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Non-abelian extensions of in�nite-dimensional Lie groups

Karl-Hermann Neeb

Abstra
t. In this paper we study non-abelian extensions of a Lie group G modeled on a lo
ally


onvex spa
e by a Lie group N . The equivalen
e 
lasses of su
h extension are grouped into those


orresponding to a 
lass of so-
alled smooth outer a
tions S of G on N . If S is given, we show

that the 
orresponding set Ext(G;N)

S

of extension 
lasses is a prin
ipal homogeneous spa
e of the

lo
ally smooth 
ohomology group H

2

ss

(G;Z(N))

S

. To ea
h S a lo
ally smooth obstru
tion 
lass

�(S) in a suitably de�ned 
ohomology group H

3

ss

(G;Z(N))

S

is de�ned. It vanishes if and only if

there is a 
orresponding extension of G by N . A 
entral point is that we redu
e many problems


on
erning extensions by non-abelian groups to questions on extensions by abelian groups, whi
h

have been dealt with in previous work. An important tool is a Lie theoreti
 
on
ept of a smooth


rossed module �:H!G , whi
h we view as a 
entral extension of a normal subgroup of G .
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Introdu
tion

In the present paper we 
ontinue our investigation of extensions of in�nite-dimensional Lie

groups. In this sense it is a sequel to [Ne02℄ and [Ne04a℄, where we studied 
entral, resp.,

abelian extensions. We now turn to extensions by groups whi
h are not ne
essarily abelian.

The 
on
ept of a (not ne
essarily �nite-dimensional) Lie group used here is that a Lie group

G is a manifold modeled on a lo
ally 
onvex spa
e endowed with a group stru
ture for whi
h

the group operations are smooth (
f. [Mil83℄, [Gl01℄). An extension is an exa
t sequen
e of Lie

groups N ,!

b

G !! G whi
h de�nes a lo
ally trivial smooth N -prin
ipal bundle over the Lie

group G . It is 
alled abelian, resp., 
entral if N is abelian, resp., 
entral in

b

G . This setup implies

in parti
ular that for ea
h extension q:

b

G! G of G by N there exists a se
tion �:G!

b

G of q

mapping 1 to 1 whi
h is smooth in an identity neighborhood of G . Starting with su
h a se
tion,

we 
onsider the fun
tions

S:G! Aut(N); S(g)(n) := �(g)n�(g)

�1

; !:G�G! N; (g; g

0

) 7! �(g)�(g

0

)�(gg

0

)

�1

:

Then the map N � G !

b

G; (n; g) 7! n�(g) is a bije
tion, and transferring the group stru
ture

from

b

G to N �G yields

(y) (n:g)(n

0

g

0

) = (nS(g)(n

0

)!(g; g

0

); gg

0

):

In the �rst half of the present paper we are mainly 
on
erned with the appropriate smooth-

ness requirements for the fun
tions S and ! under whi
h the produ
t set N �G with the group

stru
ture given by (y) 
arries a Lie group stru
ture for whi
h N � G ! G; (n; g) 7! g is an

extension of Lie groups, and when su
h Lie group extensions are equivalent. The natural 
ontext

to deal with su
h questions is a non-abelian lo
ally smooth Lie group 
ohomology introdu
ed

in Se
tion I. In Se
tion II the 
ohomologi
al setup is linked to the 
lassi�
ation of Lie group

extensions of G by N . In parti
ular we show that all su
h extensions are 
onstru
ted from pairs

of maps (S; !) as above, where
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(1) S(g)S(g

0

) = 


!(g;g

0

)

S(gg

0

) for g; g

0

2 G and 


n

(n

0

) := nn

0

n

�1

denotes 
onjugation.

(2) S(g)(!(g

0

; g

00

))!(g; g

0

g

00

) = !(g; g

0

)!(gg

0

; g

00

) for g; g

0

; g

00

2 G .

(3) The map G �N ! N; (g; n) 7! S(g)n is smooth on a set of the form U �N , where U is

an identity neighborhood of G .

(4) ! is smooth in an identity neighborhood.

(5) For ea
h g 2 G the map !

g

:G ! N; x 7! !(g; x)!(gxg

�1

; g)

�1

is smooth in an identity

neighborhood of G .

