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Abstract

Our concern in this paper lies with trace spaces for weighted Sobolev
spaces, when the weight is a power of the distance to a point at the
boundary. For a large range of powers we give a full description of the
trace space.
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1 Introduction and main result

We consider integer order weighted Sobolev spaces with weights equal to a
power of the distance to a point of the boundary and more general weights
modelled upon such weights. Our concern in this paper lies with a character-
ization of trace spaces of these weighted Sobolev spaces. Rather surprisingly
there are not too many trace theorems for weighted Sobolev spaces even
though traces belong to the fundamental concepts both in the theory and
applications, and they have been studied for a very long time. One of the
major reasons is that there are no straightforward analogs of methods known
from the non-weighted theory, which allow a description of values on man-
ifolds of lower dimensions. Note in passing that the study of traces has
been closely connected with extension of integer order spaces to spaces with
non-integer derivatives, and it was one of the motivation for establishing the
general theory of Besov spaces.
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2 1 INTRODUCTION AND MAIN RESULT

The non-weighted theory for the Wlf was studied in many papers and
it can be found in a number of well-known monographs. We shall make no
attempt to make an account of that; let us collect just some of the important
references. The pioneering works by Aronszajn [4] and Slobodetskii [25] for
the Hilbert case and the papers by Gagliardo [11] and Stein [26] should be
mentioned. The theory for p = 2 based on abstract methods can be found
in Lions and Magenes’ monograph [18]. The case of general p is treated
for instance in monographs by Necas [20], Adams [2], Kufner, John and
Fucik [16], Bergh and Lofstrom [5], Triebel [28]. An immense work has been
done by the Soviet school (Lizorkin, Besov, Nikol’skii, II'in, Uspenskii, and
many others). We refer to [28] for a large list of references.

Spaces with weights which equal to a power of the distance to the bound-
ary appeared in many papers; let us refer at least to [14] and [15]. A standard
approach consists in taking the trace space as a factor space (modulo equal-
ity on the boundary). Nikol’skii in his monograph [21] (especially its second
edition) established a trace theorem for these Sobolev weighted spaces: For a
suitable range of parameters and under assumption on the regularity on 0f2,
the boundary of €2, he identified the trace space with an unweighted Besov
space with a modified smoothness parameter—the effect of the weight on the
domain (Hardy’s inequality behind the scenes).

Let us recall the very basic setting of the trace problem. For simplicity
we shall consider spaces on R" and traces on R" !, that is, on ORY , the
boundary of R} . By virtue of extension theorems the Sobolev space on R’
equals (up to equivalence of norms) to the restriction of the corresponding
Sobolev space on R", equipped with the factornorm (modulo equality on R ).
This can be transferred to spaces on a smooth domain €2 and its boundary
0f2 in a standard way—using resolution of unity and local coordinates. Let
s > 0 be a non-integer and denote by [s] the integer part of s. Let 1 < p < oo.
Then the Sobolev-Slobodetskii space W, = W (R") is defined as the linear
space of all functions f € L,(R") with

1AW RN = 11y ey
D f(z) — D*f(y e
+Z</n/n| |:L'—y| p+(N)| da:dy) < 00.

(Note that this is a special case of a general Besov space B (R*) for p = ¢.)
Here and in the following we shall use the notation || f|X]|| instead of || f]|x
whenever it might improve legibility of the text. Recall that C(RT )W, (R")
is dense in W, (R} ). One can prove that there is a bounded linear operator

tr: W) (R") — W) H/7(oR?Y)



such that tr f(y') = f(y') for every y' € OR? and every f € C(R?}). This
gives a natural meaning to values of a general f € W (R?) on OR". More-
over, it is well known that there exists a bounded linear operator

ext : W, '/P(OR7) — W) (RY)

such that ext otr =id on Wplfl/p(ﬁR’}r). Theorems of this kind are now well-
known in a general setting of Besov and Lizorkin-Triebel spaces; we refer to
[28].

