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Abstract

The main aim of this paper is to study the relations between the loca-
tion of the essential spectrum and the exponential decay of eigenfunctions
of pseudodifferential operators on LP(R™) perturbed by singular poten-
tials.

For a solution of this problem we apply the limit operators method.
This method associates with each band-dominated operator A a family
op(A) of so-called limit operators which reflect the properties of A at infin-
ity. Consider the compactification of R" by the ”infinitely distant” sphere
S™~1. Then the set op(A) can be written as the union of its components
opn.,, (A) where w runs through the points of "~ ! and where op,,, (A4) col-
lects all limit operators of A which reflect the properties of A one tends
to infinity ”in the direction of w. Set sp, A := UAy, €opn,, (A)SP Ap.

We show that ”the distance” of an eigenvalue A ¢ spessA to spy, A
determines the exponential decay of the A-eigenfunctions of A in the di-
rection of w. We apply these results to estimate the exponential decay of
eigenfunctions of electromagnetic Schrodinger operators for a large class
of electric potentials, in particular, for multiparticle Schrédinger opera-
tors and periodic Schrodinger operators perturbed by slowly oscillating at
infinity potentials.

1 Introduction

The main aim of this paper is to study the relations between the location of the
essential spectrum and the exponential decay of eigenfunctions of pseudodiffer-
ential operators perturbed by singular potentials. We are going to attack this
problem by the limit operators method. This method was already used earlier
to describe the location of essential spectra of perturbed pseudodifferential op-
erators, which has found applications to electromagnetic Schrédinger operators,
square-root Klein-Gordon operators and Dirac operators under quite general
assumptions on the behavior of magnetic and electric potentials at infinity. By
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means of the limit operators method, also a simple and transparent proof of
the celebrated Hunziker, van Winter, Zjislin (HWZ)-theorem for multi-particle
Hamiltonians has been obtained. In [27, 29], the limit operators method was
applied to study the location of the essential spectrum of discrete Schrodinger
operators.

The basic idea of the limit operators method is as follows. For 1 < p < oo,
we consider the Banach algebras A, of all band-dominated operators on the
Lebesgue spaces LP(R™) or [P(Z™). To each operator A € A,, there is associated
a family of so-called limit operators which are defined by sequences h tending
to infinity. We denote this family by op(A) and call it the operator spectrum of
A. The results of [30, 31] (see also [32] for a comprehensive account) yield that

SpessA = U SpAh (1)
Ap€op(A)

for a large class of band-dominated operators on R™ or Z™. Since the limit oper-
ators of an operator are more simple objects than the operator itself, identity (1)
provides an effective tool to study the essential spectra for large classes of oper-
ators. For instance, differential and pseudodifferential operators of order m € R
belong to the algebra A, after multiplication by the operator (I — A)~™/2 of
order reduction.

It should be noted that formulas similar to (1) have been obtained indepen-
dently in [16] by means of admissible geometric methods. We also refer to the
papers [13, 12, 20, 3] and the references therein where C*-algebra techniques
have been employed to study essential spectra of Schrodinger operators. The
methods of [16, 13, 12, 20, 3] are applicable only for self-adjoint or normal opera-
tors acting on Hilbert spaces, whereas the limit operators approach allows one to
consider non self-adjoint operators on LP-type spaces, for example Schrédinger
operators with complex potentials.

Let R™ be the compactification of R” homeomorphic to the closed unit ball
B"™ C R™. Its boundary R™ \ R" is homeomorphic to the unit sphere S"~!. We
denote the point in R" \ R™ which corresponds to w € S"~! by ,,, and we write
opy,, (A) for the set of all limit operators of A defined by sequences h tending to
M. in the topology of the compactification. The set

spp, A = U spAp. (2)
Ap€opny,, (A)

can be considered as the local essential spectrum of A at the point 7,. Note
that
SPessA = U spn., A

wesn—1

In this paper we are going to show that the ”distance” of an eigenvalue \ ¢
spessA to the local essential spectrum sp,, A determines the exponential decay
of the A-eigenfunction uy of A in the direction of n,. We apply this result



to estimate the exponential decay of eigenfunctions for a large class of electro-
magnetic Schrodinger operators with electric potentials, in particular, for mul-
tiparticle Schrédinger operators and periodic Schrédinger operators perturbed
by slowly oscillating potentials. We plan to examine further applications of
the limit operators method to exponential decay estimates of eigenfunctions
of other operators important in mathematical physics (including Dirac, Pauli,
Klein-Gordon and Maxwell operators) in a forthcoming paper.

Exponential decay estimates are subject of an intensive research. We would
like to mention the work of Agmon [1, 2] where estimates of eigenfunctions of
second order elliptic operators have been obtained in terms of a special (Agmon)-
metric. In contrast to Agmon’s approach, we use pseudodifferential operators
with analytical symbols and limit operators. Pseudodifferential operators with
analytical symbols were employed earlier for exponential estimates of solutions
of pseudodifferential equations in [18, 25, 27, 26, 24, 19] and for the tunnel effect
in [22, 23, 24].

The paper is organized as follows. In Section 1 we collect some auxiliary
material on the Banach algebra A,(R") of the band-dominated operators on
LP(R™) and on a related Wiener algebra W, (R™), and we recall a criterion from
[30, 31, 32] for operators in these algebras to be Fredholm on LP(R™). Then we
apply this criterion to derive the equality (1) on which all further considerations
are based. In Section 2 we employ this equality to study the essential spectrum
of elliptic pseudodifferential operators in the class OPST", which are perturbed
by measurable potentials. Section 3 is devoted to applications of limit opera-
tors to exponential estimates of solutions of pseudodifferential equations with
analytical symbols perturbed by singular potentials. In Section 4 we consider
the electromagnetic Schréodinger operator

(Hu) (@) = (i, — a;(@))p* (@) (i, — ay(@))u(z) + D(x)u(z), @ € R,

as an unbounded operator on L?(R") with domain H?(R") where R™ is equipped
with a Riemann metric p;j satisfying

meR”,iBfeSn—l pik ()t > 0. (3)
Here we use the Einstein summation convention, and p;x(x) is the tensor inverse
to p’F(x). We suppose that the functions pjr and ay are infinitely differentiable
and bounded with all of their derivatives and that they are slowly oscillating at
infinity. Under certain conditions on the electric potential, we prove that the
limit operator of H defined by a sequence g = (g,,) is unitarily equivalent to

the operator ‘
(Hyu)(z) i= —pi¥ 0, Oy () + By (2)ula),

where the numbers pgk are independent of x and ®,(z) is the limit of the
®(x + gpm) in the sense that

s-limy, 0o ®(z + g ) (1 — A)F = @y (z) (1 — A)~H



with s-lim referring to the strong limit. Formula (1) then implies

SPessH = U sp Hg- (4)
Hg€op(H)
Set
Hn(w) = inf sp’H
P (w) H, €opn (H) P g,
let g be a sequence tending to 7,, and assume that pjgk =: p/¥ depends on

w only. The following theorem settles an exponential decay estimate for the
A-eigenfunctions u) of the operator H.

Theorem 1 Let the eigenfunction uy of H correspond to an eigenvalue

A<= inf py(w).
wesn—1
Then e'@/l=Dlelyy e L2(R™) where | : S*~* — Ry is an arbitrary smooth
positive function such that

pr(w) — A

<\ o)

for all we S™ L. (5)

Here, (z, y) = Z;’Zl x;y; refers to the standard inner product on R™.