Conditions (1) and (2) ensure that N � G is a group with the multipli
ation de�ned by

(y), and (3)-(5) imply that N � G 
an be endowed with a manifold stru
ture turning it into a

Lie group. In general this manifold will not be di�eomorphi
 to the produ
t manifold N � G ,

but the proje
tion onto G will de�ne a smooth N -prin
ipal bundle. A map S:G ! Aut(N)

satisfying (3) and for whi
h there is an ! satisfying (1) is 
alled a smooth outer a
tion of G

on N .

In the setting of abstra
t groups, the 
orresponding results are due to Eilenberg and

Ma
Lane ([EML47℄). In this 
ontext it is more 
onvenient to work with the homomorphism

s:G! Out(N); g 7! [S(g)℄ de�ned by S . They show that if there is some extension 
orrespond-

ing to s , then all N -extensions of G 
orresponding to s form a prin
ipal homogeneous spa
e

of the 
ohomology group H

2

(G;Z(N))

s

, where Z(N) is endowed with the G-module stru
ture

determined by s . In lo
.
it. it is also shown that, for a given s , there is a 
hara
teristi
 
lass

in H

3

(G;Z(N))

s

vanishing if and only if s 
orresponds to a group extension. In Se
tion II we

adapt these results to the Lie group setting in the sense that for a smooth outer a
tion S , we

show that a 
ertain 
hara
teristi
 
lass �(S) in the Lie group 
ohomology H

3

ss

(G;Z(N))

S

deter-

mines whether there exists a 
orresponding Lie group extension, i.e., there exists another 
hoi
e

of ! su
h that also (2) is satis�ed. We further show that in the latter 
ase the set Ext(G;N)

S

of N -extensions of G 
orresponding to S is a prin
ipal homogeneous spa
e of the 
ohomology

group H

2

ss

(G;Z(N))

S

de�ned in Se
tion I.

A parti
ular subtlety entering the pi
ture in our Lie theoreti
 
ontext is that in general the


enter Z(N) of N need not be a Lie group. For the results of Se
tions I and II it will suÆ
e

that Z(N) 
arries the stru
ture of an initial Lie subgroup, whi
h is a rather weak requirement.

For the de�nition of the Z(N)-valued 
o
hain spa
es this property is not needed be
ause we use

a de�nition of H

2

ss

(G;Z(N))

S

and H

3

ss

(G;Z(N))

S

that does not require a manifold stru
ture

on Z(N) sin
e we 
onsider Z(N)-valued 
o
hains as N -valued fun
tions to spe
ify smoothness

requirements.

In Se
tion III we introdu
e 
rossed modules for Lie groups and dis
uss their relation to

group extensions. A 
rossed module is a morphism �:H ! G of Lie groups for whi
h im(�)

and ker(�) are split Lie subgroups, together with an a
tion of G on H lifting the 
onjugation

a
tion of G and extending the 
onjugation a
tion of H on itself. Then ker(�) ,! H !! im(�)

is a 
entral extension of N := im(�) by Z := ker(�) and the question arises whether this Z -

extension of N 
an be enlarged in an equivariant fashion to an extension of G by Z . As in

Se
tion II, it turns out that su
h an enlargement exists if and only if a 
ertain 
ohomology 
lass

in H

3

ss

(G;Z)

�

vanishes (Theorem III.8).

If the group N is abelian, then the data given by a smooth outer a
tion S of G on N

is the same as a smooth G-module stru
ture on N . In Se
tion IV we start with this data and

the assumption that Z(N) is a split Lie subgroup of N , so that we have a 
entral Lie group

extension Z(N) ,! N !! N

ad

:= N=Z(N). From that we 
onstru
t a Lie group G

S

whi
h is

an extension of G by N

ad

, depending on S , whi
h has the interesting property that all N -

extensions of G 
orresponding to S are extensions of the Lie group G

S

by Z(N). Moreover, the

map N ! N

ad

� G

S

together with the natural a
tion of G

S

on N de�nes a 
rossed module of Lie

groups whose 
hara
teristi
 
lass 
oin
ides with the 
hara
teristi
 
lass �(S) 2 H

3

(G;Z(N))

S

.

