P(Ys +uYs )Y ® Yoy,
0 0
we obtain
IRZ l2ading < [1D*@llool Y12 + 1 D@lloc |1 RY | 20 ding-
Since

1
Ziy = (Do) =DV Y+ DY) (¥{~Y]) = | DYtV )V, drs DoY) (/-Y?),
0

we get
1Z"]la < 1D*@lloc Y lallY lloo + 1 D lloc Y lla-

Combining the two estimates yields the claim. 0

(4.46) Proposition
Let X, X € C*([0,7],V), Yx € D3([0,7], W), Yy € DX([0,T],W), and @ € Cj(W,W). Define
Zx and Z; as in (4.45). Then there exist constants C' and C’ that depend on the quantities
[ X o, [ XTlas Yx1Ix20, Y], 1Yk % 20 and [Yg], such that

dx % 90(Zx, Z3) < Cllelles (T°* v 1) (,%(X, X)+ Yo — Yol + Yy — Vg + dx % 20(Yx, ?X)>7
and

12 Zglla < C'llellep (T% v 1) (pal X, X) + ¥ = Tol +[¥5 = Fg] + dy 0¥ Ti) ).

This means that Zy and Zy are similar (s cpntrolled rough paths) if X and X are similar as
rough paths, and at the same time Yy and Y3 are similar as controlled rough paths.

Proof: The proof is not very difficult, but long and tedious. To not lose track of what we want
to do, let us start with some preparations. We define

A = po(X, X) + [Yo = Yo + Y =Y+ IY = Y'la + |RY = RY |24

and note that all estimates below must produce a factor of A; the prefactor is less important
as long as it is finite.

The proof will consist of splitting
Ay %20(Zx, 2%) = | Z' = 2o+ | R” = B |2a

into many pieces and proving for each part separately that it is bounded by a constant times
A. For this, we will frequently use a few inequalities that we now collect. The first one is

Yoo < Yol + 7Y (I1).
For the second one, we invoke Lemma (4.38) and obtain

IY =Y« <Co(lvT™)A, (12
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where C only depends on the norms that C depends on. We will also need
Yo < CA+[IX[l) (Y] + T ¥x | x20) < CUT*V DX [lalYxlIx200,  (I3)

see Proposition (4.35). Finally, since we need to estimate Holder norms, we will always try to
add and subtract terms so that we retain differences of the same quantity at different time
points. For this, the identity (for suitable f)

1 1
f6) = 12 = [ Ouf@+uly = o) du= [ DA +uly - a)duly—2) (5
0 0
will be needed. A direct consequence of it is the Taylor estimate
f@) = fy) <[Dfllclz =yl (14)

a) We start by investigating || Z’ — Z'||o = | De(Y)Y’ — Dp(Y)Y||o. For two functions f, g, we
have

(fg)s,t - ftgt - fsgs = fs,tgt + fsgs,t-
This means that
(fg)s,t - (fg)st = fs,tgt + fsgs,t - fs,tgt - fsés,t
= fs,t(gt - gt) + (fs,t - fs,t)gt + fs(gs,t - gs,t) + (fs - fs)gs,t~

We apply this to f = Dp(Y), g =Y, f = Dp(Y) and § = Y and estimate the four terms on
the right hand side above.

(i) The first term is bounded by
) _ o (14) .
|[farlge = )l = 1D (Yy) = Dp(Y)IY, = Y/ < 1Dl Yeul 1Y = V7l
(I1) 5 .
< ID*0lloolt = sV lla (1Yg — Yol + T2Y" = Y7a)

(13)

<t =s[l@llep CuT™ Vv DIX|alYx [ x 20.0(T* V DA,
Dividing by |t — s|* and taking the supremum over s # ¢, we obtain an estimate of the correct
form for the first term.

