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Introdution

While onneted loally ompat groups an be approximated by real Lie groups and hene

an be desribed using real Lie theory ([20℄, [15℄), the situation is more ompliated in the

ase of a totally disonneted, loally ompat group G. Here, we have a p-adi Lie theory

available for eah prime p, but it is not lear a priori whih primes p will be needed to

analyze the struture of G, nor whether p-adi Lie theory is useful at all in this ontext.

Investigations in [8℄ indiate that indeed general loally ompat groups are \too far away"

from p-adi Lie groups (and from Lie groups over loal �elds) to expet meaningful appli-

ations of Lie theory. Therefore, it is essential to restrit attention to suitable lasses of

totally disonneted groups, whih are \lose enough" to p-adi Lie groups.

For example, we might onsider the lass of (loally ompat) pro-p-adi Lie groups, viz.

loally ompat groups whih an be approximated by p-adi Lie groups, for a �xed prime p

(see [8℄, [14℄ for investigations of suh groups). However, it is learly very restritive to use

p-adi Lie theory for a single prime p only; it would be more natural to try to make use of

p-adi Lie theory for variable primes p simultaneously. For instane, it should ertainly be

allowed to approximate a group also by �nite produts

Q

p2p

G

p

of p-adi Lie groups G

p

(where p is a �nite set of primes), or by losed subgroups of suh produts.

Motivated by suh onsiderations, given a non-empty subset p of the set P of all primes,

it was proposed in [8℄ to study the lass M IX

p

of all loally ompat groups whih an be

manufatured from p-adi Lie groups with p 2 p, by repeated appliation of the operations

of forming artesian produts, losed subgroups, Hausdor� quotients, and passage to iso-

morphi topologial groups.

1

1

Thus, tehnially speaking, M IX

p

onsists of all loally ompat groups in the variety of Hausdor�

groups generated by the lass of topologial groups whih are p-adi Lie groups for some p 2 p.
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For example, onsider a Hausdor� quotient S=N of a losed subgroup S of a �nite prod-

ut

Q

p2F

G

p

of p-adi Lie groups, with p in a �nite set F � p, or a topologial group

isomorphi to S=N (suh groups will be alled A

p

-groups). Then S=N is a M IX

p

-group.

Arbitrary M IX

p

-groups are not too far away from this example: a loally ompat group

G is a M IX

p

-group if and only if it is topologially isomorphi to a losed subgroup of a

artesian produt

Q

i2I

S

i

=N

i

of A

p

-groups (f. (3)), by standard fats from the theory of

varieties of topologial groups ([6℄, [16℄, [21℄).

This information alone would not be enough to analyze M IX

p

-groups via p-adi Lie theory.

However, we an prove muh more: Every G 2 M IX

p

an be approximated by A

p

-groups,

in the sense that every identity neighbourhood of G ontains a losed normal subgroup

K � G suh that G=K is an A

p

-group (Remark 2.11). We an also show that every

A

p

-group G ontains an open subgroup whih is a �nite produt

Q

p2F

H

p

of p-adi Lie

groups (Corollary 2.5). Sine every inner automorphism of G gives rise to loal automor-

phisms of the fators H

p

here, adapting tehniques from [7℄ and [14℄ to the ase of loal

automorphisms we are able to dedue very satisfatory results onerning the struture of

M IX

p

-groups (inluding solutions to all open problems formulated in [8℄). In partiular, we

obtain a lear piture of the \tidy subgroups" of a M IX

p

-group G and its \sale funtion"

s

G

: G ! N , whih are the essential strutural features of G in the struture theory of

totally disonneted groups initiated in ([25℄, [27℄). We reall the de�nitions:

De�nition (f. [25℄, [27℄). Let G be a totally disonneted, loally ompat group and �

be an automorphism of G. A ompat, open subgroup U of G is alled tidy for � if the

following onditions are satis�ed:

(T1) U = U

+

U

�

, where U

�

:=

T

n2N

0

�

�n

(U);

(T2) The subgroup U

++

:=

S

n2N

0

�

n

(U

+

) is losed in G.

It an be shown that ompat, open subgroups tidy for � always exist, and that the index

r

G

(�) := [�(U

+

) : U

+

℄

(alled the \sale of �") is �nite and independent of the hoie of tidy subgroup U . Spe-

ialization to inner automorphisms I

x

: G ! G, I

x

(y) := xyx

�1

yields the sale funtion

s

G

: G! N , s

G

(x) := r

G

(I

x

) of G. We let P(G) be the set of all primes p 2 P suh that p

divides s

G

(x) for some x 2 G.

The main results. Writing M IX

;

for the lass of loally ompat pro-disrete groups, we

an summarize our main results as follows:

(a) For any sets of primes p and q, we have M IX

p

\ M IX

q

= M IX

p\q

(Theorem 2.12).

(b) The sale funtion s

G

of any M IX

p

-group G an be alulated by Lie-theoreti meth-

ods. Furthermore, a basis of ompat, open subgroups tidy for x an be desribed

expliitly for eah x 2 G, using Lie-theoreti methods (Theorem 3.4, Corollary 3.7).

2

2

This is new even for p-adi groups; in [7℄, s

G

was alulated without formulas for tidy subgroups.
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() For every M IX

p

-group G, the set P(G) of all prime divisors of the values of the sale

funtion is a �nite set, and P(G) � p (Corollary 3.7).

(d) If G is a ompatly generated M IX

P

-group and p a set of primes, then G 2 M IX

p

if and only if P(G) � p (Theorem 4.2). In partiular, �nitely many primes suÆe

to build up G. Furthermore, every ompatly generated, unisalar M IX

P

-group G is

pro-disrete (Corollary 4.3).

3

Previously, this was only known for p-adi Lie groups

(see [22℄ and [14℄).

It is a natural idea that the set P(G) of all prime divisors of the values of s

G

should tell

us whih kinds of p-adi Lie groups (whih p) are needed to analyze a totally disonneted

group G, at least in good ases.

4

Result (d) above shows that this general philosophy an

be turned into a mathematial fat for the lass of ompatly generated M IX

P

-groups.

We mention that most of the results arry over to the larger lass VSUB

p

(subsuming M IX

p

)

of all loally ompat groups in the variety of Hausdor� groups generated by topologial

groups having a diret produt

Q

p2F

H

p

of p-adi Lie groups as an open subgroup, for p

in a �nite subset F � p. We therefore disuss suh groups in parallel.

Although our studies may remind the reader of Ad�ele groups, loser inspetion shows that

the latter need not belong to M IX

P

, nor VSUB

P

(see Remark 3.8).

Variants. Some results remain valid if p-adi Lie groups are replaed by loally pro-p

groups (groups possessing a pro-p-group as a ompat open subgroup): see Setion 5.

Further results. Motivated by results in [26℄, in the �nal Setion 6 we assoiate a set of

primes L(G) to eah totally disonneted, loally ompat group G, whih only depends on

the loal isomorphism type of G (the \loal prime ontent of G"). Sine L(G) ontains all

prime divisors of the sale funtion, it provides a means to dedue information onerning

the global struture of G (its sale funtion) from the loal struture of G. Using the loal

prime ontent, we show that for eah G 2 M IX

P

, there exists a unique smallest set of

primes p suh that G 2 M IX

p

(Theorem 6.7, Remark 6.9). If G is ompatly generated,

then simply p = P(G), as mentioned before. IfG is not ompatly generated, then p 6= P(G)

in general. In this ase, p an still be determined in priniple (it is the \intermediate prime

ontent" of G, de�ned below), but it is a less tangible invariant.

In an appendix, whih is of independent interest, we desribe topologial groups G whose

normal subgroups N with G=N a real (resp. p-adi) Lie group do not form a �lter basis.

The present paper uses (and generalizes) results and tehniques from [7℄, [8℄, [14℄ and [26℄.

3

Reall that a totally disonneted, loally ompat group G is alled unisalar if s

G

� 1, whih holds

if and only if every x 2 G normalizes some ompat, open subgroup of G.

4

This idea was expressed by M. Stroppel (Stuttgart) in 1994.
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1 Preliminaries and notation

1.1 Given a lass of topologial Hausdor� groups 
, the variety of Hausdor� groups gen-

erated by 
 is the smallest lass V(
) of Hausdor� groups ontaining 
 and losed under

the operations of formation of artesian produts \C," subgroups \S," Hausdor� quotients

\Q," and passage to isomorphi topologial groups (whih is understood and suppressed

in the notation). It is easy to see that

V(
) = QSC(
) (1)

here (f. [6, Thm. 1℄ or [21, Thm. 6℄), and it an be shown with more e�ort that

V(
) = SCQSP(
) (2)

(see [6, Thm. 2℄, or [21, Thm. 7℄), where \P" denotes the formation of all �nite artesian

produts, and \S" denotes formation of losed subgroups (or isomorphi opies thereof, as

above). It is easy to see (f. (1) above) that the lass QSP(
) is losed under the formation

of �nite artesian produts, losed subgroups and Hausdor� quotients.

