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Abstract
Let A be a unital commutative associative algebra over a field of characteristic zero, € be a Lie
algebra, and 3 a vector space, considered as a trivial module of the Lie algebra g := A ® £. In this
paper we give a description of the cohomology space H?(g,3) in terms of well accessible data asso-
ciated to A and €. We also discuss the topological situation, where A and ¢ are locally convex algebras.
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Introduction

Let A be a unital commutative associative algebra over a field K of characteristic zero and € be a K-Lie
algebra. Then the tensor product g := A ® € is a Lie algebra with respect to the bracket

[a®z,ad ®1):=ad ®[z,2].

Let 3 be a vector space, considered as a trivial g-module. The main point of the present paper is to
give a description of the set H?(g,3) of cohomology classes of 3-valued 2-cocycles on the Lie algebra g in
terms of data associated to A and £ which is as explicit as possible.

We consider 3-valued 2-cochains on g as linear functions f: A%(g) — 3. Such a function is a 2-cocycle
if and only if it vanishes on the subspace Ba(g) of 2-boundaries, which is the image of the linear map

0: A%(g) = A%(g), sAyAze oyl Az+ [y, 2 e+ 23] Ay

In view of the Jacobi identity, Bs(g) is contained in the subspace Z»(g) of 2-cycles, i.e., the kernel of the
linear map bg: A?(g) = g,z Ay — [z,y]. The quotient space

Hs(g) := Z»(g)/B2(g)



is the second homology space of g.

A 2-cocycle f is a coboundary if it is of the form f(x,y) = dgl(z,y) := —{([z,y]) for some linear map
l:g — 3. We write B2(g,3) for the set of 2-coboundaries and Z2(g,3) for the set of 2-cocycles. This
means that a coboundary vanishes on Z>(g). If, conversely, a 2-cocycle vanishes on Zs(g), then there
exists a linear map a: im(by) = [g,9] — § with f = —bja, and any linear extension £ of « to all of g
yields f = dgf. This leads to the following description of the second 3-valued cohomology group

H?(g,3) := Z°(9,3)/B*(9,3) = Lin(Hx(g),3) — Lin(Z2(g), 3)-

From this picture it is clear that we obtain a good description of H?(g,3) if we have an accessible
description of the space Z2(g) and its subspace Bs(g), hence of the quotient space Hy(g). Our goal is a
description of this space and the cocycles in terms of accessible data attached to the commutative algebra
A and the Lie algebra €. Indeed, the first step, carried out in Section 2, is to show that the direct sum
decomposition

A*(g) = (A*(A) ® S2() & (A © A%(0) @ (1a @ A* (1)), (1)

where I4 C S?(A) is the kernel of the multiplication map, induces a corresponding decomposition of the
space of 2-cycles

Zs(g) = (A*(4) ® S*(8)) ® (A ® Z2(8)) ® (14 @ A*(¥)). (2)
We think of a cocycle f € Z?(g,3) as represented by three linear maps
fi: A2(A) @ S?%(8) =3, fr: ARA%(E) =3, and fz: [ @ A%(E) =3, (3)

satisfying f = f1 @ fo @ f3 on Z2(g) in the sense of (1). Since two cocycles define the same cohomology
class if and only if they coincide on the subspace Zs(g) of A%(g), the cohomology class [f] € H?(g,3) is
represented by the triple (fi, f3, f3), where f5 := falagz,(¢)- Conversely, three linear maps fi, f» and
f3 as in (3) define a cocycle if and ounly if f := fi ® fo @ f3 vanishes on By(g). The main result of the
present paper is Theorem 3.1 which makes this condition more explicit as follows:

(a) The alternating linear map fi: A x A — Sym?(k,3) defined by fi(a,b)(z,y) := fi(la Ab®x Vy)
has values in the set Sym?*(€,3)¢ of invariant symmetric bilinear maps and f, vanishes on Ty(A) ® (EV €),
where

To(A) :=span{abAc+bcAa+caAb—abcAl:a,bce A}

and €' := [t €] denotes the commutator algebra of €.
(b) For the map fo: A — Alt?(€,3) defined by fa(a)(z,y) := fola V1 ® x Ay), we have

dg(fg(a))(x,y,z) = —fg(a)(a(:v ANyAz))= f~1(a, 1)([z,y],2) forall ae€ Ax,y,z€E8,

with the Lie algebra differential de: C2(€,3) = Alt>(€,3) — Z°(E, 3).

(¢) f3 vanishes on I4 ® (€ x ¥).

Note that these conditions imply that the two maps fi © f2 and f3 are also cocycles, whereas f; and
f2 are cocycles if and only if f; vanishes on (A A1) ® (¢V ¥'), which, in view of (b), means that f2(A)
vanishes on By(¥), i.e., fg has values in the space Z2 (€, 3) of 3-valued 2-cocycles on €. Cocycles of the form
f1 @ fo, where f; and fy are not cocycles, are called coupled. All coboundaries are of the form f = f,
(f1 = f3 =0), so that the cohomology class of a coupled cocycle contains only coupled cocycles.



We show that g posesses non-zero coupled 2-cocycles if and only if the image of the universal derivation
da: A — Q(A) is non-trivial and € possesses a symmetric invariant bilinear form & for which the 3-cocycle
['(k)(z,y, z) := k([z,y], z) is a non-zero coboundary. The map I': Sym?(€)® — Z3(¢) is called the Cartan
map. Calling an invariant symmetric bilinear form x € Sym?(£)* ezact if T'(x) is a coboundary, this means
that € possesses exact invariant bilinear forms s with I'(x) non-zero. Note that this is not the case if € is
finite-dimensional semisimple, so that there are no coupled cocycles in this case.

Our approach leads us to an exact sequence of the form

{0} —» H?(g/d') @ (A © H?(8))—— H?(g)—— Lin((2'(4), da(A)), (Z*(®)r, B*(€)r)) — {0},

which is the main result of Section 4. Here we use for two pairs (X, X') and (Y,Y") of linear spaces with
X C X' and Y C Y’ the notation

Lin((X, X"), (Y,Y") :={f € Lin(X",Y"): f(X) C Y},

and put Z3(&)p := im(T) C Z3(¢) and B*(¢)r := B3(£) Nim(T). From the exact sequence it follows that
a crucial part of the description of H?(g) lies in an understanding of the spaces Z3(€¢)r and B*(¢)r. In
an appendix we show that the Cartan map I' induces a map v: Sym?®(£)* — H?(¥), which is part of an
exact sequence

{0} — H?(€) — H' (¢, ) — Sym®(e)' ——H?(¢) —» H*(¢,£*) — H' (¢, Sym*(¥)), (4)
which implies that for the space Sym?(£)!, = kery of exact invariant forms we have
Sym?(8)t, = H(6,€)/H2(®) and  im(y) = Sym?(8)/ Sym?(®)l, = Z%(6)r /B (®)r.

In Section 5, we give an example of a non-trivial coupled 2-cocycle and in Section 6 we explain how
our results can be used for the analysis of continuous cocycles if K € {R,C} and A and ¢ are locally
convex spaces with continuous algebra structures. Then g = A® £ carries the structure of a locally convex
Lie algebra, and we are interested in the space H2(g,3) of cohomology classes of continuous 2-cocycles
with values in a locally convex space 3 modulo those coboundaries coming from continuous linear maps
g — 3. The main difficulty in applying the algebraic results in the topological context with an infinite
dimensional Lie algebra € is the possible discontinuity of a linear map h : g — 3 bounding an algebraically
trivial 2-cocycle.

If € is a finite dimensional semi-simple Lie algebra and A a topological algebra, then the continuous
second cohomology space H?(g,K) has been determined in [Ma02] as Z!(A,K) ® Sym?(¢,K)¥, where
Z(A,K) denotes the space of continuous K-valued cyclic 1-cocycles on A. As any exact form vanishes
on a semi-simple Lie algebra, there are no coupled cocycles in this case.