(ii): The second term is the most tricky one. It is given by

(for = fs)ge = (Dp(Y) = Dp(Y))siY{ = (Dp(Y;) = Dp(Y;) — Dp(Y3) + Dp(Y)))Y7,

and the problem is that we want a product of a term that is a difference of evaluations of the
same quantity at different times ¢, s, and another term that is the difference of a quantity with
a tilde and one without, at the same time. The most elegant way seems to use (*) and obtain

([Dl(Y) = [De](Y)),, = /0 dr ([D*Q)(Y; + rYee) = [D*] (Y, + 1Y) Y

-~

=:0(r,s,t)

1
+ / dr [D2](V, + 1Y) (Yes — Vao).
0
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We have

(4) 3 ¥ ¥ 3 ¥ (/
50,01 < D% | Ys + ¥a = Vo = 1¥ua] < 1Dl (Vs = Valloo + Y = Vel

(1) ~ ~ N ~

< elleg (1Y = Fol + T = Vlla + 7t = sV = ¥ la)

(12) -

< lelleg (Y = Yol + (14 1TCo(1 v T)A) < flgllep (1+ (1 +1)Co(T* v T*)) A,
Similarly,

_
< D*@llsolt = s[* 1Y =Y la < llelloplt —s|*Co(1VT)A.

1
| [ ar AT T Vi = Vo)
0
Together, this gives
(/ 3 (o3 (0% o
(DY) — (DA o < Ielleg A (14 5Co(T v T2 [¥ o + Co(1 v T%))

By using (13) on the expression ||Y||, (which produces another factor of T%), we see that this
too is of the desired form.

(iii): The third term is
[fs(gse = Ga0)] < ID@(YIYY, = Y| < llellogllY” = Y/ [lalt — s,
which immediately leads to a bound of the correct form.
(iv): The fourth term is
|(fs = F)3sal < 1Do(Y) = DoY)V, < Nlelleg Y = Yllocl¥laft — 51,

and now we apply inequalities (I1), (/2) and (/3) to obtain a suitable bound.
b) Next we investigate the term ||RZ — RZ||5,. We have

Rsz,t =Zs1 — Do(Y )Y/ Xy = Zsy — Dp(Ys)Ys, + DSO(Ys)RsY,ta
and so

RZ, = RZ, = Zoy — Dp(Ya)Yar — Zay — Dp(Va)Vay + Do(Vo)RY, — Dp(Y2)RY, .

>

~~ ~~

:5A5,t :ZBS’t

As above, we get

1 1 T
sy = / Do(Y, + 1Y) drY,, = / dr (DSOO/;)Y;,t + / dUDQSD(Ys +uYs )Y ® Ys,t),
0 0 0

we rearrange this and obtain
1 r
Ay = / dr / du((D2o(Yy +uVss) = DoV + uly)) Vo @ Y
0 0

+ D*o(Y, + Uf/st) (Y:s,t ® Vs — }7571: ® ﬁt))
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We use inequalities (I4) and (I1) on the first term under the integral, and use the equality
fof-feof=(—-fof+f®(f—f)in the second term, and obtain
1All20 < ID*@llo (1Y = Yoo + TNY = Y[ ) IYall? + 1D llocllY = YlallIY lla + 1Y ]la)-

With the same considerations as in the first part, we get a bound of the form Cs|[¢|[¢s (T3a v
1)A, with C5 depending on the suitable norms only. The final term is again easier, we have

HB”?a < HDZ‘PHOOHY - Y/HOOHRYH?Oc + HDSDHOOHRY - RYH%M

which again gives the correct bound with the same estimates we used above. We have now
shown the first claimed inequality. The second one follows from Lemma (4.38). O

(4.47) Definition
Let X € C*([0,T],V) and f € CZ(W,L(V,W)). We say that Y € C*([0,T], W) solves the
rough differential equation (RDE)
Yi=f(Yo)X,, Yo=¢eW
if
(i): with Y! := f(Y,) we have Yx := (Y,Y’) € D3([0,T], W),
(i): Y; = €+ [y f(Vs)dX, for all t € [0,T).

(4.48) Remark
Stochastic differential equations are often of the form
qY; = f(¥;) dt + o(¥;)dB,.
For RDE;, this corresponds to
Y, = g(¥)) + h(¥y) Xe.

This case is actually already included in the above definition by adding a ,,smooth component “
to the original rough path: we choose

X, = (f’f) e CY([0,T],V x R)

and

t
%, - (f X, J; Xs,rdr> |

(r—s)dX, i(t—s)?

The integrals on the off-diagonal are simply Young integrals. Then X is an a-rough path if X
is one, and the above RDE takes the form

Vi=FY)X,  with  F(Y}) = (h(Y,),9(V)).