1.2 Throughout the following, P denotes the set of all primes. Given p 2 P, we let LIE

p

be

the lass of p-adi Lie groups; given a non-empty subset p � P, we set LIE

p

:=

S

p2p

LIE

p

.

Aording to (2), the variety of Hausdor� groups generated by LIE

p

is given by

V(LIE

p

) = SC(A

p

) ; where A

p

:= QSP(LIE

p

) (3)

is the lass of all topologial groups isomorphi to a Hausdor� quotient S=N of a losed

subgroup S of a produt

Q

p2F

G

p

, where F � p is a �nite subset and G

p

a p-adi Lie group

for eah p 2 F . For later use, we let A

;

be the lass of disrete groups. We de�ne

M IX

p

:= fG 2 V(LIE

p

) : G is loally ompat g :

Finally, we let M IX

;

be the lass of all pro-disrete, loally ompat groups G, i.e., loally

ompat groups G whose �lter of identity neighbourhoods has a basis onsisting of open,

normal subgroups of G (see [8℄ for more information).

1.3 Given a set p of primes, we let SUB

p

be the lass of all topologial groups possessing

an open subgroup isomorphi to

Q

p2F

G

p

, where F � p is �nite and G

p

a p-adi Lie group

for eah p 2 F . We let

VSUB

p

:= fG 2 V(SUB

p

) : G is loally ompat g :

In partiular, VSUB

;

is the lass of loally ompat, pro-disrete groups (f. [8, Thm. 2.1℄).

Note that all of the topologial groups in A

p

, SUB

p

, M IX

p

and VSUB

p

are loally ompat

and totally disonneted. We shall see later that A

p

� SUB

p

and thus M IX

p

� VSUB

p

.
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1.4 A lass A of Hausdor� topologial groups whih ontains the trivial group and is losed

under passage to isomorphi topologial groups is alled a property of topologial groups;

the elements of A are alled A -groups. If A is a property of topologial groups, we say that

the lass A is suitable for approximation (or also: an \admissible property" of topologial

groups, in the terminology of [8℄), if every A -group is loally ompat, A is losed under the

formation of �nite artesian produts, losed subgroups and Hausdor� quotients (whih

holds if and only if A = QSP(A )), and if G=ker f is an A -group, for every ontinuous

homomorphism f : G! H from a loally ompat group G to an A -group H.

For example, the lass of real Lie groups is suitable for approximation (f. [16℄), and so are

the lasses of p-adi Lie groups (see [8℄), �nite groups, �nite p-groups, and �nite nilpotent

groups, respetively.

Quite a bit of work will be needed to see that the lasses A

p

and SUB

p

are suitable for

approximation. This information is very useful, beause it is well understood whih loally

ompat groups an be approximated by topologial groups in a lass of topologial groups

whih is suitable for approximation. We reall [8, Thm. 2.1℄:

Proposition 1.5 Let A be a lass of topologial groups that is suitable for approximation,

and G be a loally ompat group. Then the following onditions are equivalent:

(a) G an be approximated by A -groups, i.e., every identity neighbourhood U of G on-

tains a losed normal subgroup N of G suh that G=N 2 A .

(b) The set of all losed normal subgroups N as in (a) is a �lter basis whih onverges

to 1 in G.

() G is a pro-A -group in the sense of [8, 1.4℄.

(d) G is a projetive limit (in the ategory of topologial groups) of a projetive system

of A -groups and ontinuous homomorphisms.

(e) G is an element of the variety V(A ) of Hausdor� groups generated by A . 2

Choosing U ompat, we see that N in (a) an always be assumed to be ompat.

1.6 All topologial groups onsidered in this artile are Hausdor�. Open, surjetive, on-

tinuous homomorphisms are alled quotient morphisms. All isomorphisms or automor-

phisms of topologial groups are, in partiular, homeomorphisms. The automorphism

group of a topologial group G is denoted Aut(G). A loal isomorphism between totally

disonneted, loally ompat groups G and H is an isomorphism from an open subgroup

of G onto an open subgroup of H.

1.7 Our main soures for p-adi Lie theory are [5℄ and [23℄. All Lie groups G onsidered

here are �nite-dimensional analyti Lie groups (unless we say otherwise expliitly). As

usual, a p-adi Lie group will be identi�ed with its underlying topologial group. The
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p-adi Lie algebra of G is denoted L(G). All neessary bakground onerning pro-�nite

groups and pro-p-groups (in partiular, the basis of Sylow theory needed here) an be

found in [28℄.

1.8 Given a prime p, a topologial group G is alled loally pro-p if G has a ompat, open

subgroup U whih is a pro-p-group. As an immediate onsequene of the orresponding

permanene properties of pro-p-groups, the lass LO C

p

of loally pro-p groups is losed

under formation of �nite diret produts, losed subgroups, and Hausdor� quotients.

1.9 It is well known that every p-adi Lie group is loally pro-p, and so is every analyti

Lie group G over a loal �eld K whose residue �eld k has harateristi p [23℄. See also [10,

Prop. 2.1 (h)℄ for a reent proof, whih remains valid if G is not analyti but merely a C

1

-

Lie group (in the setting of [2℄). While every p-adi C

k

-Lie group admits a C

k

-ompatible

analyti Lie group struture [10℄, for every loal �eld of positive harateristi there exists

a 1-dimensional smooth Lie group without an analyti Lie group struture ompatible with

its topologial group struture, and C

k

-Lie groups whih are not C

k+1

[9℄.

2 Relations between the various lasses of groups

We �rst ollet various simple fats.

Lemma 2.1 Let p 6= q be primes, G be a pro-p-group, H a pro-q-group and f : G! H be a

ontinuous homomorphism. Then f(x) = 1 for all x 2 G. In partiular, every ontinuous

homomorphism from a p-adi Lie group to a q-adi Lie group has open kernel.

Proof. Sine ontinuous homomorphisms to �nite q-groups separate points on H, we

may assume that H is a �nite q-group. By [28, La. 1.2.6℄, K := ker f is open and hene

G=K

�

=

f(G) is a p-group (as a onsequene of [28, Prop. 1.2.1℄). Hene f(G) = f1g. The

well-known �nal assertion (Cartan's Theorem) now follows with 1.9. 2

The following observation onerning losed subgroups of pro-nilpotent groups is the key

to an understanding of M IX

p

-groups and VSUB

p

-groups.

5

Proposition 2.2 Let U

p

be a pro-p-group for eah p 2 P, and S be a losed subgroup of

U :=

Q

p2P

U

p

. De�ne S

p

:= S \ U

p

for p 2 P, identifying U

p

with U

p

�

Q

q2Pnfpg

f1g � U .

Then S =

Q

p2P

S

p

.

Proof. Being a diret produt of pro-p-groups, U is pro-nilpotent (f. [28, Prop. 2.4.3℄). As

a onsequene of [28, Thm. 1.2.3℄, also the losed subgroup S of U is pro-nilpotent. Hene S

has a normal (and hene unique) p-Sylow subgroup

~

S

p

for eah p 2 P (see [28, Prop. 2.4.3 (ii)

and Prop. 2.2.2 (d)℄). Sine

~

S

p

is ontained in the unique p-Sylow subgroup U

p

of U and

ontains S

p

(see [28, Prop. 2.2.2 ()℄), we dedue that

~

S

p

= S

p

. Hene S =

Q

p2P

S

p

by [28,

Prop. 2.4.3 (iii)℄. 2

5

Reall from [28℄ that projetive limits of nilpotent �nite groups are alled pro-nilpotent.
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Corollary 2.3 Let p be a non-empty, �nite set of primes, G

p

be a loally pro-p group

(resp., a p-adi Lie group) for p 2 p, and S be a losed subgroup of G :=

Q

p2p

G

p

, whih

we onsider as an internal diret produt of the groups G

p

. Then S

p

:= S \G

p

is a losed

normal subgroup of S and loally pro-p (resp., a p-adi Lie group), being a losed subgroup

of G

p

. Furthermore, the produt

P :=

Y

p2p

S

p

is an open subgroup of S.

Proof. For eah p 2 p, there exists an open pro-p subgroup U

p

� G

p

. Then U :=

Q

p2p

U

p

is open in G and hene U \S is open in S, where U \S =

Q

p2p

(U

p

\S) by Proposition 2.2.

Sine U

p

\ S � S

p

, also P is open in S. 2

We now fous on p-adi groups. Analogues for loally pro-p groups are outlined in Setion 5.

Corollary 2.4 Suppose that � : G !

Q

p2p

G

p

is a ontinuous, injetive homomorphism

from a loally ompat group G into a produt of p-adi Lie groups G

p

, for p in some �nite

set of primes p. Then G is a SUB

p

-group.

Proof. Sine � is injetive, G is totally disonneted. We hoose a ompat, open subgroup

U � G; then U is isomorphi to the losed subgroup S := �(U) of

Q

p2p

G

p

. Thus

Corollary 2.3 entails the laim. 2

Corollary 2.5 Let p be a set of primes. Then A

p

� SUB

p

and thus M IX

p

� VSUB

p

.