Now let w be a weight function (shortly a weight) in R", that is, w € Ly joc
and w > 0 a.e. in R*. Let W)(w) = W) (R",w) be the weighted Sobolev
space, i.e. the space of all functions f, which together with their generalized
derivatives D®f up to the order k belong to

L) = L(®w) = {1+ 111 = |

R

uuquMx<w}

with the norm

IF Wy @)l = > 11D fILy(w)]].

la<k

Only special weights (of type (1 + |z|?)"/? and their generalizations) and
rather sophisticated methods permit to conclude that a function f belongs
to W(w) if and only if fw'/? € Wk(xq) = W}, see [24] and [7] for the so
called W™ classes (one has to assume that the weighted space in question can
be extended to the whole of R", too). In particular, the class W™ excludes
singularities so that another approach must be used for weights vanishing
or blowing-up at the boundary. The situation is now well understood for
weights, which equal to a power of the distance to the boundary. (Note also
that such weights can be used to characterize zero traces, even in case of a
quite general boundary; see e.g. [13].) The trace theorem for such weights was
proved by Nikol’skii in [21] with help of real analysis methods. Let us recall
Nikol’skii’s result. Assume that €2 is a domain with a sufficiently smooth
boundary T" (as to the required smoothness we refer to [21] for details) and
let

o(x) = dist(z,T), x € €.
For k e N, 1 < p < o0, and 7 € R, denote by Wfﬁ the weighted Sobolev

space with the norm

LWl = 1l + X 1D o, @)-

|a|=k
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Suppose that
0<k+vy—-1/p<k.

Then
Wi (Q) = W V(T)

and, moreover, there exists a bounded extension operator
exty : W;H*l/p(f‘) — W;V(Q).

A by far more general setting—spaces on fractals with this type of weights—
was recently considered by Piotrowska in [22].

In the following we shall make use of a Fourier analytic approach to
Sobolev spaces and their weighted generalizations, therefore we recall the
most important definitions and fix the notation.

Let {p;}22, is the smooth (dyadic) decomposition of unity (see [28], [5]):
supp ¢; C {2771 < [¢] < 27+ for j € Ny and supp ¢y C Bi(0) and ¢;(€) =
©1(277F1E) for j € N.

For 1 <p<o0,1<g<ooands &R the Besov space B, = B, (R")
is the space of all f € §'(R") with the finite norm

o0

R 1/q
1182, = (Z 2“‘1||f—1(¢kf>||%p) (1.1)

k=0

if ¢ < oo and with the finite norm
1By ool = Sup 28| F ), (1.2)

if ¢ = oo. Replacing the L, space in the above definitions by L,(w) we
get a formal definition of the weighted Besov space By (R";w). Here S(R")
denotes the space of smooth rapidly decreasing functions f: R* — C and
S'(R") = (S(R™)) its dual.

We shall also use the Bessel potential spaces H, = Hj(R") and their
weighted clones: For s real and 1 < p < o0,

Hi(R") = {f e S'(R"): |F [+ e PFA, < oo},

Hy R w) = {f € S®): |F [+ 1ED2F 1,0 <
normed in the obvious way.

For Lipschitz domains there exists a universal extension operator working
on Sobolev, Besov and Bessel potential spaces (and also on the Lizorkin-

Triebel spaces, even for all real s, see Rychkov [23]); this means that many



relevant properties of spaces on Lipschitz domains follow from the claims on
the whole of R”. That is, one can work either with a formal definition of
spaces on domains as factorspaces of spaces on R” modulo equality on the
domain in question or with a space on the domain with a usual intrinsic norm
(if it is available). This can be partly extended to weighted spaces with the
Muckenhoupt weights. Recall that a weight w belongs to the Muckenhoupt
class A,(R") (1 < p < o0) if

SUP<IQ|/ ()dgg)(lm/ (x)l/(p_l)“)pl@o’ (1-3)

where the supremum is taken over all cubes ) C R® with edges parallel to
the coordinate axes. We shall write simply A, if no misunderstanding can
occur. Note in passing that 2’ — |z|* belongs to A, in R*™! if and only if
—(n—1)<a<(g—1)(n—1) (see e.g. [8]).

