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Abstract

This paper is devoted to estimates of the exponential decay of eigen-
functions of difference operators on the lattice Z"™ which are discrete
analogs of the Schrédinger, Dirac and square-root Klein-Gordon opera-
tors. Our investigation of the essential spectra and the exponential decay
of eigenfunctions of the discrete spectra is based on the calculus of the
so-called pseudodifference operators (i.e., pseudodifferential operators on
the group Z" with analytic symbols, as developed in the paper [29]), and
the limit operators method (see [34] and the references cited there). We
obtain a description of the location of the essential spectra and estimates
of the eigenfunctions of the discrete spectra of the main lattice opera-
tors of quantum mechanics, namely: matrix Schrédinger operators on Z",
Dirac operators on Z3, and square root Klein-Gordon operators on Z™.
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1 Introduction

The main goal of this paper is estimates of the exponential decay of eigenfunc-
tions of difference operators on the lattice Z™. Particular attention is paid to
the discrete analogs of the Schréodinger, Dirac and square-root Klein-Gordon op-
erators. Schrodinger operators on the lattice Z™ appear at several places, so in
the tight binding model in solid state physics, in the propagation of spin waves
and waves in quasi-crystals, and in mathematical models of nano-structure, to
mention only a few (see, [21, 22, 35, 44]). There is an extensive bibliography
devoted to different aspects of the spectral theory of discrete Schrédinger op-
erators. Let us only mention the papers [3, 4, 13, 14, 39, 44, 45], and see also
the references cited there. In our recent papers [30, 31], we study the essential
spectra of discrete Schrodinger operators with variable magnetic and electric
potentials on the lattice Z™ and on periodic combinatorial graphs by means of
the limit operators method (for the latter see also [34]).



In the last time, also discrete relativistic operators attracted many attention.
They were used, e.g., in comparative studies of relativistic and nonrelativistic
electronlocalization phenomena [5], in relativistic investigations of electrical con-
duction in disordered systems [38], in the construction of supertransparent mod-
els with supersymmetric structures [41], and in relativistic tunnelling problems
[37].

The problem of exponential estimates of solutions of the elliptic partial differ-
ential equations with applications to the Schrédinger operator is a classical one.
There are an extensive bibliography devoted to this problem (see for instance
[1, 2, 7, 9, 10, 11]). Exponential estimates of solutions of pseudodifferential
equations are considered in [15, 19, 20, 23, 26, 27]. Note also the our recent
papers [32, 33] where we proposed a new approach to exponential estimates for
partial differential and pseudodifferential operators, based on the limit operators
method (see [34]).

Our approach to study essential spectra and the exponential decay of eigen-
functions is based on the calculus of pseudodifference operators (i.e., pseudodif-
ferential operators on the group Z") with analytic symbols as developed in [29],
and on the limit operators method (see [34] and the references cited there).

The paper is organized as follows. In Section 2 we recall some auxiliary facts
on the pseudodifference operators with analytic symbols on Z™, limit operators,
essential spectra and the behavior of solutions of pseudodifference equations at
infinity.

In Section 3 we consider the discrete Schrédinger operators on 12(Z", C)
of the form

(Hu)(z) = zn: (Vek - em’“(m)) (V,e,c - e*i“""(w)) u(z) + @(v)u(z)

k=1

where V., is the operator of shift by e, the ai are real-valued bounded slowly
oscillating functions on Z"™, and @ is a Hermitian slowly oscillating and bounded
matrix function on Z". We show that the essential spectrum sp,,, H of H is
the interval

SPess H = U [)\ij“f, NS+ 4n]
j=1
where .
AP = lim inf Aj(®(x)), AP = li?_)sgp A (®(x))
and where the \;(®(x)) are the increasingly ordered eigenvalues of the matrix
O(x), ie.
M (D(2)) < X2(@(2)) < ... < An(D(x))

for x € Z™ large enough. Note that sp.,, H does not depend on the exponents
ar, and that there is a gap (A" + 4n, )\B-“_El) in the essential spectrum of H if
sup inf
AT FAn < )\ﬁ%. . . . . ’ .
We also obtain the following estimates of eigenfunctions belonging to points
in the discrete spectrum of H. In each of the cases



o A€ (AP +4n, Nnl)) is an eigenvalue of H and

2n

0 <r < cosh™! (min{/\ _ /\;“p — 2, /\ijrfl At 2n}>

e A > \\P 4 4n is an eigenvalue of H and

A= AP —2
0 <7 <cosh™! (Nin) ,

2n

e )\ < AP is an eigenvalue of H and

AP — 242
0 <7 <cosh™! <17+n> ,

2n

every \-eigenfunction u of H has the property that e”®lu € 1P(Z™, C) for every
1<p<oo.

