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Abstract

We consider a class of pseudodifferential operators with operator-
valued symbols a(z, £) under the assumption that a(z, £) can be ana-
lytically extended with respect to £ onto a tube domain R" + i3 where B
is a convex bounded domain in R™ containing the origin. The main result
of the paper is exponential estimates at infinity of solutions of pseudod-
ifferential equations Op(a)u = f. We apply this result to Schrodinger
operators with operator-valued potentials and give applications to spec-
tral properties of quantum waveguides. Our approach is based on the
construction of the local inverse operator at infinity and on formulas for
commutators of pseudodifferential operators with exponential weights.
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1 Introduction

We consider the class of pseudodifferential operators

Op@u)(e) = a7 [ [ ale Quee I dyds, we SE M), (1)

with symbols a having values in the space of bounded operators acting from a
Hilbert space H; into a Hilbert space Hs and satisfying additional estimates. In
(1), S(R™,'H) is the space of H-valued infinitely differentiable functions rapidly
decreasing with all their derivatives.

We suppose that the symbol a(z, £) can be analytically extended with re-
spect to £ onto a tube domain R" + i8 where B is a convex bounded domain
in R™ containing the origin. The main result of the paper is exponential esti-
mates at infinity of solutions of pseudodifferential equations Op(a)u = f. We



apply these estimates to Schrodinger operators with operator-valued potentials
and discuss applications to quantum waveguides. Our approach is based on the
construction of the local inverse operator at infinity and on results on commuta-
tors of pseudodifferential operators with exponential weights (see, for instance,
[21, 29, 30)).

It turns out that many problems in mathematical physics can reduced to the
study of associated pseudodifferential operators with operator-valued symbols.
In particular, this happens for problems of wave propagation in acoustic, electro-
magnetic and quantum waveguides (see, for instance, [3, 32] and the references
cited there).

Estimates of exponential decay are intensively studied in the literature. We
would like to emphasize Agmon’s monograph [1] where the exponential esti-
mates of the behavior of solutions of second order elliptic operators have been
obtained in terms of a special metric (now called the Agmon metric), but see
also [4, 12, 13, 15, 21, 22, 23, 26, 29, 30]. In [33, 34], the authors established
the relation between the essential spectrum of pseudodifferential operators and
exponential decay of their solutions at infinity. The recent paper [31] by one
of the authors is devoted to local exponential estimates of solutions of finite-
dimensional h-pseudodifferential operators with applications to the tunnel effect
for Schrédinger, Dirac and Klein-Gordon operators.

This paper is organized as follows. In Section 2 we present some auxiliary
facts on operator-valued pseudodifferential operators. Some standard references
for the theory of pseudodifferential operators are [18, 35, 37], whereas operator-
valued pseudodifferential operators have been studied in [19, 20]. The approach
in the latter books follows ideas by Hormander and employs a special partition
of unity connected with a metric defining the class of pseudodifferential opera-
tors. We will follow here the approach of [28], which based on the notion of a
formal symbol. A main point is the representation of the symbol of a product
of pseudodifferential operators and of a double pseudodifferential operators in
form of an operator-valued double oscillatory integral. This approach allows us
to extend the theory of scalar pseudodifferential operators to pseudodifferential
operators with operator-valued symbols, and it provides us with an pseudodif-
ferential operator calculus which is convenient for applications

In Section 3 we examine the local invertibility at infinity of operator-valued
pseudodifferential operators in suitable functions spaces and discuss their Fred-
holm property. Section 4 is devoted to the exponential estimates at infinity
of solutions of operator-valued pseudodifferential operators. In the concluding
Section 5 we are going to study the Fredholm property of Schrodinger operators
and derive exponential estimates at infinity of solutions of Schrodinger equations
with operator-valued potentials. These general results are then applied to the
Fredholm property of Schrédinger operators for quantum waveguides, for which
we obtain exponential estimates of eigenfunctions of the discrete spectrum. Note
that spectral problems for quantum waveguides have attracted many attention
in the last time. See, for instance, [3, 8, 11, 7].

The work on this paper was supported by CONACYT Project 81615 and
DFG Grant Ro 1100/8-1.



2.1

Calculus of pseudodifferential operators with
operator-valued symbols

Notations

Given Banach spaces X, Y, we denote the Banach space of all bounded
linear operators acting from X in Y by £(X,Y). In case X =Y, we
simply write £(X).

Let x = (z1, ..., ) € R™. Then we denote by £ = (&1, ..., &,) € R®
the points of the dual space with respect to the scalar product (z, &) =
- &=x& + .. F 2.

Forj=1,...,n,let 8T = 8i and D, 1= —za . More generally, given
a multi-index a = (a1, ..., @), set |a| := a7 +. —|— ay, and

a . aar e a . ol oy
Oy =03 ...0y» and Dy :=Dg!...Dg".