Proof. Without loss of generality p 6= ;, the omitted ase being trivial. If G is an A

p

-

group, then after passing to an isomorphi opy we may assume that G = S=N where S is a

losed subgroup of a produt P :=

Q

p2F

G

p

of p-adi Lie groups for p in some �nite subset

F � p, and N � S a losed normal subgroup. Then S

p

:= S\G

p

is a losed subgroup of S,

and N

p

:= N \ G

p

is a losed normal subgroup of S

p

, for eah p 2 F . By Corollary 2.3,

e

S :=

Q

p2F

S

p

is an open subgroup of S and

e

N :=

Q

p2F

N

p

an open subgroup of N (and

it also is a losed normal subgroup of S). Hene G = S=N is isomorphi to

�

S=

e

N

�

.

�

N=

e

N

�

: (4)

But, N=

e

N being disrete, the group in (4) is loally isomorphi to S=

e

N , whih has

e

S=

e

N

�

=

Q

p2F

�

S

p

=N

p

�

as an open subgroup. Hene for all suÆiently small ompat, open

subgroups U

p

� S

p

=N

p

, the produt

Q

p2F

U

p

is isomorphi to a ompat, open subgroup

of G. Thus G is a SUB

p

-group. Hene A

p

� SUB

p

. The rest is obvious. 2

Remark 2.6 The author does not know whether M IX

P

is a proper sublass of VSUB

P

.

We may assume that pr

p

(S) is dense in G

p

in the preeding proof (where pr

p

: P ! G

p

is the oordinate projetion), entailing that the losed subgroup N

p

:= N \ G

p

of G

p

is a

normal subgroup of G

p

. Hene S=

e

N is a losed subgroup of (

Q

p2F

G

p

)=

e

N

�

=

Q

p2F

(G

p

=N

p

),

where G

p

=N

p

is a p-adi Lie group. Combining this with (4), we get:
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Corollary 2.7 If p 6= ;, then every A

p

-group is topologially isomorphi to a quotient

S=D, where S is a losed subgroup of a produt

Q

p2F

G

p

of p-adi Lie groups G

p

for p in

a �nite set F � p, and D is a disrete normal subgroup of S. 2

Proposition 2.8 Let p be a set of primes. Then we have:

(a) The lass SUB

p

is suitable for approximation.

(b) The lass A

p

is suitable for approximation.

Proof. The ase p = ; being trivial, we may assume that p is non-empty.

(a) Every SUB

p

-group is loally ompat. Let us show that the lass SUB

p

is losed

under the formation of �nite diret produts, losed subgroups, and Hausdor� quotients.

It is obvious that �nite produts of SUB

p

-groups are SUB

p

-groups. Let G be a SUB

p

-

group now and S a losed subgroup. Let U � G be an open subgroup whih is a produt

Q

p2F

U

p

of p-adi Lie groups U

p

for p in a �nite subset F � p. Then S \ U is a losed

subgroup of U =

Q

p2F

U

p

, whene S is a SUB

F

-group (and thus a fortiori a SUB

p

-group),

by Corollary 2.3. If G and U are as before and N is a losed normal subgroup of G, then

G=N has an open subgroup isomorphi to U=(U \ N), whih is an A

p

-group and hene a

SUB

p

-group by Corollary 2.5. Hene also G=N is a SUB

p

-group.

Finally, suppose that f : G! H is a ontinuous homomorphism from a loally ompat

group G to a SUB

p

-group H. Sine H is totally disonneted, the onneted identity

omponent G

0

of G is ontained in the kernel of f , entailing that Q := G= ker f is totally

disonneted. Let f : Q ! H be the injetive ontinuous homomorphism determined by

f Æ q = f , where q : G! Q is the quotient map. Let W � H be an open subgroup whih

is a �nite produt of p-adi Lie groups (for ertain p 2 p). Being totally disonneted and

loally ompat, Q has a ompat, open subgroup U ontained in f

�1

(W ). Then U is a

SUB

p

-group by Corollary 2.4, and hene so is Q = G= ker f . The proof of (a) is omplete.

(b) It is obvious that A

p

is losed under the formation of losed subgroups, Hausdor�

quotients, and �nite artesian produts. Given a ontinuous homomorphism � : G ! H

from a loally ompat group G to an A

p

-groupH, the loally ompat group Q := G= ker�

is totally disonneted. There is a unique ontinuous injetive homomorphism � : Q! H

suh that � Æ � = �, where � : G ! Q is the quotient map. Let us show that Q is an

A

p

-group. For onveniene of notation, after replaing G with Q and � with �, we may

assume without loss of generality that � : G ! H is injetive. Furthermore, in view of

Corollary 2.7, we may assume that H = S=D for some losed subgroup S of a produt

Q

p2F

G

p

of p-adi Lie groups G

p

for p in a �nite subset F � p, and some disrete normal

subgroup D of S. We let � : S ! S=D = H be the anonial quotient map. Our goal is to

equip S

0

:= �

�1

(�(G)) with a �ner topology whih turns this group into a losed subgroup

of another, suitable hosen produt of p-adi Lie groups, and suh that S

0

=D

�

=

G as a

topologial group.

To this end, we hoose a ompat, open subgroup U of G. Then W := �

�1

(�(U)) is

a losed subgroup of S and hene also of

Q

p2F

G

p

. Let W

p

:= W \ G

p

; by Corollary 2.3,

Q

p2F

W

p

is an open, normal subgroup of W . We laim that, for eah y 2 S

0

, the inner

8



automorphism I

y

: S ! S, I

y

(s) := ysy

�1

restrits to a loal automorphism of W . Indeed,

there exists x 2 G suh that �(y) = �(x), and a ompat, open subgroup A � G suh

that xAx

�1

� U . Then, �j

�(U)

U

being a homeomorphism as U is ompat, �(A) is an open,

ompat subgroup of �(U), suh that I

�(x)

(�(A)) = �(I

x

(A)) � �(U). Hene, �j

�(U)

W

being

ontinuous, B := �

�1

(�(A)) is an open subgroup of W , and from �(I

y

(B)) = I

�(y)

(�(B)) =

I

�(x)

(�(A)) � �(U) we dedue that I

y

(B) � W . The ontinuity of I

y

: S ! S and its

inverse entails that I

y

j

W

B

is an isomorphism from B onto an open subgroup of W .

As a onsequene, there is a uniquely determined topology on S

0

making it a topologial

group, and whih makes W an open subgroup and indues on it the given loally ompat

topology. Throughout the following, S

0

will be equipped with this loally ompat topology,

whih is �ner than the topology indued by S. Given p 2 F , let pr

p

be the anonial

projetion of

Q

q2F

G

q

onto G

p

. Pik a ompat, open subgroup C of W . Considerations

very similar to the preeding ones show that there is a uniquely determined group topology

on H

p

:= pr

p

(S

0

) suh that pr

p

(C), equipped with the ompat topology indued by G

p

(whih makes it a p-adi Lie group) is a ompat, open subgroup of H

p

. Then H

p

is a

p-adi Lie group, and pr

p

j

pr

p

(C)

C

being ontinuous and open, we see that pr

p

j

H

p

S

0

: S

0

! H

p

is a quotient map. The topology on C being indued by the maps pr

p

j

pr

p

(C)

C

, where pr

p

(C)

is open in H

p

, we easily see that

Q

p2F

H

p

indues the given loally ompat topology

on S

0

. Note that D, being disrete in S, is a fortiori a disrete (and hene losed) normal

subgroup of S

0

(whose topology is �ner). Hene X := �(G)

�

=

S

0

=D is an A

p

-group, where

we equip X now with the topology making �j

X

S

0

a quotient morphism. In order that G

be an A

p

-group, it only remains to show that � := �j

X

: G ! X is an isomorphism of

topologial groups. But �j

�(W )

W

= �j

�(U)

W

is a quotient morphism with respet to the new

topologies on domain and range. Sine the topology on the domain W oinides with the

old topology, we dedue that so does the topology on the image �(U). Now �j

�(U)

U

being

an isomorphism and �(U) = �(W ) being open in X, we see that � is an isomorphism. 2

Remark 2.9 Suppose that G is an A

p

-group, say G = S=D as in Corollary 2.7. Applying

the onstrution from the proof of Proposition 2.8 (b) to � := id

G

, we see that G = S

0

=D

where S

0

is a losed subgroup of a produt P :=

Q

p2F

H

p

of p-adi Lie groups for some

�nite subset F � p, D is a disrete normal subgroup of S

0

, and furthermore all of the

oordinate projetions pr

p

: P ! H

p

restrit to quotient morphisms pr

p

j

S

0

: S

0

! H

p

.

Remark 2.10 Let p be a �nite set of primes, S a losed subgroup of a produt

Q

p2p

G

p

of

p-adi Lie groups, and f : G! S be a ontinuous homomorphism from a loally ompat

group to S. Repeating the proof of Proposition 2.8 (b) with D := f1g, we see that G=ker f

is isomorphi to a losed subgroup of a produt

Q

p2p

H

p

of p-adi Lie groups.