In Section 4 we introduce self-adjoint Dirac operators on the lattice Z3 with
variable slowly oscillating electric potentials. In accordance with the general
properties of Dirac operators on R? (see for instance [6, 42]), the corresponding
discrete Dirac operator on Z> should be a self-adjoint system of the first order
difference operators. We thus let

D := D() + €(I)E4 (1)

where
Dy = chdpy* + *mA°,

Ey is the N x N unit matrix, the v* with k = 0, 1,2, 3 refer to the 4 x 4 Dirac
matrices, the
dp:=1-V,, k=1,2,3

are difference operators of the first order, & is Planck’s constant, c is the speed of
light, m and e are the mass and the charge of the electron and, finally, ® is the
real electric potential. The operator D, acting on (?(Z3, C*), can be considered
as the direct discrete analog of the Dirac operator on R?, but note that D is
not self-adjoint on 1?(Z3, C*). To force the self-adjointness, we consider the
”symmetrization” D := Dy + e®I of D with

(0 D
which acts on [?(Z3, C®). The operator D is self-adjoint, and
D2 — (h2c*T +m2chE, 0
(V. 0 (h262F+m204)E4 )



where 72c?T + m?2c* is the lattice Klein-Gordon Hamiltonian with Laplacian

3

3
U= dide =Y (21— V., — V).
k=1 k=1

Note that one-dimensional Dirac operators of the form (2) on Z were considered
in [24, 25].
We prove that the essential spectrum of D is the union

Doee D = [ — /12122 + m2ct, ed™P — mc?]

U [e®™ + me?, e®5™ 4 \/12h2¢2 + m2c4],

where
@M = lim inf ®(z), O5"P = lim sup @(z).
T—00 r—00

Again we observe that if e®*"P — e®™ < 2mc?, then the essential spectrum of
D has the gap (e®"P — mc?, e®™f + mc?).

We also obtain the following estimates of eigenfunctions of the discrete spec-
trum. Let X\ be a point of the discrete spectrum, and let A and r > 0 satisfy one
of the conditions

o )\ (edP —mc?, e®™f + mc?) and

b

0<r<cosh™* m?c! — max {(eq)inf - >‘)2, (e®suP — )\)2} + 6h2c?
6h2c2

o )\ > e®P 4 \/12h2¢2 + m2ct and

b

_q [(e®5UP — X)2 — m2ct — 6h3c?
0 < r < cosh ( e
o \ < ed™ — \/12h2¢2 + m2¢* and

(e®@™ — \)2 —m?2ct — 6h3c?
6h2c2 '

O<r<cosh1<

Then every A-eigenfunction u of the operator I satisfies e”*lu € P(Z?, C®) for
every p € (1,00).

In Section 5, we consider the lattice model of the relativistic square root
Klein-Gordon operator as the pseudodifference operator of the form

K = V22T +m2ct + ed

on [2(Z™). We determine the essential spectrum of K and obtain exact estimates
of the exponential decay at infinity of eigenfunctions of the discrete spectrum.



2 Pseudodifference operators, essential spectra,
and exponential estimates

2.1 Some function spaces

For each Banach space X, B(X) refers to the Banach algebra of all bounded
linear operators acting on X. For 1 < p < oo, we let [P(Z", C) denote the
Banach space of all functions on Z" with values in C with the norm

LFIE, o ey = 3 (@) |2y <00 ifp < oo,
TEL™

[[fllz00 (zn, ey == sup [[f(2)]lcy < oo.
,L-GZ’H

The choice of the norm on C¥ is not of importance in general; only for p = 2
we choose the Euclidean norm (such that [2(Z", CV) becomes a Hilbert space
and B(CY) a C*-algebra in the usual way). Given a positive function w on Z",
which we will call a weight, let IP(Z", CV, w) stand for the Banach space of all
functions on Z" with values in CV such that

HquP(Z",CN,w) = ||wu|\lp(zn,<c1v) < 0.

Similarly, we write [°°(Z", B(CY)) for the Banach algebra of all bounded func-
tions on Z" with values in B(C") and the norm

I fllioe zn, @Yy = sup I1f (@)l Bery < oo.

Finally, we call a function a € [*°(Z", B(CY)) slowly oscillating if
lim [la(z + ) — a(@)sex) = 0

for every point y € Z". We denote the class of all slowly oscillating functions
by SO(Z™, B(CY)) and write simply SO(Z") in case N = 1.

2.2 Pseudodifference operators

Consider the n-dimensional torus T™ as a multiplicative group and let
1 \"dty-... dt, 1 \"dt
dp=|—) —————2=(—) =
211 t1-... 1ty 211 t
denote the corresponding normalized Haar measure on T™.

Definition 1 Let S(N) denote the class of all matriz-valued functions a =
(aij)—y on Z™ x T with

lallx = sup 107 a(z, )| 5crv)y < o0 (3)
(z,t)€Z" XT™, |a|<k



for every non-negative integer k, provided with the convergence defined by the
semi-norms |ali. To each function a € S(N), we associate the pseudodifference
operator

(Op (a)u)(x) = / ale, A du(t), T T, (4)

which is defined on vector-valued functions with finite support. Here, 4 refers
to the discrete Fourier transform of u, i.e.,

a(t) :== Z u(z)t®, teT™

TEL™

We denote the class of all pseudodifference operators by OPS(N).

Pseudodifference operators on Z" can be thought of as the discrete analog
of pseudodifferential operators on R™ (see for instance [40, 43]); they can be
also interpreted as (abstract) pseudodifferential operators with respect to the
group Z™. For another representation of pseudodifference operators, we need
the operator V,, of shift by a € Z", i.e. the operator V,, on (?(Z", CY) which
acts via

(Vou)(z) = u(z — ), x€Z"

Then the operator Op (a) can be written as

Op (a) = Z a0 Va (5)
a€Zm
where

aq(x) == /n a(z, )t du(t).

