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Zusammenfassung

Das Thema dieser Arbeit ist die Bestimmung und die Charakterisierung ver-
allgemeinerter Ableitungen fiir Losungsoperatoren von Hindernisproblemen.

Das klassische Hindernisproblem beschreibt die Gleichgewichtsposition
einer elastischen Membran unter Krafteinwirkung, wobei die Membran am
Rand eines Gebietes eingespannt ist und ober- oder unterhalb eines gegebenen
undurchdringbaren Hindernisses bleiben muss. Verwandte Probleme lassen
sich beispielsweise auch in der Physik, der Biologie oder dem Finanzwesen
finden.

Mathematisch lassen sich Hindernisprobleme durch Variationsungleichung-
en beschreiben, bei denen die zuldssige Menge durch ein oder mehrere Hin-
dernisse begrenzt ist. Es ist bekannt, dass die betrachteten Variationsunglei-
chungen fiir verschiedene Eingabewerte eindeutige Losungen besitzen und
der zugehorige Losungsoperator Lipschitz-stetig ist. Die Hindernisbedin-
gung fithrt jedoch dazu, dass die jeweiligen Losungsoperatoren im Allge-
meinen nicht differenzierbar sind. Eine Verallgemeinerung des Satzes von
Rademacher auf geniigend reguldre unendlichdimensionale Ridume besagt
nun, dass die betrachteten Losungsoperatoren auf einer dichten Teilmenge
Gateaux-differenzierbar sind. Damit lassen sich sogenannte verallgemeinerte
Differentiale in jedem Punkt definieren. Die verallgemeinerten Ableitungen
in einem festen Punkt des Urbildraums sind definiert als Grenzwerte von
Gateaux-Ableitungen in approximierenden Punkten des Urbildraums. Hier-
bei konnen im Unendlichdimensionalen sowohl im Urbildraum als auch im
Raum der stetigen linearen Operatoren unterschiedliche Topologien betrach-
tet werden.

Durch Kenntnis von verallgemeinerten Ableitungen konnen einerseits nicht-
glatte Optimierungsmethoden, zum Beispiel Bundle-Methoden, zur Loésung

iii



iv Zusammenfassung

von Optimalsteuerproblemen beziiglich der Hindernisprobleme angewandt
werden und andererseits Kandidaten fiir Optimallésungen charakterisiert
werden. Die Struktur der verallgemeinerten Differentiale ist aber auch aus
theoretischer Sicht interessant.

Ausganspunkt fiir die Analyse in dieser Arbeit ist die Beschreibung der
Richtungsableitung als Losung einer Variationsungleichung, wie sie von
Mignot [Mig76] gefunden wurde. Hieraus gewinnen wir eine Charakteri-
sierung der Gateaux-Ableitungen als Losungsoperatoren von Variationsglei-
chungen auf quasi-offenen Mengen, die durch die Kontaktmenge zwischen
Hindernis und Lésung festgelegt ist und so von dem betrachteten Punkt des
Urbildraums abhangt.

Das Grenzverhalten dieser Operatoren wird nun fiir verschiedene Lo6-
sungsoperatoren von Hindernisproblemen untersucht. Unter Ausnutzung
von Monotonieeigenschaften bestimmen wir fiir beliebige Punkte im Urbild-
raum zwei verallgemeinerte Ableitungen fiir ein allgemein formuliertes Hin-
dernisproblem, bei dem die Eingabedaten mittels eines moglicherweise nicht-
linearen Operators in die Variationsungleichung eingehen. Hierfiir wird fiir
geeignete konvergente Folgen im Urbildraum die Mosco-Konvergenz der zulés-
sigen Mengen fiir die Gateaux-Ableitungen, also die Mosco-Konvergenz von
Sobolevraumen auf quasi-offenen Mengen, gezeigt und der Grenzwert charak-
terisiert. Betrachten wir das Hindernisproblem fiir den Laplace-Operator
auf dem Gesamtraum, so konnen sogar alle Elemente der verallgemeinerten
Differentiale bestimmt werden. Im Falle der schwachen Operatortopologie
als Konvergenzbegriff auf dem Raum der Operatoren tauchen hier Losungs-
operatoren zu relaxierten Dirichletproblemen auf, die nicht mehr durch eine
quasi-offene Menge bestimmt sind sondern durch ein kapazitires Maf. Zu-
dem betrachten wir auch ein allgemein formuliertes Hindernisproblem mit
zwei Hindernissen und finden in diesem Fall verallgemeinerte Ableitungen.
Schlieflich untersuchen wir, wie numerisch ein Clarke-Subgradient im Finite-
Elemente-Raum fiir ein Optimalsteuerproblem beziiglich des Hindernispro-
blems berechnet werden kann. Wir leiten einen Fehlerschéitzer her, der bei-
spielsweise fiir die Implementierung von inexakten Bundle-Verfahren verwen-
det werden kann.
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CHAPTER 1

Introduction

Variational inequalities of obstacle type are the central objects that are con-
sidered within this thesis. The challenge inherent in these problems is the in-
trinsic nonsmoothness of the corresponding solution operators that is caused
by the obstacle constraint.

As a prototype, we consider the variational inequality
Findye Ky: (Ly—(z2—ygrume =20 VzeKy (OP)
and the respective admissible set
Ky :={2€ Hy(Q): 2> ae. in Q}.

Here, L € L(H}(Q),H () is a bounded, linear, coercive operator and
1: Q@ — RU{—o0} is the obstacle function, which is chosen such that Ky, # 0
is guaranteed. We call the operator S mapping ¢ € H () to the unique
solution of (OP) the solution operator of the above problem.

Without the obstacle constraint, e.g., when considering ¥ = —oo, and
assuming that L is a differential operator, S'is the bounded and linear solution
operator to a partial differential equation. In particular, the corresponding
operator is Gateaux differentiable.

While being related to the unconstrained problem, the solution operator
of (OP) with nontrivial obstacle does not share this property. One can show



2 1. Introduction

that it is a nonsmooth, but Lipschitz continuous operator between infinite di-
mensional spaces. A generalization of Rademacher’s theorem to such spaces
states that S is Gateaux differentiable on a dense subset of H~1(2). This
motivates to consider generalized differentials consisting of limits of Gateaux
derivatives at converging points in the domain. Considering the weak op-
erator topology for the convergence of the Gateaux derivatives, one can a
priori show that the obtained differential is nonempty. Now, on the one
hand, the structure of the differentials is interesting from an analytic point
of view. On the other hand, the availability of generalized derivatives allows
to apply nonsmooth optimization methods, such as Bundle methods, to the
optimal control of obstacle problems. The characterization of these general-
ized derivatives for solution operators of obstacle problems and the analysis
of the obtained objects is the aim of this thesis.

In the literature, the optimal control of obstacle problems and of more
general elliptic variational inequalities is considered by various authors, e.g.,
[Bar84, Ber97, BL04, Fri88, IK00, HW18, HK11, KKT03, KW12, MRW15,
Mig76, MP84, SW13|. To overcome the difficulties caused by the nonsmooth
operator, penalization, relaxation and regularization techniques are employed
that approximate the problem by more regular formulations. Based on such
approaches, optimality conditions are derived in [Bar84, Ber97, BL04, MP84,
IK00, HK11] and numerical solution methods are developed in [IK00, HK11,
KKT03, KW12, MRW15, SW13|.

In addition, some authors also deal with nonsmooth operators in infinite
dimensions. Different optimality systems for the optimal control of the obsta-
cle problem are compared in [HW18|. In [CCMW18]|, generalized derivatives
for the nonsmooth solution operator of a semilinear elliptic equation are char-
acterized. For the usage of generalized derivatives, inexact bundle methods
in Hilbert space can be employed, see, e.g., [HU19].

On the other hand, considering a finite dimensional version of the obstacle
problem, a characterization of the entire Clarke subdifferential of the reduced
objective function is obtained in [HR86].

In the classical reference [Mig76|, Mignot establishes the directional dif-
ferentiability of the solution operator and gives a characterization of the di-
rectional derivative as the solution of a another variational inequality. The



analysis in the present thesis heavily relies on this representation. It allows to
describe the Gateaux derivatives at points of differentiability as solution op-
erators of variational equations. Here, the admissible sets are Sobolev spaces
on quasi-open domains, which are determined by the contact set of the so-
lution y = S(¢) and the obstacle ¢ and by the properties of the mulitplier
Ly— (. Using the tool of Mosco convergence, we can perform the convergence
analysis of the Gateaux derivatives. Here, the monotonicity structures of the
set-valued maps mapping ¢ to the admissible Sobolev spaces are important.
We also change our perspective and understand the Gateaux derivatives as
solution operators of superordinate relaxed Dirichlet problems. Using classi-
cal results and connecting them to the problem at hand, we gain new insights
into the generalized differentials.

Within this thesis, we consider a variety of formulations related to (OP).
On the one hand, we consider the composition of the solution operator of
(OP) with a nonlinear monotone operator with domain space different from
H~'(Q). In this case, we cannot rely on chain rules to characterize the
generalized differentials since, in general, they do not apply. Moreover, we
consider also a bilateral obstacle problem where, in addition to the lower
obstacle 1, the admissible set is constrained also by a second upper obstacle.

Our insights on generalized derivatives are used to derive error estimators
for inexact Clarke subgradients of an objective functional that are computed
on a discrete level.

Outline of the thesis

This work is structured as follows. In Chapter 2, we clarify the notation,
recall basic concepts and provide auxiliary results that will be used later on.
In particular, in Section 2.3 we introduce the sets of generalized derivatives
that are the subject of our analysis in the context of solution operators of
variational inequalities of obstacle type. Another important aspect that is
addressed in Section 2.5 is the notion of capacity on  w.r.t. the space H}(f2)
which is essential in studying the structure of the generalized differentials for
the solution operator of the obstacle problem. This concept enables us to
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work with quasi-continuous representatives in H'(Q) that are defined more
precisely than up to a set of Lebesgue measure zero. As a consequence, we
can find adequate descriptions of subsets of €2 which are, for instance, defined
as the preimage of a quasi-continuous representative, such as the active set.

We study the basic features of the obstacle problem in Chapter 3. For a
general variational inequality we recall existence, uniqueness and continuity
results in Section 3.1. In the subsequent analysis we also state conditions
under which the solution operator of a variational inequality is monotone and
directionally differentiable. These results are transferred to the variational
inequality describing the obstacle problem in Section 3.2. The directional
derivative is characterized as the solution operator of another variational
inequality. For a suitable description of the admissible set, the active set and
the strictly active set are introduced and illustrated.

Chapter 4 discusses the composition of the solution operator of the obsta-
cle problem with a monotone, possibly nonlinear operator on a potentially
smaller space than H~'(Q2) and is based on the publication [RU19]. The
assumptions on the differential operator in the variational inequality and on
the obstacle are not very restrictive and the considered formulation covers
a wide class of imaginable settings. Using the representation of the direc-
tional derivatives, we derive variational equations which describe the Gateaux
derivatives in points at which the corresponding solution operator is differ-
entiable. The admissible sets depend on the active and strictly active sets.
Exploiting the monotonicity structures, we can show the Mosco convergence
of the admissible sets using increasing or decreasing sequences in the preim-
age space in Section 4.5. Additionally, by application of a generalization of
Rademacher’s theorem, we establish the existence of such increasing and de-
creasing sequences at which the solution operator is Gateaux differentiable
in Section 4.3. The chapter will be closed with the characterization of two
generalized derivatives for the solution operator and with the representation
of Clarke subgradients for corresponding reduced objective functions.

In Chapter 5, a selection of results from [RW20| is presented which orig-
inated from a collaboration with Gerd Wachsmuth. Here, the solution op-
erator of an obstacle problem on the complete space H () is considered.
We demonstrate that the Gateaux derivatives can be interpreted as solu-



tion operators of relaxed Dirichlet problems involving capacitary measures,
which motivates the study of these objects that is performed and reviewed
in Section 5.1. In Section 5.2, a characterization of the entire generalized
differentials using the strong operator topology for the convergence of the
Gateaux derivatives is obtained. Under regularity assumptions we also char-
acterize the generalized differential relative to the weak operator topology in
the subsequent section. It consists of particular solution operators of relaxed
Dirichlet problems involving capacitary measures.

Chapter 6 is dedicated to the analysis of the bilateral obstacle problem and
presents the results from [RU20|. Unlike in the previous analysis of the unilat-
eral obstacle problem, the corresponding multiplier in the variational inequal-
ity describing the bilateral obstacle problem is not nonnegative and, hence,
cannot be identified with a nonnegative measure. Therefore, the analysis
of the admissible set for the variational inequality describing the directional
derivative is more involved and carried out in Section 6.2. Again, we show
the convergence of the Gateaux derivatives in points of suitable monotone se-
quences, although the respective admissible sets in the variational equations
for the Gateaux derivatives are nonmonotone. Two generalized derivatives
are obtained in Section 6.5.

Finally, in Chapter 7, we deduce error estimates for Clarke subgradients
that are computed on a discrete level. We address the inexactness that arises
due to the lack of knowledge on the correct active and strictly active sets,
which are, by the previous analysis, the sets determining the domain on
which generalized derivatives can be computed. We focus on the generalized
derivative that is obtained on the complement of the strictly active set. In
Section 7.6.2, imposing a nondegeneracy condition that is well known in the
literature concerning the analysis of free boundaries, we can show that the
strictly active set and the weakly active set have a suitable structure. Now,
we derive discrete approximations of the complement of the strictly active
set from the interior to use it as the domain for the discrete subgradient and
from the exterior to find an upper bound for the error. The construction of
these approximations is performed in Section 7.6.3 and Section 7.6.4. Finally,
we obtain an error estimate for an inexact Clarke subgradient and test our
findings in a numerical example in Section 7.9.






CHAPTER 2

Mathematical framework

In this chapter, we recall basic results and concepts that are frequently used
throughout this thesis. Moreover, the corresponding notation is introduced.

We start with notions of differentiability in Section 2.1 and continue with
a generalization of Rademacher’s theorem to infinite dimensional spaces in
Section 2.2. The standard operator topologies on the space of linear bounded
operators are recalled and sets of generalized derivatives are introduced in
Section 2.3. Subsequently, in Section 2.4, we define the relevant Sobolev
spaces and recall basic calculus rules. Section 2.5 serves as a brief introduction
into capacity theory and we collect the concepts and results that are needed
later on. Finally, in Section 2.6, we will see that nonnegative elements in the
dual space of H}(Q) can be identified with specific measures.

2.1 Concepts of differentiability

Let us give the definition of directional differentiability, see also [BSO00,
Def. 2.44].

Definition 2.1 (Directional differentiability) Let X,Y be Banach spaces and
consider a mapping T: X — Y. We say that T is directionally differentiable
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at a point x € X in a direction h € X if the limit

T'(2: h) = lim T(x +th) — T(x)
N0 t

(2.1)

exists. If the limit in (2.1) exists for all directions h € X, we say that T is
directionally differentiable at x.

Let (X, - |lx), (Y,| - |ly) be Banach spaces. Throughout this thesis, we
use the notation

L(X,Y):={T: X =Y [T is linear and ||T|z(x,y) < oo}
and for a linear operator T: X — Y we set

1Tl ecxyy = sup [[T(x)lly-
lzllx <1
Definition 2.2 (Gateaux differentiability) Let X, Y be Banach spaces and
consider a mapping T: X — Y. We say that T is Gateaux differentiable at
a point z € X if T is directionally differentiable at x and if the directional
derivative operator T”(x;-) is linear and bounded, i.e., T'(x; ) € L(X,Y).
We also use the notation 7"(x) for the Gateaux derivative of T

The solution operators of variational inequalities that we consider in this
thesis are directionally differentiable. We are interested in chain rules for
the directional derivative of composite mappings. Since the chain rule does
not hold for merely directionally differentiable mappings a stronger form of
directional differentiability is needed. The following definition is taken from

[BS00, Def. 2.45).

Definition 2.3 (Hadamard directional differentiability) Let X, Y be Banach
spaces and consider a mapping T7: X — Y. Then T is directionally dif-
ferentiable at x € X in the Hadamard sense (or Hadamard directionally
differentiable) if the directional derivative 7" (x; h) exists for all h € X and
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fulfills

for all sequences (t,),cy and (hy), ey With £, \, 0 and h, — h.

We also state the following continuity property of Hadamard directionally
differentiable mappings. The result is taken from [BS00, Prop. 2.46].

Lemma 2.4 Let X,Y be Banach spaces. Suppose that T: X — 'Y is direc-
tionally differentiable at x € X in the Hadamard sense. Then the directional
derivative T (x;+) is continuous on X .

The next proposition can be found in [BS00, Prop. 2.49|. It states that Lip-
schitz continuity and directional differentiability together ensure directional
differentiability in the Hadamard sense.

Proposition 2.5 Assume X,Y are Banach spaces. Suppose thatT: X — Y
is directionally differentiable at x and Lipschitz continuous in a neighborhood
of x. Then T is directionally differentiable at x in the Hadamard sense.

If the outer function in a composition is Hadamard directionally differen-
tiable, the following chain rule holds, see [BS00, Prop. 2.47].

Lemma 2.6 Let X,Y,Z be Banach spaces and assume that T: X — Y is
directionally differentiable at x and that R: Y — Z is Hadamard directionally
differentiable at T(x). Then the composite mapping R o T is directionally
differentiable at x and the following chain rule holds

(RoT) (z;h) = R (T(2); T" (w3 h)) -
We state the following auxiliary lemma.

Lemma 2.7 Let X, Y and Z be Banach spaces and suppose that X is densely
embedded into Y. Denote by v: X — Y the continuous and dense linear
embedding. Assume the operator T:Y — Z is directionally differentiable at
t(z) and locally Lipschitz continuous in a neighborhood of v(x). If (T o) is
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Gateauz differentiable at x € X, then T is Gateauz differentiable at o(z) € Y.

Proof. Observe that T is directionally differentiable at «(z) in the sense of
Hadamard, cf. Proposition 2.5. Thus, using the chain rule in Lemma 2.6, for
every hx € X we have

T'(u(a); 1(hx)) = (T 0 1) (a; hx)-

Moreover, since T o ¢ is Géateaux differentiable at x, the operator
T'(v(x);e(+)): X — Z is linear. Furthermore, the operator 7"(:(x);-) is con-
tinuous on X since T is directionally differentiable in the sense of Hadamard,
see Lemma 2.4. Now, density of +(X) in Y implies that 7"(¢(z); ) is a bounded
linear operator on Y. Hence, T' is Géateaux differentiable at ¢(z). t

2.2 Generalization of Rademacher’'s theorem to
infinite dimensions

Before we can present a meaningful definition of generalized differentials for
locally Lipschitz continuous maps between infinite dimensional spaces, we
have to make sure that a Gateaux derivative exists at sufficiently many points.
In finite dimension, a result of this form is well-known as Rademacher’s the-
orem which states that for a locally Lipschitz continuous map 7: R — R,
the set of points at which T' is not differentiable is a set of Lebesgue measure
zero in R?, see [Rad19)].

Here, we use the following generalization of Rademacher’s theorem to infi-
nite dimensions. For a proof we refer to, e.g., [Aro76, Ch. II, Sect.2, Thm. 1],
[BLOO, Thm. 6.42]. If the space X in Theorem 2.8 is additionally a Hilbert
space, a version can be found in [Mig76, Thm. 1.2]|.

Theorem 2.8 Let X be a separable Banach space and let Y be a Hilbert
space. Assume T: X — 'Y 1is locally Lipschitz continuous. Then the set Dp
of points at which T is Gateaux differentiable is a dense subset of X.
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In [Aro76], the map T is Lipschitz continuous and defined on an open subset
of X. By considering neighborhoods of points separately, the formulation as
in Theorem 2.8 can be obtained.

Note that there are different possibilities to generalize Rademacher’s the-
orem to infinite dimensions. On the one hand, different concepts of differ-
entiability can be considered and on the other hand, the size of the X \ Dp
can be measured using various concepts. For a selection of results, we refer
to [BLOO].

2.3 Operator topologies and generalized differentials

In this thesis, we analyze generalized derivatives for solution operators of ob-
stacle problems. Here, we define the sets of generalized derivatives which we
consider in our studies. If T: X — Y is an operator, then the set of general-
ized derivatives in a point in X will be a subset of £(X,Y). In the definition,
we will differentiate between different topologies on X and £(X,Y). We
consider the following standard operator topologies on £(X,Y").

Definition 2.9 (Operator topologies) Let X and Y be Banach spaces and
let (Ep)nen, 2 C L(X,Y).
1. We say that the sequence (=2, ),en converges to = in the strong operator
topology of L(X,Y) if and only if (Z,(z))nen converges to Z(x) in Y
for all z € X.
2. We say that the sequence (Z,),ecn converges to = in the weak operator
topology of £(X,Y) if and only if (Z,,(x))nen converges weakly to Z(x)
inY forall z € X.

From the uniform boundedness principle, we obtain that a sequence of
operators which converges in the weak operator topology has to be bounded.

Lemma 2.10 Let X,Y be Banach spaces. Suppose (E,)nen C L(X,Y) and
assume that =, — Z in the weak operator topology of L(X,Y) for some
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E € L(X,Y). Then there is a constant ¢ > 0 such that ||Z,||z(x,y) < ¢ for
alln € N.

Proof. The convergence of (E,)neny € L£(X,Y) to E in the weak operator
topology implies that

sup [(y*, En(@))y+y| < 00
neN

for fixed x € X and y* € Y*. Let z € X and define ¢,, € Y** by

(Ons Y )vesy= = (¥ Enl(2)) vy

for y* € Y*. By the uniform boundedness principle, it holds [|@y, ||y« < ¢z
for a constant ¢, > 0 and for all n € N. Since [|@y, ||y« = ||Z.(z)]]y, it follows
that ||Z,(x)| < ¢, for all n € N. Applying the uniform boundedness principle
once more, we deduce the existence of a constant ¢ > 0 with [|Z,|z(x,y) <

c. O]

The next lemma shows conditions under which a sequence (Z,(xy))neN
converges. The proof is taken from [RW20, Lem. 2.9].

Lemma 2.11 Let X, Y be Banach spaces. Suppose (Zp)neny € L(X,Y) and
(Zn)nen C X are sequences.

1. Assume that Z,, — Z in the strong operator topology of L(X,Y) and
Ty — x in X. Then Z,(x,) — E(z) holds in Y.

2. Assume that =, — E in the weak operator topology of L(X,Y) and
xn — x in X. Then we conclude Ey,(x,) — Z(x) in Y.

3. Assume that =,, — Z in the weak operator topology of L(X,Y), Ef —
E* in the strong operator topology of L(Y*, X*) and x,, — = in X. Then
this implies =y, (z,) — Z(x) in'Y. Here, = Z* denote the (Banachian)
adjoint operators of Z,, =, respectively.

Proof. In any case, the norm of the operators =, is uniformly bounded, see
Lemma 2.10. Now, we use the identity

En(zn) — E(z) = (En(z) — E(2)) + ZEpn(xn — ). (2.2)



2.3. Operator topologies and generalized differentials 13

Then the claim of the first two statements follows immediately.

Let us also prove the third statement. The convergence =, (z) — Z(x) — 0
is clear. To prove the weak convergence of the second term in (2.2), we take
y* € Y* and oberve

(0" En (20 — )y y = (En(Y"), 20 — ) x> x = 0

*

in the strong operator topology of £(Y™*, X*) by assumption.
O

i = =
since &, — =

Now, let us define the Bouligand generalized differentials that we will deal
with in this thesis. The definition is based on the concept of the Bouli-
gand generalized differentials which is known in finite dimensions, see, e.g.,
[OKZ98, Def. 2.12|, [FP03, Def. 4.6.2]. The below generalizations to infinite
dimension are also used in [CCMW18|. We obtain four different differentials,
since we consider combinations of strong and weak topologies. Note that in
finite dimensions these concepts coincide.

Definition 2.12 (Generalized differentials) Let 7': X — Y be a locally Lip-
schitz mapping from a separable Banach space X to a separable and reflexive
Banach space Y. We denote the set of points in X at which T is Gateaux
differentiable by Dr. For z € X we define the following generalized differen-
tials

BT (z):={E€ L(X,Y) |3 (zn)nexn S Dr: 2y — x in X,

T'(x,) — = in the strong op. top. of L(X,Y)},
og'T(z) ={2€ LIX,Y) |3 (xn)neny C Dr : x;, — z in X,

T'(z,) — Z in the weak op. top. of L(X,Y)},
o T(z) ={2€ LIX,Y) |3 (xn)neny C Dr : x,, = z in X,

T(xy,) = T(x)inY,

T'(x,) — = in the strong op. top. of L(X,Y)},
O T (z) ={=2€ L(X,Y) |3 (zn)nen C Dy : &y — x in X,

T(zy) = T(x) inY,

T'(x,) — = in the weak op. top. of L(X,Y)}.
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Note that the first superscript refers to the mode of convergence of the points
(Zn)nen in X, whereas the second superscript refers to the type of operator
topology for the convergence of (T"(xy,))nen € L(X,Y).

Lemma 2.13 Let T: X — Y be a locally Lipschitz mapping from a separable
Banach space X to a separable Hilbert spaceY . Let x € X be arbitrary. Then
the generalized differential 05T (x) is nonempty. Moreover, it holds

ST (x) COFT(x) CONT(x) and  OST(x) C OT(x) C OF"T(x).

Moreover, if T is Gateaux differentiable at x, then T'(x) is an element of
the generalized differentials O5T (x), 05T (z), O5°T (), 0§~ T (x).

Proof. Since Dr is dense in X, z is the limit of a sequence (z,)neny € Dy C
X in X, see Theorem 2.8. Now, since T is locally Lipschitz continuous,
the Gateaux derivatives T'(z,) are bounded by the Lipschitz constant of
T in a neighborhood of x. The sequential compactness of the unit ball in
L (X,Y) with respect to the weak operator topology, which follows from a
generalization of the Banach-Alaoglu theorem to the weak operator topology,
yields the existence of an accumulation point of the sequence (T'(zy,))nen-
Thus, 05T () is nonempty.

The inclusions of the differentials follows easily by the relation between the
respective topologies.

It directly follows from the definition that if T is Gateaux differentiable
at x with Gateaux derivative T"(x), then T’(x) belongs to the generalized
differentials defined in Definition 2.12. O

In the following proposition, we address closedness properties of the
generalized differentials.  Related results can be found in [CCMW18,
Prop. 3.4, Prop. 3.5]

Proposition 2.14 Let T: X — Y be a globally Lipschitz continuous map
from a separable Banach space X to a separable, reflexive Banach space Y .

1. Letx € X. Suppose there is a sequence (zp)neny C X with z, — x in X
and a sequence (Lp)nen C L(X,Y) with Ly, € 05T () for all n € N.
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Furthermore, assume that L, — L in the strong operator topology of
L(X,Y) for some L € L(X,Y). Then L is in 05T (x).

2. Let x € X. Suppose there is a sequence (Tp)neny C X with x, — x
in X and a sequence (Lp)nen C L(X,Y) with L, € 05T (xy) for all
n € N. Furthermore, assume that L, — L in the weak operator topology
of LIX,Y) for some L € L(X,Y). Then L is in O5"T (x).

Proof. 1. This part can be found in [CCMW18, Prop. 3.4], one just hast to
replace L2(€)) by an arbitrary separable Banach space X.

2. We modify the proof of [CCMW18, Proposition 3.5] so it fits to our setting.
Since =, € 05T (), there are sequences (xﬁ?) C Dr with xgﬁ) — x, as

m — oo and 7" (:I:%L)

) — E, in the weak operator toplogy of £L(X,Y) as
m — 0o. Since X is separable and since the properties of Y imply that Y™ is
separable as well, we can find sequences (hy,)nen and (v )nen that are dense

in X, respectively Y*. For all n € N, fix m(n) € N with

‘<yl*,T' (:E;?()n);ho - En(hk)>‘ <1/n Vi l=1,...,n,

<1/n.

ng o

For fixed h € X, y* € Y*, and for all n € N we define

hy, := argmin{||hx, — h||x | 1 < k < n},

g = argmin{|ly — y"lly- | 1 <k < 0.

Y *

These definitions imply that h, — h in X and g% — y* in Y*. We men-
tion that all elements in OFVT (z) are bounded by the Lipschitz constant of

T, see |[CCMW18, Lem. 3.2(iii)]. In particular, ’T’ (:L‘E;l()n)) —En

bounded. This shows
(.7 (et ) = 2000
5 () - 25+ - () -2

[ @ (280) = Z) = )|+ 10" Zalh) ~Z(0)]

1s
L(X,Y)

[1]
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Hﬁn”X

<n+lgn -yl

T (xfggn)) _E,

T («%),)) = =

Y*
L(X)Y)

1hn = hllx + [y, En(h) — E(h))]

- .

—0

(n)

as n — oo. Together with p(n

) = @, we obtain the desired = € o' (x).
0

Lemma 2.15 Let X and Y be separable Banach spaces and assume that
X is densely embedded into Y. Denote by t: X — Y the continuous and
dense linear embedding. Additionally, let Z be a separable Hilbert space and
T:Y — Z be an operator that is locally Lipschitz continuous and directionally
differentiable at some x € X. Then

1 OF"(Tou)(z) CORT((z))or:={2E0¢|E€RT(zx))} and
2. (T ou)(x) COT(L(x))or:={E0t|E€IFT((x))}.

Proof. 1. Let Zx € 0§"(T o ¢)(z). Then there is a sequence (zp)peny € X
with z,, — x such that T o is Gateaux differentiable at x,, for each n € N
and it holds (T'ot) (z,,) — Zx in the weak operator topology of L(X, Z). By
Lemma 2.7, for every n € N, T' is Gateaux differentiable at ¢(x;,). Moreover,
the Lipschitz continuity of 7" imples that

1T (e(zn))lleviz) < € (2.3)

for all n € N, where ¢ denotes the Lipschitz constant of T. Thus, for fixed
he€ X and all n € N, (T o) (xn;h) = T'(e(xy);e(h)) is an element of the
closed and convex ball of radius c||¢(h)|]y. Since Ex(h) is the weak limit of
these elements, Mazur’s lemma yields

IEx(M)llz < clle(h)]y- (2.4)
Now, define Ey: «(X) — Z by

Ev(y) ==Zx(" ()
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Then Ey is well-defined on ¢(X), linear, and (2.4) implies

1Zy Wiz = 1Ex (" W)z < cllylly

for y within the dense subset «(X). Thus, by [BS00, Lem. 6.5], Zy has a
unique linear and continuous extension over Y that will again be denoted by
Ey. Also note that |2y | zy,z) < cand Ey o1 = Ex;, i.e., it suffices to show
convergence of T'(¢(xy,)) to Zy.

To this end, let £ > 0, y € Y be arbitrary and fix y. € ¢«(X) with ||y —ye|ly <
5. In particular, we have

1Ey () = Ev (We)llz + 17" (u(zn); ye) — T'((an); ) 2

2
<clly —yelly +clly —yelly < 35

Then, for any z* € Z* with ||z*||z» = 1, we may choose ng € N such that

(1]

—~

<Z* yz—:) - T,(L(l'n);ye)>Z*,Z|

s =Y
= (2", Bx (¢ (9e) = (T o 0) (wn; e (ye))) 2o.2] < §
to find that
Op— / 2 13
(2", By = T'((zn);y)) 2+ 2] < §6+ 3= E.

Therefore, T"(c(xy,)) converges to Zy in the weak operator topology and
Zy € T (u(z)).

2. f=2x € O (Tou)(x) COZ (T or)(x), there exists a sequence (2, )neny € X
converging to x such that T o ¢ is Gateaux differentiable at each z,, and
(T o) (x,) — Ex in the strong operator topology. For this sequence, the
arguments above hold but in addition, within the last step we may find ng € N
stuch that [Zx (171 (yo)) ~T"(1(wn)i vl 2 = |2y (5) —(Tor) (w3 = (9)) 1 2 <
5 and conclude

— 2 e
[y (1) — T'(elan)iy)ll < 56+ =<

Thus, T"(¢(z,,)) — Zy in the strong operator topology, i.e., Zy € OFT (¢(z)).
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O

Finally, let us give a connection to Clarke’s generalized gradient. It is
defined as follows, see [Cla90].

Definition 2.16 (Clarke’s generalized gradient) Let U be a Banach space
and assume that J: U — R is locally Lipschitz continuous. Then Clarke’s
generalized gradient OcJ(u) of J at w € U is defined as

Ocd(u) :={u* € U" | J°(u;h) > (u*, h)y-y for all h € U}.

Here, J°(u;h) denotes the generalized directional derivative in the sense of

Clarke defined by

J°(u; h) :=limsup T+ th) = J(v).
N '

We do not need many results concerning Clarke’s generalized gradient.
The next lemma shows how a Clarke subgradient (or a Clarke generalized
derivative) can be obtained for a reduced objective function when an ele-
ment of 95" T'(u) is available for the solution operator 1" of a state equation.
The resulting subgradient for the reduced objective function can be used in
nonsmooth optimization methods.

In a slightly different context, the following result can be found in

[CCMW18, Prop. 4.6].

Lemma 2.17 Let U be a separable Banach space and let Y be a separable
Hilbert space. Assume J: Y xU — R is a continuously differentiable function
and let T: U — Y be a locally Lipschitz continuous operator. Denote by
J: U — R the map defined by

Let w € U be arbitrary. Then

{2 ,(T(u),u) + Ju(T(u),u) | E € 0T (u)} CIJ(u) C dcJ(u) (2.5)
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holds.

Proof. Let £ € O03"T(u). Then there exists a sequence (up)peny with
up, — u in U and T'(u,) — E in the weak operator topology of L(U,Y).
Since J is continuously differentiable and thus Hadamard directionally dif-
ferentiable, the chain rule holds, see Lemma 2.6. Since T is Géateaux
differentiable at w,, J is also Géateaux differentiable at u, and it holds
I (un) = T'(un)*Jy(T(un), un) + Ju(T(un), u,). Taking the limit and us-
ing that 7" (u,) — = in the weak operator topology of L(U,Y) and that J is
continuously differentiable we obtain the first inclusion in (2.5).

Since J'(u,) € dcJ(un), see [Cla90, Prop. 2.2.2], the second inclusion is
implied by weak*-closedness of Clarke’s generalized gradient, compare [Cla90,
Prop. 2.1.5b]. O

2.4 Sobolev functions

Let ©Q be an open, bounded set. We denote by C.(£2) the function space
of continuous functions on € with compact support contained in §2. The
subspace of infinitely differentiable functions is denoted by C2°(€2). As usual,
we define

HY(Q) = {z € L) | & e [X(Q),i= 1,...,d},

where % is to be understood in the distributional sense. H'(Q) is equipped

1 N2 1/2
Z d
HZHHl(Q) = (/Q 22+ ; (8@) dX ) .

Here, A% denotes the d-dimensional Lebesgue measure. The space H{(Q) is
defined as the completion of C>°(2) in H'(2). Equipped with the scalar

with the norm
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product
(v, w)Hé(Q) = (Vu, Vw) 2 (g (v,w € H(Q)),
and the respective norm
120 20 == 1Vl L2(0)

H} () is a Hilbert space.
We sometimes use the following product rules for the weak derivatives. The
results follow from, e.g., [GT01, (7.18)].

Lemma 2.18 Assume v,w are elements of Hg(Q).
1. If v,w € L®(Q), then vw is in HE(Q) and it holds

V(v-w)=vVw+wVuv. (2.6)

2. Assume v € CY(Q). Then vw is in H}(Q) and the product rule in (2.6)
holds.

The dual space of H}(€2) is denoted by H~1(Q) and if p € H~1(Q) and
z € H}(Q) we use the notation (p, z) for the dual pairing.

We do not identify H{ () with its dual space. Instead, we use the contin-
uous and dense embeddings

Hy(Q) = L*(Q) — H™'(Q),

see, e.g., [BS00, Lem. 6.2 and 6.3]. Here, we regard g € L?(Q) as an element
of H=1(Q) via

(9.0) = (9.0)12) (v € Hy(Q)).

We denote by H'(Q2),, respectively by Hg (), the respective subsets of
nonnegative elements. Here, we define

v>0 = v >0 a.e. on .
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It is well-known that for v € H}(Q) also vy := max(0,v) and v_ =
—min(0,v) are elements of HE(Q), see [ABM14, Sect. 5.8.1]. If w € H}(Q),
then also max (v, w), min(v, w) € H}(Q). Let us define |[v] := vy + v_.

Proposition 2.19 Let v be an element in Hg ().
L1t holds |[[v|]| g3 ) = vl (-
2. Suppose that (vn)nen C Hy(Q) is a sequence with v, — v in Hj(Q).
Then it holds |v,| — |v| in HE(Q).
3. Let vy, w,w, € HI(Q), n € N, with v, = v and w, — w in HL(Q).
Then max(vy, wy,) — max(v, w) in HE ().

Proof. 1. This statement can be found in [ABM14, Cor. 5.8.1].

2. By the weak convergence of (vn)nen and since [|[vp g1(q) = l|vnll g q) for
all n € N by the first statement, (|v,|)nen is a bounded sequence and thus
has a weakly convergent subsequence. By the compact embedding H}(Q) —
L?(2), we conclude that the weak limit has to be |v|. This yields that the
whole sequence (|vy,|)nen converges weakly to |v] in HZ ().

3. This follows from (2.) by

1 1
max vy, wy,) = 5 (U + Wy, + vy, — wy|) — 3 (v+w+|v—w|) = max(v,w).

O]

Let us shortly comment on the notation used in this thesis. In this thesis,
we always write (-, -) for the dual pairing between H~1(Q) and H}(Q). If we
mean the dual pairing between another space X and its dual X*, we write
(-,)x+x. Similarly, we write (-,-) for the scalar product on L?*(). If we
mean the scalar product on another Hilbert space X, we use the notation

(H')X-

2.5 Capacity theory

We give a short introduction to capacity theory on Q w.r.t. H}(€).
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For the definitions, see e.g. [ABM14, Sect. 5.8.2, 5.8.3], [DZ11, Def. 6.2] or
[BS00, Def. 6.47].

Definition 2.20 (Capacity theory)
1. For every set E C Q the capacity (in the sense of H}((2)) is defined as

cap(E) := inf{2]} g |2 € H(),

z > 1 a.e. on a neighborhood of E}.

2. A subset O C Q is called quasi-open if for all € > 0 there is an open
set O C Q with cap(O.) < € such that O U O; is open. The relative
complement of a quasi-open set in € is called quasi-closed.

3. A function v: @ — R U {+£oo} is called quasi-continuous (quasi lower-
semicontinuous, quasi upper-semicontinuous, respectively) if for all € >
0 there is an open set O, C 2 with cap(O;) < € such that v is continuous
(lower-semicontinuous, upper-semicontinuous, respectively) on Q \ Ox.

If a property holds on €2 except on a set of zero capacity, we say that this
property holds quasi-everywhere (q.e.) in Q.

Let us note that the capacity as defined above is an outer measure but
not a measure, since it is not o-additive. The family of quasi-open sets does
not define a topology on €2, since arbitrary unions of quasi-open sets are not
necessarily quasi-open.