Remark 2.11 Proposition 2.8 allows us to apply Proposition 1.5 to the ases A := A

p

and A := SUB

p

. We dedue, in partiular, that every M IX

p

-group (resp., VSUB

p

-group)

is a pro-A

p

-group (resp., a pro-SUB

p

-group), whene it is a projetive limit of a projetive

system of A

p

-groups (resp., SUB

p

-groups), suh that all bonding maps and all limit maps

9



are quotient morphisms. We also dedue the useful fat that a loally ompat group is a

M IX

p

-group (resp., a VSUB

p

-group) if and only if it an be approximated by A

p

-groups

(resp., by SUB

p

-groups).

Theorem 2.12 For any sets of primes p and q, we have

(a) VSUB

p

\ VSUB

q

= VSUB

p\q

;

(b) VSUB

p

\ M IX

q

= M IX

p\q

;

() M IX

p

\ M IX

q

= M IX

p\q

.

Proof. We may assume that p; q 6= ;, the exluded ase being trivial.

(a) Let G 2 VSUB

p

\ VSUB

q

. By Remark 2.11, in order that G 2 VSUB

p\q

, we

only need to show that G an be approximated by SUB

p\q

-groups. To verify the latter,

let U be an identity neighbourhood of G; after shrinking U , we may assume that U is a

ompat, open subgroup of G. Sine G 2 VSUB

p

, there exists a losed normal subgroup

K � U of G suh that G=K 2 SUB

p

(Remark 2.11), and thus G=K 2 SUB

F

for some

�nite subset F � p. Now G 2 VSUB

q

entails that G=K 2 VSUB

q

, whene the identity

neighbourhood U=K ontains a losed normal subgroup N of G=K suh that (G=K)=N has

an open subgroup of the form H =

Q

q2E

H

q

, where H

q

is a q-adi Lie group for q in a �nite

subset E � q. The lass SUB

F

being losed under the formation of Hausdor� quotients

and losed subgroups, we see that H is a SUB

F

-group. Hene H has an open subgroup

of the form W =

Q

p2F

W

p

for ertain p-adi Lie groups W

p

; we may assume that W

p

is a pro-p-group. Given p 2 F , for eah q 2 E n fpg, the ontinuous homomorphism

pr

q

j

W

p

: W

p

! H

q

(where pr

q

: H ! H

q

is the oordinate projetion) has kernel W

p

,

by Lemma 2.1. Hene pr

q

(W

p

) = f1g for eah q 2 E n fpg. Then W

p

= f1g for all

p 2 F n E. Consequently, W =

Q

p2E\F

W

p

, showing that H and thus also (G=K)=N is a

SUB

p\q

-group. Let � : G ! G=K be the quotient map. Then �

�1

(N) � U and this is a

losed normal subgroup of G suh that G=�

�1

(N)

�

=

(G=K)=N 2 SUB

p\q

. Thus G an be

approximated by SUB

p\q

-groups.

(b) Suppose that G 2 VSUB

p

\ M IX

q

. By Remark 2.11, in order that G 2 M IX

p\q

, we

only need to show that G an be approximated by A

p\q

-groups. To verify this, let U be a

ompat, open subgroup of G. Sine G 2 VSUB

p

, there exists a losed normal subgroup

K � U of G suh that G=K 2 SUB

F

for some �nite, non-empty subset F � p. Now G 2

M IX

q

entails thatG=K 2 M IX

q

, whene the identity neighbourhood U=K ontains a losed

normal subgroup N of G=K suh that (G=K)=N is an A

q

-group (Remark 2.11). Hene,

in view of Remark 2.9, there are q-adi Lie groups H

q

for q in a non-empty �nite subset

E � q, a losed subgroup S �

Q

q2E

H

q

=: H, and a quotient morphism � : S ! (G=K)=N ,

with disrete kernel D, suh that pr

q

j

S

: S ! H

q

is a quotient morphism for eah q, where

pr

q

: H ! H

q

is the oordinate projetion. Now, D being disrete, the groups S and

(G=K)=N are loally isomorphi. The group (G=K)=N is a SUB

F

-group as a quotient

of the SUB

F

-group G=K (Proposition 2.8 (a)), whene every identity neighbourhood of

(G=K)=N ontains a ompat, open subgroup whih is a produt of p-adi Lie groups,
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with p 2 F . Hene also S has a ompat, open subgroup of the form V =

Q

p2F

V

p

,

where V

p

is a p-adi Lie group for eah p 2 F . Let q 2 E n F . By Lemma 2.1, pr

q

j

V

p

has

open kernel for eah p 2 F , whene pr

q

j

V

has open kernel. The group V being ompat,

ker pr

q

j

V

has �nite index in V , entailing that pr

q

(V ) is �nite. The latter set being open

in H

q

(sine pr

q

j

S

is a quotient morphism), we dedue that H

q

is a disrete group (and

hene a p-adi Lie group for eah p). Thus H = D

0

�

Q

q2E\F

H

q

, where D

0

:=

Q

q2EnF

H

q

is disrete. Therefore (G=K)=N

�

=

S=D is an A

E\F

-group and hene an A

p\q

-group. The

kernel of the natural quotient map G ! (G=K)=N being ontained in U , we see that G

an be approximated by A

p\q

-groups, as required.

() Sine M IX

p

� VSUB

p

, assertion () is a trivial onsequene of (b). 2

Note that Z

N

p

is a M IX

P

-group without open subgroups satisfying an asending hain

ondition on losed subgroups.

3 Tidy subgroups and the sale funtion for SUB

p

-

groups and VSUB

p

-groups

We now desribe tidy subgroups and alulate the sale funtion for SUB

p

-groups and

then, passing to projetive limits, for VSUB

p

-groups. For this purpose, we require a slight

generalization of the notion of the module of an automorphism.

3.1 If G is a loally ompat group, with Haar measure �, and � : H ! G an injetive,

ontinuous homomorphism from an open subgroup H � G onto an open subgroup S :=

�(H) of G, then, due to uniqueness of Haar measure on S up to a multipliative onstant,

there is a positive real number �

G

(�) (also written �(�) when G is understood), the

module of �, suh that �j

S

= �

G

(�)�(�j

H

). Thus �

G

(�) =

�(�(U))

�(U)

, for every non-empty

open subset U � H of �nite measure. If G is a p-adi Lie group here, identifying L(H)

and L(S) with L(G), we have

�

G

(�) = �

L(G)

(L(�)) = jdetL(�)j

p

; (5)

using the natural absolute value j:j

p

on Q

p

. In fat, the proof of [5, Ch. 3, x3.16, Prop. 55℄

(treating only �etale endomorphisms) diretly generalizes to the present situation.

It is also useful to know that every SUB

P

-group has an open subgroup satisfying the

asending hain ondition on losed subgroups, beause this property ensures that a om-

pat, open subgroup satisfying ondition (T1) of tidiness (as desribed in the Introdution)

automatially satis�es ondition (T2) as well [1, Thm. 3.32 and Rem. 3.33 (2)℄.

Proposition 3.2 Every G 2 SUB

P

has a ompat, open subgroup U suh that U satis�es

the asending hain ondition on losed subgroups.

Proof. Sine G 2 SUB

P

, there exists a �nite set F � P and an open subgroup U of G

suh that U =

Q

p2F

U

p

for ertain p-adi Lie groups U

p

. After shrinking U

p

, we may

11



assume that U

p

also is a pro-p-group. We may furthermore assume that eah U

p

satis�es

the asending hain ondition on losed subgroups, beause every p-adi Lie group has an

open subgroup with this property [24, proof of Prop. 3.5℄. Now let S

1

� S

2

� � � � be an

asending sequene of losed subgroups of U . Then (S

n

\ U

p

)

n2N

beomes stationary for

eah p 2 F , and hene so does (S

n

)

n2N

, as S

n

=

Q

p2F

(S

n

\ U

p

) by Proposition 2.2. 2

The following fat is essential for the alulation of the sale funtion and tidy subgroups.

3.3 If E is a �nite-dimensional Q

p

-vetor spae and � a linear automorphism of E, then

E = E

p

� E

0

� E

m

; where (6)

E

m

:= fx 2 E : �

n

(x)! 0 as n!1g ;

E

p

:= fx 2 E : �

�n

(x)! 0 as n!1g and

E

0

:= fx 2 E : �

Z

(x) is relatively ompatg ;

see [24, La. 3.4℄ or [7, La. 3.3℄ (f. [18, pp. 80{83℄ for more re�ned information). We all

(6) the ontration deomposition of E with respet to �. It is known (see, e.g., [7, La. 3.3℄

and its proof) that there is an ultrametri norm k:k on E whih is adapted to the deom-

position (6) in the sense that k�(x)k = kxk for all x 2 E

0

and, for suitable � > 1,

k�(x)k � � kxk for all x 2 E

p

and k�(x)k � �

�1

kxk for all x 2 E

m

:

If g is a �nite-dimensional p-adi Lie algebra, there exists a ompat, open submodule V � g

suh that the Campbell-Hausdor� series onverges on V � V to a funtion � : V � V ! V

making V a p-adi Lie group (see [5, Ch. II, x8.3, Prop. 3℄). We all V a CH-group.