Integrating by parts we obtain

laalli @ peny < Clal2(1+ |a])~2, (6)
whence
10D (@)llw(zncvy ==Y llaalliezn peny) < oo (7)
Q€™

We thus obtain that the pseudodifference operator Op (a) belongs to the Wiener
algebra W (Z",C") which, by definition, consists of all operators of the form
(5) with norm (7). It is an immediate consequence of this fact that all operators
Op(a) in OPS(N) are bounded on [P(Z", CN) for all p € [1,00]. Moreover,
since the algebra W (Z",C") is inverse closed in B(IP(Z",CY)), the spectrum
of Op (a) € OPS(N) is independent of the underlying space (P(Z", CV).

Note that the operator (4) can be also written as

Op(@u(z) = 3 [ alw ) uly) du)

yezLr



which leads to the following generalization of pseudodifference operators. Let
a be a function on Z" x Z" x T" with values in B(C") which is subject to the
estimates

lal =: sup 103 a(z,y, )|l scrvy < o0 (8)
(z,y,t) EZPXZN X T™, || <k

for every non-negative integer k. Let Sq(IV) denote the set of all functions with
these properties. To each function a € S4(INV), we associate the pseudodifference
operator with double symbol

Opa(@y)(@)i= 3 [ alayur du(t) o)

yEL™

where u : Z" — C¥ is a function with finite support. The right-hand side of (9)
has to be understood as in (5.6) in [34], which is in analogy with the definition
of an oscillatory integral (see [40] and also Section 4.1.2 in [34]). The class of
all operators of this form is denoted by OPS;(N).

The representation of operators on Z™ as pseudodifference operators is very
convenient due to the fact that one has explicit formulas for products and ad-
joints of such operators. The basic results are as follows.

Proposition 2 (i) Let a, b € S(N). Then the product Op (a)Op (b) is an op-
erator in OPS(N), and Op (a)Op (b) = Op (¢) with

c(z,t) = Z / a(x,tr)b(x +y, 7)Y du(r), (10)
yezn Tn
with the right-hand side understood as an oscillatory integral.
(ii) Let a € S(N) and consider Op (a) as acting on IP(Z™, CN) with p € (1, 00).
Then the adjoint operator of Op (a) belongs to OPS(N), too, and it is of the
form Op (a)* = Op (b) with

b(a,t) =Y /T a*(z +y,tr)7Y du(r), (11)
YyEL™

where a*(x,t) is the usual adjoint (i.e., transposed and complex conjugated)
matric.

(iii) Let a € Sq(N). Then Op,(a) € OPS(N), and Op, (a) = Op (a¥) where

a¥ (z,t) = Z / a(x +y,tm)7" Y du(r).
yezLn T
2.3 Limit operators and the essential spectrum

Recall that an operator A € B(X) is a Fredholm operator if its kernel ker A =
{z € X : Az = 0} and its cokernel coker A = X/(AX) are finite-dimensional



linear spaces. The essential spectrum of A consists of all points A € C such that
the operator A— A is not a Fredholm operator. We denote the (usual) spectrum
and the essential spectrum of A by specy A and sp,,, x A, respectively.

Our main tool to study the Fredholm property is limit operators. The fol-
lowing definition is crucial in what follows.

Definition 3 Let A € B(IP(Z™, CN)) with p € (1,00), and let h : N — Z" be a
sequence which tends to infinity in the sense that |h(n)] — 0o as n — oco. An
operator A" € B(IP(Z"™, CN)) is called a limit operator of A with respect to the
sequence h if

Sy 00 Voi(m) AVi(m) = A" and - s-1imp, oo Vo () A Viym) = (A")*,

where s-lim refers to the strong limit. Clearly, every operator has at most one
limit operator with respect to a given sequence. We denote the set of all limit
operators of A by op(A).

Let al be the operator of multiplication by the function a € (°°(Z", B(C")).
A standard Cantor diagonal argument shows that every sequence h tending to
infinity possesses a subsequence g such that, for every = € Z", the limit

lim a(x + g(m)) =: a9(x)
m— 00
exists. Clearly, a9 is again in [°°(Z", B(CY)). Hence, all limit operators of al
are of the form a91. In particular, if a € SO(Z", B(CY)), then it follows easily
from the definition of a slowly oscillating function that all limit operators of al
are of the form a9I where now a9 € B(C") is a constant function.

Let Op (a) € OPS(N), and let h : N — Z" be a sequence tending to infinity.
Then V_p, () AVi(m) = Op (am) With a,, () := a(z+h(m),t). It follows as above
that the sequence h has a subsequence g such that a(x + g(m), t) converges to a
limit a9(x,t) for every x € Z™ uniformly with respect to ¢ € T™. One can prove
that the so-defined function a9 belongs to S(N) and the associated operator
Op (a?) is the limit operator of Op (a) with respect to g.

The following theorem gives a complete description of the essential spectrum
of pseudodifference operators in terms of their limit operators.