Tn

For an operator-valued function (z, ) — a(z, £) on R™ x R", we set

(/8) ﬂoz
()_Da

Let (&) := (1+ |€]?)Y/2 for € € R™.

Let 2 be an open subset of R” and X be a Banach space. We denote by
(i) C*=(9, X) the set of all infinitely differentiable functions from 2 to X;

(if) C§° (€2, X) the set of all functions in C*°(€2, X) with a compact sup-
port in Q;

(iil) Cp° (9, X) the set of all functions a € C*°(£2, X)) such that
sup 37 [[(02a) ) < ox

|a\<k
for every k € Ng := NU {0};
(iv) S(R™, X) the set of all functions a € C*°(R"™, X) such that

sup (1) 37 [[(02a)(x) 1 x < oo

n
z€R la|<k

for every k € Ng.

In each case, we omit X whenever X = C.

o Let H be a Hilbert space and u € S(R", H). Then we denote by

al€) = (Fu)(€) = / u(w)e



the Fourier transform of u. Note that F' : S(R", H) — S(R", H) is an
isomorphism with inverse

(F~ta)(x) = (27r)—"/n a(€)eiEde.

We write S’ (R™, H) for the space of distributions over S(R", H) and define
the Fourier transform of distributions in S'(R™, H) via duality. Note that
F:S'(R", H) — S"(R", H) is an isomorphism.

In what follows we consider separable Hilbert spaces H only.

2.2 Oscillatory vector-valued integrals
Let B be a Banach space, and let a be a function in C*°(R™ x R, B) such that
jalre = Y sup [[9g]a(z, E)lln ()" < 0o (2)
jal<r, o1t ¥R

for all r, | € Ny. Further let x € C§°(R™ x R™) be such that y(z, £) = 1 for all
points (z, £) in a neighborhood of the origin. Let R > 0. In what follows we let

Proposition 1 Let a € C*(R™ x R", B) satisfy the estimates (2). Then the

limat
=t [[ ate Qata, 9 dag)
R—o R2n

exists in the norm topology of B and

2 2k2 2k2 —2k1 /. \2k , —iz-€ g ,
) // {()72 (D)™ alx, )} e %d(,€)
for all

2k1 >mn, 2ky>n-+m. (3)

This limit is independent of ki, ko satisfying (3) and of the choice of x. More-
over,

IZ(a)z < C Z sup 002 a(x, &)|lp(€)™™
la|<2k1, | B|<2ks X XR"
= C|a‘|2k1,2k2' (4)

The element Z(a) € B is called the oscillatory integral of a. In what follows, we

use the notation
0sc // ﬂAgﬂ'galxalﬁ
RQ’H

for the oscillatory integral Z(a)



Proposition 2 Let a € C°(R”, B). Then, for each x € R",

(2m) " "osc //R% a(z + y)e Y Edyd¢ = a(z). (5)

Propositions 1 and 2 are proved as in the scalar case by integrating by parts
(see for instance [28]).

2.3 Pseudodifferential operators with operator-valued
symbols

Let H and ‘H’ be Hilbert spaces. A function p : R™ — L(H', H) is said to be a
weight function in the class O(H, H') if the operator p(n) is invertible for each
n € R™ and if there are constants C' > 0 and N € R such that

max {|lp(n) ') ey, 1P~ (D2 } < CA+ €= (6)

for arbitrary &, n € R™. Let now Hy, H}, Hz and H), be Hilbert spaces and
p1 € O(H1, H}) and pa € O(Hz, Hb). We say that a function a : R™ x R" —
L(H1, Ha) belongs to S(p1, pa) if

lali = > sup  |Ipy 1 (€)050¢a(x, Op1(E)llcaumy) <o (7)
Jact <t (7 )RR

for every | € Ny. The seminorms |a|; define a Frechet topology on S(p1, p2).
The (operator-valued) functions in S(p1, p2) are called symbols.

With each symbol a € S(p1, p2), we associate the pseudodifferential operator
Op(a) which acts at u € S(R™, H;) by

(Op(a)u)(z)

r) " [ ale. (e )
ery [ [ ate Qutye s Sayde.

We denote the set of all pseudodifferential operators with symbols in S(p1, p2)
by OPS(p1, p2).