We apply Theorem 1 to estimate eigenfunctions associated with points in
the discrete spectrum of multiparticle Schrédinger operators and of periodic
Schrodinger operators perturbed by slowly oscillating potentials. In particular
we will obtain an estimate of pp(w) for a multiparticle Schrédinger operator
‘H, and then we apply Theorem 1 to get the exponential decay estimates for
eigenfunctions of H corresponding to eigenvalues A < jipy. Different forms of ex-
ponential decay estimates for eigenfunctions related with the discrete spectrum
of multiparticle Schrodinger operators were obtained by Agmon [1], see also [9]
and [10].

For periodic Schrodinger operators, it is well known that their spectrum has
a band structure with at most countably many spectral gaps and that their
discrete spectrum is empty (see, for instance, [33], XIII.16, and the excellent
survey by Kuchment [14] on spectral theory of periodic operators). Consider
perturbations H + ®I of a periodic Schrodinger operator H by potentials ¢ for
which ®(I — A)~! is a compact operator in L?(R™). Perturbations of this kind
do not influence essential spectra, but points of the discrete spectrum of H + &1
can emerge in spectral gaps of the operator H. The structure of the discrete
spectrum in spectral gaps of perturbed periodic operators is studied in [4, 5, 6].

Let the interval («, ) be a spectral gap of the periodic Schrédinger oper-
ator H and A € («, 3) be an eigenvalue of H + ®I. Then Theorem 1 implies
the inclusion e!l*luy € L?(R™) for every M-eigenfunction uy of H + ®I where
I < B—\is arbitrary positive number. Note that exponential estimates of eigen-
functions of periodic Schrodinger operators perturbed by decreasing potentials
were considered in [21].



We also study perturbations H + @1 of the periodic operator H by bounded
potentials ® which are slowly oscillating. Let

me(w) = liminf ®(z), Mg (w) = limsup a(z),
T—Nw T—Nw
me = inf me(w), Mg = inf Ms(w),
wesn—1 wesn—1

and let [, §] be a spectral band of H. Then formula (4) implies that [y +
ma, 0+ Mg] is a band of the essential spectrum of the operator H + ®I. Hence,
if the oscillation of the potential ® at infinity is large enough, then the essential
spectrum of H + @I is the semi-axis [ + mg, +00) where p is the minimum
of the spectrum of H. If Mgy — mg < B — «, then the perturbed operator
H + ®1 has a gap (o + Mg, B+ me) in the essential spectrum. Moreover, if
A € (a+ Mg, B+ mae) is an eigenvalue of H + ®I, then Theorem 1 implies that
the associated A-eigenfunction uy satisfies the inclusion e!(®/|*Dl#lyy ¢ L2(R™)
where [ is a positive smooth function on the unit sphere S”~! such that

l(w)<p—A+ms(w)

for every w € S™~ 1.

2 Local invertibility at infinity and Fredholm-
ness of band-dominated operators on R"

In what follows we thoroughly suppose that p € (1, co), and we use the following
standard notations. For each Banach space X, let £(X) stand for the Banach
algebra of all bounded linear operators on X and IC(X) for the associated ideal
of the compact operators. For h € R™, consider the shift operator (Vyu)(z) :=
u(z — h) which acts as an isometry on LP(R™). Further, let C}'(R™) refer to the
C*-algebra of all bounded and uniformly continuous functions on R™, Cy(R™)
to its subalgebra consisting of all functions with compact support, SO(R™) to
the subalgebra of C}'(R™) of all functions a which are slowly oscillating in the
sense that
lim sup |a(x +y) —a(z)]| =0

for every compact K C R™, Cg°(R"™) to the space of all infinitely differentiable
functions which are bounded together with all of their derivatives, and finally
SO>(R™) to the intersection Cp°(R™) N SO(R™).

Definition 2 An operator A € L(LP(R™)) is band-dominated if, for every func-
tion ¢ € CPH(R™),
lim fpr A = Apel || (Lo @ny) = 0

where @i () = @(t121, .., tpxy) fort = (t1, ..., t,) € R™.



The set of all band-dominated operators is a Banach subalgebra of L(L?(R™))
which we denote by A,(R™). This algebra is inverse closed in £(L?(R™)), and
it contains the ideal IC(LP(R™)).

Let Z,(R™) denote the set of all operators A € L(L?(R™)) such that

lim ot All e @ny) = lim | ApeI || z(Lp@nyy =0

for every function ¢ € C¥(R™) with ¢(0) = 0. One easily checks that Z,(R™) C
A,(R™) and that Z,(R™) is a two sided ideal of A,(R"™).
For R > 0, let Pr denote the operator of multiplication by the characteristic

function of the ball Bg := {x € R™ : |z| < R}, which acts as a projection on
LP(R™).

Definition 3 Let A € L(LP(R™)), and let h = (hy,) be a sequence tending to
infinity. The linear operator Ay is called a limit operator of A defined by the
sequence h if, for every R > 0,

Jim {[(Ap = Vo, AVh, ) Prll c(Lr@n)
= lim {|Pr(An = Vor, AVh, )l c(Lr@n)) = 0. (6)

Evidently, every operator A has at most one limit operator with respect to
a given sequence h, which justifies the notation A;. It is immediate from the
definition that Ay, is a bounded linear operator on LP(R™) and that || 4| < ||4].
We denote the set of all limit operators of A by op(A4).

An operator A € L(LP(R™)) is called rich if every sequence h tending to
infinity has a subsequence ¢ for which the limit operator A, exists. The set of
all rich operators in A,(R") is a closed subalgebra of A,(R™) which we denote
by AS(R™).

Theorem 4 Let A € .Af,(]R”). Then the coset A + I,(R™) is invertible in the
quotient algebra A, (R™)/Z,(R™) if and only if all limit operators A € op(A)
are invertible and if the norms of their inverses are uniformly bounded,

sup 471 < . ™)
Ap €op(A)

Note that the invertibility of the coset A 4+ Z,(R™) in A,(R™)/Z,(R™) is equiv-
alent to the existence of an operator R € A,(R™) such that

RA—1I, AR—1 € T,(R").

An operator A € A,(R™) which satisfies (one of) the equivalent conditions of
Theorem 4 is said to be locally invertible at infinity on LP(R™).

Let xo denote the characteristic function of the semi-open cube (0, 1]™ and
set Xo(x) == xo(z — ) for o € Z™.



Definition 5 Let W,(R"™) stand for the set of all operators A € L(LP(R™)) with

IAlw, @y = > sup X0 V-a AVa—ryxoll c(Lr@n))
yezn YELT

= Z sup [[XaAXa—yIllz(prmn)) < oo
~ezn aesm”

Provided with the operations inherited from £(LP(R™)) and with the above de-
fined norm, the set W,(R™) becomes a Banach algebra, the so-called Wiener
algebra. The importance of the Wiener algebra lies in the fact that the bound-
edness condition (7) in Theorem 4 is redundant for rich operators in W,(R™).

Theorem 6 Let A € Wg (R™) :=W, (R”)ﬁAf;(R"). Then A is locally invertible
at infinity on LP(R™) if and only if all limit operators of A are invertible on
LP(R™).

The local invertibility at infinity coincides with the common Fredholm property
for operators which are locally compact.