We also refer to Chua [6] for an extension theorem for Sobolev spaces
on domains and to Rychkov [23] as to the formulae for the norm in Sobolev
spaces with A, weights in terms of a weighted Littlewood-Paley decomposi-
tion. Specifically, for a positive integer k, 1 < p < 0o, and w € A,,

00 N 1/2
LFIWEE )| ~ H (Z 22f’f|f—1(wkf><x>|2)
k=0

Lyp(w)

This holds even for a bigger class of the so called local A, weights (see [23])
(one requires the condition (1.3) only for small cubes).

In Section 4 we also make use of weighted Sobolev spaces of negative order.
It well-known that for 1 < p < oo and w € A,, the dual space of L,(w) is
given by L, (w') where % + z% —land w' =w »1 € Ay . Accordingly, for a
positive integer k we define

— !
W HRY w) == (WERY;w')) .
For more details about weighted spaces of negative order we refer to [23].

To avoid technicalities we shall not deal with the case of Lipschitz domains
and we will concentrate on the basic case of a Sobolev space on R" and a
trace on the boundary of a half-space R’ .

Our main result is:

THEOREM 1.1 Let a € (—(n—1),(¢ —1)(n — 1)). Then

1-1 - o
tTn-1 qu(Rii |2]*) = Bag “(R"; [2']").
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For the precise definition of the function spaces we refer to Section 2 below.

The structure of the paper is as follows: In Section 2 we prove some
preliminary results concerning weighted spaces. Then in Section 3 the proof
of the Theorem 1.1 for @ > 0 is given, based on a suitable estimate of the
solution operator to a Dirichlet boundary value problem. Finally, in Section 4
the case o < 0 is proved by a duality argument.

2 Preliminary results on weighted function
spaces

By Garcia-Cuerva and Rubio de Francia [12], Theorem 3.9. the following
weighted version of the Hormander-Mikhlin multiplier theorem holds.

THEOREM 2.1 Let m € C™(R" \ {0}) fulfill the property
10°m(&)| < K|E|71, for every € e R*\ {0}, |a|=0,1,...,n,
for some constant K > 0. Then T defined by
Tf=mf  for feSE®"
extends to a continuous operator on LI (R™) for every ¢ € (1,00) and w € A,.

In [12] this theorem is stated for an even larger class of multipliers m. The
assertion on the operator norm is not mentioned explicitly, but it follows
from the same proof.

Moreover, recall that a smooth function p: R* x R* — C is in the pseu-
dodifferential symbol class ST{(R* x R*), m € R, if and only if for every
a, 3 € N} there is a constant C, g such that

|a§éa§p(g}‘7 §)| S Coé”g<€>m_|a‘

uniformly in z, £ € R*, where (£) := (1 + |¢[?)2. Moreover, STH(R* x R*) is
a Fréchet space e.g. with respect to the semi-norms

N _
plsy, = sup  sup [920p(x, §)|(6) ™,
’ la|+|B|<N z,E€R™

cf. e.g. [17, 27]. It is well-known that ()™ € ST (R* x R"), i.e., for every
a € Ny

108(6)™| < Caf)™ (2.1)



uniformly in & € R". This can e.g. be proved by using the fact that f(a,§) :=
|(a, &)™, (a,&) € R**1\ {0}, is a smooth and homogeneous function of degree
m.

For p € ST} (R” x R™) the associated pseuododifferential operator is de-
fined by

. ~ de

pla, D) f = | ep(w,€)f(€ ,

@Df = [ ¢ p(a.OfO) g

where f = F[f1(€) and D, = 18,. Then p(z,D,) can be extended to a

bounded operator on weighted Bessel potential spaces by the following result
due to Marschall [19, Theorem 1]:

feSR), (2.2)

THEOREM 2.2 Let 1 < g < o0, s € R, w € Ay, and let p € STH(R" x
R™), m € R. Then p(z,D,) defined as above extends to a bounded linear
operator p(zx, D,): H*™(R*;w) — H;(R*;w). Moreover, there exists N =
N(s,m,n,q) € Ny and C = C(s,m,n,q) > 0 such that

Ip(a, Do) L(H; ™ (R w), Hy(R*;w))|| < Clply,)

uniformly in p € STH(R* x R").