Theorem 3.4 Let p 6= ; be a �nite set of primes, G be a SUB

p

-group, and � : G! G be

an automorphism (e.g., � := I

x

: y 7! xyx

�1

for some x 2 G). Let H be an open subgroup

of G of the form

Q

p2p

H

p

, where H

p

is a p-adi Lie group for p 2 p. Then we have:

(a) For eah p 2 p, there exists an open subgroup U

p

of H

p

suh that �(U

p

) � H

p

.

(b) Identifying L(U

p

) with L(H

p

), we onsider �

p

:= L(�j

H

p

U

p

) as a Lie algebra auto-

morphism of L(H

p

). We let L(H

p

) = L(H

p

)

p

� L(H

p

)

0

� L(H

p

)

m

be the ontration

deomposition of L(H

p

) with respet to �

p

, and abbreviate L(H

p

)

+

:= L(H

p

)

p

�L(H

p

)

0

and L(H

p

)

�

:= L(H

p

)

0

� L(H

p

)

m

. Then

r

G

(�) =

Y

p2p

�

�

�

p

j

L(H

p

)

+

L(H

p

)

+

�

=

Y

p2p

Y

i2f1;:::;dimL(H

p

)g

j�

p;i

j

p

�1

j�

p;i

j

p

; (7)

where �

p;1

; : : : ; �

p;dimL(H

p

)

are the eigenvalues of �

p

in an algebrai losure Q

p

of Q

p

(repeated aording to their algebrai multipliities), and j:j

p

is the unique extension

of the usual absolute value on Q

p

to an absolute value on Q

p

. In partiular,

im s

G

�

Y

p2p

p

N

0

; i.e., P(G) � p : (8)
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() For eah p, let �

p

: V

p

! W

p

be a topologial isomorphism from a CH-group V

p

�

L(H

p

) onto an open subgroup W

p

of H

p

, suh that L(�

p

) = id

L(H

p

)

. Let k:k

p

:

L(H

p

)! [0;1[ be an ultrametri norm on L(H

p

) adapted to the ontration deom-

position. Then there exists "

0

> 0 suh that B

p;"

0

:= fy 2 L(H

p

) : kyk

p

< "

0

g � V

p

for eah p 2 p, and suh that

B

"

:=

Y

p2p

�

p

(B

p;"

) (9)

is a ompat, open subgroup of G whih is tidy for �, for eah " 2 ℄0; "

0

℄.

Proof. Let H =

Q

p2p

H

p

be as desribed in the theorem. After shrinking H

p

, we may

assume that H

p

is a pro-p-group and that there exists an isomorphism �

p

: V

p

! H

p

with L(�

p

) = id

L(H

p

)

, for some ompat, open submodule V

p

� L(H

p

), equipped with the

Campbell-Hausdor� multipliation. There exists a ompat, open subgroup W

p

� H

p

suh

that �(W

p

) � H and �

�1

(W

p

) � H. Then pr

q

Æ �j

H

W

p

= 1 and pr

q

Æ �

�1

j

H

W

p

= 1 for q 6= p,

by Lemma 2.1, where pr

q

: H ! H

q

is the oordinate projetion. Hene

�(W

p

) � H

p

and �

�1

(W

p

) � H

p

; for eah p 2 p. (10)

Shrinking W

p

further, we may assume that �j

H

p

W

p

is linear in exponential oordinates, viz.

�

p

(L(�j

H

p

W

p

):y) = �(�

p

(y)) for all y 2 �

�1

p

(W

p

), (11)

and likewise for �

�1

. In the following, we identify H

p

with V

p

� L(H

p

) by means of the

isomorphism �

�1

p

, for onveniene. Then (11) and its analogue for �

�1

take the form

�(y) = L(�j

H

p

W

p

):y and �

�1

(y) = L(�j

H

p

W

p

)

�1

:y for all y 2 W

p

. (12)

For eah p 2 p, we hoose an ultrametri norm k:k

p

on L(H

p

) adapted to the ontration

deomposition L(H

p

) = L(H

p

)

p

�L(H

p

)

0

�L(H

p

)

m

of L(H

p

) with respet to the Lie algebra

automorphism �

p

:= L(�j

H

p

W

p

). Choose Æ > 0 suh that B

p;Æ

:= fy 2 L(H

p

) : kyk

p

< Æg �

H

p

for eah p 2 p. Next, hoose "

0

2 ℄0; Æ℄ suh that

B

p;"

0

� W

p

and �(B

p;"

0

) � B

p;Æ

; for all p 2 p,

and suh that B

p;"

is a subgroup of (H

p

; �) (and hene of G), for all " 2 ℄0; "

0

℄; the latter

is possible by [5, Ch. III, x4.2, La. 3 (iii)℄. For p 2 p, onsider the map

f

p

: (W

p

\ L(H

p

)

+

)� (W

p

\ L(H

p

)

m

)! H

p

� L(H

p

); (u; v) 7! uv

(produt in G). Then f

p

is analyti (and hene stritly di�erentiable by [4, 4.2.3 & 3.2.4℄)

and its di�erential at 0 is the identity map id

L(H

p

)

. By the Inverse Funtion Theorem in

the form [12, Prop. 7.1 (b)

0

℄, after shrinking "

0

we an ahieve that

f

p

�

(B

p;"

\ L(H

p

)

+

)� (B

p;"

\ L(H

p

)

m

)

�

= B

p;"

; for eah " 2 ℄0; "

0

℄. (13)
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Fix " 2 ℄0; "

0

℄; we laim that the ompat, open subgroup B

"

:=

Q

p2p

B

p;"

of G is tidy

for �. To this end, note that

�

�1

(B

p;"

\ L(H

p

)

+

) = �

�1

p

:(B

p;"

\ L(H

p

)

+

) � B

p;"

\ L(H

p

)

+

by hoie of the norm k:k

p

, and thus �

�n

(B

p;"

\L(H

p

)

+

) � B

p;"

for eah n 2 N

0

, entailing

that B

p;"

\ L(H

p

)

+

� (B

"

)

+

and thus

Y

p2p

(B

p;"

\ L(H

p

)

+

) � (B

"

)

+

;

where (B

"

)

�

:=

T

n2N

0

�

�n

(B

"

). If y = (y

p

)

p2p

2 B

"

and y

q

62 L(H

q

)

+

for some q 2 p,

then k(�

q

)

�n

:y

q

k

q

� k(�

q

)

�n

:(y

q

)

m

k

q

� �

n

k(y

q

)

m

k

q

! 1 as n ! 1, where (y

q

)

m

is the

omponent of y

q

in L(H

q

)

m

and � > 1 is as in 3.3, the de�nition of an adapted norm. This

entails that there is m 2 N suh that (�

p

)

�n

(y

p

) 2 B

p;"

for all n 2 f0; : : : ; m� 1g and all

p 2 p, and an element q 2 p suh that

(�

q

)

�m

:y

q

62 B

q;"

: (14)

Then �

�n

p

:y

p

= �

�n

(y

p

) for all n 2 f1; : : : ; mg and all p 2 p, by (12). Sine �

�m+1

(y

p

) 2

B

p;"

, we have �

�m

(y

p

) 2 H

p

for eah p 2 p. Hene (14) entails that �

�m

(y) = (�

�m

p

:y

p

)

p2p

62

B

"

, whene y 62 (B

"

)

+

. Summing up, we have shown that

(B

"

)

+

=

Y

p2p

(B

p;"

\ L(H

p

)

+

) ;

and an analogous argument gives (B

"

)

�

=

Q

p2p

(B

p;"

\ L(H

p

)

�

). Using (13), we see that

B

"

� (B

"

)

+

(B

"

)

�

=

Y

p2p

(B

p;"

\ L(H

p

)

+

)(B

p;"

\ L(H

p

)

�

)

�

Y

p2p

(B

p;"

\ L(H

p

)

+

)(B

p;"

\ L(H

p

)

m

) =

Y

p2p

B

p;"

= B

"

and hene B

"

= (B

"

)

+

(B

"

)

�

, i.e., B

"

satis�es ondition (T1) of tidiness. As a onsequene

of Proposition 3.2, B

"

also satis�es (T2) and thus B

"

is tidy for �.

To alulate r

G

(�), we hoose " 2 ℄0; "

0

℄ and obtain

r

G

(�) = [�((B

"

)

+

) : (B

"

)

+

℄ =

Y

p2p

[�(B

p;"

\ L(H

p

)

+

) : B

p;"

\ L(H

p

)

+

℄

=

Y

p2p

�(�j

H

p

\L(H

p

)

+

B

p;"

\L(H

p

)

+

)

(5)

=

Y

p2p

�(�

p

j

L(H

p

)

+

) =

Y

p2p

jdet(�

p

j

L(H

p

)

+

)j

p

=

Y

p2p

Y

i2f1;:::;dimL(H

p

)g

j�

p;i

j

p

�1

j�

p;i

j

p

;

with �

p;i

as desribed in the theorem. Here, we used [7, La. 3.4℄ to pass to the third line.