Definition 7 An operator @ € L(LP(R™)) is locally compact if a@Q and Qal
are compact operators on LP(R™) for every function a € Co(R™). We denote
the set of all locally compact operators by LCp,(R™).

Proposition 8 £LC,(R"™) N A,(R") is a closed ideal of Ap(R™).

Proof. Let Q € LC,(R")NA,(R™), A € A,(R™), and a € Cy(R™). Then aQ A
is clearly a compact operator. We show that the operator QQAal is compact,
too. Let ¢ € C§°(R™) be a function with ¢(x) = 1 if [z] <1 and ¢(z) = 0 if
|z| > 2, and set pgr(z) := ¢(z/R) for R > 0. Choose Ry such that ¢ra = a for
all R > Ry. Since A € A,(R"),

QAal = QApral = QprAal +Tr for R > Ry

where the Tr are operators with limg o | Tr|| £(zr(rn)) = 0. Since the operators
ApgrlI are compact for every R > Ry, the operator QAal is compact. [

Note that the coset A+ (LC,(R™)N.A,(R™)) is invertible in the quotient algebra
AL (R™)/(LC,(R™) N A, (R™)) if and only if there exist an operator R € A,(R™)
and operators Q1, Q2 € LC,(R™) N A,(R™) such that

RA=1+Q:;, AR=1+ Q.. (8)

Theorem 9 The operator A € A,(R™) is Fredholm on LP(R™) if and only if
the following conditions hold:

(i) A is invertible modulo the ideal LC,(R™) N A,(R™) of A,(R™),
(i7) A is invertible modulo the ideal Z,(R™) of A,(R™).



Proof. Let the conditions (i) and (i7) be fulfilled. Then there exist operators
R, R" € A,(R") such that

RA=I1+Q,, AR =I+Q), (9)

R'A=1+Qf, AR" =1+ QY (10)
where Q’; € LC,(R") N Ap(R") and QF € I,(R"). Set R:= R' + R" — R'AR".
Then

RA-T = RA+R'A-RAR'A-1
(I-R"'A)(RA-1I)=-Q{Q.
In the same way one gets
AR -1 =-Q5Q%.
The operators Q7 Q) and Q5Q% are compact. Indeed, since QY € Z,(R™),

Jim | QYQ} — prQY QS e(wogany) = 0.
Moreover, since Q7 € A,(R"),
Jim_[[Q1Q} — Q1 er@illcurzny) = 0.

Since, finally, Q] € LC,(R™)NA,(R™), the operator QY ¢rQ@] is compact. Hence,
QY@ is a compact operator. Analogously, the compactness of Q5Q% can be
checked. Thus, A is a Fredholm operator, and R is (one of its) inverses modulo
compact operators.

Conversely, let A € A,(R™) be a Fredholm operator. Then there are opera-
tors R € A,(R™) and T1, T» € K(LP(R™)) such that

RA=I+T,, AR=I+T. (11)

Because of K(LP(R™)) C LC,(R™) N A,(R™) and K(LP(R™)) C Z,(R™), the
equalities (11) imply conditions (i) and (7). ]

Theorems 6 and 9 have the following consequences.

Theorem 10 Let A € Wg(R"), Then A is a Fredholm operator on LP(R™) if
and only if

(i) A is invertible modulo the ideal LC,(R™) N A,(R™) of A,(R™),

(7i) all limit operators of A are invertible.

Theorem 11 Let A € Wg (R™), and let condition (i) of Theorem 10 be satisfied.
Then
SpessA = U sp Ah~ (12)
Ap€op(A)



Let R™ denote the compactification of R” homeomorphic to the unit ball B" :=
{z € R" : || < 1}, and let 7, € R™ \ R™ be the infinitely distant point which
corresponds to the point w € S"~1. We denote by op,, (A) the set of the limit
operators of A which correspond to sequences h tending to 7, in the topology
of R™. Then, under the conditions of Theorem 11, equality (12) can be written

as
5Pess A = U U sp Ap. (13)

weSn—1 Ay €opy, (A)

3 Applications to pseudodifferential operators

3.1 Basics

We start with recalling some facts about pseudodifferential operators. Standard
references are [37, 34, 36]. We will use the following standard notations. The
n-tuple a := (o, ..., an), o € NU{0}, is a multi-index, |a] == a1 + ...+ ap
is its length, 0y := 01 ...03" is the operator of ath partial derivative, and
(€) == (1+ |g2)1/2.

We say that a C'°-function a on R™ x R” is a symbol in the Hormander
class STy if

|a|N = Z sup |3£3?a(x, §)| <£>*m+‘a| < 0
la|+|BI<N (z,£)ER™ XR™

for every N € NU {0}. The class of all pseudodifferential operators

v = ay " [ [ e e Ou)dyde. e CRER")

with symbols in ST, is denoted by OPST",. For m € R, we use the notation
(D)™ to refer to the pseudodifferential operator with symbol a(z, §) = (£)™.

It is well known (see, for instance, [36], Chap. VI) that pseudodifferential
operators with symbols in S{ ; are bounded on L?(R™) for p € (1, co) and there
are a constant C, and a number N € N such that

10p(a)|| z(Lr@ny) < Cplaln. (14)

We will also have to work with pseudodifferential operators with double symbols
a on R™ x R™ x R™ which satisfy the estimates

for every choice of multi-indices «, 3,~. We denote the class of these symbols by
ST, 0 and write OP ST  for the associated class of pseudodifferential operators
with double symbols. The latter act on C§°(R™) via

Opsa(@) = a7 [ [ a9 Ouy) dyds. (5)



One knows that OPST", o C OPST",. More precisely, every pseudodifferential
operator Opg(a) with double symbol can be viewed as a common pseudodiffer-
ential operator, Op(b), with

o, = @) [ [ ateoby grme e (o)

a symbol in S7",. The double integral in (16) is understood as an oscillatory
integral. /

An important example of a pseudodifferential operator with double symbol
in STy o is the Weyl quantization operator Opyy(a) with a € S7*; which acts
on C§°(R™) by

Ol = en " [ [ a(TH ) e ) dya.

Theorem 12 OPS} , C W,(R") for every p € (1, o).
Proof. Let A= Op(a) € OPST";. Then A acts on Cg°(R") by

(4u)@) = [ kale, 2= ) uly) dv a7)
and the kernel function k4 € C*°(R" x R™ \ {0}) satisfies the estimates
0702k a(z, 2)| < Clala|z| "7l (18)

for all multi-indices o and § and for all N > 0 such that n+m+|a|+N > 0. The
constant C' > 0 in (18) is independent of A, whereas M depends on n, m, «, 8
and N ([36], p. 241). We set

©V(A) = sup Ix0V-aAVa—y X0l c(Lr®n))-
« n

Hence, for the operator A in (17),
#(A) < |All gzr@nyy < Clalar,

whereas for v # 0,

#V(A) < (/I ( : lka(z —y+7)" dy)'% dm) "

with 1/p+1/p’ = 1. Applying estimate (18) witha=3=0,m=0and N =1
we obtain
5(4) < Clalyh| ™! fory £0.

