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Zusammenfassung

Die vorliegende Arbeit befasst sich mit der optimalen Steuerung hyperbolischer
Bilanzgleichungen mit schaltenden Steuerungen und Zustandsschranken. Diese
Thematik kann am Beispiel des Gastransports in Netzwerken motiviert werden.
Die mathematische Beschreibung des Gasflusses erfolgt durch die kompressiblen
Eulergleichungen, die ein gekoppeltes System hyperbolischer Bilanzgleichungen
bilden. Netzwerkkomponenten wie Verzweigungen, Ventile, Schieber und Verdichter
werden durch geeignete Knoten- bzw. Randbedingungen modelliert. Schaltende
Steuerungen, welche abrupte Anderungen der Steuerungsparameter beschreiben,
treten hier beispielsweise durch das Offnen und Schliefen von Ventilen auf. Ziel
ist die Optimierung der Druck- und Geschwindigkeitsverteilung des transportierten
Gases durch die zeitabhéingige Steuerung der Netzwerkkomponenten, wobei als weit-
ere Anforderung der resultierende Druck im gesamten Netzwerk innerhalb eines
gewissen Toleranzbereichs liegen muss. Dieser Bereich wird mathematisch durch
Zustandsschranken modelliert. Als weiteres Beispiel sei an dieser Stelle die Op-
timierung des Verkehrsflusses in Netzwerken genannt, der im LWR-Modell durch
eine skalare hyperbolische Bilanzgleichung beschrieben wird. Schaltende Steuerun-
gen treten hier in Form der Schaltzeitpunkte von Ampeln auf, durch deren Wahl
der Verkehrsfluss optimiert werden soll. Zustandsschranken treten in Form der
Forderung auf, dass in gewissen Bereichen die Verkehrdichte unterhalb eines fest-
gelegten Wertes liegen soll.

Die hier aufgezéhlten Beispiele fiihren jeweils zu einem Optimalsteuerungsproblem
mit hyperbolischen Bilanzgleichungen als Nebenbedingungen.

Die Frage nach der Existenz und Eindeutigkeit von Losungen hyperbolischer Bi-
lanzgleichungen auf unbeschrinkten Gebieten mit Anfangsbedingungen wurde berei-
ts in einer Vielzahl von Verdffentlichungen diskutiert. Die Schwierigkeit dieser
Fragestellung beruht darauf, dass selbst bei glatten Daten die Losungen nach
endlicher Zeit Unstetigkeiten ausbilden konnen, sodass nur die Existenz schwacher
Losungen erwartet werden kann. Da diese jedoch aufgrund der auftretenden Un-
stetigkeiten nicht eindeutig sind, wird unter dieser Vielzahl schwacher Losungen
die physikalisch sinnvolle Losung, welche durch den eindeutigen Grenzwert der
parabolischen Regularisierung gegeben ist, mittels geeigneter Entropiebedingungen
charakterisiert. Die Existenz und Eindeutigkeit solcher Entropielésungen wurde im
Fall skalarer Bilanzgleichungen weitreichend beantwortet. Betrachtet man Systeme,
so gibt es im Fall einer Ortsdimension entsprechende Resultate beziiglich der Ex-
istenz und Eindeutigkeit von Losungen, wobei der Fall mehrerer Ortsdimensionen
nach wie vor ein offenes Problem darstellt. Betrachtet man hyperbolische Bilanz-
gleichungen auf beschrinkten Gebieten, so stellt sich zusétzlich die Frage nach einer
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geeigneten Formulierung der Randbedingungen, die zu einem wohlgestellten Prob-
lem fithrt. Eine passende Formulierung wurde mittels Grenzwertbetrachtung der
parabolischen Regularisierung gewonnen, in welcher die Spur der Lésung nur am
Einstromrand mit den vorgegebenen Randdaten iibereinstimmen muss.

Die einfiihrenden Beispiele zeigen, dass neben der Frage der Existenz und
Eindeutigkeit von Losungen in vielen Anwendungen insbesondere die optimale
Steuerung der hyperbolischen Bilanzgleichungen eine wichtige Rolle spielt. Das
Auftreten von Unstetigkeiten in Entropielésungen fiihrt dazu, dass die Steuerungs-
Zustandsabbildung nur in sehr schwachen Raumen differenzierbar ist, sodass die Dif-
ferenzierbarkeit des reduzierten Zielfunktionals nicht durch Verwendung von Stan-
dardargumenten hergeleitet werden kann. Es wurden bereits einige Konzepte zur
Losung dieser Problematik entwickelt. Die bisherigen Ansétze fiir den Systemfall
setzen jedoch entweder starke Annahmen an die Losungsstruktur voraus oder sind
auf hyperbolische Erhaltungsgleichungen beschrinkt und nicht auf Bilanzgleichun-
gen erweiterbar. Daher beschréanken wir uns in der vorliegenden Arbeit auf skalare
Bilanzgleichungen in 1D.

Fiir diesen Fall wurde innerhalb der letzten Jahre in [69, 81] ein Sensitivitéts-
und Adjungiertenkalkiil entwickelt, wobei keine speziellen Forderungen an die
Losungsstruktur gestellt werden. Hauptwerkzeug ist dabei das in [81] einge-
fiihrte Konzept der Shift-Differenzierbarkeit. Es wurde gezeigt, dass die Kom-
position einer Reihe von Zielfunktionalen mit einer shift-differenzierbaren Funk-
tion Fréchet-differenzierbar ist. Auf Grundlage des von Dafermos entwickelten
Konzepts der verallgemeinerten Charakteristiken wurde in [81] die Losungsstruk-
tur von Entropielosungen mit beschrankter Variation analysiert. Unter Ver-
wendung dieser Struktur wurde im Anschluss die Shift-Differenzierbarkeit der
Steuerungs-Zustandsabbildung und somit die Fréchet-Differenzierbarkeit des re-
duzierten Zielfunktionals nachgewiesen. Diese Ergebnisse wurden in [69] auf
Anfangs-Randwertprobleme erweitert.

Unter Verwendung des in [69, 81] entwickelten Sensitivitdts- und Ad-
jungiertenkalkiils sollen in der vorliegenden Arbeit notwendige Optimalitédtsbedin-
gungen fiir Probleme mit skalaren hyperbolischen Bilanzgleichungen und punk-
tweisen Zustandsschranken hergeleitet werden. Hierbei stellen die punktweisen
Zustandsschranken eine besondere Herausforderung dar. Der Grund hierfiir liegt
unter anderem darin, dass die bendétigte Constraint-Qualification Stetigkeit der
Steuerungs-Zustandsabbildung nach L*° voraussetzt. Aufgrund der Unstetigkeiten
in der Entropielésung ist dies jedoch nicht gegeben. Mithilfe der besonderen
Struktur von BV-Entropielésungen, welche bereits zur Herleitung der Shift-
Differenzierbarkeit eine Schliisselrolle spielte, werden in der vorliegenden Arbeit
neue Zustandsvariablen eingefithrt. Unter Verwendung dieser neuen Variablen wer-
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den in einem ersten Schritt notwendige Optimalititsbedingungen hergeleitet. Da
es sich bei den Lagrange-Multiplikatoren um Mafe handelt, ist die Berechnung
einer Losung des Optimalitdtssystems sehr kompliziert. Daher soll in einem zweiten
Schritt der Moreau-Yosida-Regularisierungsansatz zur Behandlung der Zustandss-
chranken diskutiert werden. Aufbauend auf einer Reihe von Vorarbeiten zu dem
elliptischen und parabolischen Fall soll fiir das in dieser Arbeit betrachtete Opti-
malsteuerungsproblem eine Konvergenzanalyse der Moreau-Yosida-Regularisierung
durchgefiihrt werden.
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CHAPTER

Introduction

The present thesis deals with the optimal control of hyperbolic balance laws with
switching controls and state constraints. This is motivated by the example of gas
transport in networks, where the gas flow is described by the solution of the com-
pressible Euler equations which form a coupled system of hyperbolic balance laws.
Network components like junctions, valves, compressor stations are modeled by
appropriate node and boundary conditions, see, e.g., [6, 25]. Fast changes of param-
eters between different modes, e.g., the opening and closing of valves, are charac-
terized by the term switching controls. The goal is to optimize the gas flow in the
network through the time-dependent control of the network components such that
in addition the pressure and velocity lies within lower and upper bounds. These
bounds are mathematically described by state constraints.

Another motivation for the problem considered in this thesis is the optimal control
of traffic flow, see, e.g., [36, 69]. The traffic flow is mathematically described by the
so-called LWR-model which is named after Lighthill, Whitham and Richards who
developed this model in [56] and [74]. The optimal control problem in [69] consists of
choosing the switching times of a traffic light such that the resulting traffic density
distribution is optimal with respect to the considered cost functional, see also [71].
The switching of the traffic light corresponds to the opening and closing of a valve
in a gas network and can be considered as a switching control. If the traffic density
is required to stay below a certain value on some parts of the road, we again have
to deal with state constraints.

As we can see, both examples lead to an optimal control problem involving switch-
ing controls, state constraints and hyperbolic balance laws. In general, a balance law
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is a partial differential equations of the form
d
e+ Y (£iW)e, = g(t,z,y)  on Qp =)0, T[xQ, (1.0.1)
i=1

where Q C R4, f1,..., fs: R? — RP and g : [0, 00[xR?xRP — RP. In the following,
we say that (1.0.1) is hyperbolic if for all v = (v1,...,v4) € R? with |[v|l2 = 1 and
all v € RP the matrix

d
Av,u) = Z v;D fi(u)

has p real eigenvalues and is diagonalizable. If in addition the eigenvalues all have
distinct values, then we call (1.0.1) strictly hyperbolic, cf. [51].

If g = 0, then we say that (1.0.1) is a conservation law. For the case that p = 1,
(1.0.1) is called scalar balance law, for p > 1, (1.0.1) is a system of balance laws,
respectively. One can easily see that scalar balance laws are always strictly hyper-
bolic.

Solutions to partial differential equations of type (1.0.1) can develop discontinu-
ities, so-called shock-curves, even if one considers smooth data, see, e.g., [47, 51].
Therefore, classical solutions fail to exist on the whole time interval such that one
has to consider weak solutions, which are due to the shock-curves in general not
unique, see for example [49]. In order to solve the problem of this nonuniqueness,
Lax, Kruzkov and Oleinik introduce in [49, 47, 67] admissible conditions that sin-
gle out the physically relevant entropy solution, which is obtained by the so-called
vanishing viscosity method, see [42]. The authors consider initial value problems,
i.e., Q@ = R? and (1.0.1) is endowed with initial conditions. In [50], Lax derives an
explicit formula for the solution of scalar hyperbolic conservation laws. Considering
scalar balance laws, Kruzkov proves existence and uniqueness of entropy solutions.

In [7], Bardos, LeRoux and Nédélec examine scalar hyperbolic balance laws on
bounded domains. Using the vanishing viscosity method, the authors derive a proper
formulation of Dirichlet boundary conditions, which are firstly only well-defined for
functions with bounded variation. The theory of Bardos, LeRoux and Nédélec is
extended to the L*°-setting in [68, 59]. Moreover, Otto proves in [68] that this
formulation is equivalent to the one derived in [7] as long as the solution admits
boundary traces. In [23], Coclite, Karlsen and Kwon show the existence of such
boundary traces under additional assumptions, see also [84].

For the case of systems of one dimensional hyperbolic balance laws on unbounded
domains, there are several publications on the existence and uniqueness of entropy
solutions, see, e.g., [1, 12, 13, 14, 28, 29]. The case of systems with d > 1 in (1.0.1)



is still an open problem. In order to compute entropy solutions, there are a variety
of numerical schemes for hyperbolic balance laws, see, e.g., [44, 54, 66, 85].

As we have seen, there is a high number of contribution to the question of existence
and uniqueness of solutions to (1.0.1). Nonetheless, the motivating example of gas
networks shows that beyond the question of existence and uniqueness, the optimal
control of hyperbolic balance laws is an important issue which has been discussed by
many authors in the recent years, see e.g., [3, 8, 10, 15, 18, 21, 22, 26, 27, 36, 52, 70,
81, 78]. For problems without state constraints, the existence of optimal solutions
is proved for example in [3, 4, 27].

In order to compute such an optimal solution with e.g., some descent method, one
needs the gradient of the reduced cost functional. However, due to the shock-curves
appearing in the solutions to hyperbolic balance laws, the corresponding control-to-
state mapping is not differentiable to L', see for example [16, 15, 10], such that one
cannot use standard methods to deduce the Fréchet-differentiability of the reduced
cost functional.

There are several authors who developed different methods to cope with
this problem. In the following, we list some of these methods and examine
the underlying assumptions. Bressan and Marson introduce in [17] so-called
generalized tangent vectors yielding an approximation in L! of the control-to-state
mapping, see also [16, 18]. These generalized tangent vectors consists of the sensitiv-
ities of the smooth parts and of the shock-curves. The authors require the solution
of the hyperbolic balance law to be piecewise smooth and only allow variations of
the control which preserve the structure. In [55], it is proved that these requirements
on the structure hold locally if one considers generalized Riemann problems. The
variational calculus which is developed in [10] does not require piecewise smooth
solutions, but is only valid for the case of conservation laws and seems not to be
extendable to balance laws.

Since we want to examine hyperbolic balance laws with g #Z 0, the analysis in the
present thesis builds up on the notion of shift-differentiability which is developed
by Ulbrich in [81] and implies the Fréchet-differentiability for the considered cost
functional, see also [82]. These results are based on the structure of solutions with
bounded variation. This structure is analyzed in [81] by using the concept of gen-
eralized characteristics of Dafermos in [31]. Moreover, Ulbrich derives an adjoint
representation of the gradient of the reduced cost functional. In [69], Pfaff extends
these results to scalar hyperbolic balance laws on bounded domains, see also [70, 71].

Apart from the difficult issue concerning the differentiability of the control-to-state
mapping, also the treatment of the pointwise state constraints poses some challenges.
The goal of the present thesis is to combine the concepts of [69, 81| with those that
were developed for the analysis and approximation of optimal control problems with
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pointwise state constraints. The latter concepts are based on [19], where Casas con-
siders a quadratic problem for elliptic equations and pointwise state constraints.
He derives optimality conditions where the Lagrange multipliers turn out to be
measures. In [20], the authors consider an elliptic problem where in addition to
the pointwise state constraints also gradient constraints are included. In [72, 73],
optimal control problems for parabolic equations with pointwise constraints are dis-
cussed and necessary optimality conditions are derived. One method to approximate
a solution of this optimality system is the so-called Moreau- Yosida reqularization,
which is first introduced by Ito and Kunisch in [43], see also [9]. This approach is
applied to elliptic problems, e.g., in [62, 63|, to parabolic problems in [64] and to
the Navier-Stokes equations in [32]. Moreover, primal-dual path following concepts
in connection with the Moreau-Yosida regularization are discussed in [37, 38, 39].
This approach can in addition be used for the treatment of problems with gradient
constraints, see, e.g., [38] or [86]. In the present thesis we apply this regularization
method to optimal control problems with hyperbolic balance laws and pointwise
state constraints. Besides the Moreau-Yosida regularization there are also alterna-
tive approaches like for example the virtual control concept which is proposed in [46]
for the regularization of a linear elliptic problem with pointwise state constraints.
Moreover, the authors in [61] propose a Lavrentiev type regularization. This con-
cept is discussed in [40] for elliptic optimal control problems and in [65] for parabolic
problems.

The first aim of this thesis is to derive necessary optimality conditions for optimal
control problems with hyperbolic balance laws and state constraints. In a further
step, we approximate the corresponding optimality system by using Moreau-Yosida
type regularizations. This leads to the second aim of this thesis, namely finding
the answer to the question in which sense the optimality systems of the regularized
problems converge to the one of the original optimal control problem with pointwise
state constraints. This is very challenging since the shock-curves appearing in solu-
tions of hyperbolic balance laws prohibit the use of standard methods to derive the
Fréchet-differentiability of the underlying cost functional. Furthermore, since we
consider state constraints, the solution of the hyperbolic balance law must at least
have L*°-regularity in order to assure that a Robinson type constraint qualification
is possible to be satisfied. However, due to the shock-curves, the control-to-state
mapping to L™ is not even continuous. To cope with these problems, we use the
concepts developed by Pfaff and Ulbrich in [69, 81].

This thesis is organized as follows: In Chapter 2, we introduce the notation as well
as some basic definitions and results which are used in this thesis. In Chapter 3, we
first recall some results on the existence, uniqueness and stability of entropy solutions
on bounded domains. Moreover, we introduce the optimal control problem and use



the concepts of [69, 81] to derive the Fréchet-differentiability of the reduced cost
functional. Following the ideas of [71], the sensitivity and adjoint calculus developed
in [69, 81] will be extended to the case that the shifting of rarefaction centers in
the initial and boundary data is allowed. Building up on these results, we derive
necessary optimality conditions for the state-constrained problem in Chapter 4.
Although there are various contributions discussing optimal control problems with
pointwise state constraints, to the best of our knowledge the present work is the
first attempt to derive optimality conditions for problems governed by hyperbolic
balance laws and pointwise state constraints.

In Chapter 5, we will apply the Moreau-Yosida regularization approach to the
state-constrained optimal control problem and prove that the regularized problems
converge to the optimal control problem with state constraints. As already men-
tioned, this approach has already been discussed by several authors. But to the best
of our knowledge, this is the first work analyzing Moreau-Yosida regularization for
problems governed by hyperbolic balance laws.

In the last chapter, we will give a summary of the main results in this thesis and
give a brief outlook to possible extensions.

We note that a paper dealing with the results of this thesis is in preparation and
will appear soon as a joint work with Stefan Ulbrich.






CHAPTER 2

Notation, definitions and basic
results

The basic notation, definitions and results that are used in the present thesis are
introduced in this chapter. Most of the definitions and notations are also used in
[69] and [81]. The current chapter is organized as follows: In §2.1, we introduce
the basic notation. The definitions of Banach spaces and Hilbert spaces as well
as some basic results are provided in §2.2. In §2.3, we give an overview of some
classical function spaces that are used in this thesis. In §2.4, the basic definition
of distributions and the concept of distributional derivatives are introduced. The
definitions of Borel and Radon measures are collected in §2.5 and the last section of
this chapter is concerned with the concept of functions with bounded variation.

2.1 Notation

Let d € IN. Then we define:

d
o ol = 3 fox] - forallz € R¢

[ d
o x|, = kzl z?  for all x € R?

d
e x-y:=> mpy, forallz yecR?
k=1

Considering a set Q C R?, we introduce the following notation:
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e int 2: Interior of 2
e Q°l: Closure of

e The indicator function:

1 ifzreQ
1o : R — {1,0}, :c+—>]lQ(x):{ et

0 else.

Let ¢ : R? — R denote a function and A C R¢ some subset of R.
e ©|a: Restriction of the function ¢ to the set A
e suppp = {z € R?: p(z) # O}C]
We consider a function ¢ : R — R. Provided that the following limits exist, which

holds for example if ¢ € BV (I), where the space BV (I) will be introduced later,
we use the following notation:

¢ o) = i o(e), 9(@+) = lim o)
o [p(2)] = p(z—) — p(z+)
e I (a,f) = [min(e, 8), max(c, 8)]

(cf. [69, §2])

2.2 Normed spaces, Banach-spaces and Hilbert
spaces

The definitons and results that are stated in this section can be found for example
in [41, Ch.1]. See also [88], [75] and [76].

Definition 2.2.1 (Banach spaces). Consider a real vector space X and a mapping
Il : X — [0,00] such that the following is true:

() lzlx =0 <= 2=0,

(it) Azl = Alzl|y VzeX,AeR,
(i) flz +ylx < llzllx +yllx-
Then we call (X, ||-||x) a normed space.

If (X, ||llx) is in addition complete, i.e., every Cauchy sequence (Ty),cny C X
has a limit x € X, then we say that (X, ||| y) ¢ a Banach space.

For normed spaces X and Y, the canonical norm on the cartesian product X XY
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s given by

1@, D)y = 2l x + [1ylly -

Definition 2.2.2 (Hilbert space). Suppose that for a real vector space H and a
mapping (-, )y : H x H — R it holds that

(i) (w,v)y = (v,u)y VYu,ve€H,
(i) for allw € H the mapping H 3 v — (u,v)y is linear,
(111) (u,u)y =0 <= u=0 and (v,u)y >0 Yue H.

Then we call (-,-)y an inner product and the vector space (H,|-||;), where

Il =/ ) ms

a Pre-Hilbert space. If (H, ||| ;) is in addition complete, then we say that (H, ||-|| ;)
is a Hilbert space.

Definition 2.2.3 (Dual space). Consider a Banach space (X, ||| y) and define
X*={f: X = R: f is linear and bounded} .

We call the elements of X* the linear functionals on X and the Banach space
(X*, Il x«) the dual space of (X, ||| x), where

"] x- = sup |z"(x)].
]l x =1

For x* € X*, we finally introduce the so-called dual pairing

(%, 2) 5« x =2"(x) VzeX.
We say that a sequence (1) ,cy C X converges weakly to some T € X, i.e., v, — T,
if

A (@ 2p) o x = (2", T)y- x V2" € X"

Finally, we say that a sequence (z}) C X* converges weakly-* to some T* € X*,

keN
. * _ .
e,z =T, if

lm (2}, 2) v« x =(Z",2) . x VreX.
k—o0 ) ’

Theorem 2.2.4 (Riesz representation theorem). Let (H, |-||;;) be a Hilbert space.
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Then for all f € H* there exists a unique uw € H such that
F0) = (w,0)5
holds for allv € H and || f|| ;. = ||ull;;. Moreover, for all w € H the mapping
H>ve— (u,v)y €R
s an element of H*.

Definition 2.2.5. We call a normed space (X, ||-|| ) separable if it contains a count-
able dense subset.

A proof of the following result can be found in [58, Theorem 5.10.1].

Theorem 2.2.6 (Sequential Banach-Alaoglu theorem). Consider a separable
normed vector space (X, ||-||x) and denote by (X*,||-|| x.) the corresponding dual
space. Then every bounded sequence (xZ)kG]N C X* contains a subsequence that
converges weakly-* to some z* € X*.

2.3 Classical function spaces

In this section, we will introduce some classical function spaces that will be used in
this thesis, cf. [41, §1]. See also [79], [75], [76] and [88].

2.3.1 Lebesgue spaces

Considering a set 2 C R? with 1 < p < oo, we introduce the function spaces

LP(Q) = {f : © — R measurable : || f[|, o = (/ |f(x)P da:) "< oo} :
Q
Furthermore, we define the space
L2(Q) = {f : = R measurable : || f]|_ o = esssup |f(z)] < oo} .
’ €N

Remark 2.3.1. The spaces above are, strictly speaking, no normed spaces since
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there are measurable functions u € L£P(€2) with [|lul[, o = 0 but u(z) # 0 for some
x € Q). Therefore, the Lebesgues spaces are defined by the equivalence classes

LP(Q) = LP()/ ~,
where the equivalence relation is given by
u~v = fu—vl, =0 <= u=v aeonfd (2.3.1)

We note that the last equivalence in (2.3.1) is well-known, see, e.g., [41]. For p €
[1, 0], the norm of the Lebesgue spaces can alternatively be denoted by

Il o) = Ml -
Furthermore, we define the function spaces

LP

e (@) =={f : @ = R measurable : f € L(K) for all compact K C Q}.
Next, we will collect some basic properties of Lebesgue spaces, see, e.g., [41]:

Theorem 2.3.2 (Fischer-Riesz). Let Q C R, then for all p € [1,00] the spaces
LP(Q) are Banach-spaces and L?(SY) is a Hilbert space with inner product

(1920 = L0z = [ F)gle)da.

Theorem 2.3.3. For 1 < p < oo the Banach-spaces LP () are separable.

Theorem 2.3.4. Let @ C R? and p,q € [1,00] be chosen such that

1

p

=1 (2.3.2)

1
q
is valid. Then for all u € LP(Q) and v € LY(Q) Hélder’s Inequality holds

w € L'(Q)  and Juvlly o < llull,qllvll.q-

In addition, for p € [1,00[ the dual space (LP(Q)*, ||-||L,,(Q)*> can be identified with
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(Lq(Q), ||~||LQ(Q)) via the isometric isomorphism

LIQ) v u® € LP(Q),  where (u*,u) ooy o) = / u(z)v(z) de
Q

and q €]1,00] is chosen such that (2.3.2) is satisfied.

2.3.2 Spaces of continuous and continuously differentiable
functions

For Q C R¢, we introduce the function space
C(Q)={f:Q2—R: fis continuous} .

We note that for bounded sets Q the space (C’(QCI), ||~HC(QC1)) is a Banach space
with

1flle ey = sup [f(z)].
el
Furthermore, for an open set Q C R¢ we introduce the function spaces

CHQ) ={f: Q> R:DfeC(Q) for || <k},

d
where 3 := (B4, ..., 4) € Nd denotes a multi-index with |3| = > Bk and
k=1

Dﬁf(x) _ 3|ﬁ|f

B Oxy*...0xY"
For an open and bounded set 2 C R? and some k € INy we introduce

cr Q) = {re C*(Q) : DP f has a continuous extension to Q! for |3| < k} .

We observe that the spaces (C’k (Qh, H~||Ck(9d)) are Banach-spaces with

[ fller ey = Z ||DﬁfHC(ch)'

|BI<k
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Considering the function spaces C*(€2), we further introduce the function spaces
CrQ) = {re C*(Q) : f has a compact support in Q}.
Finally, we define the function spaces

C>(Q) =[] CHQ)

keN

and
C(Q) ={f € C(Q) : f has a compact support in Q}.

Considering a closed interval [a,b] C R, k € IN and some points a = zyp < 21 <
. < Zp, < Tp,4+1 = b, we introduce the set of piecewise k- times continuously
differentiable functions:

PCHM(Lixy,...,xn,) = {f: I =R flig 12 € CP([mic1,2]) Vi=1,...,n, +1}.

2.3.3 Holder spaces

Let o €]0,1] and k& € IN. Then we introduce the so-called Hélder spaces by

che @) = {f € CHOY) I gty < o0}

where

|DPf(x) — D7 f(y)|
||f|| k,a(Qcl) +— Hf” k(Ocly T sup =
Ck.e(Qel) CF(Qel) |ﬁ|z—k z,y€eN z#y ||$ — y||2

We note that for bounded 2 C R? the spaces (C’“‘X(Qd)7 ||'Hck,a(Qc1)) are Banach-
spaces.
2.3.4 Sobolev spaces

Next, we introduce the so-called Sobolev spaces. To this end, we firstly introduce
the concept of weak derivatives:

Definition 2.3.5. Let Q C R? be an open set and consider some f € Li (). If
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there exists a function g € Li (Q) such that
[ gode= (0P [ 1Dds voe @)
Q Q

holds true, then DP f .= g is called the B-weak partial derivative of f.

Using this definition, we can introduce the Sobolev spaces as follows:

Definition 2.3.6. Consider an open set Q@ C R, k € Ny, p € [0,00] and k € IN.
Then we define the space

WhP(Q) == {f € LP(Q) : f has weak derivatives DPAf e LP(Q) for all |B| < k}.

Introducing the norms

H.f“Wk-,P(Q) = Z HDﬁfHZ;p(Q) , b€ [1700[
[BI<k
and | fllyeniey = Y 1D fll w0y -
|B|<Ek

we note that the spaces (Wk*p(Q), ||~||Wk,p(9)) are Banach-spaces for p € [0, o0].
Moreover, H*(Q) := W*2(Q) is a Hilbert space with inner product

(f,Dpr@ = Z (DvaDﬁg)m(Q)'
|8]1<k

2.3.5 Fractional Sobolev spaces

Now we want to generalize the Sobolev spaces introduced in the last subsection and
obtain the so-called fractional Sobolev spaces, see for example [79] or [33] :

Definition 2.3.7. Consider an open set Q C R? and fix some fractional exponent
s €]0,1[. Then for any p € [1,00[ we define the fractional Sobolev space

wer() = fe @) LW =IO g o g

—TS$s
= ylls
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which is endowed with the norm
1
_ D P
ey = ( [ 1f@pas+ [ [LE=T0 azq,)
o alo |z —ylly""
For m € N, we finally define the space

WeEmP(Q) = {f e W™P: DPf e WP(Q) for any B with |B| = m}

which is endowed with the norm

1 lwesmay = | 1 Tmaioy + 2 1P fleno
[B]=m

Remark 2.3.8. The function spaces that are introduced in this section are spaces
of real-valued functions. These spaces can be generalized to Banach space-valued
functions f : @ — X, where (X, ||||y) is a Banach space. Then we denote for
example the space of continuous functions f: Q@ — X by C'(; X).

2.4 Distributions

The definitions that we introduce in this section can be found for example in [77,
Ch.7].

Definition 2.4.1. Let Q C R? be an open set. A linear functional T on C(Q) is
called a distribution on Q, if for every sequence (f),cn C C2°()satisfying

(i) supp fr C K C Q, where K is compact and does not depend on k,
(i1) HD'BkaOQQ — 0 for k — oo is walid for all B with |8] >0,

it holds true that T'(fx) — 0.
In addition, we define the space of distributions on € by

D'(Q) = {T is a distribution on Q} .
Finally, we introduce the concept of distributional derivatives:

Definition 2.4.2. Let Q C R be an open set. In addition, consider a distribution
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T € D'(Q) and a multi-index 3 € N&. Then the derivative DT is defined by

DT . o= (-1)FIT.DPyp, e C>N).

2.5 Borel and Radon measures
The following definitions and results can be found for example in [87, Ch. 4]. See
also [48] and [34].

Definition 2.5.1. Let K C R be a compact set and denote by By the Borel o-
algebra on K.

(i) A measure i : Bx — [0,00] on (K,Bg) is called a Borel measure on K. We
call p reqular, if for all A € By it holds true that

w(A) =inf {u(0) : A C O,0 open}
and  p(A) =sup{u(C):C C A,C compact} .

(ii) A regular Borel measure p on K satisfying p(K) < oo is called a
Radon measure.

(iii) A signed measure
w: Bg —] — 00, 00]

on (K,Bg) is called a signed Radon measure if its positive part p* and its
negative part p~ are both Radon measures on (K,Bg). We finally define the
space

M(K) ={p:Bx — R: pis a signed Radon measure}
and the total variation of u by
il Bic = [0,00, A |l (A) = (A) + u~(A). (2.5.1)
The following result is known as Riesz representation theorem:

Theorem 2.5.2 ([87], Ch.4, §19, Thm. 19.54. and Thm. 19.55.). Consider the
Banach space (C’(K), ||-||C(K)>, where K C R? is a compact set. Then for every
linear functional A € C(K)* there exists a unique signed Radon measure u € M(K)
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such that

N Hewyom = /Kf(a:) du(z)  for every f € C(K) (2.5.2)
holds true and || Al|¢ gy = |p| (K). Finally, the dual space (C(K)*a H'HC(K)*) can
be identified with (M(K), ||-||M(K)) via (2.5.2).

In the next theorem, we will provide a transformation formula which can be found
in [34, Ch.V, §3, (3.1)].

Theorem 2.5.3. Consider a measure space (X,Bx,u) and a measurable space
(Y,By). For a measurable mapping t : X — Y, we define the pushforward mea-
sure

t(p)(B) == u(t 1 (B)) for all B € By. (2.5.3)

Then a By -measurable function f :Y — R is t(u)-integrable on Y if and only if
f ot is p-integrable on X. In this case, it additionally holds true that

/det(u)=/xfotdu~

2.6 Functions of bounded variation

Definition 2.6.1. Considering an open set Q C R% and a function f: Q — R, we
say that f has bounded variation if f € L*(Q) and [ fll 7y, < oo with

1fllryo = sup { [ sive)ax: o € CHORY, Il < 1} |

In addition, we define the norm ||| gy = "Il o + Ill7v.q and introduce the set

BY(@) = {10 =R ||fl e < o0}

Theorem 2.6.2 ([5], Thm.10.1.1.). The space BV (Q) equipped with the norm
||-||BV’Q is a Banach space.

Theorem 2.6.3 (|5, Thm.10.1.4.). Let Q C R? be an open and bounded set with
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Lipschitz boundary. For all p satisfying 1 < p < d%l1 the embedding
BV (Q) — LP(Q)
18 compact.

Theorem 2.6.4 ([5], Thm. 10.2.1.). Let © C R? be an open and bounded set
with a Lipschitz boundary T and denote by H?~! the (n — 1)-dimensional Hausdorff
measure. Then there exists a linear continuous mapping

Yo : BV(Q) = Lju-a (D)
satisfying
Yo(u) =ulr  for allu € C(Q) N BV (Q).

Furthermore, Green’s formula holds
Vo € CHOQLRY) / ¢-Vudr = —/ udive dx + / Yo(u)g - vdHITL,
Q Q r

where v(x) denotes the outer unit normal at He~'-almost all z € T.

The following result is a corollary of Theorem 2.6.4 and can be found in [69]:

Corollary 2.6.5 (|69], Cor. 2.2.10). Consider some functions f € C1(R), y €
BV(Q) and p € C%Y Q) for some open and bounded set Q C|0,T[xR with a
Lipschitz boundary T'. Then it holds true that

/ p(t,z) (ye + f(y),) dedt =/ ype + f(y)p. dredt
Q Q

+/Fp(y-V1 + f(y) - 1) dH".



CHAPTER

Optimal boundary control of
hyperbolic balance laws

Chapter 3 is concerned with the analysis of optimal control problems governed by
hyperbolic balance laws with initial and boundary conditions and state constraints.
The main goal of this chapter is to prove continuous Fréchet-differentiability of the
reduced cost functional and to derive an adjoint representation of the corresponding
gradient.

In §3.1, we introduce a suitable notion of solutions to hyperbolic balance laws with
initial and boundary conditions. Furthermore, we discuss the existence, uniqueness
and L{ -stability of solutions. We note that the definitions and results of §3.1 can
be found in [69, §3.1.1], see also [70] and [81]. We first show existence, uniqueness
and stability of solutions in the L*>-setting. Then we consider BV -solutions whose
existence can be ensured under stricter assumptions. The setting of functions with
bounded variations allows us to apply Dafermos’ theory of generalized characteristics
in §3.2.

The goal of §3.2 is to analyze the structure of BV-solutions to hyperbolic bal-
ance laws with initial and boundary conditions. Using the concept of general-
ized characteristics also the behavior of the solution near the boundary of the
space-time cylinder can be examined. The results of this section can be found
in [69, §3.1.3] where the results of [81] are extended from initial value problems to
initial-boundary value problems. For further reading, see also [70] and [71].

In §3.3, we introduce the underlying optimal control problem and state the ba-
sic assumptions. Due to the shock-curves appearing in solutions of hyperbolic
balance laws, the derivation of the continuous Fréchet-differentiability of the re-
duced cost functional is nontrivial. Therefore, we introduce in §3.4 the concept of

19
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shift-differentiability of the control-to-state mapping which is developed in [81], see
also [82]. A useful feature of this concept is the fact that it implies the Fréchet-
differentiability of the reduced cost functional.

The main results of Chapter 3 are presented in §3.5. One of them is the continuous
Fréchet-differentiability of the reduced cost functional, which can be derived by using
the concept of shift-differentiability. The second important result is the derivation
of an adjoint representation for the gradient of the reduced cost functional. To this
end, we analyze in §3.6 the corresponding adjoint equation, introduce a suitable
notion of a solution and show existence, uniqueness and stability. These results can
be found in [81, §4.2], see also [11].

In §3.7, we prove the main results stated in §3.5. These proofs are based on
the concepts that are introduced for initial value problems in [81] and extended to
initial-boundary value problems in [69]. The results in this thesis are an extension
of those in [69] to the case that the shifting of rarefaction centers is allowed.

3.1 Notion, existence and uniqueness of solutions of
hyperbolic balance laws

Let © :=]a, b[C R with —co < a < b < oo denote a spatial subset of R and |0, T[C
[0,00) with 0 < T' < o0 a bounded time interval. Defining the space-time cylinder
Q7 :=]0, T[x, we consider hyperbolic balance laws of the form

ye + f(y), = 9(,y,u1) on Qr, (3.1.1)

where f : R — R denotes the so-called flux function and g : [0, c0[xRxRxR™ — R
the source term. The aim is to find a unique solution of (3.1.1) which satisfies a
given initial condition

y(0,-) = uo(-) onQ
and boundary conditions

y(yat+) =up ()" on]0,T[ (if a > —c0),
"y(-,b—) =upp(-)” on]0,T[ (if b < c0).
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If a = —oc0 and b = 0o, then the boundary conditions are omitted and we only have
to deal with the initial value problem (IVP)

yt"’f(y)m:g('ryvul)v on QT7
y(0,-) = uo(") on §.

This chapter is concerned with finding a notion of a solution such that the
initial-boundary value problem (IBVP), which is given by

ye + f(y), =90 y,wm) on Qr, (3.1.2a)
y(0,-) = uo(-) on Q, (3.1.2b)
"y(- a+) = up.a(-)” on]0,T[ (if a > —o0), (3.1.2¢)
"y(-,b—) =upp(-)” on |0, T[ (if b < c0), (3.1.2d)

is well-defined under suitable assumptions. In particular, we have to make clear in
which sense the initial condition (3.1.2b) and the boundary conditions (3.1.2¢) and
(3.1.2d) are supposed to hold. To this end, we first need some basic assumptions,
which are similar to those in [69]:

(A1) Let the flux function satisfy f € C2_(R) and be uniformly convex, i.e. there
exists a positive constant m ¢~ > 0 such that f”” > my». Concerning the source
term, we assume that g € L>(]0, T[xR; C2} (R x R™)) and that for all M > 0

loc
there exist positive constants C; and Cy such that

g(t,z,y,u1)sgn(y) < C1 + Caly|

is valid for all (¢, z,y,u1) € [0,T] X R x R x [-M, M|™.
The results and definitions that will be presented in this chapter are basically a brief
collection of the results in [69, §3.1.1]. It is well-known that solutions of hyperbolic
balance laws develop discontinuities after finite time even for smooth data, as we
can see in the following example that can be found in [12, Example 1.4]:

Example 3.1.1. We consider a pure initial value problem, i.e., the case that a =

—o0 and b = co. Furthermore, let the flux function be given by f(z) = % and the
source term be equal to zero. Then the corresponding IVP reads

y2
Yt + (2) - O on QTy

(3.1.3)

y(0,2) = up(x) = on (.



22 Chapter 3. Optimal boundary control of hyperbolic balance laws

Supposing that there exist a classical solution of (3.1.3), the author in [12] shows
by using the method of characteristics that this solution is implicitly given by

y <t, - t) — up(z) = — (3.1.4)

1422 :1—|—z2'

From (3.1.4) we can deduce that y is constant along the curves

t
and hence y(t, z) is given by
(t.2) = uo(=(t,2)) = -
y ) - 0 I 71+Z(t,fl))2’

where z(¢, z) denotes the solution of the equation

r=z+ (3.1.6)

1+ 22
in terms of z. This equation is uniquely solvable for all (t,z) € [0,#[xQ with
t = 8/+/27, but when t > £, the curves defined in (3.1.5) start to intersect and hence
(3.1.6) does not admit a unique solution anymore. Thus, a classical solution can
only exist on [0, £[x €.

Example 3.1.1 shows that we have to consider weak solutions. This means that
we are interested in solutions y satisfying (3.1.1) in the sense that

v+ f(), =9(,y,u1) inD (Qr). (3.1.7)

However, since weak solutions of hyperbolic balance laws are in general not unique
due to the existence of shocks (see, e.g., [12]), we have to single out the physically
meaningful solution. This solution can be characterized by the limit y* — y for
€ — 0, where y° is given by the solution of

ye + f(y), = 90y, 1) + Yo, on Qr, (3.1.8a)
y(0,-) = uo() on Q, (3.1.8b)
y(-,a+) =up,qa(-) on 0,7 (if a > —00), (3.1.8¢)
y(-,b—) =up,() on |0,T[ (if b < 00), (3.1.8d)
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cf. [12, 7]. This method is called the wanishing viscosity method and (3.1.8) is
the so-called parabolic regularization of (3.1.2). There are several ways to char-
acterize this limit solution. In order to find a characterization being convenient
for our setting, we will first have a look at the IVP, i.e., it holds that a = —o0
and b = oco. In this case, one can characterize the limit solution by using the
so-called (Kruzkov-) entropy pair (1., q.), where 1n.(A) := |A — ¢| and the associated
entropy fluz q. given by q.(A) :=sgn(A —¢)(f(A) — f(c¢)) for ¢ € R. Kruzkov shows
in [47, Theorem 4] that the limit solution of (3.1.8) for a pure IVP satisfies

1)y + (ge(®)), — 1e()g(y,u1) <0 in D'(Qr),

ess i [y(t, ) — tolly gy =0 for all >0 (3.1.9)
for all ¢ € R. In [47], KruZzkov further proves under different assumptions than (A1)
that (3.1.9) admits a unique solution, which is called entropy solution. Nevertheless,
one can find a proof for an existence and uniqueness result of an entropy solution
y € L>(Qr) for the setting in (Al) in [81]. Choosing ¢ = |y|| yields that a
solution of (3.1.9) also satisfies (3.1.7).