Sine jQ

�

p

j

p

= p

N

0

, the seond term in the seond line shows that r

G

(�) 2

Q

p2p

p

N

0

. Hene

im s

G

�

Q

p2p

p

N

0

in partiular. 2
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Remark 3.5 In the speial ase where G is a p-adi Lie group, Theorem 3.4 provides a

self-ontained, expliit alulation of the sale funtion, and a basis of subgroups tidy for

x 2 G. The earlier alulation of s

G

in [7℄ relied on a result from [24℄, and tidy subgroups

ould not be desribed expliitly in that paper.

Lemma 3.6 Let G be a totally disonneted, loally ompat group, K � G be a ompat,

normal subgroup, q : G! G=K be the quotient map, and x 2 G. Then q

�1

(U) is tidy for x,

for every ompat, open subgroup U � G=K whih is tidy for xK, and s

G

(x) = s

G=K

(xK).

Proof. Let y := xK and V := q

�1

(U). Sine I

n

x

(V ) is K-saturated for eah n 2 Z, and

q

�1

(I

n

y

(U)) = I

n

x

(V ), we easily see that V

�

= q

�1

(U

�

), V = q

�1

(U

+

U

�

) = V

+

V

�

, and

V

++

= q

�1

(U

++

), whih is losed. Thus V is tidy for x, and s

G

(x) = [I

x

(V

+

) : V

+

℄ =

[q

�1

(I

y

(U

+

)) : q

�1

(U

+

)℄ = [I

y

(U

+

) : U

+

℄ = s

G=K

(y). 2

Combining Theorem 3.4 and Lemma 3.6, we obtain:

Corollary 3.7 Let p 6= ; be a set of primes, and G 2 VSUB

p

. Then we have:

(a) Let K � G be a ompat, normal subgroup suh that G=K is a SUB

p

-group; then

G=K is a SUB

F

-group for some �nite subset F � p. We have

s

G

(x) = s

G=K

(xK) for eah x 2 G, (15)

where s

G=K

(xK) an be alulated expliitly as desribed in Theorem 3.4. In parti-

ular, P(G) � F , whene P(G) is a �nite subset of p.

(b) Let x 2 G. For every K as in (a) and ompat, open subgroup U � G=K tidy for xK,

the subgroup q

�1

K

(U) � G is tidy for x, where q

K

: G ! G=K is the quotient map.

The set of subgroups q

�1

K

(U) tidy for x, for all possible K and U as before, is a basis

for the �lter of identity neighbourhoods of G. Hene G has small tidy subgroups. 2

Remark 3.8 If G is an Ad�ele group then P(G=G

0

) typially is an in�nite set. In this

ase, G=G

0

is not a M IX

P

-group (nor a VSUB

P

-group), by Corollary 3.7 (a). For example,

we have P(G=G

0

) = P for G := lim

�!

F

�

SL

n

(R) �

Q

p2F

SL

n

(Q

p

)�

Q

PnF

SL

n

(Z

p

)

�

, where F

ranges through the set of �nite subsets of P, and n � 2 (f. [7, Thm. 5.1℄).

4 The minimal set of primes needed to build up a

ompatly generated M IX

P

-group, or VSUB

P

-group

As a tool, we introdue an analogue of the adjoint ation of Lie groups for SUB

P

-groups.

4.1 Suppose that G is a SUB

P

-group and H � G an open subgroup of the form H =

Q

p2F

H

p

, where F is a �nite set of primes and H

p

is a p-adi Lie group, for eah p 2 F .

Given x 2 G, onsider the inner automorphism I

x

: G ! G, I

x

(y) := xyx

�1

. Given x, for

15



eah p 2 F , there is a ompat, open subgroup U

p

� H

p

suh that I

x

(U

p

) � H

p

. Identifying

L(U

p

) with L(H

p

) by means of the isomorphism of Lie algebras L(i

p

), where i

p

: U

p

! H

p

is the inlusion map, we may onsider Ad

p

(x) := L(I

x

j

H

p

U

p

) as an automorphism of the Lie

algebra L(H

p

). It is easy to see that

Ad

p

: G! Aut(L(H

p

)); x 7! Ad

p

(x)

is a homomorphism. Sine Ad

p

(x) = Ad(pr

p

(x)) for x 2 H, where pr

p

: H ! H

p

is

the oordinate projetion and Ad : H

p

! Aut(L(H

p

)) is ontinuous, we see that the

homomorphism Ad

p

is ontinuous on the open subgroup H and hene ontinuous.

Theorem 4.2 Let p be a set of primes.

(a) If G 2 VSUB

P

is ompatly generated, then G 2 VSUB

p

if and only if P(G) � p.

(b) If G 2 M IX

P

is ompatly generated, then G 2 M IX

p

if and only if P(G) � p.

Proof. By Corollary 3.7, G 2 VSUB

p

entails P(G) � p for p non-empty, and apparently

P(G) � p also holds if p = ;, as every pro-disrete group is unisalar.

(a) Let G 2 VSUB

P

be ompatly generated; we want to show that G 2 VSUB

P(G)

.

In view of Remark 2.11, we only need to show that G an be approximated by SUB

P(G)

-

groups. Now, given a ompat, open subgroup U � G, there exists a ompat normal

subgroup N � U of G suh that G=N is a SUB

q

-group for some �nite subset q � P. Then

G=N is ompatly generated, and P(G) = P(G=N) (Lemma 3.6), whene P(G) � q, by

what has already been shown. Let � : G! G=N be the quotient map. If we an show that

G=N 2 VSUB

P(G)

, then we an �nd a ompat normal subgroup Z � �(U) of G=N suh

that (G=N)=Z

�

=

G=�

�1

(Z) is a SUB

P(G)

-group, where �

�1

(Z) � U , whene indeed G an

be approximated by SUB

P(G)

-groups.

Replaing G with G=N , we may therefore assume that G 2 SUB

q

for some �nite set

of primes q. Let U � G be as before. Then G has an open subgroup H � U of the form

H =

Q

p2q

H

p

, where H

p

is a p-adi Lie group. Given x 2 G, de�ne I

x

: G ! G, I

x

(y) :=

xyx

�1

. After shrinking H

p

, we may identify H

p

with a ompat, open Z

p

-submodule of

L(H

p

), equipped with the CH-multipliation (as in the proof of Theorem 3.4 (a)) and

may assume that I

x

(y) = Ad(x):y for all x; y 2 H

p

. We let ; 6= K be a ompat,

symmetri generating set for G. Then K � FH for some �nite subset F � K. For

eah p 2 q and x 2 F , there exists a ompat, open subgroup V

p

(x) � H

p

suh that

I

x

(V

p

(x)) � H

p

and I

x

(y) = L(I

x

j

H

p

V

p

(x)

):y for all y 2 V

p

(x); we set V

p

:=

T

x2F

V

p

(x). Let

W

p

be a ompat, open, normal subgroup of H

p

suh thatW

p

� V

p

. Sine K � FH, where

I

x

j

H

q

� 1 for x 2 H

p

with p 6= q 2 q, we onlude that I

x

(W

p

) � H

p

for all x 2 K, and

I

x

(y) = L(I

x

j

H

p

W

p

):y = Ad

p

(x):y for all x 2 K and y 2 W

p

. Now let r := q n P(G). Given

p 2 r and x 2 G we dedue from (7) and the fat that p neither divides s

G

(x) nor s

G

(x

�1

)

that all eigenvalues of L(I

x

j

H

p

W

p

) in Q

p

have modulus 1. Repeating the arguments used to

prove \1))4)" of Prop. 3.1 in [14℄, we �nd that Ad

p

(x) = L(I

x

j

H

p

W

p

) is a ompat element of
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Aut(L(H

p

)), for eah x 2 G and eah p 2 r. The homomorphism Ad

p

: G ! Aut(L(H

p

))

being ontinuous (see 4.1), we dedue that the subgroup R

p

:= Ad

p

(G) � Aut(L(H

p

)) is

ompatly generated. Being ompatly generated and periodi, R

p

is relatively ompat in

Aut(L(H

p

)) (see [22℄). As a onsequene of [23, Part II, Appendix 1, Thm. 1℄, there exists

a ompat, open Z

p

-submodule M

p

� W

p

of L(H

p

) whih is invariant under R

p

. Then the

subgroup C

p

:= hM

p

i ofW

p

generated byM

p

is open inW

p

and ompat, and it is a normal

subgroup of G as it is normalized by eah x 2 K, where K generates G (here we use that

I

x

(C

p

) = hI

x

(M

p

)i = hAd

p

(x):M

p

i = hM

p

i = C

p

). As a onsequene, C :=

Q

p2r

C

p

� U is

a ompat, normal subgroup of G suh that G=C ontains

H=C

�

=

Y

p2P(G)

H

p

�

Y

p2r

H

p

=C

p

as an open subgroup, where

Q

p2r

H

p

=C

q

is disrete. Thus G=C 2 SUB

P(G)

, showing that

G an be approximated by SUB

P(G)

-groups, whih ompletes the proof of (a).