For the proof of the main result of this chapter, we need one more technical lemma.
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(4.49) Lemma: stability of rough integration
Let X = (X,X) € C*([0,T),V), Yx € D¥([0,T], L(V,W)),

Zx ;:/stxs, Z =Y.
0

Assume the same for the quantities X, Yz and Z;. Then, with ¢(a) = 2*((a), we have
dy 320(Zx, Z3) < pa(X, X) (3c(a)T* || Yxlx 20 + 213])
a0, X) (TIY" = Vo + Y = gl + T2 + X o + (@) dx 5 20 (Vi V)

For the case X = X and Y, = 170’, the right hand side is thus bounded by a multiple of T“.
Proof: We define
Zop = YoXou + ViXor, Eo = VX + Vo, Ay =E S
Then as in (4.9 d) we obtain
A = Dy = Dy = =R Xy = V! K + RY K + V! Ky

By the usual trick of writing fg — f§ = f(g — §) — (f — f)§, we obtain
1

w_—u’3a|Au,w - Au,v - Av,v‘

|I0A]]34 :== sup

u<v<w

1B a0l X = Xl + I X ol BT = B [loa + 1Y llallX = X|2a + [IX[|2a[ Y = Y]l
pa(X7X)||YX||X,2a +pa(X’0)dX,X,2a(YX7YX)‘
By the Sewing Lemma (4.11), the intergal ZA exists, and then it must equal Z= — 7=. Since

<
<

t
R5Z7t = / Y;“er - YsXs,t = (IE)s,t - Es,t + Y,Xs,ta

S

and analogously for th, Lemma (4.11) gives
RS, = RIS I(TA) s = Aaal + V11X = Koal + [Kal Y] = VY]
< (@) 102 salt = 5P + [V oo, X[t = 2 + [Kllzall Y — V7ol — s
<t —sf* (C(Oé)Ta (Pa(X, X) [ Vx [l x20 + Pa(X, 0)dy 5 0 (Y, Vi) +
+ pa( X, )Y+ TY ) + 1K 2a (15 = Y1+ Y = V1) ).
This gives the estimate on the |RZ — RZ||yq-part of the reqiured distance. The estimate on

the part ||Z’ — Z'|| follows from the fact that Z’ =Y and Z’ = Y, and from Lemma (4.38).
Combining all the terms and doing some cosmetic estimates give the claim. 0

(4.50) Theorem: existence of solutions to RDE
Let £ €W, f e CHW,L(V,W)), X € C°([0,T],W) for some 3 € (1/3,1/2]. Then the RDE
Yo=[(Y)X.,  Yo=¢



STOCHASTIC PROCESSES 119

has a unique solution Y € C?([0, T, W).

Proof: We will first prove that there exists a solution of slightly lower regularity, namely a
solution Y € C*([0,T], W) for some « € (1/3, /). In a second step we will then show that this
solution must even be in C#([0, T], W). The reason for this step is that for X € C? and small
enough ¢ > 0, we have

X150 = 11X N5 + /X lls20ding < 677 1 X[l 5

This means that for any given S-rough path X, we can make its a-rough norm as small as we
want by choosing ¢ small enough.

The strategy is then the same as for the existence proof for classical ordinary differential
equations. Let

M DR ([0,8.) 5 D (0.8, W). (viY) o (e [ 00ax,) r)

0
be the ,right hand side operator“ of the rough differential equation on the time interval [0, d].
M really maps D3([0, 8], W) to itself: for Y € C*([0, T], W), we have f(Y) € C([0, 8], L(V, W))
by Proposition (4.45), and thus M;(Y,Y") € D3*([0, 6], W) by Theorem (4.36 c).

Y € D¥([0,6],W) is a solution of the RDE (written in integral notation) if and only if for all
t <0,

)
0<u<d

Yt=§+/0 F)AX,, Y= (V).