Considering a genuine IBVP, i.e., a > —oo and/or b < oo hold true, one interest-
ing issue arises in the question in which sense the limit solution of (3.1.8) satisfies

DO,QT

the boundary conditions (3.1.2¢) and (3.1.2d). Under stronger assumptions than
(A1), Bardos, LeRoux and Nédélec have proved in [7] that this limit solution has
BV-regularity and satisfies the so-called BLN-conditions

ey s~ g ) (o) - FR) =0 ac.on[0.7),
(3.1.10a)

oD s b=) —up ) (b)) = f(R) =0 ae.on [0.7).
(3.1.10b)

The BV-regularity of y guarantees the existence of the boundary traces of y in
(3.1.10), but since we will work in the L*-setting the BV-regularity of y cannot
be guaranteed any more. In this thesis, we use the same notion of a solution to
(3.1.2) as in [69], which was introduced in [60]. An entropy solution of (3.1.2) is
characterized by using the so-called semi-Kruzkov entropy fluz pairs (nf,qF) for
some ¢ € R, where

()2 () = TRz (- = )(1e(-), ge()) onR. (3.1.11)

Definition 3.1.2. We call y € L™ (Qr) an entropy solution of the IBVP (3.1.2) if
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forallc € R and all ¢ € D(] — 0o, T[xR) with ¢ > 0 it holds true that
/Q e W) + @ (W) de £ Ir. (v — (- y, ur) P dudt + /Q iz (u0)(0, ) da
T

T
+ Lf,[fﬂyHOQ,HyHOC]/O nE (up,6)p(0, ) + 1 (up,a)$(0,a) dt > 0.
(3.1.12)

Here, Ly _|y| ] denotes a Lipschitz constant of f|—

o ll¥lloo 9l o5 llull o]

We observe that for the choice ¢ = ||y||
(3.L.7).

The following existence and uniqueness result can be found in [69], see also [47],
[66] and [85].

o..» a solution of (3.1.12) also satisfies
00,3

Proposition 3.1.3 (Prop. 3.1.2, [69]). Let (A1) be satisfied and define the set
U = L=(Q) x L>=(]0,T[)? x L>=(]0, T[xR)™

Then for every u = (ug,uB,q,uB,p,u1) € U the IBVP (3.1.2) admits a unique en-
tropy solution y(;u) € L*®(Qr) according to Definition 3.1.2. Moreover, after a
modification on a set of measure zero, y is an element of C([0,T); LL,.(Q)). Fur-
thermore, for all M,, > 0 there exist constants My, > 0 and L, > 0 such that for all
u, @ € U with ||ully,, ||tll, < My, allt €]0,T[ and all a,b € Q with a < a < b < b,
the following estimates are valid:

ly(E, 5 )l 0 <

ly(E, s 0) = y(E @)y oy < y<uu0fao||1,,cg(a7b)+||uB,afaB,aH1,,<§.<a,b>

+llue =Bl o ap) T lur = @ally ko ap)
where

Ki(a,b) ={(t,z) € [0,{] x R:a—Mp(t—t) <z <b+Mp(t—t)},

K (a,b) = K; (a,b) N Qr,

K3 (a,b) = {z € Q: (0,2) € K¢ (a,0)},
Kf (a,b) == {t €]0,T[: (t,a) € Kz (a,b)},
K’? (avb) = {t E]O)T[: ( ) ) (avb)}

As explained in [69], from the results in [68] and [60] one obtains that if a solution
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according to Definition 3.1.2 has bounded variation, then the BLN-conditions in
(3.1.10) hold true. The next proposition can also be found in [69].

Proposition 3.1.4 (Prop. 3.1.4, [69]). Let (Al) hold true and assume that g
is locally Lipschitz continuous w.r.t. x. Then for all u € U with additionally
ug € BVioe(),up.a,upe € BV(]0,T]) and u; € L*(J0,T[; BVioc(Q))™, the unique
entropy solution of (3.1.2) satisfies y € (BViee N L) (Qr) and y(t,-) € BVioc(0)
for allt € [0,T]. Finally, the BLN-conditions in (3.1.10) hold true.

Remark 3.1.5. In [84] and [24], the authors have proved that the entropy solution
y € L>®(Qr) admits also for the L>°-setting a boundary trace that is reached by
L'-convergence.

As last result of this chapter, we recall a result which can be found in [69].

Lemma 3.1.6 (Lem. 3.1.11, [69]). Let the assumptions of Proposition 3.1.4 hold
and consider the case that a > —oco and/or b < oo. For some u € U satisfy-
ing ug € BVioe(Q),up.a,upe € BV(]0,T[) and u; € L]0, T[; BVioc(Q))™, let
y € (BViee N L) (Qr) denote the corresponding entropy solution of the IBVP
(3.1.2). Then the BLN-conditions in (3.1.10) can be rewritten as follows: The con-
dition (3.1.10a) is satisfied if and only if for almost all t €]0,T[ one of the following
conditions is satisfied:

0, fl(ylt,a+)) <0 (3.1.13a)
0)

<
>0, upa(t)>y(t,at), flupa(t) < f(y(t,a+)) (3.1.13b)

Analogously, (3.1.10b) holds if and only if for almost allt €]0,T[ one of the following
conditions is valid:

0, f'(y(t,b=)) >0 (3.1.14a)
0, wupp(t) <y(t,b—), flupe()) < f(y(t,b—)) (3.1.14b)

The characterization of the BLN-conditions in Lemma 3.1.6, which is used
in [53], stay the same if we replace up, by max {uBya,f”l(O)} and up by
min {up,e, f/~1(0)}, see [69]. Therefore, we can w.l.o.g. assume that

f'(upa) >0 and  f'(upp) <0 (3.1.15)

are satisfied. In the subsequent analysis we will assume that (3.1.15) holds true.
Due to (3.1.15), the cases (3.1.13a) and (3.1.14a) are impossible. Therefore, the
BLN-conditions in (3.1.10a) and (3.1.10b) are equivalent to (3.1.13b) and (3.1.14b).
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3.2 The structure of solutions to hyperbolic balance
laws

In this chapter we will collect some results of [69] and [81] concerning the struc-
ture of entropy solutions to the IBVP (3.1.2). Those results are mainly based
on Dafermos’ theory of generalized characteristics that is introduced in [31] for
pure initial value problems. The concept of generalized characteristics that is
applied in [81] for the analysis of the pure IVP is adapted in [69] to treat
initial-boundary value problems. We will recall some results of [69, §3.1.3.2] and
work under assumptions which are equal to the assumptions (A1) and (Algy) in
[69].

(A2) Let (A1) hold true and assume in addition that g € C([0,T]; CL (RxRxR™)).

Moreover, assume that there exists a constant €4 > 0 such that

g(t7'5y7u1)20 on [afgg,a+€g],
g(t7'7y7u1)§0 on [h_fg,b+fg]

hold for all (¢,y,u1) € [0,T] x R x R™.
In order to apply Dafermos’ theory of generalized characteristics, we need to assure
that the entropy solution y € L™ (Qr) of the IBVP (3.1.2) satisfies the following
conditions for almost all ¢ € [0, T, cf. [31]:

y(t,z—) and y(t,z+) exist for all z € Q,

3.2.1
y(t,z—) > y(t,xz+) forall x € Q ( )

From the following result, which can be found in [69], one can deduce that the
conditions in (3.2.1) are satisfied.

Proposition 3.2.1 (Lem. 3.1.13, [69]). Let (A2) hold true. Then there exist con-
stants C' > 0 and M, > 0 such that for every

u = (U0, UB,a, UB,p,U1) € LT(Q) X BV(]O,T[)2 x L>(]0, T; Cl(]R))m
with

”uO” < M,, Hquu/bHoo,]O,T[ <M, and HulHC(]O,T[;Cl(QT)) < M, (322)

00,02 —
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the corresponding entropy solution y(u) satisfies Oleinik’s entropy condition

C

yz(t7 .) S 1 _ efmfquin(t,Cel,CEg)

on [a+ey,b— ey (3.2.3)

for all t €]0,T) and all 1,69 > 0 in the sense of distributions.

We note that Proposition 3.2.1 is an extension of Proposition 3.4.1 in [81] from
initial value problems to initial-boundary value problems. Under assumption (A2),
from the previous result we can deduce that the conditions in (3.2.1) are satisfied
for all ¢ €]0, 7.

More precisely, with similar arguments as in the proof of [81, Proposition 3.4.1],
one can show that (3.2.3) implies that y(¢,-) € BVc(R) holds for all ¢ €]0,T]
and hence the limits y(¢,2—) and y(¢,z+) exist for all ¢ €]0,7] and all z € Q.
Furthermore, (3.2.3) yields that

y(t,z—) > y(t,xz+) forallz e Q (3.2.4)

is valid for all ¢ €]0, 7). Similarly to [81], we will consider the following pointwise
defined representative of the entropy solution y:

Convention 3.2.2. We consider the representative of y satisfying y €
C([0,T); LL () and y(t,z) = y(t,x—) for all (t,z) € [0,T] x Q.

loc

Hence, we can apply the concept of generalized characteristics. A generalized
characteristic is according to [31] defined as follows:

Definition 3.2.3. A Lipschitz continuous curve t — (t,€(t)) — Qr defined on an
interval [o, B8] C [0,T] and satisfying

Et) € [f'(y(t.&(O+). ['(y(t.&(D)=)]  ace. on[a,f] (3.2.5)

is called a (generalized) characteristic on [a, 5]. In what follows, we also call
& a generalized characteristic. If f'(y(t,£(t)+)) = f'(y(t,&(t)—)) holds true for
almost all t € [a,B], then & is called genuine. A characteristic that satisfies
Ex(t) = f'(y(t, £(t)%)) is called mazimal/minimal characteristic.

A solution £ to (3.2.5) is a so-called contingent solution of

£t) = f'(y(t. £(1)))

with discontinuous right-hand side in the sense of Filippov [35]. Therefore, according
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to the theory of contingent equations in [35], in every point (,Z) € Qr there is at
least one forward characteristic defined on a maximal interval [, + [ for some
d > 0 and at least one backward characteristic defined on a maximal interval [s, [
for some s > 0. According to [31, Theorem 3.4], the forward characteristic through
any point (¢,Z) € Qr with £ > 0 is unique, while the set of backward characteristics
lies within the funnel between the minimal and the maximal characteristic through
(t,7). Since the entropy solution y is uniformly bounded in L> the maximal speed
of the corresponding generalized characteristics is bounded as well. Moreover, since
y is also a weak solution of (3.1.2), we obtain that a characteristic £ defined on some
interval [« 5] satisfies

(3.2.6)

(1) = {f’(y(t,ﬁ(t)i)) if y(t,(0)-) = y(t.£()+)
) fEEEOD)—FtE®-)
yy(t,.f(t)+)—y(z§(t)—) if y(¢,£(t)—) > y(t,£(t)+)
for almost all ¢t € [a,8]. A function n :]a,B[— Qr satisfying the sec-
ond case of (3.2.6), which describes the so-called Rankine-Hugoniot condition, is
called a shock-curve. The next result is an extension of [31, Theorem 3.3] to
initial-boundary value problems and can be found in [69].

Proposition 3.2.4 (Prop. 3.1.14, [69]). Let (A2) and (3.1.15) hold true, con-
sider a control w € U additionally satisfying uo € L*(2) N BWoc(), up,a/p €
BV (]0,T|) and uy € C(]0,T[; C1(R))™. Furthermore, assume that (3.2.2) is satis-
fied and denote by y(u) the corresponding entropy solution of the IBVP (3.1.2). Let
¢ o, B[C]0, T[— Q denote some generalized characteristic defined on a mazimal
interval |a, B[C]0,¢] C]O,T[. Then the following assertion holds: If £ is genuine,
then £() = ¢(-) and v(-) = y(-,£(+)) is valid on ], B[, where ¢ :|a, B][— Q and
v e, B[— Q solve the so-called characteristic equation

C(t) = f'(v(t)),
U(t) = g(ta C(t)v U(t)a Uy (ta C(t)))

We further observe the following:

(3.2.7)

(i) Considering the case that § is genuine and o = 0, set z == £(0) = limy\ 0 &(t) €
Q. Then it holds that

z=1((0), wup(z—) <v(0) <wup(z+).

(i) Considering the case that £ is genuine and £(a) = a, define 6 = «. Then

up,a(0+) <v(0) < upa(0-)
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is satisfied. In addition, if £(a) = b, then it holds that
up,p(0+) = v(0) = up,p(0-).
(iii) If € is genuine and £(B) = lim; 5 £(t) € Q, then
§B) =C(B), y(t.&(B)—) = v(B) = y(t,£(8)+)
is valid. Moreover, if £(8) = a, then 0 = f satisfies
fw() <0, f(u(0) = flup,a(0-)).
In addition, if £(a) = b, then it holds true that
f(w(©0) 20, f(u(0) = flup,p(0-)).

() If f'(y(0,a—)) < 0 holds true for some 6 €]0, T, then there exists a genuine
characteristic £ on |« 0] that satisfies

§(0) = lim&(t) = o, 5@)¢j§g5@%=f%ﬂﬁa+»-

Furthermore, if f'(y(6,6—)) > 0 holds true for some 6 €]0,T], then there
exists a genuine characteristic § on |, 0] that satisfies

£0)=b, &)= ["(y(6,6-)).

(v) Finally, if € = &4 is a minimal/mazimal backward characteristic through some
point (t,T), then &4 is genuine and it holds that £(-) = ((+), where (¢,v) solves
(3.2.7) for given end data (¢,v)(t) = (z,y(¢, TL)).

In the next result, which can be found in [69] and is based on [81, Lemma 3.4.6],
we will collect some important properties of the solution (£, v) of the characteristic
equation (3.2.7). Before stating the result, we first introduce the following notation.
For given (0, z,w,u;) € [0,T] x R? x L*(]0,T[; CL(R)™), let (¢,v)(-;0,2,w,uy)
denote the solution of (3.2.7) for initial data

(C7 U)(Ha 07 Z,w, ul) = (Z, ’UJ)
Lemma 3.2.5 (Lem. 3.1.15, [69]). Let (A2) hold true and define the sets

B; == [0,T] x R? x L*(J0, T[; C*(R)™), i=0,1,
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B:={(0,z,w,u1) € By : [w| < C1,uy € C([0,T]; C1R)™), [|ua[lco,r1:0mymy < Ca}
with constants C1,Cy > 0. Consider the mapping
0, z,w,u1) € (B, || - |5,) — (¢, )30, z,w,u1) € C([0,T])>. (3.2.8)

Then the right-hand side of (3.2.8) is on B uniformly Lipschitz w.r.t. t. Fur-
thermore, the mapping (3.2.8) is Lipschitz continuous for i = 0 and continuously
differentiable for i = 1 with derivative

d(@,z,w,u1) (C7 w) : (597 6Za 511}, 5“1) = (6Ca 61})(7 9, Z, W, U1, 59a 6Za 5w7 5“1)7

where  (0¢,6v)(+; 0, z,w,u1;00,0z,0w,0u;)  denotes the solution of the
linearized characteristic equation

3¢(t) = [ (v(t))dv(1),
00(t) = g (:)5C(1) + Gu (:)00(8) + guy (Jurz (8, C(£))3C ()
+ Gu (1)0ua (¢, ¢(2)),
(6¢,0v)(0) = (62 — f'(w)d, dw — g(0, z, w, ui (6, w))d6),

(3.2.9)

with (1) = (¢,¢(t),v(t),u1(t,{(t))). Consider a closed set S C [0,T] x R, a fized
z € R and an interval T C [0,T]. Then the mapping

(0,up,ur) € C(S;T) x CH(T) x C((0,T); CH(R)™)
= () (4,0, Z,up(0),u1) € C(S)?

is continuously Fréchet-differentiable, where -4 denotes the t-part of a point (t,z) € S.

Since we assume that (3.1.15) holds true, we have already observed that the
BLN-conditions (3.1.10a) and (3.1.10b) are equivalent to (3.1.13b) and (3.1.14b).
Moreover, one can deduce from (3.1.13b) and (3.1.14b) that if the characteristic
speed of the boundary trace satisfies f(y(f, a+)) > 0 or f'(y(f,b—)) < 0 for some f €
10, T'[, then the boundary trace of the entropy solution y of the IBVP (3.1.2) coincides
with the boundary data up () or upp(-) at t = £, respectively. In addition, if
f'(y(t,a+)) < 0 or f'(y(t,b—)) > 0 holds for some ¢ €]0,7|, then the boundary
trace of the entropy of the IBVP (3.1.2) differs from the boundary data up (-) or
upp(-) at t =, due to (3.1.15). Hence, for all ¢ €]0, T it holds true that

(3.2.10)
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cf. [69]. The result in (3.2.10) yields that the sets of time points where the character-
istic speeds at the boundaries change sign play an important role. In the following
result, which can be found in [69], we will further analyze these points. Before we
state this result, we first introduce the following definition:

Definition 3.2.6. Let y € BVioc(Q2r) and define the corresponding sets

T =1{0€[0,T]: f'(y(6+,a+) > 0 and f'(y(6—,a+) <0},
TS ={0<[0,T]: f'(y(6+,a+) <0 and f'(y(6—,a+) > 0}, (3.2.11)
TS = {6 € [0,7] : f/(y(6+.b-) > 0 and f'(y(6—,b—) < 0},
TS == {0 € [0,7]: f'(y(6+,b—) <0 and f'(y(6—,b—) > 0}.

Considering some 6 € T%, let €2 denote the mazimal backward characteristic through
(0,a) and 9% the time where &% leaves the space-time cylinder Qr. Analogously, if
0 € ']I‘?F, then fg denotes the minimal backward characteristic through (0,6) and ﬂg
the time where fg leaves the space-time cylinder Q. Moreover, define the sets

= U {(t2) €95, 0[x]a. 5 (0)[} (3.2.12)
0eTy

and
= U {to [x]€0 (1), b]} . (3.2.13)
QETb

If €9 ends in a point (¥9,0), we evtend D by adding [0,99] x Q to (3.2.12). We
analogously add [a,99] x Q to (3.2.13), if &I ends in a point (99, a). We finally define

D_=D*uUD".

The following result of [69] states that all points (6,a) with § € T and (0, b)
with 6 € TS are shock generating points.

Lemma 3.2.7 (Lem. 3.1.17, [69]). Let (A2) hold true and consider a control u € U
with U defined in Proposition 3.1.3 that satisfies in addition ug € L (Q)NBVio.(Q),
up,q/ € BV(]0,T) and uy € C(J0,T[; C*(R))™. Furthermore, assume that (3.2.2)
as well as f'(up,q) > a > 0 and f'(upp) < —a < 0 are valid for some constant
a > 0. Denote by y(u) the corresponding entropy solution of the IBVP (3.1.2). Then
the sets defined in (3.2.11) are all finite. In addition all backward characteristics
through any point (t,x) € Qr \ D_ do not intersect D_. Finally, all points (6,a)
with 0 € TY and (0,b) with 6 € ']I"i’F are shock gemerating points, i.e., the unique
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forward characteristic is a shock curve.

3.3 Statement of the optimal control problem and
basic assumptions

We will now introduce the optimal control problem which will be analyzed in this
thesis. Given a mapping of the form

J:RxU R, (3.3.1)

our goal is to find a control @ = (4o, Up,q, UB,p,U1) € U, where U is a suitable subset
of

U = L>(Q) x L>=(]0,T[)* x L=(]0, T[xR)™,
such that
J(y(a)) < J(y(u)) forall u el (3.3.2)
holds true and the state constraints

y(t,-5a) <g() ona,b] (3.3.3)

are satisfied, where 5§ € C1(Q°!). Here, y(u) denotes the entropy solution of the
IBVP (3.1.2). Moreover, a,b are constants with —co < a < a < b < b < oo and
t €]0,T] is a fixed time point. We will assume that

UCPC (Qxy,... 2, ) x PCY[0,T;ty,...,t
x C([0,T]; CHR)™),

) x PCM([0,T);t1, .. tn, )

Nt,a

where ng,n:q and nyp describe the fixed numbers of switching points, where the
initial data and the boundary data, respectively, switch between C'-functions. In
what follows, the control is given by the switching points and the smooth functions
which are separated by them. More precisely, consider some

0 ,B,a _ Bb _0 ,a ;b
u=(u,u”*u>" 2"t t" uy) € Uyq,
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where

U CC’l(QCI)anrl X C%[O,T])’““Jrl X C%[O,T])”’*“Jrl x Q% x [0,T]"e x [0,T]"°
x C([0,T]; C(R)™).

Then the initial and boundary data ug,up,q and up associated with u are given
by

ud(x) if z € I} (u) = (a,29],
uop(z;u) = < uf(x) if z € Ij(u) = («9_,, 2], (3.3.4)
u2w+1(x) ifx e Igfﬂ(u) = (x%m, b),

where 2 < j < n, and

B,a/b . . b
A0 if t €I () = [0,5/°],
upap(tin) = Qu () ifte I (u) = (150,65, (3.3.5)

B,a/b . N¢a/p+1 .
up ™0 (1) i te Tt ) = (0 T,

where 2 < j < ny q/5. From now on, we consider u € U as control and U,q as the
space of admissible controls. Furthermore, the entropy solution of the IBVP (3.1.2)
associated with u € U will be denoted by y(u). Since for all u € U it holds that
up,q/p(u) € BV(]0,T), up(u) € BV () and u; € C([0,T]; C*(R)™), we obtain by
Proposition 3.1.4 that y(u) € BV (Qr) and that (3.1.10a) and (3.1.10b) are satisfied.
Concerning the mapping in (3.3.2), we consider cost functionals of the form

b —
J(yu) = / B(y(E, ), yal2)) dz + R(u),

where ¢ € CLNR?), yg € BVioe(R) N L®(R) and R : U — [0,00) is a Fréchet-
differentiable regularization term.

To summarize, we will consider the optimal control problem

b
Jmin () w = [ 0((E o), a(e) do + (),
where y(u) is the entropy solution of the IBVP (3.1.2)

(P)
and y(t,z;u) < y(z) for all z € [a,b].
The main goal of this thesis is to derive necessary optimality conditions for (P).

Since entropy solutions of hyperbolic balance laws develop shock-curves after finite
time, it is not possible to prove Fréchet-differentiability of the reduced cost func-
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tional J(u) := J(y(u),u) with standard methods which can be seen in the following
example from [81]:

Example 3.3.1. We consider a pure initial value problem, i.e., the case a = —oco
and b = co. Furthermore, let the flux function be given by f(z) = é and the source
term be equal to zero. Then the corresponding IVP reads

y?
Yt + <2> =0 on QTa
y(0,:) = up(-;u) on Q.

Let n, = 1 and consider some control u = (u,a$,7zy) = (1,—1,0) and some
perturbation du = (g,0,0) for some € > 0. Setting u = u + du, the corresponding
initial data is given by

1+e¢ if x <0,
vol@u) =1 _ itz >0

and the entropy solution of the IVP denoted by y(u) is given by

1+¢ if o <%,

t,x;u+ ou) =
v ) {—1 ifx>%5.

One can see that y(a + du) has a shock-curve emanating from (0,0) given by

13
t: = —t.
n(t; ) 5

If we fix some ¢ €]0,T[ and try to compute a directional derivative of the mapping
u+ y(t,;u) € LY(Q) in u = 1@ in the direction (1,0,0), we observe that the limit

lim y(ta r;a+ 61].) — y(ta xZ; u)
N0 €

does not exist in L'. Hence, the control-to-state mapping u — y(£,-;u) is not
differentiable to Ll _, but only to Mj,.(R) w.r.t. the weak topology, where the

loc?
derivative is given by

duy(t, )u=a - 6u = Locy@a)e + [y(E, 0t w), )] 6 (- —n(tw)) Se. (3.3.6)

N | =+

We note the weak topology of Mj,.(R) is not strong enough to yield the Fréchet-
differentiability of the reduced cost functional J(-) w.r.t. u. Nevertheless, in [81] the
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derivative in (3.3.6) serves as starting point to construct a first order approximation
of y(t,-,u+ du) — y(t,-, ) in L} .. Indeed, replacing the second term in (3.3.6) by
sgn(ze) [y(t, (% a),0

N, I(n(E8)m(Ea)+ ie)r We obtain
-G t
Sz(/y(]tg,tf;ﬁ))) <]lx<n(t;u) & 25>

(3.3.7)

t -y -
= 11z<7](t7;ﬁ)5 + Sgn(ig) [y(t, Tl(t; 11), u)] ]l[(n(f;ﬁ)7n(f;ﬁ)+%5)7

which is a (nonlinear) first order approximation of y(¢,-,u + du) — y(f,-, ) in L{ .
This feature will be analyzed in a more general setting in §3.4.

Another problem arises in the fact that due to the state constraints (3.3.3), we
have to require the state y(Z, -) to have at least L>°-regularity. However, the previous
example shows that the control-to-state mapping u — y(t,-,u) € L>®(Q) is in
general not even continuous. This is due to the appearance of discontinuities whose
positions possibly change if the control varies. Before solving those problems, we
first introduce the assumptions for the subsequent analysis.

(A3) Let (A2) hold true and assume in addition that f € C§_(R) and f/~! €

C25(R) for some 3 € (0,1]. We further assume that there exists a constant

loc

€4 > 0 such that
gy, u1) =0 on 0,6 x RU0,T] xR\ (a+¢e4,b—¢y) (3.3.8)

is satisfied for all (y,u;) € R x R™. Finally we assume that ¢ is Lipschitz
w.r.t. = and affine linear w.r.t. y.

(A4) Let U,q denote the set of admissible controls. We assume that U,q is a
nonempty and convex subset of the set U, which is given by

U:=CHQN)™ T x Uj , x UGy x X x T* x T® x C([0,T}; C*(R)™),
where U is equipped with the norm

HUHU ::||u0||cl(9cl)nm+1 + HUB’G||01([O7T])'H,,:1+1 + ||UB7b||Cl([O7T])”t,h+1

12O+ 1A+ el + ualleo.g:00 ym).-
Here, we use the abbreviations

X ={ZeQ™ a<z <...<zy, <b},
To={te[0, T :0<t; <...<tn,<T},
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TP ={te[0,T]"" :0<t; <...<ty,,<T},
Ug . = {qua € CH((0, T s f/(WP®) >, =1, nga+ 1} 7

Upp = {uB’b € C’l([O,T])”“‘Jrl : f’(uf’b) <—a,j=1,...,n6+ 1}

for some a > 0. Moreover, we assume that U,q4 is sequentially compact in
U and that there exists a constant M, > 0 such that [|u1]| Lo (o, r:c1(gym) <

M,, holds true for all u € U,q. Finally, suppose that 1 € Cl’l(IRQ), Ya €

loc
BViee(R) N L¥(R), § € C*Q) and let R : U — [0,00) be continuously
Fréchet-differentiable.

Remark 3.3.2. In (A4) we assume inter alia that U,q is sequentially compact in U.
According to [2, Theorem 5.1] and [33, Theorem 8.2] or alternatively [79, Theorem
4.6.1], this holds for example if we choose

Uag = Vo X V5 o X VB p X Xo X T X T2 x Vy,
with
Vo = {u® € WH2(Q)*: udllyerrz) < C, j=1,...,n, + 1},

VlaB,a = {uB,u c W(§+172([07T])nt,a+1 : ||U;-3’a||ws+1=2([0,T]) < C and f’(ujB»u) > a,

j=1,...,nea+1},

Vi = {uB~" e WH2([0, 7)o+ uf®yesr 2o,y < C and f(uf’) < —a,
j=1,...,m+1},

Xo={ZeX:xj—xj_1>¢, j=1,...,n, + 1},

T ={teT  tj—tj_1>c,j=1,...,nya+1},

TP ={teT  tj—tj.1>e, j=1,...,np+1},

Vy = {ug € W*2((0,T); WHH2(Q)™) : [lur [ we2o,m)we+12(ym) < C}

for some ,C > 0, s > %, where we set g :=a, p_4+1 = b, {p =0 and

tnt,u+1 - tnt,b+1 == T

We note that at the switching points, the initial and the boundary data have
a discontinuity or a kink. We first consider a switching time ¢} at which the left
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boundary data up 4 is discontinuous. It is well known (see for example [50]) that if
[up a( )] < 0, i.e., the boundary data has an up-jump at t%, then the corresponding
entropy solution y has a shock-curve emanating from the pomt ( a). On the other
hand, if it holds that [up,4(t})] > 0, i.e., the boundary data has a down—Jump at t§,
then (t7,a) is the center of a rarefaction wave. Considering the initial data and the
right boundary data, we note that switching times produce shock-curves if they are
down-jumps and rarefaction waves if they are up-jumps. Therefore, we introduce
the following notation:

Notation 3.3.3. For a given u € U, we associate the sets of indices:

gt \ (Iso(u) U leo(u)),
”a\( a(u) Ul q(u)),
5 ne \ (Isp(0) U Lep(u))

e
a

I.o(u) = {j e {1, Ng}: [uo(x?)} = O},
Lea(u)={je{l,....,nua} : [upa(t])] =0},
I.p(u) = {j e{l,...,nep}: [us, b(t;’)] = 0}7
Lio() ={je{l,....n.}: [uo(x )] >0},
I q(u) = {j e{l,...,nea}: [us, u(t;‘)] < O},
Is7b(u = {j e{l,...,nup}: [us, b(t;’)] > O},

(u) = {1,

(u) =1,.

(n) =1,.

=
o
E B E E EE

ke
o
c

At the end of this chapter, we want to prove that the reduced cost functional J (u)
is Lipschitz continuous w.r.t. the control u. To this end, we will need the following
two results:

Lemma 3.3.4. Let (A3) and (A4) hold true and consider some controls u,u € U,yq.
Then the initial and boundary data ug,up,q and up s, which are defined in (3.3.4)
and (3.3.5) satisfy the following estimations

l[uo() —uo(@)|1,fa,6) < (b = a| + [[ulju + [[a]|v)]u - ullu,
[up,a(w) = up.a(@)|10,7 < (T + [lullu + [[uflv)lu-allu,
lupo(0) = up,o(@)]1 0.0 < (T + [[ullu + [[a]u)llu—alju.

Proof. We will only prove the first inequality and notice that the remaining two

inequalities can be proved analogously. Recalling the definition of ug in (3.3.4),

we first observe that the locations of the ith switching point differ by |29 — z9|.
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Furthermore, it holds that

luo (s 1) — o (@ @)l ¢ 120,20y < [0’ llo@eaynats + 1l ceynata.

7

We further note that outside the intervals I (xo a‘:o), i =1,...,n,, the difference

i T
lug(2; 1) — ug(2;u)| is bounded by [[u® — @°||c(qeryna+1. Therefore, we obtain
[luo(u) — uo(W)][1,[a,)
<16 - allle® — 8l aaaymess + (1 eaaymess + 17 logenynes) 12 — 29
< (b= af + [lullu + [luflv)[a - uflo.

O

Using the estimations from Proposition 3.1.3 in combination with Lemma 3.3.4
and the fact that U,q is bounded in U, we obtain the following two corollaries:

Corollary 3.3.5. Let (A3) and (A4) hold true. Then for allu,u € U,y the follow-
ing estimation holds true

Hy(t, ) ll) - y(t7 ) ﬁ)”l,[a,b] < Ly”u - l_lHUﬂ
where Ly, > 0 is a sufficiently large constant.

Corollary 3.3.6. Let (A3) and (A4) hold true. Then there exists a constant L > 0
such that

|J(y(u),u) — J(y(@),0)| < Lju—1lu for all u,a € Ugg.

Proof. The proof can be found for example in [83] and is based on the estimation
in Corollary 3.3.5, the regularity of the mapping R and the fact that ¢ € C’l’l(]RQ)

loc

and yq € BV ([a, b]). O

3.4 Shift-differentiability

Considering the optimal control problem (P), Example 3.3.1 shows that it is not
possible to derive the Fréchet-differentiability of the reduced cost functional J () by
standard arguments. In [81], the concept of the shift-differentiability is introduced
for the pure initial value problem to cope with this problem, see also [17]. This
concept is extended to initial-boundary value problems in [69]. Using (3.3.7) in Ex-
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ample 3.3.1 as a motivation, the following definition of shift-variations is introduced
in [81]:

Definition 3.4.1. Consider an interval [a,b] with a < b, a function y € BV ([a, b])
and points a < x1 < ... < xyn < b. Then we associate with (§y, 6z) € L ([a,b]) x RN
the shift-variation

N
S?(/z,;) (8y,dz) (x) = dy(z) + Z [y(w:)] sgn(02:) L (2, 2, +62,) (T) (3.4.1)

i=1

and call (8y,0x) a generalized variation of u. We recall that

[y(z:)] = y(zi—) — y(zit+),

I (x,%) = [min(z, ), max(x, Z)], forx,z € R.

In the original work [81], the definition of the shift-variation is slightly different:

N
Sl(lmi) (by,dz) (z) = dy(z) + Z [y(z:)] | sen(0z:) L1z, 2;452:)(T), (3.4.2)

i=1

where [p(2)], = max{0,(z—) — ¢(2+)}. In this definition, only down-jumps of
the function y(-) are shifted, which on the one hand is motivated by the fact that
considering a pure initial value problem, the entropy solution of (3.1.2) satisfies
y(t,z—) > y(t,x+) for all z € R and almost all ¢ €]0,T], due to (3.2.3). On the
other hand, another reason behind the definition (3.4.2) is that in [81] the initial
data is varied by shift-variations, where the centers of rarefaction waves, which are
exactly the up-jumps in the initial data, are not allowed to be shifted. In [69], the
shifting of centers of rarefaction waves is also prohibited, but nevertheless shift-
variations are also defined as in (3.4.1), since the initial and boundary data is not
varied by shift-variations. In the present thesis, we will extend the results of [81]
and [69] to the case where the shifting of rarefaction waves is allowed.

We now recall a further definition of [81]:

Definition 3.4.2. Consider a Banach space U, an open subset D C U and an
interval [a,b] C R with a < b. A mapping D > u — y(u) € L®(R) is called
shift-differentiable in u € D with y(a) € BV ([a,b]) if there exist a < T1 < ... <
Ty < b and a linear bounded operator

T, (y(a)) € L{U; L' ([a,b]) x RY)
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for some r €]1, 00| such that

; Hy(U) —y(@) — Sie) (T (y(@)) (u - a))H

u—a [ — alles

1,[a,b]

=0 (3.4.3)

holds true.  Moreover, the mapping u +— y(u) is called continuously shift-
differentiable at u if it is shift-differentiable in all

S Bi;’(a) ={uel:|u—-aual|, <p}
with a sufficiently small constant p > 0 and the corresponding mappings
Ts (y(u) , zk(uw) and y(zip(u)£;u) k=1,...,N,
are continuous in u.

A useful feature is that the shift-differentiability of a mapping D > u — y(u) €
L>(R) in some @ yields the Fréchet-differentiability of the mapping

b
ur— J(y(u)) = / Y(y(z;u), ya(x)) de (3.4.4)

if ¢ and y4 satisfy certain assumptions as we can see in the next result, which can
be found in [81]:

Lemma 3.4.3 (Lemma 3.2.3, [81]). Consider an interval [a,b] C R with a < b and
letU be a Banach space with an open subset D C U. Consider in addition a mapping
D> u— ylu) € L®°R) satisfying y(a) € BV ([a,b]) that is shift-differentiable in
u € D according to Definition 3.4.2 with corresponding a < T; < ... < Iy < b
and linear bounded operator T, (y(w)) € L(U;L"([a,b]) x RN) for some r €]1,00].
Considering the mapping in (3.4.4), assume that ¢ € C’llo’cl(IRz) and yq € L*([a,b])

is approximately continuous at Ty, ...,Tn. Then the mapping in (3.4.4) is Fréchet-
differentiable in u with derivative

dud (y(w))- (u — @) = (dy (y(4), Ya); 0Y) 3 fq )

N 1
+ 30 [ p@nsn) + 7 (@] @) dr o ) o
k=1

where (0y,0x1,...,0xy) = Ty(y(a)) - ou. If u — y(u) is continuously shift-
differentiable in @ and yq is continuous in a neighborhood of T1,...,Tn, then the
mapping u — J(y(w)) is continuously Fréchet-differentiable at .
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If yq possesses at least at one Ty an approximate discontinuity, then the map-
ping (3.4.4) is still directionally differentiable, where the directional derivative in a
direction du € U is equal to

(tby (y(1), ya): 0Y) g (4.1)

N 1
+3° [ o ulantin) + Iy o) guton + 0 sga(dm))) dr (@ 1) 5.
k=170

where

B Ya(Tp— if sgn(dzxy) < 0,
Ya(@r + 0 - sgn(dzy)) = (, ) . (o)
ya(Zp+))  if sgn(dxyg) > 0.
Lemma 3.4.3 will play a key role in the proof of the Fréchet-differentiability of the
reduced cost functional of (P), cf. [81, 69].

3.5 Main results of Chapter 3

Before we state the main results of Chapter 3, we need some further basic def-
initions and assumptions. We note that these results are only slightly different
from those in [69, Ch. 5, §2] and are based on the corresponding results for the
pure initial value problem in [81]. In order to prove Fréchet-differentiability of the
reduced cost functional of (P) in some @ € U,q, the control @ has to satisfy non-
degeneracy conditions. In particular, we have to ensure that the points where the
characteristic speed at the boundary changes its sign are controllable in some sense.
As we will see in the following lemma, considering some u € U, it is sufficient to
claim that the conditions

ess inf |f(upa(t;u)) — f(y(t,a+;u))| >0, (3.5.1a)
t:up,a(t;u)Fy(t,a+;u)
ess inf |f(up,p(t;u)) — f(y(t,b—;u))| >0 (3.5.1b)

t:up,p(t;u)#y(t,b—;u)
are satisfied.

Lemma 3.5.1. Suppose that (A3) and (A4) hold true and consider a controlu € U
such that the corresponding entropy solution of the IBVP (3.1.2) satisfies the condi-
tions in (3.5.1). Then, recalling the sets defined in (3.2.11) and in Notation 3.3.3,
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it holds
§ Clsq(u) and T; C I p(u). (3.5.2)

Proof. Throughout the proof, let p > 0 denote a constant which is always sufficiently
small such that the corresponding results hold true. In addition, p may be reduced
throughout the proof. We will only prove the first assertion and note that the second
one can be proved analogously. Let 8 € T$ and suppose that

0 ¢ I..q(u). (3.5.3)

We note that (6, a) is, by Lemma 3.2.7 a shock generating point, i.e., there exists
a unique forward characteristic through (6, a) which is a shock-curve given by some
function 7)(t) defined on |6, 8 + 7] such that

: fly(t,n(t)+)) = flyE,n(t)-))
n(t) = >0 and y(t,n(t)—) > y(t,n(t)+ 3.5.4
R E ey (=) =yt (350
is satisfied on 16, 6 + p]. This yields that (6, a) cannot be the center of a rarefaction
wave, i.e., it holds that

0 ¢ I, o(u). (3.5.5)

From (3.5.3) and (3.5.5) we obtain that up 4(-) is continuous on the interval I =
160 — p, 6 + p|. Further on, note that (A4) yields f'(up,q) > o > 0 and in addition
f'(y(,a+)) < 0 is satisfied on [0 — p, 0| since § € TY. Using this and the strict
monotonicity of f/, we obtain

y(t,a+) —upq(t) < =61 Vte[0—p,b], (3.5.6a)
y(0—, a+) — y(0+,a+) = y(0—,a+) —up.(0) < —d (3.5.6Db)

for some constants 41,2 > 0. Here, the equality in (3.5.6b) holds due to the BLN-
conditions and the continuity of up q(-) on the interval I.

Using (3.1.13b), (3.5.1a) and (3.5.6a), we obtain that

fy(0—,a+)) = f(up.a(0)) > & (3.5.7)

holds for some constant ¢ > 0. We will now analyze all possible scenarios case
by case and show that for all these cases (3.5.4) is violated so that we obtain a
contradiction to (3.5.3).