(b) Now suppose that G 2 M IX

P

is ompatly generated. Then G 2 VSUB

P

a fortiori

and hene G 2 VSUB

P(G)

, by Part (a). Thus G 2 M IX

P

\ VSUB

P(G)

= M IX

P\P(G)

=

M IX

P(G)

, using Theorem 2.12 (b). 2

Generalizing [22, Cor. 5℄ and [14, Thm. 5.2℄, we obtain:

Corollary 4.3 Every ompatly generated, unisalar M IX

P

-group (or VSUB

P

-group) G is

pro-disrete.

Proof. Sine P(G) = ;, Theorem 4.2 shows that G 2 VSUB

;

. 2

Theorem 4.2 and Corollary 4.3 beome false for groups that are not ompatly generated,

as there is a unisalar p-adi Lie group without a ompat, open, normal subgroup [14, x 6℄.

5 Variants based on loally pro-p groups

Variants of some of our results an be obtained when p-adi Lie groups are replaed with

loally pro-p groups. We also provide ounterexamples for results whih do not arry over.

5.1 In 1.8, we introdued the lass LO C

p

of loally pro-p groups. Given ; 6= p � P, we set

LO C

p

:=

S

p2p

LO C

p

. Then V(LO C

p

) = SC(A

_

p

), where A

_

p

:= QSP(LO C

p

). We de�ne

M IX

_

p

:= fG 2 V(LO C

p

) : G is loally ompat g ;

M IX

_

;

:= M IX

;

, and A

_

;

:= A

;

. Given p � P, we let SUB

_

p

be the lass of all topologial

groups possessing an open subgroup isomorphi to

Q

p2F

G

p

, where F � p is �nite and G

p

a pro-p-group for eah p 2 F . We de�ne

VSUB

_

p

:= fG 2 V(SUB

_

p

) : G is loally ompat g :

In partiular, VSUB

_

;

= VSUB

;

.
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5.2 Then A

p

� A

_

p

and SUB

p

� SUB

_

p

and thus M IX

p

� M IX

_

p

and VSUB

p

� VSUB

_

p

.

Theorem 5.3 All of Corollary 2.4{Theorem 2.12 remain valid if p-adi Lie groups are

replaed with loally pro-p groups, A

p

by A

_

p

, M IX

p

by M IX

_

p

, SUB

p

by SUB

_

p

, and VSUB

p

by VSUB

_

p

. With analogous replaements, also Corollary 3.7 (a) arries over.

6

Proof. The proofs of Corollary 2.4{Theorem 2.12 an be repeated verbatim in the new

situation, making the replaements desribed in the theorem. Also the adaptation of

Corollary 3.7 (a) is immediate in view of the Proposition 5.5 below. 2

Remark 5.4 In partiular, A

_

p

and SUB

_

p

are suitable for approximation. Hene a loally

ompat group belongs to M IX

_

p

and VSUB

_

p

if and only if it an be approximated by

A

_

p

-groups (resp., by SUB

_

p

-groups).

Proposition 5.5 Let G be a loally pro-p group. Then

r

G

(�) 2 p

N

0

for eah � 2 Aut(G) and thus P(G) � fpg, i.e., the sale funtion s

G

takes its values in

p

N

0

. In partiular, the onlusions apply if G is an analyti Lie group (or C

1

-Lie group)

over a loal �eld K , and p := har(k) the harateristi of the residue �eld k of K .

Proof. Let U be an open, pro-p subgroup of G. Sine U annot ontain an in�nite q-Sylow

subgroup for any q 6= p, [26, end of p. 173℄ entails that r

G

(�) 2 p

N

0

(see also Setion 6).

Sine every C

1

-Lie group over K is loally pro-p (see 1.8), the �nal assertion follows. 2

Remark 5.6 Of ourse, [7, Thm. 3.5℄ (and Theorem 3.4 above) provide muh more infor-

mation in the speial ase where G is a Lie group over a loal �eld of harateristi 0.

Remark 5.7 If G is a Lie group over loal �eld of positive harateristi, then not every

topologial group automorphism of G needs to be analyti. It is interesting that Proposi-

tion 5.5 provides some information also on these non-analyti automorphisms. The sale

of analyti automorphisms has been studied in [13℄. While

r

G

(�) = r

L(G)

(L(�)) (16)

always holds in harateristi 0, surprisingly this equation beomes false in general if

har(K ) > 0. Closer inspetion reveals that (16) holds if and only if G has small sub-

groups tidy for � (see [13℄). This natural property (whih is not always satis�ed) was �rst

explored in [1℄ in the ontext of ontration groups and has been exploited further in [11℄.

A straightforward adaptation of the proof of Theorem 2.12 (a) also shows:

6

Exept for the referene to Theorem 3.4 for the expliit alulation of s

G=K

(xK).
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Proposition 5.8 VSUB

p

\ VSUB

_

q

= VSUB

p\q

holds, for all subsets p; q � P. 2

Here are some di�erenes. First of all, SUB

_

P

-groups need not have an open subgroup

satisfying an asending hain ondition on losed subgroups, as the pro-p group Z

N

p

shows.

Next, Theorem 4.2 and Corollary 4.3 do not arry over to M IX

_

p

-groups and VSUB

_

p

-groups.

Example 5.9 If we start with a non-trivial, �nite p-group K, the onstrution desribed

in [3, p. 269, lines 2{5℄ (based on an ansatz from [17℄) outputs a totally disonneted,

loally ompat group G whih is ompatly generated and unisalar, but does not possess

a ompat open normal subgroup. Sine, by onstrution, G ontains an open subgroup

topologially isomorphi to K

N

, we see that G is loally pro-p.

Finally, we observe that M IX

_

fpg

-groups need not be loally pro-p. Indeed: Given any

prime q 6= p and non-trivial �nite q-group K, the group G := K

N

is pro-disrete and thus

G 2 M IX

_

fpg

. However, G is not loally pro-p.

6 The minimal set of primes in the general ase

In this setion, we show that also for groups G 2 M IX

P

that are not ompatly generated,

there always is a smallest set of primes p suh that G 2 M IX

p

. As a tool to �nd p, we

assoiate ertain sets of primes to totally disonneted, loally ompat groups G, whih

only depend on the loal isomorphism type of G.

De�nition 6.1 Given a totally disonneted, loally ompat group G, we let L(G) � P

be the set of all primes p suh that, for every ompat, open subgroup U � G, the element

p divides the index [U : V ℄ for some ompat, open subgroup V � U . The set L(G) is

alled the loal prime ontent of G. The redued prime ontent of G is de�ned as

L

r

(G) :=

\

K

L(G=K) ;

where K runs through the set of all ompat, normal subgroups of G. Then L

r

(G) � L(G).

Standard arguments from Sylow theory show that p 2 L(G) if and only if some (and hene

any) ompat, open subgroup U of G has an in�nite p-Sylow subgroup. In [26, end of

p. 173℄, it has been noted that this is the ase if p 2 P(G). More generally, we observe:

Proposition 6.2 Let G be a totally disonneted, loally ompat group. Then we have:

(a) For every � 2 Aut(G), the set of prime divisors of r

G

(�) is a subset of L(G).

(b) P(G) � L(G) holds, and indeed P(G) � L

r

(G).

Proof. (a) If p 2 PnL(G), then there exists a ompat, open subgroup U of G suh that p

and [U : V ℄ are oprime, for every ompat, open subgroup V � U . Now U

N

:=

T

N

n=0

�

n

(U)

satis�es ondition (T1) of tidiness for �, for some N 2 N

0

(see [25, La. 1℄). By [26, La. 2.2℄,

r

G

(�) divides [U

N

: U

N

\ �

�1

(U

N

)℄, whih in turn divides [U : U

N

\ �

�1

(U

N

)℄, beause
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[U : U

N

\ �

�1

(U

N

)℄ = [U : U

N

℄ � [U

N

: U

N

\ �

�1

(U

N

)℄. Sine p and [U; U

N

\ �

�1

(U

N

)℄ are

oprime, we dedue that p does not divide r

G

(�).

(b) Is immediate from (a) and Lemma 3.6. 2

We shall use the following simple observations:

Lemma 6.3 (a) If G is a totally disonneted, loally ompat group and U � G an

open subgroup, then L(G) = L(U).

(b) If G :=

Q

n

j=1

G

j

is a �nite produt of totally disonneted, loally ompat groups G

j

,

then L(G) =

S

n

j=1

L(G

j

).

Proof. The proof is obvious from the de�nition of the loal prime ontents, the de�nition

of the produt topology and the fat that [U : W ℄ = [U : V ℄ � [V : W ℄ for any ompat,

open subgroups W � V � U . 2

Proposition 5.5 an be rephrased as follows:

Proposition 6.4 Let G be a loally pro-p group (e.g., a C

1

-Lie group over a loal �eld

whose residue �eld has harateristi p). Then L(G) � fpg, and L(G) = fpg if and only

if G is non-disrete. In partiular, P(G) � fpg.

