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Abstract

In an earlier paper we showed that the sequence of the finite sections
P, AP, of a band-dominated operator A on [P(Z) is stable if and only if
the operator A is invertible, every limit operator of the sequence (P, AP,)
is invertible, and if the norms of the inverses of the limit operators are
uniformly bounded. The purpose of this short note is to show that the
uniform boundedness condition is redundant.

1 Introduction

Let 1 < p < co. We will work on the Banach space [P(Z") of all sequences (z,,)22,
of complex numbers with ) |z, |P < co. We provide this space with its standard
basis which consists of all sequences e; := (0, ..., 0, 1, 0, ...) with the 1 standing
at the ith position. Every bounded linear operator on [’(Z") admits a matrix
representation (a;;); jez+ with respect to the standard basis. We call an operator
A € L(IP(Z")) a band operator if the associated matrix is a band matrix, i.e., if
there is a k such that a;; = 0 whenever |¢ — j| > k. The operator A is said to be
band-dominated if it is the norm limit of a sequence of band operators.

Let n € N. The nth finite section of an operator A € L(IP(Z")) with matrix
representation (a;;);jez+ is the n X n-matrix (a;)7; ;. We identify this matrix
with the operator P, AP, where P, is the projection

P, IP(Z") — P(Z"), (x, 21, ...) — (To, -y Tp1, 0,0, ...).

The sequence (P, AP,) of the finite sections of A is said to be stable if there is
an ng such that the operators P, AP, : im P, — im P, are invertible for every
n > ng and if the norms of their inverses are uniformly bounded.

There is an intimate relation between stability of sequences and Fredholmness
of operators. For, we associate to the sequence A = (P, AP,) the block diagonal

operator
Op (A) = dlag (PlApl, PQAPQ, PgAPg, .. ) (1)
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considered as acting on [P(Z") = im P, ® im P, @ im P3; @ .... It is an easy
exercise to show that the sequence A is stable if and only if the operator Op (A)
is a Fredholm operator on [?(Z"), i.e., if its kernel and its cokernel have finite
dimension. In general, the equivalence between stability and Fredholmness seems
to be of less use. But if we start with the sequence A = (P, AP,) of the finite
sections method of a band-dominated operator A, then we end up with a band-
dominated operator Op (A) on [P(Z*1) again. But for band-dominated operators
on [P(Z"), there is a general Fredholm criterion which expresses the Fredholm
property of a band-dominated operator in terms of its limit operators. To state
this result, we need a few notations.

It will be convenient to work on the Banach space IP(Z) of the two-sided
infinite sequences. The space IP(Z") can be considered as a closed subspace of
[P(Z) in a natural way. We let P denote the projection

P:IP(Z)—1"(Z), (x,)—(...,0,0, z9, x1, T2, ...)

and write () for the complementary projection I — P. Usually we will identify an
operator A on [P(Z*) with the operator PAP acting on [P(Z).
For every m € Z, we introduce the shift operator

Un : P(Z) = P(Z), (x3)— (Tp_m).

Let further H stand for the set of all sequences h : N — N which tend to infinity.
An operator A, € L(IP(Z)) is called a limit operatorof A € L(IP(Z")) with respect
to the sequence h € ‘H if U_j,(,) PAPUyy,) tends *-strongly to Aj, asn — oo. Here,
*-strong convergence means strong convergence of the sequence itself and of its
adjoint sequence.

Notice that every operator can possess at most one limit operator with respect
to a given sequence h € H. The set g,,(A) of all limit operators of a given operator
A is the operator spectrum of A.

It is not hard to see that every limit operator of a Fredholm operator is
invertible. A basic result of [2] claims that the operator spectrum of a band-
dominated operator is rich enough in order to guarantee the reverse implications.
Here is a summary of the results from [2] needed in what follows. A comprehensive
treatment of this topic is in [4]; see also the references mentioned there.

Theorem 1 Let A € L(IP(Z")) be a band-dominated operator. Then

(a) every sequence h € H possesses a subsequence g such that the limit operator
Ay emists.

(b) the operator A is Fredholm if and only if each of its limit operators is invertible
and if the norms of their inverses are uniformly bounded.

An elegant proof which also works for band-dominated operators on other discrete
groups than Z is due to Roe [6].