The main previous contributions to the investigations of Hs(g) for g = A ® € and arbitrary ¢ and A
are the articles by Haddi [Ha92] and Zusmanovich [Zus94]. Both offer a description of Ha(g) in terms
of (sub- or quotient) spaces. Haddi [Ha92] uses the projection sy : Ha(g) — Ha((A*(g)e, 0)) of Haz(g) to
the homology of the quotient complex of ¢-coinvariants and computes kernel and cokernel of this map.
The cokernel of sy is isomorphic to g’/[g, ¢'], and the kernel is isomorphic to (4 ® Hy(E €')) © D(A, €, €),
Ho (&, ¥) is the kernel of the projection py : Ho(€) — H2(E/€') (the subspace of essential homology), and
D(A, ¢ t') is the subspace of Ha(g) generated by cycles of the form ax Ay + ay A x for z or y € ¥ and
a € A, which lies in A?(A) ® S?(¢) (in our notation). Furthermore he uses a non-canonical splitting to
identify the homology of the coinvariants Ha((A*(g)e,d)) with (Q'(A)/da(A) ® Bee) & A%(g/g'), where



By ¢ is the image of €V € in the space of -coinvariants of symmetric 2-tensors on €. He thus obtains an
exact sequence

0— A®H,y(Et) ® D(A, &, ¥) - Hy(g)——Q"(A)/da(A) ® Bew ® A*(g/g") — /(8,91 = 0.

It is instructive to compare this sequence with our exact cohomology sequence describe above.

Zusmanovich [Zus94] uses as an extra data a free presentation of £ and deduces one of g. He describes
the subspace of essential homology H$*(g) = ker(ps : H2(g) — H2(g/g')) by the Hopf formula in terms
of the presentation. In this way he identifies the different terms in the exact sequence given by the 5-term
exact sequence of the Hochschild—Serre spectral sequence for the subalgebra g’ C g (using non-canonical
splittings). His description yields

Hy(g) = (A® Hy(1)) @ (2'(A)/da(A) @ B()) & (A*(¢/¥) @ In) & (S°(¢/¥) @ T(4)),

where B(¥) is the space of £-coinvariants in S?(€), and T'(A) C A%(A) is spanned by the elements abA ¢+
caNb+bcAafora,b,ce A

The main advantage of our approach is that is does not require any auxiliary data and provides a
quite explicit description of cocycles representing the different types of cohomology classes. In particular,
this direct approach lead us to the interesting new class of coupled cocycles. In subsequent work, we
plan to use the methods developed in [Ne02] to study global central extensions of Lie groups G whose
Lie algebras are of the form g = A ® £ defined by coupled Lie algebra cocycles. For algebras of the type
A=CX(M,R), i.e., compactly supported smooth functions on a manifold M, this has been carried out
in [MNO3] and [Ne04].

Thanks: We are greatful to M. Bordemann for a stimulating email exchange and for pointing out
the relation to the exact sequence (4), part of which is due to him.

Notation

In the following we write elements of g = A® € simply as az := a ® = to simplify notation. Elements of A
are mostly denoted a,b,c,... or a,a’,a”,... and elements of ¢ are denoted z,y,z,... or z,x',z",.... We
write & := [¢, €] for the commutator algebra of ¢ and observe that g’ = A ® ¢ is the commutator algebra
of g.

We also write C?(g) := C?(g,K), ZP(g) := ZP(g,K), BP(g) := BP(g,K), and HP(g) := HP(g,K) for
the spaces of Lie algebra p-cochains, cocycles, coboundaries and cohomology classes with values in the
trivial module K. We likewise write Sym?(€) := Sym? (¢, K) for the space of K-valued symmetric bilinear
forms on €.

1 Several approaches to the universal differential module of A

In this section we review different constructions of the universal differential module Q!(A). The relation-
ship between these constructions will play a crucial role in the following.

An important object attached to the algebra A is its universal differential module Q*(A). This is an
A-module with a derivation d4: A — Q'(A) which is universal in the sense that for any other A-module
M and any derivation D: A — M, there exists a unique module morphism a: Q'(A4) — M of A-modules
with D = aody. From its universal property it is easy to derive that the universal differential module
is unique up to isomorphism, but there are many realizations, looking at first sight quite different.



Let pua: A® A — A a® b+ ab denote the multiplication of A. Then p4 is an algebra morphism, so
that J4 := ker p4 is an ideal of the commutative algebra A ® A. From the A-module structure on A ® A
given by a.(b® ¢) := ab ® ¢, we thus derive an A-module structure on the quotient space J4/J3, which
also is a (non-unital) commutative algebra. Let [z] denote the image of z € J4 in J4/J3. Then

D:A— JslJ3, am[l®a—a®1]

is a derivation and it is not hard to verify that (J4/J%, D) has the universal property of (Q'(A4),d4) (cf.
[Ma02]). We obviously have the direct decomposition A ® A = (A ® 1) @ J4, where the projection onto
the subspace J4 is given by

PrARA— Js, a®b—a®b—ab® 1.
This implies that
Ja =span{a®b—ab®1l:a,be A} =(A®1).span{l@b—-b®1: be A},
and thus

Ji = span{(a®1)(1®b-b21)(1®c—c®1): a,b,c € A} (5)
= span{a®bc—ab®@c—ac®b+abc®1: a,b,c € A}.

Another way to construct Q'(A4) is by observing that each linear map D: A — M leads to a linear
map D: A® A — M,a® b+ aDb, and that D is a derivation if and only if

ker D D {1®ab—a®b—>b®a: a,be A},
which implies that ker D contains the A-submodule
B;(A) :=span{c®ab—ca®b—-cb®a: a,b,c € A} =span{ab® c+ac®b—a® bc: a,b,c € A},

of A® A. The quotient
HH,(A) = (A® A)/B1(4)

is called the first Hochschild homology space of A. From the preceding discussion it follows that the map
HH(A) = Q(A4), [a®Db] > ada(b) (6)

is an isomorphism of A-modules because the map D: A - HH;(A),a — [1 ® a] is a derivation with the
universal property (cf. [Lo98], Prop. 1.1.10). The link between the description of Q'(A) as HH;(A) and
Ja/J% is given by the commutative diagram

ARA L) Ja

|

HH\(A) —2— Ja/J%

with the isomorphism ¢([a ® b]) = aD(b) = [a ® b— ab® 1]. Note that the commutativity of the diagram
implies that

T3 = p(B1(4)). (7)



Let
T(A) :=span{abAc+bcAa+canbe A*(A): a,bce A}

denote the image of the subspace B;(A) C A® A under the quotient map A® A — A%?(A),a®b > aAb.
In view of ad4(b) + bda(a) = da(ab), the image of the subspace of symmetric tensors, which we identify
with S?(A), in Q'(A) coincides with d4(A), so that equation (6) immediately shows that the map

A*(A)/T(A) = (A® A)/(S*(A) + B1(A)) — QY(A)/da(A), [aAb]+— [ada(b)]
induces a linear isomorphism. We shall see below that the first cyclic homology space
HCi(A) == QN (A)/da(A) = HH,(A)/[1 ® A] = A*(4)/T(A)

is of central importance for Lie algebra 2-cocycles on Lie algebras of the form A ® €.
Alternating bilinear maps f: A x A — 3 for which the corresponding map A?(A) — 3 vanishes on
T(A) are called cyclic 1-cocycles, which means that

f(a,be) + f(b,ca) + f(c,ab) =0 for a,b,c€ A.
From the above, it follows that the space Z!(A,3) of 3-valued cyclic 1-cocycles can be identified with
Lin(HCy(A),3) = {L € Lin(Q'(A),3): da(A) C ker L}.
We define two trilinear maps

T: A% = A*(A), (a,b,c)HZab/\c:: abAc+bcAha+calb

cyc.

and
Ty: A® = A*(A), To(a,b,¢) :=T(a,b,c) —abcAl.

We also put Tp(A) := span(im(7p)).

Lemma 1.1 The map
ya: A2(A) = QY (A), aAb~ ada(b) —bda(a)

is surjective and kerya = To(A).
Proof.  That -4 is surjective follows from
ya(@aAb+1Aab) =ada(b) —bda(a) + da(ab) = 2ad z(b).

For the determination of the kernel of 74, we use the realization of Q!(A) as Ja/J%. In this case
da(a) =[1®a—a® 1], so that

valaAb) =[a®@b—ab®1-bRa+ba®1]=[a®b—-bRal.

Therefore the kernel of 74 is the intersection A?(A) N J%, where we consider A%(A) as the subspace of
skew-symmetric tensors in A ® A.
Writing A ® A as A2(A) & S?(A), the commutativity of the multiplication of A shows that

Ja=A?(A)®I4 holds for I4:=J4NS?(A).