Theorem 4 Let a € S(N). Then, for every p € (1, 00),

SPess 12OD (a) = U spec;-Op (a?) (12)
Op (a9)€op(A)

where r € [1,00] is arbitrary.

Since spec;»Op (a¥) does not depend on the underlying space, the essential
spectrum sp,,, 1»Op (a) is independent of p € (1, 00). Hence, in what follows we
will omit the explicit notation of the underlying space in the spectrum and the
essential spectrum.



2.4 Pseudodifference operators with analytic symbols and
exponential estimates of eigenfunctions

For r > 1 let K, be the annulus {¢t € C : r~! < [t| < r}, and let K” be the
product K, x ... x K,. of n factors.

Definition 5 Let S(N, K7) denote the set of all functions
a:Z" x K' — B(CN)
which are analytic with respect to t in the domain K and satisfy the estimates

lale :== > sup [|9fa(@, t)]|sen) < o0
o<k z€Z™, teKD

for every non-negative integer k. With every function a € S(N, K?), we asso-
ciate a pseudodifference operator defined on vector-valued functions with finite

support via (4), and we denote the corresponding class of pseudodifference op-
erators by OPS(N, KI).

Definition 6 For r > 1, let W(K?) denote the class of all exponential weights
w = expv, where v is the restriction onto Z™ of a function ¥ € C(l)(R") with
the property that, for every point x € R™ and every j = 1,...,n,

00(x)
&Tj

—logr < < log . (13)

In what follows we will denote both the function © on R™ and its restriction
onto Z™ by v. Note that it is an immediate consequence of Definition 6 that if
w € W(K?), then w* € W(K?) for every p € [—1, 1].

Proposition 7 Let A := Op(a) € OPS(N,K?) and w € W(K?). Then the
operator A, := wAw™", defined on vector-valued functions with finite support,
belongs to the class OPSy(N), and A, = Op, (b) with

b(x; Y, t) = a(x, e—ew(m?y) . t)
where

e—bu(@y) 4. (e—eu,,l(m)tl’ e Ouwa@u)g, 6—9,1,,n(m7y)tn)

and

Lou((1 =)z +
Ow,j(,y) = / ( ;)4 ) dry.
0 Lj

Proposition 2 and estimate (15) imply the following theorem.

Theorem 8 Let a € S(N,K!") and w € W(K?). Then Op (a) is a bounded
operator on each of the spaces I[P(Z", CN w) with 1 < p < oco.



Next we consider essential spectra of pseudodifference operators on weighted
spaces. Let a, A and A, be as in Proposition 7. One can easily check that for
hez"

VonAuVi = Opy (by) with by (z,y,t) = a(x + h, e Fw@Thyth) 4y,

Let now h : N — Z" be a sequence tending to infinity. Then there exists a
subsequence g of h such that the limit operator of A, with respect to g exists
and

A9 = Op, (b9) with b9(z,y,t) = a9(x, % @Y) . t) (14)
where
a’(z,t) == lim_a(z + g(m),1) (15)
and )
0% (@,y) == lim [ Vo((1—7y)z+yy+g(m))dy. (16)

m— 00 0

The limits in (15) and (16) are understood as pointwise with respect to z,y € Z"
and uniform with respect to ¢ € T™.

Theorem 9 Let a € S(N,K?) and w € W(K?), set A := Op(a) and A, =
wAw™, and consider A as operating from IP(Z",CN w) to IP(Z",CN,w) where
p € (1,00). Then

SPess OD (a) = U spec Op, (b9)
Opy (b9)€op(Aw)

with b9 as in (14).

Remark 10 Note that the essential spectrum of an operator in OPS(N,K7),
considered as acting on IP(Z",CN ,w), is independent of p € (1,00), but it can
depend on the weight in general. But if the weight w = e¥ has the property that

lim Vu(z) =0, (17)

r—00

then the symbol ad, does mot depend on the weight and, hence, the essential
spectrum of Op (a) € B(IP(Z™,CN,w)) with a € S(N,K?) is independent both
on p € (1,00) and on the weight w. Important examples of weights satisfying
(17) are the power weights w(z) = (1 + |z[2)%/2 = 3090+ with s > 0 and

the subexponential weights w(zx) = @2’ where o> 0 and B € (0,1).

The next theorem provides exponential estimates of solutions of pseudodif-
ference equations.

Theorem 11 Let A = Op(a) € OPS(N,K?) and w € W(K?). Suppose that
limg; oo w(z) = 400 and that 0 is not in the essential spectrum of Apn :
Pz, CNY — P(Z",CN) for some p € (1,00) and every p € [~1,1]. Ifu €
P(Z", CN w=1) is a solution of the equation Au = f with f € IP(Z",CN, w),
then u € IP(Z™,CN w).

10



Theorem 11 has some important corollaries.

Theorem 12 Let a, A and w be as in the previous theorem, and let \ be an
eigenvalue of A which is not in the essential spectrum of Ayn : IP(Z",CN) —
IP(Z", CN) for some p € (1,00) and every p € [0,1]. Then every A-eigenfunction
belongs to IP(Z",CN  w) for every p € (1,00).