Thus, and by the above mentioned equivalence between stability of the se-
quence A and Fredholmness of the associated operator Op (A), one will get a
stability criterion for A by computing all limit operators of Op (A). This com-
putation has been carried out in [2, 3, 5], see also Chapter 6 in [4]. Here is the
result.

Theorem 2 Let A € L(IP(Z")) be a band-dominated operator. Then the finite
sections sequence (P, AP, ),>1 1s stable if and only if the operator PAP + @ and

all operators
QALQ + P with Ay, € O'Op(A)

are invertible on [P(Z), and if the norms of their inverses are uniformly bounded.

The goal of this note is to show that the uniform boundedness condition in
Theorem 2 can be removed.

2 Main result

For our goal, we will need a subsequence version of Theorem 2. We choose and
fix a strongly monotonically increasing sequence 1 : N — N. Further, we write
H,, for the set of all (infinite) subsequences of n and o,,,(A) for the collection
of all limit operators of A with respect to subsequences of 1. Then we have the
following version of Theorem 2.

Theorem 3 Let A € L(IP(Z%)) be a band-dominated operator and n: N — N a
strongly monotonically increasing sequence. Then the sequence (Pyu)APym))n>1
is stable if and only if the operator PAP + Q) and all operators

QALQ + P with Ay € Uop,n(A)
are invertible on IP(Z), and if the norms of their inverses are uniformly bounded.

Thus, instead of all limit operators of A with respect to monotonically increasing
sequences h, only those with respect to subsequences of 1 are involved. The
following proof of Theorem 3 is an adaptation of the proof of Theorem 2 given
in [5].

Proof. Let A € L(I’(Z")) be a band-dominated operator, abbreviate A, :=

(Pyn)AP,m)), and associate with the sequence A, the block diagonal operator

Op (An) = diag (Pn(l)APn(1)> P,

n

[ee])
= > Ut Pam) APy) U— o)
n=1

@A), Py APy), - )

acting on [P(Z") where pu(1) :== 0 and u(n) :=n(1)+...n(n —1) for n > 2, and
where the series converges in the strong operator topology. It is still true that
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Op (A,) is a band-dominated operator on [?(Z") and that the sequence A, is
stable if and only if the operator Op (A,) is Fredholm.

Let h € H be a sequence which tends to infinity and for which the limit
operator Op (A,), exists. We call numbers of the form 7(1) +7(2) + ...+ n(n)
n-triangular and distinguish between two cases: Either there is a subsequence ¢
of h such that the distance from g(n) to the set of all n-triangular numbers tends
to infinity as n — oo, or there are a k € Z and a subsequence g of h such that
g(n)+k is n-triangular for all n. The figures below illustrate the shifted operator
U_g(n)Op (A,))Ug(ny in the neighborhood of its 00-entry (marked by 0).

— Q0 |— 0
; Py APy () Py APy ()
I(n) |Hn)
0 0|k
k
Pn(n+1)APn(n+1 Pn(n+1)APn(n+1
Case 1 Case 2

In the first case, we let A,, denote the largest n-triangular number which is less
than g(n). Then I(n) := g(n) — A, defines a sequence [ which tends to infinity,
and the limit operator Op (A,), = Op (A,)), of Op (A,)) coincides with the limit
operator A; of A.

Let now ¢ be a subsequence of h such that each g(n) + k is n-triangular for
some integer k. Then the sequence [ defined by I(n) := g(n) + k tends to infinity,
the limit operator of Op (A,)) with respect to the sequence [ exists, and

Op (Ay); = U-4Op (A;) Uy
Let d(n) be the (uniquely determined) positive integer such that
I(n) =n(1)+n(2)+ ...+ n(d(n)).

The sequence d is strongly monotonically increasing. Thus, the sequence 7o d is
a subsequence of 77 and tends to infinity. Without loss we can assume that the
limit operator of A with respect to the sequence 7 o d exists (otherwise we pass
to a suitable subsequence of d and, hence, of [ and ¢). Then

Op (An>h = Op (An>g
= UxOp (AU
- Uk’(QAnon —|— ]314]3)[],]C
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Thus, each limit operator of Op (A,) is either a limit operator of A or of the form
Ur(QAea@ + PAP)U_,  with k € Z and A, oq € 0,p,(A). (2)

Next we are going to show that, conversely, each limit operator of A and each
operator of the form (2) appears as a limit operator of Op (A,).