Since the flip involution is an algebra isomorphism of A ® A, we have
A?(A)A%(A) + S?(A)S?(A) C S?(A)  and  A%(A)S?*(A) C A*(A).

This implies that
kerys = A2(A)NJ3 =14 - A*(A),

and that this subspace coincides with the image of J3 under the projection
‘ 1
a: A® A= A%(A), a®br—>a/\b:§(a®b—b®a).

Finally, this leads with (5) to

kerya = a(J3) =span{a Abc —abAc—acAb+abcAl:a,b c€ A} = To(A).

2 A decomposition of A%(g)

In this section we turn to the identification of the space By (g) of 2-coboundaries in Z»(g) in terms of our
threefold direct sum decomposition (2).
From the universal property of A%(g) we immediately obtain linear maps

pi: A%(g) = A?(A) ® S%(8), arAby—aAb@zVy

and
p_: A%*(g) = S*(A) @ A*(8), azxAby—aVbxzAy.

We likewise have linear maps
. 1
o A2(A) @ S%(E) » A%*(g), aAbRzVy— 5(a:1:/\by+ay/\bx)
and 1
o S?(A) @ A*(E) = A%*(g), aVbRzAy— E(aw/\ by — ay A bx)

satisfying
proor =id, p-oo_=id and oy1py +o_p_ =idpz(-

In this sense we have ‘ ‘
A*(g) = (A%(A) ® S°(8) @ (S°(4) ® A%(¥)),

and the projections on the two summands are given by py.
Recall the kernel J4 of the multiplication map pa: A ® A — A. Since A is commutative, we then
have A%2(A) C J4, so that

Ja=A(A) DIy with I4:=J4Nn8%*A),
according to the decomposition A ® A = A?(A) & S?(A). The map

oa: A= S*(A), a—aVvl



is a section of the multiplication map p 4, so that we obtain a direct sum decomposition
S2A)=(AV1) DI, 2 A I,
In view of this decomposition, we obtain a direct sum decomposition of A%(g):
A%(g) = (A%(4) ® S* (1) © (A ® A*(€) & (T4 ® A*(V)),
where the projections p1, ps, p3 on the three summands are given by
pi(ax Aby) =pi(ax Aby) =aANbRx Vy,
palaz Aby) =ab®@zxz Ay, and ps3lazAby)=(aVb—abV1l)@zAy.
The following lemma provides the decomposition of Z»(g) which is a central tool in the following.
Lemma 2.1 The space Z>(g) is adapted to the direct sum decomposition of A%(g):
Zs(g) = (A*(A) @ S2(¢)) @ (A ® Z2(€)) @ (Ia @ A%(¥)).

Proof.  Since by(ax A by) = ablz,y] is symmetric in a,b and alternating in z,y, its kernel contains
A?(A) @ S?(¢). The formula for by also shows immediately that 14 @ A%(€) C kerbg, so that it remains
to observe that

Zo(g) N (A @ A%(E)) =kerby N (A® A%(8) = A® Zo(F)

because bg(aV1® z Ay) = $bg(az Ay + z Aay) = alz,y] = abe(z A y). ]
In the following we write = mod Bz (g) for congruence of elements of A?(g) modulo Bx(g).
Lemma 2.2 For a,b,c € A and z,y,z € ¥ we have
p1(0(ax A by A cz)) = p1(abex A [y, z]) = —p2(0(ax A by A cz)) mod Ba(g).
In particular (p1 + p2)(B2(g)) C Ba2(g).

Proof. From

d(bex Nay A z
d(abcx Ny A z

abclz,y] A z + aly, z] A bex + befz, ] A ay
= abcz,y] Az + [y, 2] Aabex + abelz, x| Ay

Olax ANby Acz) = ablz,y] Acz+ bcly, 2] A ax + aclz, z] A by
O(cx Nay Nbz) = acfz,y] Abz+ ably, z] A cx + belz, z] A ay
Oz Nacy ANbz) = acz,y] A bz + abcly, z] Az + bz, 2] A acy
Olcx Ny ANabz) = clz,y] Aabz + ably, 2] A cx + abe[z, 2] Ay
( )
( )

we derive
O(ax A by A cz) + O(cx Aay ANbz) — O(x A acy A bz) — Ocx Ay A abz)
—0(bcx A ay A z) + O(abcz Ay A z)
= ab[z,y] A cz + bely, 2] A az + acz, x] A by — bz, x] A acy — c[z,y] A abz — aly, 2] A bex
—abcfy, z] Az + [y, 2] A abex
= 2abAc®[z,y]Vz+2bcha®[y,z]Ve+2acAbQ[z,z]Vy—2abcAl®@aV [y, 2]
= 2p1(0(ax A by A cz)) — 2p1(abex A [y, 2]).



This proves the first congruence.
Note that for a € A and z,y,z € £ we have

Olax ANy Az) =alz,y] Az + [y, 2] Aaz + alz,z] Ay,

which implies that
alz,y] Az +alz,z) Ny = ax Aly,z] mod By(g). (8)

Summing over all cyclic permutations of (z,y, z), leads to

2Za[m,y]/\z = Zax/\ [y,2] mod Bs(g). (9)

cye. cye.
From the relation (8) we get
2p1 (abezx A [y, 2]) = abcly, z] Az + abex A [y, 2] = Z abcly, z] Nz = Z abclz,y| A z.
cye. cyc.
In view of
p2(0(az ANby Acz)) = pa(ablz,y] Acz+ bely, 2] A ax + calz, z] A by)

abe® ([z,y| Az + [y, 2] Ax + [z, 2] A y)
= abc®I(xANyAz), (10)

relation (9) yields

2p2(0(ax ANby A cz)) = Z abc[z,y| N\ z — Z abez N [z, y] = Z abc[z,y| ANz —2 Z abclz,y| A z

cyc. cyc. cyc. cyc.
= - Z abcz,y] A z = —2p1(0(ax A by A cz)).
cyc.

In view of the preceding lemma, the projection p; + p2 of A%(g) onto the subspace
A*(A) @ S*(8) @ A ® A%(E)
preserves By (g). This also implies that id —p; — p2 = p3 preserves By(g), and we derive that
Bs(g) = B2(g) N (A*(4) ® S*() ® A ® A*(F) © Bz(g) N (14 ® A*(8)).

The following lemma provides refined information.
Lemma 2.3 (1) A%(A)®e.5%(8)+To(A)®@eVE C Ba(g) and p1(Ba(g)) = A?(A)@e.5%(8)+T(A)@EVE.
(2) p2(B2(g)) = A® By(b).
(3) Ia® (EAFE) =ps(Ba(g)) C Ba(g).



Proof.  (2) follows immediately from formula (10).
(1) That A?(A) ® £.5%(k) is contained in By(g) follows immediately from

Olax ANby A z) — O(bx Aay A z)
= ablz,y] Az +bly,z] Aaz + alz,x] A by — ablz,y| A z — aly, z] A bz — bz, x] A ay
bly, z] A ax + alz,z] A by — aly, z] A bx — bz, ] A ay
2bNa® [y, 2]V +2aAb® [z,2]Vy
= 2aAb®([z,2]Vy —[y,2] V)
= 2aAb®z.(zVy).

Therefore the description of p; (Bs(g)) = im(p; o 9) follows from

p1(0(az ANby Acz)) = pi(ablz,y] Acz + bely, z] A ax + calz, z] A by)

= abAc®z,ylVz+bcAha®[y,z]Vr+caNbR[z,z]Vy

= (abAcH+bcNha+caAd)®[z,y]Vz mod A%(A) ® £.5%(k)

= T(a,b,c)@[a:,y]v,z.

In (10), we have seen that
p2(0(ax ANby A cz)) = abe @ O(x Ay A z),
and this implies that

p2(0(abx Ay A cz)) = abe® O(x Ay A z),

which leads to
O(ax A by A cz) — d(abx Ay A cz) € ker ps.