Proof. Let U � G be a ompat, open subgroup whih is pro-p. Then L(G) = L(U) � fpg,

where L(U) = ; if and only if U is disrete. The rest follows from Proposition 6.2 (b). 2

Our next aim is to analyze VSUB

_

P

-groups by means of their \intermediate" prime ontent:

De�nition 6.5 If G is a VSUB

_

P

-group, we de�ne its intermediate prime ontent via

L

i

(G) :=

[

K

0

2J(G)

\

K

0

�K2J(G)

L(G=K) ;

where J(G) is the set of all ompat, normal subgroups K of G suh that G=K 2 SUB

_

P

.

Note that J(G) is a �lter basis in G onverging to 1, by Proposition 1.5 (b) and Remark 5.4.

The following lemma explains the terminology \intermediate":

Lemma 6.6 If G is a VSUB

_

P

-group, then

L

r

(G) =

\

K2J(G)

L(G=K) ; (17)

where J(G) is as in De�nition 6.5. Furthermore, L

r

(G) � L

i

(G) � L(G).

Proof. The inlusion \�" in (17) is obvious. To see the onverse inlusion, let p 2

P n L

r

(G). Then there exists a ompat, normal subgroup K of G suh that p 62 L(G=K).

Hene, there exists a ompat, open subgroup U � G=K suh that p and the index

[U : V ℄ are oprime, for every ompat, open subgroup V of U . Let � : G! G=K be the
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quotient map. Sine G=K is a VSUB

_

P

-group, there exists a ompat, normal subgroup

N of G=K suh that H := (G=K)=N is a SUB

_

P

-group (Remark 5.4). Let q : G=K ! H

be the quotient morphism. Then U

0

:= q(U) is a ompat, open subgroup of H suh that

[U

0

: V ℄ = [q

�1

(U

0

) : q

�1

(V )℄ = [U : q

�1

(V )℄ is not divisible by p, for any ompat, open

subgroup V of H, and thus p 62 L(H). Sine G=M

�

=

H 2 SUB

_

P

, where M := �

�1

(N) is

a ompat normal subgroup of G, we see that p is not ontained in the right hand side of

(17). Thus (17) is established.

It is obvious that L

r

(G) �

T

K

0

�K2J(G)

L(G=K) for all K

0

2 J(G), and thus L

r

(G) �

L

i

(G). To see that L

i

(G) � L(G), let p 2 L

i

(G). Then there exists K

0

2 J(G) suh

that p 2

T

K

0

�K2J(G)

L(G=K). For every ompat, open subgroup U � G, there exists

K

00

2 J(G) suh that K

00

� U (see Remark 5.4). Hene, J(G) being a �lter basis, we

�nd K 2 J(G) suh that K � K

0

\ K

00

� U . Let � : G ! G=K be the quotient

map. Sine p 2 L(G=K), there exists a ompat, open subgroup V � �(U) suh that

[�(U) : V ℄ = [U : �

�1

(V )℄ is divisible by p. The subgroup �

�1

(V ) of U being ompat and

open, we dedue that p 2 L(G). 2

Theorem 6.7 Let p be a set of primes. Then the following holds:

(a) If G 2 SUB

_

p

, then L(G) � p.

(b) If G 2 VSUB

_

P

, then G 2 VSUB

_

p

if and only if L

i

(G) � p.

() If G 2 M IX

_

P

, then G 2 M IX

_

p

if and only if L

i

(G) � p.

(d) If G 2 VSUB

P

, then G 2 VSUB

p

if and only if L

i

(G) � p.

(e) If G 2 M IX

P

, then G 2 M IX

p

if and only if L

i

(G) � p.

Proof. (a) There is a �nite subset F � p suh that G has an open subgroup of the form

U =

Q

p2p

U

p

, where U

p

is a non-disrete pro-p-group for p 2 F . Hene L(G) = F � p, by

Lemma 6.3 (a), (b) and Proposition 6.4.

(b) If G 2 VSUB

_

p

, then L(G=K) � p for eah K 2 J(G), by (a). Hene L

i

(G) � p.

Let us show now that G 2 VSUB

_

L

i

(G)

, for eah G 2 VSUB

_

P

. It suÆes to show that G an

be approximated by SUB

_

L

i

(G)

-groups. Thus, let U � G be a ompat, open subgroup of G.

There exists a ompat, normal subgroup K

0

� U of G suh that G=K

0

2 SUB

_

P

. Hene,

there exists a �nite set of primes F suh that G=K

0

has an open subgroup of the form

V =

Q

p2F

V

p

, where V

p

is a non-disrete pro-p-group for eah p 2 F . We laim that F �

L

i

(G) (whene indeed G an be approximated by SUB

_

L

i

(G)

-groups). To see this, suppose

to the ontrary that there exists some �p 2 F n L

i

(G). Then �p 62

T

K

0

�K2J(G)

L(G=K),

whene there exists K 2 J(G) suh that K � K

0

and �p 62 L(G=K). Let � : G=K ! G=K

0

be the natural map, �(gK) := gK

0

. Then G=K has an open subgroup W � �

�1

(V ) of

the form W =

Q

p2E

W

p

for some �nite set of primes E, where W

p

is a non-disrete pro-

p-group for eah p 2 E. Sine L(G=K) = E by the proof of (a), we see that �p 62 E,

whene pr

�p

Æ �j

V

W

p

= 1 for eah p 2 E by Lemma 2.1, where pr

�p

: V ! V

�p

is the oordinate
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projetion. Hene pr

p

(�(W )) = f1g. The latter being an open subset of V

�p

, we dedue

that V

�p

is disrete. We have reahed a ontradition.

(){(e): If G 2 M IX

_

P

, then G 2 M IX

_

p

if and only if G 2 VSUB

_

p

(by the analogue

of Theorem 2.12 (b) subsumed by Theorem 5.3). Similarly, Proposition 5.8 entails that

G 2 VSUB

P

belongs to VSUB

p

if and only if G 2 VSUB

_

p

, and hene G 2 M IX

P

belongs

to M IX

p

if and only if G 2 VSUB

_

p

, by Theorem 2.12 (b). Thus (d){(e) follow from (b). 2

Remark 6.8 The argument used to prove Part (b) of the preeding theorem shows that

L(G=K) � L(G=K

0

) for all K;K

0

2 J(G) suh that K � K

0

. Hene L

i

(G) is in fat given

by the simpler formula L

i

(G) =

S

K2J(G)

L(G=K), for eah VSUB

_

P

-group G.

Remark 6.9 Given G 2 VSUB

_

P

, Theorem 6.7 (a) shows that p := L

i

(G) is the small-

est set of primes suh that G 2 VSUB

_

p

. Parts (b){(e) have analogous interpretations.

Strengthening Theorem 2.12 (a), () and its analogue in Theorem 5.3, we dedue that

\

i2I

VSUB

_

p

i

= VSUB

_

p

with p :=

T

i2I

p

i

,

for any family (p

i

)

i2I

of sets p

i

� P. Analogous formulas hold for VSUB

p

, M IX

p

and M IX

_

p

.

Remark 6.10 If G 2 VSUB

P

, instead of J(G) we an use the set J(G) of all ompat,

normal subgroups K � G suh that G=K 2 SUB

P

to de�ne a set L

i

(G) analogous to L

i

(G).

Repeating the preeding proofs with VSUB

P

instead of VSUB

_

P

, we see that p := L

i

(G) is

the smallest set of primes with G 2 VSUB

p

and thus L

i

(G) = L

i

(G).

VSUB

_

;

being the lass of loally ompat, pro-disrete groups, Theorem 6.7 (b) implies:

Corollary 6.11 A group G 2 VSUB

_

P

is pro-disrete if and only if L

i

(G) = ;. 2

The following orollary is immediate from Theorem 4.2 and Theorem 6.7 (d):

Corollary 6.12 If G is a ompatly generated VSUB

P

-group, then P(G) = L

i

(G). 2

A The set of normal subgroups with Lie quotients

need not be a �lter basis

Let K = R or K = Q

p

for some p. Given a topologial group G, let N

K

(G) be the set

of all losed normal subgroups N � G suh that G=N is a K -Lie group. We desribe a

omplete abelian topologial group G suh that N

K

(G) is not a �lter basis. Examples for

suh behaviour had not been known before. For loally ompat G, the pathology annot

our, the lass of K -Lie groups being suitable for approximation (see [8, 1.7℄; f. [16℄).

Constrution of G. The topology indued by K on Q an be re�ned to a topology �

whih makes Q a non-disrete, omplete topologial group [19℄. We write H := (Q ; � ) and
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de�ne G := K �H. Then H is not a K -Lie group, as it is ountable but non-disrete. Hene

G is not a K -Lie group either, sine otherwise H

�

=

G=(K � f0g) would be a K -Lie group.

The �rst oordinate projetion G ! K , (x; y) 7! x is a quotient homomorphism, with

kernel N := f0g �H. On the other hand, the inlusion map � : H ! K being ontinuous,

q : G! K ; (x; y) 7! x+ �(y) = x + y

is a ontinuous homomorphism. Apparently q is surjetive. Furthermore, q is open sine,

for any 0-neighbourhoods U � K and V � H, we have U � q(U � V ). We set M :=

ker q = f(x;�x) : x 2 Qg. Then M \ N = f0g, G is not a K -Lie group, and both G=M

and G=N are topologially isomorphi to K . 2
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