Hence,
> sup IxoVeaAVarXollowreny) < Y #7(A) < Clalm
YEL™ €L yEZ™
for some M € N. [ |

10



Definition 13 Let S?!O(R") (resp. SY. O’O(R")) denote the class of all symbols
n 5?70 (resp. in 5’97 0,0) which can be extended to a continuous function on R™ x

R™ (resp. on R™ x R™ x R™). We further say that a belongs to STO(R”) (resp.
to S{?070(H~§”')) if the function a(§)™™ lies in 5?70(]@") (resp. in ST QO(R")).

Proposition 14 OPS%O(R”) C Wl;s(R")

Proof. Leta € S?’O(R”), and let h = (h;) be a sequence tending to infinity.
Then
V_n,0p(a)Vy, = Op(a(z + hy, §)).

For every compact subset K of R", the sequence of the functions a(x + hj, £),
J € N, is uniformly bounded and equicontinuous on the compact subset K x R"™
of R x R™. By the Arcela-Ascoli theorem, there are a subsequence g = (g;) of
h and a function ay € C*°(R™ x R™) such that

lim sup |8ff<9?a(a: +g;, &) — 8583%(3:, £)| =0 (19)

J—70 K xRn

for all multi-indices «, 8. The limit (19) implies that a, € S?; and that
Op(ag) is the limit operator of Op(a) with respect to the sequence g. Hence,
OPSY ((R") C WE(R”) for every p € (1, 00). ]

Let a € S?7O7O(R") and let h : N — Z" be a sequence tending to infinity. Then
there exists a subsequence g = (g;) of h such that

lim  sup |000a(z + g;, y+ g5, &) — 050¢ag(x, v, §)| =0 (20)
J70 Ky x Ko XR™

for every compact set K1 x Ko C R” x R™ and all multi-indices a, 3. One can
prove as above that Opg(a,) is the limit operator of Opq(a) with respect to the
sequence g.

3.2 Essential spectra of elliptic pseudodifferential opera-
tors of zero order

A pseudodifferential operator Opa(a) € OPST',  is said to be uniformly elliptic

on R™ if

li inf Ly, &) > 0. 21
Rgnoo (m,y)eR’}gR",\f\ZRM(x v 9 (21)

Theorem 15 An operator Opy(a) € OPSY is Fredholm on LP(R™) if and
only if it is

(1) uniformly elliptic on R™, and

(i) locally invertible at infinity.

Proof. Let the ellipticity condition (21) hold. It is easy to show that then
there is a double symbol b € 5?7070 such that

Opq(b)Opa(a) = I+ Opq(t1), Opa(a)Opaq(b) = I 4+ Opq(t2)

11



where the operators Opg(t1) and Opg(t2) belong to OPS;&_O and are therefore
locally compact on LP(R™). Hence, by Theorem 10, Opg(a) is a Fredholm
operator on LP(R™).

Conversely, it is well known that the Fredholmness of an operator Opg4(a) in
OPSY 4 o implies its uniform ellipticity (21). Since K(LP(R™)) C Z,(R"), the
Fredholmness of Opg4(a) also implies the local invertibility at infinity of Opg(a).
|

The previous results imply the following.

Theorem 16 Let A = Op(a) € OPSY O’O(R") be a uniformly elliptic pseudod-
ifferential operator. Then A is a Fredholm operator on LP(R™) for p € (1, o)
if and only if all limit operators of A are invertible. Moreover,

SPess (A1 LP(R™) — LP(R™) = ] sp(An: LP(R") — LP(R™)).  (22)
Ap€op(A)

3.3 [Essential spectra of perturbed elliptic pseudodifferen-
tial operators of nonzero order

Here we consider a class of pseudodifferential operators of order m > 0 perturbed
by a singular potential ®, i.e., operators of the form A = B + ®I where

(A) B = Opa(b) € OPSP, o and b(&)™™ € S o(R™);

(B) the operator ®(D)~™ is locally compact on LP(R™), and it belongs to
WS (R™).
P

We consider A as a bounded operator from H™ P(R™) into LP(R™) where
H™P(R"™) is the Sobolev space with norm

||u||Hm,p(R,L) = H <D>muHLP(Rn).
Theorem 15 implies the following.

Theorem 17 Let the operator A = Opgy(b) + @I satisfy conditions (A) and
(B). Then A, considered as acting from H™P(R™) to LP(R™), is a Fredholm
operator if and only if

(1) the operator Opg(b) is uniformly elliptic on R™, and
(7i) all limit operators of the operator A(D)~™ are invertible on LP(R™).

Let A satisfy conditions (A) and (B), and let m > 0. Then A can be considered
as an unbounded closed operator on LP(R™) with domain H™ P(R™). A point
A € C is said to belong to the essential spectrum of A if the operator A — AT
is not a Fredholm operator on LP(R™) in the sense of unbounded operators.
We denote the spectrum and the essential spectrum of A acting on LP(R™) by
spP A and spP, A, respectively. Further we agree upon the following notations.

€ess

Let A = Opq(b) + @I be of order m > 0, and let A, be a limit operator of

12



A= A(D)~™ with respect to a sequence h. Then we call A, := Ah<D>m the
limit operator of A defined by the sequence h. In general, A, is an unbounded
closed operator on LP(R™) with domain H™P(R™). We write op(A) for the set
of all limit operators of A defined in this way. The following is a consequence
of Theorem 17.

Theorem 18 Let the operator A = Opq(b) + ®I satisfy conditions (A) and
(B), and let the operator Opq(b) be uniformly elliptic on R™. Then

spEi A = U spP Ap. (23)
Ap€op(A)

The next proposition states some sufficient conditions for a potential ® to be
subject of condition (B). In case p = 2, similar results have been obtained [8],
p. 62 — T71.

Proposition 19 (i) If m > 0 and ® € L>®(R"), then the operator ®(D)~™
belongs to W,(R™) and is locally compact.

(i3) If m < n and ® € L™ (R™), then the operator ®(D)~™ belongs to W,(R™)
and is compact on LP(R™).

(¢33) If m > n and ® € LP(R™), then the operator ®(D)~"™ belongs to W,(R™)
and is compact on LP(R™).

Proof. (i) One has
(D) ™™) < | poe ey (1) T

which implies ®(D)~™ € W,(R™). The local compactness of this operator
follows since m is positive.

(#4) The operator (D)~™ acts boundedly from L?(R™) into LI(R™) N LP(R™) if
1

=1_1m TIndeed, (¢)~™ is an L,-Fourier multiplier for every p € (1, co).

@ =lelmm (lglm©m)

The operator [£|™(£)~™ is an L,-Fourier multiplier, too, whereas Op(|¢|~™) is
a Riesz potential which is bounded as an operator from LP(R™) into LI(R™) by
the Hardy-Littlewood-Sobolev theorem (see, for instance, [36], Chap. V).

The generalized Holder inequality

. P
Write

luvllpsgny < llulle@n) vl Logn)
holding if % = % + % implies
12(D) """l c(Lr@ny)y < Cp 1Pl nsm(@n)- (24)

Further, for z € Iy,

XoVoa®(D) "™ Vo_yxov(z) = B(z + ) / kpy-m(z —y+v)v(y) dy.