In view of
T(a,b,c) —T(ab,1,¢c) =T(a,b,c) —(abAc+cAab+abc A1) =T(a,b,c) —abc A1 =Ty(a,b,c)
and Lemma 2.2, the following element is contained in B(g):

p1(0(ax A by A cz) — d(abx Ay A cz)) (T(a,b,c) — T(ab,1,¢)) @ [z,y] V z + A*(4) ® £.5%(¢)

€
g To(a,b,c)®[$,y]VZ+Bg(g),

and now Lemma 2.2 implies that To(A) ® ¢ V € C By(g).
(3) First we note that

p3(0(azx Aby A 2)) = p3(ablz, y] A z + bly, 2] A az + alz, 2] A by)
= (@bV1—-abV1)@[z,ylAz+(bVa—abV1)Qy,z]A\z+(aVb—abV1)®[z,z] Ay
= (avVb—abV1l)® ([y,z] Az +[z,z] Ay). (11)

Since ps preserves B2(g) (Lemma 2.2), this expressions lies in Bz(g). Using the same formula for all
cyclic permutations of z,y, z and adding all three terms, we see that

2(avb—abVv1l) ®Z[az,y] Az € By(g).

cyc.
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This also implies that

(avb—abV1l)®[z,y)Az=(aVb—abV1l)® (Z[w,y]/\z—([y,z]/\:z:+[z,:1:]/\y)) € Bx(g).

cyc.

Next we note that I4 is spanned by elements of the form aVb—abV 1, because aVb+— aVb—abV1
is the projection of S?(A) onto I with kernel A = AV 1. Therefore Bs(g) contains 14 @ & A E. On the
other hand, (11) shows that p3(B2(g)) is clearly contained in Iy ® €' A €. ]

Theorem 2.4 With the linear map
F: A A () = A%(g), a®@(@AyA2)— (aA1@[z,y]V2)+a®d(zAyA=2)
we get the following description of Ba(g):
By(g) = A?(A) @ £.5%(€) + To(A) @ EVE +im(F) + [y @ (EAE).

Proof.  The description of the position of By (g) given in Lemma, 2.3 is already quite detailed. It shows
in particular that the part of By(g) lying in A?(4) ® S?(€) ® A ® Z,(€) contains

To(A) @ EVE + A%(A) @ £.5%(€)
and is contained in
ARB () 0T (A)@EVE +A%(A)e.5%(8) = AR By(8) D (AN1) EVE + To(A) @EVE +A%(A) @ E.5% (k).
Further Lemma 2.3 (1) implies that

Fla,c Ay Az) € (p1+p2)(0(az Ay Az)) + (A*(A) @ £.5%(8)),

because
p(OaxAyAz)=aAl1®[z,y]Vz mod A?(A) ® £.5?(F)
and
p2(0(ax Ay Az)) =a®0(xAyAz).
We thus deduce that Im(F') C Ba(g). Now the theorem follows. [

3 The description of the 2-cocycles

As explained in the introduction, we think of the elements of H?(g,3) as linear maps f: Z2(g) — 3
vanishing on the subspace Bz(g). We further write 2-cocycles as f = fi; + fo + f3, according to the
decomposition in Lemma 2.1, where

friA2(A) @ S%(6) =3, for A®A2E) >3 and  fy: L4 ®A2(E) — ;.

We then think of f; as an alternating bilinear map f~’1: A x A — Sym?(¢,3), of fo as a linear map
fo: A — Lin(A2(€),3), and of f3 as a symmetric bilinear map f3: I4 — Alt?(¢,3).
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The condition, that three such maps fl, fg, fg combine to a 2-cocycle
fiZa(g) =3 ahd @zVa' +bBV)RyAyY +c(zA2) = fila,d) (@, z)+ fa0)(y,y') + f3(c)(z,2"),
is that f vanishes on Bs(g). To make this condition more explicit, we define the Cartan map
[: Lin(eVvE, ;)" = Z3(8,3), T(k)(z,y,2) = k(z,y],2).
That I'(k) is alternating follows from
U(r)(z,2,y) = K([z, 2], y) = K(y, [z, 2]) = K(ly, 2], 2) = —T(k)(z,y,2)

and the fact that the symmetric group Ss is generated by the transpositions (1 2) and (2 3). That the
image of I' consists of 3-cocycles follows from

(del'(k)) (0, 1, 72,23) = —£([[z0, 1], 2], 23) + £([[w0, 22], 1], 23) — K([[0, T3], 71], 72)
—k([[z1, w2], wo], ws) + K([[x1, ws], wo], w2) — K([[22, T3], To], 21)
= &(=[[wo, 1], 2] + [[wo, 22], 1] — [[21, T2], w0], ¥3)
([0, T3], 21] + [[21, 23], T0], T2) — K (22, [73, [0, 71]])
= k(—([wo, z3], z1] + [[21, 23], T0] — [23, [T0, 21]], 72) = 0.

For the following theorem we observe that the Lie algebra differential dp: C?(€,3) = Alt*(€,3) —
Z3 (&, 3) factors through the surjective map Alt? (€, 3) — Lin(Z5(£), 3), whose kernel are the 2-coboundaries.

Theorem 3.1 (Description of cocycles) The function f = f1 + fo+ f3 as above is a 2-cocycle if and only
if the following conditions are satisfied:

(a) im(fi) C Sym*(¢,3)".

(b) f1(To(A)) vanishes on & x .

(c) de(fa(a)) =T(fi(a,1)) for each a € A.
(d) fs(I4) vanishes on & x .

Proof.  The linear map f is a 2-cocycle if and only if it vanishes on By(g). In view of Theorem 2.4,
Bs(g) is the sum of four subspaces, so that we get four conditions.

Condition (a) means that f vanishes on A?(A) ® £.52(€), and condition (b) that it vanishes on the
subspace Tp(A4) @ £V ¢,

That f vanishes on the image of F', means that

L(fi(a,1))(@,y,2) = fi(a,1)([,y],2) = —fo(a) (@& Ay A 2)) = (defa(0))(x,y,2)

for a € A and z,y, 2z € €, which is (c).
Finally, (d) means that f vanishes on 74 @ EA¥'. [
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Corollary 3.2 f = fi + fo + f3 is a cocycle if and only if fi + fo and f3 are cocycles.

Corollary 3.3 A function of one of the three types f = f;, i = 1,2,3, is a 2-cocycle if and only if the
following conditions are satisfied:

(i=1) im(f1) C Sym?(e,3)t and the induced map A x A — Lin(eV ¥,3)t is a cyclic 1-cocycle.
(i =2) f2(4) C Z2(8,5).
(i = 3) f3(I4) vanishes on € x ¥

Proof. That f = f; is a 2-cocycle is equivalent to f vanishing on p;(B2(g)), so that Lemma 2.3 leads
to the stated characterizations. ]

Remark 3.4 A special class of cocycles are those of the form f = f;, vanishing on g x g’. The cocycles
of the form f = f3 also vanish on the commutator algebra, and the sums of these two types exhaust the
image of the injective pull-back map H?(g/g’,3) = Alt*(a/d’,3) — H>(g,3).

Corollary 3.5 For each cocycle f = f1 + fo + f3 there exists a decomposition fi = f2 + fi, where
f(e,g) = {0}, im(f}) CSym*(8,3)" and  To(A) C ker f}.

Proof.  Conditions (a) and (b) in Theorem 3.1 only refer to the restriction ﬂ of f1 to the subspace
A?(A) @ (EVE) of A%2(A) ® S?(€). This has the following interesting consequence. We have a short exact
sequence

{0} = Sym*(e/¥',5)  Sym*(£,5)° = Lin(e V ¥,5)* — {0},

where the surjectivity of the map Sym?(k,3)t — Lin(t V ¢, 3)¢ follows from the fact that any symmetric

—1
bilinear extension of an element of Lin(¢V €',3)! is invariant. Any splitting of this sequence extends f,
to an alternating bilinear map fi: A x A — Sym? (€, 3)¢ with

fl@b) (@) = fi(ab)(z,y) for abeAzetyet
and such that Ty(A) C ker f1. Then
L(fl(a,1) =T(fi(a,1)) for a€A4,

so that f{ + fo + f3 also is a cocycle by Theorem 3.1. We conclude that f := f; — f{ is a cocycle
vanishing on g x g'. This proves the assertion. [

Proposition 3.6 (Description of coboundaries) A cocycle f = f1 + fa + f3 is a coboundary if and only
if f1 = f3 =0 and there ezists a linear map £: A — Lin(€,3) with dgl = f, i.e.,

fola) = de(€(a))  for all a€ A.
Proof. That f is a coboundary means that it vanishes on Z(g). According to Lemma 2.1, this

implies that fi = fs = 0. Since the bracket map by: A?(g) — g is alternating in € and symmetric in 4,
all coboundaries are of the form f = fs. ]
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We call cocycles of the form f; + fo for which f; is not a cocycle coupled. The following theorem
characterizes the pairs (A, €) for which A ® € possesses coupled cocycles. In Section 5 below we shall also
give a concrete example of a Lie algebra ¢ satisfying this condition.