In other words, a solution to the RDE is a fixed point of the map M. To prove the existence
of such a fixed point, we want to use Banach’s fixed point theorem. To do this, we will find a
closed subset

Us C D3([0,6], W) c C*([0,6], W) x C3*([0, 6], W @ W)
of the Banach space C*([0,d], W) x C3*([0,d], W @ W) and show that this subset is invariant
under the map M. We will then show that M is a contraction on Us with respect to the
metric dx 24,0, Where

dx 200 (Y, Vi) = Yo = Yol + Y7 = Y5 + [V = V'la + |R” = R |20.
These are the ingredients needed to apply Banach’s fixed point theorem, which will then give
the existence of a unique fixed point, hence a unique solution.
Step 1: Definition and invariance of Us:
A subset of D¥([0, 6], W) that could contain a solution must certainly contain at least (at least
some) elements with the correct initial condition. Define therefore
ﬁg(a = 25%?([075]7 W):={Yx € ’Dg(a([()’ﬂ, W)Yy = f,Yg = f(©)}

Clearly ./\/15(153?) = ﬁg(a’ so this subset is already left invariant. But it is too large. What we
need is a small ball (in the dx 2, 0-metric) around a simple element from ZND%(“. For (first order)
ordinary differential equations the right choice for the center of the ball would simply be the
constant function with the correct initial condition. This does not work here, since Y € D3
means that RY € 0220“, but with Rs; = Ys+— Y. X+ the necessary cancellation of roughness does
not take place if we choose (Ys,Y?) = (&, f(£)); in this case R, will usually be only in C§. This
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is why we choose as midpoint the controlled rough path Yx = (V,Y’) with Y, = & + f(§)X,
and Y/ = f(&) for all s. Then RY =0, and thus for any Yy € D , we have
dx200(Vx: Vi) = [V = f(E)lla + IR [l2a = [V [la + IR [l2a = Vx| x.20;
and we define
Us .= {Yx € D¥ : dxaao(Yx,Yx) <1} = {Vx € D¥: |YVx||x20 < 1}

Since we already know that D% is invariant under Mj, what remains to show is that there
exists dp > 0 so that for all § < &y and all Yy € Us, we have || M;sYx | x2a < 1. Let 6 > 0. We
write

(2,2") = (fY), f(YV)) = (f(Y), Df(Y)Y)

and estimate

[Ms(Yx)lx 20 = H (/0 Z, er’Z> H

X2«

36¢) ~
< NZla + 121X 20 + Cla) (6% V D (IX Nl B [l20 + [Xll2all 2 ]la) = ()

Since Z,; = Z, Xy + RY,, we have || Z|la < || Z']||| X]la + 6*[|R?||20, and we also have
12'lse < 1Z0] + 0% Z"||a = [DF(€) f(E)] + 0%[| Z"||a- This gives

(x) < (23] + 812" |a) 1 X o + 0N R ll2a + (1Z5] + 8°11Z" ) 1 XN
+C(@) (6 V D (IRZ la + 1Z'1la) I XM, + 1)
and assuming 6 < 1 we have
() < Co(@)(|Zg] + 11 Zx |l x.2a) IX M, + DX + 6%,
with the constant Cy(«) only depending on «. By Proposition (4.45), we have
1Zx|lx20 < 1D@llso [IVxlx,20 HI D*0lloo (1Y Il + 1Y llallYlloo)-
————

<1
As above (and keeping in mind that 6 < 1), we find
¥ llae < 1Y llooll X Nl + 0¥ B flaa < (1¥5] + 0% Y la) [ X [l + 0% (| R || 2
SO+ 1Yxllx20) (14 [ XTa) < (1] + DA + 1 X]|a),

with a similar estimate for ||Y”||o. We find that there is a constant C(«, f) only depending on
o and || f|[¢cz such that

|Ms(Yi) || x20 < Cle, (IX N, + IX]2 + 6%)

Since actually X € C?, we can use the remark at the beginning of the proof to choose 6, > 0 so
that for all & < dg, the right hand side is bounded by 1. This shows the invariance. Note that
dp does not depend on the starting point £, only on f(&), which is controlled by || f||c§-

Step 2: Contraction property.
We will show that there exists dy > 0 so that for all § < dy, and all Yy, Yx € Us, we have

dX72a70(M5(Yx) MJ(YX)) 1dX 2 0<YX>YX) (**)
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As above, we set (Z,2') = (f(Y),Df(Y)Y”), use Lemma (4.49) in the special case X = X,
assume in addition that § < 1, and obtain