Besides these “common” pseudodifferential operators, we will also need dou-
ble symbols and their associated double pseudodifferential operators. Let again
p1 € O(H1, Hy) and pe € O(Ha, H5). A function a : R" xR xXR™ — L(H1, Ha)
is said to belong to the class Sq(p1, p2) of double symbols if

jali = ) sup ||p2(€) 10200 alx, y, E)pr(€)ll ey, 1) < 00 (9)
kG4 <t (729 IR

for each | € Ny. We correspond to each double symbol a € Sy(p1, p2) the double
pseudodifferential operator

Opa@u(a) = @0 [ [ (e g Quiet I <dyde. (0)



u € S(R™, H;), and denote the class of all double pseudodifferential operators
by OPS4(p1, p2). Note that the estimates (6) and (7) imply that if a € S(p1,p2)
or Sq(p1,p2) there exist M > 0 and constants Cog and Cag such that

1050¢a(x, &)l 21y, 1) < Capl(&)™ (11)

and
10507 0¢ a(x, y, &)l 2y, 1) < Capy (M (12)

for all multi-indeces «, 3, 7.

Integrating by parts one can prove as in the scalar case that the pseudodif-
ferential operators (8) and (10) can be written of the form of double oscillatory
integrals depending on the parameter x € R"”,

(Opfa(a) = (2m)"ose [[ - ate, ula-+ e vidsay, (13)

(Opa(ayu)(@) = (2m)"ose [ ate oty Quta+p)eSdedy. (14)

and that the operators Op(a) and Opg(a) in (13) and (14) can be extended to
bounded operators from Cp°(R", H;) to Cp°(R", Hz).

The following definition of a formal symbol is crucial. For & € R", define
e : R" — C by eg(x) := €. Let now A be a continuous linear operator
from Cp°(R™, Hy) to C°(R™, Ha), and let (z, £) € R™ x R™. Then there is a
bounded linear operator o4 (x, §) : H1 — Ha such that

e—g()[Alec @ p)|(2) = oalz, §)p (15)

for every ¢ € H;. The function o4 : R” x R™ — L(Hj, Hz) is then called the
formal symbol of A. It follows from this definition that there exists constants
C > 0 and N € Ny such that

||0'A(Z‘, f)”ﬁ(?‘ll,?’(z) < C<€>N (16)

Proposition 3 Let A : Cy°(R”, H1) — Cy°(R”, Ha) be a continuous linear
operator with formal symbol o4. Then A acts at functions u € S(R™, H1) via

(Au)(o) = (2m) ™" [ e Soula, il )

n

Proof. Let u € S(R”,H;). Then

u(z) = (2m)~" / a(€)ee (x)de.

n

Let {¢;} be an orthonormal basis of H; and write 4(§) = > 50 | 4;(€)¢; with

Jj=1



Fourier coefficients 4;(§) = (4(€), ¢j)n,. Hence

(@) = en7 [ SOl s o) (18)
j=1
- e[ > €0 Saate, i
= o [ ol Qi
The last integral exists according to estimate (16). L]

Proposition 4 Let A = Op(a) € OPS(p1, p2). Then A has a formal symbol
o4 which coincides with a.

Proof. Let £ € R™ and ¢ € Hy. Then, by (13),
(Alec o o)) = @n)"ose [[ alw, npe Sy

= e™¢(21) "osc / x, £+ n)pe” Y dndy. (19)
R2n
Using equality (5) we obtain from (19)
oa(z, §)p = e " Ale ® p)(2) = ala, &

which gives the assertion. [

The next propositions describe the main properties of pseudodifferential opera-
tors with operator-valued symbols.

Proposition 5 Every operator in OPS(p1, p2) is bounded from S(R™, Hy) to

S(R™, Ha).
The proof makes use of estimates (11) and runs completely similar to the proof
for scalar pseudodifferential operators (see, for instance, [28]). (]

Hence, the composition of pseudodifferential operators is well defined. Next we
will see that the product of pseudodifferential operators is a pseudodifferential
operator again.

Proposition 6 (i) Let A' = Op(a;) € OPS(p1, p2) and A? = Op(az) €
OPS(p2, p3). Then A2A' € OPS(p1, p3), and the symbol of A2Al is given
by

oaza1(z, §) = (2m) "osc //R% x, €+ n)ai(z +y, e’V Edyde.  (20)

(13) Let A = Opg(a) € OPS4(p1, p2). Then A € OPS(p1, p2), and the symbol
of A is given by

oa(z, §) = (2m) "osc // alx, x+y, £+ n)ei(w*y)'gdydf. (21)
RZ?L



Proof. The following proof mimics the proof for the scalar case (see [28]).