Io
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In case v = 0 we conclude from the equality || ®(- + )| Ln/m@n) = [P Ln/m@n)
and from estimate (24) that

[X0V=a®(D)™"Vaxo!l |l c(rr@n)) < IR pn/m@ny-
Let now v # 0. Then, for u € LP(R"™),
[X0V=a®(D)™"Va—yxotl Lr@n) < [P Lr/m@ny Ix0Voa (D)™™ Vaeyxotl La@n)
1_1.,m R S B
where s=3t % Further, with st o= 1, one has

[xoV-a({D)™™ a—'yXOU”LQ(an)

1
< </ (/ |kpy-m(z—y+7)| dy) dff) lullLe®ny-
Iy Iy

Applying estimates (18) and (24) we obtain

suZp ||X()V,a(I)<D>7m af'yXOI”,C(LT’(]R")) § C()”@”Ln/nz(]Rn)<’7>7n71.
aeZm™

Hence, ®(D)~™ € W,(R"™).

In order to prove the compactness of (D)~ choose a sequence of functions
@ in C§°(R™) such that limg—.c [® — P pn/m@ny = 0. Employing estimate
(24) once again we find

Jim [ ®(D)7" = @4(D) " c(rogeny) = 0.

Since the operators ®; (D)™™ are compact on LP(R™), so is ®(D)~"™.

(4ii) Let m > n. Then the function k(py-m is continuous at the point 0, and it
satisfies estimate (18). We claim that then (D)™™ is a bounded operator from
LP(R™) into LP(R™) N L*>°(R™). For w € LP(R™), let

v(r) = A kpy-—m(x —y+v)u(y) dy.

By the Holder inequality,

(@) < kDy=mll Lo @y 1l Lo ) -
Thus, if & € LP(R™), then

12(D) ™" | £(zr@ny) < Cpll®llLrrn),

verifying the claim. The compactness of ®(D)~™ on LP(R™) for p < oo can be
shown as in (7). ]
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4 Exponential estimates for perturbed pseudod-
ifferential equations

4.1 Weights

Let w be a positive measurable function on R™ which we call a weight. We
denote by LP(R"™, w) the space of all measurable functions v on R™ for which

||u||Lp(]Rn7w) = ||wuHLp(Rn) < 00.

Let D be a convex domain in R™ which contains the point 0 € R™. In what
follows we consider weights of the form w(x) := expv(z) where v is a function
satisfying 0,,v € Cy°(R") for j =1, ..., n and Vuv(z) € D for every x € R™.
We denote the class of these weights by R(D), and we write R (D) for the class
of all weights in R(D) such that

lim 8§MJU($) =0 (25)

xr— 00

for 1 <4, j < n. The weights in Ry (D) are called slowly oscillating.
Let [ : S"1 — R be a positive C*°-function. We associate with [ the weight

wi(z) ;= expy(x) where wv(x):=1(z/|x])|x]| (26)
and consider the open star-like domain
Qi={reR": 2 =tww,t€0,1),we S}
One can show that

v(z) =max (z,y) forallz e R"
ye

where (z, y) = Z?Zl x;y; is a standard scalar product on R™.

Proposition 20 (i) The function v; is positively homogeneous, that is v;(tx) =
tvy(x) for all t >0 and © € R™. Moreover, v; € C*°(R™ \ {0}).

(i) Vu(z) € Q for every x € R™ and Vv (w) = l(w)w € 9 for every point
we s

Proof. Statement (i) is evident. To prove (ii), fix x € R". The continuous
function y +— (z, y) attains its maximum over {); at some point £(z) € €.
Thus, vi(z) = (z, £(z)). In particular, £(x) is a stationary point of the function

y — (z, y) on €, that is, E’(g”a’igfw))zOforizl,...,n,whence

ou(z) ~ Oz, £(x)) 0i(x) _
9z, fj(x)—i—z oy Dz = & ().

i=1

This shows that Vu;(x) = £(z) € Q; for every € R™. It is further evident that
¢ is a homogeneous function of order zero. Hence, Vo (w) = §(w) = l(w)w. m
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Let 9; be a C*°-function on R™ which coincides with v; outside a certain neigh-
borhood of the origin. Then the weight w; := exp 9; belongs to the class R4 (D).
Moreover,

xlirgl Vg, (z) = Vug, (w) = l(w)w. (27)

4.2 VYDO with analytical symbols

Let D C R™ be a convex domain, and abbreviate (£) := (1 + |£]?)Y/2. We say
that a symbol a belongs to S7% o(D) if the function £ +— a(x, y, §) extends
analytically into the tube domain R™ + ¢D and if

1050, 0 a(x, y, &+ in)| < Cap(€)™

for all triples (z, y, £ +1in) € R™ x R™ x (R" 4 ¢D). For proofs of the following
propositions see Section 4.5 in [32] and page 308 in [11], respectively.

Proposition 21 Let a be a symbol in ST (D) and w a weight in R(D). Then

w™'Op(a)wl = Opa(a(z, y, &+ ibu(z, y))) (28)

is a pseudodifferential operator in OPST, , and

O (2, y)z/o (Vo) (1 — )z + ty) dt.

Proposition 22 Let Banach spaces X1 and Y7 be densely embedded into Ba-
nach spaces Xo and Yo, respectively. Further let A : Xo — Yo and Alx, : X1 —
Y1 be Fredholm operators with the same index,

ind(A:Xe - Ys) =ind (4|x, : X1 — ¥1).

Then every solution u € Xo of the equation Au = f with f € Y1 belongs already
to Xl.

Theorem 23 Let w be a weight in R(D) with lim,_. w(x) = oo, and let
A := Opy(b) + @I be an operator which satisfies the following conditions:

(i) be Si%.o(D), b(§)~™ € 57 O’O(R"), and conditions (A) and (B) hold;
(73) Op(b) is an elliptic operator on R™;
(#i1) for every t € [—1, 1], all limit operators A}, : H™P(R™) — LP(R™) of the
operator
Apw = Op(a(z, y, &+ ithy(x, y)) + I
are invertible.
If u is a function in H™P(R", w=t) for which Opg(a)u € LP(R™, w), then u
belongs to H™P(R"™, w).
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Proof. Note that A : H™P(R", w') — LP(R", w') is a Fredholm operator if
and only if w™tAw'l : H™P?(R™) — LP(R™) is a Fredholm operator, and that
the Fredholm indices of these operator coincide. The conditions of the theorem
guarantee that w=tAw!l : H™P(R™) — LP(R") is a Fredholm operator for
every t € [—1, 1]. The representation (28) and the estimate (14) for the norm
of pseudodifferential operators imply that the mapping

[-1,1] 2t —» w ' Aw'T : H™P?(R™) — LP(R")

is norm continuous. Thus, the Fredholm index of the operators w=tAw'I :
H™PR") — LP(R™) is independent of ¢ € [—1, 1], and so is the index of the
operators A : H™P(R", wt) — LP(R™, w'). Hence,

ind (A : H™PR™, w™ ') — LP(R™, w™ 1))
= ind(A: H™P(R", w) — LP(R", w)).
Moreover, the embedding of H™?(R", w) into H™ P(R™, w~1!) is dense. Propo-

sition 22 implies that all solutions of the equation Au = f with f € LP(R", w),
which a priori lie in H™P(R", w™1!), already belong to H™ P(R", w). |

Corollary 24 Let the conditions of Theorem 23 hold for every t € [0, 1]. If
u € LP(R™) is a solution of the equation Au =0 then u € H™P(R", w).

The next theorem follows from Corollary 24 if one takes into account that

lim Vo (z+ gr) =l(w)w

9k —Nw
for every sequence g tending to 7,,.