A 200 (M5 (Vx), M3 (V) < 0%pa(0, X) (12" = 2/l + 6012 = 24
———

=0
(14| Xl + e(@))dx2a(Zx, Zx))
<02+ [1X [ + (@) pa(0, X)dx 20(Zx, Zx).
By Proposition (4.46), we have
dxpa(Zx, Zx) < Cdx2a(Yx, Yx),

where the constant C only depends on || X ||a, ||YVx|/x.20 and ||Yx||x.2o which are both bounded
by one, and |Yy| and |Yj|, which are both equal to f(&). This means that

dx 20,0(M5(Yx), Ms(Yx)) < 6°Crdixza(Yx, Yx)
with a constant that does not depend on £. Making ¢ small enough we obtain (xx).
Step 3: Wrapping up and going from C* to C¥.
By the previous two steps, we can now apply Banach’s fixed point theorem and conclude that
there exists a solution (V,Y”) € D3%([0,4], W) to the RDE for sufficiently small § > 0. We can
then extend this solution to the whole time interval [0,7] by iteration: having obtained the
solution in the interval [0, 0], we start at time § with the initial condition £ = Y € W, and
repeat the procedure. We have been careful to make sure that none of our estimates depends
on the initial condition of the RDE, so we find an interval of the same length ¢ for this starting

point. Now we have a solution on [0,24] by just putting the two together (check that the
required equality still holds). Continuing in this way we can cover [0, 7.

What remains to show is that our solution is actually in D3’([0,4], W) for the original 3, i.e.
we need to show that ||Y’||s < oo and ||RY |25 < co. We know that

1 1 1
— Y| = ——— < Y oo =X ——|RY,|.
|t—8|6’ ,t| |t—8|5 || || |t—8|ﬂ| ,t| + |t—8|5‘ s,t|
We assumed X € C?, and we proved above that RY € C3. Since 2o > 2/3 > 1/2 > §,
RY € €y, and taking suprema shows ||Y||s < co. Since Y’ = f(Y), this implies ||Y’||s < co. To
estimate RY, we use that Y solves the RDE: we have

V!X + RY,

t
R, =Y. —Y{Xy = / f(Y)dX, — f(Ye) Xsu
With Z = f(Y), Z’ = Df(Y)Y’ as above we find

t
‘Rsy,t < ‘ / Zr er - ZsXs,t - Z;Xs,t + ‘Z;Xs,t’

(4.36a)
< (@) (IXNall B llaa.diag + 1Y NallX|20.ding) [t = s + 12" loo [ X[l2s]t — 5.
Since 3 > 1 > 23, this shows ||RY||24.diag < 00. The proof is finished. O
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(4.51) Remark

If we only have f € C? instead of C}, the proof of the previous theorem can still be done. In
several places we were using that

V) — F(T) = / DF(Y; + r(Yi — V) dr(Y; — T7)

and similar expressions, and were then just estimating the integral by ||Df|w. If instead we
estimate it by sup{|f(Y; + rY})| : Yx € Us(€)}, we get away with local boundedness of Df
instead of uniform boundedness, because Us is a bounded set. However, now all the estimates
will depend on £ via the supremum above. We can still prove existence of the solution for some
interval 6 and then iterate, but the next interval d; might be considerably shorter, and the sum
of all the § that we can get in this way might be finite. This is not unexpected, because it
also happens with regular ODE: if f grows too quickly, there is explosion, i.e. solutions go to
infinity (ore become otherwise ill-defined) in finite time. In this case, one can obtain only local
solutions.

Our next big result will be about the continuity of the solution map to RDE: for two RDE
Y, = f(Y)Xt and Y; = f(f/)Xt where only the rough path ,driving“ the RDE is different, the
distance of the solutions can be bounded by the distance of the rough paths plus the distance
of starting points. To make this theorem sufficiently powerful, we first need an a priori estimate
that tells us how large a solution to a RDE can at most get.

(4.52) A priori estimates
Let f € CF, and let Y be a solution of the RDE Y; = f(Y;) X, Yy = £&. Then
a) [S(Y)5] < 20F1E20Yarl
b) [RE] < I Flleg GIYal® + 1R
c) Set | X||an = sup{ﬁ\Xsﬂ : |t — s| < h}. Then there exists hy > 0, depending only on
I X1l and [[flcz, such that for all A < hg, we have
1/2 2

IR faan < 21V Nlan + 1/ ez IXN505 diag)

d) With c(a) = 23*((3a),
1Y lla < (2e(@) =" T (I fll oz 12X W)Y + WL flloz 1N, -

e) There exists a constant C’ depending only on || f{|c2, [| X||,,, @ and T such that [[Yx || x 2 < C".