(1) Let ¢ € Hy. Then, applying formula (5) we obtain

cara(® O = T AglAi(eed)]@)
e Ay o ecd) ()

(2m)"osc // az(z, n)ar (y, e "9 E=M g dydn
R2n

() ose // az (@, & +mn)ai(z +y, eV Mo dydy.
R2n
Hence, formula (20) holds. Further we have to show that

sup  |Ips ()08 0 241 (z, OP1(E)ll ey, 74y < 0 (22)
(z, €)ER™ XR"

for all multi-indices «, 8. To prove these estimates, we use the representation
for o a2 41(x, £) as oscillatory operator-valued integral (20). Then the Leibnitz
formula and property (6) of weight function indeed imply the estimate (22).
Assertion (i4) can be proved in the same vein. ]

An operator A* is called the formal adjoint to the operator A € OPS(p1, p2)
if, for arbitrary functions v € S(R™, H1) and v € S(R™, Hs),
<AU, U>L2(]R”,H2) = <U, A*U>L2(]R”,H1)~ (23)

Proposition 7 Let A = Op(a) € OPS(p1, p2). Then A* € OPS(ps, p7), and
the symbol of A* is given by

ommfrw%r%m// a*(z +y, € £ )V Edyde (24
R2n

where
<a(x, f)uv U>H2 = <U, a*(xv f)’U>7—(1

for all w € Hy and v € Hs.

By Proposition 7 and formula (23), one can think of operators in OPS(p1,p2)
as acting from S’(R™, H;) to S’ (R™, Hy).

Proposition 8 (Calderon-Villancourt) If A = Op(a) € OPS(In,, In,),
then A is bounded as operator from L*(R"™, H1) to L?*(R™, Hz), and there exists
constants C' > 0 and 2k, 2ks > n such that

Al z(z2@n, #1), L2(R7, 15)) < C Z Sup | ||GE§;(~T7 s, a)-
|a|<2ks, |B| <2k, (TR

Proposition 9 (Beals) Let A = Op(a) € OPS(In,, I'r,) be invertible as op-
erator from L*(R™, H;) to L?*(R™, Ha). Then A=' € OPS(In,, Ir,)-



We want to extend the previous results to weights p € O(H, H') which satisfy
the following additional condition: For every multi-index « there is a constant
Cy, > 0 such that

max {|0¢p()p" ()l e, 1), 1P (€)OEPE 23,70} < Ca- (25)

If p satisfies this condition, then p € S(p, I3¢) and p € S(I3, p~1).
For p as in (25), we denote by H(R", p) the Banach space which is the
closure of S(R", H) with respect to the norm

lull zrrn, py = |OP(P)ull L2(RP, 11y

It turns out that then Op(p) : H(R™, p) — L?*(R", H') is an isomorphism and
Op(p)~t = Op(p~!). Using these facts one easily gets the following versions of
Proposition 8 and 9, respectively.

Proposition 10 Let p1, po satisfy (25) and A = Op(a) € OPS(p1,p2). Then
A is bounded as operator from H(R™, p1) to H(R™, p3), and

Al 2R, 1), HER?, p2)) < Clali
where C >0 and | € N are independent on A.

Proposition 11 Let p1, pa satisfy (25), and let A = Op(a) € OPS(p1,p2) be
invertible as operator from H(R™, p1) to H(R™, p3). Then A=t € OPS(p2, p1).

Let a € Cg°(R™) and ‘H a separable Hilbert space. In what follows we write
aly for the operator of multiplication by a acting on S’(R™, H). Note that this
operator is bounded on H(R™, p) for every weight function p € O(H, H') which
satisfies condition (25).

We note one more import property of operators in OPS(p1, p2) which follows
easily from Propositions 6 (¢) and 10.

Proposition 12 Let p1, pa satisfy (25) and A = Op(a) € OPS(p1, p2). Fur-
ther let ¢ € CP(R™) and set pr(z) = @(x/R). Then, with [A, pr| =
Aprlr, — prln, A,

Jim [As Rl con@n, ), mEn, pay) = 0- (26)

2.4 Pseudodifferential operators with slowly oscillating
symbols

We say that a symbol a € S(p1,p2) is slowly oscillating if, for all multi-indices
a’ /8’

Ip3 1 (€)050¢ alz, O)p1 (&)l 2y 7y < Caple), (27)
and if
Jim Cos(a) = 0 (28)



for all multi-indices «, 8 with 8 # 0. We denote this class of symbols by
Ssi(p1, p2) and write OPSg(p1, p2) for the corresponding class of pseudodiffer-
ential operators. Furthermore, let S°(p1, p2) refer to the subset of Sy (p1, p2)
of all symbols such that (28) holds for all multi-indices «, .

Similarly, a double symbol a € Sy(p1, p2) is called slowly oscillating if, for
all multi-indices «, 3, v,

Iz " (€)07 8508 al, y, E)p1()llcry,15) < Capy(@,y)

where
lim sup Capy(z, y) =0

xTr— 00 yeRn

for all «, B,y with 3 # 0 and

lim sup Capy(z, y) =0

Y00 peRn

for all «, 8,7 with v # 0. We denote the set of all slowly oscillating double
symbols by Sq s (p1, p2) and write OPSy o (p1, p2) for the corresponding class
of double pseudodifferential operators.