Theorem 25 Let the operator A = Opqa(b) + @I be such that b € ST (D),

b(&)~™ € 5?7070(]@”), and Opg(b) is uniformly elliptic. Let further conditions
(A) and (B) be satisfied. Moreover, let Opq(b9) + @91 be a limit operator of A

defined by the sequence g, and let | be a positive C*°-function on the unit sphere
SntoIf XN e sph, A, but

A ¢ spP(Opa(b?(z, y, £ +itl(w)w)) + @1)
for every w € S"7L, every t € [0, 1] and every sequence g tending to n,,, then

the A-eigenfunction uy of A lies in H™P(R™, el(ﬁ)lml),

4.3 YDO with slowly oscillating symbols

Here we introduce a class of pseudodifferential operators for which the state-
ments of Theorems 23 — 25 can be formulated more explicitly. We say that a
double symbol a € ST g is slowly oscillating if

lim  sup |8f@?a(x, z+y, )™ =0
T—00 ¢cRn ye K
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for all multi-indices «, 3 # 0 and for every compact subset K of R™. We denote
the class of these symbols by SOT( ( and write OPSOY" ,, for the correspond-
ing class of pseudodifferential operators. Further we set OPSOTO’O(R”) =
OPSOT, , NOPST, ((R™).

We consider perturbed pseudodifferential operators of the form
A = Opy(b) + I

where Opq(b) € OPSOTO’O(R”) for some m > 0 and where ® := ®; + ®, with
O, (D)™™ a compact operator and P2 € SO(R").

Let h: N — Z" be a sequence tending to infinity. There is a subsequence g
of h and a function 4% on R™ such that

b(x + gk, Y + gk, §) — b(§) (29)

in the topology of the space C°(R™ x R™ x R™) (see [32], p. 228, for details).
Since the values b9 () of the limit function are independent of « and y, the limit
operators of Opy(b) € OPSOTO’O(R”) have symbols which are independent of
z and y, too. Similarly, the limit operators of the potential ® are operators of
multiplication by the constants

DY = kh—{go Do(x + gr) = klirrolo Do (gk). (30)

Thus, all limit operators A9 := Op(b9(§)) + ®§ of A are invariant with respect
to shifts. One can prove that then the spectrum of the limit operator A9,
considered as an unbounded operator on LP(R™) with domain H™ P(R"™), is
independent of p € (1, co) and that

spAI ={AeC: A=0bI(&) + DJ, £ €R"}.
This implies the following result.

Theorem 26 Let A = Opgy(b) + @I where Opy(b) € OPSOTO7O(R”) for some
m > 0 is a uniformly elliptic operator, ® = &1 + Py with ®1(D)~"™ being
compact on LP(R™) and ®2 € SO(R™). Then the essential spectrum of A, the
latter considered as an unbounded operator on LP(R™) with domain H™ P(R™),
is independent of p € (1, 00), and

spessA= | {AeC:A=09(¢) + @4, £ R} (31)
A9€op(A)

where the constant functions ®5 are defined by (30).

Our next goal are estimates of the exponential decay of eigenfunctions of pseu-
dodifferential operators with slowly oscillating symbols acting on spaces with
slowly oscillating weights.
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Theorem 27 Let A = Opga(b) + @I where b € SO’ o N ST o(D), b(§)™™ €

S1 0,0(R ”), and Opq(b) is a uniformly elliptic operator. Let further w = expv
be a weight in Ry (D). Finally, let X € sph, /A and uy be a \-eigenfunction of
A If

inf |b9 it09) + &5 — N\ >0

§1€an| (€+7' w)+ 2 |>
for every sequence g tending to infinity such that the limits (29), (30) and the
limit

0% = klirgo Vou(x + gk)

exist, then uy lies in LP(R™, wy).
Let ! be a positive C*®-function on the unit sphere S”~' such that Q; C D,
and let w; := exp v; where vj(x) = l(ﬁ)m Modifying w; in a neighborhood of

the origin, we obtain a weight in R4 (D). Then Theorem 27 gives the following
result.

Theorem 28 Let A = Opy(b) + ®1 where b € SO, o N ST o(D), b(§)™™ €
89 o o(R™), and Opa(b) is uniformly elliptic. Let A\ € sph, A, and let uy be
a A-eigenfunction of A. For every t € [0, 1], every w € S™7, and for every
sequence g tending to n,, such that the limits (29) and (30) exist, let

inf |b9 ; ®J — .
Aot [b9(€ + itl(w)w) + PF — A| >0

Then uy € LP(R™, w;).

5 Schrodinger operators

5.1 Essential spectra
Consider the electromagnetic Schrodinger operator

H = (i0y, — a;j)p’*(i0x, — ai) + @I
on R™ equipped with the Riemann metric pj; such that

xeR”,iBfeSn—l pik(@)w’ Wt > 0. (32)
Here we use again the Einstein summation convention, and pjj (z) refers to the
tensor inverse to p’*(x).

We suppose that the functions a; and p’F € SO>®(R") are real-valued,
whereas ® is a complex-valued electric potential such that ®(D)~? is a locally
compact operator on LP(R™) for some p € (1, co) which, moreover, belongs
to VV$ (R™). We consider H as a closed unbounded operator on LP(R™) with
domam H?P(R™). Then it follows from Theorem 18 that

SplezssH = U SppHg (33)
HgE€op(H)
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where ‘
Hy = (10, — al1)p}F(i0x, — af) + 1,

py = Jim PHg) R, af = Jim ax(g) € R, (34)

and where ®97 is the limit operator of the operator ®I with respect to g. It is
not hard to show that

s-lim ®(x + ¢;)(D)~? = ®9(2)(D) 2 (35)

where the s-lim refers to the strong limit.
For a9 = (af, ..., ag) € R™, set (Tyou)(x) := '@ @y(x). The so-defined
operator T, acts as an isometry on LP(R"), and

TasHyTops" = —0,pF0r,, + ®1.
Consequently, the limit operator H, is isometrically equivalent to the operator
ik
'H; = —p} 0y, 0, + I

without magnetic field. This shows that

st H=|J "My
Hg€op(H)

and that the essential spectrum of H is independent of the magnetic field.

Let ® = ®; + ®, where ®3(D)~2 is a compact operator on LP(R™) operator
and where ®; € SO(R"). Then the limit operators H; = —pgkamj Oz, + ®II are
operators with constant coefficients. Hence, the essential spectrum

spPoH = J{IA e R A= —plFg;g + @, £ € R} (36)
g
is independent of p € (1, o).
Let I's, C C denote the set of all partial limits at infinity of the function @ .

It turns out that I's, is a closed connected set of the complex plane. Identity
(36) implies the following.

Theorem 29 (i) spp, , H={A€C: X=X +i)y, \1 €[0, 0), A2 € T'g, }, and
spP. H does not depend on p.

(1) If the function @1 is real-valued, then spP, H is the interval

spess 1 = [lim inf @1 (), +00).
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5.2 Exponential estimates of eigenfunctions of the discrete
spectrum

In what follows we restrict our attention to Schrodinger operators acting on
L?(R™). We suppose that the functions p’* and a; as well as the weight w are
slowly oscillating, that is, condition (25) holds. The limit operators (w™tHw),
of w™'Hw are unitarily equivalent to the operators

MY, = pif (0, + i (V0)])(i0y, +i(V0)]) + @1
where
(Vo)? = klim (Vo)(gx) € R™ (37)
Below we will need the following evident observation.