It is straightforward to observe that a set of capacity zero has Lebesgue
measure zero. The converse is not true. Nevertheless, let us make the follow-
ing observation. We refer to [Wacl4, Lem. 2.3] for a proof.

Lemma 2.21 Let O C Q be quasi-open and assume v: 0 — R is quasi-
continuous. Then v >0 a.e. on O is equivalent to v > 0 g.e. on O.

The following statements can be found in [Fug71, Lem. 3.3]. We also refer
to [BB05, Thm. 4.16] and [ABM14, Thm. 5.8.6].

Lemma 2.22 Let v: Q@ — R U {d+oo} be a function. Then the following
assertions are equivalent.
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(i) The function v is quasi lower-semicontinuous.
(ii) The sets {v > ¢} are quasi-open for all ¢ € R.

(iii) The function —v is quasi upper-semicontinuous.

Recall that if 1 — d/2 > 8 for some 0 < < 1, and if 99 is sufficiently
regular, then we have the embedding H'(Q) — C%(Q). Here, C*?(Q)
denotes a usual Holder space. Hence, if d = 1, each element in H'(Q) has a
continuous representative.

We will see that, independent from the space dimension d, there is a quasi-
continuous representative. Note that in dimension d = 1, the concept of
quasi-continuity coincides with the classical concept of continuity. The fol-
lowing result can be found in, e.g., [DZ11, Chap. 8, Thm. 6.1].

Lemma 2.23 Each v € H'(Q) possesses a quasi-continuous representative,
which is uniquely determined up to values on a set of zero capacity.

The above lemma reveals why concepts from capacity theory are important
for our analysis. We can always identify v € H{ () with its quasi-continuous
representative which is essentially unique (up to a set of capacity zero). In
particular, this allows to talk about the pointwise behavior of elements in
HE(Q) even on subsets of  of Lebesgue measure zero and positive capacity.
Throughout this thesis, when dealing with elements of H'(Q) we always
consider the quasi-continuous representative.

Since we are often dealing with such representatives, definitions and rela-
tions between subsets of €2 such as equalities and inclusions are often meant
to hold only up to a set of capacity zero. To indicate this, we use a subscript
q throughout this thesis. For example, for v € H*() we could define the set
E. :=q {v > ¢} for some ¢ € R. Then, E,. is defined up to a set of capacity
zero and quasi-open, cf. Lemma 2.22.

By the following lemma, we can also consider Borel measurable quasi-
continuous representatives of H{(£2) and that will be our convention for this
thesis. Moreover, each quasi lower- and upper-semicontinuous function is
Borel measurable after a modification on a set of zero capacity. The proof of
the second statement can be found in [RW20, Sec. 2.1].
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Lemma 2.24 1. Each v € H}(Q) has a quasi-continuous representative
that is Borel measurable.

2. Letv: Q — RU{£o0} be quasi lower- or quasi-upper semicontinuous.

Then, there is a Borel measurable quasi lower-, respectively quasi upper-

semicontinuous function w such that v(w) = w(w) for quasi-all w € Q.

Proof. 1. This is implied by the proof of [BS00, Lem. 6.50].

2. We show the statement for a quasi upper-semicontinuous function v. By
Lemma 2.22, the sets {v < ¢} are quasi-open for all ¢ € Q. Hence, there
are open sets OF with cap(O%) < 1 such that the sets {v < ¢} U OS are
open. The set O, := (), oy O,

n

is a Borel set and satisfies cap(O.) = 0, by
monotonicity of the capacity. In addition,

ﬂ({v<c}UOn):{v<c}U ﬂOn:{v<c}UOc,
neN neN

i.e., {v <c}UO, is a Borel set aswell. Define

w(w) = {—oo if w e Ueeq Oc

v(w) else.

Then w is still quasi upper-semicontinuous and, by construction, Borel mea-
surable. Here, we have used countable sub-additivity of the capacity, see
[BS00, Lem. 6.48].

O]

The following lemma states that quasi-open sets have Borel measurable
representatives. A proof is given in [Wacl4, Lem. 2.2].

Lemma 2.25 Let O C Q be a quasi-open set. Then there exists a set M C Q)
with cap(M) = 0 such that O U M is a Borel set.

Now, we argue that quasi lower- and upper-semicontinuous functions can
be approximated pointwise quasi-everywhere by functions in H}(€2).

Lemma 2.26 Let v: Q@ — R U {400} be quasi lower-semicontinuous. and



2.5. Capacity theory 25

assume that v is nonnegative. Then there exists an increasing sequence
(Un)nen C HE(Q)4 with vy, — v pointwise quasi-everywhere.

Proof. We want to use the result in [Dal83, Lem. 1.5]. Since the statement
is posed for quasi lower-semicontinuous functions on R%, and not on €2, we
need to work with a capacity on all of R?. This can be defined as in [Dal83,
Sect. 1]. The function y — 1 is nonnegative and quasi lower-semicontinuous.
Moreover, if we extend this function by 0, it is quasi lower-semicontinuous
on all of R%. Now, [Dal83, Lem. 1.5] implies the existence of an increasing
sequence (Zm)men € H'(R?) with 0 < 2, and z,, / y — v pointwise q.e.
on R% From y — ¢ = 0 on R?\ Q, we have z,, = 0 q.e. on R?\ Q. Thus,
zm € H}(Q), see [HKM93, Thm 4.5]. Moreover, the capacity on R? is such
that also z,, /' y— 1 pointwise q.e. on ) w.r.t. the capacity we use on Q. [

The following lemma is taken from [HW18, Lem. 3.4].
Lemma 2.27 For every set £ C Q it holds
cap(E) = inf{||v||§{é(m |ve HY(Q) and v >1 qe. on E}. (2.7)

If cap(F) is finite, the infimum in (2.7) is attained by a nonnegative function
v withv=1 qe. onE.

For the following result, we refer to [BS00, Lem. 6.52]. It states that
convergent sequences in H& (©2) have subsequences which converge pointwise
quasi-everywhere on §2.

Lemma 2.28 Let (vy)nen € HE(Q), v € HE(Q) and assume that v, — v
in H(Q). Then there is a subsequence of (vy)nen, such that the sequence
(of quasi-continuous representatives of) (vn)nen converges pointwise quasi-
everywhere to (the quasi-continuous representative of ) v.

Lemma 2.29 Let O C Q be quasi-open and assume there is a sequence of
quasi-open sets (Op)nen such that (Op)nen s increasing in n and such that
O =q UnenOn-. Let v € HY(O). Then there is a sequence (vp)nen with
vn € HE(Oy) for each n € N such that v, — v in HE(Q). Furthermore, it
holds sup |vy,| < sup |v].
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Proof. The sequence (Op)nen represents a quasi-covering of O, see Re-
mark 2.30 therefore, combining [KM92, Thm. 2.10 and Lem. 2.4], we find
a sequence (vp,)pen such that v, — v in H}(Q) and such that each v, is

a finite sum of elements in J H}(Oy,). Furthermore, sup |v,| < sup |v].

meN
Since the sets O,, are increasing, for each n € N there is j € N such that
Up € ﬂoo - H}(Oy). We extend the sequence by adding copies of elements
in (vn)neN to the original sequence. This yields a sequence with the desired

properties. L]

Remark 2.30 Assume J is an index set and (O;), e a family of quasi-open
subsets of 2. Let E2 C €2 be a set. If there is a countable subfamily (O, )nen
with the property that

EnlJ 0, =4 E,
neN

then (Oj), e is also called a quasi-covering in the literature, see, e.g., [KM92|.

The following lemma can be found in [HW18, Lem. 3.6]. We also refer to
[Vell5, Prop. 2.3.14].

Lemma 2.31 Let O C Q be quasi-open. Then there exists a function v €
H}(Q) 4 such that {v >0} =4 O

Definition 2.32 (Sobolev spaces on quasi-open domains) Let O C Q be a
quasi-open set. Then we define

H}(0) := {v € HYQ) | v =0 q.e. outside O}.

By Lemma 2.28, for a quasi-open set O C ), the set H}(O) is a closed
subspace of H3(2). Moreover, for an open set O C €, the definition of
HZ(O) as in Definition 2.32 coincides (up to extension by 0 onto ) with
the classical definition of Hg(O) as the closure of C°(0) in H*(O), see, e.g.,
[HKMO93, Thm. 4.5].

Note that if 01,09 C Q are quasi-open sets which coincide up to a set of
capacity zero, then H}(O1) = H}(Oz) follows.
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2.6 ldentification of elements in H~1(Q2), with
measures

We use the following partial ordering on H~1(Q2). For ¢ € H~1(Q) we say
that

£€>0 e (E,0) >0 Yove HY D).

We denote the subset of nonnegative elements in H~1(Q) by H~1(Q).
Note that the composition of elements H () into positive and negative
parts is in general not possible, see also Example 6.8.
In this section we will see that elements in H (), can be identified with
nonnegative measures.

Let 1 be a nonnegative Borel measure on 2. Then p is called regular, if
pu(B) =sup{u(K) | K C B is compact} = inf{u(U) | BC U C 2 is open}

holds for every Borel set B C ). We say that p is a nonnegative Radon
measure on () if u is a nonnegative regular Borel measure which is finite on
compact subsets of Q. We denote by M, (£2) the set

M1 (Q) := {u | p is the completion of a nonnegative Radon measure on Q}.
(2.8)

The following lemma states that we can identify functionals in H~1(Q)y
with measures in M, (). For the proof we refer to [BSO00,
Thm. 6.54, Lem. 6.55, Lem. 6.56], see also [Wac14, Lem. 2.4].

Lemma 2.33 Let £ € H1(Q)y. Then & can be identified with a unique
element & of M (Q). For every Borel set E C Q with cap(E) = 0 it holds
£(E) = 0. In addition, the quasi-continuous representatives of v € HA(Q) are
g-z'ntegmble and it holds

6= [ v
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For the proof of the following result we refer to [HW18, Lem. 3.7|.

Lemma 2.34 Let ¢ € H ' (Q),. Then there exists a quasi-closed set
f-supp(€) C Q such that for allv € H () it holds E({v # 0}) = 0 if and only

v =0 g.e. on f-supp(&). The set f-supp(§) is unique up to a set of capacity
zero.

Remark 2.35 The quasi-closed set in Lemma 2.34 is called f-supp(§) since
it can be defined as the fine support of the measure &, i.e., the support of &
w.r.t. the fine topology on 2. We refer to [Wacl4, App. A] for the details.



CHAPTER 3

The obstacle problem

In this chapter, we introduce the variational inequality describing the obsta-
cle problem. We formulate and collect basic results for general variational
inequalities in Hilbert spaces and transfer these properties to the variational
inequality describing the obstacle problem.

Let ¢ € H-Y(Q). We consider the following formulation of the obstacle
problem

Findye Ky: (Ly—¢(z—y) >0 VzeKy. (OPyq)
Here, the closed convex admissible set Ky, is defined as
Ky:={2€ Hj(Q) | 2> qe. in Q} (3.1)

and 1) is quasi upper-semicontinuous and chosen such that K, # (. Note that
if b € H'(Q), then v has a quasi-continuous representative, see Lemma 2.23.
Since quasi-continuous functions are quasi upper-semicontinuous this setting
is also covered by our formulation. The operator L € L(H} (), H71()) is
coercive, i.e., there is a constant o > 0 such that

(Ly,y) > 0‘“3/”?{5(9)

holds for all y € HE(Q).

29
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3. The obstacle problem
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Figure 3.1. Obstacle problem for different force terms

IfL=-A,ie,

(Lv,w) = / Vol Vw dA?,
Q

the solution of (OP;q) coincides with the solution of the problem

. 1 2 d
_ d)\ _
yrg;gﬂ/Q!Vyl ()

Now, from a physical point of view, the solution of the obstacle problem
satisfies the principle of energy minimization.  Figure 3.1 illustrates the
solutions of an obstacle problem for four different exemplary force terms
¢e H ().

The outline of the present chapter is as follows. We consider a general
variational inequality in Hilbert space and show uniqueness and existence in
Section 3.1. Global Lipschitz continuity of the corresponding solution oper-
ator is also established. In Section 3.1.1, assuming that the Hilbert space

is equipped with a suitable partial ordering and that the differential opera-
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tor behaves well with this ordering, we derive that the solution operator is
increasing. Under assumptions on the admissible set, the directional differen-
tiability is derived in Section 3.1.2. The directional derivative itself is given
as the solution of a variational inequality on the critical cone. This famous
result is due to Mignot (see [Mig76]). In Section 3.2, we convince ourself that
the uniqueness, existence, Lipschitz continuity and monotonicity results also
apply to the variational inequality of interest, the obstacle problem. Finally,
in Section 3.2.1, the directional differentiability of the solution operator of
the obstacle problem is obtained. We introduce the active and strictly active
sets which are useful in the description of the critical cone.

3.1 Properties of solution operators of variational
inequalities

We consider the following formulation of an abstract variational inequality in
Hilbert space which includes the formulation of the obstacle problem (OP;q).

We fix the following assumptions.

Assumption 3.1 We assume that H is a real Hilbert space and that K C H is
a nonempty closed convex subset. Furthermore, let L € L(H, H*) be coercive,
i.e., let @ >0 be a constant such that

(Lh,h)g+ > a|h||}; VheH.
For ( € H*, we consider the variational inequality
Findye K: (Ly—(,z—y)m=g>0 VzeK. (VI)

The following result states that the variational inequality (VI) has a unique
solution and that the solution depends Lipschitz continuously on f € H*.
This classical result is originally shown in [Sta64, LS67].

Theorem 3.1 Suppose the conditions of Assumption 3.1 are satisfied. Then
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for each ¢ € H* the variational inequality (V1) has a unique solution. More-

over, the solution operator S: H* — H of (VI) is globally Lipschitz continu-

ous with Lipschitz constant o™ .

Proof. The idea of this proof is based on the proof given in [Rod87,
Thm. 4:3.1]. The existence and uniqueness part of the proof relies on an
application of Banach’s fixed point theorem. We denote by ¢: H — H* the
canonical isomorphism operator defined by

(«(h),g) =i = (h,9)H-

Let ¢ € H* be arbitrary. Moreover, for p > 0, we define the operator 7T),: H —
H* as

T,(0) = o(v) - plLv — C).
Then we can rewrite the variational inequality (VI) as
Find y € K : (y—L_lTp(y),Z—y)HZO VzeK. (3.2)

Now, y € K is a solution of (3.2) and thus of (VI) if and only if y € K is the
projection of :=}(T,(y)) onto the closed convex set K which we denote by

y=Pr((T(1))).

Therefore, we show that for appropriate p > 0 the operator R, := PKofloTp
has a unique fixed point in K. To apply Banach’s fixed point theorem, we
argue that R, is a strict contraction for appropriately chosen p > 0.

Let v,w € K. Since Py is a contraction,
IR, (v) = Rp(w)llr < [l H(Tp(v)) — ¢ H(Tp(w)) |

holds. Moreover, using coercivity and continuity of L, we estimate

1N (T () = e HTp(w) |1
— (NI 0) — T ) (T0) — T w))a
=(w—w—p Y(Lv — Lw),v —w — p.*(Lv — Lw)) g
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= |lv — w3 — 2p(Lv — Lw,v — w) g+ i + p*|| Lo — Lw||3-
< (1= 2ap + || Ll[Ze )P 0 — wlF-

This shows that for 0 < p < the operator I, is a strict contraction.

|ILH£( HH*)
Now, Banach'’s fixed point theorem yields the existence of a unique fixed point

of R, in K and thus the existence of a solution of (VI) for arbitrary ( € H*.

Denote by y; solutions of (VI) for (; € H*, i = 1,2. Testing the variational
inequalities describing y; with y;, @ # j, gives

(Lyi — Gi»yj — yi)u=,m > 0.

Summing up and using coercivity yields

allyr — vollfr < (Lyr — Ly2, y1 — y2) =m0
<(C1— oY1 — Y2)H* H
<61 = Glla-llyr — v2la-

This shows

1 =yl < o |G — Gl ae

We obtain the global Lipschitz continuity of the solution operator Siq: H* —
H. O

3.1.1 Monotonicity

The next proposition states that the solution operator of the variational in-
equality (VI) is increasing. Of course, we have to make sure that (VI) is
formulated in a suitable setting allowing for monotonicity statements.
Therefore, we assume that H = (H,>p) is a partially ordered Hilbert
space. We assume that for each h,g € H with h > git holds h+j > g+ j
for each j € H and tg > th for each ¢t > 0. Moreover, suppose that for any
h,g € H the elements sup(h,g) € H and inf(h,g) € H exist. Here, it holds
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z = sup(h, g) if and only if

zzph, z2>pg and j>ph,j>ng = j>u=z
Analogously, we have z = inf(h, g) if and only if

z<ph, 2<gg and j<phj<wg = j<usz

i.e., inf(h,g) = —sup(—h,—g). Note that under these assumptions, H is
often called a vector lattice in the literature, see e.g. [Bou04, Ch. 2, Def. 1],
[Rod87, Ch. 4:5]. For arbitrary h € H we introduce the notation hi :=
sup(h,0). Then one can easily show that sup(h,g9) = h + (9 — h)+ and
inf(h,g) = g — (9 — h)+, see [Rod87, Ch. 4:5].

The partial ordering on H induces a partial ordering on the dual space H*.
For p € H* we say that p >y~ 0 if and only if (p, h) g~z > 0 holds for all
h € H satisfying h >y 0.

Let K C H be a closed convex and nonempty set. We assume that for all
k,l € K we have sup(k,l),inf(k,l) € K.

Moreover, we assume that the operator L € L(H,H™) is strictly T-
monotone, i.e., for any h,g € H with (h — g)4+ # 0 it holds

(Lh — Lg,(h = g)+) a1 > 0. (33)

Of course, the condition in (3.3) can be simplified, but since the notion of
strict T-monotonicity exists also for nonlinear operators, we use the formu-
lation as commonly used in the literature.

The following result is taken from [Rod87, Thm. 5.1] and we also state the
proof given in this reference.

Proposition 3.2 Assume the conditions of Assumption 3.1 and, in addition,
let H be a vector lattice in the above sense and let L be strictly T-monotone.
We suppose that for all k,1 € K we have sup(k,l),inf(k,l) € K. Then the
solution operator S: H* — H of the variational inequality (V1) is increasing,
i.e., if C1,Co € H* satisfy (1 >p+ Ca, then it holds S(¢1) >m S(¢2).

Proof. For i = 1,2, let (; € H* such that {; — {2 >p~ 0 and set y; := S({).
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We test the variational inequality characterizing y; with z3 = sup(y1,y2) =
y1 + (y2 — y1)+ € K and the variational inequality characterizing y; with
zo = 1inf(y1,y2) = y2 — (y2 — y1)+ € K, respectively, and obtain

0 < (Lyr — (1,21 —y1) = {(Ly1 — C1, (Y2 — y1)+)

and

0 < (Ly2 — (2,22 — y2) = (Ly2 — G2, — (Y2 — y1)+)-

Adding up both inequalities we obtain

(Lyr — Ly2, (y2 —y1)+) = (1 — G2, (y2 — y1)+) > 0.

By strict T-monotonicity, we have (y2 —y1)+ = 0, i.e., y1 > ya. O

3.1.2 Directional differentiability

In the following, the directional differentiability of the solution operator S of
(VI) is derived and the directional derivative is characterized as the solution
of another variational inequality under the assumption that the closed convex
set K # () in (VI) is polyhedric.

To this end, we define the radial and tangent cone of a convex set as well
as the annihilator of a functional. For a convex set K C H we define the
radial cone to K at y € K and the tangent cone to K at y € K via

Ri(y):={he H|3t>0,y+the K} and Tk (y) := Ri(y).
(3.4)

For ¢ € H*, the annihilator £ is defined as
¢ ={he H|(hun =0}

The subsequent result is originally due to [Mig76]. We also mention the
related reference |[Har77|. Both references examine the differentiability of
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metric projections onto closed convex sets and also the extension to vari-
ational inequalities. In particular, if L is symmetric (and induces a scalar
product (-, ) on H), the variational inequality (VI) describes the projection
of the Riesz representative of ( € H=Y(Q) in (H, (-,-)1) onto K.

Theorem 3.3 Suppose the conditions of Assumption 3.1 are satisfied and let
¢ € H*. We denote by S the solution operator of (VI) and set y := S((),
& := Ly — (. Suppose that K is polyhedric at (y,—§), i.e., we assume that

Tie(y) NEL =R (y) NEL

Then S is directionally differentiable at ( € H*. The directional derivative
S'(¢;p) in direction p € H* is the solution & of the variational inequality

Find 6 € K (y,&): (L0 —p,z—8)p=m >0 VzeKg(y,), (3.5)
here K (y,€) := Ti (y) N &L denotes the critical cone.

Proof. We give a similar proof to the one that can be found in [Wacl9,
Thm. 5.2].

Let ¢,h € H* be arbitrary. For t > 0 we set y(t) := S(¢ + tp), i.e., y(t) is
the solution of the variational inequality

Find y(t) e K : (Ly(t) — ¢ —tp,z —y({t))g=uy >0 VzeK. (VL)

We observe

WO~y vy g

cf. (3.4). By Lipschitz continuity of S, see Theorem 3.1, we conclude

ly(t) = y(s)llzr = 1S(C +tp) = S(C+ sp)llar < o |plllt — s,
i.e., t — y(t) is Lipschitz continuous and it holds

o

<ot .
; <a pla

H
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y(t)—y
t

Thus, since (
0 such that

) . is bounded, there is a subsequence (t)ren wWith t; N\
>

y(te) —y s
tk
for some 6 € H.
Testing (VI) with z = y(tx) and dividing by ¢ > 0 we obtain

and taking the limit yields
(Ly = ¢, 0)r=1 = 0.
In particular, this implies

y(tr) —y

k—o0 ik

lim <Ly(tk) — (¢ — tgp, > = (Ly — ¢, 0)u+m > 0.
H* H

On the other hand, using (VI;), we have

y —y(tx)

0< <Ly(tk) — ¢ — tgp, i

) -Gt G0
H* H
We conclude (£, 8) g+ g = 0 and, using Mazur’s lemma, § € Tk (y) N &L

We want to show that the weak limit ¢ is the solution of (3.5). Using the
inequalities in (3.6) and (3.7), we obtain

y(te) —y y — y(tx)
<L P Sy >HH > 0. (3.8)

Note that || - || := /(L-, ) g+ u defines an equivalent norm on H. Thus,

using weak lower semicontinuity of norms, we derive

<L5 — P, _5>H*,H Z 0. (3.9)
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Now, let z € R (y) N &L, Note that we find s > 0 such that z = s(v — %)
for some v € K. Using this, as well as (VI;) and (Ly — (,2)g=n = 0, we
estimate

t —
<Ly( k)~ Y _p7z>
tk H* H

= <Ly(tk) — ¢ — tgp,

t — k—oo
25<Ly(tk)<tkp,y(’“)y> 2 s(Ly — (6 per = 0.
tk H* H

This shows

tr) — 00

<Ly(k)y_p7z> ki <L5_p,Z>H*,H20
tk H*H

In particular, we have (Ld —p, z) g+ g > 0 for all z € Rg(y) N &L = K (y, )

by polyhedricity. Putting this together with (3.9), we have shown that § is
the unique solution of the variational inequality (3.5).
This also shows that ¢ is the unique weak limit of the complete sequence

(y(tl;y> v We show that it is also the strong limit of this sequence. Set
>

dy = % for a sequence (tg)peny with ¢t N\, 0. From the variational
inequality (3.5) we obtain (L§ — p,d) g« g = 0. Using this and weak lower
semicontinuity of norms we derive

liminf ||dg||3 = liminf(Ldy, di) g n
k—o0 k—o0
> (L6, 6)u+ 1
= <p7 5>H*,H
= lim (p,dk)
k—o00

> lim sup || di |7
k—o0
Here, in the last step the inequality in (3.8) was used.

This consideration shows ||dg||r, — ||9]|z. Since || - ||z is equivalent to || - | 7
and since (dy)ren converges weakly to 0, we obtain that k]im dy, = 0 strongly
— 00
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in H. OJ

3.2 Properties of the solution operator of the
obstacle problem

We consider again the variational inequality (OP;q) describing the obstacle
problem. Let us first collect our assumptions on the data.

Assumption 3.2 Let ¢: Q — R U {—o0} be quasi upper-semicontinuous
and assume that the admissible set Ky in (3.1) is nonempty. Suppose that
L € L(HYQ),H71(Q)) is a coercive operator and let o > 0 be a constant
such that

(Lz,z) > O‘HZ”%%(Q)
holds for all z € HL(S).

The following theorem is a corollary of Theorem 3.1 and states that for
each ¢ € H~1(Q) the obstacle problem in (OP;q) has a unique solution and
that the corresponding solution operator Siq: H~1(Q) — Hi(Q) is globally
Lipschitz continuous. This shows that we are in a setting where generalized
derivatives in the sense of Definition 2.12 for the operator Siq can be defined.

Theorem 3.4 Suppose the conditions of Assumption 3.2 are satisfied. Then,
for each ¢ € H~Y(Q), the variational inequality (OPiq) has a unique solution.
Moreover, the solution operator

Siq: H Q) — HY(Q)
is globally Lipschitz continuous with Lipschitz constant o '.

We use the notation Siq for the solution operator of (OPiq) on H~1(f) to
distinguish it from solution operator of the obstacle problem on subspaces,
see Chapter 4.
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Next, we apply Proposition 3.2 to the obstacle problem. First recall that
H&(Q) is a partially ordered space together with the partial ordering

v>w & v>waeon & v>wqge onQ (v,we€ HY(Q)),

compare Section 2.4 and Lemma 2.21. Moreover, max(v,w) and min(v, w)
exist for all v,w € H}(Q). In particular, Ky is closed under taking suprema
and infima of its elements, i.e., from k, 1 € Ky it follows max(k, ), min(k, 1) >

1 q.e. on €.

As usual, we use the ordering
p>0 < (pv)>0 Yoc HNQ), (p € H1(Q))

in the dual space H (), see Section 2.6. Assuming strict T-monotonicity
of the operator L € L(H}(2), H1(£2)) we obtain the following monotonicity
result for the solution operator Siq of (OPjq) as a corollary of Proposition 3.2.

Proposition 3.5 Suppose the conditions of Assumption 3.2 are satisfied and,
i addition, assume that L s strictly T-monotone. Then the solution operator
Siq of (OPiq) is increasing, i.e., if (1,2 are elements of H=1(Q) satisfying
(1 > (o, then it holds Siq((1) > Sia(C2) in HE(Q), i.e., a.e. and g.e. in Q.

3.2.1 Directional differentiability

We define the following subsets of {2 that are useful to describe the critical
cone and essential for the analysis of generalized derivatives in the upcoming
chapters. For ¢ € H71(Q), we define the active set A(¢) by

A(C) i=q {w € 2] Sia(Q)(w) = P(w)}-

As described in Lemma 2.23, by considering quasi-continuous representatives
of Sia(¢) € H} (), the set A(() is quasi-closed and defined up to a set of
capacity zero, see also Lemma 2.22. Since we can assume that i is Borel
measurable, cf. Lemma 2.24, A(() is Borel measurable. We also define the
inactive set I(() :=q 2\ A(¢), which is a quasi-open set.
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// ’\r\\ //\ AV
Q A(Q) p Q A(Q) b

(a) Active set for force term ( =0  (b) Active set for force term ¢ <0

Q / o / A0)

(c) Active set for force term ¢ > 0 (d) Active set for force term ¢

Figure 3.2. Active sets for different force terms, compare Fig. 3.1

Figure 3.2 shows an example where the corresponding active sets for dif-
ferent values of ¢ € H~1(Q) are depicted.

Note that we have the following consequences of Proposition 3.5 on the
inclusion of active and inactive sets.

Lemma 3.6 Suppose the conditions of Assumption 3.2 are satisfied and, in
addition, assume that L is strictly T-monotone. Suppose (1,(a € H ()
satisfy (1 > Co. Then it holds

1. A(Cl) gq A(C2):
2. I(Cl) Qq I(<2)'

Let ¢ € H~Y(Q) and y := Siq(¢). In the analysis of the obstacle problem,
the multiplier Ly—( appearing in the variational inequality (OPiq) is relevant.
In fact, the admissible set in the variational inequality for the directional
derivative, the critical cone, see Theorem 3.3, is the intersection of the tangent
cone Tk, (y) and the annihilator of the functional Ly — (. Before we state the
corresponding directional differentiability result for the solution operator Sig
of the obstacle problem (OPjq), let us therefore collect some features of the
corresponding functional Ly —¢ € H~ (). The properties established in the
following lemma will be the basis to find a characterization of the critical cone
Kk, (y). The result can be found in [Wacl4, Prop. 2.5] in case the obstacle
v is in H'(Q). Since we assume v to be merely quasi upper-semicontinuous,
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we use another argument to show the result in the second statement of the

lemma.

Lemma 3.7 Suppose the conditions of Assumption 3.2 are satisfied. Let
¢ € H Y(Q) be arbitrary and denote y := Siq(¢) and & := Ly — ¢ € H-Y(Q).
Then the following statements hold.

1. The functional & is nonnegative. It can be identified with measure £ €
M (Q) fulfilling the properties described in Lemma 2.33, i.e., for every
Borel set E C Q with cap(E) = 0 it holds £(E) = 0 and the quasi-
continuous representative of v € Hg(Q) is E-integrable and it holds

60 = [ v

2. The measure & satisfies E(1(¢)) = 0.

Proof. 1. Let v € H}(Q)4+. Then it holds y + v > ¢, i.e. y + v € K. Now,
since y is the solution of (OPjq), it holds

(&, v) = (& (y+v) —y) >0.

Since v € H{ ()1 was arbitrary, this shows that ¢ is nonnegative. Applying
Lemma 2.33 we obtain the statement.

2. The function y — 1 is quasi lower-semicontinuous. By Lemma 2.26, since
y — 1) is nonnegative, there exists an increasing sequence (vy,)nen € HE ()
with v, — y — ¥ pointwise quasi-everywhere. We have v, <y — 1 q.e. in
and thus —v, +y € Ky. This implies for all n € N

0§<57_7)n+y—y>:/_vn dé

Q

Since —v, < 0 g.e. on £ and thus E—a.e., see (1.), we conclude v, =0 g—a.e.
on Q. By pointwise q.e. convergence of (vp,)nen to y — 1 we have

U {v, >0} =4 I(C).

neN
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Thus, since &({v, > 0}) = 0 for all n € N and since ¢ vanishes on sets of
capacity zero we conclude

£(1(¢) =£(U{un > 0}> =0

neN

by o-subadditivity of 5 .
O

In fact, the properties of the lemma hold for all elements in —7k, (y)°,
compare [Wacl4, Prop. 2.5]. Note that £ as in Lemma 3.7 is an element of
—Tk, ().

The polyhedricity of the admissible set Ky, in (3.1) is established in [Mig76,
Thm. 3.2] and a version of this result is stated in the following lemma. We also
refer to [Wacl9, Thm. 4.18] and [Har77]. The formulation in Lemma 3.8 will
also include the polyhedricity of the admissible set for the bilateral obstacle
problem, see Chapter 6.

Lemma 3.8 Suppose ©: Q — R U {—o0} is a quasi upper-semicontinuous
function and p: Q — RU{+00} is quasi lower-semicontinuous. Assume that
the admissible set

K;DI:{ZEH(%(Q)|1/J§ZSQOQ.6. in Q}

is nonempty. Let L € L(HJ(Q), H1(Q)) be coercive. For an arbitrary ¢ €
H=1(Q) let y be the unique solution of

Findye K+ (Ly—(2—y) >0 Vze K7 (3.10)
and & := Ly — (. Then Kf; is polyhedric at (y, —=§).

Note that by choosing ¢ := 400 on 2 the variational inequality (3.10)
is equivalent to the unilateral obstacle problem as in (OP;q). We state the
result in Lemma 3.8 in this more general fashion so that it can also be applied
in the analysis of the bilateral obstacle problem in Chapter 6.

Using the polyhedricity of K, as in Lemma 3.8, the directional differ-
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entiability of the solution operator Sjq of (OP;jq) can be obtained and the
variational inequalities describing the directional derivatives can be charac-
terized. We refer again to [Mig76] for this result. The structure of the critical
cone was analyzed in [Wacl4, Lem. 3.1|. We state the proof from [Wacl4,
Lem. 3.1] and modify it to the case where the obstacle is a general quasi
lower-semicontinuous function.

Theorem 3.9 Suppose the conditions of Assumption 3.2 are satisfied. Then
the solution operator Siq: H=1(Q) — HL(Q) of (OPyq) is directionally differ-
entiable. Let ( € H=Y(Q) be arbitrary and set y := Siq(C), & := Ly — (. Then
the directional derivative Si;((;p) for arbitrary p € H=Y(Q) is the solution &
of the variational inequality

Find § € Kk, (y,§): (Lo —p,z2—03) >0 Vze Kk, (y,8). (3.11)

Here, the critical cone Kk, (y,§) = Tk, (y) N &L has the following structure.
There ezists a quasi-closed set As(C) Cq A(C) which is unique up to a set of
capacity zero such that

Kr,(y,€) ={z € HY(Q) | 2>0 ge in A(C) and (£,2) =0}
={2€ H}(Q)|2>0 ge. in AC) and z =0 g.e. in A(¢)}.
(3.12)

Proof. Using Lemma 3.8 and Theorem 3.3, we immediately obtain the di-
rectional differentiability of the solution operator Sijg on H*. Moreover, for
arbitrary ¢,h € H~1(Q), the directional derivative S/;(¢;h) is the unique
solution of the variational inequality in (3.11).

Now, we verify the characterization of the critical cone stated in (3.12).
Therefore, we proceed as in the proof of [Wacl4, Lem. 3.1].

By [Mig76, Lem. 3.2, the first equation in (3.12) holds. Since £ = Ly — ¢
is a nonnegative functional in H~!(Q) it can be identified with a regular
Borel measure &, see Lemma 3.7. Let z € H}(Q) with z > 0 q.e. in A(C).
Lemma 3.7(1.) implies z > 0 &-a.e. in A(C). Using the integral representation
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of £ in Lemma 3.7(1.) and £(I(¢)) = 0, see Lemma 3.7(2.), we conclude

<§,z):/ﬂzd§::/A(Ozd§~.

Since z > 0 £-a.e. in A(C), it holds

<§,z):/A(Ozd§:0

if and only if z = 0 £-a.e. on A(¢) and, using again 5(1(@)) = 0, see
Lemma 3.7, if and only if z =0 f—a.e. on (.
This shows

Kr,(y,6) ={z € HYD) | 2> 0qe in A(C) and z = 0 E-a.e.}.

Now, Lemma 2.34 yields the existence of a set As(() :=q f-supp(§) which
is unique up to a set of capacity zero such that the critical cone has the
structure as in (3.12).

Finally, we show the inclusion Ag(¢) Cq A({). Since y — 9 is quasi lower-
semicontinuous and nonnegative, we find an increasing sequence (vp)pen C
HE(Q)+ with v, — y—1) pointwise quasi-everywhere, see Lemma 2.26. With
the arguments as in the proof of Lemma 3.7, we have

U {vn > 0} =4 1(0).

neN

Now, £(I(¢)) = 0, see Lemma 3.7, implies v, = 0 é-a.e. on Q for all n € N
and using Lemma 2.34 we conclude v, = 0 q.e. in A5(¢). By pointwise q.e.
convergence of (v, )pen to y — 1 we conclude y = ¢ q.e. on Ag(¢). This shows

The second equality in (3.12) gives an implicit characterization of the
strictly active set As(¢) and the second characterization of the critical cone
describes the pointwise behaviour of its elements.

We often need the following properties of the strictly active set Ag(¢) which
are also contained in the proof of Theorem 3.9.
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o / 4.0 Av@) o / .0 Vy

(a) Strictly and weakly active set for (b) Strictly and weakly active set for
force term ( =0 force term ¢ <0

//\r\\ //\/\\
Q % Q As(€) W

(c) Strictly and weakly active set for (d) Strictly and weakly active set for
force term ¢ > 0 force term (

Figure 3.3. Strictly and weakly active sets for different force terms, compare
Fig. 3.1

Corollary 3.10 Suppose the conditions of Assumption 3.2 are satisfied. Let
¢ € HY(Q) be arbitrary and denote by y := Siq(¢) and by € := Ly — (. Let
z € H}(Q). Then the following statements are equivalent

(i) It holds z = 0 g.e. in As(C) = f-supp(€).

(i) It holds z = 0 £-a.e. in Q.

and imply (€,z) = 0. Here, € € M, (Q) is as in Lemma 3.7.

Proof. Since Aq(¢) = f-supp(§), the equivalence of the two statements is
described in Lemma 2.34. The implication follows from the identification of
¢ with the measure £, see Lemma 3.7(1.). O

For ¢ € H71(2), we also define the weakly active set Ay (¢) as the com-
plement of the strictly active set in the active set, i.e., we set

Aw(C) 7=q A(O) \ A5(C)-

In Fig. 3.3, an example is shown where the strictly active and the weakly
active sets are illustrated for four different elements ¢ € H~1(€2). We can
interpret the strictly active set as the part of the active set where there is a

pressure between the membrane and the obstacle.



CHAPTER 4

Generalized derivatives for the
composition with an operator

In this chapter, we construct generalized derivatives in 0FSf(-) (see Def-
inition 2.12) for the composition of the solution operator of the obstacle
problem with a general monotone and continuously differentiable operator
f:U — H1(Q) on a control Banach space U with suitable properties. This
composition is the solution operator Sy := Siqo f: U = H} () of the gener-
alized obstacle problem

Findy € Ky: (Ly— f(u),z—y) >0 Vze Ky (OPy)

with forces f(U) C H~Y(Q). In particular, only a subset of H~1(£2), more
precisely the image f(U) in H~(f2), can be realized as input data of the
variational inequality (OPy). In optimization problems, it is often the case
that the set of admissible right-hand sides is a restricted subset of H~1(Q)
and this situation can be covered by the formulation in (OPy). Of course, the
formulation (OP) includes also the basic obstacle problem with distributed
controls by considering f = id: H=}(Q) — H~Y(Q).
The admissible set Ky, in (OPy) is defined as

Ky :={z€ Hj(Q) | 2> qe. in Q}.

47
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Throughout this chapter, we assume that Q C R? is open and bounded, and
L € L(H}(Q), HY(Q)) is coercive. The obstacle ¢:  — RU{—o0} is a quasi
upper-semicontinuous function which is chosen such that the admissible set
K, is nonempty.

In addition, we sometimes use that L is strictly T-monotone, which is
the statement of the following assumption. Recall the definition of strict
T-monotonicity from (3.3).

Assumption 4.1 We assume that L € L(H}(Q), H 1(Q)) is strictly T-
monotone operator.