Proof:
a) We have
fY)e: = DfYV)Y, = Df(Y,)YS = Df(Y,)Y{, + (Df(Y:) — Df (Y)Y
= Df(Y)f(Y)st + Df(Y)suf(Ys),
and so

FO)aal S UDFIENYael + 1D* Flloc| Yl flloo:
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which implies the claim.

b) We have
RIY) = f(V)sy — DF(Y)Y! Xy, = f(Y)sr — DF(Yy)Ysy + DF(Y,)RY,.

The first two terms on the right hand side are bounded by 1||D?f||c|Ys4|?, and the last one is
bounded by || D f|«|RY,|. This proves the claim.

c) We have

Ry, = Yo = YiXoo = [ F00)AX, = fV) X = SOy 1Y) Ko

~~

:Es,t

By (4.36 a), we find that for s,¢ with |t — s| < h, and with c¢(a) = 239¢(3a),
Ryl < (@) (1 X lanll BTV 20 p.diag +11F (V) lan | X 20,n.aing ) [t = s+ FIE2 1K ll20,h,aing |t — 51
By parts a) and b), we find
IR 20,1 ding < e )ho‘<||XHah||f||02( Y120+ IR (|20, diag) + 2||f||2q3||X||2a,h,diag||Y||a,h>
AT 1K 20, diag-
Now set ho = (2¢(a) | flcz I1X1l,,) =%, then for all h < hy we have

1 X |Jan 1 1/2 VIX][an _ 1
= and ()R] flloz X o hdiag < - <5
2] X1, 2 ol ahdes = X, 2

(@[ X lanllfllcz <
Thus,
1 1/2
IR [|20,h.diag < ||Y|| + IR ll20,n.aies + 1 2 10505 i 1Y e+ 1112 K0t
Subtracting 1||RY ||2a.n.diae On both sides and recognizing the perfect square gives the result.
2 h.diag

d) Set D = || fllcz | X|l,,- We have Y;; = f(Y;) X, + RY,, and thus

[0 C) (03 2
1Y o < [ f sl Xl + 1R [l2amdiagh® < D+ 20 (3]|Y |lan + D)7, (*)

for h < ho with hy from c). We define J := {h € (0, ho] : ||Y||a,r, < 2D} and note that by (x),
J # (. We claim that hy := supJ = hg. To see this, first note that h — g(h) := ||V ||lan is
continuous on (0, 7. Indeed, g is clearly monotone increasing, and for all § > 0,

g(h+5)<max{g( Sup{|t s;||a:h |s —t] < h+5}}
1
< max {g(h),ﬁsup{ﬂ/;,ﬁh] 0<s<T—h-4}
1
+ﬁsup{|}§+h,t|:0<s<t<T:0<t—(s—|—h)<5}}

<o)+ (3)"900)
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This shows continuity. Assume now that hy; < hg. Then [|Y||o.n, = g(h1) = 2D. Inserting this
into (*), we obtain the inequality

1
3D’
This means that h; > (8D)~'/. On the other hand, we have hy = (2c¢(a)D)~Y/*. It is not
hard to check (e.g. on the computer) that c(a) = 23*¢3* > 8 for all a (we only would need
1 < a < 3/2), which means that hg < (8D)~/*. This shows that h; = hy.

2D < D+8h{D* = A} >

Let now 0 < s <t < T. We set sy = s and choose n = Lt;—OSJ 0 points si,...,S, so that

s; — S;i—1 = hg for all i > 1. By the triangle inequality, we then have

Yeul < Z Yeisioa |+ Yol S0llY llanoh§ + 1Y llanolt — 5]
=1

< 2D<t}:—8h3 e —sl?) <200 s ((£) " +1).
0

Since hg ™" = (2¢(a) D)+ we arrive at
Y.t
jt— sl

The claim follows by taking the supremum over s # t.

< (20(&))(1_a)/aT1_aDl/a + D

e) For hy as in d), we have
Y

R
1B o < 1 g 500 { 7+ 11 =51 > o} < IRY s + g™ | B 1

[e7

T
< IR [l2a,hding + h2a(llYlla + 1 oo 1 X M) -

We now use part ¢) to estimate || R ||2a n.diag, producing a term [|Y]|,, which we estimate by
IY]|o. Now we apply part d) to both occurrances of ||Y||, and obtain the result. O

(4.53) Theorem
Let f € C3(W,L(V,W)), 1/3 < a<1/2; and set
={X ec((0,7],V) : | X|l, < M}.