Theorem 3.7 The Lie algebra g = A ® € possesses coupled cocycles if and only if da(A) # {0} and ¢
possesses a symmetric invariant bilinear form k for which T'(k) € Z3(€) is a non-zero coboundary.
If this is not the case, then each cocycle f € Z?(g) is a sum

f=h+h+th=R+fi+f+f
of four cocycles, where
(a) f? vanishes on g x g'.

(b) fle Z*(A,Sym?(,3)%) is a cyclic 1-cocycle.

() F(4) C Z2(,3).
(d) fs vanishes on g x g'.

Proof.  First let f = f1 + f2 be a coupled cocycle on g. Then we have F(fl(A, 1)) # {0}. Composing
with a suitable linear functional x: 3 — K with

xoD(f1(4,1)) = D((x o f1) (4,1)) # {0},

we may w.l.o.g. assume that 3 = K. Then there exists an a € A with
de(f2(a)) = D(fi(a, 1)) #0.

Now k := fi(a,1) € Sym?(€)t is an invariant symmetric bilinear form for which I'(k) is exact and
non-zero. Then a € T'(A) \ Ty(A), so that 0 # da(a) in Q(A) (Theorem 3.1).

If, conversely, d4(A) # {0} and & is an invariant symmetric bilinear form on € for which I'(«) is a
non-zero coboundary, then we pick 7 € C2(¢) = Alt*(¢) with den = T'(k). We now define linear maps

fl =4 ®k: A2(A) = Sym? (€, Q1 (A))*, f~1(a Ab)(x,y) := k(x,y) - (ada(b) — bda(a))

and
for=—da@n: A= C*(E,Q(4)), f2(a)(z,y) = —n(z,y) - da(a).
We claim that the corresponding map f = fi + fo is a 2-cocycle by verifying the conditions in
Theorem 3.1. Condition (a) is obviously satisfied, and (b) follows from Tp(A) = kery4 (Lemma 1.1).
Further f3 = 0, and (c) follows from

def2(a) = —(den) - da(a) = —T(r)da(a) = T(fi(a,1)).

That f; is not a cocycle, i.e., that f is coupled, means that fl(A/\ 1)(€x ) # {0}, which is equivalent
to da(A) # {0} and I'(k) = n # 0. This completes the proof of the first part of the theorem.

For the second part we assume that either d4(A) = Ty(A)/T(A) vanishes, which means that Tp(A4) =
T(A), or that for each exact invariant bilinear form k on ¢ we have I'(k) = 0. Then for each cocycle
f = fO4 fL+ fo+ fs as in Corollary 3.5, either f! vanishes on T'(A) (if d4 (A) vanishes) or fo(A) C Z2(E, 3)
(if for all exact forms on € the 3-cocycle I'(k) vanishes). Both conditions imply that fi and f, are cocycles.
Hence the assertion follows from Corollary 3.3. ]
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Corollary 3.8 If H(¢,€*) = {0}, then g = A ® € has no coupled cocycles.

Proof.  From the exact sequence in Proposition 7.2 below, it follows that the Cartan map v: Sym? &)t —
H3(¢),k — [[(k)] is injective, and this implies that each exact invariant form vanishes. ]

The following proposition describes the universal cocycle for g in terms of our threefold direct sum
decomposition.

Proposition 3.9 (A universal cocycle) Let pe: A2(€) — Z5(E) denote a linear projection onto Zo(E).
Then the linear map _
fU=p1 @ (ida @pe) ®ps: A*(g) = Za(g)

maps Ba(g) into itself, hence induces a 2-cocycle

[ N*(g) = Hy(g) = Z»(g)/Ba(g).

It is universal in the sense that the map for each space j the map

Lin(H>(g),3) = H(g,3), ¢ ¢of"
s a linear bijection.

Proof. That fY is a linear projection onto Z>(g) follows from Lemma 2.1. The remainder follows
from the fact that H?(g,3) — Lin(Z2(g),3), [f] = flz(g) is injective onto the set of all maps vanishing
on Bs(g). ]

4 The structure of the second cohomology space

In this section we use the results of the present section to give a quite explicit description of the space
H?(g) in terms of data associated directly to g and A.

Lemma 4.1 Associating with each linear map fo: A — Z2(€) the corresponding cocycle f» € Z2(g), we
obtain, together with the natural pullback map H>(g/g') — H?(g), an injection

H*(3/g') ® Lin(A, H* (£) ——H"(g)
whose image consists of all classes of cocycles of the form f2 + fa + f3.

Proof.  The image of the pullback map consists of those cohomology classes represented by cocycles
vanishing on g x g’, which are the cocycles of the form f{ + f3. Since the space of these cocycles intersects
B?(g) trivially, the space H?(g/g') injects into H?(g) (Remark 3.4 and Prop. 3.6).

Next we recall that the cocycles of the form f = fo: A ® A?(¢) — K correspond to linear maps

fa: A = Z%(€) (which means that f» vanishes on A @ By (€)), and that such a map is a coboundary if
and only if im(f,)(A) C B%(E), because this implies the existence of a linear map £: A — Lin() with
fala) = de(£(a)) for all @ € A. The latter condition means that fo vanishes on 4 ® Z5(€), so that the
cohomology classes correspond to elements in

Lin(A ® Z5(£)/(A ® By (t)), K) = Lin(A ® (Z2(8)/Ba(8)), K) 2 Lin(A ® Hy(¢), K) = Lin(A, H2(¢)).
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Given a cocycle f = fi + fo + f3 in Z%(g), we obtain the map I o f;: A2(A) — Z3(€), whose kernel
contains Tp(A), so that it induces a linear map

£ QN(A) = A*(A)/To(A) - Z°(8), a-da(b) = b-dala) = T(fi(a,b)),
mapping the subspace da(A4) C Q'(A) into the subspace B?(€) (Theorem 3.1). In view of
f(da(a)) = =T(fi(a,1)) = —de(f>(a)), (12)
the range of each map I' o f; lies in the subspace Z3(€)p := im(I') C Z3(&) and
F(da(A)) € B¥(®)r := B(£) Nim(T).

We thus obtain a map

U: H*(g) — Lin((Q'(4),da(4)), (Z°(®)r, B (®)r), [f]= [Te fi],
where for pairs (X, X') and (Y,Y") of linear spaces with X C X’ and Y C Y’ we write

Lin((X,X"), (Y,Y") := {f € Lin(X",Y"): f(X) CY}.
Theorem 4.2 The sequence
{0} > H%(g/g") & (A ® H*(£) —— H?(g)—— Lin((2'(4),da(A)), (Z°(O)r, B*(&)r)) — {0}

1S exact.

Proof. @ We have already seen in Lemma 4.1 that ® is injective. _
_ The kernel of ¥ consists of all cocycles f = fi + fo + f3 for which I'o f; = 0. This is equivalent to
f1(A%(A)) vanishing on €V ', which means that f; vanishes on g x g, i.e., fi = fY. This shows that
ker ¥ = im ®.
To see that W is surjective, let a € Lin((Q1(A4),d4(A)), (Z3(8)r, B3(t)r)) and observe that there exists
a linear map
70N A) - Sym?(6)t  with Tof’ =aqa,

and a linear map f: d(4) — C?(€) with
de(B(da(a))) = a(da(a)) forall ae€ A.
For
fii N(4) = Sym’(©), fi(a,0) = f'(a-da(b) —b-da(a) and fo: A= C*(), a —B(da(a))
we then have
de(f2(a)) = —de(B(da(a))) = —a(da(a)) = —T(f*(da(a))) = T(fi(a, 1)),

so that the corresponding maps f; and f> sum up to a 2-cocycle f := f1 + fo satisfying ¥([f]) =a. =
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The quotient Z3(€)r/B?(E)r can be identified with the image of the map
ve Sym®*(®) = H (), ke [D(s)]

discussed in the appendix below. From the exactness of the sequence in Proposition 7.2, it follows that
the space Sym?® ()¢, := ker~y of exact invariant bilinear forms satisfies

Sym®(€)s, = H' (¢, &) /H>(F). (13)

We also note that for a quadratic Lie algebra, i.e., a finite-dimensional Lie algebra € with an invariant
non-degenerate symmetric bilinear form kg, the space out(€) := der(¢)/ ad € of outer derivations satisfies

H' (& €*) = H'(¢,8) = der(€)/ ad € = out(£),

and that the subspace H2(€) C H'(E,£*) consists of those classes [D] of derivations D which are skew-
symmetric with respect to k.
We further have ker I' = Sym?(€/¢), so that

B} () = Sym®(8)L,/ Sym®(£/¢)  and  Z(e)r & Sym®(6)"/ Sym’ (E/¢).