The assumptions on the obstacle ¥ are minimal and allow for a wide class of
possible functions including thin obstacles, where the inequality constraints
Yy, z > 1 are prescribed only on a small subset of €2, possibly a subset of capac-
ity zero. Recall that coercivity of the operator L is needed to show existence
and uniqueness of a solution of (OPy) and strict T-monotonicity implies
that the solution operator Sig of (OPf) with f = id: H 1(Q) — H1(Q)
is increasing, see Section 3.2. Of course, if f: U — H () is defined on
a partially ordered Banach space and increasing then also the composition
S = Siao f, the solution operator of (OPy), is increasing. This monotonicity
of S} is a central property in our arguments in this chapter, since the respec-
tive active sets and strictly active sets inherit such a monotonicity property
in the sense of inclusions.

In this chapter, U is a always a Banach space and f: U — H~1(f2) is an
operator that is included in the variational inequality (OPf). For the main
results, we impose the following additional assumptions on U and f which
are collected in the subsequent Assumption 4.2.

Assumption 4.2
1. We assume that the operator f: U — H~1() is defined on a partially
ordered Banach space (U,>y). In addition, let f be increasing, i.e.,
uy >y ug implies f(u1) > f(u2) in H1(Q).
2. The operator f is continuously differentiable.

3. U is separable and there is a partially ordered Banach space (V,>v)
such that the positive cone P = {v € V : v >y 0} has nonempty interior



49

and 'V is embedded into U. The order relation >y has the property that
for all v,w € V with v >y w it holds v+ z >y w+ z forall z € V
and tv >y tw for all t > 0. We assume that the linear embedding
t:'V = U s continuous, dense and increasing, i.e., compatible with the
order structures tn' 'V and U. This means that v € V with v >y 0
implies 1(v) >y 0 in U.

We give some examples of operators f and (control) spaces U, V that can
enter the optimal control problem (OPf). For example, the operator f can
realize controls given as L?(£) functions with support in an open subset Q of
Q by choosing U = L?(Q2) and f the embedding of L?(Q) into H~1(£2). In this
case, one may choose V = CC(Q). Next, the range of f can consist of weighted
sums Y 1, u;¢; with fixed nonnegative functionals ¢; € H-1(Q),i=1,...,n
by setting U = V = R™ and f(u1,...,up) = Yy u;i(;. Moreover, U can
be a closed linear subspace of H~1(Q) satisfying Assumption 4.2, where f is
the embedding of U into H~1(£2). Hence, in particular also different types of
sparse controls are possible. In particular, the assumptions on f include also
the choices U = H~1(Q), f(u) = id(u) = v and U = L%(Q), f: L*(Q) —
H~1(Q), which are interesting from a theoretical point of view.

At the beginning of our analysis, we will see that the Gateaux derivatives
of Sy in points u € U at which Sy is Gateaux differentiable are characterized
as solution operators of variational equations. The admissible sets in these
variational equations are sets H}(D) where the domain D is any quasi-open
set satisfying I(f(u)) Cq D Cq 2\ As(f(u)). Here, we use the notation
I(f(u)) for the inactive set in f(u) € H~ () as introduced in Section 3.2.1
and Ag(f(u)) for the strictly active set in f(u) introduced in Theorem 3.9.

Now, for an arbitrary element v € U, the goal is to construct an element in
0 S¢(u), which is defined as in Definition 2.12. This means, we are looking
for limits of the derivatives (S;c (un))nen in the strong operator topology for
sequences (up)nen € U of points at which Sy is Gateaux differentiable and
which converge to u. The tool to analyze the convergence of (S%(un))nen
and to find a characterization of the limit is Mosco convergence. This notion
of convergence for sequences of nonempty closed convex (admissible) sets
is related to the convergence of the solutions of the respective variational
inequality, see [Mos69]. In fact, the convergence of (Hg(Dy,))nen in the sense
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of Mosco implies the convergence of the Gateaux derivatives (S} (un))nen
which are shown to be solution operators of variational equations.

Thus, one of the main tasks in this chapter is to analyze the Mosco conver-
gence of the admissible sets. We will see that a particular monotonicity of the
sequence (up)nen ensures the Mosco convergence of the sets H (I(f(uy))) to
H(I(f(u))) and the opposite monotonicity ensures the Mosco convergence
of the sets H(Q\ As(f(un))) to HY(Q\ As(f(u))). Since the assumptions
on the positive cone in U allow us to apply Rademacher’s theorem and to
construct suitable increasing and decreasing sequences (uy)nen of points at
which the locally Lipschitz continuous operator Sy is Gateaux differentiable
and that converge to u, these considerations lead us to generalized derivatives
in O5'Sy (u).

The outline of the chapter is as follows. We derive characterizations of
Gateaux derivatives S}(u) as solution operators of variational equations in
points u at which Sy is Gateaux differentiable. The admissible sets in the
variational equations are Sobolev spaces H} (D) for quasi-open sets D sat-
isfying I(f(u)) Cq D Cq @\ As(f(u)). Moreover, the relation between
Gateaux differentiability of Sy in w and the validity of the strict comple-
mentarity condition A(f(u)) =q As(f(u)) is discussed in Section 4.1.1. In
Section 4.2, the tool of Mosco convergence is introduced and its relevance
in the analysis of convergence of solutions to variational inequalities is reca-
pitulated. Using Rademacher’s theorem in infinite dimensions, we show in
Section 4.3 that increasing and decreasing convergent sequences in U where
the solution operator Sy is Gateaux differentiable exist for arbitrary limits.
The set-valued maps u — Hg(I(f(u))) and u +— HZ(Q\ As(f(u))) are ana-
lyzed in Section 4.4. In Section 4.4.1, it is shown that these maps are also
monotone which implies that (H3 (I(f(un))))nen and (HE(Q\ As(f (un))))nen
are increasing or decreasing sequences if (u,)nen is chosen increasing, re-
spectively decreasing. The role of suitable monotonicity properties in the
study of Mosco convergence is motivated and demonstrated by means of an
example in Section 4.4.2. The Mosco convergence of the admissible sets
(Hg(Dn))nen for Dy, i=q I(f(un)) or Dy, :=q Q\ As(f(un)) using increasing,
respectively, decreasing sequences (up)nen is established in Section 4.5. We
summarize our results and obtain generalized derivatives in 0S¢ (u) in Sec-
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tion 4.6. From the characterization of these generalized derivatives, we easily
obtain subgradients in Clarke’s generalized differential when considering the
reduced objective function w.r.t. a continuously differentiable objective func-
tion J: H}(Q) x U — R and the state equation y = Sf(u). A representation
of such Clarke subgradients is obtained in Section 4.7.

A huge part of the results in this chapter is based on the paper [RU19|.
The newer results analyzing the monotonicity and the Mosco convergence
properties of the sets Hg(Q\ As(f(w))) appear in [RU20).

4.1 Characterization of Gateaux derivatives

In Theorem 3.9, we have seen that the directional derivatives S!;({;p) for the
solution operator Siq of (OP;q) on H~1(Q) and for ¢,p € H~1() are given
by the solution of the variational inequality

Find § € Kk, (y,§) 1 (L0 —p,z—6) >0 Vze Kk, (y,&). (4.1)

Here y := Sjq(¢) and & := Ly — (. Moreover, we have seen that the critical
cone K, (y,§) has the following structure

K, (y.€) ={2€ Hy(Q) | 2> 0 q.e. on A((),2=0qe. on A(()}. (4.2)

In order to obtain the directional derivative for the solution operator of
(OPy) on U, i.e., for the composite mapping Sy = Siq o f for an opera-
tor f: U — H~1(Q) as specified before, we will apply a chain rule for the
directional derivatives.

For arbitrary directionally differentiable mappings the chain rule does not
hold. Thus, we use the stronger form of Hadamard directional differentiabil-
ity, as introduced in Definition 2.3.

We obtain the following corollary on directional differentiability in the
Hadamard sense for the solution operator Siq of (OPy) for f =id.

Proposition 4.1 The solution operator Siq: H=1(Q) — H(Q) of (OPyq) is
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directionally differentiable in the Hadamard sense.

Proof. Since Sjq is Lipschitz continuous, see Theorem 3.4, the statement fol-
lows from Proposition 2.5. [

Applying the chain rule from Lemma 2.6, we obtain the following result.

Proposition 4.2 Assume that the operator f: U — H~1(Q) is directionally
differentiable. Then the solution operator Sg: U — HE(Q) of (OPy) is direc-
tionally differentiable. For given u,h € U, the directional derivative S}(u; h)
1s given by the solution of the variational inequality

Find § € Ki,(y,€) (L6 — f'(u;h),2—=8) >0 VzeKg,(y,8). (4.3)

Here, y := S¢(u), & == LS¢(u) — f(u) and f'(u;h) denotes the directional
derwative of f in u € U and in direction h € U. Moreover, we have

ICKw(y,ﬁ) = {z € H&(Q) | 2>0 ge on A(f(u)),z=0 g.e. on As(f(u))}
(4.4)

Proof. This follows from the Hadamard directional derivative of Sjq, see (4.1),
(4.2), and the chain rule in Lemma 2.6. O

We now specify the behavior of S} in points where Sy is Gateaux differen-
tiable.

Theorem 4.3 Assume that f: U — H () is directionally differentiable.
Suppose that the solution operator Sy of (OPy) is Gateauz differentiable at
uw e U and let h € U be arbitrary. Then the directional derivative S}(u; h) is
determined by the solution of the variational equation

Find § € HY(D): (LS — f'(u;h),z) =0 Yz H)(D). (4.5)

Here, any quasi-open set D with I(f(u)) Cq D Cq Q\ As(f(u)) is admissible
and provides the same solution 6.

Proof. The assumption that u is a point where Sy is Gateaux differentiable
implies that S%(u;-) is linear and the image is a linear subspace of HE(Q).
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By the characterization (4.3) in Proposition 4.2, the image of S¢(u;-) lies
in a linear subspace of the critical cone Kk, (y,§) for y = Sy(u), § = Ly —
f(u). The structure of the critical cone, cf. (4.4), implies that S(u;h) €
HY(I(f(w))) for all h € U, since HY(I(f(u))) is the largest linear subset
contained in the critical cone. Thus, for all h € U it holds

(LSF(u;h) = f'(wsh), z = Sp(ush)) >0 V2 € Hy(I(f(u))) € Kk, (y,€)-

Since H}(I(f(w))) is a linear subspace, the variational inequality becomes a
variational equation and thus S} (u; h) is determined by the unique solution
of the variational equation (4.5) for D =q I(f(u)).

On the other hand, the image of S¢(u;-) is also contained in the linear hull
of the critical cone Kg, (y,), the set Hj(Q\ As(f(u))). We argue that the
inequality

(LS} (us h) = f'(u; h), 2 — S(u; h)) >0

is fulfilled for all test functions z from H{(Q2\ As(f(u))), and not only from
the subset K, (y,§).

Fix 2z € Kk, (y,§) and take an arbitrary h € U. Then the test function z
fulfills the variational inequality for the direction —h, namely

(LS}(u; —h) — f'(u; —h), z — S}(u; —h)) >0
or, equivalently,
(LS} (u;h) — f'(u; h), =z — Sp(us b)) > 0.

This shows that —z is also an admissible test function for the direction h.
Now, consider an arbitrary z € H}(Q\ As(f(u))). Then we can write 2z =
zy —z_, where z4 = max(0, z) denotes the positive part and z_ = —min(0, 2)
the negative part of 2. We conclude 2, z— € Kg, (y,§). Since Kr,(y,§) is a
cone, 2z, respectively 2z, are in K, (y,€) and it holds

(LS} (u; h) = f'(u; h), 224 — Sp(u; h)) >0
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and
(LS%(us h) = f'(u;h), —22— — Sy(us h)) > 0
for all h € U. Adding up both inequalities and dividing by 2 yields
(LS}(ush) = f'(u; h), 2 — S (u; b)) > 0.

Therefore, each z € HE (2 \ As(f(u))) is a valid test function and S’ (us h) is
the unique solution of the variational equation (4.5) for D =4 Q\ As(f(u)).

Consider now an arbitrary quasi-open set D with I(u) Cq D Cq Q\
As(f(w)). Then we have H}(I(f(u))) € HY(D) C H(Q\ As(f(u))) and
together with what we have shown already, this implies that for arbitrary

h € U, S%(u; h) is the solution of (4.5). O

4.1.1 Relation to strict complementarity

In this subsection, we discuss the connection between Géateaux differentia-
bility of the solution operator Sy of (OPj) and the validity of the so-called
strict complementarity condition. We say that the strict complementarity
condition holds in f(u) € H=1(Q) if the equality A(f(u)) =q As(f(u)) holds
(up to a set of capacity zero).

From Proposition 4.2 and in particular, from the characterization of the
critical cone in (4.4), it follows that strict complementarity in f(u) implies
Gateaux differentiability of Sy in u € U, since the critical cone turns into a
linear subset. Beyond that, we obtain the following result, which states that
for certain operators f the strict complementarity condition is also necessary
for Gateaux differentiability. For parts of this result, we refer to [RW20,
Lem. 2.6].

Lemma 4.4 Assume f: U — H™1(Q) is Gateaux differentiable at u € U.
If the strict complementarity condition holds in f(u) € H-1(Q), then the
solution operator Sg: U — H}(Q) of (OPy) is Gateauz differentiable at u €
U.
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Moreover, if v is a continuous and dense linear embedding v: U — H~(Q),
then the solution operator S,: U — H} () is Gateaux differentiable at u € U
if and only if the strict complementarity conditions holds in t(u).

K, (y,€) = {z € Hy(2) | 2 = 0 q.e. on A(f(u))} = Hy(I(f(u))) is a linear
subspace and the variational inequality (4.3) for the directional derivative

S’ (us h) reduces to

/—\

Proof. Let us assume A(f(u)) =q As(f(u)). Then the critical cone
f

~—

Find 0 € Kk, (y,€) : (L6 — f'(u;h),2) =0 Vz € Kk, (y,£).

Now, linearity of S} (u; -) follows from linearity of f'(u; -) and from the unique-
ness of solutions of variational inequalities. Moreover, boundedness of S f( i)
follows from boundedness of f/(u;-), since

02|} (s )2y ) < (LS} (s 1), S} (s )

= (f'(ush), S§(u; b))
< L (s ) -2 157 (s 1) gy -

Thus, if the strict complementarity condition holds in f(u), then Sy is
Gateaux differentiable at u € U.

For the second statement of the lemma, we first show that if Sjq is Gateaux
differentiable at ¢ € H~'(Q), then the strict complementarity condition
A(C) =q As(¢) holds. Thus, let us assume that Sig is Gateaux differentiable
at ¢ € H~1(Q). Denote y := Siq(¢) and ¢ := Ly — ¢. Arguing as in the proof
of Theorem 4.3, we see that the image of Sjy(;-) is contained in K, (y,§).
Conversely, let v € Kk, (y,€) be arbitrary. We know that Si;(¢; Lv) is the
solution of

Find 6 € K, (y,8) : (Ld — Lv,z—6) >0 Vze Kk, (y,8). (4.6)

Thus, we can derive S{;(¢; Lv) = v, since v solves (4.6). This implies that
Kk, (y,€) coincides with the image of S{4((;-). Thus, Kk, (y,€) is a linear
subspace of H{ () and we have shown Kr,(y,§) = HE(I(€)), since HY(I(Q))
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is the largest linear subset of K, (y,€). In summary, we have

H{(I(C)) = Kk, (y,€) € Hy (2 As(Q)).

Now, for v € HE(Q\ As(¢))+, we have v > 0 q.e. in Q. This implies v €
Kk, (y,§) by the structure of the critical cone, see (4.2), and, since Kg, (v, §)
is a linear subspace, we also have —v € Kk, (y,€). This leads to v > 0 and
v <0 q.e. on A(C). Therefore, v € H}(I(¢)). This shows

Hy(1(0) = K, (y:€) = Ho(2\ As(¢)). (4.7)

By Lemma 2.31, we find v € H{(Q)4 satisfying {v > 0} =4 Q\ As(u). In
particular, v is an element of HE(Q\ As(¢)) and by (4.7) also of H(1(¢)), i.e.,
v =10gq.e. on A(¢) 2q A(¢)\ As(¢). By choice of v this implies A(¢) =4 As(().
We have shown that the strict complementarity condition holds in ¢ &€
H~YQ) if and only if Siq is Gateaux differentiable at (.
Assume now S, is Gateaux differentiable at u € U. We apply Lemma 2.7
and deduce that Sjq is Gateaux differentiable at ¢(u).

By what we have shown, the strict complementarity condition holds in ¢(u),
ie., A(t(u)) =q As(t(u)). O

Remark 4.5 In particular, if Q C R? is bounded, any space LI(Q) with ¢ > 2
is densely embedded into H~1(£2). Moreover, C2°(f2) is densely embedded
into H~1(£2). Denote the respective embeddings by ¢: U < H~(Q). We
have shown that S, is Gateaux differentiable at w if and only if A(u) =4 As(u).

Example 4.6 For f in the generality of Assumption 4.2 the strict com-
plementarity condition is not necessary for Gateaux differentiability. As a
counterexample consider the following setting. Let p € H~1() such that
the strict complementarity condition is not satisfied in p. Now, consider the
constant map

I L2(Q) — H_I(Q),v = p.

Then f fulfills the assumptions of Assumption 4.2 and Sy is constant and
thus Gateaux differentiable. Yet, the strict complementarity condition is not
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fulfilled in p.

4.2 Mosco convergence of admissible sets

The goal of this section is to introduce the notion of Mosco convergence as
a tool to show convergence of solutions to varitional inequalities. In order to
obtain elements of 95Sy(u), the convergence analysis of Gateaux derivatives
(S}(un))neN in sequences (un)neny With u, — wu is indispensable. We have
seen in Theorem 4.3 that the Gateaux derivatives S’ (u,) are solution opera-
tors of variational equations. Thus, a criterion on convergence of solutions to
variational equations, or, more generally, variational inequalities, is of high
interest for our purpose.

We introduce the notion of Mosco convergence in the following definition.
The concept of this convergence for closed convex sets goes back to [Mos69|.
In this form, the definition can be found in [Rod87, Ch. 4:4].

Definition 4.7 (Mosco convergence) We say that a sequence (Cp)pen of
nonempty, closed, convex subsets of a Banach space X converges to a set
C C X in the sense of Mosco if the following two conditions hold.
1. For each x € C there exists a sequence (zp)nen such that z, € C,
holds for every n € N and such that x, — x in X as n — oo.
2. Assume (Zn, )ken is a subsequence of a sequence (z,,)neny C X fulfilling
xn € Cp for all n € N. If for some x € X we have z,, — x in X, then
the weak limit x is an element of C.

If (Cp)nen converges towards C' in the sense of Mosco, then we also write
c, —C.

Note that the limit of a Mosco convergent sequence (Cy,)nen is unique. To
see this, let C,C be limits and = € C. Now, choose z,, € C,, with z,, — z.
Then, in particular we find z,, —  and thus z € C.

The following lemma characterizes the Mosco limit of increasing and de-
creasing sequences of sets, respectively. It can also be found in [Mos69,
Lem. 1.2, 1.3].
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Lemma 4.8 Let (C,)
of a Banach space X.

nen be a sequence of monempty, closed, convex subsets

L. If (Cp),en is an increasing sequence of sets, it follows

in the sense of Mosco.
2. If (Cn) ey i decreasing, it holds

Cn— () Cn

neN

in the sense of Mosco.

Proof. 1. Let € |J,cyCn- This means, x is the limit of some sequence
(Ym)men € Upeny Cn- Since (Cp)nen is increasing, there is a subsequence
(Ch,, )menN with y,, € Cy, . for all m € N. Thus, for all n > n;, we may set

Ln = Ymax{meN|n,<n} € C"max{meN|nm§n} - Cn

For n < ny, we choose x,, € C), arbitrarily. It is clear that the constructed
sequence (T, )nen converges to x, as well.

To show the second condition of Mosco convergence, let (x,)nen be a sequence
satisfying x, € C), for all n € N and assume (z,, )ren is a subsequence with
Tp, — x in X for some z € X. From C,, C |J,cyCn for all m € N
we conclude (25, )ren € Upeny Cn- Now, U, e Cn is convex. To see this,
let y1,y2 € UneN Cp. Then we find n; and ng such that y; € C),, and
Y2 € Cpy. Since (Cp)nen is increasing, we conclude y1,y2 € Crax(n;,nz) and,
by convexity of this set, any convex combination of y1,y2 is in Chax(n,ny)
Unen Cn- Thus, since the set |, Cn is convex, its closure is convex, too.
By Mazur’s lemma, we conclude that the weak limit of (2, )ren is also in
the closed convex set |J,,cr Cn-

2. Let x € (,,ey Cn. From (N, .y Cn € Gy, for all m € N we conclude that
the sequence x,, := x satisfies x,, € C}, for all n € N as well as z,, = z in X
as n — 0o.
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To show the second property of Mosco convergence, let (z,,),en be a sequence
satisfying x,, € C), for all n € N and assume (z,, )xen is a subsequence with
Zp, — x in X for some x € X. Recall that (ng)gen is strictly increasing.
For all m € N, also the sequence (z,, )52, converges weakly to  and it
holds ()32, € Ch,, since (Cp)nen is decreasing. By Mazur’s lemma, we
conclude that z € Cy,, for all m € N, i.e., z € [,,cr Cn,,,- Using once more
that (Cp)nen is decreasing, we have

() Cn = [ Cn

meN neN

and € [,y Cn follows. Thus, we have shown the Mosco convergence of
(Crn)nen towards (), ey Cn.-
O

The following proposition establishes the connection between Mosco con-
vergence of the admissible sets in variational inequalities and the convergence
of the solutions to these variational inequalities. The statement and its proof
is taken from |[Rod87, Thm. 4.1], see also [Mos69, Prop. 3.5]. The formula-
tion in Proposition 4.9 is adapted to our setting with L € £(H{(Q), H~1(12)),
but of course, it also holds in more general Hilbert space settings. Since this
result is used frequently within this thesis, we also present the proof from

|[Rod87| here.

Proposition 4.9 Let C,, n € N, and C be nonempty, closed, convex sub-
sets of H}(Q) such that C,, — C in the sense of Mosco. Furthermore, let
(Pn)nen € H™YQ) and p € H~Y(Q) with p, — p. Then the solutions of

Find x,, € Cp 0 (Lxpy — pny2n —xpn) >0 Vz,€Cy (4.8)
converge to the solution of
Findz € C: (Lv —p,z—2) >0 VzeCl. (4.9)

Proof. As already mentioned, this proof is taken from [Rod87, Thm. 4.1].
Denote by = the solution of (4.9). Then, by the definition of Mosco conver-
gence we find 1, € Cp,, n € N, such that n, — x in H}(Q). Denote by a > 0
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the coercivity constant of L. Using the coercivity and (4.8) with z, = n, we
conclude

aflzn — 77n||2 < (Lzp — Lngn, T — 1)
(Lxn = Py @p — Nn) — (L1 — Pns Tn — )
< (L = Pny Tn = 1)
< L = pallllzn — 1l

(4.10)

This implies

[zl < llzn = mnll + {70
< o[ Lt — pall + |7l
<K

for a constant x > 0, since the convergent sequences (N, )nen € HE(S2) and
(L — Pn)neny € H1(Q) are bounded. Now, the boundedness of (,),ecn in
HZ () implies the weak convergence of a subsequence (7, )ren. We denote
the weak limit by 7. By the Mosco convergence C,, — C we conclude that
neC.

Let v € C be arbitrary and let v, € C,, n € N, be elements with v,, — v
in H3(9). Then we have

(LXy — Py — xp) >0
and this implies

<Lvn — Pn,Un — xn) = <LUn - L$n, Up — l’n> + <L$n — Pn,Unp — (lln>
> OLH’Un - an2 + <an — Pn,Un — :L'n>
>0

for all n € N. Passing to the limit, we obtain
(Lv —p,v—mn) >0 (4.11)
— v —n in H}(Q)

since Lvy, — pp, — Lv —p in H=1(Q) and Uny, — Ty,
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as k — oo. Since v was arbitrary, (4.11) holds for all v € C. Let z € C
be arbitrary and choose any 6 € (0,1]. Since C' is convex, we can choose
v:=n+60(z—mn) € C in (4.11) and obtain, after dividing by 6 > 0,

(Ln+0(z=n)) —p,z—m) = 0.
Passing to the limit 8 — 0 yields
(Ln—p,z—m) > 0. (4.12)

Since z € C was arbitrary, (4.12) holds for all z € C' which shows that 7 is
the solution of (4.9), i.e.,, n = z.

Now, since n,, — x and x,, — = as k — 0o, we conclude that x,, —n,, —
0. Using this and recalling

O‘Hxnk - nnkHQ < _<L77nk — PnyyTny, — nnk> —0

as in (4.10), we conclude that the convergence x,, — 7, 2900 is strong in
HZ(Q). This shows that the whole sequence (z,,)nen converges strongly to
z. O

The result in Proposition 4.9 has the following implications for our aim to
construct elements in 5S¢ (u).

Corollary 4.10 Assume that U is a separable Banach space and let f satisfy
Assumption 4.2(2.). Denote by Sy: U — HL(SY) the solution operator of the
variational inequality (OPy). Let uw € U be arbitrary and assume that

(un)nen € Ds, = {v € U | Sy is Gateaux differentiable at v}

is such that u, "= w in U. For each n € N, let D, be a quasi-open set
with I(f(un)) Cq Dn Cq Q\ As(f(un)). If HY(Dy) — HE(D) in the sense of
Mosco for some quasi-open set D, then it holds S}(un) — Zp n the strong
operator topology, where Zp(h) is the solution of the variational equation

Find § € H}(D): (LS — f'(u;h),2) =0 Yz H}(D). (4.13)
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In particular, it holds Ep € 0 S¢(u).

Proof. Let h € U be arbitrary. In Theorem 4.3, we have seen that S (un; h)
is the solution of

Find 6, € HY(D,) :  (Ld, — f'(un;h),2) =0 Vze HYD,)  (4.14)

and (4.14) is of the form (4.8) with C,, = H}(D,,) and p,, = f'(un; h) for each
n € N. Note that the admissible sets are linear subspaces of H}(2) and the
variational inequalities reduce to variational equations. We have f’(uy,;h) —
f'(u;h) since f is continuously differentiable. Now, Proposition 4.9 implies
that S (un; h) = Ep(h), where Ep(h) is the solution of (4.13). In particular,
Ep € L(U, H}(2)) and S%(up) — Ep in the strong operator topology. By
definition of 0S¢ (u), see Definition 2.12, we conclude Zp € 0§ S¢(u). O

As the preceding corollary suggests, our goal for the construction of ele-
ments in 95 Sy (u) for an arbitrary u € U is to find sequences (un)nen € Ds;
with u, "= u such that HJ(D,) — H}(D) in the sense of Mosco can be
verified for a quasi-open set D,, with I(f(u,)) Cq Dn Cq 2\ As(f(u)) and
some quasi-open set D.

4.3 Existence of monotone convergent sequences of
points at which S is Gateaux differentiable

In this section, we will show the existence of increasing and decreasing se-
quences of points in U where Sy, the solution operator of the variational
inequality (OPy), is Gateaux differentiable converging to an arbitrary ele-
ment u € U. Once the existence is shown, then by the preceding section
Section 4.2 and the analysis of the Mosco convergence of the sets (Dy,)nen
for such a sequence (uy)nen, the characterization of the limit will guide us to
an element of OF Sy (u).

The key assumption to show such a result is the condition that the positive
cone in V has interior points and V' < U, cf. Assumption 4.2. Together
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with the generalization of Rademacher’s theorem to infinite dimensions, cf.
Theorem 2.8, the existence of monotone and convergent sequences in Dg, can
be shown.

Proposition 4.11 Assume T: H1(Q) — H}(Q) is a locally Lipschitz con-
tinuous operator which is directionally differentiable. Let the conditions of
Assumption 4.2 be satisfied and let w € U be arbitrary. Then there are se-
quences (u;}) ey and (uy, ) ey such that Ty := T o f is Gateaux differentiable

at each ut,u, , n €N, as well as uf S u and u, \, u.

Proof. Fix w € U. Denote by P the positive cone in V' and for » > 0 and
v € V denote by B,(v) the open ball of radius r around v in V. For short,
we write also B, instead of B,(0). Let v* be an interior point of P. Note
that this implies that for all A > 0 the element \v* is an interior point of P.
Without loss of generality, assume that ||v*||y = 1.

We define Ty: V — HJ () by

Tf(v) = Tf(u + U).

In this definition and in the rest of this proof, with a little abuse of notation,
we do not write down the embedding V' «— U explicitly but regard V as a
subset of U. Since V is continuously embedded into U, the operator Tf is
locally Lipschitz continuous on V. Therefore, by Theorem 2.8, the set of
points in V' in which Tf is Gateaux differentiable is dense in V. We construct
a sequence

(v Jnen € Dy, ={weV| Ty is Gateaux differentiable at w}

with v;7 7 0 inductively. Then, in the last part of the proof, we will show
that (u,} )nen with u,) := u+tv}, n € N, is a sequence in Dy, with u,} A u. A
sketch visualizing the following inductive construction of (v;"),en is depicted
in Fig. 4.1. For n € N we define

O = =27k,

n

then each ;7 is an element of —P, i.e., ¥} <y 0, and the sequence (9, ),en
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AU
————————— 205

\

7777777777 -

Figure 4.1. Sketch of the construction of the sequence (v ),en in the proof of
Proposition 4.11

is increasing. The element vl will be chosen in such a way that it satisfies
Up_y Sv vy Sv Oy

This ensures, on the one hand, that the monotonicity of the sequence (vy,)nen
is satisfied up to the n-th member and, on the other hand, that choosing
v;Jrl with v, <y U:;LH <y 0 is possible for all m > n within the inductive
construction. More precisely, the purpose of the elements (9! ),en is to ensure
that nesting v:{ 11 between v and 0 is possible for all n € N, i.e., that the
sets

{fweV|v <yw<y0}

do all have interior points, so that Theorem 2.8 implies that they contain
points in DTf'

Starting with the first member of the sequence, we find and fix vfr €
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(97 —P) N By1(97) where T} is Gateaux differentiable. We have
il < 197 llv + lof = of v <270 +27 = 1.
Now, for n > 2 assume that we have fixed ”:—1 € 19;:_1 — P with
vy [l < 272,
We argue that in V, the set
(9 —P)N (v}, +P) N By-n (V) (4.15)

has nonempty interior:

Let £, > 0 be such that B. (2-*Yy*) C P holds and let y, be an
arbitrary element of B., . The following arguments show that the element
O — 2=+ Dy* 1y is contained in all the sets that are intersected in (4.15)
and thus, 97 — 2=("+Dy* 4 B_ is an open subset of the intersection.

It holds 2=+ Dy* 44, € P, ie.,
Yp >y —27 (D (4.16)
and 9} — (2= Dy — ) <y 9 therefore

O — 2ty 4y e (9F - P).

n

From (4.16), the definition of ¥;} and from v;f_l € 19:_1 — P, ie., —v:{_l >v
_9t

~_1, we conclude that

197—’}; _ 2—(n+1)v* +yp = (U:—l o U:{-l) + 19741- . 2—(n+1)v* +n
>v v;ﬂ — 29:{71 + 29: _ o= (ntl)yx _ g=(nt1),x

_ U:erl + 2—(n—1)v* 9Ty 9. 2—(n+1)v*

+
n—1-

=0
Furthermore, we estimate

195 =270 g — 3y = (27D — gyl < 270D g, <27
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Here, in the last step, we have used that B., (2-("Dy*) C P and |v*| = 1
imply &, < 2-(+1),

This shows that the set in (4.15) has nonempty interior. Thus, we can
find a point in the intersection (4.15), denoted v,, where Tf is Gateaux

differentiable and which then fulfills "
02y 0y 2v v, 2v vy
as well as
log v < 195 llv + 197 = viilly <27 427" =27 (7D,

In particular, we obtain a sequence (v, ),eny C DTf with v;7 0 in V. To
construct (v,,) C Dy, with vy, 0, we set 9, := =9 = 27"v* and choose
o

1N

(Y +P)N (9,4 —P) N By-n (V)
instead of the set in (4.15). Then the remaining arguments are easily adapted

to show the existence of (v;, )nen with the mentioned properties.

Next, we argue that T is Gateaux differentiable at u;} := u + v},

tively u,, := u+ vy, for all n € N. Let n € N. By the definition of T}, it
holds

respec-

Ti(vfih) =Tp(ufsh)  and  Ti(v,3h) = Th(uy; h)

for all h € V. Now, it follows as in the proof of Lemma 2.7 that T is Gateaux
differentiable at u,” and u,, .

By construction, (u;}),cy is an increasing and (u;, ),y is a decreasing
sequence of Gateaux differentiability points of T in U and both sequences
converge to u. [

The formulation in Proposition 4.11 is such that the statement can also
be applied for applications where T is not the solution operator of (OPy).
We will apply the proposition also to the solution operator of the bilateral
obstacle problem, see Chapter 6. Of course, we obtain the following corollary
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for the solution operator Sy of (OPy).

Corollary 4.12 Let Assumption 4.2 be satisfied and let uw € U be arbitrary.
Then there is an increasing sequence (u})nen and a decreasing sequence
(uy, Jnen such that the solution operator Sy of (OPy) is Gateaux differen-
tiable at each w’, u, and it holds u;,u, — u.

4.4 Influence of Monotonicity

The purpose of this section is to analyze the monotonicity of the set-valued
maps u — Hg (D) for D :=¢ I(f(u)) and D :=q Q\ As(f(u)). In the preced-
ing section, we have seen that for arbitrary u € U there exists an increasing,
respectively decreasing, sequence of points in U where Sf, the solution op-
erator of (OPy), is Gateaux differentiable and which converges to u. If we
can show the Mosco convergence of the sets Hi(D,,) for an increasing or de-
creasing sequence (U )nen and for D, with I(f(u,)) Cq Dy Cq Q\ As(f(un))
and characterize the limit H}(D), then Corollary 4.10 implies that = as the
solution operator of (4.13) is indeed an element of 0i§S¢(u). We will moti-
vate why monotonicity is a favorable property of the sequence (uy,)neny when
trying to show the Mosco convergence.

Therefore, in Section 4.4.1, we first show the monotonicity properties of
the sets H}(Dy,) for Dy, :=q I(f(uy)) and Dy, :=q Q\ As(f(un)). Afterwards,
in Section 4.4.2, by considering an example, it is motivated that the Mosco
convergence H}(D,) — Hg(D) can be shown when combining the suitable
monotonicity of (uy,)nen with the suitable characterization of D,,, D as either

I(f (un)), I(f(w)) or 2\ As(f (un)), 2\ As(f (w)).
4.4.1 Monotonicity of the set-valued maps
Here, we show that u — H}(I(f(u))) and u — HE(Q\As(f(u))) are monotone

set-valued maps.

For the map u +— HI(I(f(u))), this is an immediate consequence of
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Lemma 3.6.

Lemma 4.13 Suppose Assumption 4.1 is satisfied and let f, U fulfill
the conditions of Assumption 4.2(1.).  Then the set-valued map U >
u — HYI(f(u))) is increasing, i.e., up >y ug implies HY(I(f(u1))) 2

Hi (I(f(u2)))-

Proof. Assume ui,us € U satisfy uy >g ug. Since f is increasing, it holds
f(ur) > f(uz) in H71(Q). By Lemma 3.6, it holds I(f(u1)) 2q I(f(u2)).
This shows H}(I(f(u1))) 2 HI(f(uz))). O

In contrast to the statement for the active sets in Lemma 3.6, it is not
immediately clear from the monotonicity of the solution operator S of (OPj)
that the strictly active sets are also monotone. Nevertheless, such a result can
be established. Before we can prove the statement, let us show the following
proposition stating that perturbations in the obstacle outside the strictly
active set leave the solution of (OP¢) unchanged.

The next results concerning the strictly active sets are modifications of the
results in [RU20| for the bilateral obstacle problem.

Proposition 4.14 Let ( € H1(Q) and let v € HE(Q)4 such that {v >
0} Cq Q\As(C). Then it holds Sy ;a(¢) = Sy—pia(C), where Syia: H () —
HE () denotes the solution operator of (OPs) with respect to the quasi upper-
semicontinuous obstacle ¢: Q@ — RU{—o0} and w.r.t. the identity map id on

H=1(Q).

Proof. Obviously, Syia(¢) > ¢ — v, i.e., Syia(¢) is admissible. Now, let
z € Ky_, be arbitrary. We have

(LSyia(C) — ¢, 2 — Sya(C))
= (LSyia(Q) = ¢,z + v — Syia(C)) + (LSyia(C) — ¢, —v) >0
by the variational inequality characterizing Sy ;q(¢) since z+v > 1) and using

v =0 q.e. on Ag(¢) which implies (LSy ;a(¢) — ¢, —v) = 0, see Corollary 3.10.
This shows Sw,id(C) = Sw,uid(g). ]
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Lemma 4.15 Suppose Assumption 4.1 is satisfied. Then the set-valued map
H=YQ) 3 ¢ = HYQ\ As(Q)) is increasing, i.e., (1 > (o implies HE(Q\
A(G) 2 BHR Ay(G2)).

In particular, if f, U fulfill the conditions of Assumption 4.2(1.), then the
set-valued map U > u s HH(Q\ As(f(u))) is increasing.

Proof. Let (1,{o € H~(Q) and assume (; > (3. We show that the strictly
active sets satisfy Ag(¢1) Cq As(C2), from which the conclusion of our lemma
follows.

Assume Q \ Ag((2) #q 0 (otherwise the assertion follows directly). Fix
v € H}(Q); satisfying {v > 0} Cq 2\ As(¢2), see Lemma 2.31.

As in Proposition 4.14, for quasi upper-semicontinuous obstacle ¢:  —
RU{—oc} we denote by Sy;a: H1(Q) — H}(€2) the corresponding solution
operator of (OPy) for f =id. Let y,(t) := Sy—tv,1a(¢1), t € [0,1], and denote
Uu(t) := yu(t) + tv. Note that g,(t) € K for each t € [0,1]. Then it holds

<Lyv(t) - (1,2 - yv(t)> >0 Vze Klli—tv
which is equivalent to
(Lyu(t) = G —tLv, 2 — 4u(t)) 20 V2 € Ky.

We conclude y,(t) = Sya(T(tv)) — tv with T: H(Q) — H1(Q),v — ¢ +
Lv. Since Syiq is directionally differentiable in the Hadamard sense, see
Proposition 4.1, we can apply the chain rule for the directional derivatives
and obtain

Yy (0;1) = Sy q(T(0); T (0;0)) — v = Sy 34(C1; Lv) — v.

Since Sy, ;4(¢1; L) is 0 q.e. on the strictly active set As(¢1), compare The-
orem 3.9, we have y/(0;1) = —v < 0 q.e. on Ag(¢1) N {v > 0}. Thus, by
reducing the obstacle on a subset of Ag((;) the solution with respect to the
new obstacle will drop on this set.