Proposition 30 Let A = Ay +iAs be a closed and densely defined unbounded
operator on a Hilbert space H where Ay = RA = (1/2)(A+ A*) and Ay = SA =
(1/2i)(A — A*) are symmetric operators on H. Let A be a real number which is
not in sp A1. Then X ¢ sp A.

Note that ‘
RHY, = —plF 0,00, — [(VO)I[2 + 1 (38)

where
(Vo) (@), = piF (V)] (V)] = (pg(Vv)?, (V0)?)

and py = (pi* )7 k—1- From Theorem 23 we conclude the following.

Theorem 31 Let A € spg;sH, and let the above conditions for the metric p,
the vector potential a and the weight w = expv hold. Further assume that

A+t|(V)I 2 ¢ sp(—pif0n,0p, + ®IT) (39)

for every t € [0, 1] and every sequence g for which the limits (34), (35) and (37)
exist. Then the \-eigenfunction uy of H belongs to H*(R™, w).

Corollary 32 Let )\ € spgisH and let the above conditions for the metric p, the
vector potential a and the weight w = expv hold. Further let ® = ®1 + $5 be a
real-valued function for which ®; € SO(R™) and ®2(D)~2 is a compact operator

on L*(R™), and assume that
[(VU)?]p, < /@1 —A (40)

for every sequence g as in the previous theorem. Then every A-eigenfunction uy
of H belongs to H?(R"™, w).

Next we introduce a function which describes the local distribution of the es-
sential spectrum of the operator H by

w) = inf spH,.
MH( ) H,€opn,, (H) D g
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Clearly,

N
fire = inf ()

is the infimum of the essential spectrum of H.

Theorem 33 Let the above conditions for the metric p and the vector potential
a hold. Moreover, assume that the limit limg ., pF(x) =: pIF exists for every
we S and set p, = (p{f)}f we1- Let A < iy be an eigenvalue of H and uy

an associated \-eigenfunction. Let finally | be a positive C™-function on S™~!
for which

l(w) < % for allw € S™71. (41)

Then uy € H2(R™, w;) where w(x) = exp(l(z/|z|)|z]).
Proof. Let the sequence g tend to n,. According to formula (38),

RHY, = —pifoe, 00, — |(VV)(w)[5, + D91

By means of Proposition 20 (i7) we obtain further that

(Vo)W)I7, = (pu(VO)(W), (V)W) = 1*(w)(puw, w).

Thus, condition (41) implies condition (39) of Theorem 31. By the latter theo-
rem, uy is indeed in H?(R", w;). ]

Theorem 33 associates to each eigenvalue A(< fi3¢) and to the distribution func-
tion py a weight w;(z) = exp(l(x/|z|)|z|) such that uy € H*(R", w;). If only
the infimum jiy; of the essential spectrum of H is available, then one still gets a
rough ”isotropic” exponential decay estimate of the A-eigenfunction uy, namely

A — A
inf,egn-1(puw, w)’

uy € H*(R™, e!l*l)  where 0<1< \/

5.3 Multiparticle Schrodinger operators

We consider an atomic type system of N + 1 particles with coordinates z; € RY,
0 < i < N, and interacting real-valued potentials ¢;;, 0 < i < j < N, defined
on R™. The particle zy (considered as the "nucleus”) has infinite mass and is
fixed at g = 0. We assume that the functions ¢;; are subject to the following

conditions:
(i) the functions p;; are measurable on R”, and the operators ¢;;(D)~? are

compact on L?(RY),

(1) @5 >0for 0 <i<j<N.
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The configuration space of the system consists of the product of N copies of
RY which we identify with RY” and denote by X. The generic point in X
is x = (2!, ..., 2), where the 2' = (2%, ..., x%) are the coordinates of the
particles. The Schrodinger operator of the system is the elliptic operator H on

X defined by

N 1 N N
H==Y A=Y o)+ Y eyl —a) (42)
i=1 v i=1 1<i<j<N

where A; is the usual Laplace operator with respect to the variable z* and the
m; are positive numbers representing the mass of the particles. We consider
potentials ® which are functions on X of the form

)= Y i)

0<i<j<N
where ()
- . QD()J‘{E% ] if ].S]SN,
®ij(w) = { pij(zi —a9) if 1<i<j<N.
Let » < N. For each r-tuple (i1, ..., i) of integers 1 <i; < ... < i, < N, we
let ;... 4,) stand for the set of all w € SYN-1 with wk #£ 0 if k € {i1, ..., i}

and w* =0 for k ¢ {i1, ..., i, }.

Proposition 34 (i) Let 1 <r <N —1 andw € ¥, ... ;,)- Then

pr(w) =infsp Ay 4y, . i, and  pp(w) <0
where

1 .
Aif i = — Z (%Ag‘—%g‘(ﬂf]))

1<G<N, jFir, ooyir

+ > pij(a' —at).

L<<GEN, i1, ooy by G701 o i

(ii) Let r = N and w € ¥(1,.. n). Then pp(w) = 0.

Proof. (i) Let h = (hy,) = (h,, ..., hY)) be a sequence in ZN" which tends

to 1. We distinguish between two cases.

Case (a): The coordinate sequences (hi1), ... (hir) tend to infinity, whereas all

other coordinate sequences (h?,) with j & {iy, ..., i,} remain bounded.
Denote by L£;, .. 4, the set of all pairs (i, 3,) with i,, i, € {i1, ..., 9}

for which the sequence (hi,‘{ — hiv) is bounded. We can assume that then
limyy,— o0 (hay — hiz) = oo for all pairs (i, i,) ¢ Li, ... (otherwise we pass
to a suitable subsequence of ). Then there is a subsequence of h, for which the
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limit operator of H exists and is unitarily equivalent to the operator

1 .
= - — j — (o
= Z 2m; B . Z , P03 ()
1<G<N 1<j<N, j#i1, .., ir
N 2 pij(z" —a7)
1Si<j§N,i7fi17,,,77;7.7‘]‘751;1’.“’74‘,'”
+ Y el =),
(4, 9)€L:y, ..., iy

The non-negativity of the potentials ¢;; implies that the spectrum of Hy, is a
subset of the spectrum of the operator Hj, defined by

1 ,
/
Hp = - Z gm,Amﬂ'— E poj(2’)
1<i<N 7 1<G<N, jin, ..y ir
+ wij(zt — ).
L<i<GEN, ikin, ooy gy G005 -y i

For the reverse inclusion of spectra, note that there exists a limit operator 7:{9
of Hj, which equals Hj},. Theorem 18 implies that spHp 2 Spess Hn 2 spHg =
sp'H},. Hence, the spectra of Hj, and H), coincide.

Case (b): Again we assume that the coordinate sequences (hi1), ... (hi) tend
to infinity, but now we also allow that the sequences (hJ!), ...(hJ,) tend to
infinity for some indices j1, ..., i & {1, ..., ir}.