To obtain an explicit description of H?(g), it is therefore necessary to have a good description of the
space Sme(E)" of invariant quadratic forms on £ and its subspace of exact forms.

Problem 4.3 Let £ be a finite-dimensional K-Lie algebra. We consider the space S := Sym?(€)® of
invariant symmetric bilinear forms on €.

Let n := ({rad(x): k € S} denote the common radical of all invariant symmetric bilinear forms on ¢.
Fix an element x € S of maximal rank. Then n C rad(x), but is there some « for which we have equality?

In the following remark we collect some information that is useful to determine the space Z3()r.

Remark 4.4 Suppose that (€ ko) is a quadratic Lie algebra, i.e., kg is a non-degenerate invariant sym-
metric bilinear form on €. Then there exists for each invariant symmetric bilinear form x € Sym(€)! a
uniquely determined endomorphism A, € End(¢) with

k(z,y) = ko(Ag-,y) for z,y €t
Now the invariance of k implies that A, is contained in the centroid
Cent(t) := {A € End(¢): (Vz € ¥) [4,adz] = 0}.

The centroid of € is an associative subalgebra of End(€) on which transposition A + AT with respect to
ko induces a linear antiautomorphism, satisfying

ko(A.x,y) = kolz, AT .y) = ko(AT .y,z) forall z,y €k

It follows in particular that for A € Cent () the invariant bilinear form k4 (z,y) := ko(A.z,y) is symmetric
if and only if AT = A. This leads to a linear bijection

Cent(£), := {A € Cent(£): AT = A} — Sym?(¢)", A k4.
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For AT = —A the invariant form k4 is alternating, which implies that x4 vanishes on € x &, and this
implies that
A®) C(¥)" =5(e) and A(¥) = {0}.

Conversely, any A € End(£) with ¢ C ker A and im(A) C 3(¥) satisfies Aoadz = adz o A = 0 for all
z € €, hence is contained in the centroid. We put
Centg (k) := {A € End(€): ¢ Cker A, im(A) C 3(&)}
and observe that Centg(£) < Cent(€) is an ideal of the associative algebra Cent(€) because
Cento(€) = {A € Cent(f): Alg =0}

is the kernel of the restriction homomorphism Cent(¢) — End ().
If A € Cento(), then

ro(AT.[6,8],8) = ro([e, 8], A.t) C ro(E,5(8)) = {0},

so that AT € Centg(£). Hence the ideal Centg() is invariant under transposition. We have already seen
that Cento(€) contains all skew-symmetric elements of Cent(€), so that the involution induced on the
quotient algebra

Centyeq () := Cent(€)/ Cento(€) < End(€')

is trivial, which implies that this algebra is commutative.
We conclude that
Cent(£); := {A € Cent(k): A" = A} = Sym?(¢)*
and that
Centg (), := {A € Cento(£): AT = A} = Sym?(¢/¥).
Therefore
Z3(®)r = im(T) = Cent(€), / Cento(€) 4 = Cent,eq (k)

carries the structure of an associative commutative algebra.

In [MR93], Th. 2.3, Medina and Revoy describe the structure of the associative algebra Cent(£) for a
Lie algebra ¢ whose center Z(€) is contained in ¢': The algebra Cent(€) has a decomposition with respect
to orthogonal indecomposable idempotents ey, ..., e, with ), e; = ide, so that € is the direct product of
the ideals €; := e;&. Moreover, the algebra Cent(£;) ~ ¢; Cent(£)e; is a local ring, and we have

Cent (£ @ Cent;j, where Cent;; :=e; Cent(£)e; = Lin(t; /€, Z(€;))

4,j=1

as linear spaces, and
Centg (€ (@ Centg (£ ) P (@ Cent;; )
i#]
If, in addition, £ carries a non-degenerate quadratic from kg, then Th. 2.5 loc.cit. implies that the

decomposition of € as a direct sum of ideals €; is orthogonal and the idempotents e; are symmetric with
respect to kg. We conclude in particular that

Centyeq(t) = Cent()/ Centg(£) GB Centyeq (B
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5 An example

This section is devoted to a concrete example of a Lie algebra g = A ® € which has coupled cocycles.

Let h be the 3-dimensional Heisenberg algebra h with generators z, y and ¢ and the only non-trivial
relation [z, y] = ¢. Then pass to the extension £ = h x KD of § by a derivation D like for affine algebras.
Explicitly, we take D(z) = z, D(y) = —y and D(c) = 0 (cf. [MP95], p.98, Ex. 6). The Lie algebra ¢ is
4-dimensional, and has an invariant bilinear symmetric form &, as any Lie algebra with symmetrizable
Cartan matrix (cf. [MP95], Prop. 4, p. 362). We call € the split oscillator algebra over K

Remark 5.1 Let us compute the dimensions of the spaces of cochains, cocycles and cohomology spaces:

|degreep|0|1|2|3|4|
dimCP(E) |1 |46 |41
dimHP({) |1 ]1]0]|1]1
dimBP(€) |0|0[3]3]0
dimZP(¢) |1 ]1]3|4]1

In the preceding table the dimension of the cohomology spaces is computed as follows: dim H?(E) =1
by definition. As £/[¢,€] = KD, dim H'(¢) = 1. By unimodularity (cf. [Mi04], Definition 4.3), € satisfies
Poincaré duality, so that the dimensions in degree 3 and 4 follow. But the Euler characteristic of a finite
dimensional Lie algebra vanishes [Go55], which implies that H?(€) = {0}.

The dimensions of the boundary spaces are clear in degree 0 and 1. In degree 2, there remain 3
dimensions as the difference of dim C'! (£) and dim Z! (€). In the same way, we get the dimensions of BP(£)
for p = 3,4. Finally, dim Z?(£) is the sum of dim B?(¢) and dim H? ().

Observe that [£, €] = h and [h, h] = Re, so that € is solvable, but [¢, h] = b, so that € is not nilpotent.

We claim that each invariant bilinear form & is exact, which gives rise to coupled cocycles (in the
sense of Section 3): If 0 # pu € C*(€), then the fact that € is unimodular implies that all 3-cochains ippu,
h € ¢, are 3-cocycles. If h € [¢, €] = b, then i p is exact, so that i pu yields a basis of the one-dimensional
space H3(E). Since 0 # (ipu)(x,y,c) = u(D,z,y,c) and for each invariant symmetric bilinear form x we
have k([z,y],¢) = k(z,[y,c]) = 0, we see that I'(k) € span{ipu: h € h} = B3(€). Hence each invariant
symmetric bilinear form is exact.

Remark 5.2 We now turn to the space Sym?(£)t: Any invariant symmetric bilinear form & satisfies

d] y) = 0.
z,y) = K@, y).
T, [d,l’]) = —H(ZL“, [l’,d]) = —Ii([ﬂf,ﬂ?],d) = 0.



Ii(yay) = _H(ya[day]) = H(ya[yad]) = H([yayLd) = 0.

We immediately conclude that the space of invariant symmetric bilinear forms is at most 2-dimensional
and that each such form & is determined by «(d, ¢) = k(x,y) and x(d, d) (note that d is not a commutator).
Let us denote by s; the (invariant symmetric bilinear) with x1(d,d) = 1 and &1(z,y) = 0 and s the
invariant symmetric bilinear form with k2(z,y) = k2(d,c) = 1 and k2(d,d) = 0. Then s, coincides with
the invariant form x introduced above and &1, #5 form basis of Sym?®(€¢)¢. Combining with the observation
in the preceding remark and Section 4, we get

K? = Sym?(€)" = Sym?(¢)!, = H'(¢,€*) = H'(¢,£) = out (k).
For the reduced centroid we thus get
Centyeq(€) = Sym?(€)* / Sym?(€/ [¢, €]) = K[rz].