Now, we show the statement of the lemma by contradiction. Therefore,
assume the set W C Q is a set of positive capacity which is weakly active for



70 4. Generalized derivatives for the composition with an operator

(5 and strictly active for (1, i.e.,
W Cq As(C1) Cq A(¢2) and W Cg 2\ A((2). (4.17)

Let v € HE(Q)+ satisfy {v > 0} =¢ Q\ As(¢2). Then, Proposition 4.14
yields

Sy—v,id(C2) = Sy ia(C2) (4.18)

and on W we have

Sp—v,id(C1)|w < Syia(C)|lw = Sy,ia(C2)|lw (4.19)

by the structure of the directional derivative with respect to the obstacle and
by (4.17). Putting (4.18) and (4.19) together, we see that

Sp—v,id(C2) > Sy—via(C1)

on W. On the other hand, Sy_yida(¢i) > Syp—via(¢2) since (1 > (o, see
Proposition 3.5. Thus, such a set W cannot exist and we conclude Ag(¢1) Cq
As(¢) and with that HH(Q\ As(¢1)) 2 HE(Q\ As((2)).

Now, the statement for the set-valued map U > u — H(Q\ As(f(w)))
follows since f is increasing. O

4.4.2 Monotonicity and Mosco convergence

In this subsection, we motivate the consideration of increasing and decreasing
sequences (i, )nen for the analysis of the Mosco convergence H} (I(f(un))) —
Hy(I(f(u))), respectively Hg(Q\ As(f(un))) — Hg(2\ As(f(w)))-

In the preceding Section 4.4.1, we have seen that the set-valued maps u —
HY(I(f(w))) and u — HE(Q\ As(f(u))) are increasing. This property alone
guarantees the existence of a Mosco limit for the sets (H}(I(f(un))))nen
and (Hg(Q\ As(f(un))))nen when (un)nen is increasing or decreasing, see
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Lemma 4.8. The Mosco limit of the respective sequences is

U H(I(f(un))), respectively | ) HH(Q\ As(f(un))),

neN neN

if (up)nen is increasing and

() Hy(I(f(un))),  respectively (7] Hg(2\ As(f(un)))

neN neN

if (up)nen is decreasing. These characterizations of the limits depend on the
sequence (up)nen and is not an intrinsic characterization for given u € U.

It is not clear that H(I(f(w))) is the Mosco limit of (H}(I(f(un))))nen
and that HJ(Q\ As(f(w))) is the Mosco limit of (H}(Q\ As(f(un))))nen, i-e.,
that we find a suitable intrinsic characterization for the limits. This is, as
we will see, not true if the sequence (u,)nen does not have the appropriate
direction of monotonicity.

The example we will consider shows that the active and strictly active sets
are stable only in one monotone direction and it is the opposite monotonicity
for the active and for the strictly active sets, respectively.

Example 4.16 Solutions of the obstacle problem (OPf) w.r.t. a family of
different choices of ¢ := f(u) are shown in Fig. 4.2. The associated values of
¢ are chosen constant on €2, some of the values are greater than zero, some
of them are smaller than zero, and one of them is zero. We can also see the
corresponding active sets A(() and the strictly active sets Ag(¢) underneath.

For ¢ = 0, the active set A(0) is the union of an interval and an isolated
point wy. The corresponding strictly active set Ag(0) does not contain wy,
thus, the strict complementarity condition does not hold in ¢ = 0, i.e., A(0) #
As(0). Note that a single point has capacity strictly positive in the one-
dimensional case. Therefore, u € U with f(u) = 0 is a point where the
respective solution operator is potentially non-Gateaux differentiable.

Let us consider the sets (HJ (I(f(un))))nen. We argue that the Mosco limit
will, in general, not be H}(I(f(u))) for a decreasing sequence (up)neny With
Up, —> U.

Exemplary, suppose f(u) = 0, u, \, u, and assume the strict comple-
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(a) An instance of the obstacle problem for force terms ,(=0and (>0

(b) Corresponding active sets A(() for the different choices of ¢

(c) Corresponding strictly active sets A4(() for the different choices of ¢

Figure 4.2. Influence of monotonicity in the behavior of active and strictly active
sets for the obstacle problem



4.5. Mosco convergence of the admissible sets 73

mentary condition is satisfied in f(u,), n € N. In the situation of Fig. 4.2,
choose an element v € H} ()4 with {v > 0} = Q\ A(0), see Lemma 2.31,
and define v, := v for all n € N. Then, it holds v, € H}(I(f(uy))) for all
n € N, since I(f(un)) = Q\ As(f(un)) 2 Q\ A5(0) for all n € N, as well
as v, — v. Nevertheless, v is not an element of H{(I(0)) since v # 0 on
the isolated weakly active point. Therefore, recalling the second condition
for Mosco convergence (see Definition 4.7), the Mosco limit of the sequence
(HE(I(f(un))))nen is not HF(I(0)) (but rather H(Q2\ As(0))).

Similarly, suppose f(u) =0, u,, / u, and assume the strict complementary
condition is satisfied in f(u,), n € N. In the situation of Fig. 4.2, we consider
again v € H}(Q)4 with {v > 0} = Q\ A4(0), see Lemma 2.31. Now, any
sequence (vn)peny With v, € HY(Q\ As(f(un))) for each n € N is zero on
As(f(uyn)). By A(0) € A(f(un)) = As(f(up)), the isolated weakly active
point wy of A(0) is contained in Ag(f(un)) and it holds vp(wp) = 0. On
the other hand, by choice of v, it holds v(wp) > 0. This shows that v, —
v cannot hold, since convergent sequences in H&(Q) possess pointwise q.e.
convergent subsequences, and thus, in dimension d = 1, pointwise everywhere
convergent subsequences. Recalling the first condition of Moscoc convergence,
see Definition 4.7, the Mosco limit of the sequence (H}(Q\ As(un)))nen is
not H}(Q\ As(0)) (but rather H}(1(0))).

4.5 Mosco convergence of the admissible sets

The purpose of this section is to show the Mosco convergence H} (I(f(un))) —
H}(I(f(u))) for an arbitrary v € U and an increasing sequence (uy,)nen With
u, — u and the Mosco convergence H}(Q\ As(f(un))) — HF(Q\ As(f(w)))
for a decreasing sequence (up)nen With u, — u.

In the preceding section we have motivated the influence of monotonicity
of (un)nen on the Mosco convergence of the sets (H(I(f(un))))nen and
HE(Q\ As(f(un)))nen and the determination of the limit. These ideas are
formalized in Theorem 4.17 and Theorem 4.18.

We start with the statement for the Sobolev spaces on the inactive sets.
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Theorem 4.17 Suppose Assumption 4.1 is satisfied and let f, U fulfill the
conditions of Assumption 4.2(1.). Additionally, assume that f is continuous.
Consider an arbitrary w € U and let (un),cy € U be an increasing sequence
with u, — u. Then it holds

Hy(I(f(un))) = Ho(I(f(w)))
i the sense of Mosco.

Proof. By Lemma 4.13, the sequence of sets (H(I(f(un)))nen is increasing.
Thus, Lemma 4.8 implies

1
S By () = | B
n

Now, our goal is to show the equality H}(I(f(w))) = Unen He((f(un))).
The inclusions Hg(I(f(un))) € HE(I(f(w))) for all n € N imply

U Ho(I(f(un))) S Hy(I(f(w))).

neN

Since the set on the right-hand side is closed, also

U H3(I(f(un))) € Hy(I(f(w))

neN

holds.

To show the opposite inclusion, assume v € H}(I(f(u))). We will first
show that the sequence (I(f(un)))nen of quasi-open sets is an increasing
quasi-covering of I(f(u)). By the monotonicity of (u,)nen, it is clear from
Lemma 4.13 that the sequence (I(f(un)))nen is increasing. Since u, —
u, it follows Sg(u,) — Sy(u) in H}(Q) by continuity of Sy = Siq o f, cf.
Theorem 3.4, and therefore pointwise q.e. for a subsequence, see Lemma 2.28.
This means for quasi-all w € [,cny A(f(un)) it holds Sy(u)(w) = ¥(w), ie.,
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quasi-all such w belong to A(f(u)) and

cap (I(f(U))\ U I(f(?m))) = cap (I(f(U)) N A(f(un))) =0

neN neN

follows. Therefore, the family (I(f(uy)))nen is an increasing quasi-covering
of I(f(u)). Now, by Lemma 2.29, there is a sequence (vp)nen With v, — v
as well as

vn € Hy(I(f(un))) € | HII(f(um)))

meN

for all n € N and thus, the limit v is an element of the latter set. All in all, we
deduce the Mosco convergence of the sequence (Hg(I(f(un)))),, o towards

H(I(f(w))). O

Analogously, we also show the Mosco convergence of the Sobolev spaces on
the complements of the strictly active sets for decreasing sequences (u,)pen-

Theorem 4.18 Suppose Assumption 4.1 is satisfied and let f, U fulfill the
conditions of Assumption 4.2(1.). Additionally, assume that f is continuous.
Consider an arbitrary w € U and let (uy), oy € U be a decreasing sequence
with u, — u. Then it holds

Hy (2 As(f (un))) = Hg(2\ As(f(w)))
in the sense of Mosco.

Proof. By Lemma 4.15, the sequence of sets (H}(Q\ As(f(un)))nen is de-
creasing. Thus, Lemma 4.8 implies

lim Hy(Q\ As(f(un))) = () Ho(Q\ As(f(un))).

n—oo
neN

Now, our goal is to show the equality Hg(\ As(f(w))) = Npen Hg (2 \
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Since the sequence H} (2 \ As(f(un)))nen is decreasing, we conclude

Hy(2\ As(f(w))) © Ho(2\ As(f(un)))

for all n € N, which implies

Hy(Q\ As(f(w)) € () Ho(2\ As(f (wn))).

neN

To show the opposite inclusion, assume v € (,,cy Hj (2\ As(f(un))). Denote
&n = LSf(un) — f(un) € H1(Q)4. Since v = 0 g.e. on Ag(f(uy)) for each
n € N, we conclude

{En, [v]) =0

for all n € N, see Corollary 3.10. By &, — ¢ in H~1(Q), which follows from
continuity of Siq, L and f, compare Theorem 3.4, we conclude

This implies |[v| = 0 q.e. on As(f(u)), in particular, v € HE(Q\ As(f(u))).
We have shown

Ho (Q\ As(f(u)) = (1) Ho(Q\ As(f (un)))-

neN

All in all, we deduce the Mosco convergence of the sequence

(HHQ\ A(f (), cpy towards HY(2\ A(f(w))): =

Remark 4.19 The Mosco convergence Hg(I(f(uy))) — H(I(f(i))) for an
arbitrary increasing sequence (uy)nen converging to @ and the Mosco conver-
gence HYH(Q\ As(f(un))) — HE(Q\As(f(@))) for a decreasing sequence can be
interpreted as a continuity property of the set-valued maps u — Hg (I(f(u))),
respectively u — HE(Q\ As(f(u))) in 4.
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4.6 Characterization of two generalized derivatives

In this section, we bring together the results of this chapter and formulate
the main theorem of this chapter on generalized derivatives in 0f§Sy(u) for
the solution operator Sy of (OPy).

Theorem 4.20 Suppose the conditions of Assumption 4.1 and Assump-
tion 4.2 are satisfied. Let w € U be arbitrary. For some h € U, denote
by E1(f(uy)(h) the solution of

Find 6 € HX(I(f(w)): (LS — f'(wh),2) =0 VYze HYI(f(u)) (4.20)
and by Zo\ a,(f(u))(h) the solution of

Find § € H}(Q\ As(f(u))) :
/ X (4.21)
(Ld — f(u;h),2) =0 Vze Hy(2\ As(f(uw))).

Then it holds

E1(f(w) Zo\Au(f(w) € OB Sr(u).

Proof. By Corollary 4.12, there is an increasing sequence (u;),en and a
decreasing sequence (u,, )pen satisfying

(U Inen, (ty, Jnen € Ds; = {v € U | Sy is Gateaux differentiable at v}

as well as w;b — w and u;, — u. Now, Theorem 4.17 implies that the
sequence (H (I(f(u;}))))nen converges to HE (I(f(u))) in the sense of Mosco.
Moreover, by Theorem 4.18, the sequence (H}(Q2\ As(f(u,))))nen converges
to Hi(Q2\ As(f(u))) in the sense of Mosco. Using Corollary 4.10, we conclude
that

E1(f(w) Zo\As(f(w)) € OB Sr(u).
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4.7 Adjoint representation of Clarke subgradients

Now, we derive Clarke subgradients for reduced objective functions in the
context of optimization problems with the obstacle problem as a constraint.
To this end, let J: H}(€2) x U — R be a continuously differentiable objective
function. We consider an optimization problem with respect to this objective
function, which is constrained by our variational inequality

min J(y, u)
y7u

subject to y € Ky,
(Ly — f(u),z—y) >0 Vze€ Ky.

We present a formula for two generalized derivatives contained in Clarke’s
generalized differential dc.J (1), see Definition 2.16, that can be obtained for
the reduced objective function

A

J(u) = J(S(u),u)
in an arbitrary point u € U.

Theorem 4.21 Suppose the conditions of Assumption 4.1 and Assump-
tion 4.2 are satisfied and let u € U be arbitrary. Let J: H}(Q) x U — R be
a continuously differentiable objective function and denote by q be the unique
solution of the variational equation

Find g € Hy(D) :

§ 1 (4.22)
(L*q,v) = (Jy (Sf(u),u),v) Vv e Hy(D).
Then the element

f(u)*q+ Ju(Sp(u), u)
is in Clarke’s generalized differential dcJ(u). In (4.22), the respective sets

D=, I(f(u)) or D:=qQ\A(f(u))
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can be chosen and result in a particular generalized derivative.

Here, Jy and J, denote the continuous Fréchet derivatives of J with re-
spect to y and u, respectively, f'(u)* € L (H(),U*) is the (Banachian)
adjoint operator of f'(u) € L (U, H 1(Q)) and L* € L (H}(Q),H 1)) is
the (Banachian) adjoint operator of L € L (Hg (), H(Q)).

Proof. The coercivity of L* follows from the coercivity of L, thus, the varia-
tional equation (4.22) has a unique solution, see Theorem 3.1. It holds

dcd (u) 3 E*J, (Sg(w), u) + Jy (Sp(u), w) (4.23)
for all = € 05S¢(u), see Lemma 2.17.

Assume that ¢ solves (4.22) for D :=y I(f(u)), respectively D =4 Q\
As(f(u)). For h € U, denote by =Zp(h) the solution of (4.20) or the solution
of (4.21), respectively. Now, we have

(f'(w)*q, wyo-y =

for all w € U. Since Zp € 0§ Sy(u), see Theorem 4.20, the statement follows
from (4.23). O






CHAPTER 5

Generalized differentials for the
basic solution operator

In this section, we analyze generalized differentials for the solution operator
Siq that maps ¢ € H~1(£2) to the solution of the obstacle problem

Findye Ky: (—Ay—(,z—y) >0 Vze Ky. (OP&)
Here, the closed, convex set Ky is defined as
Ky:={2€ Hj(Q) | 2> qe. in Q.

This means, compared with the analysis of Chapter 4, we consider L = —A
and f is the identity on H—(Q).

Throughout this chapter, we assume that Q C R? is an open and bounded
domain, the obstacle ¥: Q@ — R U {—o0} is quasi upper-semicontinuous and
chosen such that K, # ) is guaranteed. Additionally, we suppose that ) is
Borel measurable, which, under the previous assumptions on v can always
be achieved by a modification on a set of capacity zero, see Lemma 2.24(2.).

The goal is to find a specific representation of the generalized differentials
9%.554(€), 03" Sia(¢) and 9%*S;q(¢) in a point ¢ € H~(Q2) independent from
approximating sequences ((n)nen € H~1(Q) with ¢, — C.

Again, the starting point is the characterization of the Gateaux derivatives

81
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as solution operators of variational equations, or Dirichlet problems, on the

inactive set I(¢), see Theorem 4.3. This means, if ( € H~1(Q) is a point

at which Sjq is Gateaux differentiable and if p € H~1(Q) is arbitrary, then
'1(¢; p) is the solution of the problem

Find § € HJ(I(¢)): —Ad§=p. (5.1)

Recall that the strict complementarity condition is necessary and sufficient for
the Gateaux differentiability of Siq at ¢ € H=1(Q), cf. Lemma 4.4. Defining
a Borel measure 004y which takes the value 0 for Borel sets B C Q with
cap(B \ I1(¢)) = 0 and the value co otherwise, we can understand S/,;(¢) as
the solution operator of the relaxed Dirichlet problem involving the capacitary
measure 00 5(¢) which maps p € H~1() to the solution of

Find § € Hy(Q) N LS, () : —A5+004)(0-) =p, (5.2)
where (9 -) denotes the measure with density ¢ w.r.t. another measure p. In
other words, the two formulations in (5.1) and (5.2) are equivalent. Thus, the
Gateaux derivatives of Siq fall into the class of solution operators of relaxed
Dirichlet problems and it is beneficial to study these objects.

A capacitary measure is a Borel measure which takes the value 0 on all
Borel subsets of 2 with capacity zero. Additionally, capacitary measures
fullfil a regularity condition. The rigorous definition of capacitary measures
and relaxed Dirichlet problems will be given in Section 5.1.

On the set of capacitary measures the notion of «-convergence is defined
by the convergence of the solution operators of the respective relaxed Dirich-
let problems in the weak operator topology of L(H 1(Q),Hi(Q)). It is
known that the solution operator of a relaxed Dirichlet problem involving
an arbitrary capacitary measure p can be approximated (in the sense of -
convergence) by a sequence of solution operators of Dirichlet problems on
quasi-open subsets of 2. Vice versa, each sequence of solution operators of
Dirichlet problems on quasi-open sets has a subsequence converging to the
solution operator of a relaxed Dirichlet problem relative to a capacitary mea-
sure.

In this framework, we will characterize the generalized differentials
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0§ Sid(€), 08 Sia(¢) and 05°Siqa(¢) as solution operators of relaxed Dirich-
let problems with particular conditions on the respective capacitary mea-
sures. These conditions depend on the behavior of the capacitary measures
on the sets I(¢) and As(¢). Since we assume that ¢ is Borel measurable
and since we consider Borel measurable quasi-continuous representatives of
H'(Q)-functions, these subsets of Q are Borel measurable.

We will see that the generalized differentials involving the strong operator
topology on L(H (), H}(2)) coincide with the set of solution operators of
Dirichlet problems on quasi-open subsets which are supersets of the inactive
set and subsets of the complement of the strictly active set. The general-
ized differential 0} .Siq(¢) contains additionally solution operators of relaxed
Dirichlet problems with more general capacitary measures. We will give an
example showing that 9"V Siq(¢) can be very large.

When reviewing the concepts w.r.t. y-convergence of capacitary measures
we will also see the connection to the notion of Mosco convergence considered
in Chapter 4. In fact, the convergence of solution operators of Dirichlet prob-
lems (or variational equations) on quasi-open sets to a solution operator of a
Dirichlet problem on a quasi-open set is equivalent to the Mosco convergence
of the respective Hol—spaces. Moreover, the limit of a sequence of solution
operators of Dirichlet problems on quasi-open domains w.r.t. the strong op-
erator topology of L(H (), H}()) is always a solution operator w.r.t. a
quasi-open domain.

In the characterization of the generalized differentials of Sjq we explicitly
use that the operator is defined on the whole space H~!(Q) and not, as in
Chapter 4 on a smaller subset as L?(2) or even another space.

The outline of this chapter is as follows. The notions of capacitary mea-
sures and relaxed Dirichlet problems are introduced in Section 5.1. It is
argued that the Gateaux derivatives Sy(¢) in points ¢ € H~1(£2) at which
Siq 18 Gateaux differentiable are solution operators of relaxed Dirichlet prob-
lem involving capacitary measures. A concept of convergence for capacitary
measures, or equivalently, for the solution operators of the respective relaxed
Dirichlet problems, is introduced in Section 5.1.1. Additionally, we provide a
characterization of this convergence by a metric and collect useful properties
of the corresponding metric space. In Section 5.1.2, we prepare some more
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auxiliary results that will be used for the study of the generalized differentials
of Sijq. Without further assumptions, for arbitrary ¢ € H~(f), we can ob-
tain characterizations of the generalized differentials 0§ Sia(¢) and 953°Siq(¢)
in Section 5.2. Under continuity assumptions on v and Siq(¢), the structure
of 05" Siq is derived in Section 5.3. We give a short example to indicate that
the generalized differential 0" Siq({) is very large even when Siq is Gateaux
differentiable at ¢ € H~1(9).

The results presented in this chapter originated in a cooperation with Gerd
Wachsmuth and we present a collection of contents published in [RW20].

5.1 Capacitary measures and relaxed Dirichlet
problems

In this section, we introduce the notions of capacitary measures and relaxed
Dirichlet problems.

Assume that Siq is Gateaux differentiable at ¢ € H~1(9). Recall that the
strict complementarity condition A(() =4 As(¢) holds at ¢, see Lemma 4.4,
and that the Gateaux derivative Si4(¢) is the solution operator Zj) €
L(H7YQ), H} (L)) that maps p € H~(Q) to the solution of the variational
equation

Find § € HJ(I(¢)): (=Ad,2) = (p,2) Vze HI(I(C)), (5.3)

see Theorem 4.3. We will see that the operator Zr) can be understood
as the solution operator of a so-called relaxed Dirichlet problem involving a
capacitary measure on €.

Let us now give the definition of capacitary measures.

Definition 5.1 (Capacitary measures) We denote by My(2) the set of all
Borel measures p on 2 with the property that p(B) = 0 holds for every Borel
set B C Q) with cap(B) = 0. Additionally, we require that u is regular in the
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sense that
wu(B) = inf{u(O) : O quasi-open, B C O}

holds for every Borel set B C €. The set M(€2) is called the set of capacitary
measures on (2.

Recall that by considering suitable representatives we can assume that
quasi-open sets are Borel measurable, see Lemma 2.25, so that u(O) is defined
for every quasi-open set O C 2 and every pu € Mo(Q2).

In fact, we already know a particular subclass of measures in My(Q2), as
the following lemma shows.

Lemma 5.2 It holds H=1(2), C My().

Proof. In Lemma 2.33, we have seen that each u € H~'(Q), can be identified
with a regular Borel measure fi and it holds fi(B) = 0 for each Borel set B
satisfying cap(B) = 0. We argue that f also fulfills the regularity property
from Definition 5.1. Let B C 2 be an arbitrary Borel set. On the one hand,

i(B) = inf{ji(0) | O open, B C O}
> inf{{1(O) | O quasi-open, B C O}
holds since every open set is quasi-open. On the other hand, we estimate
fa(B) < inf{i(0O) | O quasi-open, B C O}

by monotonicity of measures. Thus, fi is regular in the sense of Definition 5.1.
O

Partially, the name capacitary measure is motivated by the property that
capacitary measures, by definition, vanish on sets of capacity zero. Addition-
ally, the following reverse statement holds.

Lemma 5.3 Assume that B is a Borel set. If u(B) = 0 holds for all capaci-
tary measures j1 € Mo(Q2), then cap(B) = 0.



86 5. Generalized differentials for the basic solution operator

Proof. Assume p(B) = 0 holds for all u € Mp(€2). Then, in particular,
f(B) = 0 for all i € H }(Q), see Lemma 5.2. Now, [BS00, Lem. 6.55]
implies the statement. O

Let 1 € Mo(£2). For p € [1, 00) we define L}, (Q2) in the usual way. Note that
any v € H&(Q) has a quasi-continuous representative which is Borel measur-
able and uniquely determined up to a set of capacity zero, see Lemma 2.24(1.).

Thus,
[ 1o d
Q

is well-defined and if the integral is finite, we have v € L}, (Q).
It can be shown that equipped with the scalar product

(w,2), = | Vol Vzd N+ [ wz dp = (w, 2) i) + (W, 2)r2)
Q Q 0 I

the space Hg () N L2 () is a Hilbert space, see [BDM91, Prop. 2.1].
Now, for p € H=1(Q), we consider the so-called relazed Dirichlet problem

Find § € Hg(Q) N L2(9Q) :

(—AG, 2) +/ﬂ§z dp = (p,z) VYze H}(Q)N LZ(Q) (5:4)

Then a unique solution of (5.4) exists and coincides with the Fréchet-Riesz
representative of p € H=1(Q) C (H () N LZ(Q))* We denote the solution
operator of (5.4) by Z,. For short, we also write

Find § € H}(Q): —As+pu(6-)=p

instead of (5.4).

The following proposition is essential in understanding the connection be-
tween relaxed Dirichlet problems and the Gateaux derivatives operators of

the obstacle problem.

Proposition 5.4 Let O C Q be a quasi-open set. Then the measure cog\o
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defined by

0, if cap(B\ O) =0,

400,  otherwise,

cog\0(B) = { (5.5)

for all Borel sets B C ) is a capacitary measure and the variational equation

or Dirichlet problem
Find 6 € HE(0): (=Ad,2) = (p,z) VYze HO) (5.6)
is equivalent to the relaved Dirichlet problem (5.4) for p = ccg\o-

Proof. From the definition it is clear that cog\o is a Borel measure which
vanishes on Borel sets of capacity zero. It is easy to verify that cog\o is
regular in the sense of Definition 5.1, see [DM87, Rem. 3.3]. Thus, cog\o €
Mo(92).

Next we argue that it holds H}(Q) N LgOQ\O(Q) = H}O). If vis in
H§(0), then [ [v]* doog\o = 0, ie., v € LgOQ\O(Q). Conversely, assume
Jo Iv]? doogyo < oo for some v € Hj(€2). This implies v = 0 q.e. on 2\ O by
definition of cogyp, i.e., v € Hj(O). These considerations also show that the

solution of (5.6) is the solution of (5.4) with p = cog\o and vice versa. [

The preceding proposition shows that the class of relaxed Dirichlet prob-
lems contains the class of Dirichlet problems of type (5.6). In particular, the
variational equations (5.3), describing the Gateaux derivatives are relaxed
Dirichlet problems and it holds S{4(¢) = Ecc 4 -

In the following, if O C ) is quasi-open, we also use the notation =p :=
Exavo for the solution operators of (5.6), in particular,

:d(C) = EOOA(() = EI(C)‘
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5.1.1 The set of capacitary measures as a metric space

On My(92) we will introduce the notion of «-convergence. Later on we will
see that this concept can be characterized by a metric space.

Definition 5.5 (y-convergence of measures) Let (un)neny € Mo(2) and
p € Mo(2). We say that the sequence (pn)nen 7y-converges to p if
and only if (5, )nen converges to Z, in the weak operator topology of
L(H~Y(Q), H}(Q)). We also use the notation i, - i to express that (fi, )nen
~y-converges to u.

Note that, by the following lemma, the y-limit of a y-convergent sequence
(tn)nen € Mp(Q) is unique.

Lemma 5.6 Let py, o € Mo(Q2) and assume that Z,,(1) = Z,,(1). Then
w1 = peo follows. In particular, the map

Mo(Q) = B, € LIH™(Q), Hy()
18 1njective.
Proof. A proof can be found in [DMG94, Lem. 3.3|. O

Suppose ¢ € H~(Q). Then by the characterization of Gateaux deriva-
tives, see (5.3) and Proposition 5.4, the characterization of limits of sequences
(0o 1(¢n))nen for (Gu)nen C H=1(Q) with ¢, — (, respectively ¢, — ¢,
w.r.t. the y-convergence corresponds to the characterization of elements in
08 Sia(€), respectively 95" Sia(C).

The notion of convergence in Definition 5.5 is called y-convergence to stress
its relation to the I'-convergence of suitable functionals. To this end, for
1€ Mo(Q), we define F,: L*(Q) — [0, oc] via

Fu(v) = {fQ |Vol2 dAd 4+ Jo v? dp = (v,v), ifve H Q) ﬂLi(Q),

+00 else

for v € L3(9).
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Definition 5.7 (I-convergence of functionals) Let (un)neny € Mo(Q2) and
p € Mo(2) be given. We say that the functionals (F),)nen I'-converge
towards F), in L*(Q) if and only if

VY (wy)neny € L*(Q) with w, — win L*(Q):  F,(w) < lim inf F,, (wp,)
(5.7a)

3 (wn)nen € L*(Q) with w, — w in L*(Q) : Flu(w) = nlglolo Flu, (wn)
(5.7b)

hold for all w € L?(Q). In this case, we write F),, 5 F, in L?(Q).

Now, the following lemma shows equivalent conditions for ~y-convergence.

Lemma 5.8 Let (pin)nen € Mo(R2) and p € Mo(Q2) be given. Then, the
following statements are equivalent:
(i) pn 2 M,
(i) F,, & F, in L2(Q),
(iii) Z,, — Z, in the strong operator topology of L(L*(2), L*(Q)),
(iv) E,, — E, in the weak operator topology of L(L*(Q), HA(SY)),
¥) S (1) = Z(1) in LX),
)

= (1) = E,(1) in H(Q).

—~

(vi

Proof. Assume jp, —» p. Then, for all p € H —1(Q), in particular, for all
p € L?(Q), it holds E,,, (p) — E,(p) in H}(Q) by definition. Since H} () is
compactly embedded into L?(9), it follows =, (p) — Z,(p) in L?(Q), and
thus (iii) holds.

Now, suppose that =, ~— Z, in the strong operator topology of
L(L?(Q),L3(2)). Let v € L*(2). By [BDM91, (3.7)], there is a constant
¢ > 0, such that [|Z, (V)| g1 (q) < cllv]| holds. Thus there is a subsequence
(Epin, (v))ren that converges weakly in HZ (). Hence (Epin, (v))ren converges
strongly in L?(2) and the limit has to be Z,(v). Thus, the whole sequence
(21, (v))nen converges weakly to Z,(v) in H}(22) and (iv) follows. The proof
that (vi) follows from (v) is also contained in this argument.
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(vi) is an immediate consequence of (iv) and (v) follows from (vi) by the
compact embedding of H{ () into L?(9).

The equivalence of (vi) and (i) has been shown, in a more general setting,
in [DMMO04, Thm. 5.1]. The equivalence between (iii) and (ii) can be checked
as in [DMMS87, Prop. 4.10]. O

As a corollary of the preceding Lemma 5.8 we conclude that My(£2) can be
equipped with a metric and the resulting notion of convergence is equivalent
to the y-convergence. A different proof of this statement is given in [DMMS7,
Prop. 4.9].

Corollary 5.9 The y-convergence on Mo(S2) is metrizable.

Proof. Positive definiteness of d defined by d(ui,pu2) = |[|Z.,(1) —
Eps (D2 (q) for p1, pa € Mo(€2) follows from Lemma 5.6. Now, it is straight-
forward to check that d is a metric on M(€2). Using Lemma 5.8(i) and (v),
convergence with respect to the metric d is equivalent to ~y-convergence on

Mo(£2). O

Lemma 5.8 and Corollary 5.9 illustrate the role of the so-called torsion
function Z,(1) that will reappear in the next subsection. For now, let us
collect some properties of the metric space M(€2). A proof of the following
lemma on completeness of M (£2) can be found in [DMM87, Thm. 4.14] or in
[DMG97, Thm. 4.5]. Recall that a metric space is complete if every Cauchy
sequence converges and has a limit in the metric space.

Lemma 5.10 My(Q2) is a complete metric space.

In particular, by the above lemma and by the characteri-
zation of Géateaux derivatives of Sijq, the generalized differen-
tials 9§V Sia(C), 05°Sia(€), 05" Sia(C), 05 Sia(¢) are all contained in
{24 e Mo(Q)}.

In the next lemma, it is shown that the class of measures cogyo for quasi-
open sets O C Q, cf. (5.5), is a dense subset in M(Q2). For a proof we refer
to [DMM87, Thm. 4.16] or [DMMO95].
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Lemma 5.11 For each p € My(QQ) there is a sequence (O )nen of quasi-open
subsets of {1 such that cog\o, i .

Remark 5.12 In shape optimization problems one is looking for the solutions
of problems like, e.g.,

min J(00)

subject to o € HE(O),
(—=Ad0,2) = (p,z) Vze Hy(O).

Since, by Lemma 5.11, solutions of classical Dirichlet problems with vary-
ing (quasi-open) domains can converge to the solution of a relaxed Dirichlet
problem with a capacitary measure involved, an optimal domain in shape op-
timization might not exist, see e.g. [BB05, Sect. 4.2] or [ABM14, Sect. 5.8.4].

The following theorem states that M (f2) is compact. By replacing R" by
2, a proof of this result can be found in [DMMS87, Thm. 4.14].

Theorem 5.13 For every sequence (fin)nen € Mo(S2) there is a subequence
(tiny Jken and a measure i € Mo() such that p,, > .

5.1.2 Useful properties

In this subsection we state some more results that will help us later on in the
characterization of the Bouligand generalized differentials.

In the preceding chapters we have already used that for every quasi-open
set O C Q we can find an element v € H}(Q); satisfying {v > 0} = O, see
Lemma 2.31. The following theorem concretizes this result and states that the
torsion function Zp(1) has exactly this property. Moreover, a dual statement
showing the existence of an element p € H~1(Q) with f-supp(p) = 2\ O
is presented (recall Lemma 2.34), which also uses the torsion function.

Theorem 5.14 Let p € Mo(2). Then it holds =,(1) > 0 g.e. in Q. Let
O C Q be quasi-open and set w := Zo(1). Then, w > 0, O =q {w > 0} and
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the element 1+ Aw € H1(Q) . satisfies f-supp(1 + Aw) =, 2\ O.

Proof. For € My(£2) it holds Z,(1) > 0 g.e. in Q, by [DMG94, Propo-
sition 2.4]. The assertions O =y {w > 0} and 1 + Aw € H1(Q); are
well-known, see, e.g., [Vell5, Prop. 3.4.26] and [CDM92, Thm. 1].

It remains to check C' :=4 f-supp(l + Aw) =4 2\ O. Using the third
characterization in [HW18, Lem. 3.7],

we have
(1+Aw,v) =0 < wv=0q.e onC Vo€ HY (Q),. (5.8)

Using w = Zp(1), this directly implies that C' Cq ©\ O. Next, we define
W = Eq\c(1). Since w € Hg(O) C Hy(\ C), we have (1 + Aw,w) = 0.
Moreover, (5.8) implies (1 + Aw,w) = 0. Using (Aw,w) = (Aw,w), this
yields

0:(1,ww>:/wwdxi.
Q

Next, by the comparison principle from [DMMS86, Thm. 2.10], see also
[DMG94, Prop. 2.5|, we find & > w and, therefore, 0 = w. Finally, the
first part of the proof yields Q\ C =4 {w > 0} =4 {w > 0} =¢ O. Thus,
C =4 f-supp(l + Aw) =4 2\ O. O

The next result shows that every capacitary measure can be approximated
by Borel measures which are finite on all compact subsets of €.

Lemma 5.15 Let p € Mo(R2). Then there exists an increasing sequence of
measures (fn)nen C Mo(Q) which are finite on compact subsets of Q0 such
that py, 2, .

Proof. Let wg := Eq(1) and for u € Mo(Q2) let w := Z,(1). In [DMG94,
Prop. 4.7], it is shown that for the sequence (wy,)nen defined by

1 1
Wy = 1_E w—i-ﬁwo,
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the associated measures given by

(B) {fB S cap(B N {wy = 0}) =0,
Hn = "

400 else,

for each Borel set B C € are finite on compact subsets of €2 and ~y-converge to
w. Thus, it remains to show the monotonicity of this sequence. Since wg > 0
q.e. on © by Theorem 5.14, it holds p,(B) = [5 d(1+ﬁwn) for all n € N and
for all Borel sets B. By —AZq(1) = 1, the representation

[ d(l+Aw,) [ dI+A((L—-1/n)w+1/nw))
n(B) _/B W, _/B (1—=1/n)w+1/nwy

_/ d(1—-1/n+ (1 —1/n)Aw) _/ d(1 + Aw)

g =1/n)(w+1/(n—1)wy) Jpw+1/(n—1)wg

shows that p, < ppy1 < p holds for all n € N. O

The following lemma states that for every p € Mg(2), the image of =, is
dense in H}(Q) N Li(Q)

Lemma 5.16 Let i € Mo(Q) and let § € Hy(Q) N L2(). Then there is a
sequence
(0n)nen € {Zu(p) :p € H™H(Q)}

such that 6, — 0 in Hy(Q) N L2(Q).
Proof. For every n € Nlet 6, € H}() ﬂLfL(Q) be the solution of the problem
Find &, € Hy(Q) N L3() :
(=Ady, 2) +/ 6n 2z dp = —n/(én —0)zd\ Vze Hy(Q)NLi(Q).
Q Q
We can write &, = Z,(—n(d, — §)), thus 6, € {E,(p) : p € H 1 (Q)}.

By [DMG94, Proposition 3.1], it holds 6, — ¢ in H}(Q) N Li(Q) and the

conclusion follows. O

Let p € Mp(€2). The following lemma gives insights into the pointwise q.e.
behavior of elements in Hg (Q)ﬂLi(Q) using the torsion function w,, := Z,(1).
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Lemma 5.17 Assume that p € Mo(Q) and let z be an element of HL(2) N
L2(Q). Then it holds z € Hg({w, > 0}).

Proof. By [DMG94, Prop. 3.4], it holds p(B) = 400 for all Borel sets B C Q
with cap(B N {w, = 0}) > 0. Thus z = 0 g.e. on {w, = 0} for all z in
the image of Z,,. By density of this set in H}(£2) N Li(Q), see Lemma 5.16,
it follows z = 0 q.e. on {w, = 0} for all z € Hj(2) N L2(Q). It holds
w, > 0 on Q by Theorem 5.14, therefore, each z € H{(Q) N Lz(Q) is in
H({w, > 0). .

The next result characterizes the completion of H}(£2) N LIQL(Q) in H}(Q).
Note that for a quasi-open set O C Q we already know that HZ(Q) N
L%, (Q) = H}(O), see Proposition 5.4.

0\0

Lemma 5.18 Let p € My(S2) be given. Then,

1
H (@) n Lz

= Hy({w, > 0}).

Moreover, for any v € H}({w, > 0})+, there exists a sequence (vp)nen C
H} Q)N Li(Q) such that 0 < v, < v g.e. on Q for alln € N and v, — v in
H (D).

L@
Proof. We set Z := H}(Q) N L/%(Q)HO( )

is clear from Lemma 5.17.

Then, it can be checked that Z is a closed lattice ideal in Hg(Q), i.e., it is
a closed subspace with the property that z € Z, w € H}(Q2) and |w| < |2|
imply w € Z. Hence, [Sto93, Thm. 1] implies that Z = HE(O) for some
quasi-open O C ). Thus,

. The inclusion Z C H} ({w, > 0})

Z = HY(0) € HY({w, > 0})

and together with w, € Z we get O =4 {w,, > 0}. This shows the identity
HA(Q
HI@ A L2(@) " = 2 = HY(0) = H({w, > 0}).
The second assertion is clear since w — min(w, v)4 is continuous on H}(€2).
O
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The following lemma states that the solution operators associated to quasi-

open sets are a sequentially closed set w.r.t. the strong operator topology of
L(H™H(Q), Hy(2)).