Corollary 13 Let A = Op(a) € OPS(N,K") and let X\ be an eigenvalue of
A which is not in the essential spectrum of A. Then every A-eigenfunction
u=(u1,...,un) satisfies the sub-exponential estimate

sup |u; ()] < Cie_almlﬁ, xeZ” i=1,...N (18)
for arbitrary o >0 and 0 < 8 < 1.

Proof. Let w(z) = e¥®) where v(z) = a|z|? with @ > 0 and 0 < 3 < 1. Then
lim, oo Vo(z) = 0, whence A%, = A9 for every limit operator A9. Let A be an
eigenvalue of A which is not in the essential spectrum of A. Then A is not in
the essential spectrum of A, for every u € [0,1]. Hence, by Theorem 12, every
A-eigenfunction belongs to each of the spaces IP(Z",CN, w) with p € (1, 00).
Applying the Holder inequality we obtain estimate (18). m

We are now going to specialize these results to the context of slowly oscil-
lating symbols and slowly oscillating weights.

Definition 14 The symbol a € S(N,K") is said to be slowly oscillating if

lim sup |la(z +y,t) — a(z,t)|[ger) =0

r— 00 te']l‘n

for every y € Z". We write S*'(N,K?) for the class of all slowly oscillating
symbols and OPS*!(N,K") for the corresponding class of pseudodifference op-
erators.

Definition 15 The weight w = e¥ € W(K,.) is slowly oscillating if the partial

derivatives 597“]_ are slowly oscillating for j =1, ..., n. We denote the class of

all slowly oscillating weights by W4 (K,.).

Example 16 Ifv(z) = v|z|, then 3_(? =~

gx wj‘ forj=1,...,n. Thus, w:=¢e"
is in WK, if v <7

]

The next theorem describes the structure of the limit operators of the oper-
ator A, = wAw~! if A € OPS*(N,K?) and w € W*(K,.).

Theorem 17 Let A = Op(a) € OPS*(N,K?) and w € W*(K,). Then the
limit operator AY, of A,, with respect to the sequence g tending to infinity exists
if the limits

ag(t) = lim a(g(m),t), 65, = lim (Vu)(g(m)) (19)

m—00 m— 00

exist. In this case, it is of the form

AL = O0p(cg)  with  cg(w,t) = ag(67, - ). (20)

11



Consequently, if A and w are as in this theorem, then the limit operators AY .
are invariant with respect to shifts. This fact implies the following explicit de-
scription of their essential spectra. Let {A;(Af.)(t)}}_; denote the eigenvalues
of the matrix ag4(0%,. - t). Then

N
specys zn cvy A% = ([ J{N (A% (8) st € T" and j = 1,...,n},
j=1

whence

N
SPess tr(zn,CN) Awn = U U{)\j(Aﬂ),‘,)(t) :teT"and j=1,...,n}.
AZ;M EOp(Aw/L)j:1

3 Matrix Schrodinger operators

3.1 Essential spectrum

In this section we consider the essential spectrum and the behavior at infin-
ity of eigenfunctions of general discrete Schréodinger operators acting on u €
12(z",CN) by

(Hu)(z) =) (Ve — ) (Vog, — " u(z) + () (21)
k=1

where e, = (0,...,0,1,0,...,0) with the 1 standing at the kth place, the
ay € SO(Z™) are real-valued, and ® € SO(Z", B(CY)) is Hermitian. The vec-
tor a := (ai,...,ay) is the discrete analog of the magnetic potential, whereas
® can be viewed of as a discrete analog of the electric potential. Since the es-
sential spectrum of H is independent of p € (1,00), we consider the case p = 2
only. Note that our assumptions guarantee that H is a self-adjoint operator on
12 (Zn7 CN)
The limit operators H, of H are of form

Hy = Y (Vo —€%I) (Vog, — e k) + 91
k=1

= Y @I—e "V, — eV, ) + 01
k=1

with the constant functions

aj = lim ap(z+g(m)) and @9 = lim P(z+ g(m)).

Let U : 12(Z",CN) — 12(Z",C") be the unitary operator

(Uu)(x) = e " 2y(z), a9 = (af,...,ad).

12



Then .
UrHyU =Y (21 = V¢, — Vo,) + 7.
k=1
Further, the operator H _('] := U*H,U is unitarily equivalent to the operator of
multiplication by the function

5 e o Uk
%wpwww4gkn7+w,w6mm,

acting on L%([0, 27]", CY). Hence,
N
spec H, = spec H, = U [\ (D9), A\;(®9) + 4n],
j=1
where the \;(®9) refer to the eigenvalues of the matrix ®9. Applying formula
(12) we obtain

N
$Poas H = |J N (®9), A,(@7) + 4n] (22)

g j=1
where the first union is taken over all sequences g for which the limit operator
of H exists. Let A\;(®(z)), j = 1,..., N, denote the eigenvalues of the matrix

®(x). We suppose that these eigenvalues are simple for x large enough and that
they are increasingly ordered,

AM(D(z)) < X2(P(2)) < ... < An(D(2)).
Then one can show that the functions x — A;(®(z)) belong to SO(Z™). Let
AP = lim inf A, (®(x)), AP = li?_)sgp A (@(x)).