Proof: The first part follows directly from [19, Theorem 1]. The second
part follows easily from the linearity of the mapping ST{H(R* x R") > p

p(x,D,) € L(H ™(R";w), H)(R*;w)) and the fact that the mapping is
bounded, which can be easily checked by observing that all Constants in the
proof of [19 Theorem 1] only depend on some semi-norm |p|5m with a suffi-

ciently large N € Np. [

Let w € Ay (R"), let ¢;, j € Ny, be a dyadic decomposition of unity as
in the introduction and let s € R, 1 < p,q < oo. Note that ¢;, j € Ny, can
be chosen such that ¢;(&) = (¢1(2777¢) for all j > 1. In particular, this
implies

0¢85 (€)] < Cu2771 (2.3)
uniformly in 7 € Ny and for all o € Ny.

With the notation as in (2.2) we can define weighted Besov space by

B, (Rw) = {f € S®"): |f

00 1/q
£l B, 20y = (ZQS‘”II%( o) [l RW)

J=0

Bj,(R™;w) < OO} )
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with the obvious modifications if ¢ = co. We note that B’ (R";w) is a retract
of £;(No; LP(R"; w)), where

la(Np; X) = {(aj)jENo € XM - |[(a5) jer llegiosx) < OO}:

1
o0 q
[(az)jen lesmvo;x) = (Z 25‘7q||ak||§(> if ¢ < o0,

J=0

(@) en, lleg, o) = sup 2% ||| x.
Jj€Ng

More precisely, the retractions and coretractions are given by

R: ;(No; LP(R*; w)) — B, (R";w), R((a;)jen,) = Z%’(Da:)aj;
§=0
S: B: (R';w) — (Ny; LP(R™; w)), Sf=(ei(

j DCL‘)f)jENO)
where 1;(£) = @;_1(£) + i (€) + p;11(£), j € No, and p_;(&) = 0.

2.1 Interpolation of weighted Besov spaces
Lemma 2.3 Let 1 < ¢ < oo, s € R, and let w € Ay(R"). Then

BZI(R”;M) — H;(R”;w) — B;OO(R”;UJ).
Proof: First of all,

02 ((€)°03(©)] < Ca 27 (€)1

for all « € NI, s € R, because of (2.1), (2.3), and since ¢2/ < [£] < 027 on
supp ;. Hence

(D) 0;(Da) fll o (i) < Cu2%[| fllza(zrs) (2.4)

by the Mikhlin multiplier theorem for weighted L?-spaces, Theorem 2.1, or
Theorem 2.2 with Cy independent of j € Ny. Since ¢;(Dy) f = ¢;(Ds)(wj—1(Dg) f+
0;j(Da) f + @j1(Da) f),

(D)0 (Do) fllonsw) < Cs27[l0j-1(Da) f + 05 (Da) f + @41 (D) fll ogen)

Therefore

1y < Y 1{D)*05(Da) fll o en s
j=0

<CY 299 1(Da) f 4+ ¢5(Da) f + 051(Da) fll o)
=0

< Ol fll B2, nse)-



2.1 Interpolation of weighted Besov spaces 9

Moreover,
1115 ) = 5D 2Y1(Da) 0 (D2) (D) Il e
J€No
< CIUDa)* fllanswy = CIlf o)
by (2.4), which finishes the proof. -

Lemma 2.4 Let sg,s1 € R, sog # s1, 1 < p < o0, 1 < q,q,01 < 00,
0 € (0,1), and let s = (1 — 0)sg + Osy. Then

(Byo, (R";w), Byt (R";w))g,q = B, (R";w)

for any weight function w € A,.

Proof: Use that By, (R";w) is a retract of £ (Ny; LP(R";w)) and apply [5,
Theorem 5.6.1]. |

Corollary 2.5 Let 1 < q < o0, Sg,51 € R, 59 # s1, 0 € (0,1) and let
s=(1—0)sg+0sy and let w € Ay(R™). Then

(H(R";w), Hy'(R";w))g,4 = By, (R*;w).