We further get Z3(€)r = B3(€)pr =
For any algebra A and g = A ® ¢ the exact sequence in Theorem 4.2 now turns into a sequence of the

form
{0} = H(g/g') = A*(A)—"—H*(g) - Lin(Q"(4), Z°(®)r) = Q' (4)" - {0}

Therefore the essential part of H?(g) is isomorphic to the dual space of Q'(A). From the construction in
the proof of Theorem 4.2 it follows that the coupled cocycles correspond to the elements of Q!(A)* not
vanishing on the subspace d4(A).

6 The topological setting

In this section we explain how the algebraic results from the preceding section can be used in the topo-
logical setting. Actually these applications were our original motivation to study the work of Haddi and
Zusmanovich.

We now assume that K =R or C. Let A be a unital commutative locally convex associative K-algebra
and ¢ a locally convex K-Lie algebra. We endow g = A ® € with the projective tensor product topology,
turning it into a locally convex space with the universal property that for each locally convex space 3
a bilinear map ¢: A x £ — 3 is continuous if and only if the corresponding linear map ¢: A @t — 3 is
continuous. Then the Lie bracket on g is continuous because the quadrilinear map

AxexAxt— At (a,2,d,2") — ad @ [z,2']

is continuous and the continuous quadrilinear maps correspond to the continuous linear maps on (4 ®
He(A8).

In the topological context, we consider for a locally convex space 3 the space Z2(g,3) of continuous
cocycles and the subspace B?(g,3) of all coboundaries of the form dg¢, where ¢: g — 3 is a continuous
linear map. In the topological context, the relation between the space

HZ(g,3) == Z2(9,3)/B-(9,3)

and the space of all linear maps from

H> c(g) := Z2(g)/Ba(g) — 3
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is more complicated than in the algebraic setup ([Ne02b]). To define the topological version of H(g), we
have to use the closure of Bs(g) to obtain a Hausdorff topology on the quotient space. We always have
a natural map

HZ(g,3) — Lin(Ha (g), 3),

but in general there is no reason for this map to be injective or surjective. Therefore the homology space
is much less interesting in the topological setting, and it often is easier to work directly with cocycles and
coboundaries which is made possible by our results in Section III.

The flip involution on g ® g, endowed with the projective tensor product topology, is continuous, so
that the kernel of the quotient map g® g — A%(g),z®y — x Ay is closed, which leads to a locally convex
topology on A?(g). Further the bracket map by: A?(g) — g is continuous because it is induced from the
continuous bracket map, which shows that its kernel Z5(g) is closed.

One easily verifies that the maps p+ and o4 from Section 2 are continuous, and likewise that the
maps

A—-A®A, ara®l and A— S*(A), amaVvl

are continuous. Therefore Lemma 2.1 yields a topological decomposition of the closed subspace Z2(g) of
A%(g):
Zs(g) = (A*(A) ® S2(8)) @ (A ® Z2(8)) © (14 @ A2(E)).

This implies that any continuous cocycle f: g X g — 3 defines three continuous maps
fi: A2(A) @ 82%(8) =3, fo: A9A%(E) >3 and f3: T4 @ A%(E) = 3.

Conversely, three such continuous linear maps combine to a continuous 2-cocycle of g if and only if they
satisfy the conditions from Theorem 3.1.

If a continuous cocycle f = fi + fo + f3 is in B2(g,3), then it vanishes on Z(g), which implies
fi1 = f3 = 0 and that f, is a continuous coboundary, i.e., there exists a continuous linear map £: g — 3
with

flaz, by) = folax,by) = fg(ab)(x,y) ={l(ab[z,y]) forall a,be€ A x,yect.

Clearly, this implies that fg(A) C BZ(t,3). If, conversely, fNQ(A) C BZ(t,3), then there exists a linear map
h: A — Lin(t,3) with deh(a) = fo(a) for all @ € A, but it is not clear whether the corresponding map
h: AxE— 3 will be continuous. Therefore the exactness condition is quite subtle.

If ¢ is finite-dimensional, then the situation simplifies significantly. Then BZ?(¢,3) = B?(¢,3) and if
Lin(+,-) stands for “continuous linear maps”, then

Lin(A ® A%(8),3) = A*(€)* ® Lin(4, 3),

so that we may consider fo as a 2-cocycle in Z2(€,Lin(A4,3)). If this map vanishes on B (), then there
exists a linear map h: ¢ — Lin(A, ;) with

f2($7y)(a) :h([x,y])(a), wayGE,GEA-
Then the map ¢: A x € — 3, (a,z) — h(z)(a) is continuous and satisfies fo = —dgz¢. We thus get
B*(¢,Lin(4, 3)) = B(g,3)-

We collect the previous remarks in the following theorem which is analoguous to Theorem 4.2. It deter-
mines the structure of the second continuous cohomology space for current algebras. Let us denote by
QL(A) = Ja/ J% the locally convex module of Kéhler differentials for the locally convex commutative
associative algebra A.

21



Theorem 6.1 Let € be a finite dimensional Lie algebra over K. Then the sequence
{0} = H(a/d) & (A ® H(8) —"—HZ (9) —— Lin((Q(4), da(A)), (2°®)r, B (O)r)) = {0}
18 exact.

Proof.  First we note that the short exact sequence 0 — ¢ — € — £/¢' — 0 of finite-dimensional vector
spaces splits. Since g’ = A ® €' is closed in g, it follows that the short exact sequence 0 — ¢ — g —
g/g’ — 0 also splits topologically. As we have observed above, Theorem 3.7 and its corollaries remain
true in the topological setting. For Corollary 3.5 we use the topological splitting of ¢ in &. We have
also seen above that the corresponding description of the coboundaries remains valid, because £ is finite
dimensional. Further, the topological splitting of g’ implies that Lemma 4.1 remains true. This implies
the injectivity of ®.

That ker ¥ = im ® is shown as in the proof of Theorem 4.2. Finally, the surjectivity of ¥ follows from
the fact that f” and S can be chosen as continuous maps, because of the existence of (continuous) linear
right inverses of surjective linear maps to finite dimensional vector spaces. =

Example 6.2 We consider the special case where M is a compact manifold and A = C*°(M,R) the
Fréchet algebra of all smooth real-valued functions on M. According to [Ma02] or [Co85], the universal
topological differential module of A is given by Q! (A4) = Q!(M,R), the space of smooth R-valued 1-forms
on M, and the de Rham-differential d: C*°(M,R) — Q'(M,R) is a universal continuous derivation. It
follows in particular that the space d4(A) is the space of exact 1-forms, which is non-zero.

Now let £ be a finite-dimensional real Lie algebra and

gi=A®ExC®(M,¥).

Up to cocycles vanishing on g x g’, all continuous cohomology classes in H2(g) are then represented by
sums f = fi + fo, where
fi: Ax A — Sym?(k)*

is an alternating continuous linear map for which there is a continuous linear map
fie QY M,R) - Sym®(®)*  with  fi(a,b) = f/(a- d(b) — b-d(a)),

and B
de(f2(a)) = =T(f2(da)) for all a € A.

We interprete the continuous linear map flb as a Symz(é)[’—valued current on M. It is a closed current
if and only if it vanishes on exact forms. Typical examples of such currents arise from pairs (£, k), where
€:]0,1] — M is a piecewise smooth path and x € Sym?* ()¢, via

ex

fia) = (/f“)

but these examples satisfy v o f7 = 0.
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7 Appendix: A useful exact sequence
The following section is very much based on information and hints we got from M. Bordemann ([B097]).