Lemma 5.19 Assume (Op)nen S a sequence of quasi-open subsets of €2
and suppose that (2o, )nen converges in the strong operator topology of
LH7Y(Q), H}(Q)) to some = € LIHTY(Q), H}(Q)). Then there is a quasi-
open set O C Q such that = = Z¢p.

Proof. It holds Zp, (1) — Z(1) in Hg(£2), therefore (cog 0, Jnen is a Cauchy
sequence in My(2), see the proof of Corollary 5.9. Thus, we know from
Lemma 5.10 that £ = E,, for some p € M(Q). For fixed p € H~1(), we
set z, := E0, (p). Then, 2, — z := E,(p) in H}(Q) and this yields

/Qz2 dp = (Az,2) + (p,z) = lim ((Azp, 2n) + (p, 2n)) = 0.

n—oo

Hence, fQ 22 dp = 0 for all z in the range of S

In order to find a quasi-open set O C Q2 with Z, = Zp, we use the torsion
function w := Z,(1) and set O :=q {w > 0}. From [,w?dy = 0 and
z € Hy(O) for z € Hj(Q)NLZ (1), see Lemma 5.17, it follows that w = Zp(1).
Thus, Ep = 2, by Lemma 5.6. O

Recall that Gateaux derivatives of Siq in a point ( € H~(Q) are of the
structure Zp(¢), cf. (5.3). Now, from Lemma 5.19 we can deduce that the
generalized differentials for the solution operator Sijq defined by the strong
operator topology such as 0§®Siq((), 95Sia(¢) are subsets of {Zp : O C
) quasi-open}.

Remark 5.20 The following converse of the statement in Lemma 5.19
holds. Assume there are quasi-open sets O,,0 C £, n € N, such that
OO\ 0y, 2 oog\o- Then it holds Zp,, — Zp in the strong operator topology
of LIH7Y(Q), H}(Q)). In fact, in [ABM14, Prop. 5.8.6], it is shown that
Z0, — Zo in the strong operator topology of L(L*(Q), H}(£2)). Now, the
convergence in the strong operator topology of £(H (), H}(2)) follows by
using the theorem of Banach-Steinhaus.
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For the proof of the following theorem explaining the connection
between ~-convergence and Mosco convergence we refer to [BBO05,
Prop. 4.5.3, Rem. 4.5.5].

Theorem 5.21 Let Oy, O C Q be quasi-open sets. Then it holds cog\o, RN
coo\o if and only if (H}(On))nen converges to HE(O) in the sense of Mosco.

Recall that the notion of Mosco convergence was introduced in Section 4.2.
In Chapter 4 it was used to obtain two particular elements of 0 S¢(u). The
result in Proposition 4.9 already gives one of the two implications of the state-
ment in Theorem 5.21. Namely, the Mosco convergence H{(O,) — HE(O)
implies the convergence of solutions to variational equations and thus the con-
vergence Zp, — Zo in the strong operator topology of L(H1(Q), H}(Q))
which in turn implies cog\o, 2 oog\0- Now, Theorem 5.21 also gives the
reverse statement.

While the two notions of convergence are equivalent when considering
quasi-open sets, it is possible that a Mosco limit of a sequence (HE(Oy))
does not exist if there is no quasi-open limit set O, even though the solutions
of the corresponding variational equations converge weakly in H{(£2) to some
limit. Then, by what we have seen so far, the limit operator is the solution
operator of a relaxed Dirichlet problem involving a capacitary measure.

Now, we are going to analyze the convergence of a sum of two y-convergent
sequences. The following result is an auxiliary lemma.

Lemma 5.22 Let (vy)nen, (Wn)nen € HE(Q) be sequences with wy, — w in
HE(Q) and v, — w in H}(Q) for some w € HY(Q). Then, 2, := min(vy, wy,)
satisfies zn, — w in HY(Q) and

. 2 2
timsup ({2030 ~ lenlizyey) <0
Proof. The weak convergence of (z,)nen follows from the weak sequential

continuity of min(-,-) in H(Q) x H(2), see Proposition 2.19(3.). To obtain

the desired inequality, we check

2 2
el — ol



5.1. Capacitary measures and relaxed Dirichlet problems 97

l|zn — wn”i]&(g) — |lvn — wn”i]&(g) +2(2n — Unawn)Hé(Q)
= —|| max(0, v, — wn)H%%(Q) + 2 (zn, — vn, wn)H&(Q)

<2 (Zn — Un, wn)H&(Q)
Now, the claim follows from z,, — v, — 0 and w, — w in H&(Q) O

In the following proposition, the y-convergence of the sum of two particular
~v-convergent sequences is established.

Proposition 5.23 Let (i, )nen be a sequence in Mo(Q) such that ju, = p for
some p € Mo(Q) and let (Cp)nen be a sequence of quasi-closed subsets of
such that coc,, NN ococ for some quasi-closed set C C ). Then, p, + ooc, NN
w4 ooc.

Proof. We use the characterization of y-convergence via the I'-convergence
of the functionals F),, oo, , see Lemma 5.8(i) and (ii). Therefore, we have
to verify (5.7). Let w € L?(f2) be given and consider an arbitrary sequence
(wn)nen C L3(Q) with w, — w in L?(2). We have to show

Fltooo(w) < liﬁggf Funtoo, (wn)-

If the limes inferior is +oo, there is nothing to show. Otherwise, we select a
subsequence of (wp)nen (Without relabeling), such that (Fj, tcoc, (Wn))nen
converges to this value and such that F,, o (wy) < 4oo for all n.

By the definition of the functionals, this implies w,, € H}(Q) as well as
Jqw2 doog, < 400, and these properties yield w, € Hg(\ Cy). Conse-
quently, we have

Foo(w) <liminf Foo, (wy) < liminf Fy, 4 oor, (W) < +00.

n—oo n—o0

Thus, w € H{(Q\ C) and [, w? dooc = 0. Now, the desired inequality
follows from

Fltooe (w) = Fy(w) < I%H_l)icgf Fpu, (wn) = hﬁggf Flntooc, (Wn),
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r
where we have used F),, — F,.

Further, we have to prove the existence of a sequence (Wy)neny C L?(£2)
with @, — w in L?(Q) and

Flijooe (w) = nh_g)lo Fuptooc, (y,).

It is enough to consider the case w > 0, otherwise apply the following ar-
guments to wy and w_. If Fj, . (w) = oo, there is nothing left to show.

Otherwise, we have w € H} (2 \ C). From F),, 5 Fy and Fo, EN Fooo., we
find sequences (vp)nen, (Wn)nen € L2(2) with

vy = win L*(Q) and  F,, (vs) = Flu(w),

wp, = w in L*(Q)  and  Faop, (wn) = Foor (w).

W.lo.g., we can assume v, w, > 0 (otherwise, replace v, by (v,)+ and wy,
by (wn)4). Moreover, we can assume that Fy, (vp), Foor, (wn) < oo for all
n € N. Then we can infer v, — w in H}(Q) and w, — w in H}(). We
define z, = min(wy,v,) and already get z, — w in L?(2). To obtain the
convergence of the function values, we use z, = 0 g.e. on C,, to obtain

Fl,+ooc, (2n) = Fpu,(2n) = / |Vzn|2 dr? +/ 2721 dpn
Q Q
< [Vl axt+ [ o dpes = B o) + (lanlBiyoy = loulBiy o)
Now, by using Lemma 5.22 and w € H}(Q\ C) we obtain

Fltooe(w) < linniioréf Flptooc, (2n)

< limsup Fy,,, 4 ooc, (2n) < limsup F, (vn) = Fu(w) = Flicoe (w).

n—o0 n—o0

Thus, Fliooe(w) = limp oo Flptooe, (27). This finishes the proof of the

r
convergence Fy, tooc. — Futooc- O
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5.2 Generalized differentials involving the strong
operator topology

Using the characterization of the Gateaux derivative in a point ¢ € H~1(Q)
as Ey(¢) and the properties of solution operators of relaxed Dirichlet problems
introduced in the previous section, we characterize the generalized differen-
tials 0 Sia(¢) and 95°*Sia(¢) in this section.

We start with the following technique that is frequently used in the re-

maining parts of this chapter.

Proposition 5.24 Assume O C Q is quasi-open and let v € H}(O). Then it
holds v = Eo(—Awv).

Proof. The statement follows directly from the definition of =p. ]
In the following lemma, we find a superset of 95°Siq(¢).

Lemma 5.25 Let ( € H (). For each Z € 95y°Sa(C) there is a quasi-open
set D C Q with cap(D N As(¢)) =0 and E = Ep.

Proof. By definition of 05°Siq(¢), see Definition 2.12, there is a sequence
(Cn)nen € Dg,, such that ¢, — ¢ in H71(Q), Sia(¢n) — Sia(€) in H(% (©2) and
S!,(¢n) — Z in the strong operator topology of L(H1(2), H}(2)). By the
characterization of differentiability points of Sjq, see Theorem 4.3, we have
Si4(Cn) = Ep(¢,)- From Lemma 5.19, we already know that = = Zp for some
quasi-open set D C €.

It remains to check cap(D N Ag(¢)) = 0. From Lemma 2.31 (see also
Theorem 5.14) we infer the existence of v € Hj(Q)+ with {v > 0} =4 D.
In particular, v € H}(D) and this yields that v = Zp(—Awv), see Proposi-
tion 5.24, is the strong limit of v, := S/;((n; —Av). By the properties of
Siq(Cn) = Ep(¢,)> We have v, = 0 q.e. on A((n) =4 As(¢n). Thus,

<£TL7 |/UTL|> = 07

where &, := —AS;q(()—Cn, see Corollary 3.10. From &, — & := —ASiq(¢)—(¢
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and |v,| — |v|, we infer

(&, [v]) = 0.
Thus, v = 0 q.e. on Ag(¢) by Corollary 3.10. Hence, by choice of v it holds
cap(D 1 Ay()) = cap({v # 0} N A(()) = 0. .

The following auxiliary lemma shows that for arbitrary ¢ € H~!(Q) and
a sequence (Cy)nen € H71(Q) each element v € HL(I(¢)), 0 < v < 1 is the
limit of a sequence (v )neny € Ha (1(¢n)). A related statement has been shown
in the proof of Theorem 4.17 where the Mosco convergence of HZ (I(f(¢,)))
was verified. Here, the sets I((,) are not necessarily increasing. However,
the proof relies once more on increasing quasi-coverings, see Lemma 2.29.

Lemma 5.26 Assume ((n)neny € HY(Q) is a sequence with ¢, — C for
some ¢ € H-Y(Q). Then for each v € HE(I(¢)) with 0 < v < 1 there exists a
sequence (Un)nen with v, € HY(1((n)) and vy, — v in HE(SY).

Proof. We set y := Siq(¢) and yn := Sia(Gn). Let tn := sup,—p oo |Ym —

y||11q/12 Q" Then, (ty)nen is a decreasing sequence of nonnegative numbers with
0

tn = |lyn — yl!gf(g) and t, \, 0. We have {y > o} =q UpZi{y > ¥ +ta}.
Since the sets on the right-hand side are quasi-open and increasing in n, we
can apply Lemma 2.29. This yields a sequence (¥ )nen € HE () with 3, — v
in H}(), 0<%, <1and @, =0 qe. on {y < +t,}.

Next, using the definition and monotonicity of the set function cap, we
observe

cap ({yn = ¥} N{y >+t }) < cap({lyn — y| > tn})
<t ?|lyn — y”%{é(g) — 0.

Thus, there exists a sequence (wp)ney C H}(Q) with w, — 0 in Hg(€2),
0 <w, <1land w, =1qe on{y, =v}n{y >v+t,}, n €N, cf.
Lemma 2.27. For n € N we define v, := (0, — wy)+. By construction,
vp, — v and v, =0 q.e. on {y, = ¥}, ie., v, € HHI((h)). O

Next, we provide a characterization of 0 Siq(().



5.2. Generalized differentials involving the strong operator topology 101

Theorem 5.27 Let ¢ € H-1(Q) be given. Then it holds
05 Sia(¢) ={=Ep | D is quasi-open and 1() Cq D Cq 2\ As(¢)}.

Proof. “C”: Let = € 0§ Sia(¢) be given. By definition, S{;(¢,) — Z in the
strong operator topology of L(H1(Q), H}()) for some sequence ({,)neny
Dg,, with ;, — ¢. From Lemma 5.25 and from = € 95Si4(¢) € 95°Sia(Q),

—_ —_
— — =

we already have = = Zp for some quasi-open D Cy Q\ A4(¢). It remains to
check I(¢) Cq D.

By Lemma 2.31 (see also Theorem 5.14), there is a function v € H}(Q) with
0 <wv <1andI({) =q {v >0}, From Lemma 5.26, we get a sequence
(Un)neny € HY() with v, — v and vy, € H}(I(¢,)). Together with Proposi-
tion 5.24 and Lemma 2.11(1.) we find

v= nh—>HoloUn = nh_)ngo_[(gn)( Auvy,) nh_}mgO Siq(Cn; —Avy) = Ep(—Av).

This gives I(¢) =¢ {v >0} Cq D.

“2" Let D be given as in the formulation of the theorem. From Lemma 2.31
(see also Theorem 5.14), we get a function v € H(Q)4 with {v > 0} =, D.
Similarly, Theorem 5.14 gives v € H~1(Q), with f-supp(v) =¢ Q\ D. We

define ¢, := ¢ — (Av +v)/n, y := Sia(C), Yn =y +v/n, & = —Ayn — G,
§:=—Ay — (. Then

1 1
€n=—Ay—~Av—C+—(Av+v)=E+2
n n n

and we may check that y, = Siq({,). From v > 0, we infer y,, € K. Further,
for arbitrary z € Ky, we have

<€nvz_yn>:<€7z_y>+<§7_:lv>+:b<yaz_y_Z>
>0+0+0=0.

The second term is zero due to v = 0 q.e. on Q\ D D As((), see Corol-
lary 3.10. Similarly, the third term is nonnegative since f-supp(v) =4 2\ D
and z > ¢ =y +v/non Q\ D. Hence, y, = Sia((n). Thus, I((n) =q D =
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Q\ As(Cn), 1ee., G € Dg,,, compare Lemma 4.4. Finally, S{;(¢,) = Ep for all
n € N and ¢, — ¢ ensure Zp € 0§ Sia(¢).
O

Remark 5.28 In the proof of the inclusion “2” for Theorem 5.27, for ar-
bitrary quasi-open D with I({) Cq D Cq 2\ As(¢) a sequence ((p)nen is
constructed which converges to ¢ such that the strict complementarity con-
dition is fulfilled in ¢, and such that D coincides with 1({,) and thus also
with Q\ As(¢n)-

This proof technique is not transferable to the setting where f is an opera-
tor as in Chapter 4, since the sequence ((,)neny € H () doesn’t necessarily
correspond to a suitable sequence in U.

We can also give a characterization of 05°Siq(¢). Indeed, for any
¢ € H 1), we will see that without any further assumptions it holds

95°Sia(¢) = 0 Sia(Q).
Theorem 5.29 Let ¢ € H-1(Q2) be given. Then,
0g°Sia(¢) ={Ep | D is quasi-open and I(¢) Cq D Cq 2\ As(Q)}-

Proof. “2”: This follows from 05°Siq(¢) 2 0§ Sia(¢) and Theorem 5.27.
“C” Let 2 € 95°Sia(¢) be given. By definition, S{;({,) — = in the strong
operator topology of L(H1(Q), H}(Q)) for some sequence (()nen C Dy
with ¢, — ¢ and Siq({,) — Sia(¢). From Lemma 5.25, we already have
= = =Zp for some quasi-open D Cq 2\ Ag(¢). It remains to check I(¢) Cq D.
We set w := Zp(1) and wy, := S{3(¢n; 1) = Ep(,)(1), cf. Theorem 4.3. From
Theorem 5.14, we find 1+ Aw,, > 0 and f-supp(1l + Aw,) =q A(¢,). Since
Yn = Sid((n) = ¥ q.e. on A((,) and since y,, and v are assumed to be Borel
measurable, this gives

/ (4 — ) (1 + Auw,) = 0.
Q

The function y — 1 is nonnegative and quasi lower-semicontinuous.
Lemma 2.26 implies the existence of an increasing sequence (vpm)men C
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H(Q) with 0 < vy, and vy, /'y — 9 pointwise q.e. on Q.
Let m,n € N. We have

/(Um_y+yn) d(1+Awn) < /(yn_'l/}) d(1+Awn> =0.
Q Q

From y, — y in H}(Q) and w,, — w in H}(2), we infer

OS/Um d(1+Aw) = lim [ (v —y+yn) d(1 + Aw,) <0.
Q

n—oo 0

Hence,

/vm d(1+ Aw) =0.
Q

Since vy, > 0 q.e. and (14 Aw)-a.e. on Q, we conclude v, =0 (1 + Aw)-a.e.
on . By monotone pointwise q.e. convergence of (v, )men to y — 1, we have

U {Um > 0} —q I(C)
meN

Thus, since (1 + Aw)({v,, > 0}) = 0 for all m € N and since (1 + Aw)
vanishes on sets of capacity zero we conclude

1+ Aw)I(Q)) = (1 + Aw) ( U {om > 0}> =0

meN

by o-subadditivity of (1 + Aw). This shows I(¢) Cq D.

5.3 Generalized differentials involving the weak
operator topology

In this section, we will study the generalized differentials 03".Siq(¢) and
O3V Sia(¢). Since these differentials contain limits of Géateaux derivatives
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in the weak operator topology, the corresponding sets are, in general, larger
than the differentials using the strong operator topology, see Lemma 2.13.
Moreover, since the completion of

{Z0 | O C Q quasi-open}

w.r.t. the weak operator topology is My(2), see Lemma 5.10 and
Lemma 5.11, it is predictable that solution operators of certain relaxed Dirich-
let problems w.r.t. capacitary measures are also contained in these generalized
differentials.

We start with the analysis of 95"Siq(¢).
Lemma 5.30 Let ( € H1(Q) be given. Then,
O $a(Q) € {Z5 | 1€ Mo(9), u(1(C)) = 0 and = +00 on A(Q)}. (5.9)
Here, = 400 on Ag(C) is to be understood as
VzeH&(Q)ﬂLi(Q) : z=0 ge. on As(C). (5.10)

Proof. Let 2 € 0§'Sia(¢) be given. By definition, there is a sequence
(Cn)nen C Dg,, with ¢, — ¢ in H1(2) and S!;(¢,) — E in the weak opera-
tor topology of L(H1(Q), H}()). From Lemma 5.10 we obtain E = Z,, for
some p € Mo(£2).

First, we show j = 400 on Ag(¢). Let p € H~1(Q) be given. Then, v, :=
S!4(Cnsp) — Eulp) =t v and |v,| — |v| in H(Q), see Proposition 2.19(2.).
For &, := —ASiq((n) — ¢n and € := —ASiq(¢) — ¢ we have &, — £ in H~1(Q).
By |vn| = 0 q.e. on Ag((p), we find

0= lim {€n, [oal) = (&, ]01).

Hence, |v| = 0 q.e. on A4((), see Corollary 3.10. Since the range of Z, is
dense in H}(Q) N Li(Q), see Lemma 5.16, we have u = +o00 on Ag(Q).

It remains to show p(I(¢)) = 0. Let v € HZ(I(¢)) with 0 < v < 1 and
{v >0} =4 I(¢) be given, see Lemma 2.31 or Theorem 5.14. By Lemma 5.26,
there exists a sequence (vy,)nen With v, — v in H}(Q) and v, € HE(1(¢n)).
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Therefore, v, = E(¢,)(—Avy) = Siq(Cn; —Avy), see Proposition 5.24. Since
—Av, = —Av in H1(Q), Lemma 2.11(2.) implies v, = S ((n; —Avy,) —
Eu(—Av). Hence, v = Z,(—Av) and therefore, v € L2(Q). Testing the
associated weak formulation with v, we infer

/ Vo> d\? + / v? dp = (—Aw,v) :/ |Vol? d4.
Q Q Q

Hence, fﬂ v? dp = 0 and this means v = 0 p-a.e. on 2. Since v > 0 g.e. on
I({) and since p vanishes on sets of capacity zero, we have v > 0 p-a.e. on

I(¢). This implies p(I(¢)) = 0. O

Let us observe that if { is a point at which Sjq is Gateaux differentiable,
then the strict complementarity condition holds at (, see Lemma 4.4, and
consequently, the right-hand side in (5.9) reduces to {Ew .} = {E10)} =
{5/,(¢)} and equality holds.

For arbitrary ¢ € H~1(Q), the reverse inclusion in (5.9) is much harder
to obtain, and we will prove it under some regularity assumption on v and
Sia(€)-

However, in the special case that the entire set €2 is weakly active, i.e.,
A(CQ) =q © and A5(¢) =¢ 0, the equality in (5.9) just follows from the density
result in Lemma 5.11.

Corollary 5.31 Let ¢ € H=Y(Q) be given such that A(¢) =4 Q and As(¢) =4
(). Then,

O5"51(¢) = {Eu | p € Mo(Q)}.
In particular, (5.9) holds with equality.

Proof. “C”: This inclusion is established in Lemma 5.30.

“D”. From Theorem 5.27, we have
0pSia(¢) ={=p | D € Q is quasi-open} C 93" Siq(().

Since the closure of the left-hand side w.r.t. the weak operator topology of
LH7Y(Q),H}(Q)) is {E, | 1 € Mo(Q)}, see Lemma 5.10, Lemma 5.11, and
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since 05" Siq(¢) is closed in the weak operator topology of L(H~1(2), H} (1)),
see Proposition 2.14(2.), this yields the claim.
O

The difficulty in proving the reverse implication in (5.9) in the general
case lies in obtaining a suitable approximating sequence of quasi-open sets
(On)nen in the spirit of Lemma 5.11, which is typically proved in a rather
abstract way.

In the following approach, the explicit construction from [DMM95] is used.
This, however, needs that A((,) contains an open neighborhood of A(¢) and,
therefore, we assume continuity of Sjq(¢) and ).

We first state two preparatory lemmata.

Lemma 5.32 Let ( € H 1(Q) be given and define y := Siq(). We assume
thaty € C(Q), ¥ € C(QNHY(Q). Further, we assume that either ) € HZ(Q)
or 1 < 0 on N holds.

Then, there exists a sequence (Cp)nen € H 1) with ¢, — ¢ in H-Y(Q)
and such that y, := Siq(¢n) satisfies yn, = 1 g.e. on an open neighborhood of
A(Q) as well as £ = —Ay — ¢ = —Ayp, — (.

Proof. Our strategy is to define y, with the desired properties and to verify
afterwards that y, solves the obstacle problem with right-hand side ¢, :=
—Ay, — £.

In the case that v € H}(2), we define y,, := max(y — 1/n,¢). It is
immediate that y,, € H}(Q), yn — y in H}(Q) and y,, = ¢ on {y < ¥ +1/n},
which is an open neighborhood of A(().

In the case that ¢ < 0 on 9€), we have ¥y < ¢ on € for some constant
¢ < 0. From y = 0 on 01, we find that the set {y = 1} has a positive
distance to the boundary of ). Thus, there exists a function v € C°(Q2) with
0<v<1landwv=1on{y=1}. Now, wesety, = max(y—v/n,1). Again,
we find y,, € H}(Q), yn — y in H}(Q) and y, = ¢ on {y < ¢ +v/n} which
is also an open neighborhood of A(().

Finally, we define ¢, := —Ay,, — . Since y, — y in H} (), it is immediate
that ¢, — ¢ in H~(Q) and we have to check that 4, = Siq(¢,). The property
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yn € Ky is clear from the definition of y,. From As(¢) Cq {y =¥} C {yn =
Y}, we infer Ag(¢) Cq {z > yn} for all z € K. Hence,

<_Ayn — Cny 2 — yn> = <§7Z - yn> > 0.
This shows that y, = Sia((n)- O
Let us state the following auxiliary result.

Lemma 5.33 Let ¢ € H'(Q) be given such that the assumptions of
Lemma 5.32 are satisfied. Then, for every measure p € Mo(Q) which is
finite on compact subsets of @ with u(1(¢)) = 0, the measure v = p1 + 004 (¢)
satisfies

E, € 05751 (Q).

Proof. Let p be a given measure as in the formulation of the lemma. We can
use the construction of [DMMO95, Thm. 2.5| to obtain a sequence (Kp,)men
of compact subsets of 2 with the property that each K,, is contained in
supp(u) + By, and oo, 2y u. In particular, for all n € N, K, C {yn = ¥}
for m large enough with y,, = Siq((), where the sequence ((,)nen is given
by Lemma 5.32.

Now, we consider the sequence (v, )men defined by
Um = 00K, T 004, (¢) = OOK,,UA(()

for m € N. By Proposition 5.23, we conclude that v, Y v as m — oo. Fix
n € N. Then, since

I(Gn) Cq K2 N (Q\ A(Q) =q K& N (Q\ As(Gn)) Sq 2\ As(Ca)

for m large enough, Theorem 5.27 implies that =,,, € 95 5ia(¢,) for all but
finitely many m € N. Thus, the set inclusion 0§ Sia(¢) C 05" Sia(C) (see
Lemma 2.13) and Proposition 2.14(2.) imply that 2, € 0§"Sia(¢,) for all
n € N. Applying Proposition 2.14(2.) once more, we obtain that =, €
03" Sia(€) and the claim follows. O



108 5. Generalized differentials for the basic solution operator

Now, we are able to give the characterization of 93"Siq({) under the regu-
larity assumptions of ¢ and Sjq(¢) considered in Lemma 5.32.

Theorem 5.34 Let ( € H () be given such that the assumptions of
Lemma 5.32 are satisfied. Then, (5.9) holds with equality, i.e.,

95" Sia(C) = {Eu [ 1 € Mo(Q), u(I(C)) = 0 and p = +00 on As(C)}. (5.11)

Proof. Let p € Mo(Q) with p(I(¢)) = 0 and p = oo on Ag(¢). By
Lemma 5.15, we find an increasing sequence (fim,)men of measures which
are finite on compact subsets of 2 with 2, . Let m € N. Since py, < u,
it holds pm(1(¢)) = 0. Thus, by Lemma 5.33, the measure vy, := pim+004,(¢)
satisfies

Eum € 8}S?,W d(C)

Furthermore, Proposition 5.23 implies that vy, 2 Bt 00 ¢) = pas m —>
oo. The closedness property of 03" Siq, see Proposition 2.14(2.), implies that
L, € 35" Sia(¢). O

By means of an example, we indicate that the generalized differential
OV Sid(€) can be surprisingly large. In fact, we have seen that for a point
¢ € Dg,, at which Sjq is Gateaux differentiable we have

95 Sia(¢) = 95°Sia(¢) = 93" Sia(¢) = {S{a(O)},

see Theorems 5.27 and 5.29 and Lemma 5.30. However, we will see that
05" Sia(€) is not always a singleton for ¢ € Dg,,.

Example 5.35 We use the classical construction of [CM97|. Therein, the
authors construct a sequence (O,,)en of open subsets of Q such that the
solution operators =g, of

Find 6, € HY(O,): —Ab,=p

converge in the weak operator topology of L(H1(Q), H}()) to the solution
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operator =, := =, a of
Find 6 € HY(Q): —Af+cA5)=p

for a positive constant ¢ > 0.

We define w = Z.(1) and w, = Zp,,(1). This yields w,, — w. We fix the
obstacle ¥ := 0 and set ¢, := —Aw, — 27" xq\0, for n € N, ( 1= —Aw.
Then, w € Ky by Theorem 5.14 and it is clear that w = Siq(¢). Moreover,
again by Theorem 5.14, we have w, € Ky and it holds w, = Siq({,) since
wy, € H3(O,,). Moreover, it holds ¢, — C.

Since A(¢) =q 0, we have ¢ € Dg,,. Similarly, we have A(¢,) =q {w, =
0} =q 2\ Op, see Theorem 5.14. From &, := —Aw, — (, = 27" x0\0,,, We
have Ag(¢) =q 2\ Oy, since 2\ O, is a finite union of balls (by construction).
Thus, ¢, € Dg,, and S/;((n) = Eo,,. By construction, Zp, — =, in the weak
operator topology of L(H (), H}(2)). Hence, E. € 95"V Sia(¢) although
¢ € Dg,, and thus Sj;(¢) = Exc (., # Ec, compare Lemma 5.6.






CHAPTER 6

Generalized derivatives for the
solution operator of the
bilateral obstacle problem

In this chapter, we derive generalized derivatives in 05Sf(u) for the com-
position Sy of the solution operator of the bilateral obstacle problem with a
general monotone and continuously differentiable operator f: U — H~(Q)
on a control Banach space U. For f and U we consider the assumptions
from the previous analysis of the unilateral obstacle problem in Chapter 4.
More precisely, Sy := Sjq o f is the solution operator of the bilateral obstacle
problem

Findy € K : (Ly— f(u),z—y) >0 Vze K. (BOPy)

Throughout this chapter, @ C R? is an open, bounded set and L &
L(H} (), H71(2)) denotes a coercive operator. The admissible set K in
(BOPy) is defined as

K?Z ={zc H}Q) | <2< ¢ qe inQ}. (6.1)

In general, we assume that the lower obstacle ¢: Q@ — R U {—o0} is quasi
upper-semicontinuous and the upper obstacle p: @ — R U {+o0} is quasi

111
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lower-semicontinuous. Moreover, we suppose that the resulting admissible set
K fZ’ in (6.1) is nonempty. For the main results of this chapter, we additionally
assume the following conditions to hold for L and .

Assumption 6.1
1. The operator L is assumed to be strictly T-monotone (see (3.3)).

2. We consider lower and upper obstacles 1, € HY(Q) N L®(Q) and
assume there is ci > 0 such that  — ¢ > ci holds a.e. on Q.

Note that the assumption on strict T-monotonicity of L ensures that also
the solution operator of the bilateral obstacle problem is increasing.

Throughout this chapter, U is a Banach space and f: U — H~Y(Q) is
an operator. Similar to Chapter 4, for the main results in this chapter we
additionally assume the following conditions.

Assumption 6.2
1. We assume that the operator f: U — H~1() is defined on a partially
ordered Banach space (U,>y). In addition, let f be increasing, i.e.,
up >y ug implies f(ur) > f(ug) in H-1(Q).
2. The operator f is continuously differentiable.

3. U is separable and there is a partially ordered Banach space (V,>v)
such that the positive cone P = {v € V : v >y 0} has nonempty interior
and V' is embedded into U. The order relation >y has the property that
for all vyw € V with v >y w it holds v+ z >y w+ z for all z € V
and tv >y tw for allt > 0. We assume that the linear embedding
t: V= U is continuous, dense and increasing, i.e., compatible with the
order structures in V and U. This means that v € V with v >y 0
implies 1(v) >y 0 in U.

Imposing these assumptions, the overall approach is similar to the strategy
in Chapter 4. For arbitrary u € U, we obtain the existence of increasing
and decreasing sequences converging to v at which the locally Lipschitz con-
tinuous solution operator Sy of (BOP;) is Gateaux differentiable. Now, we
characterize limits of the respective Gateaux derivatives making use of the
monotonicity structures.
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Nevertheless, there is an essential difference in the analysis of the Gateaux
derivatives compared to the analysis for the unilateral obstacle problem. The
multiplier LS¢(u) — f(u) € H~ () is no longer a nonnegative functional
due to the bilateral constraints. Thus, the identification with a nonnegative
measure, as in the unilateral case, is not possible. By representlng the resid-
ual LSp(u) — f(u) € H-H(Q) as the difference &, — ¥ of two nonnegative
measures (Theorem 6.5), we can define the strictly active set Ag(f(u)) using
the measures éw and { #. This gives us a description of the critical cone based
on the pointwise q.e. behavior of elements in H}(€2). Recall that the criti-
cal cone is the admissible set in the variational inequality for the directional
derivatives, cf. Theorem 3.3.

However, the representation of LSy(u) — f(u) € H~1() as the difference
of two measures requires care. We will see that, in general, not every element
in H&(Q) is integrable with respect to the two measures and thus, the repre-
sentation is not valid on the entire domain space H}(€2). In fact, it is valid
only on H}(Q) N L>(Q). We can also show that the representation holds
true on the entire domain space Hg () if the active sets with respect to both
obstacles have a positive distance. Subsequently, we give an example where
the active sets do not have a positive distance and the representation fails on
unbounded elements in H}(2). Nonetheless, the pointwise description of the
critical cone based on the strictly active set is given in any case.

Now, if the solution operator Sy is Gateaux differentiable at u, then S’ (u)
can be obtained as the solution operator of a variational equation on Hg (D),
where D can be chosen as any quasi-open subset of €2 satisfying I(f(u)) Cq
D Cq Q\ Ag(f(u)), see Theorem 6.11.

When considering increasing, respectively decreasing, sequences (u)nen,
we have to consider sets D,, which neither coincide with I(f(u,)) nor with
Q\ As(f(up)) in the general case to show the Mosco convergence. The sets we
study are complements of the combination of strictly active w.r.t. the lower
obstacle and active set w.r.t. the upper obstacle and vice versa. These sets
are non-monotone. This is due to the observation that strictly active and
active sets are stable in opposite monotone directions and the behavior is
exactly inverse for lower and upper obstacle. We are able to show the Mosco
convergence of the corresponding sets (H}(Dy))nen towards H (D) for Dy,
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and D as specified above. With this result, the convergence of the respective
Gateaux derivatives S’ (u,) in the strong operator topology of L(U, H(Q))
follows and by this strategy, we obtain elements of 9FSr(u).

This chapter is organized as follows. In Section 6.1, we collect fundamental
properties of the variational inequality (BOPy) and of its solution operator
S¢. In particular, we state the variational inequality for the directional deriva-
tive and the admissible set it the critical cone. The structure of the critical
cone is analyzed in Section 6.2. To this end, a representation of the resid-
ual LS(u) — f(u) as the difference &, — £¥ of two nonnegative measures is
derived and the strictly active sets are defined based on these measures. A
counterexample shows that this representation is, in general, only valid on
H} (Q)NL>(Q), which requires some care in the sequel. Moreover, a represen-
tation of S}(u) is derived if u is a point at which Sy is Gateaux differentiable.
In Section 6.3, the monotonicity of the active and strictly active sets with
respect to both obstacles is established. Using monotonicity and continuity
properties, in Section 6.4, the Mosco convergence of (Hg(Dy,))nen to HE (D)
is shown for two different choices of admissible sets H(D,,), Hi(D). in the
variational equations for Gateaux derivatives and for increasing and decreas-
ing sequences (un)nen converging to u, respectively. As a consequence, we
can derive two elements of 0 S¢(u) in Section 6.5. Finally, an adjoint repre-
sentation of corresponding Clarke subgradients for an objective functional is
derived in Section 6.6.

The results in this chapter are versions of the contents in [RU20].

6.1 Properties of the solution operator

In this section, we collect properties of the solution operator Sy of the bilateral
obstacle problem (BOPy). Let us first state that a unique solution of (BOPy)
exists for every u € U and that the corresponding solution operator is locally
Lipschitz continuous.

Theorem 6.1 Let 1p: Q — RU{—00} be quasi upper-semicontinuous and let
v: Q= RU{+o0} be quasi lower-semicontinuous such that the admissible set
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/\ \ / obstacle ¢
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(¢) Solution for force term ¢

Figure 6.1. Bilateral obstacle problem for different force terms

K;f in (6.1) is nonempty. Then, for each uw € U, the variational inequality
(BOPy) has a unique solution. Moreover, if f is locally Lipschitz continuous,
then the solution operator Sy: U — H~1(Q) of (BOPy) is locally Lipschitz

continuous.

Proof. By Theorem 3.1, the variational inequality (BOPf) has a unique
solution. Since Sy = Siq o f is Lipschitz continuous, see Theorem 3.1,
the composition Sy is locally Lipschitz continuous if f is locally Lips-
chitz continuous. Here, Siq denotes the solution operator of (BOPy) for
f=id: HYQ) - H Q). O

Figure 6.1 illustrates solutions of the bilateral obstacle problem for different
force terms ¢ € H-1(Q).
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The next lemma summarizes the monotonicity of Sy with respect to the
elements in U.

Lemma 6.2 Assume that L € L(HZ(Q),H 1(Q)) satisfies Assump-
tion 6.1(1.). Let ¢¥: Q@ — RU{—o00} be quasi upper-semicontinuous and let
©: Q= RU{+00} be quasi lower-semicontinuous such that the admissible set
Kfﬁ in (6.1) is nonempty. Suppose that the conditions of Assumption 6.2(1.)
on f and U are satisfied. Then the solution operator Sy: U — H&(Q) of
(BOPy) is increasing, i.e., if ui,us € U satisfy u1 >y ua, then it holds
S¢(ur) > Sg(ug) in HY(RQ), i.e., a.e. and g.e. on Q.

Proof. It holds Sy = Sjq o f. Now, it follows from Proposition 3.2 that Siq is
increasing. Since f is increasing, the composition Sy is increasing aswell. [

6.1.1 Differentiability properties of the solution operator

As for the unilateral obstacle problem, we can define the active and the
inactive sets. Thus, we distinguish the following subsets of  for a fixed
element ¢ € H~ () that result from the solution Siq(¢) of (BOPy) for
f = id being the identity operator on H~1(Q). Let ¢ € H~ (). By

A(Q) i=q {w € Q[ Sia(Q)(w) = ¥(w) or Sia()(w) = p(w)}

we denote the active set. We also distinguish the active sets with respect to
¥ and ¢, i.e., we define

Ay(Q) =g {w € Q] Sia(Q)(w) = P (w)}

and

A%(¢) i=q {w € Q[ 5ia(¢)(w) = p(w)}-

Note that A(() =q Ay(() U A?(¢). As described in Lemma 2.22, by con-
sidering quasi-continuous representatives of Siq(¢) € HJ (), the active sets
are quasi-closed and defined up to a set of capacity zero. Moreover, by
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(b) Active set for force term ¢ <0
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(c) Active set for force term ¢

Figure 6.2. Active sets for different force terms, compare Fig. 6.1

Lemma 2.23, we can assume that they are Borel measurable.

We denote by I(() :=q 2\ A(¢) the inactive set and by I,,(¢) :=q 2\ Ay ((),
respectively 1%(() :=q Q \ A®(¢), the inactive sets with respect to the two
obstacles.

Figure 6.2 illustrates the active sets with respect to the two obstacles in
some exemplary scenarios.