We now consider the first case in which we assume that y(-;u) is continuous on
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the set

S, ={(t,z) € Qr : (t,z) € BJ((6,a)) and = > n(t) for all t €]6,6 + 7]} . (3.5.8)

Note that, due to the smoothness of up 4(-) on I, y(-; u) is always continuous on the
set

Sy ={(t,x) € Qr : (t,x) € BY((A,a)) and = < n(t) for all t €]0,6 + 7]}. (3.5.9)

Next, we rewrite the first term of (3.5.4) on 10,6 + p] by

fly(tn()+)) = fy(En(t)-))

y(t0(6)1) — p(tn(H)—)
F(t 1) — fuO—a4) | f(0—.at)) — flup.a(6))
T ) —ytba®-)  yEa)+) -yt at)-) (3.5.10)
F(up.al0) — Fu(tn(h)-)
Y1) — gy OO+ ).

Before analyzing the terms I;(t), I2(¢) and I3(¢) in (3.5.10), we note that (3.5.6b)
and the continuity of y on the sets defined in (3.5.8) and (3.5.9) yield

y(tn(t)+)) —y(t,n(t)=) < =3 vt € [6,6 + p] (3.5.11)
for some constant 3 > 0. This result and (3.5.7) together imply

Lt) < ——=1—g <0 Yteld,0+p]. (3.5.12)

Using (3.5.11) and the continuity of y on the sets defined in (3.5.8) and (3.5.9), we
further obtain

\L(8)] + |I5(8)] < %0 vt € [0,0 + pl. (3.5.13)

Using (3.5.12) and (3.5.13), we deduce from (3.5.10) that

Fly,n)+) = fly(t,n®)-)) o <o

y(t,n()+) —yt,nt)-) — 2

is valid on 16,6 + p], which is a contradiction to (3.5.4) and hence to (3.5.3).

We now consider the second case where y(+; u) possesses exactly one shock-curve
denoted by 19 : [#—p2, 8] — Q on the set (3.5.8) which ends in (6, a). We first observe
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e ()+) — flyltn(t)-))
y(t, m2(t)+) — y(t, m2(t)—)

<0 and y(t,n2(t)+) < y(t,n2(t)—)
(3.5.14)

holds on |0 — p, 0], where the second inequality holds due to (3.2.4). We note that
y is continuous on the sets

S5, ST {(tx) €0 — p,0[xQ x> nma(t)},

(3.5.15)
SN {(t,x) €0 — p, O[xQ:x < ma(t)}.
Next, we consider again the first term of (3.5.4) on 10,6 + pl:
flyt,n(t)+)) = fy(En(t)-))
y(tn()+) = y(t,n(t)-)
_ fly@n®)+) = Fy(6 — 5, n2(0 — 5)+))
y(tn(t)+) = y(tn(t)-)
LS WO = 5,m(0 = 5)+) = f(y(® — 5,m(0 — 5)-))
y(E (0 ) — ylt, (D)) 510
L 0= 8.0 = §)-)) ~ S 40— a+)
y(t,n(t)+)) —y(t,n(t)-)
fy(0—, a+)) — f(up,a(9))

y(t,n(t)+) —y(t,n(t)-)
f(up.a(0)) = fly(t,n(t)-))
y(t,n(t)+) —y(t,n(t)-)

Using (3.5.14) and the continuity of y on the sets in (3.5.15), analogously to the
first case, one can show that for a possibly smaller 3 > 0 the inequality (3.5.11) is
valid. We observe again that (3.5.7) and (3.5.11) together yield

=: 14(t) + I5(t) + Lo(t) + I7(t) + Is(t).

I:(t) < 763 = —eg <0 Vtel[0,0+p)]. (3.5.17)
3

Moreover, (3.5.14) and (3.5.11) impy that

L) _FO—5m0—-5)+) — fy0 = § m(0—-5)-))
y(0 — 5.m2(0 — 5)+) —y(0 — §,m2(0 — 5)—) (3.5.18)
YO 5 mO-5H) -~y - 5.mO-5-)
y(t,n(t)+) —y(t,n(t)-) -

holds on ]0, 8+ p]. Using the continuity of y on the sets defined in (3.5.15), we obtain
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that
€
|Ly(t)| + [ Is(t)| + [Is(t)] < 50 vt €)0,0 + p). (3.5.19)
Finally, (3.5.18),(3.5.17), (3.5.19) and (3.5.16) together yield that

flyt,n®)+)) — fly,n(t)-)) €0
W) —ytn—) = 2 (3.5.20)

holds true on |0, 8+ p]. However, this is again a contradiction to (3.5.4) and therefore
to (3.5.3). This technique can be extended to the case that y(-;u) possesses an
arbitrary number of shock-curves on the set in (3.5.8). Indeed, if there are N shock-
curves, then in the estimation (3.5.16) for each shock-curve a term of the form I
will appear, which all can be estimated according to (3.5.18), such that one can
show (3.5.20).

Finally, we consider the third case where (6, a) is the center of a centered com-
pression wave, i.e., there are two genuine backward characteristics (;(-) and . ()
through (6, a) such that all backward characteristics in the funnel confined by them
are genuine. We can w.l.o.g. assume that y is continuous on the sets

S5 SN {(tx) €10 — p[xQ: x> (1)},

(3.5.21)
Sy {(t, @) €]0 — p,0[xQ:x < (1)}

If there is, in addition, one or multiple shock-curves ending in (6, a), then one can
use the same arguments as described in the second case. We further observe that

G ) < fy(GQ®) <0 Vteld—p,0] (3.5.22)

holds. From (3.5.22) and the strict monotonicity of f’, we obtain that

y(6- (@) <y(G() and  f(y(Gt)) < fy(G (1)) (3.5.23)

hold for all ¢ €] — p,0]. We rewrite again the right-hand side of the first term of
(3.5.4) on 10,6 + pl:

fly(t,n(t)+)) :

y(t,n(t)+) — y(t, n(t)—

flyt,n)+)) — fy0 — 5,600 —5)))
t )
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fy(0— 5,60 —9%)) — f(y(0—, at))
y(t,n(t)+) —y(t,n(t)-)
L S a+)) — f(up,a(0))
y(t.n(t)+) —y(t.n(t)-)
flup,a(8) = fy(t,n(t)-))
y(t,n(t)+) —y(t, n(t)-)
=t Io(t) + Lo(t) + L11(t) + Lra(t) + L13(2).

+

As in the first the second case, one can show that for a possibly smaller §3 > 0 the
inequality (3.5.11) holds true:

y(t () 4) — y(tn(t)-) <65 Ve (9,04 ] (3.5.24)
Then, (3.5.23) and (3.5.24) together yield

Iip(t) <0 Vt€)o,0+ pl. (3.5.25)
Using again (3.5.7) in connection with (3.5.24), we obtain

Ilg(t) < _67 = —go <0 Vit 6]9,9 + p[ (3526)
3

As in the second case, we use the continuity of y on the sets defined in (3.5.21) and
get

€
o (t)| + |1 (8)] + [ T1s(t)] < 53 vt € [0,60 + p. (3.5.27)
Finally, (3.5.25), (3.5.26) and (3.5.27) together impy

flyt,n(t)+)) — fly(t,n(t)-))
y(t,n(t)+) — y(t,n(t)-)

< —%0 vt e [0,0+ ),

which is a contradiction to (3.5.4).

We find, in summary, that under the assumptions of Lemma 3.5.1, (3.5.4) and
hence (3.5.3) can never be valid such that (3.5.2) must be satisfied. O

In order to prove Fréchet-differentiability of the mapping u — J(y(%, -, u)) in some

1 € U, we have to require that u satisfies the following non-degeneracy conditions,
which are basically the conditions of Theorem 5.2.3 in [69]:

(ND) Consider a control u € U, a fixed time point ¢ €]0,T[ and a bounded interval

[a,b] C . We say that u is non-degenerated if the following conditions hold

for a sufficiently small constant p > 0: Considering the sets of indices defined
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in Notation 3.3.3, it holds that
I.o(u) UL q(u) Ul p(u) = 0.

Moreover, the corresponding entropy solution y(%, -;u) of (3.1.2) has no shock
generation points on [a, b] and a finite number of discontinuities a < z1 < --- <
xn < b, which are no shock interaction points and non-degenerated according
to Definition 3.7.3. Furthermore, the condition (3.5.1) is satisfied. For every
5 € TS let 53 denote the maximal backward characteristic through the point
(t§,a). Then it is possible to construct a stripe S C Qr with & Cint S and
there exists a continuously differentiable local solution Y : S — R such that

y(su+du) =Y (su+du) onSNQx[0,t] + 5t]]

is satisfied for all du € BY (0y) and f(Y'(0,a;u) < f(up,q(t?+)) holds.
Considering some t? € TEF let fg denote the maximal backward characteristic
through the point (t?7 b). Analogously to the left boundary, one can construct
a stripe S C Qp with fg C int S and there exists a continuously differentiable
local solution Y : S — R such that for all fu € By (0Ou)

y(bu+du)=Y(;u+du) on SNN x [O,t? +5t?]

holds true and Y satisfies f(Y'(6,b;u) > f(upp(t2+)). Finally, we require
that |ug(a+,u) — up q«(0+,u)| > 0 and |ug(b—,u) —up p(0+,u)| > 0.

Remark 3.5.2. The last condition mentioned in (ND) ensures a certain stability
of the corresponding entropy solution y(u). More precisely, supposing that e.g.
uo(a+,u) = up (04, u), then a small perturbation of u can cause a shock or a
rarefaction wave emanating from (0, a). In [69, Lemma 6.2.16], the author provides
a method how to deal with this instability. However, as we will see later, due the
just mentioned instability, the results of Lemma 3.7.1 do not hold anymore. Since
Lemma 3.7.1 will be essential to derive necessary optimality conditions for (P), we
have to ensure that the solution near the points (0, a) and (0, b) is stable, i.e., there is
either a shock or a rarefaction wave emanating from these points, respectively, which
is guaranteed by the last condition of (ND). Another possibility to cope with this
problem is to choose some subspace U(u) C U such that for all du € U it holds that
ug(a+/b—,u+du) = up q/5(0+, u+du) if the case ug(a+/b—,u) = up q/4(0+, 1)
appears.

The next result is an extension of Theorem 3.3.6. in [81] to initial-boundary value
problems:
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Theorem 3.5.3 (Nondegeneracy of shocks holds for almost all ¢ €]0,T]). In ad-
dition to (A3) and (A4), assume that g € L=(]0,T[;CE.(R x R x R™)) holds
true. Consider a control u € U with additionally ug(u) € PC*(Q21,...,2n,),
up.o(u) € PC*([0,T);t1,... tn, ) and upp(u) € PC*([0,T);t1,... tn,,). Then
for almost all t €]0,T] the corresponding entropy solution y(t,-;u) of the IBVP
(3.1.2) has no shock generation points on [a,b] and a finite number of (according to
Definition 3.7.8) non-degenerated discontinuities a < x1 < --- < 2y < b, which are

no shock interaction points.

Proof. Using the results of §3.7.1 and Lemma 3.2.5, the proof of Theorem 3.5.3 is
similar to the proof of Theorem 3.3.6. in [81]. O

In the next result, we will prove Fréchet-differentiability of the reduced cost func-
tional J(-) and derive an adjoint-based representation of the gradient. Considering
an entropy solution y of the IBVP (3.1.2), the corresponding adjoint equation reads

pe+ ' (WY)ps = —gy (-, y,ur)p on Qf

(3.5.28)

where p' is the given end data. With the adjoint equation (3.5.28) we associate the
adjoint state p, which is defined as in [69, Definition 5.2.2]:

Definition 3.5.4. Consider a time point t €]0,T[ and l§t pt be a bounded function
that is pointwise everywhere the limit of a sequence (pt)new C CO1(Q)) which is
bounded in C(Q) N WLH(Q). Moreover, let y € BV (Qr) N C([0,T); L*(2)) be an

loc

entropy solution of the IBVP (3.1.2). Then we associate with (3.5.28) the adjoint
state p, which is defined as follows:

1. For any generalized backward characteristic & through (t,z) € Q, the mapping
t = p&(t) := p(t, &(t)) solves the ordinary differential equation

() = —gy (1, €(1), y(t,€(1)), ua (1, E))p(2), t €]0,7] : (t) € 2,
(D) = p'(@).

2. The adjoint state p is equal to zero on D_.

The following result is an extension of Theorem 5.2.6 in [69] to the case that the
shifting of rarefaction centers is allowed:
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Theorem 3.5.5. Suppose that (A3) and (A4) hold true. Considering a time point
t €]0,T[ and an interval [a,b], let 0 € U satisfy the conditions in (ND). Denoting
by y(@) the corresponding entropy solution of (3.1.2), let yq be continuous in a
neighborhood of the discontinuities T1,...,Tn of y(t,-, Q) on [a,b]. Then the reduced
cost functional

Usuw J(u):=J(y),u) eR (3.5.29)

s continuously Fréchet-differentiable in a neighborhood BE (u), where p > 0 is suf-
ficiently small. The corresponding derivative in a direction éu € U is given by

j/(u) cu = R/(u)au + (pgu1 ('7 Y, ul)a 5“1)2,9

t

ne+1

+ ) 000,),6u)s ey + Y p(0, 7)) ug(2?)]6a)
i=1 1€15,0(u)
ngat+1

+ Y (P(‘,a+),f/(uf’a)fsuf’a)zzg_ﬁ(u)m]o,ﬂ
=1

+ > plt] e ) [f(y(t], at;w)]oEs
1€l qa(u):
W (3.5.30)
nt,b+1
- Z (p(v b_)7f/<uiB7b)6U7LB7b)2,Igybﬁ]O,ﬂ
=1
- Z p(t?b—)[f(y(tf,b—;u))]ét?

i€l (u):
o<t

= >0 %l + > ptett 4+ Y pptot!
i€lr0(u) i€l q(0): i€l (0):
i<t 1<t

where p denotes the adjoint state according to Definition 3.5.4 with end data

e {f; by ((E 2 0) 4 ly(E 2 0] ya(ad) + 7lga@)]) dr if 2 € o)
0 else

0 f/(u?+1($?)) 0 1
Y= lim p(t, 2t + 2%)————dz, j € I,0(u),
P /f’(u?(:p?)) t\op( J)f”(f’_l(z)) J o(u)
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ph® = /f’(uf’“(t}?)) lim p(¢, z(t — tq))é dz, j €L q4(u):t3 <t
T Ipwsag) o PEfiz) e =
o /f/("f*g(t;)) lim p(t, 2(t — t2)) o dz, j € Ip(u):t2 <%
! PPy Ny PEPfR) T " T

The proof of Theorem 3.5.5 can be found in the last section of Chapter 3.

3.6 The adjoint equation

In this section we will have a closer look at the adjoint equation that was introduced
in (3.5.28), where we restrict ourselves to the case a = —oco and b = co. Given an
entropy solution y € L (1) and end data p™ for some 7 €]0, T, the corresponding
adjoint equation reads

Pt + f/(y)pac = —gy('»y7u1)P on 2, ::]OvT[XQ and p(Ta ) = pT(') on (2.
(3.6.1)

We note that (3.6.1) is a transport equation of the form
pt+apr, = —bp+c onQ; and p(r,-) =p"(-) on . (3.6.2)

This section is concerned with the analysis of general transport equations of type
(3.6.2). Here, we assume that Q = R, b,c € L*(]0,T[;C*!(R)) and that a €
L>(Qr) satisfies the so-called one-sided Lipschitz condition (OSLC)

ad?(ta ) < O‘(t)a (NS Ll GO;T[)v (363)
or at least the weakened one-sided Lipschitz condition (weakened OSLC)

az(t,)) <a(t), ac L'(o,T[) forall o €]0,T]. (3.6.4)
We note that the inequalities in (3.6.3) and (3.6.4) have to be understood in the sense
of distributions. Although in this thesis we deal with possibly bounded domains
Q C R, we study (3.6.2) for the case Q@ = R and adapt the results in a way such
that they are applicable to the case of bounded domains, cf. [69], [70] and [71].
Setting a = f'(y), we observe that due to Oleiniks entropy condition in (3.2.3)
the OSLC (3.6.3) cannot hold true if there are rarefaction centers in the initial data.
Nevertheless, considering the pure initial value problem, one can show that in the
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presence of rarefaction waves the weakened OSLC (3.6.4) is satisfied.

As we can see in the following example which was first discussed by Conway in
[30] and also by Bouchut and James in [11, Example 4.1.1 |, transport equations
with discontinuous coefficients of the type (3.6.2) do not admit unique solutions.

Example 3.6.1. Let a(t,z) = sgn(z), b,c = 0 and consider end data p™ € C'IOO’C1 (R).
Then for any function h € C%1([0,T)) satisfying h(0) = p(0), the function

_pT(@—(r—t)sgn(z)) Tt < 2],
p(t’z){h(T—t—m it —t< |,

is a Lipschitz continuous solution to (3.6.2).

In order to achieve uniqueness, Bouchut and James introduce in [11] the concept
of reversible solutions for the homogeneous version of (3.6.2) given by

pr+apy, =0 on Q, and p(r,-) =p’(-) on R. (3.6.5)

In [81], Ulbrich extends the results of Bouchut and James to the inhomogeneous
case with possibly discontinuous end data p”. In the rest of this section, we will
collect some important results of [11] and [81]. We first present a characterization
of reversible solutions to (3.6.5), which is introduced in [11]:

Definition 3.6.2. Denote by Lyom the set of Lipschitz continuous solutions to
(3.6.5). Thenp € Lyom is a reversible solution of (3.6.5), if there exist p1,p2 € Lhom

satisfying (p1),, (p2), > 0 such that p=p1 — pa.

In [11], Bouchut and James prove existence and uniqueness of a reversible solution
if the OSLC (3.6.3) is satisfied:

Theorem 3.6.3 (Theorem 4.1.5, [11]). Assume that a € L*°(Qr) satisfies the
OSLC (3.6.3) for some o € L'(]0,T[). Then for all p” € C:X(R) (3.6.5) admits a
unique reversible solution p € C’loo’i(Qﬁl) such that p(7,-) = p. Finally, for arbitrary

x1, T2 € R with x1 < z9 and t € [0, 7], it holds that
It Moor N7 Mooy P2t Mlses < € DT o
where I =]x1,z2[ and J :=|z1 — |[all (T —1),22 + [all (T —1)[.

As already mentioned in [81], the notion of reversible solutions according
to Definition 3.6.2 is not extendable to the inhomogeneous case. In order to
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characterize reversible solutions to (3.6.2) for the case b,c¢ # 0, the so-called
generalized backward flow, introduced in [11], plays an important role.

Definition 3.6.4. Assume that a € L (Qr) satisfies the OSLC (3.6.3) and define
the set

Dy={(s,t) ER*:0<t<s<T}.

Then the generalized backward flow X € C%Y(Dy, x R) associated with a is defined
as follows: For any s €)0,T], X(s;-,-) is given by the unique reversible solution to

Xt(s;'a')+aXz(5;'a') :07 (t71') G]OvS[XRa
X(s;s,2) =2z, x€R.

For s =0, we set X(0;0,2) = z.

Remark 3.6.5. As remarked in [11], the generalized backward flow X satisfies the
composition formula

X(s;t,X(t;0,2)) =X(s;0,2) forall 0<o<t<s<T,zeR

and for all (¢,z) € Qp it holds that

%X(s;t,x) € la(s, X (s;t,2)+),a(s, X (s;t,2)—)] for a.a. s €]0,T].

That means that X(-;¢, ) solves the ODE

d

gX(s;t,a:) =a(s, X(s;t,x)), set,T], X(tt,z)=x (3.6.6)
in the sense of Filippov [35]. We note that (3.6.3) respectively (3.6.4) yield a(t,-) €
BVioc(R) for a.a. t. Hence the left- and right-sided limits in (3.6.6) are well-defined,
cf. [81].

Furthermore, Bouchut and James show in [11] that the unique reversible solution
p to (3.6.5) is given by

p(t,x) = p" (X (7;t,x)) (3.6.7)

and therefore solves (3.6.5) along the generalized characteristics in the sense of
Dafermos. Thus, the reversible solution to the transport equation in Example 3.6.1
is given by (3.6.7), where the generalized backward flow associated with a in the
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considered example is equal to

x —sgn(z)(s —t) if |z| >s—1

, sEtT],
0 if o] <s—t

X(s;t,x){

cf. [81].
Using this characterization of reversible solutions, Ulbrich developed the following
definition of reversible solutions to the inhomogeneous case.

Definition 3.6.6. Assume that a € L™ (Qr) satisfies the OSLC (3.6.3), i.e.,
az(t,") < a(t) for some o € LY(]0,T[) and let b,c € L>*(]0,T[;C*1(R)). Then
p is called a reversible solution to (3.6.2), if for all z € R it holds that

p(1, X(730,2)) = p" (X (750, 2)),
d (3.6.8)

ap(t,X(t; 0,2)) = (=bp+¢)(t, X (¢;0,2)), for a.a. t €]0,7].

For the case that only
a€ L'(o,T]) forallo >0
holds, p can first be defined on the domains o, T[xR and then on Q, by exhaustion.

Additionally, Ulbrich extends in [81] Theorem 3.6.3 to the inhomogeneous case
(3.6.2), see also [82]. Ulbrich first derives an existence and uniqueness result for
reversible solutions to (3.6.2), assuming that a satisfies the OSLC (3.6.3) and p7 is
Lipschitz continuous. Building on this result, Ulbrich further proves existence and
uniqueness of reversible solutions under the weakened OSLC (3.6.4) for possibly
discontinuous end data lying in the set

v is the pointwise everywhere limit of a sequence

B )= {0 € B (2L T o o in OB W B

loc

where B(R) denotes the Banach space of bounded functions equipped with the sup-
norm. This is crucial for our analysis, since we have to deal with discontinuous
end data p” due to the computation of gradients of the reduced cost functional in
Theorem 3.5.5. The just mentioned existence and uniqueness results are given by
the following theorems:

Theorem 3.6.7 (Thm. 4.2.10, [81]). Assume that a € L (Qr) satisfies the OSLC
(3.6.3) and let b,c € L>=(]0,T[; C**(R)). Given any p™ € C*1(R), (3.6.2) admits
a unique reversible solution p € C%1(QC). Moreover, p solves (3.6.2) almost ev-
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erywhere on Qr and ||p[|co.gay has a bound that depends on [[b]| (o, 7[;c01 (R)),
el go,riconmy)s 1P lcoamys llallo o,y and [ledly o7y, but not on 7.

In addition, for arbitrary t € [0,7], 1,22 € R with 1 < x9 and 0 <t <ty < 7,
it holds that

Ip(t M sy < (107150 + el gorpmin) et aorimen, (3.6.9a)
P2 (t, )l r < (||P; 1,0 T b2l 7 g 1Pl o7 ||Cm||1,[t,T]xJ) el®letao, iz,
(3.6.9D)

Pelly oy 075 < (t2 = 1) (0P = ell oo gt iz ()
Fllallog, 1y 0] x 1 ||px||L°°(]t1,t2[;L1(I))) ; (3.6.9¢)

where I == [z1,22] and J = [z1 — |[al| (T —t), 22 + [lal|l, (T'—1)]. In particular,
(3.6.9) yields

lpllwrrqo,rixny + Pl BGo, ;w11 (1)) < Ch

(3.6.10)
[p(t2) = p(t1)lly ; < Calta —ta),

where the constants Cy and Cy depend on |p"[lwricn,  lalloo.mx0

16l o qo.r ;w1 )y and [|el[ Lo qo,7;wrn (), but not on a.

Theorem 3.6.8 (Cor. 4.2.11, [81]). Let the assumptions of Theorem 3.6.7 hold
with the relazation that only the weakened OSLC (3.6.4) is satisfied for some « with
a € LY(|o,T|) for each fized o > 0. Then the following holds true:

(i) Given any p™ € CY1(R), (3.6.2) admits a unique reversible solution p that
satisfies

p € B(Qr) N C¥!([o, 7] x B) N C*([0,7]; Lioe(R)) N B((0, 7); BVioc(R))

for all o €]0,7[. Furthermore, (3.6.9) and (3.6.10) hold for all t €]0,7] and
(3.6.8) for allt €]0,7[. Moreover, for any closed set E such that

ag(t,)lr\e < A1)
with some & € L*(]0,T[), the reversible solution p satisfies in addition
p € C¥H([0,7] x (R\ Ev))

for any e-neighborhood E. of E. Moreover, ||p||co.1(jo,7]x(®\E.)) has a bound
only depending on &, |[bllL~qo,rc0rm))s lellLeqorscormy), 1P llcor ),
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lalloe 0,77 and ||&lly o 7y, but not on 7. For the case that the OSLC (3.6.3) is
satisfied, one can choose E = E. = ().

(i) For end data p™ € Bri;p(R), (3.6.2) admits a unique reversible solution p €
B(9,) satisfying (3.6.9a) and

p € B(Qr) N CO([0,7]; L (R)) N B0, 7): BVioe (R)) N BVioc (22).

Consider an arbitrary sequence (p},), e € C*'(R) that is bounded in C'(R) N

VV&)C1 (R) and converges pointwise everywhere to p™. Then the corresponding

reversible solutions p, € CX(2,) N COY([0,7]; LL (R)) of (3.6.2) satisfy

loc loc

Pn — p  boundedly everywhere on 10,7] x R and in C([0,7]; Li,.(R)).

If even the OSLC (3.6.3) holds for some o € L'(]0,T[), then the reversible
solutions p, € COH(QE) satisfy in addition

loc

pn — p  boundedly everywhere on [0,7] x R.

We will close this section by a result of [81] studying the stability of reversible
solutions under the OSLC (3.6.3). Additionally, one can also find a version assuming
that only the weakened OSLC (3.6.4) is satisfied, see [81, Theorem 4.2.13].

Theorem 3.6.9 (Thm. 4.2.12, [81]). Let the following assumptions be satisfied:

1. Consider a sequence (an), c which is bounded in L (Q2r) and satisfies
an = a in L=(Q7)
as well as the OSLCs
(an),(t,) <an(t), ax(t,-) <a(t) fora.a. allt€]0,T|

for a bounded sequence ()

neN C Ll(]O,T[) and o € Ll(]O,TD
2. Furthermore, let (by),cn > (¢n)pen € L0, T[;C*1(R)) be sequences which
are bounded in L*(]0,T[;C(R)) and satisfy

b, = b, c,—c in Ll(]O,T[; Cloe(R)),

where b,c € L>(]0,T[; C>1(R)).
8. Finally, consider a sequence (p),cx C C%'(R) which is bounded in C(R)



56 Chapter 3. Optimal boundary control of hyperbolic balance laws

and satisfies
p; - pT in Cloc(]R)7

with p™ € CO1(R).

Then the sequence of reversible solutions (pn),cn of
P+ anpr = —bpp+cn on Qr,  p(r,) =pl(-) on R
satisfies
pn —p in C([0,7] x [-R, R])

for all R > 0, where p is the reversible solution of (3.6.2).

3.7 Proof of the main results of Chapter 3

The goal of this last section of Chapter 3 is to prove Theorem 3.5.5. Since Theo-
rem 3.5.5 is an extension of Theorem 5.2.6 in [69] to the case that the shifting of
rarefaction centers is allowed, we will use the same techniques as in [69]. These
techniques are based on the concepts that are developed in [81] for the case of pure
initial value problems, see also [70]. Therefore, we will recall some results of [69]
and show that they still hold true if rarefaction centers are shifted. One of the basic
steps to prove Theorem 3.5.5 is to show that the control-to-state mapping

Usuw y(t,-,u) € L=(Q), (3.7.1)

is continuously shift-differentiable according to Definition 3.4.2 and then use
Lemma 3.4.3 to prove that the mapping defined in (3.5.29), i.e.,

Usur~ J(u) :=J(y(u),u) € R,

is continuously Fréchet-differentiable, cf. [81], [82], [69] and [70]. In order to show
that the mapping in (3.7.1) is shift-differentiable, we have to find a linear bounded
operator

Ts (y(t, -, 1)) € LU; L ([a,b]) x RY) (3.7.2)
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for some r €]1, 00 such that

1,[a,b]

1_ Jv(w) = y(@) = S ) (T E - ) (w— )|

u—i [[u = alle

= 0. (3.7.3)

The following result will play a key-role in finding an operator (3.7.2) such that
(3.7.3) is valid.

Lemma 3.7.1. Suppose that (A3) and (A4) hold true. Considering a time point
t €]0,T[ and an interval [a,b], let @ € U satisfy the conditions in (ND). Then for
all u in a neighborhood BE(ﬁ) of u the corresponding entropy solution y(u) of the
IBVP (3.1.2) is at the time point t on the interval [a,b] given by

K+1
y (£ 230) |0p = Y1 (E 230) Djg g (@) + Y Yelf 230) Lia, (w00 () (2), (3.7.4)
k=2

where
Vi i (z,u) € If x By (0) = Y (f,2;u) € R (3.7.5)
2 u € BY(1) = oy (u) e}xk(ﬁ)—g,xk(ﬁ)—&-g[, (3.7.6)

are continuously differentiable mappings and I :=|zi_1(0) — ¢,z () + €[ for k =
1,...,K+1, and g = a,zx11 = b. Finally, the mappings

ueBY(W)— Y, (t,su)eC(If), k=1,...,K+1
are continuously differentiable.
Proof. The proof of this lemma will be given at the beginning of §3.7.5. O

We consider a control u € U and observe that the unique entropy solution y(a) to
the IBVP (3.1.2) has BV-regularity according to Proposition 3.1.4. Therefore, fixing
some time point ¢ €]0, T[, y(¢, -, @) has at most a countable number of discontinuities
on . In order to prove Lemma 3.7.1, it will be crucial to have a closer look at the
continuity and shock points of y(t,-,@). A classification and analysis of the continu-
ity and shock points have been done for the case of a pure initial value problem in
[81]. These results are extended to initial-boundary value problems in [69, Ch. 6],
which we will recall in the following subsection. Since in this thesis the shifting of
rarefaction centers is not prohibited, we will have to adapt some of the results using
the ideas of [69, §8.2].
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3.7.1 Classification of continuity points

Throughout this subsection suppose that the assumptions (A3) and (A4) are sat-
isfied. Considering a continuity point Z € [a,b] of y(¢,-, 1) for some u € U,
we denote by ¢ the unique genuine backward characteristic through (f,7). Since
lly(Z, -; u)Hoo,Q < M, holds due to Proposition 3.1.3, the speed of the characteris-
tic £ is bounded as well. Therefore, £ ends in some point (6, 2) with z € Q¢ and
6 € [0,1[, where only three scenarios can occur: Either £ ends in ¢t = 0 such that
6 = 0, € ends in the left boundary such that Z = a or ¢ ends in the right boundary
such that Z = b. For each of these scenarios there are three further cases: The
characteristic £ can end in a point where the data is continuous, in the inner of a
rarefaction wave or on the boundary of a rarefaction wave. Before having a look at
these cases, we first note that since g, > o and @ip, < —a are satisfied due to
(A4), it cannot happen that ¢ touches the boundary and then returns into the inner
of Q7. The fact that £ is genuine implies z ¢ I, o and 6 ¢ I, o U I 5. Moreover,
from Proposition 3.2.4 we obtain that (£(-),y(-,£(+))) coincides on ], ] with ((,v)
denoting the solution of (3.2.7) with end data (z,y(%,Z;@)). In what follows, we set
v(0) = w.
We first consider the cases where € ends in ¢t = 0, cf. [81, §3.4.3]:

Case C: Let § =0 and z # z; for i = 1,...,n,. Since £ is genuine and g(-) is
smooth at z, Proposition 3.2.4 yields that £ coincides on [0, ] with ¢(+; 0, Z, u? (2),41)
for some j € {1,...,n,}, where z € J for some open interval J C [z)_,,z}] and

(¢,v) is given by the solution of (3.2.7) with initial data (z,4)(2)). The fact that
genuine characteristics may only intersect at their endpoints (cf. Proposition 3.2.4)
yields

d

J— > .
= >0 Vtelod], (3.7.7)

C(ta 07 2 ﬂ?(z)yﬂl)

cf. [81]. If there exists a constant § > 0 such that

d

p >p3 vtelo, (3.7.8)

C(tv 07 Z,’EL?(Z),’ZTH)

Z=Z

then we say that z is of class C°. We note that if (£,Z) is not a shock generation
point, then Z is of class C¢, see [81].
Case R: Let ¢ end in the inner of a rarefaction wave emanating from ¢ = 0,

ie., 0 =0,z =19 for some j € I,o(u) and w €]al_,(z9),u)(z})[. Using the same



3.7. Proof of the main results of Chapter 3 59

arguments as in the case above, one can show that

d
dwé(t O,x],w,ﬂl) >0 Vtelo,t], (3.7.9)
cf. [81]. If furthermore
d _
— (¢ O,xj,wml) > Bt Vit €]0,1] (3.7.10)
dw w=w

is satisfied for a constant 5 > 0, then we say that Z is of class R¢. Supposing that
(,7) is not a shock generation point, one can show that Z is of class R¢, see [81].

Case RB: Let € end on the boundary of a rarefaction wave emanating from
t=0,1ie,0=0,z=1z9 for some j € I,o(u) and @ € {a)_,(z}),a9(z))}. Then
the one-sided derivatives satisfy (3.7.7) and (3.7.9). If the one-sided derivatives even
satisfy (3.7.8) and (3.7.10), then we say that Z is of class RB¢. If (f,Z) is not a
shock generation point, then Z is of class RB¢, see [81].

Now we consider the case that & leaves Qp at 2 = a or # = b at a
time point 6 €]0,7[. Pfaff extended in [69, §6.1] the results of [81, §3.4.3] to
initial-boundary value problems. We will first collect the results for the case that &
leaves Qr at x = a at a time point 6 €]0,[:

Case Cpq: Let 2 = a and #t¢ for i = 1,...,n;4. Analogously to the C-case

above, one can show that there exists an open interval J C [t§_;,%] for some
j€{1,...,n4q} such that § € J and
d _ _
—((t;0,q, u 0), 1) <0 Vteld,t], (3.7.11)
dg 6=4
cf. [69]. If there exists a constant § > 0 such that
d _B,a — 0
@C(t;é,a, u; " (0),u1) < —p Vtelb,t, (3.7.12)
0=0

is valid, then we Z is of class Oy ;. Onme can show that if (,2) is not a shock
generation point, then 7 is of class Cj ;. This can be found in [69].

Case Rp 4: Let € end in the inner of a rarefaction wave emanating from the left
boundary, i.e., 2 = a, § = £} for some j € I, 4(01) and 6}_3 89, _;3 1(#3)[. Using
the same arguments as in the R-case, one can prove that

d _
o0 0w, ) >0 vteld,i, (3.7.13)

w=w
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holds true, cf. [69]. Moreover, if

dd C(t; 15, a,w, 1) o > B(t—0) vt e€lo, i, (3.7.14)
is satisfied for some constant 8 > 0, then Z is of class R ,. If (¢,7) is not a shock
generation point, then one can show that 7 is of class R , see [69].

Case RBp q: Let € end on the boundary of a rarefaction wave emanating from the
left boundary, i.e., Z = a, § = t§ for some j € I, o(01) and @ € { MGIRT a(t_?)}
Supposing that (Z, Z) is not a shock generation point, the one-sided derlvatlves satisfy
(3.7.11) and (3.7.13). If for the one-sided derivatives even (3.7.12) and (3.7.14) are
valid, then 7 is of class RBj ,. For the case that (t,z) is not a shock generation
point, one can show that Z is of class RBg , cf. [69].

For the case that & leaves Qr at = b at a time point 6 €0, [, the procedure is
similar:

Case Cpp: Let Z="b and § # £ fori = 1,...,n:p. Using the same arguments
as in the Cp 4-case, one can show that there exists an open interval J C [t? - 1,5;’}
for some j € {1,...,m4} such that § € J and

d _B b 5
—((t;0,b,a;7(6),a1) >0 Vtelb,1] (3.7.15)
de 0=
holds, cf. [69]. If there is a constant 8 > 0 such that
d _Bb gy - 5
@C(t,ﬁ, a,u; " (0),u1) 2B Ve 60,1], (3.7.16)
0=0

then we say that z is of class Cf . Similar to the Cp q-case, (3.7.16) can be
guaranteed if (£, %) is not a shock generation point, see [69].

Case Rpp: Let € end in the inner of a rarefaction wave emanating from the right
boundary, i.e., z = b, § =19 for some j € I,.,(0) and @ €lu; B, b(tj’) e b(f[’)[ Asin
the Rp q-case, one can show that

dwg( (69,0, w, 1) B >0 Vteld, 1], (3.7.17)
cf. [69]. If in addition
d £%,b,w, u > ) Vtelf 1
dwC(ttha wvul) it = 5@ - ) 3 6] 7ﬂ7 (37 8)

is valid for some constant 5 > 0, then we say that 7 is of class Rf . If (t,Z) is not
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a shock generation point, then one can show that 7 is of class R 4, see [69].

Case RBpp: Let € end on the boundary of a rarefaction wave emanating from
t=0,ie,z="b,0=13 for some j € I, s(0) and @ € {ﬂf_[’l(%’),ﬁfh(fé’)} If (¢,z)
is not a shock generation point, then the one-sided derivatives satisfy (3.7.15) and
(3.7.17). If even (3.7.16) and (3.7.18) are valid, which can be guaranteed supposing
that (%,Z) is not a shock generation point (cf. [69]), then we say that Z is of class
RBY .

Finally, we consider the case that £ ends in (0,a) or in (0, b):

Case Ry q: Let ¢ end in the inner of a rarefaction wave emanating from (0, a),
ie,z=a,0=0and o €]a’®(0),a)(a)]. As in the Rp q-case, setting f = 0, we
obtain that (3.7.13) holds true and if even (3.7.14) is satisfied for some constant
B > 0, then we say that z is of class R ;, see [69].

Case RBjq: Let € end on the boundary of a rarefaction wave emanating from
the right boundary, i.e., Z =a, § = 0 and w € {ﬂ?’a(O), ﬂ?(a)}. Then the one-sided
derivatives satisfy (3.7.11) and (3.7.13) in 6 = 0 if £ lies on the left boundary of the
rarefaction wave or (3.7.7) in Z = a and (3.7.13) if £ lies on the right boundary. If
the one-sided derivatives even satisfy (3.7.14) and (3.7.12) or (3.7.8), respectively,
then we say that 7 is of class RBj .. If (t,Z) is not a shock generation point, then
T is of class RBj ,, see [69].

Case Ryp: Let ¢ end in the inner of a rarefaction wave emanating from (0, b),
i, z=>band = 0 and w €]ad(b),al*(0)[. As in the Rp 4-case, setting f = 0
(3.7.17) holds and if even (3.7.18) is satisfied for some constant § > 0, then we say
that 7 is of class R ;, see [69].

Case RBjp: Let € end on the boundary of a rarefaction wave emanating from
(0,b), ie, Z=15b,0 =0 and w € {ﬂ?’b(O),ﬂ?(b)}. Supposing that (£, ) is not
a shock generation point, the one-sided derivatives satisfy (3.7.15) and (3.7.17) in
6 = 0 if £ lies on the right boundary of the rarefaction wave or (3.7.7) in Z = b and
(3.7.17) if € lies on the left boundary. If even (3.7.18) and (3.7.16) or (3.7.8) are
valid, respectively, then we say that Z is of class RB( y,, which is guaranteed if (t,7)
is not a shock generation point, cf. [69].