Since the potentials ¢;;(z7) are non-negative, the inclusion spH}, C spHp,
follows as in case (a). Applying the Fourier transform with respect to the vari-
ables zF, k = i1, ..., i, we obtain that the operator H}, is unitarily equivalent
to the operator of multiplication by operator-valued function which is defined
at (61'17 ey 5%) e R" by

Hp (s o5 &i) o= Bt A

ey g
Qmil 2m; v o

i

(43)

It follows from (43) that
spHp = spHj, = [inf sp Ai, . i,, +00)

for 1 <r < N—1. Note that the spectrum of the operator H}, contains the semi
axis [0, +00). Indeed, there exists a limit operator — >, ., ﬁjij of H}, the
spectrum of which is [0, +-00), and by Theorem 18, spH), D spess Hj, D [0, +00).
Thus,

pre(w) = inf sp Ai, ;. <0,
(ii) Let h = (hy) = (hL,, ..., hY) be a sequence in Z"" which tends to 7, for
some point w € Xy, n). Then each of the sequences (hL), ..., (RY) tends

to infinity. Let U be the set of all pairs for which the sequence (hi, — hk) is
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bounded. Then there exists a subsequence of h for which the limit operator of
‘H exists and is unitarily equivalent to the operator

By = — Z %AW—F Z gpij(xi—xj).

1<G<N 7Y (4, )€U

The non-negativity of the potentials ¢;; implies that sp By C [0, +00). For the
reverse inclusion, note that there exists a limit operator of By which is equal to
—2i<j<q ﬁjAIj and which, thus, has the interval [0, +00) as its spectrum.
Hence,

sp By = [0, +00) (44)

which implies in particular that p(w) = 0. |

As a corollary we obtain the Hunziker, van Winter, Zjislin theorem (see, for
instance, [7], 3.3.3) on the location of the essential spectrum of the multiparticle
Schrédinger operators.

Theorem 35 (HWZ theorem) The infimum [iy of the essential spectrum of
the multiparticle Schrddinger operator 'H is

(3 = inf infspA;, i
H 1<i1<...<in<N,1<r<N-1 e tr

Theorem 36 Let A < fiyy < 0 be an eigenvalue of H and | : S"1 — R be a
positive C°-function such that

where

di 1 1 1 1

=diag = ey oy ey ) ey ——

p 9\ 2my 2my 2N 2my

is a diagonal matriz with each value occurring v times, and pn(w) is given in
Proposition 34. Then each \-eigenfunction uy of H belongs to L*(R™, el(ﬁ)lml).

5.4 Perturbed periodic Schrodinger operators
In this concluding subsection we consider Schrédinger operators
He = —A+ I

with potential & = ®; + &y + ®3 where &; € L>*(R") is a real-valued func-
tion which is periodic with respect to a lattice I' of periods (or I-periodic for
short), @, is a real-valued measurable function such that the operator ®o (D)2
is compact on L?(R"), and ®j3 is a real-valued function in SO(R™).

First we consider the periodic operator

Hq>1 = —-A+d1 = Pl({E, D)
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For simplicity we suppose that ®; is a periodic function with respect to the
lattice Z™. We shall need the Floquet transform

(F@ k) = 3 Valfe @0) forz, k e R™.

aeZn

The function (z, k) — Ff(z, k) is Z"-periodic with respect to  and satisfies
the following cyclic condition with respect to the quasi-impuls k,

(Ff) (@, k+7) =e " (Ff)(z, k)

for all v € 27Z™ and k € R™. It is well known that F acts as a unitary operator
from L2(R™) to L%(T*, L?(T)) where T* = R"/27Z" is the so-called Brillouin
zone and where T = R"/Z™. The inverse Floquet transform is given by

1

F o) (x :—/ vx,kei(x’k)dk
FO@ = g [, v B

where the function v(z, k) € L?(T*, L?(T)) is continued to a periodic function
with respect to the variable x € R™. A straightforward calculation yields

(FPi(z, D)F ' f)(x, k) = Pi(x, Dy + k) f(z, k).

Hence, the operator Pj(x, D), considered as an unbounded operator on L?(R"™),
is unitarily equivalent to the ”direct integral”

Py(z, D, + k) dk
T*
of the unbounded self-adjoint operators P;(x, D, + k) on L?(T) with domain
C?(T). The operators P;(z, D, + k) have a discrete and real spectrum for every
k e T*. For k € T*, let A\;(k), j > 1, refer to the eigenvalues of the operator
Py(z, D, + k).
A basic property of spectra of periodic Schrédinger operators is that

oo

sp H1 = SPess H1 = U[VJ’ Nj]
j=1
where
= i ik e Mi(k 4
Vi omin i(k)s pnax i (k), (45)
and

kefgigﬂn Aj(k) m 00 asj— o0

(see, for instance, Section XIII1.16 in [33] and [14]). Hence, the spectrum (= the
essential spectrum) of a periodic Schrodinger operator is the union of intervals
[vj, p;] which are also called spectral bands.
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The existence of spectral gaps, i.e., of intervals of the real axis which do not
intersect any of the spectral bands is what makes a crystal a semi-conductor.
Note that there is also a semi-infinite gap (—oo, inf; v;) left of the spectrum.

In the one-dimensional setting, it is known that generically there exist in-
finitely many spectral gaps. The long standing Bethe-Sommerfeld conjecture
claims that in dimensions 2 and 3 only finitely many gaps occur. This conjec-
ture has been verified in the affirmative for Schrodinger operators with periodic
electric potentials.

Next we consider potentials & = &; + ®5 where ®; is as above and P is
such that the operator ®;(D)~2 is compact on L?(R™). Then, clearly,

spess(_A + ((I)l + (I)Q)I) = Spess(_A + (I)ll)v

but points of the discrete spectrum of —A + (@1 + ®2)I can appear in spectral
gaps of the operator —A + ®41.

Theorem 37 Let (uj, vj+1) be a spectral gap of the operator —A + ®11, and
let X € (1, vj+1) be an eigenvalue of —A + (®1 + $2)I and un an associated
eigenfunction. Then e'l*luy € L2(R™) for each positive number | < Vig1 — A

Finally we consider the general case of potentials ® = ®;+ P, + P35 where 1 and
O, are as above and @3 is a real-valued function in SO(R™). For a € L>°(R"),
set

me(w) = liminf a(z), My (w) :=limsup a(x),
TN =10
me = inf my(w), M, := inf M,(w).
wesn-1 wesn—1

Theorem 38 Let Ho = —A+ @I with ® = & + o + P35 where 1 € L¥(R™)
18 real-valued and Z™-periodic, o is a real-valued measurable function for which

the operator ®5(D)~2 is compact on L?*(R™), and ®3 is a real-valued function
in SO(R™). Then

o0

SPessHao = U Vi +may, pj + Ma,]
j=1

where the p; and vj are given by (45).
Corollary 39 Let (15, vj+1) be a spectral gap of the operator He,. If
Vit1 — pj > Mo, — ma,

then the interval (p; + Moy, viy1 +ma,) is a spectral gap in the essential spec-
trum of He. In the opposite case

Vit1 — Hy < M<I>3 - My,

the spectral gap (p;, viy1) of the unperturbed operator is contained in the spec-
trum of the perturbed operator (thus, the gap closes).
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Note that

SpessH<b = SpessH<I>1 +®3-

Theorem 40 Suppose that the spectral gap (1; + Moy, Vi1 + ma,) is not
empty, and let A € (1 + Mo, , vj41 +ma,) be an eigenvalue of He. Further let
[: 58" 1 — R be a positive smooth function with

l(w) < vjy1 — A+ ma, (w) for everyw € S™7L.

Then the A-eigenfunction uy of He belongs to H*(R™, exp(l(z/|z])|z]))-
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