Let A; be a limit operator of A with respect to a sequence [ € H. Choose a
strongly monotonically increasing sequence d : N — N such that n(d(n) + 1) —
l(n) — oo and set

h(n) == (n(1)+n2)+...+n(dn)) +1(n).

Then h € H, the limit operator Op (A,);, exists, and it is equal to A;.
Let now d : N — N be a strongly monotonically increasing sequence such that
the limit operator A,.q of A exists, and let k € Z. Consider

h(n) == (1) +n(2) + ...+ n(d(n))) + k.

Again, h € H, the limit operator Op (A,), exists, and now this limit operator is
equal to U_(QA,0a@ + PAP)Uj. Thus,

0op(Op (A})) = 0pp(A) U{U_(QALQ + PAP)Uy, : k € Z, A}, € 0,p0(A)}.

This equality shows that the conditions of the theorem are necessary. They are
also sufficient since the invertibility of A implies those of all limit operators of

A, and if both A and QA,Q + P are invertible then the operator U_,(QA,LQ +
PAP)Uy is invertible for every integer k. [

Corollary 4 Let A € L(IP(Z")) be a band-dominated operator, and letn: N — N
be a strongly monotonically increasing sequence for which the limit operator A,

exists. Then the sequence (PymyAPym))n>1 15 stable if and only if the operators
PAP + Q and QA,Q + P are invertible on IP(Z).

Indeed, under the conditions of the corollary, the set oy, ,(A) is a singleton. Here
is the announced main result of the present paper.

Theorem 5 Let A € L(IP(Z7)) be a band-dominated operator and n: N — N a
strongly monotonically increasing sequence. Then the sequence (Pym)APym))n>1
1s stable if and only if the operator PAP + @) and all operators

QAhQ + P with A, € Jop,n(A)

are invertible on IP(7Z).



Proof. The necessity of invertibility of the mentioned operators follows from
Theorem 3. Conversely, let PAP + @) and all operators QA,Q + P with A, €
Oop(A) be invertible on [P(Z). Contrary to what we want to show, assume that
the sequence A, = (Pyu)AP,m)) fails to be stable. Then there is a strongly
monotonically increasing sequence d : N — N such that

1(Poany APoaey) " I = n for alln € N

where we agree upon writing || A, !|| = oo if the matrix A, fails to be invertible.
Thus, no subsequence of the sequence A4 is stable.

Let g be a subsequence of 7 o d for which the limit operator A, exists. (The
existence of a sequence d with these properties follows from Theorem 1 (a).)
Then A, € 0,,,(A), and the operators PAP + ) and QA,Q + P are invertible
by hypothesis. Corollary 4 implies that the subsequence A, of A,.; is stable.
Contradiction. [

There is also a version of Theorem 5 for band-dominated operators on [P(Z) which
we will briefly sketch. For n € N, consider the projections

_ _fxm) if —n<m<n

o 0(2) = 8(2), - (Raz)(m) = { 0 otherwise.
The finite sections sequence for an operator A on [P(Z) is the sequence (R, AR,,)
where the R, AR, are viewed of as operators on im R,,, provided with the norm
induced by the norm on L(IP(Z)). The stability of the sequence (R,AR,) as well
as the notion of a band-dominated operator on [P(Z) are defined as above, with
obvious modifications.

Let again n : N — N be a strongly monotonically increasing sequence. In
o+n(A) and o_,(A), we collect all limit operators of A with respect to subse-
quences of  and of —n, tending to 400 and —oo, respectively. The following can
be proved in the same vein as Theorem 5.

Theorem 6 Let A € L(IP(Z)) be a band-dominated operator. Then the finite
sections sequence (R, AR, )n>1 1s stable if and only if the operator A, all operators

QALQ+ P with Ay € O'+(A)

and all operators
PA,P+Q with A, €o_(A)

are invertible on IP(7Z).
We would like to mention that the stability of the finite sections sequence for
band-dominated operators on [*° can be studied as well. This involves some

technical subtleties (when working with adjoint sequences, for instance), but it
is easier with respect to the concern of the present paper: Indeed, for p = oo,
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the uniform boundedness condition in Theorem 1 (b) is already redundant. For
much more on this topic, we refer to the recent textbook [1].

It remains an open question whether the uniform boundedness condition in
Theorem 1 (b) is redundant for p € (1, co) or at least for p = 2.
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