Remark 3.7.2. In the previous classifications the cases that £ ends in a point
(0,2)) with j € I.o or in a point (t_f’a/b,a/b) with j € I.q/6, which can also
occur, are not mentioned. In addition, the case that & ends in (0, a/b) where ug(a +
/b—,1) = up q/p(0+,u) is not discussed. These cases are excluded in order to
guarantee a certain stability of the solution which is needed to prove Lemma 3.7.1,

see Remark 3.5.2. The analysis of these cases can be found in [69, 6.1].
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3.7.2 Classification of shock points

In this subsection suppose that (A3) and (A4) are satisfied and denote by y(u) the
entropy solution of the IBVP (3.1.2) for some u € U. In addition, let (¢,Z) be a
shock point of y() lying on some shock-curve 7(t). Furthermore, denote by £ the
corresponding minimal and maximal backward characteristics through (¢, z) and by
(f+,Z+) the points where they leave the domain 7. We recall that £+ are genuine
due to Proposition 3.2.4. Further on, Proposition 3.2.4 yields

£x() =C() and  y(-€x() =v<() onlb 1],

where (Cy,vs) are given by the solution of (3.2.7) with end data (Z,y(f, z+;)).
We set v(ﬁ_i) = w.. Considering the genuine backward characteristics £, one can
classify the shock points analogously to the continuity points. Such a classification
of shock points is carried out for initial value problems in [81] and extended to
initial-boundary value problems in [69]. We will briefly collect these results. If £_
ends in a point where the initial data or the boundary data is smooth, then the
corresponding function (_ satisfies (3.7.7), (3.7.11) or (3.7.15). Analogously, if £_
ends in the inner of a rarefaction wave, then (3.7.9), (3.7.13) or (3.7.17) is valid. The
same holds for {;. If (_ and (; satisfy (3.7.8), (3.7.12),(3.7.16), (3.7.10), (3.7.14)
or (3.7.18), then we say that the shock point (¢, ) is of class X;/X,. with X, X, €
{C, R°,C5 o, RE 0, Ch o CB,G}. Based on these observations, Pfaff defines in [69,
Definition 6.1.1] the non-degeneracy of shock points as follows:

Definition 3.7.3. Suppose that (A3) and (A4) are satisfied and denote by y(u) €
BV (Qr) the entropy solution of the IBVP (3.1.2) for some u € U. We say that
a shock point (t,Z) is non-degenerated if it is not a shock interaction point and of

class Xi/ X, with X, X, € {C%, B¢, Cf o Ry 4 Ch o0 Ry |-

3.7.3 Differentiability in the neighborhood of continuity points

Throughout the whole subsection, let (A3) and (A4) hold true and denote by y(u)
the unique entropy solution to the IBVP (3.1.2) for some u € U. Based on the
results in [81] for the pure initial value problem, Pfaff considers continuity points of
class

C C C C C C C C C C C C C
X €{C% R*,RB®,C} o, R} o RB} o, Cf o, Rp o, RBE o, R o, RBG o, R o, RBG 4 }
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see §3.7.1. Then he constructs in [69, §6.2] case by case smooth local solutions Y
around the corresponding genuine backward characteristics which depend continu-
ously differentiably on u in a small neighborhood of @. In a second step, it is proved
that the local solutions coincide for all u € BE (u) with the corresponding entropy
solution y(u) of the IBVP (3.1.2) if p is sufficiently small. We will collect those
results, whereby we will pay attention to the fact that in this thesis the shifting of
rarefaction centers is not prohibited in contrast to [69] and [81].

3.7.3.1 Local solutions around genuine characteristics ending in ¢t =0

Consider a control 1 € U and a continuity point (¢,Z) of y(-,u) of class C°. Then
(3.7.8) holds for some positive constant 5 > 0 and j € {1,...,n, +1}. Due to
continuity of the mapping (3.2.8) in Lemma 3.2.5, there exist z; < Z < 2z, and § > 0
such that

d

&C(t;ov'z?ﬂg(’z)?al) >

|

>0 Y(t2)e[0,8xJ (3.7.19)

is satisfied, where J :=|z;—0, z.+0[ C ]:f?fl, i?[ In the next result we will construct a

smooth function Y which is defined on a neighborhood around the genuine backward
characteristic through (¢,Z). This result will play an important role as we will see
later.

Lemma 3.7.4 (Local solution in a neighborhood of continuity points of class C°,
Lemma 3.5.1, [81]). Let (A3) and (A4) hold true, consider a control u € U and
suppose that (3.7.19) is satisfied for some constants 6,8 >0 and j € {1,...,n, + 1}.
Then

;—ZC(t;O,zm?(z),ul) > g >0 V(tz)el0,t+7]xJ Yue B};T(ﬁ)
is valid for some constants p,7 > 0. Defining the stripe
§=58(r) =A{(t,2) € [0, + 7] x Q: () <z <&()}
with & /. (t) == C(t;O,zl/r,ﬂg(zl/r),ﬂl), the equation
¢(t; 0, z,u?(z), uy) =x

admits for all (t,z) € S(t) and all u € BY (0) a unique solution z = Z(t,z,u) € .J.
Further defining the mapping

Y(t,z,u) = v(t;0, Z(t,z,u), u(;(Z(t, x,u)),u1), (3.7.20)
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Jor all w € BY () it holds that Z(-,u),Y (-,u) € C®*(S). Moreover, for all t €
[0, + 7[ the mappings

(w,w) €]6(), & (D)[x By (@) = Z(t,z,u)
(z,u) € )&(1), & (O)[xBY (0) = Y (t, 2, 1)

are continuously Fréchet-differentiable with corresponding derivatives

dx — 6<(ta 07 2, U?(z)ﬂil; 0707 6”?(2)7 6”1)
6¢(t;0, 2,ud(2), u13 0, 1,u?l(z),0)

d(gw Y (t,z,u) - (0z,0u) = dv(t; 0, , u?(z),ul; 0,0, 6u?(z), duy),

+ dv(t; 0, z, u?(z), 130, 1, u?/(z), 0) - diz,uZ(t,z,u) - (0z,u),

d(w)u)Z(t, T, 11) . (533, 511) =

where dv and §¢ are determined by the solution of the linearized characteristic equa-
tion in (3.2.9). Further on, the mappings

ue Bf(ﬁ) — Z(-,u) € C(S)
ue BE(ﬁ) —Y(-,u) € C(9)

are continuously Fréchet-differentiable and the derivatives are given by
du(Z,Y)(-;0) - du=dw(Z,Y)(,u) - (0,6u).

Setting 0y = dnY (u) - du, we note that dy is the unique broad solution, i.e., the
solution along characteristics of the linearized equation

Sy, + (f'(Y(0))dy), = 9y(-, ¥, 1)y + gu, (-, y, u1)dus on S, (3.7.21)
oy(0,-) = 6u9 on [z, ).
Remark 3.7.5. According to the original version of the above lemma in [81, Lemma
3.5.1], the mappings Z,Y € C%1(S) as well as their respective derivatives w.r.t. u
and z only depend on ug-) and u1|s. Hence, despite the fact that the shifting of
rarefaction waves is allowed in this thesis (in contrast to [81] and [69]), the results
of [81, Lemma 3.5.1] are still valid.

Remark 3.7.6. The mapping Y € C%1(S) defined in (3.7.20) is a classical solution
of (3.1.2) on the stripe S.

Remark 3.7.7. In [81, Rem. 3.5.4.], it is shown that dy is also a weak solution
of (3.7.21) and that for any domain D C S with Lipschitz boundary and any p €
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C%Y(D), it holds that

(p(nl + anI(Y))a 6y)2’aD = (pt + f/(Y)pw + gy(t, z, Y7 ul)pa 6y)27D

(3.7.22)
+ (pgu1 (tﬂ z, Yﬂ ul)ﬂ 5u1)2,D )

where (n1,n2)T is the outer normal of D.

In the following result, we will see that the mapping Y which is constructed in
the previous result coincides with the entropy solution y(u) on a neighborhood of
the genuine backward characteristic through the continuity point (¢, Z).

Lemma 3.7.8 (Differentiability properties in continuity points of class C°, Lemma
3.5.5, [81]). Suppose that (A3) and (A4) are satisfied. Furthermore, consider a con-
trol 0 € U and a continuity point (t,z) € Qr of y(-,0) of class C°. Then the
following statements are valid:

(i) There is a mazimal nonempty open interval I with & € I such that I does
not contain any discontinuity of y(t,-, ) and for all x € I the unique genuine
backward characteristic & through (t,x) does not intersect t = 0 in some z €
{z9,...,25 }. Moreover, it holds that y(t,-,u) € C*(I).

(ii) Consider an arbitrary interval Jxy, x,.[ with [x;,x,] C I. Denote by &, the gen-
uine backward characteristics through (t, xy/y) and by 2z, the points where they
intersect t = 0. Then there exist constants 6,8 > 0 and j € {1,...,n, + 1}
such that (3.7.19) is satisfied. Consider the mapping

ue By(ﬁ) — Y(-,u) € C(9)
from Lemma 3.7.4. Then after a possible reduction of p and T we obtain
y(t,z;u) =Y (t,z,u) V(t,z) €S, ue B},J(ﬁ). (3.7.23)

Next, we consider a control 1 € U and a continuity point (¢, Z) of y(f, -, @) of class
Re. In contrast to [69], in this thesis the shifting of rarefaction centers is allowed.
Similarly to the results in Lemma 3.7.4 and 3.7.8, our goal is to define a stripe
S C Qp and a mapping Y (¢, z, u) such that (3.7.23) is satisfied. To this end, we will
follow the concepts introduced in [71], where the shifting of rarefaction centers is
allowed, and apply them to initial-boundary value problems, cf. [69, §8.2]. One of
the main arguments is here the following: Since the source term on the right-hand
side of (3.1.2) is equal to zero on [0,¢] x R, there exists a sufficiently small s €]0, [
and p > 0 such that for any j € I, o(u) it holds

y(s,;u) I3 (u) = qbg(x,x?) Yu € B,?(ﬁ) (3.7.24)
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with

S

x — 29
I (w) =Jaf + f'(u5(25))s, af + f'(uf 4 (25)s[ and ¢ (@, af) = /7 < J) :

Due to (A3), the mapping
g € R~ (-, q) € Cloe(R) (3.7.25)

is continuously Fréchet-differentiable with derivative

Sl
D)

This result can be found in the proof of Lemma 7.2.10 in [69]. A Taylor expansion

of the terms f'(u$(x})) and f'(uy,,(29)) in a)(z}) and @), (29) yields a mapping

49} (- q) - 3q (3.7.26)

€10, 00[— €(p) €]0,00[ with p =0 = ¢(p) =0 (3.7.27)
such that

2) + f(ud(29)s < 29 + f'(@d(@)))s +e(p)
<&+ f(G41(29))s — e(p)
<@+ f'(uf(29)s Vue BY(u)

holds for sufficiently small p > 0. Therefore we obtain

17, =[2G + f1(@f(35))s + 2¢(p), 7 + f'(@5,1(2))s — 2¢(p)] C I (u)

which combined with (3.7.24) and (3.7.25) yields the continuous Fréchet-
differentiability of the mapping

ue BY () = y(s, 5w, € CH(I5,). (3.7.28)

The derivative is given by the right-hand side of (3.7.26) with ¢ = x? and §q = 5;10?,
cf. [69, Lemma 7.2.10].

Since the genuine backward characteristic & through (£, %) ends in the inner of a
rarefaction wave with center (0, .’Z'(J)»), we obtain z = £(s) € T 3, for sufficiently small
p. Furthermore, (3.7.10) yields

d

&C(“ s, 2,09(2, %)), 1) >B>0 Vte]s,i. (3.7.29)

z=Zz
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Analogously to the derivation of (3.7.19), we obtain from (3.7.29) the existence of
constants 3,0 > 0 and z; < Z < z, such that
d 0/, =0y - B
—(t;8,2,02(2,27),u1) > = >0 V(t,2z2) €[s, 8] x J (3.7.30)
dz J J 2
holds, where J :=]z — §, 2, + d[C I7 ,. Therefore, considering the truncated
initial-boundary value problem on the domain |s, T[x €2, we can apply Lemma 3.7.4
and obtain:

Lemma 3.7.9 (Local solution in a neighborhood of continuity points of class R€).
let (A3) and (A4) be satisfied. Moreover, consider a control € U and suppose
that (3.7.30) is satisfied for some §,8 > 0 and some j € I,o(0). Then there exist
constants p,™ > 0 such that

wl™

d . _
ag(t;s,,z,¢>g?(z,:z§?),u1) >=>0 Y(t,z)€[s,t+7]xJ YueBJ(a) (3.7.31)

1s valid. Defining the stripe
§=98(1)={(t;x) € [s,t+ 7] x Q: &4(t) <@ < &)}
where & /,.(t) == C(t;s,zl/r,¢9(zl/r,fg),ﬂ1), the equation
C(t;s,z,cé?(z,i?),ul) ==z

admits for all (t,x) € S(7) and allu € BY () a unique solution z = Z(t,z,u) € J.
Further on, we construct the mapping

Y(t,z,u) = v(t; s, Z(t,xz,u), qﬁ?(Z(t, x,u), 1:(]]), uy) (3.7.32)

and observe that Z(-,u),Y (-, u) € C%1(S) holds for allu € BY (). In addition, the
mappings

are continuously Fréchet-differentiable for all t € [s,t + 7| with derivatives

ox — 6¢(t; 8, 2, ) (2, 23),u1;0,0,dgd9 (2, 9)629, duy )
6C(t787z7¢?(z7x?)7u1a0717d$¢?(z7x?)70) ’

dewY (t,2,0) - (62, 00) = 6u(t; 5, 2, 6] (2, 27),u15 0,0, dg b (2, 27) 0}, dur )

d(w,u)Z(t, z,u) - (0x,ou) =
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+0u(ts 5,2, (2, 27),u1;0,1,ds} (2,25), 0) - d( ) Z(t, 2, u) - (62, 6u),

where dv and §¢ are given by the solution of the linearized characteristic equation
in (3.2.9). Finally, the mappings

ue By(ﬁ) — Z(-,u) € C(5)
ue BY(u)— Y(,u)eC(S

~—

are continuously Fréchet-differentiable and the derivatives can be computed by

du(Z,Y)(-,u) -du =d v (Z,Y)(-,u) - (0,6u)

and 0y = dyY (u) - du is the unique broad solution of the linearized equation

oy, + (' (Y (0))oy), = gy(,ys u1)0y + gu, (-, y, u1)duy on S,
5y(5a ) = dq¢?(a 19)51’? on [Zlv ZT‘]'

Finally, the assertions of the Remarks 3.7.6 and 3.7.7 hold true.

Following the ideas of the proof of Lemma 7.2.10 in [69], we observe that due
to (3.7.24) and (3.7.30), a continuity point (¢,Z) € Qr of y(-,u) of class R® can
be treated as a continuity point of class C° for the truncated IBVP on [s,T] x Q.
Therefore, we obtain the following counterpart of Lemma 3.7.8:

Lemma 3.7.10 (Differentiability properties in continuity points of class R¢, cf.
Lemma 7.2.10 in [69]). Suppose that (A3) and (A4) are satisfied. Furthermore,
consider a control u € U and a continuity point (t,z) € Qr of y(-,0) of class R°
such that the genuine backward characteristic through (t,T) ends in the inner of a
rarefaction wave with corresponding center in some point (0, i?) Then the following
statements are valid:

(i) There exists a mazimal nonempty open interval I with T € I such that I does

not contain any discontinuity of y(t,-,0) and for all x € I the unique genuine
backward characteristic & through (&, ) intersects t = s in

2 =§(s) €125 + f'(a(77))s, 75 + (a1 (7)) s].

Moreover, we obtain that y(t,-, 1) € C*(I).

(ii) Let |xy,x,.[ be an arbitrary interval with [x;,x,] C I and denote by &, the

genuine backward characteristics through (t, xy/y) and by z, the points where
they intersect t = s, respectively. Then there exist 0,8 > 0 such that (3.7.30)
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holds true. Consider the mapping
u € By (a) — Y(-u) € C(S)
from Lemma 3.7.9. Then after a possible reduction of p and T we get that
y(t,z;u) =Y (t,z,u) VY(t,x) €S, ue Bg(ﬁ).
Proof. The proof is analogous to the proof of Lemma 7.2.10 in [69]. O

Next, we consider a continuity point (¢, Z) of y(¢, -, @) that is of class RB¢ and lies
on the right boundary of a rarefaction wave, i.e., the genuine backward characteristic
€ through the point (£,7) intersects ¢t = 0 in some point 2, = £(0) = ic? € Q for
some j € I,o(@) and coincides on [0,7] with the solution ((-;0, Z., @), ,(Z), @1) of
(3.2.7). Let z = £(s) denote the point where ¢ intersects t = s for some s €
10,e4[. Considering the local solution d)? near rarefaction centers defined in (3.7.24),
€ coincides on [s, 7] with ((; s, 7, ¢9(z1, 29)uy). Since (3.7.10) is satisfied and due to
the regularity of the solution to (3.2.7), there exist 200 /r Zryd e With 20 < 20 < 21,
zr) < Zp < zp, and constants 8,6 > 0 such that setting J;, =]z, — d, 21, + [ and
Jr =z — 0,2r + 6, (3.7.29) and (3.7.19) hold true. Therefore, one can apply
Lemma 3.7.4 and Lemma 3.7.9 yielding stripes

Sp=Si(r) = {(t; ) €[5, + 7] x Q: (1) <w < §0(1)}
Sr=8p(1) = {(t,2) € [0, + 7] x Q: & () <@ < &r(B)}

where ghl/r(t) = C(tv S 2L 7 ¢?(Zl,l/raj?)val)v gnl/r(t) = C(tvoa /7 a?(zr,l/r)aal)
and 7 > 0 is a positive constant. In addition, Lemma 3.7.4 and 3.7.9 yield the
mappings

(z,0) €)&r (1), & (D[ BY (W) = Y (t,z,u) ¢ € [0,7]
and

(JC,II) e]gl,l(t)7£l,r(t)[XB;J(ﬁ) — }/l(tvxvu) te [Svﬂ'

Analogously to [81, Lemma 3.5.12], we define the set

S = (Sl N {JC < f(t;u)}) U (S’T N {x > é(t;u)}) )
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with é(t; u) == ((¢0, x?, u?H(x?), u1), and the mapping

— U/ 3
Y(t,z,u) = Yo(tow) x> E(t), ue B, (v), (t,z)eS. (3.7.33)

¥ {Yl(t,l’,ll) 1f$<é(tau)7
A version of the following result, where the shifting of centers of rarefaction waves
is prohibited can be found in [81, Lemma 3.5.12].

Lemma 3.7.11 (Differentiability in continuity points of class RB¢). Let (A3) and
(A4) hold true. Furthermore, consider a control u € U and a continuity point
(t,z) of y(-,u) of class RB® lying on the right boundary of a rarefaction wave with
corresponding center in some point (0, 5:9) Then there exists a constant p > 0 and
xp, T €)a, b with x; < T < x, such that for allu € B,?(ﬁ)

y(t, z;u) = f’(t,x,u) on |xy, x|

is satisfied with Y given in (3.7.33). Hence, y(t,-;u) € CO'(Jxy, ,[) and y(t, -;u) is

continuously differentiable on |xy, x,[\ {é(f, u)} Furthermore, the mapping

ueUw y(t,5u) € L([z, z)) (3.7.34)

is continuously Fréchet-differentiable for all r € [1,00], where the derivative is given
by

d d - d . -
ay(zf, su) = ﬂ}xlyé(ﬁu)[a)’l(t, su) 4 1]€(f;u),xr[ay7'(t’ ). (3.7.35)

If (t,7) is a continuity point of class RB€ lying on the left boundary of a rarefaction
wave, we obtain a similar result, whereby in the definition of f”'(t,:au) in (3.7.33)
Yi(t, z,u) is computed according to Lemma 3.7.4 and Y, (t,x,u) as in Lemma 3.7.9.

Proof. Using the definitions of the mappings Y;,., which can be obtained by
Lemma 3.7.4 and Lemma 3.7.9, the proof of the result is similar to the proof of
Lemma 3.5.12 in [81]. O

We will now have a look at the case, where the genuine backward characteristic
through (Z, Z) ends in the left boundary = a. We collect some results of |69, §6.2.2]
and extend them to the case that shiftings of rarefaction centers are allowed, where
we follow the ideas of [70].
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3.7.3.2 Local solutions around genuine characteristics ending in the left
boundary

Consider a control 1 € U and continuity point (£,) of y(-, @) that is of class Cg .
Then (3.7.12) is valid for some positive constant 8 > 0 and j € {1,...,n.q+ 1}.
Due to the continuity of the mapping (3.2.8) in Lemma 3.2.5, there exist 6, < < 6;

and 6§ > 0 such that J :=]0, — 4,6, + [ C]t]_;, %[ and
d —B,a - B
@C(t;ﬁ,a, u;(0),u1) < -5 < 0 V(t,0) € Jg, (3.7.36)

where J; = {(¢,0) € [0,s] x J:t>60}. The next result is the counterpart to
Lemma 3.7.4.

Lemma 3.7.12 (Local solution in a neighborhood of continuity points of class CB.ar
Lemma 6.2.7, [69]). Let (A3) and (A4) be satisfied and consider some controlu € U.
In addition, assume that (3.7.36) is satisfied for some constants §, 3 > 0 and some
je{l,...,nq+1}. Then there exist constants p, ™ > 0 such that

d a B _
3¢t 0.a, u?(0),u1) < —3 <0 V(t,0) € Jpyr e BY(u). (3.7.37)

Further on, we define the stripe
S=8(r) ={(t,x) € [0, T+ 7] x Q: &(max {0;,t}) < x < &.(¢)},
with & /. (t) = C(t; 01y, a, ﬂf’a(ﬂlﬁ),ﬂl). Then the equation
C(t;0,a,u)(0),u1) =

admits for all (t,x) € S(7) and allu € Bg(ﬁ) a unique solution 8 = O(t,z,u) € J.
Moreover, defining the mapping

Y(t,z,u) = v(t; O(t, 2, u), a, uf’a(@(t,:v,u)),ul), (3.7.38)
it holds that ©(-,u),Y (-,u) € C*!(S) for all u € BY (). Furthermore, for all
t € [0, + 7] the mappings

(z,u) € & (max {0;,t}),&-(t)[ xBE(ﬁ) — O(t,z,u),

(z,u) € & (max {0, t}), & () x B} (@) = Y (t,z, u)
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are continuously Fréchet-differentiable. The corresponding derivatives
8z — 6¢(t; 0, a,u; *(6), 3 0,0, 5u; " (6), bus )
5C(t:0, 0w (8), 13 1,0,u* (6),0)
dewY (t,2,0) - (62, 0u) = 6v(t; 0, a,u (0), u1; 0,0, 6u; *(6), duy)
!/
+ vt 0, a,u % (0),u1:1,0,u; " (6),0) - d(4u)O(t, 2, 1) - (52, 5u),

d(zw)O(t, z,u) - (dz,0u) =

where dv and §¢ are determined by the solution of the linearized characteristic equa-
tion in (3.2.9). Finally, the mappings

ue B (1)~ O(,u) € C(S)
ue Bf(ﬁ) — Y(,u) e C(S)

are continuously Fréchet-differentiable and the derivatives are given by
du(@, Y)(a 11) Sou = d(w,u)((aa Y)(7 u) : (07 511)7
where dy = d,Y (u) - & is the unique broad solution of

5yt + (f/(Y(u))gy)x = gy(7 Y, ul)dy + Gu, ('a Y, u1)5u1 on Sa
Sy(-, at) = ou; on [0, 0]

and the assertions of the Remarks 3.7.6 and 3.7.7 hold true.

By the next result we obtain that the mapping Y (u) constructed in the lemma
above coincides with the entropy solution y(u) of the IBVP (3.1.2) on a stripe
around the genuine backward characteristic through the continuity point (¢, %) on a
neighborhood of a.

Lemma 3.7.13 (Differentiability properties in continuity points of class CE as
Lemma 6.2.8, [69]). Suppose that (A3) and (A4) are satisfied, consider a control
u € U and let (t,z) € Qr be a continuity point of y(-, 1) of class Cf ,. Then the
following statements are valid:
(i) There is a mazimal nonempty open interval I with T € I such that I does not
contain any discontinuity of y(t,-,0) and for all x € I the unique genuine back-

ward characteristic £ through (t,x) does not end in some 6 € {_i‘, ... ’EEJ,C:. }

Moreover, it holds that y(t,-, 1) € C*(I).
(ii) Consider an arbitrary interval |z, x| with [z, 2,] C I. Let §/, denote the
genuine backward characteristics through the points (&, xy/y) and 0y, the points
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where they intersect x = a, respectively. Then there exist constants §,8 > 0

and some j € {1,...,neq+ 1} such that (3.7.36) is satisfied. Consider the
mapping

ue B (1) — Y(,u) € C(S)
from Lemma 3.7.12. Then after a possible reduction of p and T it holds that
y(t,z;u) =Y (t,z,u) VY(t,z) €S, ue Bf(ﬁ).

Next, we consider a continuity point (£, ) of class R - Analogously to the case
R¢, we follow the ideas of [71] to treat the R% ,-case. Since the source term on
the right-hand side of (3.1.2a) is by (A4) equal to zero on [0, T]x] — 00, &,], for any
j € I,.4(1) there exist sufficiently small ¢; €]t} t[ and p > 0 such that

y(Ej sy = 07 @t Yue BY (), (3.7.39)

where
17 (w) s=Ja+ WS ED) 5 — )0+ [ () (F; — )]
and ¢f’a($,t?) =f! (Ax — > :

t;—t
Using (A3), we see that the mapping
€10, 5[ 677" (1) € Cloe(R)
is continuously Fréchet-differentiable with derivative

dt¢f’a('a t)- 0t = il

=0 (= (222))
cf. [69, proof of Lemma 7.2.10].

Analogously to the mapping in (3.7.28), we obtain that

ue BY(a) = y(f;,1u) € C (1))
is continuously Fréchet-differentiable, where
i

Iy = la+ /(@3 (8)) (G — 5) + 22(p), o + f' (a7 (8)) (G — £5) — 22(p)].
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with some mapping e(p) satisfying (3.7.27). Similar to the derivation of (3.7.30),
one can prove that there exist constants 5,0 > 0 and z; < Z < z; such that J :=
lzt — 8, 2 + 8[C I;fp and

%C(t;fj,z,céf’u(zf;‘)ﬂl) > g >0 Y(t2)€[t,f]xJ (3.7.40)

is satisfied. Using the same arguments as for the R°-case, i.e., considering the
truncated initial-boundary value problem on the domain |¢;, T[x(2, we treat (f,7)
as a C°-point. Therefore, applying Lemmas 3.7.4 and 3.7.8 yields similarly to the
R°-case the following results:

Lemma 3.7.14 (Local solution in a neighborhood of continuity points of class

5.a)+ Suppose that (A3) and (A4) are valid and consider a control u € U. In
addition, assume that (3.7.40) is satisfied for some constants 6,8 > 0 and some j €
I o(0). If we replace qb? by the function qbf’a and s by fj, the results of Lemma 3.7.9
are still valid.

Lemma 3.7.15 (Differentiability properties in continuity points of class RE <) Let
(A3) and (A4) be satisfied. Furthermore, consider a controlu € U and a continuity
point (t,%) € Qr of y(-,0) of class R , such that the genuine backward characteris-
tic through (t,%) ends in a point (f;‘, a) which is the center of a rarefaction wave. In
addition, let t; €Jts, t[ be chosen small enough such that (3.7.39) is satisfied. Then
the following statements hold true:

(i) There is a maximal nonempty open interval I with T € I such that I does

not contain any discontinuity of y(t,-, 1) and for all x € I the unique genuine
backward characteristic & through (f,x) intersects t = t; in

_Biaza\y (5. F _B,a/zayy (4
z=§&(t;) €la+ f @i (1)) (6 —15) a+ @ *1) (G — 1) [
Moreover, it holds that y(t,-,u) € C1(I).
(ii) Let |xy, x| be an arbitrary interval with [z, x,] C I. Moreover, denote by &/,
the genuine backward characteristics through the points (t, xy/y) and by 2y

the points where they intersect t = fj. Then there exist constants §, 8 > 0 such
that (3.7.40) is satisfied. Considering the mapping

ue Bf(ﬁ) —Y(-,u) € C(5)
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given by Lemma 3.7.14, after a possible reduction of p and 7 it holds true that
y(t,z;u) =Y (t,z,u) V(t,z) €S, ue Bg(ﬁ).

Let (t,Z) be a continuity point of y(u) of class RBg , lying on the right boundary
of a rarefaction wave, i.e., the genuine backward characteristic through the point
(t,7) denoted by ¢ intersects 2 = a in some point = t3 €10, T for some j € I o(1)
and coincides on [t;,#] with the solution ¢(-;0,a, ﬂf’a(é),ﬂl) of (3.2.7). Moreover,
we set Z = £(t;), where i, €]t$, [ is chosen sufficiently small such that (3.7.39) holds
for small enough p > 0. Considering the local solution ¢f’u defined in (3.7.39),
we obtain that ¢ coincides on [t;,7] with C(-;fj,é,(bf’a(é,f;),m). Since (¢, 7) is by
assumption not a shock generation point and due to the regularity of the solution to
(3.2.7), there exist z;/,, 0}/, With z; < Z < z, and 0,. < 6 < 6; and constants 3,6 > 0
such that setting J; =]z — 0, 2, + [ and J, =60, — 3, 0, + [, we get that (3.7.12) and
(3.7.14) are satisfied. Therefore, one can apply Lemma 3.7.12 and Lemma 3.7.14
yielding stripes

Sy =8(r) = {(t,z) € [t;, T+ 7] x Q: &,(2)

®},
Sy =5p(1) = {(t,x) € [0, T+ 7] x Q: & (max(t,1])) ;

S X § gl,r
<z <&}
where 7 > 0 is a constant and

gl,l/r(t) = C(t;57Zl/r7¢f7a(zl/raf;)aal)a
fr,l/r(t) = C(t;el/rvaa ajB,a(el/r)vﬁl)~

Lemmas 3.7.12 and 3.7.14 further yield continuously Fréchet-differentiable mappings
(z,u) € ) (max(t, 1)), & () xBY (@) = Y (t,z,u) t€0,7]
and
(z,u) € 1&(1), & ([ XBY (W) = Yo(t,2,u)  t € [t,1].

Analogously to [69, §6.22], we define the set

= (sin{e <étw})u(s,n{e>étw}),
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with £(t;u) = C(¢; t4,a, uf’a(t;‘), u1) and the mapping

) {Yl(t,x,u) ifr<g(tw), e BY(w), (t,z) € S.  (3.7.41)

Y(t,z,u) = A
Yot,ow) ife > E(t),
Due to these considerations, we obtain similarly to the RB¢-case the following result:

Lemma 3.7.16 (Differentiability in continuity points of class RBg ,). Let (A3) and
(A4) be satisfied and consider a controla € U. In addition, let (¢,Z) be a continuity
point of y(-, ) of class RBg , lying on the right boundary of a rarefaction wave with
center (t3,a). Then there exists a constant p > 0 and x;, x, €|a,b[ with x; < T < x,
such that

y(t,z;u) = Y (£, z,u) on ]z, 2,

is valid for allu € BY (), where Y (£, x,u) is defined in (3.7.41). Hence, y(t,;u) €
C%(Jzy, x.) and y(t, ;) is continuously differentiable on |z, [\ {é(ﬂ u)} Fur-

thermore, the mapping
ue U y(t,u) € L([z, 2,]) (3.7.42)

is continuously Fréchet-differentiable for all r € [1, 00[ with derivative

d - d ., - d._ -
ay(t, su) = ]]‘]a:l,é(f;u)[iyvl(t’ su) + ]l]é(t’;u),wr[ay—r(t’ su). (3.7.43)

du

Considering the case that a continuity point x = T €]a, b[ of y(,-, ) lies on the left
boundary of a rarefaction wave, we obtain a similar result, whereby in the defini-
tion of Y (t,z,u) in (3.7.41) Y;(t,x,u) is computed according to Lemma 8.7.12 and
Y, (t,z,u) according to Lemma 3.7.14.

Proof. Using the definitions of the mappings Y}/, which can be obtained by using
Lemmas 3.7.12 and 3.7.14, the proof is similar to the proof of Lemma 6.2.12 in
[81]. O

Remark 3.7.17. A version of Lemma 3.7.16 , where the shifting of centers of rar-
efaction waves is prohibited can be found in [69, Lemma 6.2.12].
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3.7.3.3 Local solutions around genuine characteristics ending in the right
boundary

The case that the genuine backward characteristic through a continuity point (¢, z)
of y(-,u) ends in the right boundary can be treated analogously to the case that
it ends in the left boundary at = a. Therefore, we will only give an overview of
the results, where further explanations can be found in the previous subsection. We
start by examining continuity points of class CF .

Lemma 3.7.18 (Local solution in a neighborhood of continuity points of class
C% p)- Suppose that (A3) and (A4) are satisfied and consider some u € U. Further-
more, assume that there exist 3,6 > 0, j € {1,...,n4p + 1} and 0, < 0 < 6, with
J =10, — 6,0, + §[C]t8_,, 8 such that

J=1%g

%C(t;@, b, " (0),u1) > g >0 Y(t,0) e J; (3.7.44)

is valid, where Js == {(t,0) € [0,s] x J : t > 6}.
Then there exist constants p, 7 > 0 such that

d 3 _
@C(t;e,b,’uf’b(e),ul) >3 >0 V(t0) € Jpr ue BY(a).

Defining the stripe
S = S(7) = {(ta) € [0, T+ 7] x Qs &u(max {01,1}) < 0 < & (1)}
where & /,.(t) == C(t; 0/, b,ﬁf’b(ﬁl/r),ﬂl), the equation
C(t;0,b,ul°(0),u1) =

admits for all (t,x) € S(7) and allu € BY () a unique solution § = ©(t,z,u) € J.
In addition, for all u € BY () it holds true that ©(-,u),Y (-,u) € C%(S) with

Y (t,z,u) = v(t; O(t, 2, 1), b,u " (O(t, 1)), u1).

Further on, the mappings

(z,u) € & (max {6;,t}),&-(H) x BY (@) — O(t, z, u),
(:L’, 11) € ]El(max {Hl,t})vfr(t)[ XBU<ﬁ) = Y(tvxa 11)

are continuously Fréchet-differentiable for allt € [0, t+7[ with corresponding deriva-
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tives
or — §C(ta 97 bv ujBJj(g)v U1; 07 0; 5“’;‘3’[)(0)7 (511,1)
5¢(t:0, 6, (0),u1;1,0,u* (6),0)
d(gw)Y (t,z,u) - (92, 6u) = dv(t; 0, b,uf’b(ﬁ),ulg 0,0, 5uf’b(9), duq)
+60(t:6, 6,47 (0), u131,0,u"(6),0) - d(4,0)O (1, 2, u) - (82, 6u),

d(w7u)@(t, z, u) . (533, 511) =

where dv and 6C are determined by the the solution of the linearized characteristic
equation in (3.2.9). Moreover, the mappings

uc B (1) — O(,u) € C(S)
ue B (a) — Y(-u) € C(S)

are continuously Fréchet-differentiable and the corresponding derivatives are given
by

du(@7 Y)(v 11) du = d(x,u)(@7 Y)(’ u) : (0’ 51.1)

Finally, 0y = dyY (u) - du is obtained by the unique broad solution of the linearized
equation

6yt + (f’(Y(u))(Sy)m = gy(’ Y, U1)(5y + Gu, ('7 Y, u1)§u1 on S7
Sy(-, b+) = 6ul® on [0, 6]

and the assertions of the Remarks 3.7.6 and 3.7.7 are satisfied.

Lemma 3.7.19 (Differentiability properties in continuity points of class Cj ).
Suppose that (A3) and (A4) are satisfied and consider a control u € U. In addition,
let (t,%) be a continuity point of y(-, @) of class C% - Then the following statements
are valid:

(i) There is a mazimal nonempty open interval I with T € I such that I does not
contain any discontinuity of y(t, -, 1) and for all x € I the unique genuine back-
ward characteristic & through (¢, z) does not end in a point f? € {f‘l’, e ,fgm }
Moreover, it holds that y(t,-,u) € C*(I).

(ii) Consider an arbitrary interval |z, x| with [z, x,] C I. Let &/, denote the
genuine backward characteristics through the points (t, xy/) and 6y, the points
where they intersect x = b, respectively. Then there exist constants 6,3 > 0
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such that (3.7.44) holds true for J =]0, — 3,60, + d[. Consider the mapping
u € BY(a) — Y(-u) € C(S)
from Lemma 3.7.18. Then after a possible reduction of p and T it holds that
y(t,z;u) =Y (t,z,u) V(t,z) €S, ue By(ﬁ).

Next, we consider a continuity point (¢, %) of class RE 4.
Analogously to the case Ry ;, we choose sufficiently small t; E]E?,ﬂ and p > 0
such that

y(t, 5w o =07 (x,8) Vue BJ(u) (3.7.45)

1y (u)

is satisfied for all j € I, (@), where
17 () =Jo £ (P ()5 b 4 £ (S ()]
and qbf’b(x,t?) =t (? -0 ) :

tj—t?

Recalling the assumptions in (A3), we conclude that

€10,85[ ¢ (1) € Cloe(R)
is continuously Fréchet-differentiable with derivative

ot .
)

Further on, similar to (3.7.28), the mapping

A (1) - 6t =

ue B () =yl 5u) € C(1y,)
is continuously Fréchet-differentiable with

Iy, = 1o+ f/@] (1) (£ — 28) + 22(p), b+ f/(@l5 () (£ — 1) — 2¢(p),

where (p) is some mapping satisfying (3.7.27). Using the same arguments as for
the derivation of (3.7.19), we obtain constants 3,0 > 0 and 2; < Z < z, such that
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J =]z — 8,2, +8[C I/, and

d

e >0 V(t,2)€[t;,f]xJ (3.7.46)

C(tity, 2,070 (2,19), 1) >

O™

is satisfied. Therefore, considering the truncated initial-boundary value problem on
the domain J¢;, T[x(2, Lemmas 3.7.4 and 3.7.8 hold true. Similarly to the R -case
we obtain the following two results:

Lemma 3.7.20 (Local solution in a neighborhood of continuity points of class
R ). Assume that (A3) and (A4) hold and consider a control u € U. In addition,
suppose that (3.7.46) is satisfied for some constants 6,8 > 0 and j € I, p(0). If we
replace ¢2 by quB’b and s by t}, then the results of Lemma 3.7.9 are still valid.

Lemma 3.7.21 (Differentiability properties in continuity points of class RcB7b).
Suppose that (A3) and (A4) are satisfied. Furthermore, consider a control u € U
and a continuity point (t,z) € Qr of y(-,u) of class Ry, such that the genuine
backward characteristic through (t,Z) ends in a point (f;’, b) which is the center of a
rarefaction wave. Moreover, choose t; €]ty 1] such that (3.7.45) is satisfied. Then
the following statements are valid:
(i) There is a mazimal nonempty open interval I with T € I such that I does
not contain any discontinuity of y(t,-,0) and for all x € T the unique genuine
backward characteristic & through (t,x) intersects t = t; in

2= () €lo+ (@) @) (&~ 1) o+ [ (5) (6 — ) [

Moreover, it holds that y(t,-,u) € C*(I).
(ii) Let |z, z,[ be an arbitrary interval with [zy,x,] C I. Let &), denote the
genuine backward characteristics through the points (t, xy/r) and 2/, the points

where they intersect t = fj, respectively. Then there exist constants 0,58 > 0
such that (3.7.46) is satisfied. Consider the mapping

ue B;‘T(ﬁ) — Y (-, u) € C(S)
given by (3.7.32) with the adaptations described in Lemma 3.7.20. Then
y(t,z;u) =Y (t,z,u) VY(t,z) €S, ue B;‘I(ﬁ)
is valid after a possible reduction of p and 7.

To complete the case where the backward characteristic ends in the right bound-
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ary, we now consider a continuity point (¢,Z) of y() of class RBg ,, that lies on
the right boundary of a rarefaction wave, i.e., the genuine backward characteristic
¢ through the point (, %) denoted by ¢ intersects = = b in some point § = t—? €]0,T]
for some j € I, y(1).

Analogously to the RBf - case, one can use the Lemmas 3.7.18 and 3.7.20 yield-
ing stripes S/, around ¢ and mappings Yir o Siyr X By(ﬁ) — R such that we can
define

Yi(t,w,u) if @ < (),

U .
Yoto) ifz> ) ue By (u), (t,z) €S, (3.747)

Y (t,z,u) = {

where £(t;u) = C(t;t?, b,uf’b(t?),ul) and

S = (Sl N {x < é(t;u)}) U (ST N {:L' > é(t;u)}) .

Lemma 3.7.22 (Differentiability in continuity points of class RBj_é,,’b). Suppose that
(A3) and (A4) hold true and consider a control u € U. Furthermore, let (t,T) be a
continuity point of y(-, ) of class RBE, y, lying on the right boundary of a rarefaction
wave with center (f;’,b). Then there are constants p > 0 and x;,x, €]a,b[ with
T < T < x, such that

y(t,z;u) =Y (¢ z,u) onlx,z,] Yue B/I)J(ﬁ)

is satisfied with Y(ﬂx,u) as defined in (3.7.47). Hence, y(t,;u) € CO(Jx;, x,])
and y(t,-;u) is continuously differentiable on ]x;,x,[\ {f(ﬂ u)} In addition, the
mapping

ucUw y(t,su) € L ([x, 2,]) (3.7.48)

is continuously Fréchet-differentiable for all v € [1,00][, where the derivative is given
by

d - d d _

Ey(t, 3 u) = ]]']zlvé({?u)[du}/l<t7 3 u) + ﬂ]é({;u)’sz[ayr(t, , u) (3749)

If we consider the case that a continuity point x = T € [a,b] of y(t,-,0) lies on
the left boundary of a rarefaction wave, we obtain a similar result, whereby in the
definition of Y(t,x, u) in (3.7.47) Y,(t, z,u) is computed according to Lemma 3.7.18
and Y, (t,z,u) according to Lemma 5.7.20.