Proof: The corollary follows directly from Lemma 2.3 and Lemma 2.4. =

Corollary 2.6 Let 1 < g < oo and let w = w(z') € A,(R*™"). Then

trges W (R} w) = (LUR™ 5 w), Wi (R )1, = By * (R™50)

an
Proof: The first equality follows from
W, (R} w) = LYR; Wy (R w)) N W (R LYRY ™ w))

and Lions’ trace method for real interpolation, cf. [5, Corollary 3.12.3] or
apply [3, Chapter III, Corollary 4.10.2]. The second equality follows from the
previous corollary and the fact that W] (R*;w) = HJ(R*;w) = {f € S'(R") :
(D,)f € LY(R";w)}, cf. Frohlich [10, Lemma 3.1] or [9]. |
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2.2  An Embedding for LY(R";|z|*)

Let (M,B, ;) be a measure space and let L 1 < p < oo, be the cor-
responding weak LP-space (the Marcinkiewicz space) as e.g. defined in [5,
Section 1.3].

Lemma 2.7 Let 1 < p,py,p2 < oo such that % = pil + p%. Then there exists
C > 0 such that

1fgllreeary < Cllf oo armllgllLre oo arm-

Proof: Since the mapping (f, g) — fg is bilinear, it is sufficient to consider
the case ||f||Lp1,oo(M,H)7 ||g||Lp2,oo(M,H) < 1. Let « = Z_;' Then we either have

|f(x)] > |g(x)|* or |f(x)] < |g(x)|*. Hence
i ({z: 1f@)g@) 2 AP < e ({o s [f@)1F = 0 + (g = A})
< AT 4 ATie =2\

for every A > 0, which finishes the proof. [

Corollary 2.8 Let 1 <g< oo and let 0 < a < (¢ — 1)n. Then

1 1 o
LYR"™; |x|%) — L">*(R" h -—= -4 —. 2.5
(R of") > L(RY)  where =+ (25)

Proof: Let p= 2 Then |z|"« € LP»*®(R") and therefore

P

1 llzroeieny < Wl zpoe eny 2] [l 0o qeny < Cllfllzan fape)-

For the following we denote

By (R, w) = {f € S'(R") : |f|Bpym(R";w)l| < 00},

pyq,

0 L/q
1/ 1Bpg,ory (R*; )| = (Z ||90j(Dz)f|L””°(R”;W)II">
j=0

with the obvious modification if ¢ = co, where 1 < p,q¢,r < o0 and s € R
cf. [28, Section 2.4.1]. We need the following simple lemma.
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Lemma 2.9 Let S0, 81 € R; 1 S do,q1,70, T S 0, 4o 7£ qi, NS (071)7 and

let s =(1—0)sy+ 0sq, %: lq;o‘g—l—qil. Then

(B (R";w), B (R";w))g,q = By (R*; w).

4040,(r0) q1q1,(r1)

Proof: First of all, we note that B;;qj (rj)(R”;w) and B; (R";w) are retracts
of £g(Ny; L% (R™; w)), la(No; LY(R";w)), resp., with respect to the same
retraction mappings. Hence the statement follows from

(6 (B L7 (B 0), €5 (s L0 (R ),

’Tq1 ,q

= LN (L7 (R w), LT (R 0)))a,9) = €4 (No; L(R*; w))
where we have used [5, Theorem 5.6.2] and [5, Theorem 5.3.1]. |

The following theorem is a key result for the proof of Theorem 1.1.

THEOREM 2.10 Let s € R, 1 < ¢ < o0, and let 0 < o < (¢ — 1)n. Then
s+g i3 [0 S n S '3
Byg " (R"; [2]") < By, (R") N Hy(R"). (2.6)

Proof: By Corollary 2.8 LY(R"; |z]|*) < L™°(R") for all 0 < a < (¢ — 1)n
and % = %+ ;in. Using the generalized Marcinkiewicz interpolation theorem,
cf. [5, Theorem 5.3.2] for different values of ¢ yields