These observations redu
e many questions on general Lie group extensions to the spe
ial


ase of abelian extensions whi
h has been treated in detail in [Ne04a℄. In parti
ular, the question

whether a topologi
ally split extension n ,!

b

g !! g of Lie algebras is integrable if we assume

that we already have groups G and N , together with a 
ompatible smooth outer a
tion of G on

N , 
an be redu
ed to the question whether the 
orresponding abelian extension z(n) ,! g

S

!! g
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is integrable, whi
h is 
hara
terized in [Ne04a℄ by the dis
reteness of the image of a period

homomorphism �

2

(G

S

) ! z(n). In [Ne04a℄ we also des
ribe an exa
t sequen
e whi
h explains

how the 
ohomology group H

2

s

(G;Z(N))

S

is given in terms of topologi
al data asso
iated to the

group G and the 
orresponding Lie algebra 
ohomology spa
e H

2




(g; z(n))

S

.

Non-abelian extensions of Lie groups o

ur quite naturally in the 
ontext of smooth prin-


ipal bundles over 
ompa
t manifolds. If q:P ! M is a smooth K -prin
ipal bundle over the


ompa
t manifold, where K is a �nite-dimensional Lie group, then the group Aut(P ) is a Lie

group extension

Gau(P ) ,! Aut(P )!! Di�(M)

[P ℄

;

where Gau(P ) is the gauge group of P and Di�(M)

[P ℄

is the open subgroup of Di�(M)


onsisting of all di�eomorphisms preserving the bundle 
lass [P ℄ under pull-ba
ks. If K is

abelian, then Gau(P )

�

=

C

1

(M;K) and we have an abelian extension.

In an appendix we 
olle
t several results on automorphisms of group extensions and on

smooth Lie group a
tions on Lie group extensions. Although only very spe
i�
 results of this

appendix are used in the present paper, we felt that they are very useful in many di�erent


ontexts, so that it makes good sense to 
olle
t them in su
h an appendix. For a dis
ussion of

automorphisms of abstra
t groups from a 
ohomologi
al point of view, we refer to Huebs
hmann's

paper [Hu81a℄.

The problem to parameterize all extensions of a given group G by a group N is a 
ore

problem in group theory. It seems that the �rst systemati
 treatment using a parameterization

of the extended group

b

G as a produ
t set N � G is due to S
hreier ([S
h26a/b℄). He mainly

works with presentations of the groups involved. Baer dis
overed the �rst examples of outer

a
tions for whi
h no group extensions exist ([Baer34℄), and Turing re�ned the methods introdu
ed

by Baer for abelian extensions to extensions by non-abelian groups ([Tu38℄). In parti
ular he

dis
usses extensions of a �nite 
y
li
 group by a group N . Cohomologi
al methods to study group

extensions �rst appear in the work of Eilenberg and Ma
Lane ([EML42/47℄) who 
oin the term

G-kernel for a pair (N; s) 
onsisting of a group N and a homomorphism s:G! Out(N). They

show that all extensions 
orresponding to a given kernel 
an be parametrized by the 
ohomology

group H

2

(G;Z(N))

s

and that the obstru
tion of a kernel to 
orrespond to a group extension is

an element in H

3

(G;Z(N))

s

. They also prove for a given G-module Z and ea
h 
ohomology


lass 
 2 H

3

(G;Z) the existen
e of some G-kernel (N; s) with Z(N) = Z whose obstru
tion


lass is 
 . In lo
.
it. one even �nds the redu
tion to abelian extensions in the sense that N -

extensions of G 
orresponding to s 
an also be des
ribed as Z(N)-extensions of a group G

s

,

depending only on s .

Non-abelian extensions of topologi
al groups have been studied by Brown under the as-

sumptions that G and N are polonais ([Br71℄). Then the appropriate group 
ohomology is

de�ned by measurable 
o
y
les, and there is a natural a
tion of the group C

1

(G;N) of measur-

able 
o
hains on a 
ertain set of pairs (S; !), also satisfying 
ertain measurability 
onditions,

su
h that the orbits [(S; !)℄ of C

1

(G;N) are in one-to-one 
orresponden
e with the equivalen
e


lasses of topologi
al extensions of G by N (
f. our Corollary II.11).

For a survey of the relations between group 
ohomology and non-abelian group extensions

with twisted a
tions and 
rossed produ
t algebras we refer to [RSW00℄. Non-abelian group

extensions also arise naturally in mathemati
al physi
s ([CFNW94℄), where the groups involved

are mostly in�nite-dimensional Lie groups, although they are often dealt with by ad ho
 methods,

and not in the framework of a general theory, to whi
h we 
ontribute with the present paper.