Proof. The proof is similar to the proof of Lemma 3.7.16. O
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3.7.3.4 Local solutions around genuine characteristics ending in (0,a) or (0, b)

Consider a control u € U and denote by y(u) the corresponding entropy solution of
(3.1.2). If (£, ) is a continuity point of class R§ ,, then one can apply Lemmas 3.7.14
and 3.7.15 with § = 1" = 0. Now we consider the case that (Z,) is a continuity
point of class RBf ;. If (t,7) lies on the left boundary of the rarefaction wave, then
one can use Lemma 3.7.16 with ¢ = 5'® = 0. On the other hand, if (£, Z) lies on the
right boundary, one can apply Lemma 3.7.11 with f? = z9 = a. Analogously, for the
case that (%, Z) is a continuity point of class R§ , or RBg i, we can use Lemmas 3.7.20,
3.7.21 and 3.7.22 with #¥ = ;" = 0 or Lemma 3.7.11 with 20 = ) = b.

3.7.4 Differentiability of the shock position

In order to prove Theorem 3.5.5, which is the main result of §3.7, Lemma 3.7.1 will
play a key-role. Further on, it will be essential to derive necessary optimality con-
ditions for (P). Recall that for a given control u € U satisfying (ND), Lemma 3.7.1
guarantees the following representation for the entropy solution y(,-; ) to (3.1.2)
on the interval [a, b]:

K41
y(t,z;0) [jap = Y1t z50) - L o) ) () + Z Yi(t, z50) - g (u),mp (w)] ()
k=2
for some functions Y7,...,Yx41 and x1,...,2x given in (3.7.5) and (3.7.6) and

Tr+1 = b. One question that arises if we want to prove Lemma 3.7.1 is how to
choose those functions. To give an answer to this question, we first note that the
functions Y7,...,Yx 41 can be obtained by using the results in §3.7.3. Moreover,
we note that according to (ND), the interval [a,b] contains finitely many non-
degenerated discontinuities and points lying on boundaries of rarefaction waves,
which we will choose for the functions x4, ..., 2k in Lemma 3.7.1. In order to prove
Lemma 3.7.1, it remains to show that these points are functions depending con-
tinuously Fréchet-differentiably on the control. Concerning the points lying on the
boundary of rarefaction waves this is not difficult to show since the continuously
Fréchet-differentiable of continuity points lying on the boundary of a rarefaction
wave with respect to the control is a direct consequence of Lemma 3.2.5.

The goal of this subsection is to obtain similar result for the case that zj is a
non-degenerated discontinuity of y(¢,-, @) for some k € {1,..., K}. Such a result
can be found in [81] for a pure initial value problem. Building on the results of
[81], Pfaff provides an extension to initial-boundary value problems in [69, Lemma
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6.3.1, 6.3.7], see also [70]. In contrast to this thesis, in [81] and [69] the shifting of
rarefaction centers is prohibited. Therefore, we will adapt the results in [69, Lemma
6.3.1, 6.3.7] to the scenario considered in this thesis.

The following result is an extension of [69, Lemma 6.3.1] to the case that shiftings

of rarefaction centers in the initial and boundary data are allowed, see also [81,
Lemma 3.6.3].

Lemma 3.7.23 (Stability of the shock position). Let (A3) and (A4) be satisfied,
ua € U be an arbitrary control and denote by y(@) the corresponding entropy solution
of the IBVP (3.1.2). Furthermore, consider a shock point (t,Z) of y(-;0) which is
non-degenerated according to Definition 3.7.3 and lies on a shock-curve n(t). Then
there exist functions Yy, which are constructed according to the Lemmas 3.7.4,
8.7.9, 8.7.12, 8.7.14, 8.7.18 or 8.7.20 along stripes around the minimal and mazimal
characteristics through (t,T). Moreover, we find an interval |z, x| with T €]zy, x|
and a mapping

Ts:UE Bg(ﬁ) — zs(u) €]z, z, | (3.7.50)

such that

y(ta xz; u) =

U/~
Y. (t,z,u) if x €]as(u), x|, ue B, ()

) {Yz(f,x,U) if x €]y, z ()],

holds if p > 0 is chosen small enough.

Proof. At first, we note that the case that (¢,Z) is a shock of class X;/X, with
X, X, € {CC,Cg’a,Cg’b} can be found in the proof of Lemma 6.3.1 in [69],
cf. [81, Lemma 3.6.3]. Therefore, only the case that either X; or X, is of class
{Rc, B.as RCB,b} is of further interest. However, in this case one can compute the

local solution Y;/,. according to the Lemmas 3.7.9, 3.7.14 and 3.7.20 so that the
remaining procedure is the same as in [69]. O

Theorem 3.7.24 (Differentiability of shock points of class Ry /C°). Let (A3) and
(A4) hold true and consider some u € U satisfying (ND) and a non-degenerated
shock point & = x5(0) of y(t, ) of class Ry ,/C®. Then the mapping in (3.7.50)
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18 continuously differentiable with derivative

0
%xs(u)(su = (p» gul('u y7u1)5u1)2795
ng+1
+ > (0(0,),0u)s pay + > p(0,29)ug(a))o
i=1 i€l,.0(u)
nga+1
+ Z (p('va+)7f/(uz’B’a)&uiB’a)Q,Ig’u(u)ﬂ]O,f[
=1
+ Y Pt a ) [f(y(t], atiw))]ot
ey (3.7.51)
ngp+1
- Z (p('7b_)7f/(uiB,b)5u?75)2,1g,bﬂ]0,f[
i=1
= D Pt o) [ (y(t b w)]et]
i€l (u):
to<t
= D wted Yo prteti Y et
i€l 0(u) i€l q(u): i€, p(u):
t7<t o<t

for du € U, where p denotes the adjoint state with end data pt = ﬂi()m and

0 f’(u?+1(x?)) . 0 1 .
Py ;:/ hrnp(t,zt+xj)idz7 J € Iro(u),

CHE DI f(f=1(=)
R /f’(uf=°(t§')) lim p(t, 2(t — %)) dz, j€ La(u): 18 <7
T SpEsasy s () T ralu) 115 < 1,
. /f’(u,’i"i(t?)) lim p(t, 2(t — °)) = dz, j € Lp(u):t® <7
P Jpseasny et IV (R) ro(u) 1] < 7.

Proof. In this proof we will first show Fréchet-differentiability of the mapping
(3.7.50) in u = 1 and deduce the continuous Fréchet-differentiability from the stabil-
ity of genuine characteristics and of the adjoint state (cf. [69, Proof of Lemma 6.2.7]).
Let &/, denote the minimal/maximal backward characteristic through (Z,zs(1)).
Since (t,z5(1)) is a shock point of class R ,/C¢, & ends in the interior of a rar-
efaction wave created by a discontinuity of the boundary data up 4 in ¢ = 2, and
&, ends in a point (0, z) where the initial data wug is smooth.

Let du € U be arbitrarily chosen and denote by 3 := y(u) and y := y(u) the cor-
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responding entropy solutions of the IBVP (3.1.2), where u := u+ du. Furthermore,
set U = up(W), Up,a/b ‘= UB,a/6(0), Up = Up(W), UB /b = UB,q/e(1) and define
dug 1= ug — Uo, (5u37a/b ‘= UB,a/b — UB,a/b> duy =up —uy and Ay :=y — 7.

To simplify the further steps we set a = 0 and denote by C a sufficiently large
constant which may change its value throughout the proof. Analogously, let p > 0
denote a constant that also may change its value throughout the proof and which is
always chosen small enough such that the corresponding results hold true. Similar
to the proof of Lemma 6.3.7 in [69], one can use Lemma 3.7.23 to show that

zs(0)4E
/ . Ay(t,z) dz = (25 () — zs(0))[y(t, zs(0))] + O((€ + [|dully) [|5ully)
5 (3.7.52)

holds for all £ > 0. The goal of the remaining part is to derive an adjoint represen-
tation for the term

zs(0)+€
[y(gxl(ﬁ))]/ . Ay(t, z) da. (3.7.53)

As in [69] and [70], we define
at,x) = f'(yt, =), bt x) = gy(t, 2, y(t, x), i (t, ),
at,x) == /01 f(ry(t,z) + (1 —7)y(t, z)) dr, B(t,x) = gy(t,z,y(t,x), ui (t, z))
for all (¢,z) € Qz :==|0,%[x]0, b[. One can easily show that Ay is a weak solution of
Ay + (ady)e = bAy +g(7.uw) = g( 7. 1) (3.7.54)

on Q7. In order to use the results of §3.6, we extend the the functions a,a,b,b to
the unbounded domain [0,7] X R by

a(t,z) =a(t,z) = My, if x <0, (
a(t,z) =a(t,x) = =My, if . > b, (

0)(t,2)

t,z) = (b,b)(t,04) if z < 0,
) (t,z) = (b,b

b - ¢,
b = (b,b)(t,b—) if x > b,
cf. [70] and [69]. Since g, does not depend on y by (A3), the regularity of g yields
b,b e L=(]0,1[; C>*(R)) and
1

) (3.7.55)
b—bin L>(]0,t[; C(R)) as [[dully — 0,

cf. [83]. Let [t1,t2] C [0,T] be an interval such that § has no rarefaction wave
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creating discontinuity on [t1, 2] x [0,b]. Then the same holds for y(u) for all u €
BY (@) and we obtain from Proposition 3.1.3 and Corollary 3.3.5 that

||d||007[t17t2]><]R7 Ha||oo,[t1,t2]><]R S My7
a—a in Ll ([t1,t2] x R) as [duy — O, (3.7.56)

a>a in L>=([t1,t2] x R) as ||dul[y — 0.

In addition, (3.2.3) together with [69, Lemma 6.3.3] assure that the coefficients a
and a satisfy on [t1,t5] X R the OSLC (3.6.3) for all u € BY (a).

Due to (ND), the points = zs(1) — £ and @ = x5(@) + £ are points of continuity
of §(t, -) for sufficiently small £. For this reason we obtain unique genuine backward
characteristics through the points x,() F & denoted by (;/, and we can define the
set

D* :({(t,x) €[0,t3] x[0,6] : 0 <z < (o ()}
O{(t0) € [0 0.6]:Gi(0) < 0 < G0 ).
Furthermore, the stability of backward characteristics yields

D:==D" —<{(t,x) €[0,2%] x [0,b] : 0 <z < &.(1)}
(3.7.57)
(1) € 0 < 0.0 6(0) < o < 6.0 ).

We assume w.l.o.g. that § has outside the set D® no rarefaction center. Since for
the subsequent analysis the points outside the set D do not play any role, this is
not a restriction. Therefore, let the rarefaction centers on the domain [0,] x Q be
given by

Ri= {0, 8 b= i€ Lo},

where the constant s €]0,¢4[ is chosen sufficiently small. For each t}, € R, we
introduce time points #; < f;‘ < t; that are sufficiently close to f;i, respectively, cf.
Figure 3.1. In particular, we require that the points # are sufficiently small such
that

o= Mp (i, — ) < %g and (i, ) € C%1([0, 23]) (3.7.58)
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holds for all k =1,..., N,. Moreover, we assume w.l.o.g. that
D*ND_=. (3.7.59)

This assumption is for simplicity and the treatment of the more general case can be
found in [70, Proof of Lem. 4.13.], see also [69].

Before giving a short overview of the main steps of the proof, we first define the
following subdomains

DY . =DN([in,.{) xR), DL =Dn ([in,, 7] xR)
DiZ:Dﬂ(tk,tk_H]XR) k=1,...,N,—1

[
D =D ([tx, ] xR), k=1,...,N, (3.7.60)
Dy :=Dn ([s,t1] xR),
D3 :=Dn([0,s] xR),

see also Figure 3.1.

We note that § has no rarefaction center on D]lvmé and the sets D,L k=0,...Ng,
such that the coeflicients @ and « satisfy (3.7.55), (3.7.56) and the OSLC (3.6.3) on
[tk tri1] X R, k=0,..., Ny + 1, where {y = s and 41 = . Hence, if we choose

INatl — pf — 0,1
PN = S Gy € ¢ ®)

pit = Pry1(thyr,-) € COMR), for k=0,...,Ng—1

as end data, where the functions pj for & = 1,..., N, are defined below, then
Theorem 3.6.7 guarantees that for all £k = 0,..., N, the equations

pe+aps = —bp on Jty, fpya[xR, pliks1, ) =1 () on R (3.7.61)
and p; + ap, = —bp on |ty tri1[XR, p(tryr,-) = pf’“+1(~) on R (3.7.62)

admit reversible solutions

~k € C¥Y([tk, th 1] X R),

0.1 (3.7.63)
p e C” ([tk,tk+1] R).
Furthermore, from Theorem 3.6.9 we obtain that
pr — pp in C([tr, trr] X [-R,R]) VE=0,...,Ng (3.7.64)

holds true for all R > 0.
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We note that the subdomains Di contain for all k = 1,..., N, exactly one rar-
efaction center such that the OSLC (3.6.3) is violated for the coefficients a and
a. Therefore, we cut out the rarefaction wave, respectively, and obtain for each
k =1,...,N, one subset of D? on the left-hand side of the rarefaction wave and
one of its right-hand side. These subsets are given by

DL, = {(tw) €D} x<f (ﬁi’il(f?k +E)) (t — 13, —5)}7 k=1,...,Nq

o= {ta) eDEia > f (Al @, —9) (- +2)}, k=1, N,
(3.7.65)

where ¢ is a function depending on du that satisfies
g(du) > 2||éully; and e(du) — 0 if [[dully — 0. (3.7.66)

Since the integration by parts will only be carried out on the sets defined in (3.7.65),
we replace @ and a by coefficients which satisfy (3.7.56) as well as the OSLC (3.6.3)
and coincide with @ and @ on the sets in (3.7.65). Such coefficients are given by

(t,x) = a(t,x), else
(t,z) = a(t,z), else

and

In what follows, we require that the function e(du), which is defined in (3.7.66), is
chosen such that

DYy c Y5 c Dy for allu € BY (w). (3.7.67)

Due to their construction, for all &k = 1,..., N, the new coefficients dic/ " and aic/ "

satisfy (3.7.56) and the OSLC (3.6.3) on [fx, tx] x R. Therefore, and due to (3.7.55),
setting

p'* = pi(E, ) € COHR), k=1,...,Ng
as end data, Theorem 3.6.7 guarantees that

P+ &Z/Tpx = —bp on ]fk, th[xR,  p(tg, ) =p™* on R (3.7.68)
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and p; + aﬁf/rpx = —bp on |ty t[ xR,  p(tg,-) = p'* on R (3.7.69)
admit for all k =1,..., N, reversible solutions

/" e COV([ik, Ii] X R),

l/r € oG, £ x B (3.7.70)
Using Theorem 3.6.9 we further get that
" = /" in C([fg, Bk] X [-R,R]) Vk=1,...,N, (3.7.71)
holds for all R > 0. Moreover, (3.7.67) guarantees that
\Dz/r =a and ak |DZ/T =a fork=1,...,Ng. (3.7.72)
Moreover, according to [69, Lemma 6.3.5 (i)], it holds that
p}Va|Di =p Vk=1,...,Ng,
(3.7.73)

!
pJ\/ané/,: =p Vk=1,...,N,.

We note that starting with end data p? = m € C%Y(R) ensures that pive €
C%1(R) and hence pft+1 € COL(R) for all k = 0,..., N, — 1 and p'* € CO1(R) for
allk=0,...,N,.

The proof consists of five main steps, cf. Figure 3.1. In step 1 we consider
(3.7.54) on [ty,,?] x ©, multiply it by ﬁ}\,a and carry out integration by parts on
Dy -~ Then (3.7.64) yields that (3.7.53) can be rewritten in terms of the adjoint
state, g and two integral terms Iy, _ and I3 _ whose simplification will be done in
step 2 and 3.

In step 2, we derive a representation of Izlva,e depending on the local solution
near the rarefaction center and the adjoint state.

In step 3, we consider (3.7.54) on [ty,,?] x Q and multiply it by P, Using
integration by parts and (3.7.71), we obtain a representation of Izszs depending,
inter alia, on an integral term If) N, which will be further simplified in the next step.

In step 4, we proceed as in step 1: Consider (3.7.54) on [ty , ] x 2, multiply it by
Py, 1 and use integration by parts on Dy, ;. Then we use use (3.7.64) and obtain
that I; y can be rewritten in terms of the adjoint state, g and three integral terms
IN, 10 1%, 1. and I¥ _, .. These terms can again be reformulated by using the
same techniques as in step 2 and 3. We continue this procedure until £ = 1 yielding
a presentation of the term /; 5 which depends inter alia on an integral term I; ;,
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which will be simplified in the last step.

In step 5, we consider (3.7.54) on [s, ;] x ©, multiply it by pj, apply integration
by parts on D} and use (3.7.64). This yields a representation of I; ; depending inter
alia on terms I§_ for k =1,...,No+1and Ij_ for j =1,..., Ny, where No = |I,.¢|.
These terms can be treated by using the methods of step 2 and 3. Finally, reinserting
the terms and using (3.7.73) yields an adjoint representation for (3.7.53).

The idea of this proof is based on the proof of Lemma 7.3.4 in [69]. The procedure
in step 1 and 4 can be found in [70, Proof of Lemma 4.10].
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Step 1: Considering (3.7.54) on ]ix,,#[x$, multiplying it with ]5}\,“7 which de-
notes the reversible solution of (3.7.61), and applying integration by parts on the
domain Dzlva, = gives

1 zs(0)+& B
[5(t, zs(0))] L Ay(t,z) dx

s(ﬁ)_g

CT(EN‘-, ) 1 - -
- / . (in, ) Ay(in,  z) da
¢

1(Eng)

+ [ Ao pn) - gt m) ded (3.7.74)
Dia.e

[ RGO G G0) ~ att.G0) dt

+ﬁ P, (.G (1) Ay(t, ¢ (1)) (alt, ¢ (1) — alt, ¢ (1)) dt,

N
where we have used that p},_ solves (3.7.61) almost everywhere on Jty,, f[xQ. Using

the regularity of g w.r.t. u; and (3.7.64), the second term on the right hand side of
(3.7.74) can be reformulated

/1 ﬁ}va(tax)(g(tvmvgaul) _g(t7x,gvﬂ1)) dzdt
Dy.

),

= / P, (6, 2)gu, (t, @, 7, %1 )0uy da dt
Diq.e\Di,

),

where p} denotes the reversible solution of (3.7.62) and the term o(||dully) is
uniform w.r.t. £ > 0. Using Lemma 3.2.5, we deduce

p}\fﬂ (tv x)gul (t7 x, Y, 'L_Ll)(sul dz dt + O(H(SUHU)

1
Na,&

p}va (t, 2)Gu, (t, 2,7, 11)0uy dz dt + o(]|0u|y),

€77 () = GOl ien, 0y < CF (3.7.75)

which yields together with the boundedness of g, (-, 9, 41) and p}va

Na,&

[ o) b m)du dede = O(Jouly)
Diq.\Dh,
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and thus
/ o pn (6 2) (gt @ gw) — g(t 2,9, w)) dedt
DL .

- / P (6 2)gus (b, 2,5, iy )duy da i (3.7.76)
D}\,a

+20(|[dully) + of[[oully)-

Since (,7) is a shock point of class Rg ,/C¢, Lemma 3.7.15 and Lemma 3.7.10
guarantee smooth local solutions u + Y;,,.(-,u) which are defined on some stripes
Sy/r containing &/, and (;/, for sufficiently small £&. With the local solutions, the
definitions of @ and a and the uniform boundedness of ﬁ}vn, the last two integrals on
the right hand side of (3.7.74) are equal to O(Héu”%) In fact, using the definition
of a and a, we first note that the last two integrals of (3.7.74) can be rewritten by

- / AL (1 G Ay(t, G (1) (a(t, G (1) — alt, G (1)) dt

tNg

+ / B (4 G (D) Ayt G (8) (@t G (1)) — alt, & (1)) dt

= —/ P, (6 G)) (Fly(t, (1)) = F@GE Q1)) — F' Gt (1)) Ay(t, ¢ (1)) dt

tNg

+ /1: ﬁ}\/ﬂ (t’ Cl(t»(f(y(t’ Cr(t))) - f(:lj(t, Cr(t))) - f/(g(t’ Cr(t)))Ay(t’ CT<t))) de
’ (3.7.77)

Using (3.7.64) and the regularity of ﬁ}vu, we conclude

N, <My~ Véue BY(w).

Oov[fNa xR

for all 6u € Bf(ﬁ). Therefore, the absolute value of the terms in (3.7.77) is bounded
from above by

Moreover, the regularity of f and Proposition 3.1.3 yield || f”(y(u))llq, . < My~

MMy, (/t; |Ay(t, G(0))[* dt + /t |Ay(t, (D) dt)

tNq

< Myo Mgy, - (t - tn,) (HYI('»U) - Yl(nl—l)”é(sl) + Y (-, u) — Yr('7ﬁ)||2c(sr)>

< Cloulg; -
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The last inequality holds due to Lemma 3.7.15 and Lemma 3.7.10. This estimation
guarantees

- / B, (1, (D) Ayt QD) @t Q1) — alt, G(1)) dt

tNq

+/ P, (6, G (0)Ay(t, G (1)) (@(t, ¢ (t) — alt, ¢(t))) dt (3.7.78)

tNg

= O(||dul3;)

Here, the term O(||5u||%) is uniform w.r.t. &.

Next, we want to rewrite the first integral on the right hand side of (3.7.74). To
this end, we first obtain from (3.7.64) and Corollary 3.3.5 that

Cr (ENu ) - - ~
\ [ 0 o) = o (v ) By, )
¢

1(Eng)

< ||pN, — PN,

Ay

oo lTna AXR 1w, xe = ollldully)

holds which leads to

Cr (ENu ) 1 ~ ~
[ B w0 Al ) ds
Gi(tng)

] (3.7.79)
Cr(th) 1 . -
- /< P (v ) Ay(E, ) dz + o([5uly).

1(Eng)

where o(||dul|;) is uniform w.r.t. &.

Furthermore, we get

Cr(tng) - .
/ k(i 1) Ay, x) do
Ci(tng)
&i(tng) . .
- /C Py (E. ) Ay (., @) da

1(ENg)

(3.7.80)

gT(ENu) 1 - -
4 / DA (e 2) Ay, @) da
&i(tng)

CT(ENq) 1 . -
—|—/ i PN, (tn,, 7)Ay(ty,, z) dz.
57‘(th)

Recalling the local solutions Y;,, which are used to prove (3.7.78) and the bound-
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edness of p}va, we obtain the following estimation

&(Eng) L ~
’/ PN, (N, ) Ay(ty,, z) d
¢

1(Eng)

CT(ENa) 1 - -
+ ’/ pn, (In,, ©)Ay(ty,, r)dx
13

r(Eng)

< My Vi w) = Vil )|, - [&(EN,) = GlEn,)
+ Mp}va HY;(,U) - YT("ﬁ)HC(ST) ’ |£T(£Nu) - Cr(tNNu)
< (I&(tn.) = Glin )| + 1€ (En,) = Gr(En,)]) - Clloully

(3.7.81)

where the last inequality is justified by Lemma 3.7.15 and Lemma 3.7.10. From
(3.7.81) and (3.7.75) we deduce

Cr (gNu ) 1 ~ -
+ \ / PA (in @) Ay(in,, 2) da
£

T(fNa)

& (Eng) L ~
’/ PN, (tng, ) Ay(ty,, z) d
¢

1(Eng)

< 20([[6ullv)-

(3.7.82)

Inserting (3.7.82) in (3.7.80) gives the following reformulation of (3.7.79):

Cr (fNu ) 1 - -
/ B (En.s 2) Ay(in,  z) da
¢

(tva)
' N&@N : (3.7.83)

- / P, (Eve2) Ay (i, , 2) dz + 20(|8ullw) + of[[6ully)
3

1(tng)
Furthermore, inserting (3.7.76), (3.7.78) and (3.7.83) in (3.7.53) leads to

1 /Is(ﬁ)+sA F.2)d
T y(t,z)de
[y(ta (ES(U))} zs(a)—¢&

§T(£Nu) - -
= / pleq (tNa , x)Ay(th , q;) dx (3784)
3

1(Eng)

[ ) (65050 dode + of Gl + 2O(oull).
D1

Na
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For the first term of the right hand side of (3.7.84) we write

§T(5Nu) 1 - -
/ i N, (tn,, ©)Ay(tn,, r) dx
&i(tng)

Flal e (&, —e) (Eng —ta, +e) _ _
= / . pi, (N, ) Ay(tn,, z) da
&1(tng)

(3. { .85)
&r(Eng)
/
f

Py, (v, ©)Ay(in,, x) dz
(T (F8, —€)-(Eng — 8, +¢)
1 2
= INu,s + INmE’

where ¢ is given according to (3.7.66). Using (3.7.85) and (3.7.73), we obtain that
(3.7.84) reads

1 zs(0)+E
Ws(ll))]/rs(ﬁ)_s Ay(t, x)dx

= I+ 1%, . +/ p(t, ) gu, (t, 7,7, u1)ouy dr dt
Dl

Na

+o([[dully) + £0([|ou]ly)-

Step 2: First we have a closer look at I t—l .- Since the minimal backward char-
acteristic through (¢,Z) ends in the inner of a rarefaction wave, we obtain from

Lemma 3.7.16 and (3.7.58) that for all u € BY (1) the corresponding entropy solu-
tion y(tn,,-;u) is locally given by

- A ifz eI,
y(tn,, z;0) = ! 5 (“Vﬂ*“‘) : (3.7.86)
Y(tn,,z,u) ifx eI,

where

I ::]f/(uf{il
I, :

(t5) - (g = t0), f (uy®(85,)) - (Bvg — t5,)]
[f (g ® (7)) - (Eng = t5,), f (g

Uy, ({fn)) ’ (ENa - Eg@) + 6[

and § > 0 is sufficiently small. Here, the continuously Fréchet-differentiable function
BY () > um Y(in,,su) € C(I)

is obtained by Lemma 3.7.16 with

I=]f" (et (£5,)) - (I, = 15,) = 26, f(am®(5,)) - (En, — 15,) + 201,
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In addition, we note that y(fy,, x) is continuous on I for all u € BY ().
A Taylor expansion of the term f/(uZ:°(t%)) - (tx, — t%) in u2® = a2 and
8 =19 yields the existence of a constant C' > 0 such that

&(tn,) < f(ay* () - (En, — 1) = Clloufly  and
[Eu(En,), f(ar, ( m)) - (tn, —t“) Clléully] (3.7.87)
C [Gtn.) f (ug(85,) - By = t5,)]

is valid for all u € BY(u). Using (3.7.86) and (3.7.87), we derive the following local
approximation of the term Ay(ty,,-) in It—lez

AY[ENG T)l(g, (g ). (@B (75,)- (v —5)~Cllou]
x - 0t

B 17 (f/—1 ({j%a )) (T2 + o([|dully)-

Using this local approximation, the term I {15 in (3.7.85) can be rewritten as follows:

’ 'EB"“ Fa (F —1°Y—_Cl6u
0o /f( m * (E) (Eng —t5,)—Clldully .- - 8t8, "
3

~ qu (th7x) 1 z ~ — 2
(v (e () (v, = 852)

PR @) o —Thte) i
4 / ph. (Eve,2) Ay (i, . 2) d + o(|dul] )
f

N  (£8,))- (g —18,)—Clloully

Frag (@5.)) (Ing —15,) N - 5t%
- [ Ph, (Ev,. ) N
AT
(5B ) (g ~E5) ) . 500
_/ S p}vu(tNuax) e —dz
718 E5))- (g ~T5)~Clloully (e () v, — 852

F/@5 % (2, =) (Fvg — T3 +2) i i
+f Phe (v 2) By, ) do + of 6l
!

(@ (85,))-(Eng —15,)—Cll8ully

(3.7.88)

The regularity of p}vq and the uniform convexity of f imply that the second integral
on the right hand side is equal to o(||0ul|y). Using again the regularity of pj ,
the choice of ¢ in (3.7.66) and the local mapping in (3.7.86), which is in particular
Lipschitz continuous, the third integral is equal to o(||dul|;). More precisely, using
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the abbreviation

(u) = f'(up(t5,)) - (In, — 15,),
the absolute value of the third integral can be estimated as follows

(@B (#8, —e))-(fng —t5,+¢) .- ~
/ A, (v 2) By, ) da
3

(@)=C||éully

min(¢(® €w) i
/ PN, (tn,, ©)Ay(ty,, z) dr
() —Clldully

(3.7.89)

max((w,6) i
4 / PYy. (B 2) Ay (P, 7) da
min(§(),&(u))

/f’ (g (£ =) (Eng —Ep, +e)

+ P, (tn, ) Ay(tn, ) dz| .

max(£(1),£(u))

We note that due to (3.7.86) and the boundedness of p}va, the first and the third
integral on the right hand side of (3.7.89) are equal to o(||/dul|y;). Concerning the
second integral, using the boundedness of p}va, the Lipschitz continuity of the map-
ping £(u) w.r.t. u and the Lipschitz continuity of the mapping in (3.7.86) for all
u € BY(u), we obtain that the second integral on the right-hand side of (3.7.89)
is equal to o(||dul|y;). Hence, the third integral of the right hand side of (3.7.88) is
equal to o(]|0ul|y)-

Therefore, and since as already mentioned the second integral of the right-hand
side of (3.7.88) is equal to o(||dul|;), we obtain that

18 (89,)) (g —T5) .5
I . :/5 1 m dz + o(|dully ).

1(Eng) P (EN“’x) I (flil ({N ii&)) (gNn —tn)?

a

From Lemma 6.3.5 in [69] we know that pj_ coincides on D}, with the adjoint state



3.7. Proof of the main results of Chapter 3 99

p. Therefore, we obtain

Fr@p @) Eng =) T -0t
IJl\fa,s = / . p(tn,, ) N P dz
ea(in) fr (f' 1 (tN ”it,sn)) (ty, —t8,)?
+ o(|[0ully)
/f (@22 (5,) i, — 8T (5ul)
— ptNa,Zth—tm +d2+0 51.1
& Eng )\ (v, —T5,) fr(f=1(=) °
/f( al e (&) ( ( a )) oty - (H || )
= lim p(t, z(t — 7d2+0 ouly)-
Frap () Ot F1HE) h

(3.7.90)

We note that the last equality in (3.7.90) is valid since for sufficiently small ¢ > %,
the term p(-, z(¢t — t%,)) is equal to zero if

&(tn,)

ce [ranzE). A

and constant on |t% ,fy_] for all z € [f'(u m+1(t“ ), f(@Be (e ).

Step 3: In order to rewrite I3, let the equation (3.7.54) on Jin, En, [XQ be
multiplied with pf , which denotes the reversible solution of (3.7.68). Then using
(3.7.72) and integration by parts on D y leads to

B = / B, (6, 2)(g(t, 2,9, u1) — g(t, 2,7, 8)) do dt

Ngq,e

gr(tNa . .
—|—/ P, (tn,, ©)Ay(ty,, z) dx
0

4 / " B (6 ) Ay (t (8 ) (F (LA (1 2))) — alt (1 2))) d

- / " B (6 (D) Ay (E, € (0) (1 (G(E (1)) — alt, €. (6))) dt

tNg
t'm_g
+/ w, (£, 0)a(t, 0+)Ay(t, 0+) dt
tNq
=:Ipo + Ij n, + To2 + I23 + I24,
(3.7.91)

where (t, ) := f'(uB-* (%, —¢))(t—18, +¢). Moreover, in the derivation of (3.7.91),
we have used (3.7.72) and the fact that py solves (3.7.68) almost everywhere on
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Pi,- We further note that
y(-, 045 u) = uB® on [in,, 18] (3.7.92)

for all u € BY (u).

First we have a closer look on I in (3.7.91). Since g(-,y,u1) = 0 on D}, \ D}y .
for all u € BY () and due to the regularity of g and (3.7.71), it holds that

Too = (P, Gus (9, W)0u1 )y -+ 0([l0ullyy), (3.7.93)
where ply  denotes the reversible solution of (3.7.69). For Iz, we will show that
|Iye| < C[|6u]3, (3.7.94)
holds true and note that one can analogously prove
|Ips] < C||6ul3; . (3.7.95)

To this end, we rewrite I by

52::L7“ ﬁ%Jtv@xﬁ)(ﬂy@xﬂteﬁ)

a __
m €&

ﬂmnwu@»f@@wwa»AMquant

The uniform boundedness of piy_and the regularity of f imply that

Ing

Lol < My, My / Ay(t, (1, )2 dt. (3.7.96)

a
te —e

In order to prove (3.7.94), we will estimate |Ay(t,y(t,¢))| from above. To this end,
we first note that since the point

(o, /(@0 (E)) (v, — 1))

is not a shock generation point and lies on the right boundary of the rarefaction
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wave emanating from (¢%,,0), there exists a stripe S with
{((t,2) € [T, En ] x Q= fl(ap (@) = T,)} C S,
(t,2) € B, = 0, in ) x Q= sup {f'(up?(t5))}(t — 15, +8)) p C S,
ueBY (a)

(3.7.97)

for sufficiently small § > 0. Furthermore, we obtain a continuously Fréchet-
differentiable mapping BY (1) 3 u — Y,,(-;u) € C(S) such that

y(50)s, (u) = Yim (1) for all u € B (1) (3.7.98)

holds, where

Sp(u) := {(t,x) eS:z> max{O,f’(uﬁ’“(tfn)) (t— t;‘l)}}

The validity of this can be found in the considerations before Lemma 3.7.16. Due
o0 (3.7.97), S, (u) is nonempty for all u € BU( ) if p is small enough.

Moreover, we can choose ¢ in (3.7.66) such that (¢,v(¢,e)) € S.(u) holds for all
t € [t5, —e,tn,] and all u € BY (1) for sufficiently small p. Using (3.7.98), we deduce

[AY (v (s )l ea, —e fNaD
= [V (57 8)50) = Yo (v (5 0); W) lem —e i )

<Y (50) = V(5 0)[legs) (3.7.99)
~[[0ullyy + o(lloully)

o
< C|dully Vue B},J(a).

Finally, (3.7.96) and (3.7.99) yield (3.7.94). Next, we prove that
Iz = (pTNa(~,0),f’(g(~,0+))5uﬁ’“)27[£Nn gag T o([l6ully). (3.7.100)

To this end, we observe that I4 can be rewritten by using (3.7.92) as follows:

tf‘”—a
Lyt = / e (5 0)(t, 04+)0u o (¢) dt (3.7.101)
t

Na
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With the uniform boundedness of pjy and (3.7.56), we obtain from (3.7.101) that

iy —¢

Iy = / P, (£,0)a(t,04)0u? () dt + o(||6ully) (3.7.102)
tNg

holds true. Finally, the boundedness of the integrands in (3.7.102) and (3.7.71) yields

(3.7.100). Considering the term I; ,, in (3.7.91), with (3.7.71) and Corollary 3.3.5

we can show that

&r(tng) ) )
lin, = / P, (tng, 2) Ay(tn,, ) dz + o([|ou]|y). (3.7.103)
0
Inserting (3.7.93), (3.7.94), (3.7.95) and (3.7.100) in (3.7.91), I}, . reads

I]2Vu,s = (p’,]‘\[agul(.7y7ﬂ1)75ul)27D12v + If,Nu

(3.7.104)
+ (P, (5 0), /' (G-, 00))dup,®),

s+ ollu]),
where [; y will be further simplified in the next step. Before starting with the next
step, we observe that (3.7.73) yields

112\/a,a = (pgu1('ag7ﬂ1)75u1)2,D]2Va + If,Nu

L Ba (3.7.105)

+ (p(a O)a f (y(a O—’—))(sum7 )2_’[{]\]‘”{3”] + 0(||6u||U)

Step 4: Consider (3.7.54) on ]iy,_1,%n,[xQ, multiply it with p§__;, which is

the reversible solution of (3.7.61), and apply integration by parts on the set D}Va
yielding

If,Na = / ﬁ]l\fa—l(t?‘r)(g(t"rag7u1) - g(t,l‘,g, al)) d.det
D

fNu
+ / B2 (£, 0)a(t, 04) Ay(t, 0+)) dt

tNg—1

/N“ P, —1 (6 & () Ay(t, & (1) (alt, & (1) — alt, & (1)) dt (3.7.106)

tNg—1
&r(Eng—1) L B B

+ / Y. (a1 2)Ay(in, 1, 2) dz + o(|5ully)
0

=: I30 + I31 + I32 + I3z + o(||dul|y)-
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Due to the regularity of g and (3.7.64), I3g can be rewritten by

Iyo = / DN (609 (6,5, 1) At e+ of[Buly), (3.7.107)
D

Na

with p}vﬂ_l denoting the reversible solution of (3.7.62). Since wg is continuously
differentiable in = &,.(0), we adopt Lemma 3.7.4 and prove analogously to the
estimation of Iz in (3.7.94) that

I35 = O(||dul[3)). (3.7.108)

Regarding the term I33, (3.7.64) and Corollary 3.3.5 together yield

Er(Eng—1) ) )
b= [ Phe 1 (Ine-1 ) Ay(iy, —1,2) de + o([Sully).  (3.7.109)
0
Next, we have a look at I3; and note that
Ay(t,04) = dupo(t) VYt € [tn, 1,tn,] (3.7.110)

holds due to (3.7.59) and the BLN-conditions in (3.1.10). Therefore, Lemma 3.3.4
implies

1Ay (-, 04)

|1 Jiwe 1ina = OUl0u]l)- (3.7.111)

Using (3.7.64), (3.7.111) and the uniform boundedness of a, we deduce

fNa
I :/ Pl 1 (£, 0)(t, 0-40)Ay(t, 04) dt + o |Sully,)- (3.7.112)
tNg—1
Further on,
nt’u+1 Nt,a

Supa— > Sup gy = sen(0tf) i s o) [s,a(E)]
=1 =1

1)ENg -1, |

= o([|oully)-
(3.7.113)

Now use (3.7.110), (3.7.113) and the uniform boundedness of @ and py__, in order
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to rewrite (3.7.112) by

nta+1
- B,
I3 = Z (p}vu_1(',0),a(-,0+)5uz' a)z’[g SNy -4, ]

i=1

+ Z (p}\’afl('70)7d('ﬂ0+) : Sgn(at?)[QB,G(E?)])Q,I({?7{:_:4.&;:)
i€l o ()
INg—1<ti<ing

+o([[oully)

=: I321 + I322 + o(]|0u|yy)-
(3.7.114)

Lemma 3.3.4, (3.7.110), the regularity of f and the definition of @ and a yield
a(-,04) — a(-,04) in L'([tn,_1,1nN,])- (3.7.115)

Using (3.7.115) and the boundedness of py__;, we show that

nga+1

Isi= Y (b, -1(0),a(,00)8u7 )y 11 iy, iy +0(l0ully).  (3.7.116)

i=1

Next, we regard Isge and pick out an arbitrary i € I o(1) with fNu,l <t < fNu
and assume w.l.o.g. that d¢ > 0. The case 4t < 0 can be treated analogously and

,a

0ty = 0 is trivial. Then the regularity of ﬂ? and ﬂi? leads to

i, (E)] — (@2 — a2 1 gis o-ssiz) = o(ll5ully)- (3.7.117)

Adopting the uniform boundedness of a and p}vufl, we obtain from (3.7.117) that

- _B.a B,
I300 = E <p}va—1('»0)7a('70+) (ag " = Ui+:cf)> o + o(|[oul|¢s)
i€l5,q () 2,83, 83 +6t ]
Ing—1<ty<ing

-y <p}vu_1(»0)7f(ﬂf’°) - f@i;‘)) T of[5ully).
2

i€, q(T) J£§ 18 +ot |
tng —1<t] <ing

Wbis
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Further on, the regularity of p}va_l, f and ﬂf’a for j =1,...,n¢4 gives
Ipz = Y ph,a(E0)(F(a(F) = f(@}1(E)))st + o(||ouly)
i€l o (T1)

INg—1<ti<ing

= S B O F@E, 04))]5t + o(|[dully).
~ iels,i(ﬁ)
Ing—1<ty<tng

(3.7.118)
Inserting (3.7.116) and (3.7.118) in (3.7.114) yields
n¢a+1
I3 = Z (p}vfl(vo%f/(ﬁ?’a)‘suz}'ia)z[gyam[m,l,fNa]
= ) . (3.7.119)
+ Y PN (@GO, 040))]88 + o(|dul ).
i€l5,q(T)

INg—1<ti<ing

If we insert (3.7.107), (3.7.109),(3.7.108), (3.7.109) and (3.7.119) in (3.7.106), we
finally obtain
If,Nn = (p}\ln—lgul ('7 ga al)a 6“1)2’[)}\/

+ (P}vn—l(Eera s Ay(fer» '))2,]0,5T(£er)[
nga+1

+ Z (Phvy 1 (- 0), £ @ )0ul )y 1 i i) (3.7.120)

+ > P B0, 0+ w6t + o |6ully)-
i€1s 0t
{ge[ENa*hiNn]

The second term of the right side of (3.7.120) can be rewritten as follows:

(PN (ENe—15 ), AY(EN, 17206, (s 1)

= (PN, 1 (Eva=1,), AY(ENa =1, )2 J0 0k, (Fwg 1)
+ (PN -1 (Va1 ) AYENL 1)) a oty (g 1), 1o (g 1))
+ (P}v‘,q(fth ), Ay(tn, 1, '))2,]%2%71’5(51\,“,1)@(5%,1)]

= Izlvn—Le + 112\ru—1,s + 11%0—1,57
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where

_B, T P
Vo) = f@2 @, e (t—F, | —<) and

_B, — _
Vram1e(t) = F(ayt (@5, —e)-(t—15, _, +e)

We will now have a closer look at the terms I, _, _ fori =1,2,3. Consider (3.7.54)
on Jtn, _1,tn,_1[xQ, multiply it with 155\/,,—1 denoting the reversible solution of
(3.7.68). Then we apply integration by parts and further (3.7.64). Analogously to

the estimation of I2_ in (3.7.104) one can show that

Ill\fu—Ls = (plNu—lgu1<'7ga 7-_Ll)a 6“1)2,[)3\] .
+ (P, —1(-0), f’(ﬂ(n0+))5Uf,v’f,l+1)27[t—;N + o([ldully),

(3.7.121)

. ENg—1]

where ply _; is the reversible solution of (3.7.69). Due to the choice of fy,_1 in
(3.7.58) and using that the source term g is equal to zero for all « € [0, ¢,][, the first
term on the right-hand side of (3.7.121) is equal to zero leading to

_ B,
111\70—175 = (p('vo)af/(y('v0+))5“jN:71+1)27[£;N L ing 1] + 0(||5UHU)~

Next, we note that we can use the same arguments as for the simplification of the
term I} _ in (3.7.90) to justify that IJzVa—l,e is equal to

N A N 5to .z
2o :/ ate i p(ta(t— B ))odvemt Z g,
B G N L o e (R)

+o([[dully)-

Finally, we observe that I ]?{,071,5 can be treated analogously as IJQVG’E such that we
obtain

Il?if‘,fl,s = (p;\’aflgul('»@ﬂl%6u1)27D12V . + ItA,Nufl

PN O F G0N )iy sy ollBully),

where pjy _; denotes the reversible solution of (3.7.69) and

Erling1) ) )
Ty = / P, 1 (e 2) Ay(in, 1, 2) dz + o(|dul]y).
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We note that the term I; ; _; can be treated similarly to I; . Using (3.7.73) and
continuing the previous steps until £ = 1 and reinserting successively the terms, we
finally obtain

1 /fcs(ﬁ)+sA (7 )d
T y(t,z)dx
[y(tv Ts (u))] zs(a)—¢

Na
= Z (PGu, (-, 7, 1), 6u1)2,D}CUD%71UD12\,uUD}\,a
k=2
ntga+1
_B B
+ Z (p('a0+)af/(ui 7a)5ui 7a)271gyam[£1,fgn]
i=1 (3.7.122)
Na o f/(ag o (25,)) (too(t— 7 Y) &?k'z
+ / lim p(t2(t—1t; ) —————dz
=1 f/(ai,il(t*;k)) t\‘t;.‘Nk Tk f//(f/ 1(2))
+ > p(,00)[f(y(EF, 045 w)]ots
i€l 0:
iF€ltr,ing]
+ I;1 +o([|dully) + €0([|dully),
where
57‘(51) N R
L= [ bt Byl o) de + of[5ul) (37.123)
0

with p] denoting the reversible solution of (3.7.69). The next step is concerned with
finding a simplification of the term /;, in (3.7.123).