1 1 «
LT (R™: |z|*) — L"(R" h —-—=—+ — 2.7
(B Jof") o L'(RY) where - =+ - 27)

forall0 < o < (¢ — 1)n. Henceforau110<oz<(q—l)nand%:§+i

mn

L]

[
s+ &
+‘1

qq,(r

n 6] S+% n S n S n
Bl (R [al") < By T (R") = By, (R") 0 Hy(R")

due to [28, Section 2.8.2, Equation (2) and (18)]. Hence using Lemma 2.9

for B:(:(qr) (R™; |z|*) with different values of ¢ together with
(Bljoqo (Rn)7 Bglql (Rn))ayq = B;q(Rn)7 (H(}SO (Rn)7 H(‘;l (Rn))ayq = H; (Rn )(7 )
2.8

% -+ l%, cf. [28, Theorem 2.4.1] and [5, Theorem 6.4.5], we con-

clude (2.6). |

H
S ‘
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3 Proof for positive a

If0<a<(¢g—1)(n—1), then |z|* > |2'|* and therefore
WA o) C WAL [)") = Biy (R 7)) (31)

by Corollary 2.6. Hence it remains to prove the converse inclusion. To
this end we use the following extension operator: We denote by u = Kpa,
a € S(R*™1), the solution of

(1-A)u=0 in R} ,

U|3R1 =a on R* 1.

Using partial Fourier transformation a(¢') = Fyer[al(§') the solution u =
Kpa can be easily calculated as

ilHI,

u(z', 1) = Kpa = F;! [e_@’)x”d(ﬁ')] : = (2, 2,) € R}.
Note that (§') = (1+ €/2)2 as above. It is well known that the symbol-kernel

k(€ x,) := e~€)mn gsatisfies the following estimate

sup [23,0; 98 k(€', 2a)| < Copea(€)' 71 (3:2)

x5y, >0

uniformly in ¢ € R* ! and for all @« € N ', s > 0, [ € Ny, see e.g. [1,
Lemma 2.9]. Using the latter estimate we show

Lemma 3.1 Let 1 < ¢ < oo, let s > 0, and let w € A, (R"™). Then
x: (VKp, Kp) extends to a bounded operator

s (VK 1*% n— S (R~ *(R"~
Ty, < KDD> : Byg (R liw) — Lq(R—F;qu(R l;w) qu(R l;w))'

Proof: First of all,

Here k'(£', z,,) satisfies

| ?’%I(glaxn” < Ca,s,l<§l>1isi‘a||xn|7s (3.3)
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uniformly in ¢ € R*!, 2, > 0, and for all &« € NJ7!', s > 0, | € N,
by virtue of (3.2), (2.1), and the product rule. Hence for every z, > 0
K€ x,) € SII,BS(R”*1 x R""!) is a pseudodifferential symbol with semi-
norms bounded by C|z,|~°. Hence

IVKpal.,z,)|

< Clan| ol .-
H,

s—1 1
H, PR lw) ¢ PR Lw)

by Theorem 2.2. Replacing s by s + ]l) we conclude

|z, VK pa(.,z,)|

_1
@) S Clenl p||a||H;7%(Rn—l;w).

: 1 1
Since || fllpo@y) < |7 | zooe || fllzoe < C'supysot?|f()], we get

|27V Kpal., @n)||Lrce ;g (me-110)) < CHa”H;%(R"—IW).

Using real interpolation for different values of p and setting p = ¢ afterwards,
we conclude

BV Kp: By “(Rw) — LRy HE (R 5w)),

where we have used Corollary 2.5, [28, Section 1.18.6, Theorem 2], and (2.8).
One more real interpolation with different values of ¢ yields

BV Kp: By ' (R w) — LU(R, ; BS, (R w)),

which completes the proof. [ |

Proof of Theorem 1.1, case o > 0: Using Lemma 3.1 with s = 0,
1

we conclude Kp: By *(R*™, [2'|*) — W, (RY;[2|*). Moreover, applying
Lemma 3.1 with s = %, we conclude

o
g

VK - N o . i
“(mﬁ“%“R3W>%W&BWRHmm%Mmm

where we have also used Theorem 2.10. Hence Kp: B;qﬁ(R’“l, |2'|*) —
WHR?; 28). Since |z]* < Cq (|2']* 4 2F), the result for a > 0 follows. |
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4 The result for negative «

The case o < 0 is derived from the case a > 0 by a duality argument. More
precisely, we use the following abstract lemma.