Since the set of the partial limits of a slowly oscillating function on Z" is con-
nected for n > 1 (see [34], Theorem 2.4.7), we conclude from (22) that

N
SPeos H = [ J A, AP + 4n] (23)
j=1

for n > 1. Note that if \;"" +4n < /\iﬁfl, then there is the gap (X" +-4n, A;rifl)
in the essential spectrum of H.

In case n = 1, the set of the partial limits of a slowly oscillating function
on 7Z consists of two connected components, which collect the partial limits as
x — —oo and x — 400, respectively. Accordingly, in this case we set

NI lm (@), X = limeup 3 (2(2))

and obtain

N
speSSH = U ([A;nf,—, )\;UP’_ +4] U [)\ijnf,-l—, )\;UP’+ _|_4]) .
j=1
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3.2 Exponential estimates of eigenfunctions

Our next goal is to apply Theorem 11 to eigenfunctions of (discrete) eigenval-
ues of the operator H with slowly oscillating potentials. We will formulate the
results for n > 1 only; for n = 1 the non-connectedness of the set of the par-
tial limits requires some evident modifications. According to (23), the discrete
spectrum of H is located outside the set sp,,, H = Ujvzl (AR, XS dn] if n > 1.

Let cosh™' : [1,400) — [0,+00) refer to the function inverse to cosh :
[0,400) — [1,+0), Le.,

cosh™ p = log(p + /p2 — 1).
Further let R*! :=J,_; W(KZ).

Theorem 18 Let w = eV be a weight in R with lim,_,« v(x) = oo. Further
let A be an eigenvalue of H such that A ¢ sp.,, H and assume that one of the
following conditions is satisfied:

(i) there is a j € {1, ..., N} such that A € (X;"" + 4n, X)) and

min{ A — A" —2n, AL — X+ 2n
lim sup dv(z) < cosh™! { J It ) (24)
T—00 axk 2n
for every k=1, ..., n;

(ii) A > AyP +4n and

A=Ay —2
lim sup v(z) <cosh™! [ —A r
T—00 855]@ 2n
for every k=1, ..., n;

(iii) A < A and

A — 242
lim sup v(z) < cosh™! A Aten
T—00 855]@ 2n
for every k=1, ..., n.

Then every A-eigenfunction of H belongs to each of the spaces IP(Z™,CN, w)
with p € (1,00).

Proof. For yu € [0, 1], let H!, := w*H'w™". The limit operators H,J. — \E

wh T

are unitarily equivalent to the operator of multiplication by the matrix-function

HI () = —QZcos(wj +iub]) +2n— A | B4 @9

Jj=1
where

V=1, ... %) €[0,20]" and 6] := lim M

14



Note that

R(Hw (¥)) = —2ZCOS¢J- cosh,uﬁghj +2n— M| E+ @Y,

Jj=1

g
where 07 ; = ( a”) . It is easy to check that condition (24) implies that

Oz
A ¢ spec HJ . for every limit operator HY, of Hy, and every u € [0, 1]. Hence,
by Theorem 12, every A-eigenfunction belongs to IP(Z", CN,w) for every 1 <
p<oo. W

Corollary 19 In each of the following cases
(1) A€ (X" +dn, )\ijrjrfl) for some j €{1,..., N} and

)

2n

0<7<cosh™! <min{)\ _ /\;“p —2n, /\ijrfl s 2n}>

(#1) A > X3P +4n and 0 < r < cosh™! (7)\_X§’;p_2n)y

2n

(#33) X < A" and 0 < r < cosh™" (W),
every A-eigenfunction of H belongs to IP(Z™,CN,e"*D) for each p € (1,00).
Remark 20 In the case of the scalar Schrodinger operator (21) with ® €
SO(Z™), we have .

SPeos H = [®™MF) ®SUP 4 4n)]

with ®f = liminf, . ®(x) and P = limsup,_, . ®(z). If one of the follow-
ing conditions holds for an eigenvalue \ of H:

(i) A > @ 4 4n and 0 < r < cosh™* (>\7<I>27:f2n)! or

. inf
(i1) X < @™ and 0 < r < cosh™* (‘1’57721”7)‘),

then every A-eigenfunction of H belongs to IP(Z™,CN, e"I*l) for each p € (1,00).
4 The discrete Dirac operator

4.1 The essential spectrum

On [%(Z3, C*), we consider the Dirac operators
D:=Dy+edl and Dy := chdpy" + *mr° (25)
where the v*, k =0, 1,2, 3, refer to the 4 x 4 Dirac matrices, i.e., they satisfy

VAP +4Fy =261 Ey (26)
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for all choices of j,k = 0,1, 2,3 where E; stands for the 4 x 4 identity matrix.
Further,
dp:=1-V,, k=123

are difference operators of the first order, & is Planck’s constant, ¢ the light
speed, m and e are the mass and the charge of the electron, and ® is the electric
potential. We suppose that the function ® is real-valued and belongs to the
space SO(Z3).