Step 5: In the last step, we simplify the term I; ;. To this end, we first note that
I; 1 in (3.7.123) can be simplified analogously to [; y such that we obtain

If,l = (p(l)gu1('7ga al)atsul)Q’Dé + (pé(5)7Ay(Sa '))2,]0,51(8)[
ngat+1
+ Z (p(l)('a0)»fl(ﬂf’a)‘suf’u)zlgyum[s,fl] (3.7.124)
i=1

+ > pEL O (Y, 04 w)]6t! + o(||oully),

ieIs)(J: ZEE[S,£1]

where p§ denotes the reversible solution of (3.7.62). For the second term on the



108 Chapter 3. Optimal boundary control of hyperbolic balance laws

right-hand side of (3.7.124) we can write

No+1
(P, -1(8): AY(5,7))5 0.6, s Z I5 .+ Z (3.7.125)
with
Iée = (pO(S)7Ay(Sa ))2]0 v (s)[
Ig,e = (pé(s), Ay(s, ))2 IV () vE . ()] k=2,...,Ng (3.7.126)
évg-i-l - (p(l)(s),Ay(s, )) ] (s) ¢ (s)[’
and
Iﬁg = (p}vrl(s), Ay(s, -))2’]%,6)5(5)’7,:‘5(3)[ , k=1,...,Ny. (3.7.127)

Here, the mappings /() and 4} _(:) are given by

%’fg(t)—w —e+ f'(up (35, — o),
Te(t) =3 +e+ f(u 1k+1(l’?k +e))t

for k=1,..., Ny with Ny = |I,.0| and
{aheosaly b= {ad i€ Lo}
Including (3.7.126) and (3.7.126) in (3.7.124) results in

Iﬂl = (pégu1('7ga al)a(sul)Q D[l)
No+1

+ ZIOE+Z

nt, n+1
ays, B (3.7.128)
+ Z (po (- 2 ou; a)?,[}é,nﬂ[sil]\[o,{;‘l]

+ Y P O)f(y(E 0+ w)]6tE + of[[dully)-
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Using (3.7.73), we see that (3.7.128) can be rewritten by

If,l = (pgu1( Y, ﬂl) 6”1)2 D}
No+1

+ ZIOEJFZ

. (3.7.129)
P B,
+ Z ;%) ou, a)z,lg,um[s,fl]

+ Y pELO)F(y(E, 0+ w))]8t + o[ 6ully).

i€ls,0:t% €[0,E1]

We note that similar as for the estimation of I}vmg in step 2, the terms I,’f, . for
k=1,..., Ny can be replaced by

I /f (@5, +1(2;,)) lim p(t, 2t 0 ) (53?0 d ([|6ull;)- (3.7.130)
o= m p(t, 2t + T, )z 4% T olllou o
T p@ o)) PN D P @) v

Next, we consider the terms in (3.7.126) and observe that analogously to the esti-
mation of the term I3 _ in (3.7.105), one can show that

ne+1
I(,ia = Z (p(0,-), Sy )2 TENE T (0), 7 (0)]

i=1
Mg

+Z11[7k51(0) 715(0)]( ) (O T )[ (z?)]éz(z’]

+o(|oully) k=1,...No—1

ng+1 Ny
Iy = Z (p(0,-), 5“?)2,130[0,7;,5(0)] + Z To,4¢ (o)) (#9)p(0, 27) o (z7)) 67
i=1 i=1
+ o([l6u]ly),
ng+1
I(I)\,]g+1 = Z( ( ) Sy )2 Ioﬁh (0),b] +Z]l[w 92(0), b (0 Z; )[ O(x?)]éx?
i=1
+ o([|0ul|y),

where we have used that g|jo qxr = 0. Inserting (3.7.130) and the terms above in
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(3.7.129) yields

1571 = (pgul(',gj,ﬂl),éul)Q D}
ny+1

Z 5u 2 11 + Zp U() )}(5%?

No /f (uik+1($ik)) 5x?k
f

+ lim p(t, 2t + z) ) e dz

@ @9y 0 F(f (=) (3.7.131)

nga+1
B a B,a
+ Z )ou; )2,[;’3700[0,&]

+ Y pE0R)[f(y(E, 045 )6t + of[[dull )

i€ls,0:1%€[0,#1]
Next, we insert (3.7.131) in (3.7.122), set &€ := &(du) such that
g(du) -0 if |oully —0 (3.7.132)

and observe that p is equal to zero on Q; \ (D} U D}_; U D3, U D} U D). This



3.7. Proof of the main results of Chapter 3 111

yields
1 T (0)+E B
m /:ué(u)_6 Ay(t, x) dx
= (PGu, (5 Y5 u1), 0u1)y .

n,+1
+ > (000,),0u)s iy + Y p(0,2))[uo ()]
i=1 i€l o(u)

ngat+1

+ Z (P('»ﬂ+),f'(uf’u)fsuf’a)z,zg,a(u)n]o,z[
=1

+ Z p(t7, aH)[f(y(t, at;u))]ot] (3.7.133)
i€1s,q(0):
tI<t
ngp+1
B B
- Z (p( 0=, f'(u; 7b)6ui 7[’)2,1%,[,0]0,{[
i=1
= D Pl e)[f(y(t] b= w)]ot]
i€lgp (u):
ty<t
- Y o)+ > e+ Y pitet!
i€l o(u) i€l (u): i€l p(u):
ty <t th<t

Finally, (3.7.52), (3.7.133) and the choice of & in (3.7.132) yield the Fréchet-
differentiability of the mapping in (3.7.50) in u = @, where the derivative is given
by (3.7.51). O

Analogously, one can treat the more general case that (,Z) is a non-degenerated
shock point of class X;/X, with X;, X, € {C’C, R®,C% o BB 4> CF o5 ng’a}:

Corollary 3.7.25 (Differentiability of shock points). Suppose that (A1) and (A4)
hold true and consider some @ € U satisfying (ND). Moreover, let T be a non-
degenerated shock point of y(t,-;0). Then the mapping in (3.7.50) is continuously
differentiable with derivative given by (3.7.51).

3.7.5 Proof of Theorem 3.5.5

Considering a control i € U satisfying (ND), our goal is to prove Theorem 3.5.5, i.e.,
the continuous Fréchet-differentiability of the cost functional u — J(y) in @. To this
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end, we follow the ideas of [81]: At first, we prove that the mapping u — y(¢,-,u)
is continuously shift-differentiable. Then we use Lemma 3.4.3 to show that the
mapping u — J(y) is continuously Fréchet-differentiable in @, cf. [82, 70, 69]. As
already mentioned, in order to derive the shift-differentiability of the control-to-state
mapping, we will use Lemma 3.7.1 which we hence have to prove at first:

Proof of Lemma 3.7.1. Since u € U satisfies by assumption the conditions in (ND),
the requirements of Lemma 3.7.23, Corollary 3.7.25 and the Lemmas in §3.7.3 are
satisfied.

The results of §3.7.3 show that the mappings in (3.7.6) consist of non-degenerated
shock points z; 1, ..., s n, which depend continuously Fréchet-differentiably on the
control due to Corollary 3.7.25, and of points z,.1,...,2, k—n lying on the bound-
aries of rarefaction waves emanating from t = 0, x = a or £ = b. The continuous
Fréchet-differentiability of the points z,1,..., %, k—n W.r.t. the control is a direct
consequence of Lemma 3.2.5. The mappings in (3.7.5) and its derivatives can be
computed according to the results in §3.7.3, these are the Lemmas 3.7.4, 3.7.9, 3.7.12,
3.7.14, 3.7.18 or 3.7.20. Finally, (3.7.4) holds due to Lemma 3.7.23, Lemmas 3.7.22,
3.7.16, 3.7.11 and the Lemmas 3.7.8, 3.7.13, 3.7.19, 3.7.10, 3.7.15 and 3.7.21.

O
Using Lemma 3.7.1, one can show the following result:

Theorem 3.7.26 (Shift-differentiability of entropy solutions). Suppose that (A3)
and (A4) hold true and consider a control u € U satisfying (ND) for some t and an
interval [a,b] C Q. Then the mapping

Usuwrs y(f, - u) € L=([a,b]) (3.7.134)

s continuously shift-differentiable on a neighborhood B;J(ﬁ), where p > 0 is chosen
sufficiently small.

Proof. The proof is basically similar to the proof of the Theorems 5.2.3 and 5.2.4 in
[69, §6.4], see also [81]. We need to find points a < T; < ... < Ty < b and a linear
bounded operator

Ts (y(f,-s 1)) € L(U; L7 ([a, b)) x RY) (3.7.135)
such that

1- |yt sw) = it ) = S5 ) (T (5 0) (u = )

u—a [u—ullu

1,[a,b] _

0 (3.7.136)
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holds true. To this end, we choose as points the non-degenerated discontinuities
of y(t,-,1) on the interval [a,b], which are the only discontinuities on [a, ] due to
(ND). Let x5,1(u),...,zs nv(u) denote the corresponding mappings which exist due
to Lemma 3.7.23 and are continuously Fréchet-differentiable due to Corollary 3.7.25.

In order to find a mapping (3.7.135) such that (3.7.136) is satisfied, we recall the
mappings defined in (3.7.5) and (3.7.6) in Lemma 3.7.1 and set

K+1

o d. .. _
Ts (y(t, 5 m)) = (quI (£, 25 0) Uz, ) () + D ==Yl 23 0) Lo, (), )] (),

d d
al‘s71(ﬁ), ey dlll’gN(ll))

(3.7.137)
According to Lemma 3.7.1, Ty (y(¢,-;1)) in (3.7.137) is a linear bounded oper-
ator. We note that {zs1,...,zs,8} C {x1,...,2x} and that {z1,...,2x} \
{Zs1,...,2s,N} is equal to the set of points lying on a boundary of a rarefaction
wave. The set of these points is denoted by

{$T71,...,$T7K_N} = {xl,...,xK} \ {xs)l,...,xS)N}.

Now, it remains to show that the limit in (3.7.136) holds if we choose the linear
bounded operator in (3.7.135) according to (3.7.137). To this end, we choose a small
constant 6 > 0 and rewrite the left-hand side of (3.7.136) as follows:

[y 1) =y 50) = S (T () (=) )|
lim — .[a,b]
w fu—tlu
[t sw) =t s0) = ST (T s wmwy |
= lim - i
u—a [u—1lu

v [y = S (s

P Ju—allo

o ) =yl = S (L) -
= Ju— v

i ol i) = lE s m) = S (s —w
> [l
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Hl,[m;{(ﬁ)—&-é,b]

uE ) = () = S5 ) (T (5 ) (= 1))
+

[u—1llu

N K—N K
~ lim [11 I SN SN A o A IKH}
i=1 i=1 i=2
We first consider [; and note that for all u € BE(ﬁ) the term I; is equal to

B ||Y1(f, su) —Yi(t, ) — %Yl(f, sa)(u— ﬁ)HL[

Il _ a,zq1()—4d]

)

Ju—allu

where p is chosen sufficiently small. Due to the continuous Fréchet-differentiability
of u— Yi(¢,;u) € C(la, z1(0) — §]), we obtain that

l}l_)rr%1 I; =0.
Analogously, one can show that
K
&ig%;]i =0 and lim i1 =0.

Using the continuous Fréchet-differentiability of the mappings (3.7.34), (3.7.42) and
(3.7.48) with derivatives (3.7.35), (3.7.43) and (3.7.49) in Lemmas 3.7.11, 3.7.16 and
3.7.22, we obtain that

lim > I;, =0. (3.7.138)

Finally, using the stability and the continuous Fréchet-differentiability of shock
points in Lemma 3.7.23 and Corollary 3.7.25, one can analogously to the proof
of Theorem 5.2.3 in [69] show that

N
Jm > T =0

i=1

holds true. Hence, we can conclude that the mapping in (3.7.134) is shift-
differentiable in u = @. The continuous shift-differentiability holds due the con-
tinuity of the mapping (3.7.137) w.r.t. u and the fact that the identity (3.7.4) in
Lemma 3.7.1 holds in a neighborhood BY (u) of 1.

O
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Remark 3.7.27. In the previous theorem, we have proved the shift-differentiability
of the entropy solution, where the shift-derivative is given in (3.7.137) by

K+1
o d o d -
Ts (y(t» B u)) = (duyl (tv X u)]]-[a,.il(ﬁ)] (:E) + Z aYk(tv X3 u)]l(mk71(ﬁ),xk(ﬁ)] (:E),
k=2
d _ d _
d—uajs,l(u)7 e duxs’N(u))

(3.7.139)
The derivatives in(f, x;a),. .., %YKH@, x;1) can be computed according to the

Lemmas 3.7.4, 3.7.9, 3.7.12, 3.7.14, 3.7.18 and 3.7.20. The derivative of the shock
position %xk(u) -du for any k € {1,..., N} is given by Corollary 3.7.25.

Using Theorem 3.7.26 in connection with Lemma 3.4.3, we obtain the following
result which is an extension of Corollary 5.2.5 in [69] to the case that the shifting of
rarefaction centers is allowed:

Theorem 3.7.28. Suppose that (A3) and (A4) hold true, consider a time point
t €]0,T[, an interval [a,b] and let @ € U satisfy the conditions in (ND) for this
choice. Denote by y(u) the corresponding entropy solution of the IBVP (3.1.2) and
let yq be continuous in a neighborhood of the discontinuities 1, ..., Ty of y(t,-, )
on [a,b]. Then the reduced cost functional

Usur~ J(u):=J(y(u),u) e R

is continuously Fréchet-differentiable in a meighborhood BE (@), where p > 0 is suf-
ficiently small. The corresponding derivative in a direction du € U is given by

J'(w)du = R(@ou+ (v, (E ).ya). 0")

2,[a,b]

N 1
+ Z/O Uy (y(t, zi () + 7[y(t, 2 ()], ya(zr(w)) drly(t, zi(a))]sk,
j=k
(3.7.140)

where
is given according to (3.7.139).

Similarly to Corollary 3.3.8 in [81], inserting the formula of the shock sensitivities
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S in (3.7.140), one can show that the derivative of the cost functional in (3.7.140)
has the representation

J'(u) - 6u =R'(@)du
(w( (t,), ya), 5y7)

+ (pgu1 ('7 Y, ul)a 57‘“)2,9;
+ Z 210<u>
+ Z o(a})]dz]

i€l,0(u)
nga+1
+ Z F( fa)Mf’u)z,Ig,a(u)m]o,ﬂ
= (3.7.142)
+ Z p(t%, a+)[f (y(t9, a+; )]t

1€l q(u):
o<t

ng,p+1

- > (P('a[’—),f/(uf’b)fsuf’h)z,zgybn]o,t’[
=1
— > p(b-)[f(y(t!, b—; u))]ot

2,[a,b]

i€ls,p (u):

th<t

oo+ Y pitett+ Y pitet!,
i€ly,0(u) 1€1; o (u): 1€l b (u):

i<t th<t

where p denotes the adjoint state with end data

pf(gg) — fol ¥y (y(t, zp () +7y(t, 2k ()], ya(zk(0))) dr  if ze{zi(q),...,zx(0)},
0 else
(3.7.143)
and
0 F1wd i1 (@) ( ) 1 w
pit = 11mptzt—|—a: ——_dz, je L),
J /f/(uf;(xf;)) N0 F1(f=1(2)) J 0
Fui o (t5)) B )
e . lim p(t,2(t — %)= dz, jE€ I q(u):t" <%,
p; /f(uﬁi‘(t“)) t\t“p( ( ))f”(f’fl(z)) J ,a( ) j
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- N T (w i <7
P = lim p(t,2(t —t;)) 75— —dz, j€ Lp(u):t; <t
’ PP ) Ot ()

Using (3.7.142), we can finally prove Theorem 3.5.5.

Proof of Theorem 3.5.5. The proof is similar to the proof of Theorem 3.3.9 in [81].
We will therefore only sum up the main arguments and assume for simplicity that yq
is continuous on the interval [a, b], where the treatment of the case that yg possesses
discontinuities on [a, b] can be found in [81]. First of all, we note that the continuous
differentiability of the mapping

Bg(ﬁ) sur J(u) = J(y(u),u)

holds due to Theorem 3.7.28. It remains to prove that the corresponding derivative
is given by (3.5.30). We will show that for u = u and deduce from the stabil-
ity of genuine characteristics and of the adjoint state that the representation in
(3.5.30) is valid for all u € BY(u) if p is sufficiently small. Since 1 € U sat-
isfies (ND), the corresponding entropy solution y(¢,-;@) of (3.1.2) has no shock
generation points on [a,b] and a finite number of non-degenerated discontinuities
a < zi(0) < --- < zy(a) < b, which are no shock interaction points. We intro-
duce the following notation: For each zp(u) with £ € {1,..., N}, denote by &
the minimal backward characteristic through the point (£,z;(@)) and by & the
corresponding maximal backward characteristic. Finally, let £€% and £ denote the
genuine backward characteristic through (¢, a) and (¢, b), respectively. If any of these
characteristics ends in points (£, a) or (,b) with £ > 0, then we extend it until £ = 0
by setting &'[jp 7 = a or &5 = b, where i € {a,b,+,—}. Then, we define the
following domains:

N
Dy={(t,x) e Q:& M) <z <&M}, k=1,...,N, D:=|]Dx
k=1

and

Sk::{(t,x)eﬁg: ,j_l(t)gxgg,;(t)}, k=2,...,N,
Sp={(t,x) e Y : ¢ <z <& (1)}, (3.7.144)
Sner={(t,2) € V: &L () <a < ¢}

As in [81], we denote by p the adjoint state according to Definition 3.5.4 with end
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data (3.7.143) and by p the corresponding adjoint state with end data

- {fol Yy (y(t, o+50)) + 7[y(t, 23 0)], ya(v+) + 7[ya(2)]) dr  if 2 € [a, b],
0 else.

Therefore, (3.7.142) can be rewritten as
J'(@) - bu =R'(@)du

+ (pf, 5yf)
2,[a,b]

+ (ﬁgu1 ('a Y, U1>, 5u1>2,Qg
Nne+1

+ Z )2,1i(w)
+ Z o(2?)]6x?

i€1ls0(1)
n¢a+1
+ Z (ﬁ('va+),f/(uiB’a)(SuzBM)Q,I}BJ(ﬁ)ﬁ]of[
i (3.7.145)
+ Z P, a+)[f(y(t3, a+;@))] ot
1€l o (1):
t9<t
ngp+1
- Z F1u™)u o s ot
- p(t7. 0)[f(y(t], b—; w))]oty
Pty b)[f ]
i€l p(1):
th<t
— > el > e+ Y pitetd,
i€l 0(1) i€l o (8): i€l q ():

tI<t tI<t

where 0y is given in (3.7.141) and
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0 f/(ﬂngl(w?)) 0 1
P = lim p(¢, 2t + 27) ———— dz,
P /f S )

(@9 (29))
) S Y T p—— (3.7.146)
Pt = lim p(t, z(t — t5 dz, 3.7.146
! P@Ps sy O P H(2))
~r,b /f (ﬁf+l;(t;’)) 1 ~(t (t tb)) z d
p; = im p(t,z(t —t7)) ——F— dz.
! VNG P Hz)
We note that
plpa =p and suppp C D (3.7.147)

holds due to the definition of the adjoint state. Furthermore, the terms for which
we take the limits in (3.7.146) are constant if ¢ is sufficiently close to t;?. Therefore,
choosing a sufficiently small s > 0, the terms in (3.7.146) can be rewritten by

£ (@4, ) 1

~r,0 0 0
Py = 1p(s,zs +x;)p(s, zs + x5 ) ——F—— dz,
/ /f/(ug?(zg)) ( i J)f”(f'fl(z))

e [ s sl 050 (3.7.148)
D ::/ 1p(tt+s,2-8)p(tt + 5,2+ 8) = dz, 3.7.148
/ Frals ) ! ! f(f=1(2))

LGN .
Py = /f Ip(tj +s,2-s)p(t] + 5,2 5) dz.

z
(@2 (1)) F(f=1(2))

Introducing the sets Agy, == D§l N {t =0} and Ag/p = D! N {z =a/b}, we
observe that

N
{20 i€ Lo} c | int A,

=t N (3.7.149)
{f?/b i € I q/p(0) and t?/b < f} C U int Aq/p k-

k=1

We note that (3.7.149) holds since the sets Sy in (3.7.144) do not contain shock-
curves due to their construction and the fact that S; \ND_ = @ due to Lemma 3.2.7.

From (3.7.145), (3.7.147) and (3.7.149) we obtain
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J'(@) - bu =R'(7)du

+ (pf, 5@/{)
2,[a,b]

N
+ Z |:(pgu1 ('7 Y, u1)7 5“’1)2,52{
k=1
ny+1
+ Z )2 T ()N Ak
n,yn—Q—l
+ Z (p('7a+)af/(uiB,u)(Su?m)Z,I}ém(ﬁ)ﬂAuﬁk
=1
ngp+1
- Z (P('a[’—),f/(UZB’b)‘;UZB’b)2,1;13150Ab,k (3.7.150)

+ ) p(0,29)[ug(a?)]62?
ie[so(ﬁ)
+ ) (s e ) [f(y(E, ot w)))oes

1615 n( )
t?gf

- Z p(t?,b—)[f(y(t?,b—;ﬁ))](st?

i€l p():
th<t

= > el D prtetr 4 Y pitotl.

i€l o(a) i€l;,q(1): 16[r p():
t7<t th <t

In order to derive the representation of J'(i1)-du in (3.5.30), we next observe that

B d K+1 d
oy’ (z) = (qul(t 2:0) - Ljg @) (2) + D R CIGERL VR 1(mk1(u),xk<u)](x)>
k=2
(3.7.151)

and therefore
£ dy o -
oy |]xk71(ﬁ),wk(ﬁ)[ = aYk(t,l‘; u)5u Vk € {1, o, N+ 1} .

We set Tp(@) = a and Zy41(@) = b. Using the formula (3.7.22) in Remark 3.7.7,
one can show for all k € {1,..., N + 1} that
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_ d _
) < ,—Yi(t,z;u 5u>
(p y )2]:1:k 1(0), 75 (1) du ( )

2,]zp—1(0),zk(Q)[

Nnge+1
= ( () gul( y7u1)5u1)25 + Z 5“’ ())27Ié(ﬁ)ﬂBo,k
=1
Nt a+1
+ Z (- ))5%5’“('))2713“(ﬁ)mBa,k (3.7.152)
N, [,Jrl

- Z 1 Bb())5“f’b('))2,fg,b03h,k
Z ol + > ptett 4+ > prlatd.

i€ly o(@1) i€ly u(}l) i€l p (0):
te<t o<t

where By, := S N {t = 0}, By/px =S5 N {z =a/b} and

o f (“J+1( )) 1
Z’)Z’)j ::/ 1s,(s,28 +2)p(s, 28 + 1) ————dz,

F(u0(29)) I T (2))
. Pl (t5)) . " ) z
15“.::/ 1, (t5 +s,2-8)p(t; +s,2-8) ———— dz,
k,j @B ee)) i J )p( J f(f=1(2))
Dy = 1g, (] +s,2-8)p(t] +5,28).——————dz.
k,j /f/(uf’h(t;‘)) k\"j J F1(f=1(2))

Here, s is chosen as in (3.7.148). From (3.7.151) and (3.7.152), we obtain that

(pf’ 69{) 2,[a,b]

ny+1

(P() Qul( y7u1)6u1 2,8 + Z 5“ )2,13(ﬁ)m(5m{t:0})
=1
ngat1
+ Z 1 B“)6uf’a)2,1g,ﬂ(a)m(Sn{z:a}) (3.7.153)
nt,b+1

-y (p(’vb)vf/(u?’b)éuiB’b)Z,Ig)bﬁ(Sﬁ{x:b})

=1
PSR D AR DR A I

i€l 0(0) i€ly,q(): i€l q(T):
1<t t3<t
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where

0 f’(u?+1(x?)) ( O) ( 0) 1
Dy ::/ 1s(s,z8 + 23)p(s, 28 + 27) ———— dz,
= ; DFFE)

"(uf(29))

TR . e o
Pt = Ts(t? +s,2-8)p(tl + 8,2 8)—————dz,
J /f J J f//(f/—l(z))

(P ()

b /f/(Ufﬂ(t?)) " " N
Py = 1s(t? +5,2-8)p(t? + 5,2+ 8) - dz
T JpaPrayy ’ Fr(F=1(2))
N+1
and S = |J Sk. We note that
kzi

=1
N+1
Q\D=S5=|J S (3.7.154)
k=1
Due to (3.7.154), inserting (3.7.153) in (3.7.150) finally yields the representation of

J'(@)éu in Theorem 3.5.5.
O



CHAPTER 4

Optimality theory

We recall the optimal control problem that is introduced in §3.3:

b —
min J(y(u),u) = / Y(y(t, z;u),ya(z)) de + R(u),

ueU,q
where y(u) is the entropy solution of the IBVP (3.1.2)
and y(t,z) < y(x) forall z € [a,b].

(P)

The goal of this chapter is to analyze (P). Therefore, we will first prove the exis-
tence of an optimal solution in §4.1 and then derive first-order necessary optimality
conditions for (P) in §4.2. The proof of the existence of optimal controls follows
by standard arguments, see, e.g., [57]. However, the standard techniques which are
used to derive first-order necessary optimality conditions for state-constrained opti-
mal control problems, for example in [19], are not applicable to (P) for the following
reason: Due to the pointwise state constraints

y(t,z) <y(xz) forall z € [a,b], (4.0.1)

we have to consider the state y at least in L*® to assure that Robinson’s CQ is
possible to be satified, cf. [19]. However, since entropy solutions of hyperbolic
balance laws may develop moving discontinuities, the control-to-state mapping is in
general not continuous to L*>° and therefore not differentiable. This poses a difficulty
since first order optimality conditions for problems with state constraints as well as
the Robinson’s CQ require the first derivative of the control-to-state mapping. To
cope with this problem, we will use Lemma 3.7.1 in order to introduce auxiliary
state variables in §4.2.2. In terms of these new states, we will formulate first-order
necessary optimality conditions in §4.2.3, which can be reformulated in terms of the

123
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original state y.

Remark 4.0.1. The state constraints in (4.0.1) are only considered for a fixed time
point ¢ = ¢ and not for all ¢ € [0, ¢]. This restriction is due to the fact that the results
in Lemma 3.7.1, which are crucial in this chapter, hold for fixed time points ¢ €]0, T,
respectively. Nevertheless, since by Theorem 3.5.3 the results of Lemma 3.7.1 hold
for almost all time points t €]0, T, it seems be possible to extend the results of the
remaining part of this thesis to the case that the state constraints are considered on
the whole interval [0, ].

In the remaining chapters of this thesis we will use the following convention, which
is slightly different from Convention 3.2.2.

Convention 4.0.2. We consider the representative of y satisfying
y € C([0,T); LL.(), y(t,z) = y(t,z—) for all (t,x) € [0,T] x 2\ {a} and
y(t,a) = y(t,a+) for all ¢ € [0,T).

We note that one can easily check that the results of the previous sections are
still valid under Convention 4.0.2.

4.1 Existence of optimal controls

In the following result, we will prove the existence of an optimal control for (P).

Theorem 4.1.1. Let (A3) and (A4) hold true and assume that there exists 1 € Uyg
such that y(t,z;0) < y(x) is satisfied for all z € [a,b]. Then (P) admits a globally
optimal solution.

Proof. The proof uses standard techniques, cf. [57]. We firstly prove compactness
of the set Upg := {u € Unq : y(f,25u) < j(z) Vo € [a,b]}. Since U,q is by assump-
tion nonempty, we can consider a sequence (u,)npeny C fJad C U. Due to the
compactness of U,q in U, there exists a subsequence, again denoted by (u,)nen,
converging to some @ € Uyq w.r.t. || - ||u. Corollary 3.3.5 implies that the sequence
(y(t,5uy)), e converges in L' ([a,b]) to y(Z,-, 1) and hence there exists a conver-
nelyy converging pointwise almost
everywhere to y(%,-, 1) on [a,b]. Therefore and since y(, z;u,) < ¥ (z) holds for all
x € [a,b] and all n € IN, we obtain that

gent subsequence, again denoted by (y(t,-;u,))

y(t,z;u) < g(x) for a.a. x € [a,b)]. (4.1.1)
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In order to show that (4.1.1) holds true for all x € [a,b], let & €]a, b] be arbitrarily
chosen. Due to (4.1.1), we can choose a sequence (z,,)nen With x,, /& for n — oo
such that for all x,, (4.1.1) is satisfied. By Convention 4.0.2, we obtain
r 51) = 1i r ) <l m — (-
y(& &) = lim y(f,zp;0) < lim g(z,) = §(2),
where the last equality holds due to the continuity of g(-). One can analogously
prove that (4.1.1) holds for & = a by taking a sequence (z,)neny With z,, \, a for
n — oo and using Convention 4.0.2. Thus, (4.1.1) holds for all x € [a, b] yielding that

ue ﬁad. Therefore, fJad is compact. We now consider a sequence (U, )nen C Uag
satisfying

J(u,) = inf J(u) for k — oco.
u€Uaq

Since U,q is compact, there exists a convergent subsequence, again denoted by

(Wp)nen, with u,, — u € U,q. Since J is Lipschitz continuous w.r.t. u by Corol-

lary 3.3.6, we obtain J(@) = inf J(u) and hence, @ is a global minimum for
ucU,q

(P). O

4.2 Optimality conditions

In this section, we want to derive optimality conditions for (P). To this end, we
firstly consider a general optimal control problem (P) in §4.2.1. Then we introduce
auxiliary state variables in §4.2.2. Using these new states and the results for the
general problem (P), we can derive first-order necessary optimality conditions for
(P) in §4.2.

4.2.1 Optimality conditions for a general optimal control
problem

Our aim is to derive necessary optimality conditions for (P). To this end, we firstly
consider a more general optimization problem (cf. [41, Subsection 1.7.3]):

Héiélf (2) subjectto G(z)e K, zeC. (P)
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Theorem 4.2.1. [Karush-Kuhn-Tucker conditions, [89]] Let zZ € Z be a local op-
timum of (P). Assume that Z and V are Banach-spaces and that the mappings
f:Z >R and G: Z — V are continuously differentiable in zZ. In addition, let
C C Z be closed, convex and nonempty and IC C V be a closed convex cone. Finally,
assume that Robinson’s CQ is satisfied at Z € Zi.e.,

0€int(G(2)+ G (2)(C—2) —K). (4.2.1)

Then there exists a Lagrange multiplier q¢ € V* such that the
Karush-Kuhn-Tucker conditions

G(Z) e, qeK®={qeV":(qv)y., <0 VveK},
(0.G(2)y.y =0, z€C, (f'(O)+G(2)q2-2), ,>0 Vzel

hold true.
Proof. See [89]. O

In order to derive optimality conditions for (P), our goal is to bring (P) in the
form of (P) and then use Theorem 4.2.1. To this end, we choose Z = U, C = Uyq
and f = J. A naive choice for the mapping G could be

G(u) =y(t,sa) —y() €V, (4.2.2)

where y denotes the entropy solution of the IBVP (3.1.2).

In order to assure that the set on the right-hand side of (4.2.1) has an inner
point, we have to choose V such that V' C C'(Q2) or at least V' C L°°(€2) holds true.
However, since y may develop shocks after finite time, the mapping in (4.2.2) is not
even continuous. In order to cope with this problem, we have to choose G differently
from (4.2.2). To this end, we will reformulate the state variable y.

4.2.2 Reformulation of the state variable

We consider a control € U such that the conditions (ND) are satisfied and we
can apply Lemma 3.7.1. More precisely, (3.7.4) yields that for all u € BE (u) the
corresponding entropy solution y(, -, u)|4,5 can be rewritten by

K+1

Y (t’ €T u) |[a,b} = Yl(ﬂx; u) : ]l[a,xl(u)] (I) + Z Yk(ﬂx; u) ) ﬂ($k—1(u)7$k(u)] (:C)
k=2
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Lemma 3.7.1 further yields that the mappings

ue B (a)— Y (f,5u) € C(I}), k=1,...,K+1, (4.2.3a)
uc BY(a) — zx (u) €R, k=1,....K (4.2.3b)

are continuously Fréchet-differentiable. We recall the notation z¢o = a, xx41 =0
and I} := (zp—1(0) —e,zx(0) +¢) for k =1,..., K +1, where € > 0 is a sufficiently
small constant. The main idea is to introduce the mappings in (4.2.3) as new state
variables, which are transformed to the unit interval [0,1] by using the variable
transformations

Pra 1 [0,1] = [zp—1 (), 2, (W)], A= zp—1(0) + A(zp(Q) — zp—1(0)),
x — xp_1(Q) (4.2.4)

xp(a) — zp—1(0) ’

891:1-1 : [xkfl(ﬁ);xk(ﬁ)] —[0,1], z —

Hence, we introduce the mappings

ue BY () = y(n) €C(0,1]), k=1,...,K+1,

i (4.2.5)
ue B, (u) = azr(w) eR, k=1,....K
as new state variables, where
ye(Nu) = Yi (L ora(N);u), A e(0,1]. (4.2.6)

Using the variable transformations in (4.2.4), we also transform the state constraints
in (4.0.1) on the unit interval:

ye(u) <YL ora(N) = g(Xu), A e[0,1]. (4.2.7)

In the next Lemma we will show that the state constraints in (4.0.1) and in (4.2.7)
are equivalent:

Lemma 4.2.2. We assume that (A3) and (A4) hold true and consider some control
u € U that satisfies the conditions in (ND). Then the state constraints in (4.0.1)
and in (4.2.7) are equivalent, i.e.,

y(t,;u) < g(-) on [a,b)
holds if and only if

yr(;a) < gr(-;a) on [0, 1]
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1s satisfied for all k =1,..., K + 1.

Proof. We firstly suppose that
ye(Na) < gr(A;m) on[0,1] forallk=1,..., K +1. (4.2.8)

Using the definitions of yi(A;u) in (4.2.6) and gx(A; 1) in (4.2.7), we obtain from
(4.2.8) that

Yk(f, Ohza(A); u) < glpra(A)) on[0,1] forallk=1,..., K +1,
which is equivalent to
Yi(t,z;u) < g(x) on[xp_y,a] forallk=1,...,K+1. (4.2.9)

Using the representation of y(¢,-, @) in (3.7.4) and Convention 3.2.2, we see that
(4.2.9) yields

y(t,z;u) < g(z) on [a,b].

Now we suppose that y(¢, ;1) < y(z) holds on [a, b]. From (3.7.4) we obtain that

Yi(t,z;u) < g(z) onlzg_1,zp] forallk=2,...,K+1.
E(ﬂx,u) < g(.’]ﬁ‘) on [a/,l‘l]
Next, we consider some x; with ke {1,...,K + 1} where y(¢,z; @) has a disconti-

nuity. Due to (3.2.3), all discontinuities of y(¢, ;@) are down jumps such that we
get

Yi(t,;u) < y(z) on[wp_1,3] forallk=1,...,K+1. (4.2.10)

Using again the definitions of yi(A;u) in (4.2.6) and g (A; 1) in (4.2.7), (4.2.10)
finally yields

yp(5a) < gr(;m) on[0,1] forallk=1,..., K +1.
O

Using the definition of the new states in (4.2.6) and Lemma 3.7.1, we obtain the
following result:

Theorem 4.2.3 (Continuous differentiability of the state). We assume that (A3)
and (A4) hold true. In addition, consider a controlt € U such that the assumptions
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in (ND) are satisfied. Then the mapping
uc BE(‘_‘) = (yl(u), oo yrri(u), y(a), ... ,xK(u)) c C([o, 1})K+1 <« RE

is well-defined and continuously Fréchet-differentiable if p > 0 is sufficiently small.
The derivatives of y1,...,Yyk+1 w.r.t. U are given by

(A\;u)éu = %Yk (£, zr—1(0) + A(zp (1) — 2p—1(0)); 1) - )\%xk(u)du

d
au ¥
d d _
+(1-— )\)Exk,l(u)éu + EY’“ (¢, zr—1(0) + Az (1) — 241 (u)); u)du.
(4.2.11)

The derivatives of xzp(u), k = 1,..., K w.r.t. u can be computed according to
Theorem 8.7.24 if (t,zx) is a discontinuity of y(t,-;u) or with the help of (3.2.9) if
(t,z1) lies on the boundary of a rarefaction wave.

Moreover, the derivatives of Yy w.r.t. u can be computed according to the Lem-
mas 3.7.4, 3.7.9, 3.7.12, 8.7.14, 3.7.18 or 3.7.20.