Lemma 4.1 Let wy,wy € A, be given such that one has trgn—1 qu (R ;w1) =
trgn-1 qu (R% ;wg) with equivalent norms. Then

trgn-1 Wy (R ;w)) = trge-1 Wy (R ;w)) (4.1)

__1
q—1

with equivalent norms, where é + % and w;. = w,

Proof: Let g € (trg.—t Wy (RY; w’l))' then
G =0 = (g, Owmr] € (WG (R ) = W, (R 1)

with ||g||(tar—1 W;/(Ri;wll)), - HG”Wq_l(R”;WI)'

By [9] one has that (1 —A) : W (R";w;) — W, ' (R*;w;), j = 1,2 is an
isomorphism. Since G has its support in R*~!, it follows that (1 — A)7'G is
a weak solution to the boundary value problem

(1-A)(1-A)'G=0 onQ and (1—-A)"'G € trgar W, (R} ;w1),

where 2 = R} or = R". By the a priori estimate of this boundary value
problem in [9] one has

11 = 8) Gl nn) < el s (1= A) " Glly, wa e
Thus we may estimate using the assumption (4.1)

r = Gl @) < el = 8) 7 Gllwp e

< el tran (1= A) Gl s Wi
< el tran 1 (1= A) 7 Gl wi(engn)
< efl(1 = A) " Cllwp i)

lgll (trgn—1 Wi (RE 1))

= C“GHWq_I(R"m) - c||g||(tar71 W;/(RI;WQ))“
Interchanging the roles of w; and wy, we obtain the reverse estimate

< elall

4
||g|| (tar_l qu, (Ri;w.’z)) trgn—1 qu, (Ri;w’l))
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for some ¢ > 0. We have shown that
!

(trge—s Wy (RY; wé)), = (trga-1 Wy (R ;)"

Thus, since trga—1 qu, (R?;w)), 5 = 1,2, is a factor space of the reflexive
Banach space qu, (R% ;why) with respect to a closed subspace, it is reflexive
and we obtain

trgn—1 Wy (R w]) = trga- Wo (R w))

as asserted. ]

Corollary 4.2 Let —(n—1) < a < 0. Then
1-1
trgn—1 W, (R ; |2|*) = Bgg * (R |2]%).

Proof: Let §:=—_%; = —(¢'—1)a. Then 0 < < (n—1)(¢'—1). Thus we
are in the range of indices that have already been considered and one obtains

from the results of Section 3 that
17
trcs WA(RE; [217) = Blyo? (R |0/)%) = trgams WL [2/)9),
using Corollary 2.6 and |2'|° € A, (R*™!). Thus by Lemma 4.1 we obtain
1
trga—s W, (R} ; |2|*) = trge—s W, (R ; [2']%) = B;q YR )2)P),

where we again applied Corollary 2.6. This finishes the proof of Theorem
1.1. [ |

Acknowledgements: This work has been developed during the first and
the third author’s stay at the Institute of Mathematics of the Academy of Sci-
ences of the Czech Republic, which has been supported by the Necas Center
for Mathematical Modeling. This support is gratefully acknowledged. The
research of the second author was supported by the Institutional Research
Plan no. AV0Z10190503, and by the Grant Agency of the Czech Republic
no. 201/06/0400.

References

[1] H. Abels: Generalized Stokes resolvent equations in an infinite layer
with mized boundary conditions. Math. Nachr. 279(2006), 1-17.



16

2]

[10]

[11]

[12]

[13]

[14]

[15]

REFERENCES

R. A. Adams: Sobolev Spaces. Academic Press, New York, San Francisco,
London, 1975.

H. Amann: Linear and Quasilinear Parabolic Problems, Volume 1: Ab-
stract Linear Theory. Birkhauser, Basel-Boston-Berlin, 1995.