It turns out that the operator D is not self-adjoint on [2(Z3, C*). Therefore
we introduce self-adjoint Dirac operators as the matrix operators

D:=Dy+edI with Do::(g* 7())0),
0

acting on the space [2(Z3, C®) (i.e. I refers now to the identity operator on that
space). First we are going to determine the spectrum of Dg. It is

(Do — AI)(Dg + ) = ( %A) c&) ) (27)

where L£(\) = h2c*T" + (m?c* — A\?)1, and

T _dedk—z 21 = Ve, = V5,)
k=1

is the discrete Laplacian with symbol
3
L(p) =T(p1, 2, ¢3) Z 2 —2cosgr), @k € [0, 27
k=1

Similarly, we denote by Dy(p) and £(), @) the symbols of the operators Dy and
L(A), respectively. Then

(Do() — AEs)(Do () + AEs) = LA, ¢)Es (28)

with the scalar-valued function
3
L\, ) = h3c? 2(2 —2cos@p) +m2ct — N2
k=1

We claim that A € specDy if and only if there exists a ¢y € [0,27]® such
that ﬁ(x\,(pg) = 0. Indeed, let A € specDy. Then there exists a g € [0, 273
such that det(Dg(pg) — AEs) = 0. Hence by (28) L(),po) = 0. Conversely, if
L(X, o) = 0, then it follows from (28) that

(Do (o) — AEs)(Do(go) + AEs) = 0.

Hence, det(Dy(po) — AEg) = 0, whence A € specDy.
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Since the equation £(\,¢) = 0 has two branches of solutions (spectral
curves), namely

Xe(p) = £\ /26D (p) + m2eh, g € [0, 2n],

the spectrum of Dg is the union

specDg = [—V/12h2¢2 + m2ct, —mc®] U [mc?, V12h2¢2 + m2c4].

Our next goal is to determine the essential spectrum of D = Dg + e®. All limit
operators of D are of the form D9 = Dy + e®9] where &9 = lim;_,o. P(g(4))
is the partial limit of ® corresponding to the sequence ¢ : N — Z3 tending to
infinity. By what we have just seen, this gives

specDd = [edY — \/12h2c% + m2ct, e®Y — mc?

U[e®9 + mec?, e®9 + \/12h2c2 + m2c4].

Since sp,,, D = Ugspec D9 we obtain

Do D = [e® — \/12h2¢2 + m2ct, @ — mc?]
Ule®@™ 4 mc?, e®P + /12h2¢2 + m2c],

where .
df = liminf ®(z) and @5 := limsup P(z).

L—00 T—00

In particular, if e(®%"P — ®Mf) < 2mc?, then the interval (e®s"P — mc?, e®™f 4
mc?) is a gap in the essential spectrum of D.

4.2 Exponential estimates of eigenfunctions

The following is the analog of Theorem 18.

Theorem 21 Let A ¢ sp,,, D be an eigenvalue of D : IP(Z3, C8) — IP(Z3, C¥)
with p € (1,00). Assume further that the weight w = e’ is in R*' and that
limg, 00 v() = 00. If one of the conditions

(1) X € (eD"P — mc?, e®™ + mc?) and, for every j =1,2,3,

i |,
2.4 inf 2 su 2 2.2
- m2c* — max {(e®™ — \)?, (e®P — \)%} + 6h%c
< cosh < i , (29)

(i1) X > e®P + \/12h%c? + m2c* and, for every j =1,2,3,

’81}(3:) ((e@suf’ — )2 —m2et - 671202)

h !
dz; | = ° 6h2c2

(30)

lim sup

Tr— 00
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(iii) A < e®™f — /12h2c2 + m2ct and, for every j =1,2,3,

ov(x) 1 [ (e®™ — X)2 —m2ct — 6R2c?
sh
‘ Oz; < €08 6h2c?

; (31)

lim sup
r— 00

is satisfied, then every A-eigenfunction of the operator I belongs to the space
IP(Z3, C8,w) for each p € (1, ).

Proof. We will prove the assertion in case condition (i) is satisfied. The other
cases follow similarly. Further, since the essential spectrum of D and the spectra
of the associated limit operators do not depend on p, we can assume that p = 2
in this proof.

Let condition (29) hold, and let A be an eigenvalue in the gap (e®s"P —
mc?, e®™ + mec?) of the essential spectrum. In order to apply Theorem 11 to
determine the decaying behavior of the associated eigenfunction uy, we need
estimates of the spectrum of the limit operators (Dyu)? of Dyu := wHDw™* for
w € [0, 1]. The limit operator (w*Ve, w™*)9 of wHV,, w™* is of the form

Y
(W' Vi w )9 = e*#(a‘ik) V,,.

Hence,
3 _y
(Dyn)? = chk(I - ef”(m) Vo) +mc?y? + e®IEy (32)
k=1
g
where (%) = lim,,— 00 av(agi:l))

Let ' = Dy — e®I. The identity (32) implies that (D7, — A\I) (D2, + \I) is
the diagonal matrix diag (F, F') with

F = 12T, + (m2ct — (e®9 — DI

and s
_ (v )¢ ow )Y
T, =Y (2[_ () Ve, () Vé:.,) ,
k=1
The operator I'Y,. is unitarily equivalent to the operator of multiplication by
the function

3
Dou(9) = T (01, @2, 93) = ; <2 — 2cos (sok +i <%>g>)
acting on the space L2([0, 27]®). Note that
. > ov \?
R(TY . (p)) =6 — 2; cos py, cosh (8—xk> :
Hence, and by condition (29),
R(W2AT, (9) + m2ct — (e®I — N)?) # 0 (33)
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for every sequence g defining a limit operator and for every p € [0, 1]. The
property (33) implies that A ¢ specD?, for every limit operator D%, and every
p € [0, 1]. By Theorem 11, every M-eigenfunction belongs to IP(Z3, C8, w) for
every p € (1,00). m

For the important case of the symmetric weight w(z) = e’l*l we obtain the
following corollary of Theorem 21.