4.2.3 Optimality conditions for the optimal control problem
considered in this thesis

Let u € U be a locally optimal solution of (P) such that (ND) is satisfied. Recalling
the general optimization problem in (P), we want to bring (P) in the same form
such that we can derive necessary optimality conditions by using Theorem 4.2.1.
Since in @ € U the conditions of (ND) are satisfied, we can introduce the mappings
in (4.2.5) as new state variables and set:

Z=U,V=C(0,1)" xRK, (4.2.12a)
Gp(uw)=yr(Au)—gr(Mu), k=1,...,K+1, (4.2.12b)
Gi+r+1 (0) =a5(vn), k=1,... K, (4.2.12¢)
K =0C([0,1];] — 00,05 x RX, and C = U,g. (4.2.124)
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We firstly observe that due to the choice in (4.2.12) Robinson’s CQ in (4.2.1) reads

v1(5u) =71 () yi(5a) — o1 ()
e G =g G | e G0 e G |
0 € int 22 () + 4o 1 (w) (U-1)
zx () rx(u)

O([Ov 1L} - O0,0D

C(0,1]:] — o00,0])
R

R

which is obviously equivalent to

y1(5u) =71 () 1 v1(5u) =71 (5u)
0 € int : + 4 : (U —q)
Yr+1 (50) — Ui () Yr+1 (5u) — Jr41 (5 0)
C([O’ 1]3] — 00, OD
- : (4.2.13)

C([0,1];] — o0, 0])

Remark 4.2.4. Technically speaking, the mappings u +— Gy (u) are only
well-defined on a neighborhood B;’T (@) of @. Therefore, in order to guarantee that
the mappings in (4.2.12b)-(4.2.12c) are well-defined on the whole Banach space
Z = U, we choose continuously differentiable extensions such that

Gy (u)

BU(ﬁ):(yk(A7u)_gk(>\7u))7 k:]-?aK—'_]-

P

Gri+r+1 (1) |pum) = zx (), k=1,....K.

is satisfied.
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Remark 4.2.5. Using Theorem 2.5.2, we obtain that

V= (C([0,1)F+ x RF)" = (C([0,1]))* " x RE = M([0,1]) K+ x RE.
(4.2.14)

Using (4.2.14), we obtain the following representation of the polar cone:
Lemma 4.2.6. The polar cone of KC can be characterized as follows:
geK® <= q=(u1,-. ,ptk+1,0,...,0),
where fi1, ..., pr+1 € M([0,1]) are nonnegative.

Using (4.2.4), we can apply Theorem 4.2.1 in order to derive first order necessary
optimality conditions for (P):

Theorem 4.2.7. Suppose that (A3) and (A4) are valid and let 0 € Ugq be a lo-
cally optimal solution for (P). We additionally require that 1 € U, satisfies the
conditions in (ND) and that Robinson’s CQ in (4.2.13) holds. Then there exist
nonnegative i1, ..., ir+1 € M([0,1]) such that

yp (0) < gp (,a) on [0,1]  forallk=1,...,K+1, (4.2.15a)
K+1
(i (A, @) = g (A, @) dpr (N) = 0, (4.2.15b)
k=1 [0,1]
) K+1 d
UCIEUEDY /H (e ) — 0, ) (0~ ) dp(N) > 0 Y € Ugg
(4.2.15¢)

Proof. We firstly observe that @ is also a locally optimal solution for (P) with the
setting in (4.2.12) due to Lemma 4.2.2. Then we use Theorem 4.2.1 and Lemma 4.2.6
to show that (4.2.15) is satisfied. We finally note that Theorem 4.2.1 is applicable
since its requirements hold due to Theorem 4.2.3 and (A4). O

The following result will provides a further characterization of Robinson’s CQ in
(4.2.13).

Lemma 4.2.8. Let (A3) and (A4) hold true and consider some 0 € U,q satisfying
(ND). Then (4.2.13) is satisfied if and only if there exists u € U,y such that for a
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constant € > 0 the following assertion is valid for allk =1,..., K + 1:

Ny - d - S\ -
ye(A, 1) — gr(A,u) + d—u(yk()\, u) — (A, 0))(@—1u) < —e VA€E[0,1]. (4.2.16)
Proof. We firstly suppose that (4.2.16) is satisfied and prove that (4.2.13) holds true.
In order to show (4.2.13), it is sufficient to prove that there exists a constant p > 0
K41
such that for all f = (f1,..., fx+1) € Bg([o’l]) v (0) there exists some 1 € U and
(hi,...,hi11) € C([0,1];] — 00,0])%*! such that for all k € {1,..., K + 1} it holds
that

Fi() = e (50) = g (5 0) + % (yx (1) = g (w)) (@ —a) = hy()  on [0,1].

To this end, we choose

p=1 (4.2.17)

and @ as in (4.2.16). Next, we consider an arbitrary k € {1,..., K + 1} and set
_ d _ _
() =g (50) =g () + = (v () = g () (@ = 1) = fr(). (4.2.18)

Due to (4.2.16), the fact that

)K+1

(fi,---s fr+1) € BSOT (o)

and the choice of p in (4.2.17), we obtain hj(A\) < —5 and hence hj € C([0,1];] —
00,0]). Since k is arbitrarily chosen, (4.2.18) is satisfied for all k € {1,..., K + 1}
with functions hj, € C([0,1];]—00,0]). Since f was arbitrarily chosen, (4.2.13) holds
true.

Now we suppose that (4.2.16) does not hold true and prove that (4.2.13) cannot
be satisfied. Since (4.2.16) is supposed not to hold we obtain that for all u € Ugyq
there exists some k € {1,..., K + 1} and A € [0, 1] such that

>

yk(j‘v ﬁ) - gk(jV ﬁ) + % (yk?( 71—1) - gk(j‘v ﬁ))(u - ﬁ) 2 0. (4'2'19)

Next, we choose an arbitrary small constant p > 0 and observe that choosing

F=fr, s fri1) = (—QKP+2,...,72K”+2) (4.2.20)
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yields

)K+1

f e BYDT (0),

If (4.2.13) is satisfied, then there exists @ € Uyg and
h= (hl,. ..,hK+1) S C([07 1];] — O0,0])

such that

Ji() = e (50) =g (5 u) + (fiu (7, (50) = B (5w)) (@ —@) — hp()  on [0,1]

is satified for all k =1,..., K + 1 which is equivalent to
_ d _ L
T () = i (50) = G (50) + = (g5 (50) = 3 (5 0)) (@ —0) = fie(-) on [0,1]

forall k =1,..., K + 1. Since (4.2.16) does not hold true, there exists some ke
{1,...,K +1} and A € [0,1] such that (4.2.19) is satisfied for kK = k. From this

and the choice of f in (4.2.20), we obtain that h;(\) > 75 and hence h ¢
C([0,1];] — 00,0])K+1. Hence, (4.2.13) is not satisfied. O

The optimality conditions in Theorem 4.2.15 are formulated in terms of the new
state variables which are defined in (4.2.5). Since it is convenient to have a formu-
lation of the optimality conditions in Theorem 4.2.15 in terms of the original state
y(t,-;@), in the remaining part of this chapter we will reformulate the optimality
conditions in (4.2.15). As a first step, we rewrite the optimality conditions in terms
of the mappings Y7, ..., Yk 41 which are introduced in Lemma 3.7.1. We recall that
the new state variables in (4.2.5) are obtained by using the variable transformations
in (4.2.4). Using (4.2.4) in connection with (4.2.11), the optimality conditions in
(4.2.15a)-(4.2.15¢) can be written as follows

Y@ ona(), @) < G(onal)) on[0,1] Vk=1,....K +1, (4.2.21a)
K+1
> / (Yi(#, pr:a(N), @) — G(pra(N)) dus(N) = 0, (4.2.21Db)
k=1 7 [0.1]
K+1

(5 -1 i ny i) — 7 _
Fm-w 3 [0 a8~ leka)

(P AP0 ()0 — ) 4 (1~ gy b (pra(N) s () (u — )
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+ i(Yk(ﬂ Pra(A);a) — g(‘Pk;ﬁ()‘))) “(u—u)| dpx(A) 20 Vu € Uig.

du
(4.2.21c)

Theorem 2.5.3 yields the existence of nonnegative measures jiy € M(I}) with

Ik = [l'k;,l(ﬁ),xk(ﬁ)} fOI"kZl,...,K-i-l

] 5 (4.2.22)
zo(Q) =a, zg41(0):=0,
which are defined according to (2.5.3) by
ik(A) = pk(gol;%(A)) VA C I measurable, k=1,..., K +1
such that
fdﬂk:/ fovradur VeE=1,...,K+1 (4.2.23)
Iy [0,1]
holds for all measurable functions f. Applying (4.2.23) on (4.2.21) yields
Ve, 0) <§() onl, Vk=1,....K+1, (4.2.24a)
K+1
> [ 0ilaw) - po) o) =0, (4.2.2b)
k=1 "1r

K+1 _
e S ] e R e R

= L/, dx (@) — xp_1(7)
d _ _ d _ _ zp(a) —x _
qa @ [ L) g
: %mk,l(ﬁ)(u —ua)+ /Ik %Yk(ﬂm,ﬁ)(u —0)djig(z)| >0 VYue Uy.
(4.2.24c)

We finally rewrite Robinson’s CQ in (4.2.13) in terms of Y7,...,Yk41:

Yi(t5u)—g() 1 Yi(t,5u) ()
0 € int + a (U - l_l)
Y1 (t,5u) =5 () Yic1 (t,-5a) (1)
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d 7. 7 —xk—1(d) a (@)~ d
@(Yl (t’ R u) -y ()) (xk(u;kl;t li(u) duxk(u) + a:k(u)k Ty 1(u) du k- 1( ))

& (Y 5) =5 () (mk(;)mkm;( 1)(u) duen() + mk(i)k(l;l_l(u) AT 1(“)>
C(Il;] — 0070])
(U—a)— : (4.2.25)
C(Ix+41;] = 00,0])

Hence, we can rewrite Theorem 4.2.7 as follows:

Theorem 4.2.9. Suppose that (A3) and (A4) are satisfied and let @ € Ugyq be
a locally optimal solution of (P) that satisfies (ND) and Robinson’s CQ (4.2.25).
Then there exist nonnegative measures ji, € M(Iy), k=1,..., K +1, such that the
conditions in (4.2.24) are satisfied, where the intervals Iy, are defined in (4.2.22).

It is very important to show that Robinson’s CQ in (4.2.25) is always satisfied
under suitable assumptions. To this end, we firstly derive an equivalent charac-
terization of (4.2.25) in the following lemma which is a direct consequence of the
definition of the new states in (4.2.5) and Lemma 4.2.8:

Lemma 4.2.10. Assume that (A3) and (A4) hold true and consider a control u €
U .4 that satisfies (ND). Then Robinson’s CQ (4.2.25) is satisfied if and only if there
exists dSu € U,g — 1 such that

Vel w) =) diuyk(g’ @, 0)0u + %[Yk(ﬂ z,1) — g(@)]- (4.2.26)
z—zpa(n) d B zp(0) — d i
<xk(ﬁ) — (U )azk(u)éu * rp(a) — K1 (0 )duz’f—l(u)éu> < -

holds true for all x € I, and k = 1,..., K + 1, where € > 0 is a sufficiently small
constant and the intervals Iy, are defined in (4.2.22).

Using Lemma 4.2.10, we will prove that Robinson’s CQ in (4.2.25) is always
satisfied under suitable assumptions:

Theorem 4.2.11. Assume that (A3) and (A4) are satisfied and consider a control
u € U,y such that (ND) and the state constraints (4.0.1) are satisfied. Furthermore,
suppose that u + du € U,y holds for all

sueBY(@)N{ueU:u<0Awy =0}, (4.2.27)
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if p > 0 is small enough. The inequality u < 0 in (4.2.27) has to be understood
componentwise. Finally, let

glar =0 and F(-) = constant.
Then (4.2.25) is satisfied in Q.

Proof. We use Lemma 4.2.10 to prove the theorem. To this end, we show the ex-
istence of a constant € > 0 and du € Uyq — 1 such that (4.2.26) is satisfied for
all z € [xp_1(0),zx(0)] and k = 1,..., K + 1. We note that xp(a) € [a,b] with
k € {1,...,K + 1} is by assumption either a discontinuity of y(,-, @) or lies on
the boundary of a rarefaction wave. Here, the discontinuities of y(,-,@) on the
interval [a, b] are nondegenerated according to Definition 3.7.3. Therefore, the dis-
continuities are all of type X; X, with X, X, € {CC,RC,Cg,u,RCB,u,cg,b,RcB,b} ,
i.e., the minimal respectively maximal backward characteristic through a disconti-
nuity ends in a point where the initial or boundary data is smooth, or in the inner
of a rarefaction wave. Recalling the Lemmas 3.7.10 and 3.7.15, we observe that the
cases X/, € {RC, RE o RCB)b} can be treated analogously to the case X;/. € {C°}.
Moreover, the case Cf ; can be treated similarly to the case Cf . Therefore, in
order to discuss all relevant cases, we can firstly restrict ourselves to the following
case:

Let K = 2 and assume that (¢,z1(1)) lies on the right boundary of a rarefac-
tion wave being created in a discontinuity t? of the left boundary data ug q(-;@).
Moreover, let (¢,22(@)) be a nondegenerated shock, where the minimal backward
characteristic through (£, z»(1)) ends in a continuity point * € € (t5_,t%) of up (s 1)
and the maximal backward characteristic ends in a continuity point z € (z)_,,zV)
of the initial data ug(-; ). Then the genuine backward characteristic through (Z, a)
also ends in (f,a) and the one through (Z,b) ends within the interval (z}_,,z}).
If that was not the case, more discontinuities or points lying on the boundary of
rarefaction wave would occur on ]a, b[ which would be a contradicion to K = 2.

The further part of the proof is divided in two steps: Step 1 will be concerned
with deriving representations for the terms d LYt ), qug( 1), qug( ),
Lzi(a) and La(0). In Step 2, we will construct some du € U,q — 1 and prove
that (4.2.26) is satisfied for all k = 1,2, 3.

Step 1: With g|o, = 0, we obtain that Y1 (¢,z,u) = /(= ) and in addition

k~:>

d _ ox

—Yi(t,z,u)dzx = T i w_; ik (4.2.28)
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iY (t,z,0)éu = v 0l
IR - (E_E?)zf//(f/—l(%))'

4.2.2
Iu (4.2.29)

S.a

Since the minimal backward characteristic through (¢, z2(@1)) ends in a point
t* € (t8,t%,,) where upq(;u) is smooth, we obtain from Lemma 3.7.15 that the
derivatives of Y5 are given by

d., . (@) (®(:)) - b

—Y5(t,xz,u)dx = J — , (4.2.30
a2 Fr(ag (@) (@) (@C)(E - () — f/(w(B(:))) ( :
LI £ (@())) - 6uf " (®()

d o Fra (@) (@)Y (@) (E - () — /(] (D(:))

where (:) = (£, 2,@), (@;"%)'(-) denotes the derivative of af“() and ®(f, z, ) is the
unique solution of the equation x = f’(ﬂf’u((b))(t_— @) + a w.r.t. ¢. We note that

®(t,z,0) € [t°15] for all z € [z1(), z2(1)].

is satisfied. The estimation (3.7.37) in Lemma 3.7.13 implies that

ai() = 1 (50°) @)@ (BT - () — [P (®()) < 6 (12.32)

holds for all z € (z1(@) — o, z2(@) + Jp) for some constants &g, 8 > 0.

It remains to examine the term Y3. Since the maximal backward characteristic
through (Z,z2(0)) ends in a point & € (z)_,,z)) where the initial data ug(-; ) is
smooth, Lemma 3.7.8 yields

e (@)(Z0) 5

a0 = ) Y 2+ 1 (1:25)
E I ' .(0)

R CICER )@ Z T (4.2.34)

where Z(:) = Z(t,z, 1) denotes the unique solution of the equation
z=f(u](z)t+=

w.r.t. z. The estimation (3.7.31) in Lemma 3.7.13 yields the existence of a constant
do > 0 such that

ga2(:) = [ @ (2 (Z()E+1> B (4.2.35)
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is satified for = € (z2(0) — dp, b) and a possibly smaller constant 3 > 0.

Now we consider the term z;(@). Since (¢,x1(@)) lies on the right boundary of a
rarefaction wave and the source term g = 0, we see that x1(u) = f'(q; & ) - (-
t9) + a and thus

iufm(ﬁ)&l =" (@ (E)) (= 1) [6u] " (85)+ (] ) (5)5t5] — f (w*(£5))5t5.
(4.2.36)

Concerning the shock position x5 (1), we obtain from Corollary 3.7.25 that its deriva-
tive w.r.t. u is given by

l J
= _ 0 /1/-B,a B,a
2 000 = 32 (0. ) ) g+ 2 (pCoa @ 0w"),

+ Y p(0,3)[ao(a}))dw + > p(t, a)[f (i}, at; w))]oty

kel 0:2%€]0,3] k€I q(@):8€]0,i%]

B S T PR SR
kel 0:x0€]0,%[ kel o (0):tf€]0,te]
(4.2.37)

where p denotes the adjoint state with end data p(¢,-) = According

%
[y(,z2();u]

q > 0 and equal to zero

to Definition 3.5.4, p is given by p(t,z)lo,\p_ = = GEn@E

on D_.
Step 2: In this step we contruct some du such that (4.2.26) holds for all k €
{1,2,3}. First of all, all components of du except (5uB ® and du are set equal to

zero and 5uj and 5ul are chosen as follows

0 if 15, <t <i%—p,
¢1(t) iffa—pl §t<£a7
Suft(t) ={ —eo << po,
d2(t) i L§ —pp <t <Y,
—eo T (4.2.38)
Fr@g et (#9)(E—t8)N 7

0 if v < — ps,
Suf (z) = < ¢s(t) if —ps < x < I,

—&0 if & < x,

where 0 < €9 < p and p1, p2, p3 > 0 are constants. In addition, we choose a natural
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number N € IN such that f’/(ﬂf’a(f;))(ff t9) - N > 1 holds. We note that pi, ps
and ps are chosen independently from ¢y. We will identify these constants later.
Further on, choose ¢1, ¢2 and ¢3 such that —eg < ¢; < 0 and u + du € U,q holds
for sufficiently small g¢.

Now, we prove that (4.2.26) holds for £ = 1. Since f” > m~ holds by assumption,
we see that the function Y7 (¢, -; 1) is monotonously increasing. Thus, the only point
on the interval [a, z1 ()] where Y7 may touch the upper bound is at 1 (). Moreover,
we obtain from (4.2.36) and (4.2.38) that ‘-z (1) = =2°. Using the state constraints
(4.0.1), the derivatives of Y} in (4.2.28)-(4.2.29), the fact that {2(1) = == and
the construction of du in (4.2.38), we conclude that the term on left-hand side of

(4.2.26) is at = x1(1) bounded from above by

d _ . d _ —&g —€0
ha R = < =:
del(taxl(u)vu) duxl(u)éu N(f—f?)f”(f/_l(zl( ))) = NTM;n»

i

—&11-

(=]}

k);‘

(4.2.39)

The inequality in (4.2.39) is valid since 0 < my» < f"(-) < Myn.

Due to (4.2.39) and the continuity of the left term of (4.2.26) w.r.t. x, we obtain
that the left term of (4.2.26) is on the interval |21 — 61, 21] bounded from above by
—E5L, where §; is some positive constant. Using that Y1 (Z, -; ) is strictly monotonous
increasing, we conclude that

Yi(t,z;u) — gy < —e12 for all z € [a,z1(Q) — 1] (4.2.40)

holds for some constant €15 > 0. Using the representation derivative of Y w.r.t. x
in (4.2.28), the choice of du in (4.2.38) and the fact that

=20 (4.2.41)

we obtain that the term of the left-hand side of (4.2.26) is bounded from above by

€0 Tr—a _
—c12 N . ([f {?) . f”(f/*l(g_wg; )) Il(fl) —a < —e1p Vze€ [a’axl(u) - 51]-

(4.2.42)

Therefore, choosing € = €, := min{ =, €12}, one can see that (4.2.26) is satisfied for
k=1

Now we consider the case k = 2. At first, we observe that the state constraints
(4.0.1) imply that the the term on the left-hand side of (4.2.26) is bounded from
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above by

d — _ d — _ ﬂfg(ﬁ) — X d _
—Y5(¢ 1) —Y5(¢ _— 1)
du 2(f, 2, @)ou + dx 2( ’a?’u){xg(ﬁ) —x1(w) duxl(u) u

z—uz(u) d

xg(u)(?u}

zo(u) — z1(u) du

(4.2.43)

for all x € [x1(@), x2(@)]. Then, using the derivatives of Y5 in (4.2.30)-(4.2.31) and
the derivative of 1 (u) in (4.2.36), inserting z = z1 (@) in (4.2.43) yields

d - d - d _
—Y5 (¢, z1 (@), 0)du + —Ys(f, z1 (@), 0) —x1(Q)du = 5u]-3’u(t;‘)

du dz du J
—&o (4.2.44)

T pER ) (E— )N

From (4.2.44) and the continuity of (4.2.43) w.r.t. a we obtain that the term in
B,a za

(4.2.43) is bounded on [z (1), z1 (@) + d] from above by %(7) = —e91 < 0. Here,

6 > 0 is chosen sufficiently small and does not depend on £9. Now, we choose ps

such that ®(z1(a) +9) = {;P — pa,

o Wm@im]

2N £7(35 ()l o, 0,62

Then the formula for derivative of zo(@) in (4.2.37), the choice of du in (4.2.38)
and the fact ||¢;(+)]|oo < g yield

d _ €0
— < —. 2.
‘duxg(u)éu <5 (4.2.45)

We note that using (4.2.31), (4.2.32) and (4.2.38) yield

d _ —Qgg
—Y3(t, 1) <
du g1 () lloo, [z () +6,22 (w)]

on [z1(Q) + 0, z2()],

where « is given by the constant in (A4). Due to the boundedness of LY5(, z, 1)
and the derivatives of z1() and zo(@) in (4.2.41) and (4.2.45), we choose N large
enough such that (4.2.43) is bounded on the interval [z1(@) + J, z2(@)] from above
by

—QEy

—E&99 = —— .
2“(]1 (t, *y u) ||oo,[ac1 (0)+6,z2 ()]
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Now we can see that (4.2.26) is satisfied for k = 2, if we choose € = min{es;, €22}.

Now we consider the last case k = 3. At first, we observe that (4.2.34), (4.2.35)
and (4.2.38) yield the estimation

d — —€0
7Y3(t7 ~;ll) S ¥ .0
du llg2(t, s W)l oo, (z2(n).b]

on [zo(u),b]. (4.2.46)

Using the boundedness of <L Y5(Z, z, @1) and the estimation of | {2 (@)du| in (4.2.45),
(4.0.1) and (4.2.46), we obtain that the left term of (4.2.26) is on the interval
[x2(1), b] bounded from above by the term

2lq2(t, -, 1) || oo, (25 (),5]

=! —€3

if N is sufficiently large. Note that e3 is finite due to the continuity of go((%, -, @).
Thus, choosing & = €3, we see that (4.2.39) is satisfied for k = 3.

We finally observe that (4.2.39) is satisfied for ¥ = 1,2,3 if we choose ¢ :=
min{ey,e2,e3} and du according to (4.2.38).

The case that K > 2 can be treated by continuing the procedure and using similar
arguments. O

Remark 4.2.12. The main concept of the proof above is to construct du € Upq —
u such that the mappings in (4.2.29), (4.2.31) and (4.2.34) are negative and the
absolute values of the terms in (4.2.36) and (4.2.37) sufficiently small.

One can see that the proof is extendable to source terms g # 0 guaranteeing
that if one chooses componentwise negative u°, 6u®? and Ju?-?, then the terms in
(4.2.29), (4.2.31) and (4.2.34) are also negative. Studying the results in §3.7.3 and
Corollary 3.7.25, one can see that this holds e.g., for source terms only depending on
the state y and satisfying (A3). Furthermore, the proof is still valid for non-constant
upper bounds .

Finally, we further simplify the optimality conditions in (4.2.24) by using the
following result.

Lemma 4.2.13. Suppose that (A3) and (A4) are satisfied and consider a control
u € U,y and nonnegative measures p, € M (Ix), k = 1,..., K + 1, such that
(4.2.24a) and (4.2.24b) are satisfied, where the intervals Iy, are defined in (4.2.22).
Then for all measurable sets A Clxi_1(0),zr(Q)[ the following holds true:

[t -5l (S5 ) duw =0 a2

l'k(fl) — (ﬂk_l(fl)
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d xp(a) —x

/A e [Yi(t,z, @) — g(z)] (;z:k(u) — xk_1(u)) dpg(z) =0 (4.2.48)

Proof. Considering an arbitrary k € {1,..., K+ 1} and an arbitrary measurable set
A C |zp—1(0), zx(Q)[, we define the following subsets of A:

Ay ={z e A:Y,(t,z,0) <y(x)},
Ay ={z e A:Y;(t,z,u) =y (x)}.

Due to the regularity of the functions Y1, ..., Yx4+1 and g(-), the sets A; and A, are
both measurable. We further note that (4.2.24a) yields that A = A; U Ay. In order
to prove the lemma, we show

Il
&

jk(A) =0 and %[Yk(ﬂx,ﬁ)—g(x)] (4.2.49)

d As

For the proof of the first assertion of (4.2.49), we suppose that

k(A1) # 0.
Due to the nonnegativity of u, we obtain that pg(A;) > 0. Then (4.2.24a) yields
K41

> [ 0w w) — i) (@) < [ Gt 5) = 310 )

Iy,
< / (Ya(F 2, ) — () dp() < 0,
I,NA;

which is a contradiction to (4.2.24b) and hence the first assertion of (4.2.49) is
proved.

Next, we prove the second assertion. To this end, we suppose that

Ji € Ay - % Vi (F, 7, @) — 5(2)] £ 0.

Here, we assume w.l.o.g. that
. [Yk( y T, ﬁ) - g(j)] >0 (4.2.50)

and note that the other case can be treated analogously. Since & € As, we obtain
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that
[Yi(t,z,0) — g(z)] = 0. (4.2.51)

Next, we deduce that (4.2.50) and (4.2.51) yield the existence of a constant € > 0
such that [Z,% + &] C |ag_1(@), ()| and

Yi(t,z,u) — g(x) >0 for all z €]Z,7 + €]

which is a contradiction to (4.2.24a) and hence to the assumptions of the lemma.
For the case that instead of (4.2.50) it holds that

1 etz 1) —g(2)] <0, (4.2.52)
one can use similar arguments. More precisely, as already mentioned, since Z € As,
(4.2.51) is valid which together with (4.2.52) implies the existence of a constant
e > 0 such that [T — ¢, 7] C Jzi—1(0), zx(0)[ and

Yi(t,z,0) — g(x) >0 forall x € [T — e, &,

which again is a contradiction to (4.2.24a). Therefore, we obtain that the second
assertion of (4.2.49) holds. Using A = A; U As and (4.2.49), we can deduce that

[ il - o)) (52 ) o

= 4 t.x,a) — gz z — xp—1(0) 2 —
_;/A 3 Vet 0) — g(@)] (xk(u)_xk_l(u)> dp () = 0.

Using similar arguments, we can prove (4.2.48). O

With the help of the previous Lemma, we can further simplify the optimality
conditions in Theorem 4.2.9:

Corollary 4.2.14. Suppose that (A3) and (A4) are satisfied. In addition, consider
some control 1 € U,y and nonnegative measures p € M (Ix), k =1,..., K +1
such that (4.2.25) is satisfied, where the intervals Iy, are defined in (4.2.22). Then
(4.2.24¢) can be rewritten by

K+1

J(a +Z[ Yi(F. (), 8) — ()] - (e ()))
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()= W)+ Ve (@), 8) g ()] (e (0)})
d

d _
L& a)(u—a = a)(u— o > )
duxk,l(u)(u ) + /Ik quk(t, z,a)(u—u)dug(z)| >0, Vue Uy

As a final result of this chapter, we rewrite the optimality conditions in Theo-
rem 4.2.9 respectively in Corollary 4.2.14 in terms of the original state y(¢,-;@).
Using the representation of y in (3.7.4) in Lemma 3.7.1 and Convention 3.2.2, the
optimality conditions in (4.2.24) can be rewritten by

y(t,z—u) <gy(z) V€ la,bl, (4.2.53a)
K+1
3 / (y(F, o=, 1) — () diin(x) = 0, (4.2.53b)
k=1 "1k
K+1 d ~
J(@m—a)+ > le[y(t’xk(U),u) —y(zx(0))] - e ({z(@)})
k=1
: %ma)(u —a) + %[y(t_, rp—1(0), 1) — g(zr—1(Q))] - ix({zr-1(0)})
. (;iuxk,l(ﬁ)(u —u)+ ’ (;iuy(t_,x,ﬁ)(u —u)dui(z)| >0, Vue Uy.

(4.2.53c)
Hence, Theorem 4.2.24 can be reformulated as follows:

Theorem 4.2.15. Suppose that (A3) and (A4) are satisfied and let 0 € Uyy be a
locally optimal solution of (P) that satisfies (ND) and (4.2.25). Then there exist
nonnegative measures i, € M(Iy) such that the conditions in (4.2.53) are satisfied,
where the intervals Iy, are defined in (4.2.22).



CHAPTER 5

Moreau- Yosida regularization

Since the Lagrange multipliers in the optimality system in Theorem 4.2.9 are
measures, the direct computation of a solution to this system is quite involved.
To cope with this problem we will apply a well-known approach, the so-called
Moreau-Yosida regularization approach. This approach was developed by Ito and
Kunisch in [43] at the example of an elliptic problem with state constraints, cf.
[62, 63]. Later on, the approach was used for parabolic problems in [64] and for the
Navier-Stokes equations in [32]. In this chapter we want to apply this approach to
the state-constrained optimal control problem considered in this thesis. Although
the techniques in the analysis of hyperbolic balance laws are different from those
which are used in the elliptic or parabolic case, we can adopt many of the concepts
developed in the just mentioned contributions.

The main idea of this approach is to replace the state constraints by a suitable
penalty function P(y(u)) which is weighted by a penalty parameter v, where v > 0
and added to the cost functional such that we obtain

’ 2
umeilr} Jy(y(u),u) = J(y(u),u) + §/a (y(t, z;u) — g(x)), dz

st. u€ U, and y(u) solves the (IBVP)

with (-)4 = max{-,0}. Having a look at the regularized problem (P, ), we see that if
the state constraints are violated, then the penalty function will add a positive value
to the cost functional. Note that punishment of a violation of the state constraints is
increased, the larger the penalty parameter v > 0 is chosen. The idea is to consider
a sequence of penalty parameter (yx),c approaching infinity and compute for each
k € IN a corresponding optimal solution u,, for the regularized problem (P,). One
of the main goals of this chapter is to give an answer to the question if a sequence

145
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(ug) e of optimal solutions of (P,) converges to an optimal solution for the original
problem (P). Considering a sequence of optimal solutions to (P,) converging to an
optimal solution of (P) in which the assumptions of Theorem 4.2.9 satisfied, another
question that arises is in which sense the optimality conditions of the regularized
problems converge to the optimality system in (4.2.24).

This chapter is organized as follows: In §5.1 we will first of all prove that for all
~v > 0 the problem (P,) is well-defined i.e., it admits an optimal solution. We will
further show that the cost functional in (P,) is continuously Fréchet-differentiable
w.r.t. the control u under suitable assumptions. In §5.2, we will analyze a sequence
(1, ) e Of optimal solutions to (P,) for v, — oo. In §5.3 we will derive first order
necessary optimality conditions for the regularized problems (P,) and examine in
which sense these optimality conditions approach the optimality system in (4.2.24).

5.1 Basic results

We first note that the cost functional J,(-,-) of the regularized problem (P,) is of
same form as J (-, -). Therefore, we are able to apply Theorem 3.5.5 to the regularized
problem (P,) and obtain the following result.

Corollary 5.1.1. Let the assumptions of Theorem 3.5.5 be satisfied for some control
u € U. Then the mapping

BE(ﬁ) Surs J,(u) = J,(y(u),u) € R
1s continuously differentiable for a sufficiently small neighborhood B;J(ﬁ) of u. In

addition, the derivative in a direction du € U can be computed according to Theo-
rem 3.5.5.

Given the differentiability of the regularized cost functional, we show that (Py)
admits for each v > 0 a global solution:

Corollary 5.1.2. Assume that (A3) and (A4) hold true. Then for each penalty
parameter v > 0 the regularized problem (P,) admits a globally optimal solution
u, € U,q.

Proof. Using the compactness of U,q in U and the regularity of the cost functional
in (P,), the proof is similar to the proof of Theorem 4.1.1. O
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5.2 Convergence of solutions

In the next result, we will examine the behavior of a sequence of global solutions
of (P,) for penalty parameters (yx),c converging to infinity. The concepts of the
proofs in this section are based on the ideas developed in [43].

Theorem 5.2.1. Assume that (A3) and (A4) hold true and let (i,),c be a sequence
of penalty parameters satisfying klim v, = 00. Then denote by (u%)ke]N C Uy the
—00

corresponding sequence of global solutions to (Py). Assume in addition that x = a
is a point of continuity of y(t,-;u) for allu € U,q. Then there exists a subsequence

again denoted by (., ), cn, and a control u* € Uyq such that

u,, »u" wrt ||y, (5.2.1)
where u* is a global solution for (P).

The idea of the proof is standard, see, e.g., the proof of Theorem 3.1 in [43].

Proof. Let (u,, ), o denote a sequence of globally optimal solutions to (P,). We will
prove the existence of a subsequence converging to a globally optimal solution for
(P). Due to compactness of the set U,q C U, there exists a convergent subsequence

, which is again denoted by (u., ) such that

keIN?

u,, —u" wrt |y (5.2.2)

holds. In order to show that u* is a global solution for (P), we need to prove that
y(u*) fulfills the state constraints i.e.,

y(t,-,u*) <g(-) onla,bd. (5.2.3)

To this end, we obverve that (P) admits a globally optimal solution according to
Theorem 4.1.1 which we denote by @t € U,q. Since u,, € U,gq is a globally optimal
solution of (P, ) and u satisfies the state constraints, it holds true that

Iy (Y(uy, ), uy, ) < J(y(m),u) for all k € IN. (5.2.4)
By the definition of J,, in (P, ), we obtain that (5.2.4) is equivalent to
Tk . 2
0 S ? (y(t,x; u’Yk) - g(x))+ dx S J(y(ﬁ), ﬁ) - J(y(u'Yk)’ u’Yk)' (525)

a

By the continuity of J(y(:),-) w.r.t. u and (5.2.1), we can deduce that the right-
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hand side of (5.2.5) is bounded from above by a constant C' > 0 which is uniform
in k € IN such that the following holds true:

b
0< / (y(t,z;u,,) — §(z)3 do <2 % .C. (5.2.6)
a k

Using (5.2.6), we will prove (5.2.3):
First, we observe that (5.2.6) and 7, — oo together yield

(y(t, 5 uy,) =) = 0 in L*([a,b])

which implies that

(y(t,5uy,) —y(-)), — 0 pointwise a.e. on [a,b] (5.2.7)

holds for a subsequence which is again denoted by (u,,) Moreover, we obtain

by Corollary 3.3.5 and (5.2.2) that

kelN®

y(t,suy,) = y(t5u*)  in L' ([a,b])
and therefore
y(t,;u,y, ) = y(t,-;u”) pointwise a.e. on [a,b]. (5.2.8)

for another subsequence. With this subsequence, (5.2.7) and (5.2.8) we get for
almost all z € [a, b]

which is equivalent to

y(t,z;u”) < g(z) for a.a. z € [a,b)]. (5.2.9)

Using the same arguments as in the proof of Theorem 4.1.1, one can show that
(5.2.9) holds true for all = € [a,b] and hence (5.2.3) is satisfied. It remains to show
that u* € U,q is a globally optimal solution to (P). To this end, we observe that
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due to (5.2.3), (5.2.4) and the construction of J, in (P), it holds true that

J(y(u*),u”) < J(y(a),a).

Using that u is a globally optimal solution for (P) and for u* the state constraints
in (5.2.3) are satisfied, we obtain that J(y(u*),u*) = J(y(a),u). Hence, u* is a
globally optimal solution for (P). O

Remark 5.2.2. The penalty term in the cost functional of the regularized problem
(Py) is chosen as

b
. / (y(E,z30) — g(2))] de. (5.2.10)

In [80] more general penalization terms of the form

b
> [ ot - g do (5:2.11)

are considered, where ¢ : R — R is a convex, continuously differentiable mapping
for which

#(0)=0, ¢'(0)=0>0, ¢'(s) >0 VseR
. / o . / _
o, #(8) = oo, I ¢(s) =0
holds. Choosing ¢(s) = % max?{0,s}, we obtain the penalty term considered in

this thesis, see [80]. Now, let (u), . be a sequence of controls converging to some
u € U,q4 such that

b
lim (y(t, x5 ) —y(x)" dz =0 (5.2.12)
k—oo J,
for some p € [2,00[. As we have seen in the proof of Theorem 5.2.1, (5.2.12) holds
for example if (ug),cy is @ sequence of global solutions to (P, ), where (7), ¢ i a
sequence of penalty parameters satisfying klim Y = 00.
— 00
We assume that (f,a) is a point of continuity and not a shock generation point
of y(-;u). Using this assumption, Lemma 3.7.8 (respectively Lemma 3.7.13 or
Lemma 3.7.19) yields the existence of a C! mapping

Y :(z,u) € [a,a—i—p[xBE(ﬁ) =Y (t,z,u) € R



150 Chapter 5. Moreau-Yosida regularization

with some constants p, p > 0 such that

y(t,z;u) =Y (t,z,u) V€ la,a+pl,uc B}f(ﬁ), (5.2.13)
d_, -
LY(Eww| <L Vreloatplue BY (a). (5.2.14)
T

Throughout this remark, L > 0 denotes a constant that is sufficiently large such
that the respective results hold. For any k& € IN, we use the abbreviation

e = ([t k) = 5D | oo (s -

Moreover, since y(f, -;u) satisfies (3.2.1) for all u € U,q, ¥ € C([a,b]) and due to
Convention 3.2.2, for all k € IN there exists &) € [a,b] such that

|(y(t, T wp) — §(E)) | = e

Hereby, we first consider the case that &) € [a + p, b], where the case Ty, € [a,a + p]
will be discussed later. Proposition 3.2.1 and the regularity of § yield that

d _
@(y(taﬂ-l)_g()) <L on [a+5vb_6]v vueUad
holds in the sense of distributions, where § > 0 is some small constant. Due to (A4),
there is no rarefaction center in some neighborhoods of the points (¢,a) and (¢, b)
for all u € U,q. Hence, even
d - _
- Wt 5w) = 5()) <L on[a,b], Vu € U, (5.2.15)

holds in the sense of distributions, see [69, Lemma 6.3.3]. Using (5.2.15) and assum-
ing w.l.o.g. that Z) — 5% > a, we can show for any p € [2, 0o that

|50 = T oy 2 10590 =T 2y = (5 55)

. i ’ . 3L
= Q&ﬁ ||(y(ta Su) — y('))+||L§o([a)b])-

P P

see also [80, Proof of Theorem 8.21|. From this, we get

1 (E08) = T gy < 277 | me) — 50D, (|7, - (5:2.16)

€k

For the case that Zj — % < a, using similar arguments and in particular 7, €
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[a + p,b], we obtain that

_ 2 _
€k = ||(y(t> K uk) - y())-{- ||Loc([a’b]) < ? H(y(ta s uk) - g(‘))—‘,—HLP([a’b]) :

Due to (5.2.12) and & € [a+p, b], this shows that for k& € IN large enough 2, — 5% > a
is always satisfied. Therefore, considering a sequence (), satisfying (5.2.12),
we conclude that (5.2.16) yields

| (y(, -5 ae) — g('))JrHLoc([a,b}) — 0 for k — oo. (5.2.17)

For the case that Zj, € [a,a+ p[, we can use (5.2.13) and (5.2.14) and the regularity
of § to prove that (5.2.16) is valid for sufficiently large k € IN. Therefore, we finally
obtain that (5.2.16) is always satisfied, which in particular yields
b
; oo =)\ P _ : ro. = —

Jim | (y(t wu) = g(@))f de=0 = lm [[(y(t 50) = 50)) 4[| ey ) =0
for all p € [2,00[. Therefore, in this thesis, we can restrict ourselves to the penalty
term in (5.2.10). Nevertheless, the results in this chapter are also valid for more
general penalization terms as in (5.2.11).