Proposition 6.3 Let 1): Q — RU{—00} be quasi upper-semicontinuous and
w: Q = RU{+oo} be quasi lower-semicontinuous such that the admissible
set qu in (6.1) is nonempty. Assume that f: U — H~1(Q) is directionally
differentiable. Then the solution operator Sy: U — H{(Q) of (BOPj) is
directionally differentiable. For given u,h € U, the directional derivative
S}(u; h) is given by the solution of the variational inequality

Find 0 € KKi(y,g) : (L6 — f'(ush),z—38) >0 Vze ICK:Z(y,f). (6.2)
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Here, y := S¢(u), £ := LS¢(u) — f(u) and f'(u;h) denotes the directional
derivative of f in w € U and in direction h € U.
Moreover, ICK;ﬁ (y,€) = 'Tsz (y) N &L, where

TK:i(y) ={z¢€ H&(Q) | 22>0 ge in Ap(f(u)),z <0 ge. in A?(f(u))}.
(6.3)

Proof. By Lemma 3.8, K:Z is polyhedric at (y,—¢). Now, Theorem 3.3 im-
plies that Siq is directionally differentiable. Observing that Siq is Lipschitz
continuous, see Theorem 6.1, and thus, by Proposition 2.5, directionally dif-
ferentiable in the Hadamard sense, Lemma 2.6 implies that the directional
derivative S}(u; h) exists and is given by the solution of (6.2). The charac-
terization of (6.3) is established in [Mig76, Lem. 3.4]. O

6.2 Analysis of the critical cone

Let u € U and denote y := S¢(u), £ := LS¢(u) — f(u). As in the case with
a single obstacle, we want to find a suitable characterization of the critical
cone

’CK;;’(?J,@ = TKﬁ(?J) net.

Note that in the setting with a single lower obstacle such a characterization
is given by

{z€ HYQ) | 2> 0 qe. in A(f(u)) and z = 0 q.e. in Ag(f(u))},

see (3.12).

A crucial difference to the case with only one obstacle is that £ is not
a nonnegative functional and thus cannot be identified with a nonnegative
measure. Instead, we will see that, in some cases, it can be identified with
the difference of two nonnegative measures. In general, i.e., when the active
sets Ay (f(u)) and A?(f(u)) do not have a positive distance, LS¢(u) — f(u)
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acts as the difference of two measures on all elements of H} ()N L>®(£2), but
the characterization does not carry over to unbounded elements of HJ (),
see Example 6.8. Before we present the theorem on the representation, let us
state an auxiliary lemma.

Lemma 6.4 Assume that v € L>(Q) N HY(Q). Moreover, let (wy)nen C
L>®(Q) N H(Q) be a sequence with wy, — 0 in H(Q) and |w,| < C a.e. for
some C >0 and alln € N. Then vw, — 0 in H}(Q).

Proof. Let us recall that vw, € H}(Q) and V(vwy,) = w,Vv + vVwy,, see
Lemma 2.18. Thus,

[vwnllgg @) < lwaVollL2g) + [vVwnl| L2 ()

holds. The second term tends to zero since v € L>*(Q) and Vw, — 0 in
L?(Q2). Moreover, for a subsequence, the term ||w, Vvl|;2(q) converges to zero
aswell. To see this, pick any subsequence and choose a subsubsequence (wy, )y,
(without relabeling) that converges to 0 pointwise q.e., see Lemma 2.28, and
thus pointwise A%-a.e. Now, the assertion follows from Lebesgue’s dominated
convergence theorem and |w,Vv| < C|Vv| € L3(9). O

Now, we are looking for a characterization of the multiplier in terms of
measures. Therefore, recall the definition of M (Q) in (2.8).

Theorem 6.5 Assume that 1, ¢ fulfill the conditions of Assumption 6.1(2.).
Let ¢ € H YQ) be arbitrary and set y := Siq(¢), € := Ly — (. Then the
following statements hold.

1. The functional ¢ € H1(Q) acts as the difference éw—ép of nonnegative
measures £y, E7 € M1 (Q) on all elements of HY(Q) N Ce(Q), i.e.,

owh= [ w ey~ [ wage (6.4)

holds for all w € H () N Ce(L).
2. Let A C Q) be arbitrary. Then cap(A) = 0 implies éw(A) = £9(A) =0.
3. The characterization (6.4) carries over to all w € H}(Q) N L>®(Q). In
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particular, the quasi-continuous representatives of w are 5¢— and £9-
integrable.

4. Furthermore, it holds y = 1 §~¢-a.e. onQ andy = ¢ £2-a.e. on Q, i.e.,
§u(1y(C)) = 0 and £2(1%(¢)) = 0.

5. Assume w € H{(Q) N L'(&y). Then we have w € L'(£¥) and (6.4)
holds for w. The opposite statement with exchanged roles of §~¢ and £¥
15 also true.

Proof. 1. We define
y—v¢

V="

—
By the assumptions on ¢ and ¢, we have 0 < v < 1 and v € H ()N L*>®(Q).

Now, for w € H}(Q) N L®(Q), we have vw, (1 —v)w € HI(Q), see
Lemma 2.18, and we write

<§7w> = <§7 (1 - ’U) w) + <§,1}’w>.

Thus, we deduce
(€ w) = &y(w) — £7(w),
where &, £ are defined by
Eprw i (6 (1—v)w), 1w (§—vw).

Note that &, €% are nonnegative linear forms on Hj(Q) N L>®(2). To see
this, assume w € Hg ()4 N L>®(2) and let first ||w||p~ < ci. By definition
of v, we have —vw +y € qu and therefore

§P(w) = (&, —vw+y—y) =0 (6.5)

Since €% is linear, (6.5) holds for all w € H}(Q)4 N L®(Q). In a similar
fashion, we can show that &, is nonnegative on H{ (92)4 N L>(12).

In particular, &y, €% are nonnegative linear forms on H}(Q) N C.(Q). By
[BS00, Lem. 6.53|, &, and £¥ have unique nonnegative continuous exten-
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sions over C¢(2), also denoted by &, respectively £¥. Moreover, by [BS00,
Thm. 6.54], there are unique nonnegative, regular, locally finite Borel mea-
sures é,/,, é‘o such that

Ew(w)—/gw d§~¢ and f“"(w)-/ﬁw dé”

holds for all w € C.(€2). By completion, we obtain §~¢, £ € M, (Q).

2. Now, we modify the proof of [BS00, Lem. 6.55] to show that for a set
A C Q, cap(A) = 0 implies fw(A) = £9(A) = 0. W.lo.g. we prove the
statement for £%.

Let (gn)nen € Ry be a sequence with €, — 0 as n — oo. Fix n € N. Then
we find an open superset A, of A in Q with cap(4,,) < &,. Furthermore,
by Lemma 2.27, there is u,, € Hg(Q) satisfying u, = 1 q.e. on A, as well
as Hu"”?{g(ﬂ) = cap(A,) < &,. Moreover, we can assume u,, € L>() and
0 < u, < 1, since min(z,1) € H}(Q) satisfies || min(z, Dl < l2llm1@)
for z € H}(Q). By regularity of £#, we can find a compact set K,, C A,
satisfying £#(A,) < €°(K,) 4+ e,. Using a smooth version of Urysohn’s
lemma, there exists a function g, € HE(Q) N Cc(Q) with values in [0, 1]
satisfying g, = 1 on K, and having compact support in A,,. Then we have
1k, < gn < up q.e. on 2.

Now, we conclude

gw(An) < écp(Kn) +éen
< [ gn d€¥ +e,
_/Qg 7 +e

- <€7 —v gn> + En
< (€, —vup) + ey

< Ella-1@llvunll i) + €n-

Using Lemma 6.4, we know that [|vun | g1 @) — 0. Now, (,cy An is Borel

£ (QNATJ = 0.

neN
measurable and
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Since A C [),,cn An, We conclude £9(A) = 0.

3. Now, we argue in a similar fashion as in [BS00, Lem. 6.56] to show that
each w € H}(2) N L>(9) satisfies

Gowh = [wag— [ waée.

Let w € H}(Q) N L>®(Q). Then we find (Wy,)neny € C°(Q) with w,, — w in
H{(Q). Definig wy, := max(—||w|| foo(q), min(wy, ||w| e q))) we have w, €
Hj(Q2) N Ce(Q) and wy, — w in Hi(Q) as well as |wy| < [Jw]|peoq). Then,
Lemma 6.4 yields vw, — vw in H}(Q). Therefore, with

| = vlwy — wm’”H&(Q) = W —vfwp — wm”HH%(Q) = [lvwy — mean(Q)
and
[ meLl(gw) = (&, —v |lwn — wnl)
< Ellz-1 @l = v lwn — winlll 510

we find that (wy)nen is a Cauchy sequence in L' (£%). Similarly, (wp)nen is a
Cauchy sequence in Ll(éw). Thus, a subsequence converges pointwise £#-a.e.
and éw-a.e. to an element in L'(£¥) N Ll(fw). Now, pick a subsubsequence
that converges pointwise q.e. to w. Then, by (2.), w € L'(¥) N L'(£,) and
Lebesgue’s dominated convergence theorem implies

(€7, w) = (€, —v(w — w)) + /Q w, A€P

—0 as n—o00 N —— e’

—>fﬂ w df‘P along a subsequence

This yields (69, w) = [, w d€¥ and, similarly, (£y,w) = [, w déy.

4. We modify the proof of [Wacl4, Prop. 2.5]. We consider a smooth cut-off
function x € C°(Q) with 0 < x <1 and x = 1 on a compact set K C Q.
We define w := x[(1 —v)® +vy| + (1 — x)y and obtain w € K. This

implies
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= xA—v)Y+xvy—XxY)
=1 -v)x(®—y)

=/xw—wd@-
Q
Since x (¥ —y) < 0 q.e. on 2, and thus éw—a.e., see (2.), we conclude y = 9

§y-a.e. on K. Covering ) with countably many compact subsets, we infer
y — 1 =0 &-a.e. on €. Similarly, we can show ¢ —y = 0 {¥-a.e. on (.

5. Assume w € H{(Q) N LY(£y). We approximate w in H}(Q) by (wn)nen
defined via wy, := max(—n, min(n, w)). Then we have w, — w in HJ(Q) and
w, — w pointwise &-a.e. (after choosing a subsequence). Since |w,| < |w|
and since w € L1(§~¢), we apply Lebesgue’s dominated convergence theorem
and obtain w, — w in L*(£,).

From
i = il gy = | o = ] 069
= [ 1w = ] @B = (6 — )
< lw, — meLl(gw) + 1€ 1) llwn — wm”H&(Q)

it follows that (wn)nen is a Cauchy sequence in L'(£¥) and we can again
conclude that w, — w in L!(£¥).

From the representation
<€7wn> = / Wn dgw - / Wn dé&”
Q Q
for all n € N, since w, — w in H(Q), Ll(gw) and L1(£%), we conclude

wy = [(wag,— [ waée.

The opposite statement follows similarly.
O

Remark 6.6 The results in Theorem 6.5 are generalizations of respective
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statements for the unilateral obstacle problem. Statements (1.) and (3.)
correspond to the representation as a nonnegative measure in the unilateral
case, cf. Lemma 3.7(1.). The unilateral counterpart for (2.) is given in
Lemma 2.33 and the counterpart of (4.) is established in Lemma 3.7(2.).

In the subsequent lemma we assume that the active sets A, (¢) and A?(()
have a positive distance. With this condition we mean that there are quasi-
closed sets Ay (¢), A?(C) such that dist(Ay(¢), A?(¢)) > 0 and the two sets
coincide with Ay (¢), A?(¢) up to a set of capacity zero.

Lemma 6.7 Assume that 1, ¢ fulfill the conditions of Assumption 6.1(2.).
Let ¢ € H-Y(Q) be arbitrary and set y := Siq(¢) and & := Ly — (. Suppose
Ay () and A%(C) have a positive distance. Then, with &, € M4 () as in
Theorem 6.5, it holds H} () C L1(§:¢) NL'(£¥) and

— co_ e
(€, w) /de@ /deg
for all w € H}().

Proof. Since the active sets have a positive distance C' > 0, we can find
vy € C®(R?) with vy = 1 q.e. on Ay(¢) and vy = 0 q.e. outside Ay (¢)+Beys.

Since vy is smooth, we have vy w, (va — 1) w € H(Q) for all w € H}(),
see Lemma 2.18, and we define the functionals

§i:w'—><£,v2w>, 5;zwb—><£a(02_1)w>

on H}(Q). Since vy is in C®(RY), it is easy to show that {3} and & are
bounded linear functionals on HE (). Moreover, we have

<£7w> = <€12pvw> - <£§}7w>

for all w € HJ ().
Assume first w is in H () N L°°(£2). Then we have

/de@:/gvgwdéw
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:/vgwd&p—/vgwdf“’
Q Q

- <§a U2 w>

Here, the first equation holds since gw(lw(()) =0 and w = v2w q.e. and
thus &y-a.e. on Ay(C), see Theorem 6.5(2.) and (4.). Similarly, the second
equation holds since ve w = 0 £¥-a.e. on Q.

Let w € H(Q). Now we have max(—n, min(w,n)) € H}(2) N L*°(Q) and
wy, "= w in HY(Q). Furthermore,

lwn = wml )

= [ 1w = ] @B = (b = ) < 132 0yl = il

Thus, (wy)nen is a Cauchy sequence in Ll(gd,). Since w, — w pointwise q.e.
and thus &y-a.e., see Theorem 6.5(2.), we have wy,, — w in L'(£y).

Arguing for £ in a similar fashion, we obtain that

(6, w) = (€2, w) — (5, w) —/degw—/ﬂwdé‘f’.
O]

The following example shows that, in general, i.e., when the active sets do
not have a positive distance, the characterization of the functional LSiq({)—¢
as the difference of the two measures 5¢ and £ does not need to apply for all
possible arguments in HE (). See also [Wacl8, App. 2] for a related example.

Example 6.8 For d =2 and for 0 < 8 < %, consider the function
y(z) = sin((—In(jz]))?), =€ Q:=B,(0), p=exp(—7?)<1. (6.6)
Then ylpp, ) = sin(m) =0 and y € H () N L>®(9), since |y| < 1 as well as

o _ cos?((=In(|2]))?)8%(~ In(J2]))*~2 2} + 23
|2 2

Vy(z)]
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< B(—In(|=]))* 2|z
and thus

p
o300 = 190100y < 208 [ (= ()22 ar

0
)P
=g, <o

since 8 < % Now, we consider the obstacles given by ¢(x) := min (—%, y(:c)),
p(x) = max (3, y(z)).
We have

(—In(r@®)P =t < r(t) = exp(—t'/)

and, for k € N, we set r" := r(2kr & 7/2). This choice implies p = r(7) >
ri >r >ry > > ... > 0and y(ri (cost,sint)) = £1 for all t € (0, 27).

Now, let wy, > 0 be weights (that will be adjusted below), with Y72 | w? <
oo and consider the functional

. kl\/ rk/rk /

for w € H}(). Note that the integral in (6.7) is well-defined. To see this,
observe first that the quasi-continuous representatives of w are unique up to

w(ry, (cost,sint)) — w(ry (cost,sint))) dt

(6.7)

a set of capacity zero. Let now E C () be a set of capacity zero. Then, for
any radius 0 < R < p, by [Hel75, Thm. 7.5], the surface measure o on the
sphere Sp = OBp, satisfies ogr(E N Sg) = 0.

We have ¢ € H-(Q), since

Siﬁ/%/
<;WHVU}HL2 . </ / rdrdt)

(& w |Vw(r(cost s1nt))| r dr dt
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= Z WkvaHL?(Br_ (O\B_+(0))
k=1 g *

1 1
2 2

<V2r (Z w,%) (Z ||va%2(B _(0\B +(0))>
k=1 k=1 Tk Tk
2

< V2T (sz) ||vaL2(Q)
k=1

Here, we have used that, for all £ € N, the sets B, (0) \ B,+(0) are disjoint
k k

subsets of 2.

Set ¢ := Ly — & We argue that the function y € qu as defined in (6.6)
satisfies the bilateral obstacle problem (BOPy) for f = id, i.e., y = Sia({).
First note that y € K;Z C H () N L>®(Q) by the choice of y,1 and ¢. Now,
let z € K;f be arbitrary. Then z —y > 0 on {y = ¥} and 2z —y < 0 on

{y = ¢}. Additionally, we have

supp(&y) \ {0} = gaBrk C{y =14}
and

supp(£7) \ {0} = gaBr,j C{y=e}

This yields

(=)
~

<£,z—y>(£)/ﬂz—yd&p—/ﬂz—ydé“’

/ z—ydfw—/ z—ydE®? >0
{y=v} {y=¢}

and we obtain y = Siq(().
Note that by (6.8) and (6.9) we find

dist(Ay, A¥) = dist({y =}, {y = ¢}) =0
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since r,f N\ 0. Thus, Lemma 6.7 does not apply.
For w € HE(Q) N L*>(Q), we have

oy = [wy— [ wage

[e.e] [e.e]

:/wd ZLUG —/wd Z¢O’T2—
Q k=1 ln(r];/r]j)r]; Q k=1 111(7",;/7";) T
(6.10)

where 51,,,5%0 are nonnegative finite measures with support in A, and A%,
respectively. In fact, to show that £¥ is a finite measure, we observe that

n(r; /rf) = 2k + 7 /2)YP — (2kr — 7/2)V/P > (2km —7/2)!/P " m /B,
In(r /) = 2k + 7/2)/7 — 2k~ 7/2) {S RO,
(6.11)

Hence, for any w € C(Q) with 0 <w <1

/ w d{“" < Z /27T
14/In /r
1 2
= (Z “”“) (,; 1n<r,;/r:>>
<o (;wk> (; TR w/2)1/51> <C

with a constant C' > 0, since 5 < 1/2. The same argument shows that £¥ is
a bounded functional on H}(2) N L>(Q) w.r.t. || - 1) + I+ o)

Now, consider the unbounded function w(z) = (— In(|z|))? — 7. Then since

N

B*(=In(|2]))*""2 2% + 23
|22 Ix!2

V(@) = = B%(=In(|2))** 22|72,

we have w € H}(2) as above. With wy, = k!, 3 = % and by using (6.11),
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we obtain the estimate

/degw_ \/ﬁ/%

(2kﬂ' -z i T3k
< k(2km + 3 gim Var

2km + 5 —m) dt

>

Similarly, we find

- . o ikr
w d&y > — 2 -
/Q v ; k‘%k‘ﬂ' V3

This shows that, in general, the representation (6.4) does not hold for all
w e HLH(Q).

In the following lemma, we find a characterization of the critical cone.
This result is a counterpart to the characterization of the critical cone for the
unilateral obstacle problem, see Theorem 3.9. Again, the proof is based on
the proof of [Wacl4, Lem. 3.1| with slight modifications.

Lemma 6.9 Assume that ¥, ¢ fulfill the conditions of Assumption 6.1(2.).
Let ¢ € H-Y(Q) be arbitrary and set y := Siq(¢), € := Ly — (. Then the

critical cone

KKg(yaf) = TK;’;(Z/) net

has the following structure. There exist quasi-closed sets Ay (C) Cq Ay(C)
and AZ(C) Cq A?(C) which are unique up to sets of capacity zero such that

’CK;E(ZU’@ ={2€ Hj(Q)|2>0 qe in Ap(¢),2 <0 ge. in A?(C)
and (§,z) =0}
={2€ Hy(Q) | 2>0 qe in Ap(¢),2 <0 ge. in A?(C)
and z =0 g.e. in AY(¢) UAL(Q)}.

(6.12)

Proof. Recalling (6.3) from Proposition 6.3, we see that the first equation
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in (6.12) holds. Assume z is an element of ICK;:v (y,€). By polyhedricity, see
Lemma 3.8, there is a sequence (2, )nen € Ry (y)NEL with z, — 2 in H} ().
Since 1, ¢ are elements of L*°(2), and by the structure of RK:Z (y), see (3.4),
we conclude (zp)neny € L(€2). Using Theorem 6.5, each z, is integrable
with respect to &, and €. Let n € N be fixed. By RK;jj(y) C TKif (y) we
have z, > 0 q.e. in Ay(¢) and 2z, < 0 q.e. in A?({). We have

as £,(1(¢))) = 0 and {‘p(I*"(C)) = 0, see Theorem 6.5(4.). Since z, > 0 &-
a.e. on A¢(C) and z, < 0 £%-a.e. on A?((), cf. Theorem 6.5(2.), we conclude
that z, =0 &Z) a.e. on Ay(¢) and z, =0 £P-a.e. on A%((). Using once more
that éw(lw(c)) =0 and £#(I¥(¢)) = 0, we can see that this means z, = 0 §~¢—
and 5‘”—&.6. on ). Since z, — z for a subsequence pointwise q.e. and thus §~¢—
and £%-a.e., see Theorem 6.5(2.), we conclude z = 0 éw- and £%-a.e.

Vice versa, assume z € TK:z;(y) and z = 0 {Nw— and £#-a.e. Using The-
orem 6.5(5.), we see that (6.13) holds (with z, replaced by z) and thus
z € TK:Z (y) N &t follows.

Thus, we have shown that
Kie(y,€) = {z € HJ(Q) | 2 2 0 qee. in Ay(¢), 2 < 0 qee. in A%(Q),
z=0 éw— and §~‘p—a.e.} .
By [Sto93, Thm. 1, there exist quasi-closed sets A} (¢) and AZ(¢) such that
(€ H}(Q) | 2=0¢p-ae}={z€ H}(Q)|2=0qe on Ay(Q)} (6.14)
and
{ze HYQ) | 2=0E%-ae} ={z€ H(Q) | z=0qe. on A?(¢)}. (6.15)

We have y—1 =0 gw—a.e. and thus y—1 = 0 g.e. on AZ(C), see (6.14), which
implies A3 (¢) Cq Ap((). The same arguments apply to show AZL(¢0) Cq4
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A9(Q). O

As a bilateral counterpart to the result in Corollary 3.10, we obtain the
following corollary.

Corollary 6.10 Assume that 1, ¢ fulfill the conditions of Assumption 6.1(2.).
Let ¢ € H YQ) be arbitrary and denote y := Siq(¢), & := Ly — (. Let
z € H}(Q). Then the following statements are equivalent.

(i) z=0 g.e. in AY(C).

(ii) 2 =0 &-a.e. in Q.
The statements imply z € L' (€,) N LY(€%) and (£,2) = — Jo ZdE¥.
Similarly, the following statements are equivalent.

(i) 2=0 g.e. in AZ(C).

(i) 2z =0 &-a.e. in Q.
The statements imply z € Ll(fw) N Ll(f‘P) and (€, z) = [ zd&w
Here, 5,;,, £2 € M4(Q) are defined as in Theorem, 6.5.

Proof. The equivalences are implied by the proof of Lemma 6.9, see (6.14) and
(6.15). The statements z € L!(£,)NLY(€¥) and (£, 2) = [y w déy— [y w d€¥
follow from Theorem 6.5(5.). This shows the statement of the corollary. [

In the following sections, for ¢ € H~1(Q), we also write
As(€) i=q AY(Q) U AZ(C)

for the strictly active set with respect to both obstacles, we have Ag(¢) Cq
A(¢). Moreover, we will use the notation

AG(Q) =q Ap(O\ A3(Q)

for the weakly active set with respect to the lower obstacle 1 and
AZL(C) i=q AZ(Q) \ AL(C)

for the weakly active set with respect to the upper obstacle . For the sake
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©

m \ o e /
/ 43,0 Az”;<5>\ \JU o

L

Figure 6.3. Strictly and weakly active sets for a bilateral obstacle problem with
force term ( =0

of completeness, we introduce the notation

Aw(€) i=q AY() U AZ(C)

for the weakly active set with respect to upper and lower obstacle.

Figure 6.3 illustrates an example where the strictly and weakly active sets
are shown for fixed ( =0 € H1(9).

6.2.1 Gateaux differentiability of the solution operator

As in the case of unilateral obstacle problems, in points u where Sy is Gateaux
differentiable, we can replace the critical cone in the characterization of the
directional derivative by the largest linear subset contained in the critical
cone, and by the linear hull of the critical cone, respectively. Both versions
yield a characterization of the Gateaux derivative. The result in the case of
the unilateral obstacle problem can be found in Theorem 4.3.

For the bilateral case, characterizations of the Gateaux derivative are sum-
marized in the following theorem. Note that despite the difference in the
analysis of the critical cone the characterization of Gateaux derivatives is
similar to the unilateral case.

Theorem 6.11 Assume that ¢, ¢ fulfill the conditions of Assumption 6.1(2.).
Moreover, assume that f: U — H~Y(Q) is directionally differentiable. Sup-
pose that the solution operator Sy of (BOPy) is Gateaux differentiable at
we U and let h € U be arbitrary. Then the directional derivative S}(u; h) is
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determined by the solution of the variational equation
Find § € HY(D): (LS — f'(u;h),z) =0 VYze HY(D). (6.16)

Here, any quasi-open set D with I(f(u)) Cq D Cq Q\ As(f(u)) is admissible
and provides the same solution 6.

Proof. The assumption that « is a point where Sy is Gateaux differentiable
implies that S% (u; -) is linear and the image is a linear subspace of H(9). By
the characterization (6.2) in Proposition 6.3, the image of S¢(u; -) lies in a lin-
ear subspace of the critical cone K, (y,§) for y = Sg(u), £ = Ly — f(u). The
structure of the critical cone, cf. (6.12), implies that S’ (u; h) € HE(I(f(u)))
for all h € U, since H}(I(f(u))) is the largest linear subset contained in the
critical cone. Thus, for all h € U it holds S (u; h) € H}(I(f(u))) and

(LSy(ush) = f'(ush), 2 = Sp(ush)) = 0 Vz € Hy(I(f(u)) C K, (y,€)-

Since H(I(f(u))) is a linear subspace, the variational inequality becomes a
variational equation and thus S} (u; h) is determined by the unique solution
of (6.16) for D :=q I(f(u)).

On the other hand, the image of S¢(u;-) is also contained in the linear hull
of the critical cone K, (y,€), and this is the set Hj(Q\ As(f(u))). We argue
that the inequality

(LS} (u; h) = f'(u; h), 2 = S (u; b)) > 0

is fulfilled for all test functions z from HJ(Q2\ As(f(u))), and not only from
the subset K, (y,&).

Adopting the linearity arguments from the proof of Theorem 4.3, one can
also use test functions from the negative critical cone. Let z € H}(2\
Ag(f(u))) be arbitrary. Since the two sets Q \ (As(f(u)) U Ay(f(u))) and
O\ (As(f(u)) U A?(f(u))) are a quasi-covering of €\ As(f(u)), we can
find a sequence (ZZZ + 27 )nen converging to z and fulfilling zy € HE(Q\
(A(F(w)) U A(f(w))) and 2§ € HY(Q\ (As(f(w) U Ag(f(u)), sce the
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proof of Lemma 2.29. Considering positive and negative parts, we write

= () — ()~ and 2§ = (:0)+ — ().

The representation in (6.12) implies that (27})+, (27})—, —(2)+ and —(27)-
are elements of the critical cone. This shows

(LSt (u; h) — f'(u; h), 2 + 27 — St(us h)) >0

for all n € N. Taking the limit n — oo and observing that H}(Q\ As(f(w)))
is a linear subspace we obtain

(LS}(us h) — f'(u; h), 2) = 0

for all z € H(Q\ As(f(u))).

Consider now an arbitrary quasi-open set D with I(u) Cq D Cq 2\
As(f(w)). Then we have H}(I(f(u))) € HYD) C H(Q\ As(f(u))) and
together with the previous observations this implies that for arbitrary h € U,
S’%(us h) is the solution of (6.16). O

6.3 Monotonicity of the active and strictly active
sets

Now, we study the monotonicity of the active and strictly active sets. Within
this section, we specify our notation and write S;ﬁ f depending on ¥ and ¢
instead of Sy for the solution operator of (BOPy).

The monotonicity of the active sets is a direct consequence of Lemma 6.2.

Lemma 6.12 Assume that L € L(H(Q),H1(Q)) satisfies Assump-
tion 6.1(1.). Let ¥: Q@ — R U {—o0} be quasi upper-semicontinuous and
let p: Q — RU{4o00} be quasi lower-semicontinuous such that the admissible
set K in (6.1) is nonempty. Suppose the conditions of Assumption 6.2(1.)
on f and U are satisfied. Let ui,us € U satisfy uy >y us. Then
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1. Ay(f(ur)) Sq Ap(f(u2)),
2. A?(f(u1)) Dq A?(f(u2)).

The following lemma is an auxiliary result and presents monotonicity prop-
erties of the variational inequality (BOP¢) with respect to one of the obsta-
cles. The proof is very similar to the one of Proposition 3.2 on monotonicity
with respect to the force terms.

Lemma 6.13 Assume that L € L(H(Q),H1(Q)) satisfies Assump-
tion 6.1(1.). For i = 1,2, let ¢¥;: @ — R U {—o0} be quasi upper-
semicontinuous and let ¢: Q — R U {+o0} be quasi lower-semicontinuous
such that the admissible sets K:ZZ_ in (6.1) are nonempty. Let ¢ € H1(9).
Then 1 > g q.e. in Q0 implies S:Zhid(g) > Slf%id(() a.e. and g.e. in Q.

Proof. Set y; := Sqfi,i 4(€). We test the variational inequality characterizing g
with z1 = max(y1,y2) = y1+ (y2 —y1)+ € K:;l and the variational inequality
characterizing yo with 2o = min(y1,92) = y2 — (y2 —y1)+ € K‘pz, respectively,
and obtain

0< (Ly1 —Cz1—y1) = (Lyr — ¢, (Y2 — y1)+)

and

0<(Ly2—(, 22 —y2) = (Ly2 — ¢, —(y2 — y1)+)-

Summing up both inequalities we obtain

(Ly1 — Ly2, (y2 — y1)+) > 0.

By strict T-monotonicity, see (3.3), we have (y2 — y1)4+ = 0, i.e., y1 > y2 a.e.
and g.e. in €. O

The following proposition is a counterpart to the result in Proposition 4.14.
The proof is slightly different due to the presence of the upper obstacle and
since the obstacles are assumed to be in H!(£2), and not merely quasi upper-/
lower-semicontinuous functions.



136 6. Generalized derivatives for the bilateral obstacle problem

Proposition 6.14 Suppose 1, ¢ satisfy the conditions of Assumption 6.1(2.).
Let ¢ € HY(Q) and let v € HF(Q)4+ such that {v > 0} C, Q\ A5 (C). Then
it holds SfZ,id(C) = S:va,id(C)'

Proof. Obviously, ¥ — v < S:jjid(C) < o, ie., S?Zid(o € KQZ_U. Now, let

z € K;va be arbitrary. Using () — z);+— =0 g.e. on AZ}(C) which implies

(LSya(Q) = ¢ =¥ —2)4) = —/ — (¢ — 2)4 dE¥ >0,
Q
see Corollary 6.10, we obtain

<LS?§,id(C) -Gz - Sqi7id(€)>
= <LS:Z,id(<) — ¢, max(z,%) — sz,id(C» + <LS$,id(O ¢ =W —2)1)
> 0.

Here, we have used the variational inequality characterizing S:f) .q(C) since
¥ < max(z,9) < ¢. This shows S7;,(¢) = Sy, ;4(0)- O

Before we are able to derive montonicity properties of the strictly active
sets let us state the following auxiliary result.

Lemma 6.15 Let ¢ € H'(Q). Then we have —S%,4(¢) = SZ5.4(=0).

Moreover, Ay(C) =q A~V (=) and A?(() =q A_,(—C). Here, A_,(C) =q

fw e Q]S (OW) = —p(@)} and A4(C) =q {w € Q| S ()W)
—1(w)} denote the respective active sets for S:iid(ﬁ).

Furthermore, if the conditions of Assumption 6.1 are fulfilled, we have
A5(C) =q ATV (=C) and AZ(C) =q A% ,(—C). Here, A;¥(C), A® ,(C) denote

the strictly active sets for S:iid(g).

Proof. First, let us note that for z € H& (Q) the inequalities ¥ < z < ¢ are
valid if and only if —¢p < —z < —1. This implies

P _ gy
—Kw—K_@.
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Thus, _Sqf,id(O € K:g. Let now z € K_¥ be arbitrary. Then we have

(L(=57:q(0) + ¢ 2 = (=57 54(O))
= —(LS7 1a(Q) = ¢z = (=57 4(O))
= (LS] ;4(¢) = ¢, —2 = 57 34()

> 0.

This yields —Sf;,id(C) = S:iid(_Q-

Now, it holds S:iid(—C)(w) = —¢(w) if and only if S ,({)(w) = ¥(w)

and we hav~e S:iid(—g)(w) = —gp(ai) if and only if Si,id(o(w) = ¢(w), thus
Ay(¢) =q A7Y(=() and A?(() =4 A_p(=0).

In addition, we have
LS?Z,id(C) —(= *(LS:Z@d(*C) —(=¢))-
This shows the statements for the strictly active sets. ]

Remark 6.16 If f: U — H~1(Q) satisfies f(—u) = —f(u) for all u € U,
then we obtain —S ((u) = 7 (—u).

Now, we check the monotonicity of the strictly active sets. The proof is
related to the proof of Lemma 4.15.

Proposition 6.17 Suppose Assumption 6.1 is satisfied. Assume (1,(s are
elements of H=Y(Q) and suppose (1 > (a. Then it holds

LAY (G) Sq A3 (¢2),

2. AZ(C1) 24 AZ(C2)-
In particular, let f,U fulfill the conditions of Assumption 6.2(1.). Assume
uy, ug are elements of U and suppose u1 >y uo. Then it holds

LAY (f(ur)) Sq AY(f(u2)),
2. AL (f(u1)) 2q AL(f(u2)).

Proof. 1. Define

U:=q {S?Z,id(Cl) - <(p—1)/2}. (6.17)
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Then U is quasi-open, see Lemma 2.22, and AZ}(Q) Cq Ap(C1) Sq U C4
I?(¢1) holds.

Assume U \ A5 ((2) #q 0 (otherwise the assertion follows directly). Fix v €
HE(U)+ satisfying {v >0} =4 U \ A(G), v < (v —1)/2, see Lemma 2.31.
Let y,(t) = Sf;_tv’id(ﬁl), t € [0,1], and set y,(t) := y,(t) + tv. Note that
yu(t) € K for each t € [0,1] since ¢ < (1) = yu(t) +tv < yu(0) +tv < ¢
by Lemma 6.13 and the definition of &/ and v.

Then it holds

<Lyv(t)7glvz*yv(t)> >0 Vze K;Z—t’u
which is equivalent to
(Lgu(t) =L —tLv, 2= Gu(t)) >0 ¥z e K5,
This in turn implies
(Lyo(t) = G — tLv, z = 5u(t)) >0 VZ e KY.

We conclude y,(t) = S;f’id(T(tv)) —tv with T: H}(Q) = H1(Q),v— ¢ +
Lv. Since Sqf,id is directionally differentiable in the Hadamard sense, we can
apply the chain rule for the directional derivatives and obtain

Yo(0;1) = (S7

wgd)/(T(O); T'(05v)) —v = (S;i,id)/(Cl; Lv) —v.

Since (S:Z,id)/@l? Lv) is 0 g.e. on the strictly active set Ag((1), compare Propo-
sition 6.3 and, in particular, Lemma 6.9, we have y/(0;1) = —v < 0 g.e. on
As(gl) N {U > O}

Thus, by reducing the lower obstacle on a subset of Afl) (¢1) the solution with
respect to the new obstacle will drop on this set.

Now, we show the statement by contradiction. Therefore, assume the set
W C Qs a set of positive capacity which is (lower) weakly active for (o and
(lower) strictly active for (7, more precisely,

W Cq AY(C1) Cq Ap(Cr) Sq Ap(G)  and W Cq Q\ AY(R),  (6.18)
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where we have used the inclusion of the active sets, see Lemma 6.12. Then
U as in (6.17) is a quasi-open neighborhood of W contained in I¥((3).

As above, let v € H}(U)4 satisfy {v > 0} = U \ A3 (¢2). Then, Proposi-
tion 6.14 yields

Sy —via(C2) = 87 a(C2) (6.19)

and on W we have

Sifv,id(CINW < S;i,id(glﬂW = S:Z,id(g?”W (6-20)

by the structure of the directional derivative with respect to the obstacle and
by (6.18). Putting (6.19) and (6.20) together, we see that

Sy via(@) > 87, a(G)

on W. On the other hand, S'szv,id(cl) > S;va,id(@) since (1 > (o, see
Lemma 6.2. Thus, such a set W cannot exist and we conclude A3 (1) Cq
A (Ga).

2. By Lemma 6.15, we have AZ((;) =¢ fliw(—g}-) for ¢ = 1,2, where we use
the same notation as in Lemma 6.15. Now, the first part of the lemma implies
the statement, since

AL(C1) =q A%, (—C1) 2q A%, (—C2) =q AL(C2).

Now, for f and U fulfilling the conditions of Assumption 6.2(1.), the state-
ments A5 (f(u1)) Cq A3,(f(u2)) and AL(f(u1)) 2 AL(f(u2)) follow since f
is increasing. O

6.4 Mosco convergence

For the rest of the chapter we use again the notation Sy for the solution
operator of (BOPy).

The goal of this section is to choose a suitable characterization of the
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Gateaux derivatives such that for arbitrary u € U we can show the con-
vergence S} (up) — = in the strong operator topology for a sequence
(un)nen € Ds; = {v € U | Sy is Gateaux differentiable at v} converging
to u and characterize the limit Z. Recall that the Gateaux derivatives are
solution operators of variational equations on spaces H& (Dy,) where the quasi-
open sets Dy, satisfy I(f(un)) Cq Dn Cq 2\ As(f(un)), see Theorem 6.11,

As in the analysis of the unilateral obstacle problem, cf. Sections 4.4.2
and 4.5, the individual parts of the active sets show a stable behavior in
a point u € U when either an increasing or decreasing sequence (un)nen
converging to u € U is considered. Thus, we consider complements of suitable
compositions of active and strictly active sets with respect to both obstacles as
candidates for the sequences (D), )nen for increasing and decreasing (uy)pen-
Note that such sets D,,, n € N, satisfy I(f(un)) Cq Dn Cq Q\As(f(up)). This
means that if the elements w,, are points at which Sy is Gateaux differentiable,
the Mosco convergence implies the convergence of the Gateaux derivatives,
see Proposition 4.9.

Already in the case of the unilateral obstacle problem, the active sets
showed a stable behavior for increasing sequences (uy,)nen while the strictly
active sets showed a stable behavior for decreasing sequences (uy)nen, com-
pare Sections 4.4.2 and 4.5. This behavior carries over to the active and
strictly active sets with respect to the lower obstacle for the bilateral obsta-
cle problem. The behavior of the active and strictly active sets with respect
to the upper obstacle problem is reverse. Thus, for arbitrary v € U, this
motivates us to show the Mosco convergence

Hy (1(f(un)) UAZ(f(un)) "= Ho(1(f (w) U AG(f(u)))

for an increasing sequence (uy)nen converging to u and the Mosco conver-
gence

Ho (1(f (un)) U AY(f(un))) "= Ho(L(f(u)) U AY(f(u)))

for a decreasing sequence (un)neny converging to u. Note that in gen-
eral, none of the sequences (Hg (I(f(un)) U A% (f(un))))nen, (H(I(f(un))U
Ay (f(un))))nen is monotone.
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(=0

(a) An instance of the bilateral obstacle problem for force terms

, ¢ =0 and

(b) Corresponding sets Ay (¢) U A?(¢)
of ¢

—q

(I(¢) U A2(¢))C for the different choices

(c) Corresponding sets A3, (¢) U A?(()
of ¢

=4 (I(Q) U Ag(())c for the different choices
sets for the bilateral obstacle problem

Figure 6.4. Influence of monotonicity in the behavior of active and strictly active
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In Fig. 6.4, solutions of the bilateral obstacle problem for a family of values
for ¢ € H71(Q) are illustrated and the respective parts of the active set
considered here are depicted.