Corollary 22 Let A be an eigenvalue of D : IP(Z3, C®¥) — IP(Z3, C8). If one of
the conditions

(i) A € (e — mc?, e®™f + mc?) and

0 <1 < cosh-! <m204 + 6h2%c* — max { (e®™ — )2, (e@P — )\)2}> ’

6h2c?

(17) A > e®UP 4+ /12h2¢% + m2¢* and

0<r<cosh™! ((e(psup — /\)2 —m?c’ - 65262)

6h2c?

(iii) A < e®™ — /12h2c2 + m2c* and

(I)inf_)\Q_ 24_6h22
0<7‘<cosh1(('8 ) me c)’

6h2c2

s satisfied, then every A-eigenfunction of the operator D belongs to the space
17(Z3, C8, e1#l) for every p € (1, o0).

5 The square-root Klein-Gordon operator

5.1 The essential spectrum

Here we consider the square-root Klein-Gordon operator on [?(Z"), that is the

operator
K =22l + m2ct + e®

where m > 0 is the mass of the particle, A > 0 is Planck’s constant, ¢ > 0 the
light speed, ® € SO(Z™) a scalar potential, and

PN -V, V)

Jj=1

is the discrete Laplacian on Z™. The operator Ky := v/c2h2T" + m2c?* is under-
stood as the pseudodifference operator with symbol

k(r) = \JeRD(r) £ m2t € 8,
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where I'(7) = 22;1(2 —T;— 7';1) at 7= (71, ..., Tn). Let

[(p) :=T(e) = 2(2 —2cosy;), ¢=I(p1,..., ¢n) €0, 27"

J=1

Every limit operator of K is unitarily equivalent to an operator of multiplication
by a function of the form

K9(p) = \/62h2f‘(ga) +m2ct +ed? with ®9e€R
acting on L%([0, 27]™). Thus,
spec K9 = U [mc? + e®9, \/4nc2h2 + m2ct + edY],
g

where the union is taken with respect to all sequences g tending to infinity such
that the partial limit ®9 := lim,, . P(g(m)) exists. Consequently,

SDess K = [mc? + €™, /Anc2h2 + m2ct 4 e®*P]).

5.2 Exponential estimates of eigenfunctions

Theorem 23 Let A be an eigenvalue of the square-root Klein-Gordon operator
K such that X ¢ sp,,, K, and let w = e’ be a weight in R*! with lim,_, v(z) =
oo. If one of the conditions

(1) XA > e®%UP + 4Anh2c? + m2c¢t and

. Ov(z) _q [(mPct — (e — \)? + 2nh?c?
| < cosh , 34
imsup | 752 < cos i 31

(ii) A < e®™ — /Anh2c2 + m2ct and

ov(x) _q (m2ct — (ed™ — \)2 4 2nh2c?
sh
’ Ox; 008 2nh2c? ’

lim sup (35)

TrT—00

is satisfied, then every A-eigenfunction of K belongs to IP(Z™, w) for every p €
(1, 00).

Proof. The proof proceeds similarly to the proof of Theorem 21. It is based
on the following construction. Let w = ¢’ € R*!. Then the limit operator K,
is unitarily equivalent to the operator of multiplication by the function

K9,.(p) = \/CQHQf‘(ga +1i(Vv))9 + m2ct + ed?

acting on L?([0, 27]". Hence,

Chalo M) = (Rlle) =) (VRRT o 4 iV )0 4 mtet — (car — 1))

= ERT(p +i(V)? +m2ct — (e® — N)?2,
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and

R(LL. (0, ) = ?h? Z <2 — Ccos p;j cosh(%)g) +m2ct — (e®9 — N2,
j=1 J
Note that R(LY,. (¢, \)) # 0 for every A satisfying condition (i) or (ii). Hence,
A ¢ 8p,gs Kyn for every p € [0, 1]. Thus, by Theorem 11, every A-eigenfunction
belongs to the space IP(Z™, w) for all p € (1,00). ®
Specifying the weight in the previous theorem as w(z) = e”l*!, we obtain the
following.

Theorem 24 Let A be an eigenvalue of K such that \ & sp,,, K. If one of the
conditions

(i) A > eDP + v/4dnh2c? + m2c?t] and

2.4 su 2 2.2
_1 {mAct — (eDSUP — \)? + 2nhc
0 < r < cosh < S22 ,

(ii) A < e®™ — /Anh2c2 + m2ct and

2.4 (o@pinf _ \)2 2.2
0 <1< cosh <m ct— (e® A)? + 2nh%c >

2nh2c?

is satisfied, then every \-eigenfunction of K belongs to the space IP(Z", e"l*])
for every p € (1, c0).
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