The next proposition describes some properties of pseudodifferential oper-
ators with operator-valued slowly oscillating symbols which will be needed in
what follows.

Proposition 13 (i) Let A = Op(a;) € OPSg(p1, p2) and A% = Op(az) €
OPSq(pa, p3). Then A2A' € OPSq(p1, ps), and

oazar(z, §) = az(w, §ar(z, §) +r(z, §)

where v € S°(p1, p3).
(17) Let A= Opq(a) € OPSq s1(p1, p2). Then A € OPSq(p1, p2), and

O'A(J?, f) = a(x, €, g) + 7”(1‘, f)

where v € S°(p1, p2).
(7i1) Let A = Op(a) € OPS(p1, p2). Then A* € OPS(p5, pt), and

T A (Z‘, f) = a*('xv €L, f) + ’I“(J?, f)

where r € S°(p3, p}).

2.5 Invertibility at infinity and Fredholm property of
pseudodifferential operators

Let x € C§°(R™) be a function such that x(z) = 1if || < 1 and x(z) = 0 if
|x| > 2. Set ¢ :=1—x and, for R > 0, xr(z) := x(z/R) and ¢r(z) = ¢(z/R).
Further let B := {x € R" : || < R} and B} := {x € R" : |z] > R}.

10



We say that an operator A : H(R™, p1) — H(R™, py) is locally invertible at
infinity if there is an Ry > 0 such that, for every R > Ry, there are operators
Lr and R g such that

LrAGrIN, = drln, and ¢RrARR = ¢rln,. (29)

Operators L and Rpi with these properties are called locally left and right
inverses of A, respectively.

Theorem 14 Let A = Opg(a) € OPSq si(p1, p2). Assume there is a constant
Ry > 0 such that the operator a(x, x, &) : H1 — Ha is invertible for every
(z, &) € By, x R" and that

—1 1
sup p1 (@, §alz, x, &) p2(@, )| pipyr 74y < 00
(z,§)€ By, xR" || ! ||£(H2’H1)

Then the operator A : H(R™, p1) — H(R™, ps) is locally invertible at infinity.

Proof. Given ¢ as above, choose ¢ € Cp°(R™) such that p¢ = ¢, and
set pr(x) := p(x/R) for R > Rg. Condition (29) implies that the function
br(x, &) := pr(z)a(z, x, £)~! belongs to S(p2, p1). Hence, and by Proposition
13 (i),

Op(br)Op(a)prIn, = (I, + Op(qr)¥rIH,)oRIN,

where qr € S°(p1, p2). Moreover, one can prove that, for all multi-indices «, £3,

lim sup P17 ()0208 qr(x, )p1(€)llcry) =0

uniformly with respect to R > Ry. It follows from Proposition 10 that there
exists an R’ > Ry such that

10p(qr)VRIH, | c(H@E, p1)) <1
for every R > R’. Hence,
(I, + Op(qr)¥rIn, )" Op(br)Op(a)prIn, = drlx,, (30)

and Op(a) is locally invertible from the left at infinity, with a local left inverse
operator given by

Ly := (In, +Op(ar)¥rIn,) " Op(br) € OPS(p2, p1).

In the same way, a local right inverse operator Rr € OPS(pa, p1) can be
constructed.
It follows from the definition of the operators L and Ry that

sup H‘C'R”L(H(]R",pz),H(]R’",m)) < 00, (31)
R>R’

Sup ”RRHL H(R",  H(Rn, < 00
R R (H(R™,p2), HR™, p1))

11



which finishes the proof. ]

We say that a linear operator A : H(R™, p1) — H(R™, p2) is locally Fredholm
if, for every R > 0, there exist bounded linear operators Br, Dgr : H(R"™, p3) —
H(R", p1) and compact operators T : H(R™, p1) — H(R"™, p1) and T} :
H(R™, pa) — H(R™, ps) such that

BrA¢rIn, = ¢rly, +Tp and ¢rADR = ¢rln, + T (32)

Theorem 15 Let A = Opg(a) € OPSq si1(p1, p2) an operator which satisfies
the conditions of Theorem 14. If A is a locally Fredholm operator, then A is has
the Fredholm property as operator from H(R™, p1) to H(R™, pa).

Proof. Let Ry be such that for every R > Ry there exist local inverse operators

Lr, Rr € OPS(pQ, pl) of A. Set Ar := Brérln, + LrXrIn,. Then ApA =

Iy, +Thp+Qr where Qg := Br[ér, Al+Br[xr, A] and where T}, : H(R", p1) —

H(R™, p;1) is compact. Proposition 6 implies that

L [[[fr, Allccaen, o), Heen,pay) = 10 XRs Alllcrn, po), HEn, pa)) = 0.