The following result establishes the Mosco convergence.

Theorem 6.18 Suppose Assumption 6.1 is satisfied and let f, U fulfill the
conditions of Assumption 6.2(1.). Additionally, assume that f is continuous.
Consider an arbitrary u € U.

1. Let (up)nen C U be an increasing sequence with u, — w in U. Then
HA(I(F (un)) U A (f(un))) = HI(I(F(w)) UAG(f(u))) in the sense of

Mosco.

2. Let (up)nen C U be a decreasing sequence with u, — w in U. Then

Hy(I(f(un)) U A} (f(un))) = Ho(I(f(u)) U AY(f(u))) in the sense of
Mosco.

Proof. 1. Initially, we show the first condition of Mosco convergence stated
in Definition 4.7. Therefore, let v € H (I(f(u)) U A%(f(u))). Since we can
consider positive and negative parts separately, we can assume w.l.o.g. v > 0.
We can rewrite the function space as

Hy (I(f(u)) U AE(f(u)))
={2€ H}(Q) | z=0q.e. on Ay(f(u)) and z = 0 q.e. on AL(f(u))}.

Since AL (f(un)) Cq AL(f(u)) for all n € N, see Proposition 6.17, it holds
v =0 q.e. on AL(f(uy)) for all n € N.

Since Siq is Lipschitz continuous, see Theorem 6.1, and f is assumed to be
continuous, we have S¢(u,) — Sy(u) in H} (). Thus, we conclude Sy (u,) —
S¢(u) for a subsequence pointwise quasi-everywhere, see Lemma 2.28. This
means

cw(%ﬁw»\UIMﬂwﬁ>—Q
neN

i.e., (Iy(f(un)))nen is a quasi-covering of Iy, (f(w)), which is increasing in n,
see Lemma 6.12. We can therefore find a sequence (vy)neny € H(Q) with
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vy, — v in HY(Q) and v, = 0 q.e. on Ay(f(uy)), see Lemma 2.29. Since
v > 0, by considering positive parts, we can assume that (vy)nen € HE(Q) 4.
By setting

Zp, = min(vy, v)

we have 2z, € H}(I(f(un)) U A%(f(uy))) for all n € N as well as z, — v in
HE(Q).

Now, let us verify the second condition for Mosco convergence, cf. Defi-
nition 4.7. To this end, let (v,)neny € HE(2) be a sequence with v, €
HYI(f(un)) U A%(f(uyp))) for all n € N. Assume there is a subsequence
(Un; )ken With v,, — v for some v € H(Q) as k — oo. Since Ay (f(u)) Cq
Ay (f(up,)) for all k € N, see Lemma 6.12, we conclude v € H} (I, (f(u))) by
Mazur’s lemma. Using Corollary 6.10, from v, = 0 q.e. on AZ(f(uy)) and
vp = 0 q.e. on Ay (f(un)) 2q A5 (f(un)) we conclude

(LS (un) — f(un), val) = /Q o] A€, — /Q o] dE§ =0

for all n € N. From v,, — v in H}(Q) we conclude |v,,| — |v| in H(Q),
see Proposition 2.19(2.). Since also LS¢(un,) — f(un,) = LS¢(u) — f(u) in
H=1(Q) we deduce

0= (LSp(u) — f(u), Jo]) = / o] dg?

using v = 0 q.e. on Ay(f(u)) 2q Aj(f(u)) as derived above, cf. Corol-
lary 6.10. Finally, this implies v = 0 £%-a.e. on ) and thus, using again
Corollary 6.10, v = 0 q.e. on AZ(f(u)). We have shown that v is an ele-
ment of H(I(f(u)) U A%(f(w))), and thus, the second condition for Mosco
convergence is verified.

2. Again, this part of the lemma follows from the first part of the lemma
combined with Lemma 6.15.

O
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6.5 Generalized derivatives for the bilateral obstacle
problem

In this section, we will present a characterization of two generalized deriva-
tives for the solution operator Sy of (BOPy).

Theorem 6.19 Suppose the conditions of Assumption 6.1 and Assump-
tion 6.2 are satisfied. Let uw € U be arbitrary. For h € U, denote by

1)) UAS (£ (uy) () the solution of

Find § € Ho(I(f(u)) U AZ(f(u))) :
(L6 — f'(ush),z) =0 V2 € Hy(I(f(u)) UAE(f(u)))

and by El(f(u))uAj;(f(u))(h) the solution of

Find § € HY(I(f () U AY(f(u))) :
(L6 — f'(ush),z) =0 V2 € Hy(I(f(u)) U A}(f(u))).

Then it holds

E1(f (u)UAL (F () ZI(F@)UAY (f(w) € 55 (w). (6.21)

Proof. By Proposition 4.11, there is an increasing sequence (u;),en and a
decreasing sequence (u,, )pen satisfying

(U Jnen, (uy, Jnen € Ds; = {v € U | Sy is Gateaux differentiable at v}

Theorem 6.18 implies that the sequence (H(I(f(w,})) U AL(f(u)))))nen
converges to Hg(I(f(u)) U A%(f(u))) and the sequence (HE(I(f(u;)) U
Ay (f(uy))))nen converges to HE(I(f(u)U A (f(w))) in the sense of Mosco.
Thus, recalling the characterization of the Gateaux derivatives in The-
orem 6.11 and using Proposition 4.9, we conclude that the sequences
of Gateaux derivatives (S%(u;}))nen, respectively (S%(u,))nen converge to
E1(f(u)UAL(f(u))» Tespectively EI(f(u))UA;Z(f(u)) in the strong operator topol-
ogy of L(U, H}()). This shows (6.21). O
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6.6 Adjoint representation of Clarke subgradients

As in the unilateral case, see Section 4.7, we can find an adjoint representation
for the Clarke subgradient of a reduced objective function.

Therefore, let J: HE(Q) xU — R be a continuously differentiable objective
function. We consider an optimization problem minimizing this objective
function, which is constrained by the bilateral obstacle problem

min J(y, u)
y7u

subject to y € K¥,
(Ly — f(u),z—y) >0 Vze Ki.
We present a formula for two generalized derivatives contained in Clarke’s

generalized differential dc.J (1), see Definition 2.16, that can be obtained for
the reduced objective function

A

J(w) = J(Sy(w),u)
in an arbitrary point u € U.

Corollary 6.20 Suppose that the conditions of Assumption 6.1 and Assump-
tion 6.2 are satisfied and let u € U be arbitrary. Let J: HY(Q) x U — R be
a continuously differentiable objective function and denote by q be the unique
solution of the variational equation

Find g € Hy(D) :

. ) (6.22)
(L*q,v) = (Jy (S§(u),u),v) Yove HyD).

Then the element

fi(w)*q + Ju(Sf(u), u)

is contained in Clarke’s generalized differential OcJ (u). In (6.22), the respec-
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tive sets

D i=q I(f(u)) UAG(f(w)  or D :i=q I(f(u)UAL(f(u))

can be chosen and result in a particular generalized derivative.

Here, J, and J, denote the continuous Fréchet derivatives of J with re-
spect to y and u, respectively, f'(u)* € E(H&(Q),U*) is the (Banachian)
adjoint operator of f'(u) € L (U, H 1(Q)) and L* € L (H{(Q), H1(Q)) is
the (Banachian) adjoint operator of L € L (Hg (), H1(Q)).

Proof. Using the elements of 0§ Sf(u) for the solution operator Sy of the
bileratal obstacle problem (BOPj) derived in Theorem 6.19, the proof is
similar to the proof of Theorem 4.21. O



CHAPTER 7

Error estimates for generalized
derivatives

This chapter treats the numerical challenges arising when computing inexact
subgradients for the solution operator of a reduced objective function. This
task arises when, e.g., computing a subgradient in a bundle method, see
[HU19|.

There are mainly two aspects where inexactness and discretization errors
appear in this context. First of all, the solution of the obstacle problem itself
(which gives the state in the optimization problem) is determined only inex-
actly and one obtains discrete solutions. This means that the corresponding
exact active and strictly active sets are not available and one has to compute
the generalized derivative or the subgradient on an inexact domain, see (7.1).
We focus on this difficulty in the present chapter. Secondly, the system for
the generalized derivative is discretized itself, which induces inexactness due
to discretization errors.

We proceed as follows. In Section 7.1, we introduce the continuous and dis-
crete obstacle problem that we consider in this chapter. In particular, we will
see how the discrete solution of the obstacle problem affects the continuous
systems for the generalized derivatives. An error estimate for the generalized
derivative and the inexact generalized derivative based on the discrete solu-
tion of the obstacle problem is derived in Section 7.2. It relies on suitable
approximations of the respective domain on which the continuous general-

147
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ized derivative is computed from the in- and outside. These approximations
are constructed in the upcoming parts of the chapter. To find appropriate
approximations, it is not possible to work with arbitrarily irregular data.
Therefore, we review some fundamental regularity results for the obstacle
problem in Section 7.3. Section 7.4 follows up with a survey on L*°-error
estimates for the obstacle problem available in the literature, which give an
upper bound for the maximum pointwise error between the continuous and
discrete solutions of the obstacle problem. These error estimates are the ba-
sis for constructing convergent discrete subset approximations of the inactive
set. The definition is shown in Section 7.5 and properties of the approxima-
tions are investigated. It is motivated in Section 7.6 that the inactive set is
very hard to approximate from the outside. Therefore, the approximations
of the inactive set found in Section 7.5 are used to construct both sub- and
superset approximations of the complement of the strictly active set. For the
construction, error estimates for the distances of the discrete and continuous
free boundaries, the boundaries seperating the (inexact) active and inactive
sets, are necessary and a version is presented in Section 7.6. These types
of estimates for free boundaries usually rely on a so-called nondegeneracy
condition, a regularity condition for the continuous problem that ensures a
minimum growth of the solution away from the obstacle outside the active
set and which originally goes back to Caffarelli. Based on this regularity as-
sumption, the structure of the weakly and strictly active set is investigated
in Section 7.6.2. Using the structure of the weakly and strictly active sets, in
Section 7.6.3, sub- and superset approximations of 2\ A4(¢) are constructed
and the requirements for the usage in the error estimates for the generalized
derivatives are verified. In Section 7.7, an alternative discrete subset approx-
imation of the inactive set is presented that can be used instead of the set
introduced in Section 7.5. Finally, our findings are summarized in Section 7.8.
The chapter concludes with some numerical examples in Section 7.9.
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7.1 Inexact generalized derivative on inexact domain

In this subsection, we introduce the overall setting, i.e., the continuous and
discrete obstacle problem and the resulting continuous and inexact systems
for generalized derivatives.

We assume that © C R? is an open, bounded domain. Let us consider the
following continuous problem for a given ¢ := f(u) € L?(Q2) and ¢ € H' ()

Findye Ky: (—Ay—(z—y) >0 Vze Ky. (COP)
As usual, the set K is defined as
Ky :={2€ Hyj(Q): 2> ae. in Q}.

The variational inequality (COP) coincides with the variational inequality
(OPyq) for L = —A.

Let (Tn)n>0 be a family of triangulations of €2, i.e., a family of partitionings
of € into triangles. We assume that the triangulations are regular and quasi-
uniform and denote by h > 0 the mesh size, see [BS08| for details.

Now, for some h > 0, the solution of the obstacle problem is computed on
a discrete level as the solution of

Find yp € K, : (=Ayn — (20 —yn) 20 Vz, € K, (DOP)
with
Kp o= {2z, € V) | 2z, > ¢y, ae. in Q}

as well as

Vp, := {v € C(Q) | v|r is affine for all T € T} and V9 :=V, N H(Q).

Here, v, = Ly is the discrete obstacle and Ly, is the Lagrange interpolation
operator onto Vj. This is the formulation of a discrete obstacle problem,
which can also be found, e.g., in [NSV05]. The discrete variational inequality
(DOP) admits a unique solution, see |[Fri88|, [KS00|, [NSV05|. For a fixed
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¢ € L*(Q2) we denote the solution by yj,. Moreover, it holds y, — y in H} ()
as h — 0, where y denotes the solution of (COP), see e.g., [Cia75, Thm. 9.2].

Note that, if 2 is not polyhedral, we could consider triangulations of
instead, where €2, C € is polyhedral. Then z, > v, is prescribed only on 2,
and for the elements in V), we demand v|g\q, = 0.

Let J: H}(Q) x U — R be a continuously differentiable objective function.
Based on the discrete solution yy the goal is to find the solution gy to

Find g, € Hy(Dp) : (=Adgp,vn) = (Jy (yn,u) ,on)  Yon € Hy(Dy) (7.1)
and to estimate the error [|q — qnl| g1 (o) relative to the solution ¢ to
Find ¢ € HJ(D): (—=Agq,v) = (J, (y,u),v) Yv e Hy(D). (7.2)

Here, D is a quasi-open set with I({) € D C Q\ A4(¢) admissible for the
computation of a generalized derivative for the reduced objective function
J= J(S#(:),-), see Theorem 4.21 and Section 5.2 and Dy, is an approximation
thereof, based on the discrete solution y. We will discuss later on how Dy, can
be defined. Then the estimate for the error [|g — x| g1 () yields an estimate
for the error of the Clarke subgradients

§(u) = f'(w)*q+ Ju(y,u) € dcJ(u) and  &u(u) = f'(w)*qn + Ju(yn, u)
(7.3)

for the reduced objective function J(-) := J(S¢(),-) via

1€(u) — &n(u)|lu-
<A@ ez o la = anll g @) + 1u(y, w) = Ju(yn, u)|

U*y

see Theorem 4.21. In this chapter, we always assume that the requirements
on U and f: U — H~1(Q) from Assumption 4.2 are fulfilled so that the
obtained results in Chapter 4 are applicable. With a little abuse of language,
we often call the solutions of (7.1) and (7.2) (inexact) generalized derivatives
since they give the respective Clarke subgradients as in (7.3).
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7.2 Error estimates for approximate Clarke
subgradients

In this section we develop an error estimate for the inexact generalized deriva-
tives of (7.1). Here, we consider decreasing sequences (h,)nen of positive
numbers with h,, — 0 in the context of triangulations with mesh size h,,.
This describes the situation of successively refined meshes with mesh sizes
hn — 0. Let us also fix the notation y, := yp,, for the solution of (DOP),
dn = qp,, for the solution of (7.1) and D,, := Dy, for a discrete approxima-
tion of the quasi-open set D with I({) € D C Q\ As(¢). An appropriate
choice of the set D and the approximations D,, will be given later on. In the
following sections, we always assume D,, C D.

Note that the mere Mosco convergence of (HE(Dy))nen to H} (D) yields
that the solutions (g¢n)nen of (7.1) converge to the solution g of (7.2), see
Proposition 4.9. For the usage of such approximate subgradients in, e.g.,
bundle methods, compare [HU19], it would be useful to know, a priori or a
posteriori, a computable upper bound for the error {|gn —gl| g1(q) which can be
computed in each iteration of the bundle method and which gets arbitrarily
small as n — oo. This helps in estimating the rate of convergence and in
designing stopping criteria.

We will first find an upper bound for the error ||q — gnl| g1(q) which cannot
immediately be evaluated with knowledge only of the discrete solution and
not the continuous one. Afterwards, in Corollary 7.3, an error estimate will
be proposed that necessitates the existence of an additional Mosco convergent
superset approximation D, of D.

Implicitly, we can estimate the error ||g — ¢y]| HI(Q) for the solutions g, ¢
of (7.1) and (7.2) in the following way.

Lemma 7.1 Let D be a quasi-open set with I(() € D C Q\ As(¢) and, for
n €N, let D, C D be quasi-open subsets. Denote by q € Hol(Q) the solution
of (7.2) and for n € N denote by g, the solution of (7.1). Then it holds

lg = anll 30

(7.4)
<= Adgn — Ty ) -1y + 1y (s 0) =y o 0) L1109
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If HY(D,,) — HZ (D) in the sense of Mosco, we additionally have || — Agy, —
Jy(yn,u)HH—l(D) — 0 as n — oo.

Proof. Let us note that ¢—q,, € H} (D), but not necessarily ¢—q,, € H} (D).

We observe

”q - QnH?rfl(Q)
=(V(g—qn), V(g —
=(Vq,V(qg—aqn)) —

Gn))
(
+<Jy( u),q = qn)
) +
) +

Jy(y,u), ¢ — an) — (Van, V(g — qn))

= (Van, V(g — qn)) +

—= (Van, V(a = qn)) + (Jy(Yn: u)s g = gn) + (Jy(y, 1) — Jy(Yn, w), g — gn)

= (=Agn = Jy(yn,w), ¢ = @n) -1y, 53 () + (Jy (¥ w) = Jy(yn, ), ¢ — an)
S(II—Aqn— y s W -1y + 1Ty (Yns w) = Ty (y,0) || 1))

g - QnHH[}(Q)'

y( u),q = qn)

This implies

g = anllaa) < | = Aan — Jy(yn, Wl -1 (D) + 1y (Yn, ) = Jy(y, w) || -1 (-

Assume the sequence (Hg (Dy,))nen converges to Hg (D) in the sense of Mosco.
Then, by Proposition 4.9, it holds ¢, — ¢ in H}(Q) as n — co. Since also
Yn — y in H}(Q) as n — oo and since J is continuously differentiable we
conclude

(_AQn - Jy(ymu)) - (—Aq - Jy(y,u))

in H71(Q). This implies (—Agy, — Jy(yn,u)) — (—Aq — Jy(y,u)) = 0 in
H=YD) by (7.2). O

The error estimate (7.4) is not yet suitable, since the H (D) norm cannot
be computed without knowledge of the exact set D. Let us establish the
following tool.
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Lemma 7.2 Let p,,p € H Q) and let D C Q be a quasi-open set. As-
sume that p, — p in H~Y(Q) and p, — 0 in H-1(D) as n — oo. If there
s a sequence (Dn)neN of quasi-open supersets of D with the property that
H(D,) — H}(D) in the sense of Mosco, then 1Pall 15,y = O-

Proof. For p € H™'(Q) we fix v, € HL(Dy), an”Hl py < L neN,

with <p7”n>H—1(Dn),Hg(Dn) > Hp||H_1(Dn) — 1. Then, the sequence (vn)nen
is bounded in H}(Q) and we can extract a weakly convergent subsequence
(U, Jken. We denote the weak limit by v. Note that [[v]|g1(q) < 1 by Mazur’s

lemma. By Mosco convergence of H}(D,,) to H3(D), the weak limit v is in
H}(D). We have

IPllE-1(p) = (Psv) 5-1(D),H1(D) = (P V) H-1(0),HL ()

- kli_)m (Ps vy ) 109,12 ()

kli)m (p, Unk> *1(an),Hé(D”k)

> Tim ([l :
= k1_>HC}O PllH=1(Dn,) ~ o)
This, together with [|p||z-1(p) < HpHH,l(an) for all £ € N, which follows

from the inclusion H}(D) C Hg(D,,), implies that (p:v)g-1(D),HY (D) =
Pl z-1(py- By a subsequence-subsequence argument, we can conclude that

(HpHH_l([)n))nEN converges to ||p||H_1(D),

Now, we can estimate

||pn||H (D) < lpn — pHH (Dy) +||pHH Dn)
< lpn = plla-1(0) + HpHHfl(Dn)

= pla-1(o)-

On the other hand,

1Pl =1,y 2 1Pl =15,y = lp = Pull -1,.)
> HPHH—l(Dn) —lp = pallg—
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= Pl 1Dy

and we conclude that

”PnHH—l(Dn) - ||pHH*1(D) =0.

O

As stated in the following corollary, the construction of an outer approx-
imation of D, which is computed based on y,, yields an error estimate for

g = anll a1 (0)-

Corollary 7.3 Let D be a quasi-open set with I(¢) C D C Q\ As(C) and, for

n € N, assume D,, D,, are quasi-open sets with
D,CDCD, (7.5)
and
HY(D,) — HY(D) and H(D,)— H}(D) (7.6)

in the sense of Mosco. Let gy, q be the solutions of (7.1), (7.2), respectively.
Then the error estimate

g = anll a1 (0
< |- Ag - Jy(ymu)HHfl([)n) + ||Jy(yn,u) - Jy(y, U)HH—l(Q) "0

1s valid.

Proof. Combining (7.4) with the inclusion H}(D) € H}(D,,) for all n € N,
we derive

lg = anll 20
<= Agn = Jy(Yn, Wl 105,y + 1Ty (ns w) = Iy (y, w)l g-1()-

As argued in the proof of Lemma 7.1, we have (—Agy, — Jy(yn, u)) = (—Ag—
Jy(y,u)) in H=Y(Q). By Lemma 7.1, it holds || — Agn — Jy (yn, w) | r-1(p) "=
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n—oo

0. Now, Lemma 7.2 implies that || — Agn, — Jy(yn, u)||H,1(l~)n) — 0 and the
conclusion follows. O

7.3 Short survey on regularity results for the
solution of the obstacle problem

The derivation of error estimates for a generalized derivative that is computed
based on discrete solutions of the obstacle problem will require restrictions
on the data guaranteeing a certain regularity of the solution y of (COP).
Therefore, the purpose of this short section is to collect some established
smoothness results for the solution of the obstacle problem under regularity
assumptions on the data ¢, 1 and €.

In the literature, many authors are concerned with regularity results for
the solutions of obstacle problems. Among many others, we mention [CK80],
[Fre72|, [Fri88|, [KS00] and [Rod87].

In the remainder of this chapter, we always assume that ¢ and y are contin-
uous. However, the assumption on y can be verified under mild assumptions
on ¢ and 1, since H?(Q) elements have continuous representatives in dimen-
sion d = 2,3. The result is taken from [Rod87, Cor. 5:2.3| and the proof is
based on dual estimates.

Lemma 7.4 Assume ¢ € L*(Q) and ¢ € H*(Q). If Q is a convex domain or
if OSY is sufficiently smooth, the solution y of (COP) satisfies y € H?().

Moreover, the following statement concerning the continuity of the solution
of (COP) is true and can be found in [Rod87, Thm. 5:2.7].

Lemma 7.5 Assume ¢ € W55(Q) for some s > d > 2. and let ¢ € C(Q).
If Q has a Lipschitz boundary, then the solution y of (COP) satisfies y €
C(Q) N HL(Q).

We also mention the following result on solutions in spaces of higher regu-
larity which is taken from [KS00, Thm. IV 2.3].
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7N\
/N

Figure 7.1. One-dimensional solution y = Sjq(0) of the obstacle problem with
discontinuous second derivatives at 9A(0)

Lemma 7.6 Let 2 be an open connected domain with suffiently smooth
boundary 0S2. Assume there is a number s with d < s < 0o and suppose
¢ € L*(Q) and max(—Ay — (,0) € L*(Q). Then, the solution y of (COP) is
in H>*(Q)NCHA(Q) for p=1- 2.

In general, the solution y inherits the smoothness of the obstacle. It is
clear that at least on the interior of A(¢), y will be as regular as 1. On
I(¢), regularity theory for the Poisson problem will apply, when ¢ € L?(Q).
Nevertheless, the presence of the obstacle implies that the regularity of the
solution y is limited, regardless of how smooth v and ( are.

This can already be seen in dimension d = 1. Consider a parabolic obstacle
1 with ¥ > 0 somewhere in 2 and ¥ < 0 on 9. We consider the solution
of the obstacle problem for ¢ = 0. Note that 1, € C*°(Q2). The solution of
the obstacle problem is piecewise affine (on the inactive set), satisfies y = 0
on 0f2 and strikes the obstacle tangentially. The situation is illustrated in

Fig. 7.1. Here, the second derivatives of y are discontinuous on 9A(0).

In fact, it is shown that the optimal regularity of the obstacle problem is
C11, as the following lemma by [BK74, Thm. 1] demonstrates. We mention
also the references [Fre72| and [Fri8§|.

Lemma 7.7 Assume ¢ € C1(Q) and ¢ € C?*(). Suppose 2 has a smooth
boundary OS). Then the solution y of (COP) satisfies y € C1(Q).

In the formulation in [BK74], the admissible set K in (COP) is replaced
by the set of Lipschitz functions v on € which satisfy v > on 2 and v =0
on 0Q. This is a convex subset of K. Since under the regularity assump-
tions in Lemma 7.7 the solution y of (COP) is also Lipschitz continuous, see
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Lemma 7.6, y is a solution of the problem considered in [BK74].

Note that this is only a short selection of results concerning the regularity
of solutions to (COP) that show that the assumptions on the solution we have
in this chapter can be fulfilled and can be guaranteed a priori by requiring
the appropriate regularity of the data.

7.4 Short survey on L°°-estimates for the solution
of the discrete obstacle problem

In this section, we will review various types of L°°-error estimates for the
obstacle problems available in the literature.

We aim to obtain inexact generalized derivatives in a point u € U based
on the inexact finite element solution of the obstacle problem depending on
the mesh size h. Since the systems for the generalized derivatives (7.1) and
(7.2) depend on the solution of the obstacle problem y = S¢(u), respectively
yp, itself, or, more precisely, on the complements of the respective active
and strictly active set, the error ||y — yp|| is relevant also for the generalized
derivatives. Since the active set A(¢) = {y = v} is characterized by the
pointwise behavior of the solution y, the pointwise error of y —yp, is of interest
and is best estimated via the error ||y — ypl[ L (q) in the L>°(2)-norm. Note
that we assume that y is continuous here. Thus, the knowledge of an upper
bound ¢y, for ||y — ynl/r(q) helps to control and analyze the error in the
active sets and in their boundaries, the free boundaries, see Section 7.6.1.

A priori L*-error estimates for the obstacle problem have been derived in
the literature. They are based on the discrete maximum principle of Raviart-
Ciarlet, see [Cia70] and [CR73]. However, the validity of the discrete maxi-
mum principle requires several assumptions on the triangulations.

In [Nit77|, for space dimension d = 2, obstacle ¢y € W2°(Q) and for
bounded  C R? with sufficiently smooth boundary, an estimate of the form

1y = yllzeo () < ORI h||lyllwzo o) (7.7)
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is derived. From this, for sufficiently smooth data, we can derive the inequal-
ity

Iy = ynll o0y < CR2 I A|([I¢]lwro 0y + 19 llw2ee (o)) (7.8)

The estimate (7.8) can be obtained from (7.7) as follows. We can combine
the proof of [KS00, Thm. IV 6.3] with [KS00, Lem. IV 5.1, Lem. IV 6.2] to
obtain the inequality (7.8) with € replaced by a compact subset K. If ) < 0
on 02, we can use [KS00, Cor. IV 6.4] and elliptic regularity theory, see, e.g.,
[GTO01], to obtain (7.8).

Moreover, using stability arguments, [Chr17] establishes the estimate

ly = yall (o) < ClAIR (¢ o) + I llw2a(@) (7.9)

for a bounded domain 2 with sufficiently smooth boundary, { € LI(Q), ¢ €
W24(Q) and 2 < g < oo.
Related results are obtained in [Bai77|, [FV82], [MT13], see also [NOS15]

for an overview.

The application of the discrete maximum principle imposes constraints on
the triangulations. To circumvent such assumptions, other approaches yield
a priori L°°-error estimates for the obstacle problem. It is possible to obtain
error estimates in the energy norm, i.e., error estimates for ||y —yn || g1(q), see
[BHR77], [Mos77]. By using inverse inequalities like

vnlles (@) < ClIn Aol g1(q),

in dimension d = 2, see, e.g., [Noc86|, a bound for ||y — yu|re(q) can be
obtained. Note that this bound is, in general, not sharp. This strategy is
also mentioned in [Noc86].

In [NSVO05]|, a posteriori L>(§2)-error estimates for the obstacle problem
are established. Unlike in a priori analysis, no restrictions in the choice
of triangulations are required, since the continuous maximum principle is
applied within the derivation. Moreover, these error estimates in the L>°(2)
norm are used to control the error in the respective active sets. We will focus
more on this detail in Section 7.6.1.
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For this thesis, we do not rely on one specific bound ¢j, for the error and
we do not fix any assumptions on the mesh. By requiring the appropriate
assumptions, any of the L°°({2)-error estimates can be used. We use the
notation ey, for any upper bound for ||y — yp|| o (q) converging to 0 as h — 0.

7.5 Discrete inner approximation of the inactive set

The goal of this section is to introduce and to analyze the sets I, from the
literature, which are subset approximations of the inactive set I({). These
approximations are based on an upper bound for the L>-error ||[y—yp,, || Lo ()
We will see that the Mosco convergence Hg(I,) — H(I(¢)) can be shown.
The sets I, will be the basis to find approximations of D := Q\ Ag(¢) in the
upcoming sections.

In the following sections, we again consider sequences (hy, )nen of mesh sizes
with h, — 0 and use again the notation with subscript n instead of h as in
Section 7.2. In particular, we denote by &, := €;,, a convergent upper bound
for [y — ynll oo (), see Section 7.4.

From the numerical solutions (y,)nen of (DOP), we want to obtain a suit-
able approximation of the inactive set I(¢). Note that the sets {y, > ¥} can
be very different from (), even for large n € N and when y,, — y in L>°(Q).
In [BP77, Thm. 1.1.], a suitable definition for the approximation I,, using the
L®-error &, is proposed. The following result is a slight modification thereof.

Lemma 7.8 Let ¢ := f(u) € L>®() be fived. Assume y,vp € C(Q). Let
(€n)nen be such that

n—o0

|y = ynllLo@) <en = 0
holds for the solutions y,y, of (COP) and (DOP). Define
I, :=1,(C) :=={w € Q| yn(w) > ¥(w) +en}. (7.10)

Then it holds I, C I(¢) for all n € N and liminfl, = I((), i.e.,

n—oo
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10 10 +
Y, Y2 Y -
8 3 Y2 — €2
6 6
4+ 4+
2+ \ 2+ /
g2 := |y — yallo
—4 -2 2 4 —4 -2 2 2 4
-2 -2

(a) y(x) = 22 and interpolation approx- (b) Shifted functions y; — &; as underes-
imations y; with maximal error &, timators for y
1=1,2

Figure 7.2. Subset approximations {y; —e; > 0} of {y > 0} using L*°-error
estimates €; := ||y — yi||L~(q) for approximations y; of y, i = 1,2

UneN ﬂkzn Iy = I(C)

Proof. The first part of the proof can be found in the proof of [NSV05,
Thm. 4.1]. For convenience, we also state it here. Assume w € A({). Then
it holds

Un(W) = y(w) + (yn(w) — y(w)) < P(w) + en.

This shows w € IE.

In a similar form, the subsequent part of the proof can be found in [BP77,
Thm. 1.1]. Here, the set I, is defined slightly different. Again, we also state
this part of the proof. Assume w € I((), i.e., y(w) —(w) = ¢ for some ¢ > 0.
Let n € N be such that e, < ¢/2 for all £ > n. Then,

yr(w) —Y(w) = c+uyp(w) —y(w) > c—cep > e

for all & > n. This shows w € U,en(Np>n k- All in all, we conclude
liminf I,, = I(Q). O
n—oo

Exemplary, Fig. 7.2 shows the function y(x) = 2 and corresponding L>°-
errors ¢; for interpolated approximations y;, ¢ = 1,2. We can see that y; — ¢;
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are underestimators for y and that the sets {y; —e; > 0} are subsets of
{y > 0}.

In Section 7.7, we will propose an analogue J, of I, using the discrete
obstacle 1, instead of the continuous one . This choice can have advantages
for the implementation compared to the choice I,,. Let us note that we can
always use J,, instead of I, in the following analysis. This will be justified
in Section 7.7. For a clear and simpler presentation, we focus on I, now and
introduce the alternative J, later on in Section 7.7.

Now, we will see that with the choices I, from (7.10) we can show the Mosco
convergence H}(I,,) — HY(I(¢)). Recall that with Lemma 7.1, we obtain the
convergence of the solutions of (7.1) with D,, := I,, to the solution of (7.2)
with D := I({). Moreover, the error estimate (7.4) holds with D = I({). To

establish the Mosco convergence, we first show that the sets (ﬂk>n 1 k) N
- ne

are open, which implies that they constitute an open covering of I({), see
Lemma 7.8.

Lemma 7.9 Assume the conditions of Lemma 7.8 are fulfilled. Then the sets
Mk Ik are open for all n € N.

Proof. Assume n € N and w € (>, Ix C I((), compare Lemma 7.8. Then
it holds

¢ :=y(w)—1Yw) > 0.
Since y and ¥ are continuous, there is C' > 0 such that
y(2) —¥(z) > ¢/2

for all z € Bo(w). Let ng € N be such that e < ¢/4 for all £ > ng. Then it
holds for all k£ > ng and for all z € Bo(w)

yi(2) — (2) = yr(2) —y(2) +y(2) — ¥(2)
> —¢ +¢/2

> Ek.

We conclude Bo(w) € (Vysp, Ik 0 < no, N>y, Ik is the finite intersection
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of (V>n, [k With open sets and thus contains a ball B (w). Since w € (>, Ix
was arbitrary, we conclude that (s, Iy is open. O

Now, we are able to prove the Mosco convergence.

Theorem 7.10 Assume the conditions of Lemma 7.8 are satisfied. Then it
holds H(I,,) — HE(I(C)) in the sense of Mosco.

Proof. Let v € H}(I(¢)) be arbitrary. The family of sets (>, Ik)nen is
an increasing covering of I(¢), see Lemma 7.9 and Lemma 7.8. _Thus, there
exists a sequence (vp)neny With v, — v in H}(I(¢)) as n — oo and such
that v, € H3(Np>,, Ir) for each n € N, see Lemma 2.29. In particular,
vn € Hy(I,) since (Nysp, Ix S In(Q)-

Suppose there is a sequence (wy)peny With w, € H}(I,) and wy, — w
in HE(Q) for some w € H(Q) and for a subsequence (wy, )ken of (W )nen.
Since I,, € I(¢) holds, see Lemma 7.8, we have w,, € H}(I(()) for all n € N.
Then the weak limit w is also in Hg(I(¢)) by Mazur’s lemma. O

7.6 Discrete approximations of the complement of
the strictly active set

In this section, we will derive and analyze approximations D,, and D,, of the
set D := Q\ A4(¢) in order to obtain an error estimate for the generalized
derivative on the domain D = Q\ A4(() as proposed in Corollary 7.3.

We have seen in the preceding section that the sets (I),)nen as defined
in (7.10) satisfy I, C I(¢) for all n € N as well as Hg(I,) — H}(I(¢)) in
the sense of Mosco, see Lemma 7.8 and Theorem 7.10. Using Lemma 7.1,
we can obtain a convergent sequence of inexact Clarke subgradients (g, )nen
by solving (7.1) with D,, := I, for all n € N and the limit is the Clarke
subgradient ¢ based on D := I(({), compare (7.2). Motivated by Corollary 7.3,
to obtain a computable error estimate for the term [lg — gnl| g1(q) a sequence
(In)nen of quasi-open supersets of I(¢), such that (Hg(I,))nen converges to
HZ(I(¢)), would need to be constructed. In general, the weakly active set
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Ay (¢) can be thin and irregular, see also the discussion Section 7.6.2. That
makes it hard to approximate or predict the inactive set from the outside, or,
equivalently, the active set from the inside, based on the numerics.

Instead, in this section, we try to obtain approximations D,, and D, as in
(7.5) for the quasi-open set D := Q\ Ag(¢). In Theorem 4.20 we have seen
that this choice indeed yields a generalized derivative for a general monotone
and continuously differentiable operator f: U — H~!(Q). The tools we use
are estimates for the distance of the free boundaries 01(¢) and 01I,,, which are
available in the literature. The validity of these estimates is ensured under
the so-called nondegeneracy condition (ND,). Based on this condition, it
can also be shown that the weakly active set does not have interior points,
see Lemma 7.15, and that the strictly active set is the (fine) closure of the
interior of the active set, see Corollary 7.21. This structure highlights that the
strictly active set is better suited to be approximated from both sides, from
in- and outside. The construction of these discrete approximations based on
the estimates for the distances of the free boundaries is the purpose of this
section.

In Section 7.6.1, we will see that an error estimate for the distance of the
free boundaries 0I(¢) and 01, has been obtained under the nondegeneracy
condition in the literature. Assuming this condition, we analyze the topolog-
ical structure of the weakly and the strictly active set in Section 7.6.2. We
make use of this structure and suggest approximations of the complement
of the strictly active set in Section 7.6.3. We show that these approxima-
tions fulfill the conditions of Corollary 7.3 so that an error estimate for the
generalized derivative as in (7.1) is available.

7.6.1 Error estimate for the discrete and continuous free
boundaries

In this subsection, we state a result concerning error estimates for the free
boundaries 9I(¢) and 0I,. Here, for some n € N, I,, is the approximate
inactive set defined in (7.10).

In the literature, error estimates for the distance of the boundaries of I(()
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and of I, have been discussed. As references, we mention, among other

related references, [BC83|, [DS00], [Noc86], [NSVO05].

First, we show that the nondegeneracy condition implies a quadratic growth
property of y — ¢ away from the active set. The formulation is taken from
[NSVO05] and the proof is based on [Fri88, Ch. 2, Lem. 3.1].

Lemma 7.11 Let ¢ € L?(Q) and let y,v be continuous. Suppose there is an
open neighborhood U C Q of the active set A(C) and a positive number n > 0
such that the nondegeneracy condition

(=AY —(,v) > 77/ vd\ Yove HYU), (ND,,)
u

holds on U. Then, for any wy € I(¢) and any r > 0 such that B,(wo) C U it
holds

p () — D) > ylen) — (o) + T Q)

wE By (wo) 2d -

Proof. Let us first consider the case wy € I(¢) and assume B,(wo) C U. The
function

w(e) = y(a) — (x) = ylwo) +(w0) — golz = wol?

satisfies w(wp) = 0 and also

(~Bwv) = (~Ay + Avyo) 4y [ 0!
2d Jy,

= <A¢+C7v)+n/v dx?
u
<0
for all v € H{(U)+ N HY(I(C)). Here, we have used (ND,)) and (—Ay —

¢,v) = 0 due to v = 0 q.e. on Ag((), see Corollary 3.10. In particular,
(—Aw,v) <0 for all v € HY(B,(wp) N I(¢))+. By the maximum principle
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|[KS00, Thm. II 5.7], it holds

w(z) < sup w(w)
w€A(Br(wo)NI(())
in Br(wo) N I(¢). Since w < 0 holds on 9I(¢), there must exist a point
w1 € 0B, (wp) N I(¢) such that w(z1) > 0 and (QG) follows.
For wy € 0I(C), let (w")nen € I(¢) be a sequence with w™ — wp. Then
(QG) is already shown for w™, n € N, and, using continuity arguments, we
obtain the statement for wy. ]

Remark 7.12 The original strong formulation of nondegeneracy goes back to
Caffarelli, see also [Caf81]. The size of 7 in (ND,)) determines the growth rate
of y — 1) and the larger 7 is, the more stable are the (discete) free boundaries,
see [INSV05, Rem. 4.2].