In a subsequent paper we plan to return to this topi
 and address the question how

to des
ribe elements of H

3

s

(G;Z), where Z is a smooth G-module, in terms of Lie algebra


ohomology 
lasses in H

3




(g; z) and topologi
al data asso
iated to G and Z , a topi
 that has

been dealt with in degree 2 in [Ne04a℄. Another interesting question is how to realize 
lasses

in H

3

s

(G;Z) as 
hara
teristi
 
lasses of smooth 
rossed modules �:H

1

! H

2

with ker(�)

�

=

Z

and 
oker(�)

�

=

G . Both questions are of parti
ular interest if G is a group of di�eomorphisms

of a 
ompa
t manifold M and z is the quotient of the spa
e 


p

(M;R) of smooth p-forms on
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M modulo the subspa
e of exa
t forms. Further, it should be possible to des
ribe the 
riteria

for the integrability of the abelian Lie algebra extensions z(n) ,!

b

g !! g

S

arising in Se
tion IV

dire
tly in terms of data asso
iated to G , N and the smooth outer a
tion S .

I. Lie groups and their 
ohomology

In this se
tion we introdu
e notation and terminology used throughout this paper. In parti
ular

we des
ribe a natural 
ohomology for Lie groups also used in [Ne04a℄ in the 
ontext of abelian

extensions and provide some basi
 results and 
al
ulations that will be 
ru
ial for the extension

theory.

In�nite-dimensional Lie groups

In�nite-dimensional manifolds: In this paper K 2 fR; C g denotes the �eld of real or


omplex numbers. Let X and Y be topologi
al K -ve
tor spa
es, U � X open and f :U ! Y a

map. Then the derivative of f at x in the dire
tion of h is de�ned as

df(x)(h) := lim

t!0

1

t

�

f(x+ th)� f(x)

�

whenever the limit exists. The fun
tion f is 
alled di�erentiable at x if df(x)(h) exists for all

h 2 X . It is 
alled 
ontinuously di�erentiable or C

1

if it is 
ontinuous, di�erentiable at all points

of U , and

df :U �X ! Y; (x; h) 7! df(x)(h)

is a 
ontinuous map. It is 
alled a C

n

-map if f is C

1

and df is a C

n�1

-map, and C

1

(smooth)

if it is C

n

for all n 2 N . This is the notion of di�erentiability used in [Mil83℄ and [Gl01℄, where

the latter referen
e deals with the modi�
ations ne
essary for in
omplete spa
es. Sin
e we have

a 
hain rule for C

1

-maps between lo
ally 
onvex spa
es, we 
an de�ne smooth manifolds as in

the �nite-dimensional 
ase.

Lie groups: A Lie group G is a smooth manifold modeled on a lo
ally 
onvex spa
e for

whi
h the group multipli
ation and the inversion are smooth maps. We refer to [Mil83℄ for basi


results on Lie groups in this 
ontext. We write 1 2 G for the identity element,

�

g

(x) := gx; �

g

(x) := xg and 


g

(x) := C

G

(g)(x) := gxg

�1

for left and right translations, resp., 
onjugation on G . The group of all Lie group automorphisms

of G is denoted Aut(G), we write C

G

(G) = f


g

: g 2 Gg for the normal subgroup of inner

automorphisms, and Out(G) := Aut(G)=C

G

(G) for the quotient group of outer automorphisms.

The 
onjugation a
tion of G is the homomorphism C

G

:G ! Aut(G) with range C

G

(G). For

a normal subgroup N E G we write C

N

:G ! Aut(N) with C

N

(g) := C

G

(g) j

N

. If G is a


onne
ted Lie group, then we write q

G

:

e

G! G for its universal 
overing Lie group and identify

�

1

(G) with the kernel of q

G

.

Lie subgroups: A subgroup H � G of a Lie group G is 
alled an initial Lie subgroup if it


arries a Lie group stru
ture for whi
h the in
lusion map �:H ,! G is an immersion in the sense

that the tangent map T �:TH ! TG is �berwise inje
tive, and for ea
h smooth map f :M ! G

from a smooth manifold M to G with im(f) � H the 
orresponding map �

�1

Æ f :M ! H is

smooth. The latter property implies in parti
ular that the initial Lie group stru
ture on H is

unique be
ause if �

0

:H

0

,! G also is a smooth inje
tive immersion of a Lie group with �

0

(H

0

) = H

and su
h that for ea
h smooth map f :M ! G with im(f) � H the map �

0�1

Æ f :M ! H

0

is

smooth, then in parti
ular the maps �

�1

Æ �

0

:H

0

! H and �

0�1

Æ �:H ! H

0

are smooth morphism

of Lie groups. Sin
e these maps are ea
h others inverse, the Lie groups H and H

0

are isomorphi
.