(33)

From (33) and (31) we conclude that ||Qr| z(m®n,p,)) < 1 for large enough

R > 0. Hence, A, := (I, + Qr) ‘AR is a left regularizator of A whenever Ry

is large enough. In the same way, a regularizator from the right-hand side can
be found. -

3 Pseudodifferential operators with analytical
symbols and local exponential estimates

3.1 Operators and weight spaces

Let B C R™ be a convex bounded domain containing the origin. We say that a
double symbol a belongs to Sy(p1, p2, B) if

e the operator-valued function § — a(z, y, £) can be extended analytically
with respect to £ into the tube domain R™ +iB for every (z, y) € R® x R™,
and

o for arbitrary multi-indices «, 3, v, there exists a constant C3, such that

Ip3 1 (€)07070¢ al, y, &+ in)p1(E)l (. 1y) < Capy
for all (z, y, £+ in) € R™ x R™ x (R™ 4 iB).
We write OPS4(p1, p2, B) for the corresponding class of pseudodifferential oper-

ators with symbols in Sg(p1, p2, B). Further we say that a positive C*°-function
w(z) = e’ is a weight in the class R(B) if
ov Pv(z)

- OO (R™ i =
(9.231‘ € Cb ( )7 Tl’rgo 8%1833] ’

and Vou(z) € B for every point x € R™.

12



Proposition 16 Let a € Sqq(p1, p2,B) = Sa(p1, p2, B) N Sasi(p1, p2) and
w € R(B). Then

W Opa(aywl = Op(ay) +Q (34)
where Q@ € OPS%(p1, p2) and the symbol a,(x, &) = a(z, z, £ +iVo(x)) is in
Ssi(p1, p2)-

Proof. Let a € Si(p1, p2, B) and w = expv € R(B). It has been proved in [30]
for the scalar case that w=1Opg(a)wl = Op(a,,) where

aw(z, ¥, §) = a(z, y, § +iby(z, y))

is a function in S(p1, p2) and

1
Ow(z, y) = /0 (Vo)((1 = t)x + ty) dt.

The proof for pseudodifferential operators with operator-valued symbols pro-
ceeds in the same way. Let now a € Sg(p1, p2, B). Then a, belongs to
Sa,s1(p1, p2). Hence, formula (34) is a consequence of Proposition 13 (4i). L]

3.2 Exponential estimates

For a C*°-weight w, let H(R", p, w) denote the space of distributions with norm

lull R, p,w) = lwull g@n, p) < 0. (35)

In this section we are going to consider local exponential estimates for solutions
of pseudodifferential equations with analytical symbols. Each equation Au = f
considered on a space with weight w = eV is equivalent to an equation A, = ¢
where ¢ := wu € H(R", p1), ¢ := wf, and A, := wAw~1I. Note that the
main symbol of the operator A, is a(z,z, & + iVou(z)).

Theorem 17 Let A = Op(a) € OPSq s1(p1, p2, B) and let w = expv € R(B)

be a weight with lim,_, . v(z) = oco. Assume that there is an Ro such that

the operators a(z,r,§ + itVu(x)) are invertible for all (x, {) € By, x R" and
€ [-1, 1] and that

sup Py (&)™ (2, 2, & + it Vu(@))pa (&)l cry mpy < 00. (36)
(m,g,t)eB}%oxR“x[—l,l]

Finally, let A be locally Fredholm as operator from H(R™, p1) to H(R™, py). If
f € HR™, pa, w), then every solution of the equation Au = f, which a priori
belongs to H(R™, p1, w™1), a posteriori belongs to H(R™, py, w).

Proof. Condition (36) implies that the operators A, are locally invertible
at infinity, and the local Fredholm property of A moreover implies that these
operators are locally Fredholm for each t € [—1, 1]. Hence, by Theorem 15, each

13



operator A, : H(R™, p;) — H(R™, p3) has the Fredholm property. Note that
the symbol of A, is given by

OA ¢ (z, §) = (2m)™" / /]R?'" a(x, y, & +itby(x, y))e_iybgdydf- (37)

This formula shows that the mapping [~1, 1] — S(p1, p2), t = 04, is contin-
uous. Thus, and by Proposition 10, the mapping

[_17 1] - L(H(Rna pl)v H(Rn; p2))7 t— Awt

is continuous. This shows that the Fredholm index of the operator A,: :
H(R™, p;) — H(R"™, p3) does not depend on ¢ € [—1, 1]. Hence, the operator A,
considered as operator from H(R"™, p1, w) to H(R™, pa, w), and the same opera-
tor A, but now considered as operator from H(R", p;, w™1) to H(R", pa, w™1),
are Fredholm with the same Fredholm indices.