Then there is a constant C' depending only on «;, || f HC,§7 M and T such that for all X, X € B,
the solutions Y, Y of the RDEs

Y= f¥)X,, Yo=¢
and ) )

Y/t:f(fft)Xt, Yo =¢,
satisfy the following two estimates:
a) dy 5 00(Yx, Yx) < C(|§ q +Pa(X 5()),
D) [V = Yo < O = & + pa(X, X)).



STOCHASTIC PROCESSES 125
Proof: We set
t
Z,=f(Y), Z=DfY)Y, and W= / Z,dX..
0
Since Y solves the RDE, we have W; =Y, — ¢, and Y, = f(Y;). We choose f(Y;) as a Gubinelli
derivative for Y — £ as well. Then R}, * = RY,.
We do the same for the quantities with the tilde. Then
dX,X,Qa(YX7 Y/X) = dX,X,Qa(YX - &, ?X - g)
then follows from the definition of rough path distance and from the equality R};; = R};t.
Let § > 0, we will later choose it small enough. Lemma (4.49) with 7' = 6 now gives
dy 520V, Vi) = dy 500 (W, W) < pal(X, X) (3¢(0)8°| Zx || x 20 + 2| Z5))
4000, X) (312 = 20 + 125~ Z3| 4 81+ [ X o + @)y 5 pulZx. Z5))
By Proposition (4.45), [[Zx||x2a is bounded by a constant only depending on | f|/¢z and
Vxllx 20 and |Z5] < [DfOO)ING] < [fllez|f (Yo)l < /1|2, By Theorem (4.52), [[Yx|lx 2

is itself bounded by a constant only depending on || f{|cz, [ X|,, @ and T', and thus the factor

multiplying po (X, X) only depends on these quantities. Turning to the quantities in the second
line, we have

Zy — Zy = Df(Yo)Yg — Df(Yo)Yy = Df(€)f(€) = Df(E)f(E),
and by the usual gh — §h = g(h — h) + (g — §)h trick, we find that
|Zo = Zg| < IDfllool £(6) = FE| + 1ol D) = DFE) < [IF Il — &I
By definition, ||Z' — Z'||o < dx % .20(Zx, Z3), and by Proposition (4.46),

dy % 2a<ZX7 ) < Cflles (6°* v 1) (pa(X, X)+ Yo — Yol + Yy - Yy + dx % 90(Yx, fo))

We have |Yp — Yo| = [¢ — €], and estimate |Yg = Yg| = [(€) = F(€)] < [|fllcy € — €] In summary,
we find two constants C, C> and Cs only depending on |[f{|cz, | X||,. o and T" such that
dXX2a<YX7 ) Clpa(X X) +02‘€ £| +C35adXX2a(YX7Y )
It remains to choose § such that C56% = 1/2 and rearrange, to find that on [0, d] we have
dy 520 (Yx, Y) < 2(Cipa(X, X) + Colé — £]). (*)
It remains to cover the whole interval [0, 7] instead of just [0, ¢]. For this, first note that the size

of ¢ only depends on Cj and thus only on the , allowed“ quantities. We have |V5 — Ys| < 6%(|Y —
Y|a.s, and by Lemma (4.38) and similar estimates as above, we have

1Y = Yllas < [ flloopa(X, X) + M Dflloclé = €] +6%(1 + M)dy 5 50 (Y, Y3),

where the controlled rough path distance is over the interval [0, §] and we therefore can bound
it by (*). We thus find that

Vs = V3| < Capa( X, X) + Cs5l¢ £,
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with constants C, and Cjs only depending on allowed constants. This enables us to choose Y
and Y as initial conditions for the RDEs on the interval [d,24], repeat the above estimates
(with the same constants as in the previous interval), and find that on [0, 26], we have

dX,X,2a(YX7}>)~() < 2<Clpa(X7 X) + C’Q‘g - é‘) + Z(Clpa<X7X) + C4pa(X7X) + C5|€ - é‘)

We only need to repeat this procedure a number of times that only depends on the allowed
constants, and thus obtain the desired estimate.