Lie algebras of Lie groups: Ea
h x 2 T

1

(G) 
orresponds to a unique left invariant

ve
tor �eld x

l

with g:x := x

l

(g) := d�

g

(1):x; g 2 G: The spa
e of left invariant ve
tor �elds is
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losed under the Lie bra
ket of ve
tor �elds, hen
e inherits a Lie algebra stru
ture. In this sense

we obtain on the lo
ally 
onvex spa
e T

1

(G)

�

=

g a 
ontinuous Lie bra
ket whi
h is uniquely

determined by the relation [x; y℄

l

= [x

l

; y

l

℄ .

We 
all a Lie algebra g whi
h is a topologi
al ve
tor spa
e su
h that the Lie bra
ket is


ontinuous a topologi
al Lie algebra g . In this sense the Lie algebra L(G) := (T

1

(G); [�; �℄) of a

Lie group G is a lo
ally 
onvex topologi
al Lie algebra.

Topologi
al splitting: A linear subspa
e W of a topologi
al ve
tor spa
e V is 
alled

(topologi
ally) split if it is 
losed and there is a 
ontinuous linear map �:V=W ! V for whi
h

the map

W � V=W ! V; (w; x) 7! w + �(x)

is an isomorphism of topologi
al ve
tor spa
es. Note that the 
losedness of W guarantees that

the quotient topology turns V=W into a Hausdor� spa
e whi
h is a topologi
al ve
tor spa
e

with respe
t to the indu
ed ve
tor spa
e stru
ture. A 
ontinuous linear map f :V !W between

topologi
al ve
tor spa
es is said to be (topologi
ally) split if the subspa
es ker(f) � V and

im(f) �W are topologi
ally split.

Lo
ally smooth 
ohomology of Lie groups

De�nition I.1. If G and N are Lie groups, then we put C

0

s

(G;N) := N and for p 2 N we


all a map f :G

p

! N lo
ally smooth if there exists an open identity neighborhood U � G

p

su
h

that f j

U

is smooth. We say that f is normalized if

(9j) g

j

= 1 ) f(g

1

; : : : ; g

p

) = 1:

We write C

p

s

(G;N) for the spa
e of all normalized lo
ally smooth maps G

p

! N , the so-
alled

(lo
ally smooth) p-
o
hains.

We shall see below that for p = 2 and non-
onne
ted Lie groups, we sometimes have to

require additional smoothness: We write C

2

ss

(G;N) for the set of all elements ! 2 C

2

s

(G;N)

with the additional property that for ea
h g 2 G the map

!

g

:G! N; x 7! !(g; x)!(gxg

�1

; g)

�1

is smooth in an identity neighborhood of G . Note that !

g

(1) = 1 .

For f 2 C

1

s

(G;N) we de�ne

Æ

f

:G�G! N; Æ

f

(g; g

0

) := f(g)f(g

0

)f(gg

0

)

�1

and observe that

(Æ

f

)

g

(x) = Æ

f

(g; x)Æ

f

(gxg

�1

; g)

�1

= f(g)f(x)f(gx)

�1

f(gx)f(g)

�1

f(gxg

�1

)

�1

= f(g)f(x)f(g

�1

)f(gxg

�1

)

�1

is smooth in an identity neighborhood of G , so that Æ

f

2 C

2

ss

(G;N):

If G and N are abstra
t groups, we write C

p

(G;N) for the set of all fun
tions G

p

! N .