Further, since H(R", p;, w) is a dense subset of H(R™, p;, w™!) for j =1, 2,
we conclude that the kernel of A, considered as operator from H(R", p;, w)
to H(R™, p2, w)), coincides with the kernel of A, now considered as operator
from H(R™, p1, w™!) to H(R", po, w™')). Finally, if u € H(R", p1, w™?!) is a
solution of the equation Au = f with f € H(R™, ps, w), then u € H(R", p1, w)
(see, for instance, [14], p. 308). L]

4 Schrodinger operators with operator-valued
potentials

4.1 Fredholm property

Let T be a positive self-adjoint operator on a separable Hilbert space H with
dense domain Dp. We suppose that

(T, @) > ellel|® forpe™

with a certain ¢ > 0. Let T' = feoo AdE) refer to the spectral decomposition
of T. For s € R, define the fractional powers T° of T' by T° = f:o AdFE) and
consider T as unbounded operator with domain

Drs={feH: / N2 d|| Exf]|? < oo}

We provide Dps with the scalar product

(U, V) Dy :z/ A28 d{Ex\u, v)x
€

which makes Dps to a Hilbert space.
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Suppose that, for each x € R", we are given a bounded linear operator
L(x) : Dp1j2 — Dp-1/2 which is symmetric on Dp12, i.e.,

(L(x)p, V) = (o, L(x))n for all @, ¢ € Draya.

We assume that the function z — L(x) is strongly differentiable and that

sup IT~Y288 L(2)T~Y2|| 30y < 00 (38)
7:6 n

for every multi-index (3. Moreover, we suppose that

lim ||T_1/26T_7L(x)T_1/2||£(H) =0 forj=1,...,n. (39)

TrT—00

We consider the Schrédinger operator
(Hu)(x) := —8m_7.pjk ()0, u(x) + L(z)u(z), = eR", (40)

on the Hilbert space L?(R", H) of vector-functions with values in H. In (40)
and in what follows, we make use of the Einstein summation convention. We

will assume that p’* € C°(R™, £L(H)) and
mllngoamlpjk(x)zo fori=1,...,n, (41)
and that p*/ = (p%)*, and there is a C' > 0 such that, for every ¢ € H,
(" (@)€€rp, ©)r 2 CIEP I3, (42)
Let p(¢) := (|¢]? + T)'/2, and write H(R", p) for the Hilbert space with norm

lull e, p) == (=2 + T)1/2U||L2(1R<n, H)-

The estimates (38), (39) and (41) imply that H is a pseudodifferential operator
in the class OPSg(p, p) with symbol

dp'* (x)
B)

ou(z, £) = P (@)&&k + i —— &+ L(@).
J

The following theorem states conditions for the Fredholmness of the operator
H: H(R", p) — H(R", p~1).

Theorem 18 Let conditions (38) — (42) hold, and assume there are constants
R >0 and C > 0 such that

R(L(z)p, )n > C(Tp, ©)n (43)

for every x € By, and every vector ¢ € Dpaj». If the operator H : H(R", p) —
H(R", p~1) is locally Fredholm, then it is already a Fredholm operator.
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Proof. Conditions (42) and (43) imply that there exist C > 0 and R > 0 such
that, for every x € Bj, and every ¢ € Dy,

Rlou(z, ¢, o)n = C{IEPT+T)p, ). (44)
It follows from estimate (44) that, for every « € B}, and every ¢ € H,
R(EPT + 1) Pou(a, O(EPT+T)72p, ¥)w > Cl[Yll3- (45)

This estimate yields that the operator (|€|2I + 1)~ 2oy (x, &)(|E|2T +T)~1/? is
invertible on H for every x € B}, and every £ € R™ and that

sup  [[(1E°T +T) 2oy (@, (€T + )|l ey < C7 (46)
(z,6)€EBR xR™

Hence, the conditions of Theorem 15 are satisfied, and H has the Fredholm
property as operator from H(R™, p) to H(R™, p~1). [

4.2 Exponential estimates

The following theorem gives exponential estimates at infinity for solution of the
Schrédinger equation Hu = f. These estimates van be viewed as an operator-
valued analog of Agmon’s estimates ([1]). We will use the notation
ov(x) Ov(x)
dz; Ozy
Theorem 19 Let the p* be scalar real-valued functions such that
PH ()86 > ClE|2 for all & € R"

and conditions (38)—(41) hold. Letw = expv be a weight in R(B) (with B C R™
a convex bounded domain containing the origin) such that lim, o v(z) = 400
and there exist R > 0 and C' > 0 with

Vo (2)|5) = " (2)

R((=Vo(@)2 () I — L(2))p, )m > C(Tp, 0)n (47)
for every x € Bp and every ¢ € Dpi. IfH : HR", p) — HR", p ')
18 a locally Fredholm operator, then every solution of the equation Hu = f

with right-hand side f € H(R™, p~1 w), which a priori belongs to the space
H(R™, p, w™!), a posteriori belongs to the space H(R™, p, w).