For part b), we use Lemma (4.38) and once more the estimate |Yy — Y| < [|Df|loo|€ — €. O

(4.54) Remark

Theorem (4.53) is probably the most important result in the theory of rough differential equa-
tions (and needs almost all of the theory we have developed so far). Why is it so important?

In many applications, a RDE of the type
Yi = f(Y) + g(V1) X,

is interpreted as a physical system that is perturbed by , random* noise: the idealized, noiseless
system would fulfil the ODE Y; = f(Y;), but the presence of the noise (X;) changes the
behaviour of the system - the factor g(Y;) just tells us how important the noise is at different
values of Y;.

The statement of Theorem (4.53) now says that two realizations of the ,random noise* (really:
two rough paths, that need not be and usually are not random at all) lead to very similar
solutions if the are similar in rough path distance. The last bit is really crucial: if we would not
introduce the second rough path component, there is no chance to obtain such a result e.g. for
Brownian rough paths. A corresponding negative result is cited in Friz/Hairer as Proposition
1.1. Apart from the intuitive appeal of the statement that ,similar perturbations lead to similar
solutions“, Theorem (4.53) will also be useful for rather quick proofs of important results - see
below.

It seems that all of the above results are limited by the requirement that f is uniformly bounded.
However, in many cases this can be circumvented: Assume that (as will be the case below) we
have a sequence X ™ of rough paths that converges to X in rough path distance. Consider the
RDEY, = f (Yt)X ., similar for Y. Assume that f € C?, but not bounded. Then the solution
Y will exist, possibly only on a (small) interval [0,77]. Since the solution is continuous, M :=
sup, < r |Y3| is finite. We can thus replace f by a bounded C®-function f so that f(§) = f(f)
for all |¢| < 2M. For this function, now all our theorems hold. In particular, the solution Y
of the RDE with f will be close to Y when n is large, and thus for all large enough n will fulfil
Sup; < 1 \Yt(n)\ < 3/2M. This means that it is equal to the solution for the original f, and we
have extended our approximation result to f.

(4.55) Theorem
Let f € C3(V, L(V,W)), B a Brownian motion, B" as in (4.20). a) For all w € Q, let Y (w) be
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the solution to the RDE

Ito

Yi(w) = f(Yi(w)) B, (w).
Then the random variable w — (Y;(w))sejo,r) is a strong solution of the SDE
dY; = f(Yt) dB,

in the sense of Definition (3.49). b) If B"® is replaced by B> above, then the solution Y of
the RDE is a solution of the stochastic Stratonovich differential equation

t
Yi=Yo+ [ 1Y) 0dB.
0

Proof: The only thing we need to show is that Y is progressively measurable. Then (4.39) and
(4.40) will ensure that the SDE hold in integral sense. We start with B5"**, Let B™ be the
piecewise dyadic approximations of Brownian motion as given in (4.30), then Theorem (4.31)
guarantees that p(B(”), B5"%) 5 0 as n — oo, P-almost surely. We immediately restrict our
probability space to the case where the convergence holds. By Theorem (4.53), the map

Ce([0,7],V) = C*([0,T],L(V,W)), X — the solution of the RDE Y; = f(¥;) X,
is locally Lipschitz, in particular continuous. Therefore the solutions Y™ (w) of the approximate

RDE Y, = f (Yt(n) )X in) converge to Y in C®. It is not hard to check that each Y™ (which
is really the solution of an ordinary differential equation) is progressively measurable, and thus
the limit is progressively measurable too. The claim thus follows in the case of B5"'. For B™°,

just use the formula B™"® = BSat 4 (t — s)I and proceed as above. O

(4.56) Theorem (Wong-Zakai; Clark; Stroock-Varadhan)
Let B be a Brownian motion, f € C¢, Y the solution of the Stratonovich SDE
dY, = g(Y;) dt + f(¥;) o dB,.
For each n € N and each w € 2, let Y be the solution of the random ODE
0y, (w) = gV (@) + F (@) B (w),

where B™ is the dyadic linear approximation of B, and we set 6’th") = (0 on the separating
points of the dyadic partition. Then for all o < 1/2,

lim [|Y (w) = Y™ (w)|a0 =0 P-almost surely.
n—oo

Proof: By Theorem (4.31), po(B™, B%) — 0 as n — oo, P-almost surely. By Theorem
(4.53), |Y = Y™, < Cpo(B™, B3*): the initial condition is the same for all n. This shows
the claim. O