For the following we also observe that for h; f 2 C

1

s

(G;N) we have

(1:1) Æ

hf

(g; g

0

) = h(g)f(g)h(g

0

)f(g

0

)f(gg

0

)

�1

h(gg

0

)

�1

= h(g)


f(g)

(h(g

0

))Æ

f

(g; g

0

)h(gg

0

)

�1

:

For 
o
hains with values in abelian groups, resp., smooth modules, the following de�nition

re
alls the natural Lie group 
ohomology setting from [Ne04a℄.
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De�nition I.2. Let G be a Lie group and A a smooth G-module, i.e., a pair (A;S) of

an abelian Lie group A and a smooth G-a
tion G � A ! A given by the homomorphism

S:G ! Aut(A). We 
all the elements of C

p

s

(G;A) (lo
ally smooth normalized) p-
o
hains and

write

d

S

:C

p

s

(G;A) ! C

p+1

s

(G;A)

for the group di�erential given by

(d

S

f)(g

0

; : : : ; g

p

)

:= S(g

0

)(f(g

1

; : : : ; g

p

)) +

p

X

j=1

(�1)

j

f(g

0

; : : : ; g

j�1

g

j

; : : : ; g

p

) + (�1)

p+1

f(g

0

; : : : ; g

p�1

):

It is easy to verify that d

S

(C

p

s

(G;A)) � C

p+1

s

(G;A). We thus obtain a sub-
omplex of the

standard group 
ohomology 
omplex (C

�

(G;A); d

S

). In view of d

2

S

= 0, the spa
e Z

p

s

(G;A)

S

:=

ker d

S

j

C

p

s

(G;A)

of p-
o
y
les 
ontains the spa
e B

p

s

(G;A)

S

:= d

S

(C

p�1

s

(G;A)) of p-
oboundaries.

The quotient

H

p

s

(G;A)

S

:= Z

p

s

(G;A)

S

=B

p

s

(G;A)

S

is the p

th

lo
ally smooth 
ohomology group of G with values in the G-module A . We write

[f ℄ 2 H

p

s

(G;A)

S

for the 
ohomology 
lass of a 
o
y
le f 2 Z

p

s

(G;A)

S

.

In the following we also need generalizations of Lie group 
ohomology to settings where the

target groups are non-abelian. For 1-
o
y
les the generalization is quite straight forward:

De�nition I.3. Let G and N be Lie groups and S:G! Aut(N) a homomorphism de�ning

a smooth a
tion of G on N . A fun
tion f 2 C

1

s

(G;N) is 
alled a 1-
o
y
le (or a 
rossed

homomorphism) if

f(gg

0

) = f(g)S(g)(f(g

0

)) for all g; g

0

2 G:

We write Z

1

s

(G;N)

S

for the set of all 1-
o
y
les G! N with respe
t to the a
tion of G on N

given by S . The group N = C

0

s

(G;N) a
ts on Z

1

s

(G;N)

S

by

(n:f)(g) := nf(g)S(g)(n)

�1

;

and the set of orbits of N in Z

1

s

(G;N)

S

is the 
ohomology set

H

1

s

(G;N)

S

:= Z

1

s

(G;N)

S

=G:

For the extension theory of Lie groups we also need non-abelian 2-
o
y
les, but for the

appropriate 
on
ept we have to weaken the setting of a smooth a
tion of G on N as follows.

De�nition I.4. Let G and N be Lie groups. We de�ne C

1

s

(G;Aut(N)) as the set of all maps

S:G ! Aut(N) with S(1) = id

N

and for whi
h there exists an open identity neighborhood

U � G su
h that the map

U �N ! N; (g; n) 7! S(g)(n)

is smooth.

We 
all a map S 2 C

1

s

(G;Aut(N)) a smooth outer a
tion of G on N if there exists

! 2 C

2

s

(G;N) with Æ

S

= C

N

Æ ! . It is 
alled strongly smooth if ! 
an be 
hosen in the smaller

set C

2

ss

(G;N).

On the set of smooth outer a
tions we de�ne an equivalen
e relation by

S � S

0

()

�

9h 2 C

1

s

(G;N)

�

S

0

= (C

N

Æ h) � S:

In Lemma I.10 below we shall see that for ea
h (strongly) smooth outer a
tion S the outer a
tion

S

h

:= (C

N

Æ h) � S also is a (strongly) smooth outer a
tion be
ause Æ

S

= C

N

Æ ! implies

Æ

S

h

(g; g

0

) = C

N

�

h(g)S(g)(h(g

0

))!(g; g

0

)h(gg

0

)

�1

�

for g; g

0

2 G:

We write [S℄ for the equivalen
e 
lass of S and 
all [S℄ a smooth G-kernel.
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Remark I.5. (a) A smooth outer a
tion S:G! Aut(N) need not be a group homomorphism,

but Æ

S

= C

N

Æ ! implies that S indu
es a group homomorphism s := Q

N

Æ S:G ! Out(N),

where Q

N

: Aut(N)! Out(N) denotes the quotient homomorphism. Clearly s depends only on

the 
lass [S℄ of S be
ause Q

N

Æ C

N

= 1 .