Definition 7.1 Let ¢ be a Lie algebra and a a £-module. We denote the action as € x a — a by
(z,a) = z.a. On the space CP(¢,a) of a-valued Lie algebra cochains we have a natural action of €
denoted by

P
(Low)(T1,...,2p) = zw(T1,...,Tp) — Zw(wl,...,xi_l,[;v,;z:,-],xi+1,...,xp).
i=1

The Lie algebra differential d: C?(k,a) — CP*L(€,a) is given by

(=) xjw(wo, ..., Tjy- -\ Tp)
=0
(_

(dew) (o, - . ., Tp) =

M=

+ ]-)iJrjw([mi;l'j];mO;'"7§i7"'7§j7""mp)7 (14)

™

(3

N

J

where 7; indicates omission of ;.
For p,q € Ny we consider the injection

Tp: CPti(¢,a) — CP(E, CU(E, a)), (fpf)(ml, e X)W1y Yg) = f(T, Xy YL, Yg)-
From the action of € on the spaces C(€, a) we obtain Lie algebra differentials
dp: CP(¢,C1(E a)) — CPT(E,CU(E, a))

and we also have
dy: CP(€,CU(E a)) = CP(E,CM (€,a), wrrdiow

satisfying on CPT4(k, a) the identity
Tprrode =dyo Ty + (1) dy 0 Ty (15)
(cf. [NeO5b], Lemma A.1).
Specializing to the trivial module a = K, we obtain in particular the maps
Tpor: CP(8) - CP7 (5,0 (1) B (1) = CP~ (8,8,

which, in view of equation (15), commute with the respective Lie algebra differentials because d} o JN},
vanishes on CP?(¢,K). Hence they induce linear maps

ap: HP(8) — HP L (e, 8,  [w] = [Tpo1(w)].

For the t-module £* the subspace dgt* of C''(,€*) consists of maps whose associated bilinear map is
alternating. We thus have a well-defined map

S: C'(¢,€*)/B" (€, €*) — Sym?*(€)
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which is a morphism of £-modules. We now obtain maps
By =SoT,_1: CP(£,€) — CP~' (¢, Sym?(k))
satisfying
Bpode = SoT, yodi=So(dyoTy s)=dyoSoTy o=dyof,_,. (16)
Hence Bp induces a linear map
Bp: HP(E,€*) — HP(E, Sym?(¢)).
From the construction we immediately get Ep o apyq = 0, which leads to 8, o a1 = 0.

Proposition 7.2 For any Lie algebra £ we obtain with v(k) := [I'(k)] an exact sequence

{0} — H2(6)—22 5 H (6, 1) —2 Sym2(8)' — L H3(6) — > H2 (¢, ¢*)— 2 H (¢, Sym2(£)).

Proof.  To see that for each cocycle w € Z!(E €*) the symmetric bilinear form 3; (w) is invariant, we
note that

Br(w)([z,y], 2) = w(lz, y])(2) + w(2)([z,y]),
and if w is a cocycle, this can be written as
Pr(w)([z,y], 2) = (z.w(y))(2) — (y-w(@))(2) + w(2)([z,y]) = w(y)([z, 2]) + w(@)(ly, 2]) + w(2)([z,y]),

showing that this trilinear form is alternating, and hence that £; (w) is invariant.
Exactness in H?(€): We only have to show that s is injective. If w € Z?(E) satisfies az(w) = den
for some 7 € £*, then

w(z,y) = (de) () (y) = (z.2)(y) = —a([z,y]),

which implies that w is a 2-coboundary.
Exactness in H! (€ ¢*): Clearly 31 o ay = 0. If, conversely, 31 ([w]) = 0, then w: &€ — €* is a linear
map whose associated bilinear form w(z,y) := w(x)(y) is alternating. In this situation we have

do(z,y,2) = —w([z,y])(2) —w(ly, 2])(2) = w([z, 2])(y) = —w([z,y])(2) + w(z)([y, 2]) + w(y)([z, ])
= (—w(z,y)) —yw(z) + z0(y))(2) = (dw)(z,y)(2)- (17)

We conclude that @ is a cocycle if and only if w is one, and from that we derive that ker £; = im «s.
Exactness in Sym?(£)': Next we show that yo3; = 0. So let w € Z' (&, €*) and write & = wy + w_,
where w, is symmetric and w_ is alternating. Then

VBr@))(@,y,2) = w(lz,y])(2) +w(2)([2,9]) = w(y)([z,2]) + w(@)([y, 2]) + w(2) ([, 9]), (18)

and the closedness of w also shows that > . . w([z,y])(2) =23, w(@)([y,z]), which leads to

’)/(Bl(LU))(l',y,Z) = ZW([ﬂ?,y])(Z) —W(Z)([ﬂf,y]) = 22&)7([33,:1/],2) = —2dgw,(x,y,z).

cyc. cyc.

Hence (81 (w)) is always exact, so that v o #; vanishes on the level of cohomology spaces.
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To see that kery C im 31, suppose that  is an exact invariant bilinear form and n € C?(€) satisfies
dn = —TI'(k) = —y(k). Then w(z)(y) := k(z,y) + n(z,y) defines a linear map w: &€ — £* with

(dew)(z,y)(2) = (z.w(y) —yw(@)—w(lz,y])(2)
= w(y)([z,2]) + w(@)(ly, 2]) — w([z,y])(2)
= K([l’ y]7 )+77(y;[zal"]) +77( 7[ 7Z]) —ﬂ([ﬂfay];z)
= ﬁ([m,y],z) + dén(wayaz) = (F(H) + dé’?)(ﬂfayaz) =0. (19)

From the preceding calculation we also see by putting n = 0, that the linear map : € — £* defined
by an invariant symmetric bilinear form & is a 1-cocycle if and only if I'(x) vanishes.

Exactness in H?(): Since B!(E) C £* vanishes, the transfer formula for differentials implies that an
alternating trilinear form w on € is a 3-cocycle if and only if the corresponding alternating bilinear form
ag(w) is a 2-cocycle. Therefore the image of as consists of those cohomology classes having a representing
cocycle whose associated trilinear form is alternating.

For k € Sym?(£)*, the corresponding 3-cocycle I'(x) and the corresponding linear map %: € — £*, we
have

az(I'(r))(2,y) = w([x,y],-) = —(dr)(z)(y)

because

dii(z,y)(z) = (vE(y))(z) — (y-£(2))(2) — E([z,y])(2)
= _K'(ya [‘Tv Z]) + IQ(:U, [y,z]) - m([m,y],z) = n([m,y],z). (20)

We conclude that az(I'(k)) is exact, so that az o induces the trivial map Sym?(€)® — H? (€, €*).
Let f € C*(¢,€*) and write f(a,b) = f(a)(b). We then have

df (z,y)(2) = (2.f() =y.f(z) = [([2,9])(z) = FW)([z,2]) + f(@)([y, 2]) = F([z,9])(2)
= fW)(za]) - (-, 2). (21)

This map is alternating in (z,y), and it is alternating in (z, z) if and only if y. f is alternating. Writing
f f+ + f_ for the decomposition of f into symmetric and alternating components, this is equivalent
to y. f+ = 0. We conclude that df (z,y)(z) is alternating if and only if f+ is invariant.

To verify the exactness in H?(€), we now assume that w € Z3(f) satisfies as(w) € B?(&€*), ie
az([w]) = 0. Then there exists an f € C1(€,€*) with az(w) = def, and the preceding paragraph implies
that f~+ is an invariant symmetric bilinear form on € satisfying

as(w) = def = ~T(f1) + def-,

where f = f, + f_ corresponds to the decomposition f = f, + f_. We conclude that [as(w)] = —[F(ﬁr)],
which implies exactness in H?(E).

Exactness in H?(E £*): We claim that ker 85 = im a3. To verify this claim, pick w € ZZ(k, €*) for
which f2(w) is exact, i.e., there exists a symmetric bilinear form x € Sym?(€¢) with 8 (w) = dek, i.e., for
x,y,z € € we have

w(z,y)(2) +w(z, 2)(y) = (z.6)(y, 2) = —k([z,y], 2) — K(y, [z, 2]).

Let 77 € C*(€,€*) and write 5 for the corresponding bilinear map on € with n(z,y) = 77(z)(y). Then

di(x, y)(2) = (x(y) — y-n(z) —1([z,y])(z) = —nly, [z, 2]) + n(z, [y, 2]) — 0([z, ], 2)-
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Therefore

Pa(den)) () (y,2) = 1) ([z,2]) =0z, y])(2) + 1(2) [y, 2]) =7z, 2], )
= 2004+ ([y, z])(2) + 71 ([2, 2] (9)) = 2(z.n4)(y, 2), (22)

and this leads to
B2 (den) = 2deny. = de(B1(n)).
Since £ (C" (€, €*)) = Sym?(¥), we find some 7j € C'' (€, €*) with 3, (7j) = &, and then

B2(w — den) = dek — deny =0,

so that for W’ := w — den € Z%(k,€*) the corresponding trilinear map is alternating. This means that
[w] = [w'] € im as. -
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