N. Aronszajn: Boundary value of functions with finite Dirichlet integral.
Techn. Report 14, University of Kansas 1955.

J. Bergh and J. Lofstrom: Interpolation Spaces. Springer-Verlag, Berlin-
Heidelberg-New York, 1976.

S.K. Chua: FEztension theorems on weighted Sobolev space. Indiana
Univ. Math. J. 41(1992), 1027-1076.

D. E. Edmunds and H. Triebel: Function Spaces, Entropy Numbers and
Differential Operators. Cambridge Univ. Press, Cambridge, 1996.

R. Farwig and H. Sohr: Weighted L9-theory for the Stokes resolvent in
exterior domains J. Math. Soc. Japan, 49(1997), 251-288.

A. Frohlich:  Stokes- und Navier-Stokes-Gleichungen in gewichteten
Funktionenraumen. PhD thesis, TU Darmstadt, Shaker Verlag, Aachen,
2001.

A. Frohlich: Solutions of the Navier-Stokes initial value problem in
weighted LI-spaces. Math. Nachr., 269/270(2004), 150-166.

E. Gagliardo: Claratterizzazioni delle tracce sulla frontiera relative ad
alcune classi di funzioni in n variabili. Rend. Sem. Mat. Univ. Padova

27(1957), 284-305.

J. Garcia-Cuerva and J. L. Rubio de Francia: Weighted Norm Inequali-
ties and Related Topics. North Holland, Amsterdam, 1985.

T. Kilpelainen, J. Kinnunen and O. Martio: Sobolev spaces with zero
boundary values on metric spaces. Potential Anal. 12(2000), 233-247.

V.A. Kondrat’ev: Boundary problems for elliptic equations in do-
mains with conical or angular points (English). Trans. Mosc. Math. Soc.
16(1967), 227-313.

V. A. Kozlov, V.G. Maz'ya and J. Rossmann: Elliptic Boundary Value
Problems in Domains with Point Singularities. Math. Surveys and
Monographs Vol. 52, AMS, Providence, R.I., 1997.



REFERENCES 17

[16]

[17]

[18]

[19]

[20]

[21]

[22]

23]

[24]

[25]

[26]

[27]

28]

A. Kufner, O. John and S. Fuc¢ik: Function Spaces. Academia, Prague,
1977.

H. Kumano-Go: Pseudo-Differential Operators. MIT Press, Cambridge,
Massachusetts, and London, 1974.

J.L. Lions and E. Magenes: Non-homogeneous Boundary Value Prob-
lems and Applications (in French). Dunod, Paris 1968 (English trans-
lation Springer, Berlin-Heidelberg-New York, Vol. I and Vol. 2 1972,
Vol. IIT 1973).

J. Marschall: Weighted LP-estimates for pseudo-differential operators
with non-regular symbols. Z. Anal. Anwendungen 10(1985), 493-501.

J. Necas: Les méthodes directes en équations elliptiques. Academia,
Prague 1967.

S. M. Nikolskii: Approzimation of functions of several variables and
imbedding theorems, 2nd edition (Russian). Moskva, Mir 1977.

I. Piotrowska: Weighted function spaces and traces on fractals. Dr. rer.
nat. thesis, Jena, 2006.

V.S. Rychkov: Littlewood-Paley theory and function spaces with ALOC—
weights. Math. Nachr. 224(2001), 145-180.

H.-J. Schmeisser and H. Triebel: Topics in Fourier Analysis and Func-
tion Spaces. Geest & Portig, Leipzig 1987; Wiley, Chichester 1987.

L.N. Slobodetskii: Generalized Sobolev spaces and their applications
to boundary value problems for partial differential equations (Russian).
Ucheb. Zap. Leningrad. Goss. Ped. Inst. 197(1958), 54-112.

E. M. Stein: The characterization of functions arising as potentials, II.
Bull. Amer. Math. Soc. 68(1962), 577-582.

M.E. Taylor:  Pseudodifferential Operators and Nonlinear PDE.
Birkhauser, 1991.

H. Triebel: Interpolation Theory, Function Spaces, Differential Opera-
tors. North-Holland, Amsterdam, New York, Oxford, 1978.