Based on the nondegeneracy condition (ND,) and the resulting quadratic
growth property (QG) the following result on the distance of the free bound-
aries 0I(¢) and 01, can be obtained. It is based on [NSV05].

Lemma 7.13 We assume that ¢ € L*(2), y,v € C(Q) and ¢ < 0 on 5.
Suppose there exists a neighborhood U of A(C) and a positive number n > 0
such that the nondegeneracy condition (NDy) holds on U. Assume (€p)nen
is a family of upper bounds for the errors ||y — yullreo(q) for the solutions
Y, Yn = Yn, of (COP) and (DOP), which converges to 0 as n — oco. Set

de,
Ty =24 —. 7.11
\/ ; (7.11)

Then, if n is large enough, it holds
{w e Q| dist(w, I,) >} C A(Q).

Proof. Since A({) and 02 are compact and disjoint sets, it holds
dist(0€2, A(¢)) > 0. Thus, w.l.o.g., we can assume dist(U/,09Q) > 0. Since y
and v are continuous and since Q\U is relatively compact, we find a constant
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¢ > 0 such that y — ¢ > ¢ holds outside U. By definition of I, this implies
ILcu

if n € N is sufficiently large. Moreover, if n is large enough, we also have
rn, < dist(U, 09). Let us assume that n € N is sufficiently large in the sense
of these two conditions.

Let w € Q with dist(w, I},) > r, and assume w € I((), i.e.,
y(w) > h(w).

In particular, we have w € I® C U and thus, B, (w) C Q. We even observe
B, (w)CItcu.

Now, Lemma 7.11 implies

h
xezljf(w)y(fv) —v(z) > 5
This means, for some x € By, (w) it holds
(2) = 1(&) + (@) — 9(a)) > 6(a) + T2 — 2, = 0(@) +2,
and this contradicts B,, (w) C IC. We conclude w € A(C). O

Remark 7.14
1. In the classical literature concerning the analysis of the free boundaries
in the context of obstacle problems, the obstacle problem for a plate
is investigated, see, e.g., [BC83], [Caf81], [DS00], [Noc86]. This means,
the obstacle problem for L/NJ = 0 is considered, while the admissible
displacements satisfy Z = ¢ on the boundary of Q for some H!((2)
function g satisfying g > 0 q.e. on 9€). For the variational inequality
with general obstacle 1 € H'(2) and zero boundary constraints as in
(COP), Sf(u) —1 solves the obstacle problem for a plate with g = —.
2. Several results analyzing the Hausdorff distance between the exact and

the approximate free boundary require regularity of 0A((), see, e.g.,
[BC83|, [DS00], [Noc86|. As stressed in [NSV05, Rem. 4.4, the deriva-
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tion of the error estimate in Lemma 7.13 does not require any regularity
assumptions on the exact free boundary 0A(().

7.6.2 Structure of the weakly and strictly active set under
regularity assumptions

Assuming the nondegeneracy condition, we analyze the topological structures
of the weakly and the strictly active set. Our findings establish properties
seperately for the weakly and the strictly active set. This approach is not
common in the classical literature, where the free boundary analysis and the
investigation of topological structures is usually performed for the overall ac-
tive set and its boundary. The distinction between strictly active and weakly
active set is not drawn. Yet, as we will see, there are fundamental differences
and the strictly active set often exhibits a considerably more regular structure
than the overall active set.

The following lemma investigates the behavior of the weakly active set and
shows that it has empty interior.

Lemma 7.15 Let ¢ € L?(Q). Assume the nondegeneracy condition (ND,)
holds on a neighborhood U of the active set. Then the weakly active set does
not have interior points.

Proof. Let v € H}(Q), with
{v >0} = int(Ax(C)), (7.12)
see Lemma 2.31. This implies
(=Ap — ) = /QWTW dr? — (¢, v)
:1/ Vy ' Vo d\ — (¢, v)
Aw(Q)

= / vy Vo dX4 — (¢, v)
Q

= <_Ay - Cav> =0.
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Here, we have used that Vv = 0 a.e. on Q \ Ay (¢) and V¢ = Vy a.e. on
Ay (C), see [ABM14, Prop. 5.8.2]. In the last step, we use v = 0 q.e. on A4((),
see Corollary 3.10. On the other hand, the nondegeneracy condition (ND,)

yields
(-av=Cop 2y [ vaxt
u
Combining the two arguments, we conclude fuv d\¢ = 0 and thus v =

0 a.e. on U. Observing int(Aw(¢)) € U and recalling (7.12), we conclude
M (int(Ay(¢))) = 0 and since this set is open we derive int(Ay(¢)) = 0. O

Before we analyze the structure of the strictly active set, we recall that
the strictly active set Ag(() is defined as f-supp(&), cf. Lemma 2.34. In Re-
mark 2.35 we have already indicated that f—supp({~ ) is the support of € wrtb.

the fine topology on R? and we refer again to [Wacl4, App. A].

Here, we will explicitly use this characterization. We do not introduce the
fine topology, but let us collect the following properties. The fine topology is
finer than the usual topology on R?, i.e., every open set is finely open. For a
set £ C R¢ we denote the closure w.r.t. the fine topology, the fine closure, by
f-cl(E) and the interior w.r.t. the fine topology, the fine interior, by f-int(E).

The following result holds, see [Wacl4, App. A].

Lemma 7.16 Let ( € H Y(Q) and denote y := Siq(¢), € == —Ay —( €
H=Y(Q),. Then there exists a largest finely open set O C Q with £(O) = 0
and As(¢) = f-supp(€) = O holds.

The next result states that quasi-continuous functions are finely continuous
quasi-everywhere. For a proof we refer to [AH96, Thm. 6.4.5].

Proposition 7.17 Every quasi-continuous function is finely continuous
quasi-everywhere in Q.

Remark 7.18 The fine topology is the coarsest topology such that all sub-
harmonic functions are continuous. Since the quasi-open sets do not consti-
tute a topology, it is often helpful to work with the fine topology which is
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compatible with most of the concepts related to quasi-open sets and quasi-
continuous functions. For details, we refer to [AH96| and [HKM93|.

Before we state the subsequent auxiliary lemma, let us recall that any
¢ € HY(Q) can be identified with a regular Borel measure ¢ and that the
quasi-continuous representative of some v € H&(Q) is integrable with respect
to € and it holds (&,v) = Jov dé, see Lemma, 2.33.

Lemma 7.19 Let £ € H1(Q)1 and let B C Q be a Borel measurable set.
We consider the restriction &|p defined by

(€15, ) :=/Bvd£=/de£\B,

where € is the Borel measure associated with & and E|B the trace measure or
restricted measure w.r.t. B.

1. We have &|p € HH(Q)4.

2. Assume that OB has Lebesque measure zero and let & € L?(); C
H=Y(Q),. Then f-supp(€|p) = f-cl(int(B) N f-supp(£)).

Proof. 1. The operator | g is well-defined and linear on H{ (£2). Furthermore,
we have

(El, ) S/B'“' dés/QIvI A€ = (¢, [ol),

thus, using [|[v[| g1 Q) = [vllg1(q), see Proposition 2.19(1.), we sece that £|p
is bounded. Since £|p can be identified with the trace measure £|p, it is clear
that | is nonnegative and we conclude &|p € H=H(Q) .

2. Now, assume OB has Lebesgue measure zero and that £ € L?(Q)4. Let

0= f—int(ﬁ U f—supp(g)c).

Using & (E) = 0 for every Borel set £ C f—supp(g)c, cf. Lemma 7.16, we derive

£lp(0) = E(BNO) < EBNBY) +£(Bnfsupp(€)’) =0
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since € is absolutely continuous w.r.t. the Lebesgue measure and since
A4(0B) = 0. Thus, f-supp(¢|p) C f-cl(int(B) N f-supp(€)).

On the other hand, let O := f—supp(é]B)C, i.e., O is the largest finely open
set with &|3(0) = 0. Then O Nint(B) is finely open andi(O Nint(B)) = 0.
This implies O Nint(B) C f-supp(£)C. We conclude O C BE U f-supp(€)¢ and
obtain int(B) N f-supp(€) C f-supp(£|z). Since the set on the right-hand side
is finely closed, we even have f-cl(int(B) N f-supp(€)) C f-supp(€|p).

O]

In the following analysis of the strictly active set, we additionally assume
Y € H?(Q). Note that this implies (—Ay — ¢) € L?(Q) if ¢ € L?(Q2). Let us
observe the following structure.

Lemma 7.20 Let ¢ € L*(Q). Assume the nondegeneracy condition (ND,)
holds on a neighborhood U of the active set and, in addition, let 1 € H?().
Denote & := (—A¢ — ()4 € L*(Q)4. Then f—supp(&b) D A(C) holds.

Proof. Assume () # O C U is finely open. Let v € H(O)4 with {v > 0} = O,
compare Lemma 2.31. We conclude

/(—A¢—g)udAd=<—A¢—<,v> Zn/vdkd
Q

u

by the nondegeneracy condition (ND;). This means [,(—Ay —()v dx? > 0,
since v € H(O); and since O has positive Lebesgue measure, see [AGO1,
Thm. 7.3.11, Cor. 7.2.4]. We have

/v dé, :/(—A¢—¢)+v dx? > /(—Aw—g)v dx? > 0,
Q Q Q
which implies

£p(0) > 0.

Recalling Lemma 7.16, this shows

A(¢) CU C fsupp(&y).
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O

Now, we are in the position to show that the strictly active set is the fine
closure of its interior points.

Corollary 7.21 Suppose Q is convexr or has a sufficiently regular bound-
ary. Let ¢ € L*(Q). Assume the nondegeneracy condition (ND,) holds on
a neighborhood U of the active set and additionally assume 1 € H?(Q2) and
M(DA(C)) = 0. Denote & :== —Ay — (. Then it holds As(¢) = f-supp(€) =
f-cl(int(A(Q))).

Proof. Under the regularity assumptions we have y € H2((), see Lemma 7.4.
Moreover,

(7.13)

Ay = —AyY — (¢ a.e.on A((),
Y o a.e. on 1(¢),

cf. [CW20, Thm. 2.2|, which is a consequence of the regularity and of Vi) =
Vy a.e. on A(C), see [ABM14, Prop. 5.8.2]. Since £ is nonnegative, we have
—Ay — ¢ > 0 a.e. on Q and conclude that —Ay — ¢ > 0 a.e. on A(¢). By
(7.13), we have

§=&yla:

a.e. in Q, where &, := (=A% — ()4 as in Lemma 7.20. We apply Lemma 7.19
and Lemma 7.20 and obtain

Ay(¢) = f-supp(€) = f-cl(int(A(C)) N f-supp(€y)) = f-cl(int(A(())),
O

In the following, we will always assume that AY(9A(¢)) = 0, so that we can
use the result in Corollary 7.21. Using the nondegeneracy condition (ND,)
and regularity assumptions on ¢ and %, it is possible to guarantee a priori
the condition A*(QA(¢)) = 0, as the following lemma states. The results is
taken from [Fri88, Ch. 2, Thm. 3.5].
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Lemma 7.22 Let Q have a smooth boundary 0Q. Assume ¢ € CY(Q) and
Y € C%(Q). Suppose the nondegeneracy condition (ND,,) holds. Then this
implies A (0A(¢)) = 0.

In |Fri88, Ch. 2, Thm. 3.5|, the proof of the above lemma is based on the
C11(Q) regularity of y, see Lemma 7.7 and the property (QG) implied by
(ND,)). It is shown that points in dA({) do not have density one, which in
turn implies A?(9A(¢)) = 0.

7.6.3 Construction of discrete inner and outer approximations of
the complement of the strictly active set

As highlighted at the beginning of Section 7.6, we want to construct discrete
approximations Dy, D,, of D := Q\ A(¢) satisfying the inclusions D,, C
Q\ As(¢) € D,. The purpose of this subsection is the formulation of the
construction and the verification, that the constructed sets satisfy (7.5) and
(7.6), cf. Corollary 7.3.

Here, we will make use of the structures of the weakly and strictly active
set established in Section 7.6.2. Therefore, within this section, we fix the
following assumptions that have been established consecutively within the
preceding subsections.

Assumption 7.1 Let (hy)nen be a sequence of mesh size parameters with
hn, = 0 as n — oco. Let Q) be conver or assume it has a sufficiently reqular
boundary. We assume that ¢ € L*(Q), y,% € C(Q), ¥ € H*(Q) and ¢ < 0
on 0S). Suppose there ezists a neighborhood U of A(C) and a positive number
n > 0 such that the nondegeneracy condition (NDy) holds on U. Let (€n)nen
be a sequence satisfying e, — 0 as n — o0 as well as ||y — yn||Lo () < en for
all n € N. Moreover, we assume A4 (0A(C)) = 0.

Now, suppose that the conditions of Assumption 7.1 are satisfied and let
us begin with the construction of a superset approximation of 2\ As(¢). We
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(a) Exemplary presentation of I, (b) Exemplary presentation of D,,

Figure 7.3. Construction of D,, from I,, using the upper bound for the error 7,

define
Dy, = {w e Q| dist(w, I,,) < 7}, (7.14)
with I, = {y, — ¢ > &,} as in (7.10) and 7, satisfying

~ ~ —
Fp>1n and T =0

for r, =2 d% as in (7.11).

Lemma 7.23 Suppose the conditions in Assumption 7.1 are fulfilled. Let D,
be defined as in (7.14). Then it holds

2\ 44(¢) € Dy
for n € N large enough and
Hj(Dn) — Hy(2\ A5(C))
in the sense of Mosco.

Proof. Using Corollary 7.21 and Lemma 7.13 for large enough n € N we
observe

Q\ Ay(¢) = (Ecl(int(A(Q)))E S T(Q) S {w € Q| dist(w, ) < ra} € Dy
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Assume v € H} 2\ As(¢)). Then v, := v € H}(D,) for n € N large enough
and v, — v in H}(£2), which shows the first condition for Mosco convergence.

Suppose there is a sequence (v )nen With v, € Hg (D,) and U, — v for a
subsequence (vp, )ken Of (Un)nen.

We can write

int(A(Q) = [J AQm = |J {w € A(Q) | dist(w, DA(Q)) = m~}.

meN meN

By the inclusion I,, C I(¢), see Lemma 7.8, and since 7, — 0 as n — 00, there
is Ny, € N such that v,(z) = 0 for all n > N,,, and for quasi-all x € A(()m.
Let &, € H Q) with f-supp(&m) = A(()m, see Theorem 5.14. Since
v, = 0 q.e. on f-supp(&y), we conclude (&, |vn]) = 0 for all n > Ny, see
Lemma 2.34. This implies (&, |[v]) = 0 by the weak convergence |v,| — |v],
see Proposition 2.19(2.). We thus have v = 0 q.e. on A((),, see Lemma 2.34.
Repeating this argument for all m € N, we conclude that v = 0 g.e. on
int(A(C)).

Since (a representative of) v is finely continuous quasi-everywhere, see
Proposition 7.17, v = 0 q.e. on f-cl(int(A(¢))) follows. Thus, v = 0 q.e.
on As(¢), see Corollary 7.21, and we obtain v € H} (2 \ As(¢)). O

To obtain a suitable subset approximation of Q \ As((), we define and
analyze the following sets

C A0 C
D, = (U{C | C' connected component of I with C'N D, # (Z)}) . (7.15)

Here, D, is defined as in (7.14).

Lemma 7.24 Suppose the conditions in Assumption 7.1 are fulfilled. Fur-
thermore, assume that dist(Aw(¢), As(¢)) > 0 and that we find a positive
number k > 0 such that Bi(x) C As(C) holds for at least one x in every
connected component of As(C). Let Dy, be defined as in (7.15). Then it holds

Dy, € Q\ As(¢)
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(a) Exemplary presentation of I, and (b) Exemplary presentation of D,
D,

Figure 7.4. Construction of D,, using connected components of IS and DS

for n € N large enough and
Hy(Dn) = Hy(Q\ As(Q))
in the sense of Mosco.

Proof. Let wy € Ag(¢). First of all, we have wy € IC since I,, C I(¢), see
Lemma 7.8. We show that the connected component C' of IEL containing wy
fulfills ¢ N DS £ 0.

Recall that by Corollary 7.21 it holds A4(¢) = f-cl(int(A(¢))). Since the
connected component of A¢(¢) including wp and thus the component C' con-
tains a ball of radius k, the center of this ball is contained in [)E if 7, < K,
i.e., if n is large enough. This shows wy € D& and we conclude D,, C Q\ A4(¢)
for large enough n € N.

The family of sets (int (ﬂk>n Dk)) N is increasing. We want to argue,

- ne
that it is also a covering of ©\ As(¢). The inclusion (s, Dk 2 (g>, Ik
implies int (ﬂkzn Dk) ) ﬂkzn I}, since the sets ﬂkzn I, n € N, are open,
see Lemma 7.9. From Lemma 7.8 we know that <ﬂk>n Ik> y covers I(¢).
- ne

Thus, it is clear that (int (ﬂkz" Dk>>n€N covers I(().

Assume P C Ay(() is of positive capacity and contained in one con-
nected component of Ay (¢). Let Vg and Vy be open neighborhoods of A4(()
and Ay ((), respectively, and assume Vs NV, = (. This is possible, since
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dist(Aw(¢), As(¢)) > 0 by assumption. Note that Vs and V,, have disjoint
connected components.

Since y and 1 are continuous and since ¥ < 0 on 02, we have y—1 > ¢ > 0
outside V := Vs UV, for some ¢ > 0. This means, if n is big enough, it holds
IE C V. In particular, any conncected component of IE is either contained in
Vs or in V.

Since DE C A4(Q) if n is large enough, this shows that V, contains only
connected components C of I with CNDE = . We conclude Vy C >, Di
and from this -

PCint | () Ds
k>n

Thus, (int (ﬂk>n Dk)) N is a quasi-covering of Q \ As(().
- ne
Let v € H}(Q\ As(¢)). By Lemma 2.29, there exists a sequence (vp)nen
with v, — v in H}(Q) as n — oo and such that v, € H} (int (ﬂkz” Dk>)

for each n € N. In particular, v, € H}(D,,) since int (ﬂk>n Dk> C D,,.

It remains to show the weak limit property for the Mosco convergence.
Suppose there is a sequence (wy,)peny With w, € H}(D,) and wy,, — w in
H}(Q) for a subsequence (wy, )ken of (wy)nen and some w € H}(£2). Since

holds for all n € N large enough, cf. Lemma 7.23, we have w,, € H} (D,,) if
n € Nis large enough. By the Mosco convergence of H} (D,,) to Hg (Q\ As(¢)),
see Lemma 7.23, we conclude w € H(Q\ As(C)). O

Remark 7.25 The assumption in Lemma 7.24 that there is x > 0 such
that By(x) C As(¢) holds for some x in any connected component of Ag(() is
fulfilled if the strictly active set has only finitely many connected components,
since Ag(¢) = f-cl(int(A(())), see Corollary 7.21.
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7.6.4 Alternative discrete inner approximation of the
complement of the strictly active set

In addition, we propose another possible choice for the discrete approxima-
tions Dy, of '\ As(¢). To distinguish it from the choice in (7.15), we use
the notation FE,,. The construction relies on the Lipschitz domain structure
of the strictly active set. Indeed, in Lemma 7.29, we will assume that the
strictly active set is a Lipschitz domain. In contrast to Lemma 7.24, we do
not need to assume that the weakly and strictly active set have a positive
distance from each other.

First, we give some definitions and properties connected with cones and
Lipschitz domains.

The first two points in the following definition are based on [W1o87,
Def. 2.3|.

Definition 7.26 (Cone property)

1. For z € RY, p > 0 and an open nonempty subset ¥ of S,(z) := {y |
ly — x| = p} we call the set

C(x,p, %) = By(x) N{By —2) |y € X, 8 > 0}

a cone with vertex in x.

2. An open and set F of R? has the cone property, if for each « € E there
is a cone C, with vertex at x which is congruent to a fixed cone Cj
such that the subset C, is contained in E. Here, the statement that C,
is congruent to Cy means that C'; is a possibly translated and rotated
copy of Cjp.

3. Let E C R? be a Lipschitz domain. Denote by Cy := Co(z, p, ¥) a cone
such that E has the cone property with cone Cjy. Let z € ¥ and let
B, (z) be a ball such that B,.(2)NS,(x) C ¥. We say that E has at least
the interior angle o > 0, if the convex cone induced by B,(z) NS, (z),
i.e., the cone

{6y —2) [y € Br(2) N Sp(x), 8 > 0}
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has the angle a.

The next lemma is taken from [W1o87, Thm. 2.1].

Lemma 7.27 Let E be a bounded Lipschitz domain. Then E has the cone
property.

The subsequent lemma gives a sufficient condition for a point in the bound-
ary 0A(Q) of the active set to be a point where JA(() is locally Lipschitz. It
is taken from [Caf77].

Lemma 7.28 Let Q C R? be a bounded domain with sufficiently regular
boundary and assume v € C%(Q). Suppose that ( € L*(Q) is bounded and
locally Holder continuous. If wg is a point of positive Lebesgue density for

A(C), i.e.,

o A(Br(0) N A(C)
r50 A(By(wo))

> 0,

then in a neighborhood of wy, OA(C) can be represented as the graph of a
Lipschitz function.

Proof. By |GT01, Thm. 4.3|, the Poisson equation
—Av=(, v=0ono9d

has a unique solution v € C%(Q) N C(Q). The obstacle problem with right
hand side ¢ as in (COP) is then equivalent to the problem

Findwe Ky_p: (Vw,V(z—w)) >0 Vze Ky,

and it holds w = y — v. By Lemma 7.6, the solution w is in C*#(Q) for any
B € (0,1). In particular, w is Lipschitz continuous. This shows that w is the
solution to the problem considered in [Caf77|. Noting that {w = ¢ — v} =
{y = v}, we can apply [Caf77, Thm. 2| to deduce the statement. O

We define
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B, = {w € Q | dist(w, D) > 4} (7.16)
for some 7, specified in Lemma 7.29.

Lemma 7.29 Suppose the conditions in Assumption 7.1 are fulfilled. Assume
that As(C) is a closed set with Lipschitz boundary that has at least the interior
angle a > 0 and let (yn)nen be a sequence with v, — 0 as n — oo and

= Sin(a)2)"

Let E,, be defined as in (7.16). Then it holds
En € QN As(C)
for n € N large enough and
Hy(Ep) — Hg(2\ As(Q))
in the sense of Mosco.

Proof. Since int(As(¢)) has the cone property, see Lemma 7.27, we find a
fixed cone Cjy with radius o > 0, such that for each x € A4({) the set C, is
contained in A4(().

Let n € N be fixed and let w € A4(¢) be arbitrary.
For z € A4(¢) we have

ie.,

This shows

{x € Q| dist(z,I,) > 7} D {x € Q| dist(z,CE) > 7, }.
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Co

{z € Q| dist(z,CS) > 7}

-/

/2

Figure 7.5. The cone C, and the set of points within C,, that have a distance of
at least 7, to Q\ C,,

Using this and the trigonometry indicated in Fig. 7.5, we estimate
dist (w, D8) = dist(w, {z € Q| dist(z, I,) > 7n})

< —— < v

= Sin(a/2) ="

This shows w € EE Since w € Ag(() was arbitrary, we have shown E,, C
Q\ As(Q).

We want to show that the sets (int (ﬂk>n Ek>> y area quasi-covering

= ne
of O\ As(C). Let w € Q\ As(C). Since As(() is closed, w has a fixed distance
> 0 to the set A¢(¢). If n € N is sufficiently large, we find ¢(n) > 0 such that

Bc(n)(w) c {:E € ’ diSt(l’,AS(C)) > '711}
and thus, by DE C As(C), see Lemma 7.23,

Bony(w) C{z € Q| dist(x,[)g) > v} = E,.
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In particular, w € int (ﬂkz” Ek> for some n € N large enough. Thus, the
family (int (ﬂk>n Ek>) N is an increasing covering of Q \ As(().
= ne
To prove Mosco convergence, we proceed analogously to the proof of
Lemma 7.24. Let v € H}(Q\ As(¢)). By Lemma 2.29, there exists
a sequence (vp)peny With v, — v in H}(Q) as n — oo and such that
v, € H} (int (ﬂkz” Ek>> for each n € N. In particular, v, € H}(E,)

since int (s, Br) € En.

Now, we verify the second condition for Mosco convergence. Suppose that
there is a sequence (wy,)nen With w, € H}(E,) and w,, — w in H}(Q) for a
subsequence (wp, )ken Of (Wp)nen. Since

E, CQ\ As(¢) € D,

holds for all n € N large enough, cf. Lemma 7.23, we have w,, € H} (D,,) if
n € Nis large enough. By the Mosco convergence of H} (D,,) to H (Q\ As(¢)),
see Lemma 7.23, we conclude w € H}(Q\ As(¢)). O

Remark 7.30 A downside of this approach is that, in practice, we do not
know the interior angle in the Lipschitz domain Ag(¢). This unknown con-
stant leads to a worse approximation of 2\ A4(¢) and a slower Mosco con-
vergence of H}(E,) — H}(Q\ As(¢)) compared to the choice D,, in (7.15).
In this case, one cannot set v, := Sm?% in (7.16), but has to use, e.g.,

T'n
= Sin(a/2)

. =l—k
In = Tn

for k > 0 small. The last inequality holds if n is large enough.
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7.7 Alternative inner approximation of the inactive
set

As an alternative for the sets I, introduced in (7.10), we can consider the
discrete inactive sets

Ip 1= {yn > tn+en +11(¢ - 1!)n)+|!Loo({yngwn+en+u(¢—¢n)+||m(m})} -
(7.17)

Note that ¢, — 1 uniformly. Then, the analogous statements in Lemma 7.8
also hold for J,. To see this, assume w is an element of A(¢). Then it holds

y(w) + (Yn(w) — y(w))
Y(W) + Yn(w) = Yn(w) + (Yn(w) — y(w))
< Pn(w) +en + (¥ = Yn)+ Lo (@)

Yn(w) =

_l’_
+

This shows w € {yn < ¥n +en + (¥ — ¥n)+llLe (@)} and thus

Yn(w) < n(w) +en 4+ (¥ = Un) 4l Lo ({yn <vntentl@—tn) + Lo -

We conclude J,, C I(¢) for all n € N.

To verify the property liminf, . J, = I({), we suppose w € I(¢) and
y(w) —¢(w) =: ¢ > 0. Let n € N be such that

2ep, 14 = )+l oo (el — )4 oo }) — V(W) +r(w) <

holds for all £k > n. Then we conclude

yr(w) = Yr(w) = y(w) — ¥(w) + P(w) — r(w) = y(w) + yr(w)
> e+ P(w) — hr(w) — ek
> ek (W = V) Lo Qe <aputerti@—) oo @ d)-
This shows that the sets ((0;>,, Jk)nen cover I(().

In particular, the Mosco convergence Hg (J,) — Hg(I(¢)) can be shown as
in Theorem 7.10.
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To obtain a similar statement to the one in Lemma 7.13, we set

2d
(r)? = ;(2% (W = W)+l Lo ({yn <tbntentll(—tbm) 1 oo ) })
11 = )+l oo (g <t entl@—t6n) 4 1o o 1))

Now, a slight modification of the proof of Lemma 7.13 shows that
{we Q| dist(w,J,) >} C AC).

Choosing 7 > 7/ with 7/ — 0, we can define D;/ as in (7.14) with 7, replaced
by 7/, use D; instead of D,, in the definitions of D,, in (7.15) or E, in (7.16)
and all results established in Section 7.6.3 carry over using the properties of
Jn, that are similar to the properties of I,,.

7.8 Summary of the results

Collecting the results in this chapter, we can formulate the following theorem
on error estimates for a generalized derivative for the obstacle problem.

Theorem 7.31 Assume the conditions in Assumption 7.1 are satisfied and
let D,, be defined as in (7.14). Denote by q the solution of

Find q € Hy(Q\ As(Q)) : (=Aq,v) = (Jy (y,u) ,v) Vv e Hy(2\ A(Q)),

i.e., f'(u)*q+ Ju(y,u) is a Clarke generalized derivative for J. In addition,
consider one of the following cases.

1. Suppose dist(Aw((), As(¢)) > 0 and let k > 0 be a positive number such
that By(x) C As(C) holds for some = in every connected component
of As(C). Let D,, be defined as in (7.15) and denote by (qn)nen the
solutions of

Find g, € Hy(Dy) : (=Agn,v) = (Jy (Yn, u) ,v) Yo, € Hy(Dy,).
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2. Suppose As(C) is a closed set with Lipschitz boundary and let E, be
defined as in (7.16) with v, as specified in Lemma 7.29. Denote by
(qn)nen the solutions of

Find g, € Hy(Ep) : (=Agn,vn) = (Jy (Yn,w) ,vn) Yo, € Hy(Ep).
In both cases, q, — q holds as n — oo as well as

lg = anll a2 (o)
<N = Agn = Jy(yn, W)l y—1p,) + 1y (yn, w) = Jy(y, w)l[ 10

n—o0

0.
(7.18)

7.9 Numerical examples

In this section, we test our considerations on error estimates for the general-

ized derivatives.

We deal with the following test setting. In the domain Q := B1(0) := {x €
R? | 22 + 23 < 1} we consider the radial symmetric obstacle

J(w) = —ad — a3+ 5 = fellal)

with e: R — R, s — %— s2. We are looking for the radial symmetric solution
y of the obstacle problem (COP) for ¢ = 0 in this setting.

We show that for r € (0,1) solving the equation

1 1
In(r) = 472 9
the function
1/;(93) for |z| <,
y(z) =4 V) D
—2r*In(|z]) forr < |z| <1

solves the obstacle problem in the given setting.
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It is easy to check that y is continuously differentiable and that y(x) = 0
for all x with |z| = 1, i.e., y € H}(2). Moreover, for t € [r, 1] it holds

I 1
Ye(t) — Ye(t) = —or? In(t) — 3 + 2.
Using ¢t > r we can estimate the derivative on (r,1) and obtain

—or2 —or2

+ 2t >

yo(t) — YL(t) = L9t = 27 +2t > 0.

r

Thus, since y(z) = ¢(z) for || = r, we conclude that y > ¢ holds on Q.
This shows y € K.

For |z| < r we have
—Ay(z) = —A¢(z) =2+2>0
and for |z| > r we compute

41:% r2 4m% r2 472

—A = R ——
YO = T e T P

Thus, for z € Ky,

<_Ay> z — y>

:/ —Ay(z—1y) d)\Q:/ 4z — ) dvz/ A4z =) dA2 >0

Q B.(0) B.(0)
(7.19)

holds.

The active set for this example is strictly active. Therefore we perturb
the obstacle inside of the inactive set to obtain a problem where the strict
complementarity condition does not hold and where the solution y we have
just derived does not change. Therefore, we set

o

for 0 < |z| <,

I x) =
(=) (1—cos<1flr_rr7r>> for r < |z| <1
2

D[
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(a) Cross section of radial symmetric obstacle problem

Aw (0)

(b) Corresponding active sets in 2

Figure 7.6. Visualisation of the obstacle problem considered in Section 7.9

and consider the perturbed obstacle

() = 9(x) y(a) + (1 = () d(2) (x € Bi(0)).

We have 0 < d(z) < 1 for all x € B;(0), thus y(x) > ¢ (x). Moreover, it
holds ¥(z) = 1 if and only if z = 13", This implies that the set S% (0) is
weakly active.

Note that solution y and the multiplier —Vy are not affected by the per-
turbation of the obstacle. In fact, since z > 1 is only important in the set
B,(0) in (7.19), y is the solution of the perturbed obstacle problem.

The cross section of the obstacle and the corresponding solution of this
problem as well as the respective strictly and weakly active set are shown in
Fig. 7.6.

For the implementation in MATLAB we consider the continuously differ-
entiable objective function J: H}(Q) x U — R given by
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1
J(y, u) = 5”9 - de%Z(Q)

and we choose the constant desired state y4 := %. Note that the exact choice
of U and f are not relevant for our computation since we assume that the
conditions of Assumption 4.2 are fulfilled and since we already know how a
generalized derivative can be obtained.

We verify the conditions of Assumption 7.1. It is straightforward to verify
the regularity assumptions on ¢, y and 1. Moreover, A2(9A(0)) = 0 holds.
In addition, we have —Ay > 4 on A(0) and —At) > 3.8 holds a.e. in a
neighborhood of the active set. Thus, the nondegeneracy condition (ND,)) is
satisfied.

By the structure of A(0) we have dist(Ay(0), As(0)) > 0 and also B,(0) C
As(0). Thus, the results from Theorem 7.31(1.) are applicable.

In a first computation, we use the sets J,, introduced in (7.17). The bound-
aries of these sets are level sets of piecewise affine functions, thus, in each
triangle the boundary can be determined accurately and the mesh is ad-
justed accordingly in each iteration. This leads to a less serrated appear-
ance of the boundary of the constructed sets J, and consequently also Dﬂ
and DJ. The resulting sets D/ and D/ in the first iterations are shown
in Fig. 7.7.  Here, we use the a posteriori L*°(Q2)-error estimates from
[INSVO05] to construct the sets .J,. The mesh is refined adaptively taking
into account the error contribution for the L°°({2)-error estimate &, and
the error ||(¢ — wn)+||Loo({yn§¢n+5n+”(w_¢n)+HLOO(Q)}) in each triangle sep-
arately. These quantities determine the quality of the approximation .J,,
see (7.17). Exemplary, the resulting generalized derivative g2 in iteration
n = 2 is shown in Fig. 7.8. Table 7.1 shows the computed contributions
| — Agn — Jy(Yn, u)HH,l(DTJL) to the upper bounds for the error ||g — gnl| g1 (),
see (7.18). Moreover, the used radii for the construction of D;/ from J,, see
(7.14), are recorded as well as the ratio

| = Agn — Jy(yn, U)HH—l(ﬁ;{)

g
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(h) Df

Figure 7.7. Construction of the sets J,,, bz and D; in the numerical example in
iterations n = 1,2,3
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Figure 7.8. Numerical subgradient in iteration n = 2 for the first computation

Table 7.1. Terms [ — Agn — Jy(yn, u)llg-1(p1), 7/ and rate || — Ag, —
Jy(yn,u)HH,l(D#)/\/ﬁ in iteration n
Error term for
Iteration  ||g — QnHHg ) 7 Ratio
0 0.0260 0.2225 0.0551
1 0.0164 0.1394 0.0439
2 0.0150 0.1292 0.0417
3 0.0143 0.1183 0.0416
4 0.0126 0.0955 0.0408
5 0.0112 0.0736 0.0413
6 0.0105 0.0650 0.0412
7 0.0096 0.0539 0.0414
8 0.0085 0.0414 0.0418
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One can see that this ratio is approximately constant. Indeed, if the consid-
ered sets are sufficiently regular, one can theoretically derive an estimate of
the form

| — Agn — Jy(ynau)HH—l(Dle) <C F%

for a constant C.

In a second computation, we use the sets I, as in (7.10). The constructed
sets I, [)n and D,, are shown in Fig. 7.9. This time, the mesh is not adjusted
when the allocation of triangles to either I, or IE is performed. Instead, we
use a possibly larger set D,, for the error estimate and a possibly smaller
set D, as a domain for the computation of the subgradient. As a result,
the boundaries of the constructed sets are more serrated compared to the
sets in the first experiment. Again, the a posteriori L>(Q2)-error estimates
from [NSVO05| are used. Since we know the exact solution y, we can tighten
the error estimate from [NSVO05| for this particular example leading to a
more accurate approximation of the complement of the strictly active set and
speeding up the convergence process. The resulting generalized derivative
@2 in iteration n = 3 is shown in Fig. 7.10.

Table 7.2 shows again the computed contributions | — Ag, —
Jy(Yn, U)HH—I(Dn) to the upper bounds for the error ¢ — gn| 3 (), compare
(7.18), as well as the considered radii 7, and the ratio

| = Agn — Jy(?/mu)HH—l(f)n)
Vn '

By using the previously established error estimates in the two computa-

tions, we have shown the applicability of our results, which ends this chapter.
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LR
R

N

s

(g) I (h) Dy (i) Do

Figure 7.9. Construction of the sets I,,, D,, and D,, in the numerical example in
iterations n = 0,1, 2
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Figure 7.10. Numerical subgradient in iteration n = 3 for the second computation

Table 7.2. Terms || — Agn — Jy(yn,u)|g-1(p,)» Tn and rate | — Ag, —
Jy(l/m“)”Hﬂ(Dn)/\/ﬁ in iteration n

Error term for

Iteration  [lg — gnll g1 () Tn Ratio
0 0.0152 0.0649 0.0597
1 0.0118 0.0459 0.0551
2 0.0090 0.0271 0.0547
3 0.0074 0.0174 0.0561
4 0.0062 0.0130 0.0544
5 0.0049 0.0079 0.0551
6 0.0041 0.0052 0.0569
7 0.0032 0.0034 0.0549
8 0.0027 0.0024 0.0551




Conclusion and outlook

In this thesis we have derived generalized derivatives for solution operators
of obstacle problems.

Considering a monotone operator with suitable properties, we have shown
that solution operators of variational equations on the inactive set and on
the complement of the strictly active set are elements of the generalized dif-
ferential for the composition of the solution operator of the obstacle problem
with the monotone operator.

Additionally, we studied the solution operator on H () and we were able
to present a complete representation of the generalized differentials defined by
the strong operator topology for the convergence of the Gateaux derivatives.
These differentials consist exactly of all solution operators relative to quasi-
open domains which are located between the inactive set and the complement
of the strictly active set.

If we consider the generalized differentials using the weak operator topol-
ogy for the convergence of the Gateaux derivatives, then solution operators of
relaxed Dirichlet problems with respect to capacitary measures are also con-
tained in the generalized differentials. These measures vanish on the inactive
set and have infinite values on the strictly active set.

Moreover, we have analyzed the bilateral obstacle problem and provided
generalized derivatives for its solution operator. Here, we have also considered
the composition with a monotone, possibly nonlinear operator.

Finally, we have seen how inexact generalized derivatives can be computed
without knowledge of the exact active and strictly active sets. We have
developed an error estimate for this particular inexact generalized derivatives
and have tested our results in a numerical example.

193
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Of course, there are related problems with a similar structure that have
not been addressed in this thesis. For example, the directional derivative of
the solution operator of a certain parabolic variational inequality is derived
in [JKRS003|. Similar to the result by [Mig76|, this directional derivative
is given by a variational inequality. Based on this result, it might also be
possible to obtain generalized derivatives in this setting. This is still work in
progress.

Recently, the directional differentiability of quasi-variational inequalities of
obstacle type have been studied in [AHR19|. This might also be a starting
point to obtain generalized derivatives.

In addition, in [HRUU21], stochastic obstacle problems are considered and
generalized derivatives are obtained. A short remark on generalized deriva-
tives in the context of a shape optimization problem for the obstacle problem
is contained in [RU19|.

Finally, the implementation of a Bundle method as in [HU19] that applies
the error estimates derived in Chapter 7 remains to be realized.
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