In the previous theorem we considered a sequence of globally optimal solutions
of the regularized problems in (P,). Since it is quite complex to compute global
optima of (P,), we will follow the ideas of [62] to examine the case of a sequence of
local solutions. More precisely, the authors in [62] introduce the following auxiliary
problems which will play a key-role in the analysis of this thesis:

Eéitr} J(y(u),u) s.t. y(u) solves the (IBVP), u € U" := U,q N BY (u) (P7)

y(t,z;u) < glx) VYV € [a,b]
and

fféi%} Jy(y(u),u) s.t. y(u) solves the (IBVP), u e U", (P])
where the problems are additionally restricted on a ball around @ with a sufficiently
small radius 7 > 0 is a sufficiently small constant.

Using the same arguments as in the proof of Theorem 4.1.1, one can show that
(P") and (P;) admit global solutions which we denote by 4" and u’), respectively.
In the following theorem, which is based on Theorem 5.1 in [62], we will show
that for each local optimum u for (P) satisfying a quadratic growth condition, there
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exists a sequence of local solutions to (P,) converging to Q.

Theorem 5.2.3. Assume that (A3) and (A4) hold true and consider a locally op-
timal solution 1 € Uy to (P). In addition, assume that the quadratic growth
condition

é .
J(y(a),a) + §Hu —u|% < J(y(),u) Yuc Uy with [u—1lu<e (52.18)

is satisfied for some constants £, > 0, where

Uad = {u € Uad : y(ﬂx; 11) S Z,_I (;E) Vo € [av b]}

and H is a Hilbert space such that U is continuously embedded in H. Then there
exists a sequence of local solutions for (Py) that converges to u w.r.t. | -|u.

The concept of the proof can be found in the proof of Theorem 5.1 in [62].

Proof. Set r = 5 and let (u,,))

solutions for (P]) with v — oo.

reny © U denote a sequence of globally optimal
Carefully reading the proof of Theorem 4.1.1, we observe that U" is compact in U.
Therefore (u,, ), <y Dossesses a convergent subsequence without change of notation

u, »u €U wrt. [ |u

for K — oo. Similar to the proof of Theorem 5.2.1, one can prove that u* is a
globally optimal solution for (P"). Furthermore, the condition (5.2.18) yields that
that u* = u. Therefore, u’, € int B (1) holds and hence u’, is a locally optimal
solution for (P) for k large enough, cf. [62, Proof of Lemma 5.2]. O

Before stating the next result, we will have a look at some simple example in
which, as we will check, the quadratic growth condition in (5.2.18) holds.

Example 5.2.4. We set 2 = R and consider the following optimal control problem

. 1 T 2 K 2 K 2
ulé%lid J(y(u),u) =5 / (y(t, z3u) — ya(z))” dz + b ||U1||L2(]—oo,:c1]) + 9 ”uQHL?([wl,xz}) ;
R
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where k > 0 is a positive constant and y is the entropy solution of

wt (372) =0 on (0.7) x R,
y(oa ) = ul(') On] - Oovxl]’
y(0,~) = u2(') On]fCth],
y(0,) = us(+) on |z, 00|

The control is given by u = (u1,u2) with u; € C1(] — 00, 21]) and uy € C([z1, 22]),
where —00 < 21 < 23 < 00 and uz € C1([z2, 00[) are fixed such that

U.g = U= CY(] - 00, 21]) x C*([z1, 29]).

One can show that for suitable y4, us, r1 and zo this optimal control problem
admits an optimal solution u = (@, 42) € Uaq with J(y(u),n) < co and such that
the following holds: The state y(u) has a rarefaction center in (0,z;) and a shock-
curve ¢ emanating from (0, x2) such that the minimal backward characteristic {_
through (¢, z4(@)) with zs(@) == £(¢,0) ends in the inner of the rarefaction wave
emanating from (0,z71). We set y := y(u) for some u € BY (1). In what follows, let
& > 0 be chosen sufficiently small such that the respective results hold. We assume
that u € U,q satisfies (ND) and therefore also all u € BY(u). For a suitable
choice of y4 this assumption can be guaranteed to hold. Due to Lemma 3.7.1, for
all u € BY () y(t,z;u) has the structure

Yl(tf,x,u)7 if z €] — 00, x1 + uq(21)t]

y(t,osu) = {Yo(t, o) = 252, if o €]ay + uy(a1)t, 25(u)] (5.2.19)
Y3(t, z), 1fx €lzs(u), oo

where Y7 depends continuously differentiable on x and u, Y5 and Y3 are indepen-

dent of u. The reduced cost functional is Fréchet-differentiable according to Theo-
rem 3.5.5 for any u € BY (@) with derivative

d .
—J(y(u),u)du = (0, 2)duq (z) da
du /‘ > (5.2.20)

2

+ / N p(0,2)dus(z) da + & / h uy (x)duy(z) do + & / s (w)dus () dr

1 —0oQ T
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where p denotes the adjoint state according to Definition 3.5.4 with end data

1
= [0y E i) + ) pata) + rlya(o)) o
0
We first rewrite the end data to

pf(x) y(t, x;u) — yq(x) if x € R\ {zs(u)}
- A . / ,
e it = ()

and then further obtain

) Y1t z,u) — ya(2) if x €] — 00, zs(u)[
p'(z) = ¢ Ya(l,z,u) — ya(2) if x €]zs(u), oo
3 Wt ws(u)=) +y(t, 25 () +) = 2ya(ws(w) if 2 = z4(u)

(5.2.21)

Using the definition of p in Definition 3.5.4, the construction of Y7 in Lemma 3.7.4
and the presentation of the end data in (5.2.21), we get

7

(0.) = {W) e it €] - oo,
’ L (yE zs(0)=) + y(t, xs(u)+) — 2ya(zs(u))) if x € [21,22]

which inserting in (5.2.20) yields

= [ (R e) - v+ i) du ) e

du oo
. /zz [; (y(F, zs(0)=) + y(E, 25 (0)+) — 2ya(zs (1)) + Kus(z)| Sus(z) da.
o (5.2.22)

Using the representation of the gradient in (5.2.22), we will see below that the re-
duced cost functional is for all u € BY (@) twice continuously differentiable with Hes-
sian & (L J(y(u),u)du) du given in (5.2.32). The main idea to prove the quadratic
growth condition (5.2.18) is the following: We show that

s L T o
J(y(@), &) = T(y(a), ®) = 5 (a3 py + 2 = 2lly gy, ) (5:2:23)

holds for all & € BY (@) with some constant & > 0 which does not depend on @. To
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this end, let @ € BY (@) be arbitrarily chosen. Since J(y(), @) < 0o, we obtain

lim @ (x)| = 0. (5.2.24)

r—r—00

Therefore, in our setting y4 must also satisfy

Er_n lya(z)| = 0. (5.2.25)
We observe that if
lim i (x)] > 0, (5.2.26)

then J(y(), @) = oo and (5.2.23) holds trivially. Hence, we can w.l.o.g. assume
that

lim |y (2)] = 0. (5.2.27)

r—r—00

Next, we observe that there exists s € [0, 1] such that

o\ o d NN
J(y(),0) - J(y(a), ) = J(y(a), w)(a - a)
u
(5.2.28)
by (), we - n)) @ - w)
5 qg \ g @@, w(@—qa) ) (@a-a
with u = u + s( — u). Using (5.2.24) and (5.2.27), we can deduce that
zEIPoo |ui(z)| = 0. (5.2.29)
Due to the optimality of u, it holds that
4 (@), a) =0 (5.2.30)
g (@), ) =0. 2.

Therefore, in order to prove the quadratic growth condition (5.2.23) it is sufficient
to show that

1d /d O L
330 (qu/ - o) @ w -

~ T ~ T
> 5 (i =l ey + 12 = Tl o)

N | X

To this end, we first observe that due to the regularity of yq, Y1, Y2 and Y3, the
gradient of the reduced cost functional in (5.2.22) is again continuously differentiable
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in a neighborhood of u such that the Hessian of the reduced cost functional is given
by

1 (a0, wou ) ou

- /_w (14 K) = yal + tur (2))F) duy (2)* da
d ., . d

+ 4 Wt as(w)—=u) +y( s (W) u) = 2ya(es () - oo

T2

6UQ(JU) dz + K H6U2 Hg,[whwz]
1

N /“’1 (1 + k) — ya(e + fuy (2))1) s (2)* do

_ d, _ d 2
() (020 —5) + 9 0)+50) ~ 2y (w) - (e (wou)
tK H(SUQH;[xl,mQ] )

(5.2.32)
where we have used that
d 1 /””2
—zs(u)fu= ———— dus(x) dx,
au” M= G, e
which holds due to Theorem 3.7.24. Assuming that
Yl + Fay (2)) < 1+ g Vz €] — 00,21 (5.2.33)
and
d N - N _
1 Wt zs(@)=0) +y(t, zs(a)+, 1) - 2ya(zs(w)) > 0, (5.2.34)

we can deduce from (5.2.32) that (5.2.31) holds with a constant & = & that does
not depend on u. Hereby, we have used that [y(¢,z5(u))] > 0. Therefore, and
since it € BY () was arbitrarily chosen, the quadratic growth condition (5.2.18) is
satisfied with H = L2

In the following result we examine the convergence of a sequence of local solutions

for (Py):

Theorem 5.2.5. Let (A3) and (A4) hold true and let (u,, ), be a sequence of
local solutions for (P,,) with v, — oo for k — oco. Assume in addition that the
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condition

5 .
Ty (y(0,),0,) + Sllu = w7 < Ty (y(w), w) - Vu € Ug with [[u—uy,flu < e
(5.2.35)

is satisfied for all k € N large enough, where || - |g is defined as in Theorem 5.2.3
and constants €,6 > 0.

Finally, assume that © = a is a point of continuity of y(t,-;u) for all u € U 4.
Then there exists a subsequence again denoted by (U, ), o such that

uy,, €U,y wrt |- |u,
where @ € Uy is a local solution for (P).

Proof. Due to the compactness of the space U,q, we obtain that (u.m)kElN has a
identically denoted convergent subsequence with limit € U,q. For u we define the
corresponding problems (P") and (PJ), where we set r = 5.

From the condition (5.2.35), we obtain that u,, is the unique globally optimal
solution for (Pﬁi)7 if k is sufficiently large. Then we can use the same arguments as
in the proof of Theorem 5.2.1 to show that € U,q is a globally optimal solution

for (P3) and hence a local solution for (P). O

5.3 Analysis of the optimality system for the
regularized problem

In the following we analyze the optimality system of the regularized problems (P,)
which, as we will show, converges under suitable assumptions to the optimality
system of the state-constrained optimal control problem in Theorem 4.2.9. To this
end, we will need the following technical lemma.

Lemma 5.3.1. Assume that (A3) and (A4) are satisfied and consider a sequence
of (uw)ke]N C U converging to some control u* € U satisfying the requirements in
(ND). Then for all sufficiently large k, the controls u,, also satisfy the requirements
in (ND), respectively. In addition, there exists e > 0 such that for allj =1,..., K+1
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it holds true that

lim V(7 sw,) = Vi(Esw) i O (2 (u) — 2 (u”) + ),
(5.3.1a)

. d I d * . * *
Jim L V(Esun,) = <Y sut) in O (o (w) - £,a5(u) + ), (5.3.1b)

where Y1,...,Yk 11 denote the functions given by Lemma 3.7.1.

Proof. At first, the fact that u., satisfies (ND) for sufficiently large k is a direct
consequence of (3.7.4) in Lemma 3.7.1. Now we consider the two limits in (5.3.1).
The limit in (5.3.1b) follows from Lemma 3.7.1. Recalling the construction of the

functions Y7, ..., Yk 1 and the formulas for their derivatives w.r.t. x given in the
Lemmas 3.7.4, 3.7.9, 3.7.12, 3.7.14, 3.7.18 and 3.7.20, we use Lemma 3.2.5 and
obtain that also (5.3.1a) holds true. O

Since U,q C U is nonempty and convex by (A4) and due to Corollary 5.1.1, we
obtain the following necessary optimality conditions. A proof can be found in [41,
Theorem 1.46].

Theorem 5.3.2. Assume that (A3) and (A4) are satisfied and let uy € Ugyq be a
local solution for (Py) satisfying (ND). Then the variational inequality

d

Ejv(y(uv)’uv) ‘(u-—uy) >0 YueUgy

holds true.

Consider a control u € U satisfying the requirements of (ND). Counsidering the
representation of the corresponding solution y(%,-,u) to the IBVP in (3.7.4) in

Lemma 3.7.1, we can rewrite J,(y(u), u) in terms of the functions Y3, ..., Yx1:
K+1 z;(u)
v n - 2
I, w) = T+ 3 2w o2 [ s - gla)] de.
j=1 22j(u) zj—1(u)
(5.3.2)

where zj(u) = (zj(u) — z;—1(u)). The derivative of J,(y(u),u) in a direction
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6u € U can be written as follows:

%Jv(y(u)v u)du = %J(y(u), u)éu
" I;Xj = [zj?w / (Z) (%Yj(ﬂ z,w)ou(Y;(t, =, u) — j(z))4) dz
i | (()) (V) - ()3 - 2 (w)o
t o (0 - sty - s

(5.3.3)

Adopting the concepts developed in [43], we introduce for j = 1,..., K + 1 the
Lagrange multiplier estimates by

() = 'y(Yj(E,m,u)—g(x)) , for xjfl(u) S.’ESCL'J(U_)
Ayl { 0, for z € [a,b] \ [z} (), 2141 (w)], (5.34)

and in addition the abbreviation

' o v z;(u) . o )
ri(ua,y) = 2w () = 2, w) le(u) (Y;(t,z,u) — g(x)); d. (5.3.5)

Inserting (5.3.4) and (5.3.5) in (5.3.3), we can rewrite the optimality conditions of
Theorem 5.3.2 as follows:

Theorem 5.3.3. Let (A3) and (A4) hold true. Consider a local solution uy, € Ugyy



160 Chapter 5. Moreau-Yosida regularization

of (Py) which satisfies the requirements of (ND). Then for all u € U .q it holds that

d KAl z;(uy) d _
il ¢ _ 2 VAT _ s (e d
du (y(uy),uy)(u —u,y) + ; [/le(uv) du itz uy)(u—uy)Aj (75 0,) dz

zj(uy) 8 _ €T — X 1(u )

+ —(Y;(t,z;u,) — y(x I Ni(z;u,)de

/ o ) =) I )
d

’ ax]‘(uy)(u —u,)

z;(uy) . _
+ [ e - g 2 s
zj—1(uy)

() )
(7)o 5 () — 5 () (= )| >0
(5.3.6)

The terms r;(uy,v) for j =1,..., K41 go to zero for v — oo which we will show
in the following lemma.

Lemma 5.3.4. Assume that (A3) and (A4) hold true. Moreover, consider a se-
quence (W), o of local solutions w., of (P, ) with yx — oo for k — oo that
converges to a local solution u € Uy of (P) satisfying (ND). In addition, assume
that there exists a constant € > 0 such that the condition

J’Yk-, (y(u'Yk)7u'Yk) < J“/k (y(u)7 u) Vu € Ugyq with ||11 — Uy ”U <e (537)
1s satisfied for sufficiently large k € IN. Then it holds true that
klim ri(Wy,,v6) =0 forallj=1,...,K+1.
—00

Proof. Using (5.3.7) and the fact that u,, — @ for k¥ — oo, we obtain for sufficiently
large k € IN that

‘]’Yk (y(u’Yk)7 u’)’k) S J’Yk (y(ﬁ)v ﬁ) - J(y(ﬁ), ﬁ)7

where the last equality is valid since in y(@) the state constraints are satisfied by
assumption. This yields

((f.2iw,,) — §(2))% do < J(y(@).m) - T(y(uy,)ow,).  (5.3.8)

a

o3
2
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Moreover, since @ satisfies (ND), we obtain from Lemma 5.3.1 that u,, satisfies
(ND) for sufficiently large k € IN. Using this and (5.3.8), we obtain for sufficiently
large k € IN that

K+1 fyk I]( ’Yk)
: 7 — )2
0< klgrolo E 1 5 mj_l(u%)(Yj(t,x, u,, ) —y(x)); dr

(5.3.9)

SJ(y(ﬁ), ﬁ) - klggo J(y(u’)'k)a u'yk) =0,

where the last equality holds due to the continuity of J(y(u),u) with respect to
the control u and the fact that u,, converges to i € U,q. Since the integrands in
(5.3.9) are nonnegative, (5.3.9) yields

'Yk a:J(u’Yk) _
lim —/ (Y;(t,z,u,,) —g(x)i =0 forallj=1,...,K+1. (53.10)

Furthermore, we note that since z1 (@) < ... < xx41(1) holds by the assumptions
in (ND) and

zj(uy,) = (@) fork—oo foralj=1,...,K+1,
we obtain that the terms (z;(uy,) —z;-1(u,,)), j = 1,..., K + 1, are positive

and uniformly bounded away from zero for sufficiently large k, which together with
(5.3.10) implies

tim 75, 7%) = | = [ 0w g

im r;(uy,,7) = lim i(t,r,uy, ) — y(x T

koo 70 koo 2(x5(uy, ) — 2j—1(0y,)) oy (uy) ! " *
=0

forall j=1,...,K+1. O

Remark 5.3.5. The quadratic growth condition (5.2.35) implies the condition
(5.3.7) in Lemma 5.3.4.

Considering the sequence from Lemma 5.3.4, we assume in addition that the
Robinson’s CQ (4.2.13) is satisfied in u. Then the corresponding sequences of La-
grange multiplier estimates are bounded in L!([a, b]) as we will see in the following
lemma, cf. [45, Lemma 9].
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Lemma 5.3.6. Suppose that (A3) and (A4) hold and let (u,, ), . denote a sequence
of local solutions of (Py,) with v, — oo for k — oo satisfying (5.3.7) for sufficiently
large k € IN and converging to a local solution @ € Ugyy to (P) which satisfies (ND)
and the Robinson’s CQ (4.2.13). Then the corresponding sequences of Lagrange

multiplier estimates (Aj(-;uy,)), o are uniformly bounded in L*([a,b]).

ke

Proof. At first, we observe that u,, satisfies (ND) for sufficiently large k by
Lemma 5.3.1. For the rest of the proof, we will always assume that k is sufficiently
large such that the corresponding result holds true. Thus, we obtain from Theo-
rem 5.3.3 that (5.3.6) is satisfied in u., and we obtain that the following inequality
is valid for all u € U,q:

E+1 rzj(uy,) d ) 5 ) )
= /le(u%) - [quj(t, r;uy, ) (u—u,,) + %(Yj(t,x, u,) — 4(x))
1’—.%]-,1(11%) d
. c=—Z;(uy,)(u—1u
x](u"/k) _-rj_l(u,yk) du ‘7( FYk)( 'Yk,)
0 t,x; i Ij(u’m) -z
+ ax(yj(t,muw) y(z)) zi(w,) —z;_1(uy,)
d
. Exj—1(u%) c(u— u%) )\j(x;u%) dax
K+1 d
< RJ(y(u'Yk)7u'Yk) . (U. — U—Wk) + Z rj(“vka) . R (mj(u'yk) _ xjil(u%")) ) (ll B uvk),
j=1

Due to Theorem 3.5.5, Lemma 5.3.4 and the compactness of U,q, we obtain that
the right-hand side of the previous inequality is uniformly bounded w.r.t. £ and u
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by a constant C' > 0:

K+l Tj (u"(k) d _
>/ —thmt,x;u%)(u—u%)
j=1 J@i-1(uyy)

+ %(Y](f, T3y, ) — y(z))

z = 2y y) —uxi(uy ) (u—u
. zj(uy,) —zj-1(uy,) du 5 (. )( i)
(5.3.11)

+ %(Yj(ﬂ z;u,y, ) — y(z))

xj(u"/k) —Z d
T J-(u—nu
zj(uy,) — -1 (uy,) du’ 1(uy,) - i)

“Aj(zuy, ) de < C.

We define the sets of points where the functions Yj(t,-,u) for j = 1,..., K+1 exceed
the upper bound ¥ by

I ={z € [z;—1(Q) — o, z;(0) + &o] : Y;(¢,z,0) > g(x)}. (5.3.12)

We observe that I; C [z;_1(@) — €9, x;(1@) + o] holds for j = 1,..., K + 1. The
constant 9 > 0 is here chosen sufficiently small such that the functions Y;(¢,-, u)
from Lemma 3.7.1 are well-defined on the intervals

[Sﬂjfl(fl)—ﬁo,.’ﬁj(fl)-ﬁ-&ﬂ ,]:1,,K+1

In addition, considering a constant 1 > 0, we introduce

Ij’gl = U (LE —61,x+€1) n [.’Ejfl(fl) —Eo,itj(fl) +E()}, ]: 1,7K+1
Iij

and note that the sets given by

[2j1(0) — g0, 25 () + €0) \ [j e, = [25-1(0) — €0, 2;(0) + 2] \ | (@ —e1,2+e1)
z€l;

are closed and bounded and thus compact for all j = 1,..., K+1. This compactness,
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the construction of the sets I; ., and the continuity of (Y;(Z, ;@) — (-)) yields
Yﬂﬂm, l_l) - Q(JZ) < —0g <0 forall ze [xj_l(ﬁ) - 60,$j(ﬁ) + 60} \IA',EI

with a constant §y > 0. Since the functions Yj(¢,z;u) and x;(u) are continuous
w.r.t. u and the sequence (u,,), , converges to t by assumption, we can further

conclude

ke

_ 1) -
Y;(F,z3u,,) — §(z) < —5" <0 forall z€[z;_1(uy,),z;(u, )]\ L. (5.3.13)

Thus, using (5.3.13) and the definition of the Lagrange multiplier estimates in
(5.3.4), it turns out that

Aj(z,uy,) =0 foralz € R\ L., j=1,....,K+1 (5.3.14)

if k is large enough.

We observe that since the Robinson’s CQ (4.2.13) is satisfied in @, Lemma 4.2.10
yields the existence of some control 1 € U,q and a constant €2 > 0 such that the
estimation

< —é2

is satisfied on the interval [z;_q(u),z;(a)] forall j=1,..., K +1

Due to the continuity of the left-hand side of (5.3.15) w.r.t. =z, there exists a
constant €3 with 0 < e3 < g¢ such that on the extended interval x € [xj,l(ﬁ) —
e3,x;(0) + €3] it holds that

Y (F ) — ) 4 Y (F, ) (0 )
d _ B _ T — l‘j_l(ﬁ) d N~ _
+ L e - g (e @ -
de <xj (“3)3 zl_i”)j_liu) dl; (5.3.16)
500 — 5@ o ®E-D)
< _Z=
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Further on, we note that

(}/j(t,l‘,ﬁ) - g(.ﬁ)) |fjﬂ[1j71(ﬁ)—g37zj(ﬁ)_l’_ag] >0 (5317)

holds due to the construction of the set I; in (5.3.12). Using (5.3.17) and (5.3.16),
we can conclude that

Rj(l’,ﬁ) < —% Va € jj N [iEj_l(ﬁ) — 63,56j(ﬁ) + 63]

holds true, where

<

d o Tr — xj_l(u) d -
+ g W) = 9(o)] (7 )

zj(u) —z d

") 2w du

Since the terms R;(-, @) are continuous w.r.t. =, we obtain

Rj(l‘,ﬁ) < —% Vx € jj,sl N [xj_l(ﬁ) — 83,$j(fl) + 63]
for for sufficiently small ;.

Moreover, the continuity of the functions R;(x,u) and x;(u) w.r.t. the control u
and the fact that the sequence (u,, ), converges to u for k — oo together yield

ke
g9 A €3 €3
Ri(z,uy,) < =2 Vo € Lje, Nzj-1(uy,) = 5 5(uy,) + 7). (5.3.18)
Using (5.3.14), we obtain for all j =1,..., K +1
mj(u'vk)
/ _Rj (‘T; u’Yk))\j (23 u’Yk) dzx
w1 (uy,) (5.3.19)

= / . —Rj(x;u,,k)kj(x;u%)dx.
[wjfl(uwk)ﬁvj(u"rk)]011}51

holds true. Since the terms A;(z;u,,) are nonnegative, we obtain from (5.3.18) and
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(5.3.19)

z] (u’Yk)
/ _Rj(x;u'm)/\j(z;u’wc)dx

j—1(uyy,)

:/  —Rj(xz;u,,)N(250,,) de (5.3.20)
["I"j—l(u’vk)1mj(u'yk)]ﬁljvfl
5—2)\j(x;u%) dz.

= |
(251 (), (g INEje, S

Using (5.3.14) again, we can conclude that

/ 2Aj<$;u7k)dx

[#5—1(ayy )i (uy, )N e 8
x](u"rk) 52

:/ g)\ (x50, ) dx (5.3.21)
wjfl(u’vk)

€2
= / g)\j(l’; uy, ) d.
[a,b]

From (5.3.20) and (5.3.21) we obtain that there exists a constant & € IN such that

T (u'yk)
[ R won )
T

j*l(u"rk)

2 / %Ag‘(fc; uy, ) dz (5.3.22)
]

>0 Vk>k

is valid for all j = 1,..., K + 1. Note that the second inequality in (5.3.22) holds
due to Aj(z;uy,) > 0.

Finally, we note that the left-hand side of (5.3.22) is equal to the jth summand
of the left side of (5.3.11). Therefore, using (5.3.11) and (5.3.22) results in

K+1

Z/ xu%|dx<§ C Vk>k
la,b] €2
and the sequences (\;(2;u,))ken are uniformly bounded in L!([a, b]). O

In the last theorem of this chapter, we show that if a sequence of local solutions to
the regularized problems (P, ) converges to a local solution to (P) such that (ND) and
Robinson’s CQ hold, then the corresponding Lagrange multiplier estimates converge
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to measures for which the optimality system in (P) is satisfied. A similar result for
the elliptic case can be found in [43, Thm. 3.1].

Theorem 5.3.7. Suppose that (A3) and (A4) are satisfied and let (u, ), denote
a sequence of local solutions to (P, ) with v, — oo for k — oo satisfying (5.3.7)
for sufficiently large k € W and converging to a local solution @ € Ug,q of (P).
In addition, assume that @ satisfies (ND) and Robinson’s CQ (4.2.13). Then there
exists a subsequence (W, ), .y without change of notation such that the corresponding

sequence of Lagrange multiplier estimates satisfies
Aj(iuy) =y in M([ab]) Vi=1,... K +1.

The measures p; € M([a,b]) are nonnegative and the optimality conditions in The-
orem 4.2.9 are satisfied in u for fi; = p;|r; forall j=1,..., K +1.

The main idea of this proof is standard and can be found for example in the proof
of Theorem 3.1 in [43]. We will use the boundedness of the Lagrange multiplier
estimates in L' and then use Theorem 2.2.6 yielding a weakly-* convergent sub-
sequences with measures as limits. In a second step, we will prove that for these
measures the conditions in (4.2.13) hold true.

Proof. At first, we obtain from Lemma 5.3.6 that the sequences of Lagrange multi-
plier estimates (A;(+;u,)), o are uniformly bounded in L' ([a, b]). Therefore, there

exist subsequences (A;j(-;u,,)), o that satisfy
Nj(uy) =y in M([a,b]) Vi=1,..., K +1.

Since (A;(-;uy,)) > 0 holds for all £ € IN, we obtain that the measures p; € M([a, b])
are nonnegative.

It remains to prove that the optimality conditions in Theorem 4.2.9, i.e. (4.2.24a),
(4.2.24b) and (4.2.24c) are satisfied for the choice fi; = p;|;, for j =1,..., K 4 1.

First, we note that (4.2.24a) is trivially satisfied since u is a local solution to (P).
Next, we show that (4.2.24b) is also satisfied. To this end, we note that

0< T, (y(us, ) wy,) < 5 (y(w). 1) = J(y(w), ) (5.3.23)

holds due to (5.3.7) for sufficiently large k € IN. Using the definition of J,, (y(u),u)
in (Py) and A;(-;u) in (5.3.4), (5.3.23) is equivalent to
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<2 (J(y(ﬁ), ﬁ) - J(y(u’Yk)v u"/k))'
Since u., converges to i, the continuity of the terms above w.r.t. u yields
KA1 rzj(n)

.
ospin 3 [
j=17=i-1(®)

<2 Tim (J(y(@), 1) — J(y(uy,), w,,)) =0.

Yi(t, wiuy, ) — §(2))A; (25 uy, ) do

From this result we further obtain

K+1

xj (1) B
0=tim 3 [ (¥ e - g () Ay, do
o0 =1 e (@)
KA1 ex;(m) ~
= lim / (Yj (t,z,u) — gy (x)) - Aj(z;uy, ) do (5.3.24)
k—o0 4 =
j=1 zj—1()

K+1 .xi(a)
+ lim Z/ (Y (t,250,,) = Y (F,2,1)) - \j(z;u,, ) de.

Since the sequences (A;(+;uy,))),cn are uniformly bounded in L'([a,b]) and the
mappings

By (1) 3w Yj (I, u) € C(lwj—1 (a), z;(w)))
are continuous for sufficiently small p > 0 and u,, — 1, we get
KA1 exj(n)
lim / (Y; (t,z;5u,,) = Yj (t,z,1)) - Aj(2;u,,) dz = 0. (5.3.25)
x

ko0 j=1 J®j-1(Q)

If we insert (5.3.25) in (5.3.24) and use that
Aj(suy) =y in M([a, ) Vi=1,... K +1,

we can conclude

0=tim > [ @) - () A, do
e zj—1(Q)
e (5.3.26)
K+1 z; (@)
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and thus (4.2.24b) is proven.

It remains to show that (4.2.24c) also holds true. To this end, we first introduce
the following abbreviations:

Hlasw) = 2 (310 =Yy - 222
I3 (z;u) fa%(y(x)fyj(f,z,u)) mJ(zg(ll)xJ 117( |

We note that since the optimal solutions u,, to (P,,) satisfy (ND) if k is sufficiently
large, Lemmas 5.3.1, 5.3.3 and 5.3.4 together yield

lim |:dd‘](y(u’m)7 u%)(u - u’)’k)

k—oo | du
K+1 zj(uy,) d B
+ Z (L Y ) du Y'(t7x;u’m)(u - u’Yk))‘j(:C;U’Yk) dz
j—1 Wy

.’L‘](u,yk) =5 d
+ / (1t 2) Ay, ) do - () (0 = )
x

j*l(u’yk)

zj(u’Yk) . d
L Bl A o)) )| 20

for all u € U,q. As a next step, we want to replace the integration limits z;(u,,)
by x;j(u) for all j =1,..., K + 1. To this end, we use the variable transformation

r = aya() + s ) 1 1) (5.3.27)
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and deduce that

. d
i |G, )0~ )+

(5.3.28)

r=zio1(uy,) + z;(0) — 7,1 (1)

~ d

JE ) = V() D(Ew,) =0 (u,), (5.3.29)

Aj(Fuy,) = NGu,) j=1,...,K+1, i=1,2

Due to the boundedness of the sequences (X\j(x;uy,)),cy in L'([a,b]) by
Lemma 5.3.6, the sequences (S\J(7 uw))lC N Are also bounded in L!([a, b]).
€

Therefore, using Theorem 2.2.6, we obtain a further subsequence (5\](, u%))
keN

satisfying

Aj(5uy,) = iy in M([a,b]) forall j=1,...,K+1, (5.3.30)

where fi; € M([a,b]) are nonnegative measures. Lemma 5.3.1 further yields

Vi(Fus,) = Y5 0), T w,) = E 5 0) in Ol (), ;@) (5.331)

for k — oo. Using (5.3.30), (5.3.31) and 2y ) =i () 1, we can rewrite

zj(a)—z;_1(1)
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(5.3.28) by

z;(Q) .
[ R () oo - o

j—1(@)

zj(@) d
+[ 0 B fea@e - w)| o

i-1(1)
Thus, (4.2.24c¢) is satisfied for the choice
ﬂj:ﬂjhj fOI‘aH]:L,K—‘rl

It remains to show that (4.2.24c) also holds for the choice fi; = p;|;,. To this end,
we prove

fij=p; in M(I;) forallj=1,...,K+1. (5.3.32)

Due to the continuity of the functions z;(u) with j = 1,..., K +1 and the fact that
u,, — U, choosing a small constant € > 0 yields for sufficiently large &

zj1(0) —e < zj_1(uy,) <zj(uy,) <zj(@)+e forallj=1,...,K+1
which is equivalent to
(j—1(uy, ), xj(uy,)) CJje forallj=1,...,K+1 (5.3.33)

where Jj . = [z;_1(0) — ¢, z;(0) +¢].
We note that the weak-* convergence of (\;(-;u,,)),cn to i € M ([a,b]) implies
that for all j =1,..., K + 1 and for arbitrary ¢; € C(J;) it holds that

/

ey = Jim [ o, de

j.e
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Next we observe that (5.3.33) and (5.3.4) yield

| @

Jre

= lm [ @)\, de (5.3.34)

k—oo Jje

z;(uy,)
= lim ’ v (x)Aj(r;u,,) de.

k=00 )z; 1 (uy,)

Next, we apply the variable transformation in (5.3.27) to the right-hand side of
(5.3.34) and obtain

where

] (u’Yk ) T (u’Yk)
zj(u) —z;-1(0)

and X is defined according to (5.3.29). Using this definition, we further obtain

z; () 5
[ e =tm [ @@, d
Jie o) (5.3.35)
= lim " @i (T)A; (T3 1y, ) di.

Since ¢; € C(Jj,c) and z;(uy,) = x;(0) for k — oo, we can conclude that

Gi() =) mC(Je) Vek=1,...,K+1. (5.3.36)

Using the uniform boundedness of (S\j(-;u%))k N in L'([a,b]), (5.3.30) and
€
(5.3.36), we obtain from (5.3.35) for all j =1,..., K + 1 that

/,

J,€

- / @i (@) s

J.e

e dy(o) = Jim [ 5@ @, ai
J,e
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holds true. Since the test functions ¢; € C(J;.) are arbitrarily chosen, we can
conclude that (5.3.32) holds and therefore (4.2.24c) is also satisfied if we choose
ﬁj:,ujhjfor]:l,,K—&—l O






CHAPTER

Conclusion and outlook

We have analyzed optimal control problems governed by scalar balance laws and
pointwise state constraints, where the partial differential equation is considered on
bounded domains and subject to initial as well as boundary conditions. For the
optimal control problem we have shown not only the existence of a global optimal
control, but moreover, we have derived necessary optimality conditions supposing
that the optimal control is non-degenerated and satisfies Robinson’s CQ. We could
further show that Robinson’s CQ always holds under suitable assumptions on the
source term and the set of admissible controls. More precisely, we have applied the
results on the structure of solutions to hyperbolic balance laws in [69, 81] yielding the
continuous Fréchet-differentiability of the reduced cost functional via the concept of
shift-differentiability. Following the ideas of [69, 71], we could reduce the restrictions
of the setting in [69] to the case that rarefaction centers can be shifted. On the other
hand, these results on the structure played a key-role in deriving the optimality
conditions. Particularly, evaluated at almost all time points, the entropy solution
y(t,-,u) is piecewise smooth, where the smooth parts Yj,..., Yk, are separated
by points x1,...,xx consisting of discontinuities and points lying on boundaries
of rarefaction waves. The analysis of the structure of entropy solutions in [69,
81| shows that Y3,..., Y41 and x1,...,2x are functions depending continuously
Fréchet-differentiably on the control. We introduced these functions as auxiliary
state variables which we have used to derive optimality conditions. In the end, we
succeeded to reformulate the optimality system in terms of the original state.

In order to approximate the state-constrained problem, we have discussed the
Moreau-Yosida regularization approach and carried out a convergence analysis. For
a sequence of optimal solutions to the regularized problems where the penalty pa-
rameter goes to zero, we have proven strong convergence to an optimal solution

175
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of the original problem with pointwise state constraints. Finally, we could prove
convergence of the optimality conditions for the regularized problems to the op-
timality system of the state-constrained optimal control problem. More precisely,
supposing a sequence of solutions to the regularized problems converging to a local
solution t € U,q to the state-constrained problem, we have constructed Lagrange
multipliers estimates which we have proven to be bounded in L!. Adopting the
Banach-Alaoglu Theorem, we have proven that a subsequence converges weakly-*
to nonnegative measures pq,..., tx+1. Choosing these measures as Lagrange mul-
tipliers, we have finally shown that (@, y1,. .., Kx+1) is a solution to the optimality
system for the problem with state constraints. The basic structure of the proofs bases
on the auxiliary state variables and on standard techniques which are used in the
convergence analysis of the Moreau-Yosida type regularization for state-constrained
optimal control problems with elliptic or parabolic equations as constraints, see,
e.g., [43, 62, 63, 64].

One possible extension of the results in this thesis is to apply the developed
method to networks with node conditions, for example traffic light problems, where
the traffic flow is modeled by the LWR~model as proposed in [56, 74|. Building up
on the sensitivity and adjoint calculus introduced in [71], one can derive optimality
conditions for state-constrained optimal control problems on networks with node
conditions.

In this thesis we have restricted ourselves to scalar hyperbolic balance laws. But
since several physical models involve systems of hyperbolic balance laws, e.g., the
compressible Euler equations which describe the gas flow in a pipe, it is desirable
to extend the developed methods to consider systems of balance laws. The analysis
of the scalar case strongly relies on the structural properties of entropy solutions
yielding the auxiliary state variables Yi,...,Yx41 and x1,...,2x. One can show
that the concept of shift-differentiability developed in [81] can be generalized to
systems, but unfortunately Theorem 3.3 in [31] which was crucial for the derivation
of the structural properties for the scalar case in [81] does not hold in the case of
systems. Another possibility is to adopt the results developed in [17] where the
authors consider piecewise Lipschitz continuous solutions to systems of hyperbolic
balance laws and only allow variations of the control preserving this structure. Al-
though this seems very restrictive, the concepts developed [17] may be applied to
generalized Riemann problems, since Li and Yu have proved in [55] that solutions
to this class of problems are for a sufficiently small time interval piecewise smooth
and the structure is stable under small variations of the initial data. Developing a
sensitivity and adjoint calculus for generalized Riemann problems would be the first
step to treat more complex problems with systems of hyperbolic balance laws like
the optimal control of the gas flow in a network.
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[

BX(f)

int Q

RV

List of symbols

d
lzl|, = > |zk| for all z € RY.
k=1

[ d
lzlly =4/ > 22 for all x € R%
k=1

BX(f)={9€ X :|lg— fllx <e}, where X is a Banach space
and ¢ > 0.

Ty = kzd:l zrpye  for all 2,y € R%.

interior 0; Q.

closure of 2.

indicator function for the set .

restriction of the function ¢ to the set A.

support of a function .

[o(@)] = pla—) — pla+).

I (e, B) = [min(a, ), max(a, A)].

()+ = max(-,0).

Lebesgue space with p € [1,00] and Q C R? measurable.

1
LP-Norm with || f|l, o = (Jq [f(2)[" dz)? for p € [1, 00|

and || ||, ¢ = esssup | f(z)| for p = oo.
€N
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178 List of symbols
P (Q) set of all measurable f: Q — R with f|x € LP(Q)
for all compact K C €, where p € [1,00] and  C R?
measurable.
LP(Q; X) Lebesgue-Bochner space, where X is a Banach space,
p € [1,00] and © C R? measurable.
c(Q) space of continuous functions, where Q C R
1lle sup norm, | e = sup |f(a)]
FASIOAS
Ck(Q) space of k-times continously differentiable functions,
where  C R? open and k € IN.
1l e Ifllexay = 2 [1D°llc o)
181<k
Ck(Qeh space of k-times continously differentiable functions
such that all derivatives admit continous extensions
to Q°!, where Q ¢ R¢ is open and bounded.
Ck-e(Qeh denotes the usual Holder space with k € INg,
a €]0,1] and Q C R? open.
Ck(Q) CF(Q) == {f € C*(Q) : f has compact support in Q}
C>(9) C>®(Q) = N CkQ)
keN
C* () C(Q)={f € C°>°(Q) : f has compact support in 2}
Ck(Q; X) analogously defined as C*(Q2), where X is a Banach

PC*(I;21,...,2N)

space.

space of piecewise k-times continuously differentiable
functions f with possible discontinuities at points
a<z <---<zy <bfora closed interval I D [a,b]:
flr, € C¥(Iy) for k =1,...,N + 1 with
Iy=[z;—1,z;]ifke{2,.. Ntand [ =INn{z <1},
Ingi = Iﬂ{x > LCN}.

denotes for Q € R? open, p €]0,00] and k > 0 the
usual (fractional) Sobolev space.

denotes the space of test functions for distributions,
where Q0 C R? is open.
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I5v.e

('v ')H

denotes the space of distributions, where Q C R¢ is open.

denotes the space of signed Radon measures on a compact
set Q C R4,

denotes the space of functions with bounded variation on an
open set 1 C R%.

||'HBV,Q = ||||1Q + ||'||TV,Q

denotes the inner product of a Hilbert space H where we set
(rs)g.q if H=L*(Q).
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