Proof. We have
Roa(e, &+ itVo(@)e, o) = R (7 @), — LIVo() 2, + L), o).
Condition (47) implies that, for every z € B}, ¢ € Dpij2, and t € [—1, 1],
R (onu(w, & +itVo(@))p, 9)y > C(IEPT+T)e, o)n. (48)
As in the proof of Theorem 18, we conclude from (48) that

sup |el21 + 1) 205 @, € + itVo(@) (2T + 7)1
(2,6,t)€By xR x [~ 1,1] L(H)

is finite. Thus, all conditions of Theorem 17 are satisfied. [
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4.3 Quantum waveguides

Let D be a bounded domain in R™ with a sufficiently regular boundary, and let
® € C(D)®C°(R) be real-valued potential slowly oscillating with respect to
the second variable, i.e., limy,_, % = 0 uniformly with respect to x € D.

We consider the spectral problem for the Schrédinger equation in the quan-
tum waveguide, i.e.,

2

(H— A)u)(x, y) = (_8—2/2 — Ay + P(x, y) — /\I> u(z, y) =0 (49)
for (xz,y) € D x R=:1I, and

ulop = 0. (50)

This equation describes the bound states of the quantum system on the config-
urarion space II.

The operator H — Al can be realized as a pseudodifferential operator with
operator-valued symbol o7 (y, &) = €2 + La(y) where

(La()p)(x) = (=Az+&(x,y) = M)p(x) forzeD,
plop = 0

is the operator of the Dirichlet problem in D depending on the parameter y € R.

Let T be the operator of the Dirichlet problem for the Laplacian —A, in the
domain D, considered as an unbounded operator on H = L?(D) with domain
D7y ={¢ € H*(D) : ¢|sp = 0} where H?(D) is the standard Sobolev space on
D. It is well-known that T is a positive definit operator. Then we can write
La(y) = T + ®(y) — M with (®(y)u)(z) := ®(z, y)u(z) for z € D. One can
show that condition (38) is satisfied.

As above we set p(¢) = €21 + T for £ € R, and we denote by H(R, p) the
closure of C§°(II) in the norm

d2 1/2
lall i) = (—d—y2+T) u

Then, with the standard Sobolov space notation,

L2(1)

H(R, p) = H'(I1) = {u € H'(II) : ulon = 0}

and H(R, p~1) = (H'(I1))* = H~Y(I). First we consider the problem of Fred-
holmness of the operator

H — A3 : H'(I) — H~(I0).
Set & := limp_ o inf(; )epx By, D(x,y).

Theorem 20 If A\ < & then H — Ay, : H () — H~*(1) is a Fredholm
operator.
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Proof. It follows from standard locally elliptic estimates for the Dirichlet prob-
lem in bounded domains that the operator H— Iy : HY(IT) — H~(II) is locally
Fredholm. The assumption A < ®"f implies that condition (43) of Theorem 18
is satisfied. Hence, H — Al is a Fredholm operator. n

Corollary 21 The part of the spectrum of H which lies in (—oo, ®™f) is dis-
crete.

Proof. It is clear that if A\ < inf(, ,)en ®(z, y) < ®inf then

((H = Mp)e, )1 > Clloll3

for every ¢ € H2(IT) N HY(IT). Since every generalized solution of the Dirichlet
problem belongs to H2(IT) N H'(IT), we obtain that the kernel of H — Al in
HY(II) is trivial. Because (H — A )* = H — Ay, the cokernel of H — Ay
is trivial, too. Hence, if A < inf(, , e ®(z, y), then the operator H — A3 is
invertible. Thus, for all A < ®™f, the operator H — A3 is Fredholm with index
zero. But then H — Al is invertible for all A < ®™f, with possible exception of
a discrete set of eigenvalues of finite multiplicity. n

Theorem 22 Let A < & and w = expv € R(B) for a convex bounded domain
B C R™ containing the origin. Suppose that lim,_,. v(y) = +oo and that

lim  inf (@(x,y) M- (%?)2) > 0. (51)

R—oo (z,y)€Dx By

Then every solution uy € H*(II) = H(R, p) of the equation (H — A3 )ux =0
belongs to the space H(R, p, w) = H(II, w).

Proof. It is easy to check that condition (51) provides the fulfillment of condi-
tion (47) of Theorem 19. L]
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