(b) If G and N are dis
rete groups, then for ea
h homomorphism s:G ! Out(N) there

exists a map S:G ! Aut(N) with S(1) = id

N

and Q

N

Æ S = s and a map !:G � G ! N

with Æ

S

= C

N

Æ !: In this 
ase all outer a
tions are smooth, the smoothness 
onditions on S

and ! are va
uous, and S � S

0

is equivalent to Q

N

Æ S = Q

N

Æ S

0

, so that a smooth G-kernel

is nothing but a homomorphism s:G! Out(N).

(
) If S 2 C

1

s

(G;Aut(N)) is a homomorphism of groups, then we may 
hoose ! = 1 and

S de�nes a smooth a
tion of G on N . In fa
t, the a
tion is smooth on a set of the form U �N ,

so that the assertion follows from the fa
t that all automorphisms S(g) are smooth.

(d) Suppose that S

1

; S

2

2 C

1

s

(G;Aut(N)) and that the map

U �N ! N

2

; (g; n) 7! (S

1

(g)(n); S

2

(g)(n))

is smooth. Then the map U � N ! N; (g; n) 7! S

1

(g)S

2

(g)(n) is smooth be
ause it is a


omposition of smooth maps. Therefore C

1

s

(G;Aut(N)) is 
losed under pointwise produ
ts.

(e) If S:G! Aut(N) is a smooth outer a
tion, then we obtain in parti
ular

C

N

(!(g; g

�1

)) = Æ

S

(g; g

�1

) = S(g)S(g

�1

);

whi
h leads to

S(g)

�1

= S(g

�1

)C

N

(!(g; g

�1

)

�1

):

Hen
e there also exists an identity neighborhood U � G for whi
h the map

U �N ! N; (g; n) 7! S(g)

�1

(n) = S(g

�1

)!(g; g

�1

)

�1

n!(g; g

�1

)

is smooth.

Lemma I.6. Ea
h smooth outer a
tion S:G ! Aut(N) de�nes on Z(N) the stru
ture of a

G-module by g:z := S

Z

(g)(z) := S(g)(z) . If, in addition, Z(N) is an initial Lie subgroup of N ,

then Z(N) is a smooth G-module.

Proof. First we observe that inner automorphisms a
t trivially on the 
enter Z(N) of N ,

whi
h implies that g:z := S(g)(z) de�nes indeed a G-a
tion on Z(N).

Let U � G be an open identity neighborhood su
h that the map U � N ! N; (g; n) 7!

S(g):n is smooth. If Z(N) is an initial Lie subgroup of N , restri
tion and 
o-restri
tion de�ne

a smooth map

(1:2) U � Z(N)! Z(N); (g; z) 7! g:z = S

Z

(g)(z):

As ea
h element of g a
ts as a Lie group automorphism on Z(N), the smoothness of the a
tion

G� Z(N)! Z(N) follows from the smoothness of the map in (1.2).

The following lemma sheds some more light on the 
on
ept of an initial subgroup of a Lie

group. In the present paper we shall mostly use it for the 
enter of a Lie group N whi
h is not

always a Lie group, but mostly 
arries an initial Lie subgroup stru
ture.

Lemma I.7. Let G be a Lie group and H � G a subgroup. Then the following assertions hold:

(a) If H is an initial normal subgroup, then the 
onjugation a
tion of G on H is smooth.

(b) If H is totally dis
onne
ted, then the dis
rete group H

d

(the group H endowed with the

dis
rete topology) de�nes on H via the in
lusion map �:H

d

! H � G the stru
ture of an

initial Lie subgroup. The same 
on
lusion holds if all smooth ar
s in H are 
onstant, i.e.,

if the smooth ar
-
omponents in H are trivial.

(
) If dimG <1 , then any subgroup H � G 
arries an initial Lie group stru
ture.
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(d) Let G be a Lie group with a smooth exponential fun
tion and

z(g)

G

:= fx 2 z(g): (8g 2 G) Ad(g):x = xg:

We assume that the group �

Z

:= exp

�1

(1) \ z(g) is dis
rete and that z(g)

G

is Ma
key


omplete. Then Z(G) 
arries an initial Lie group stru
ture Z(G)

L

with L(Z(G)

L

) = z(g)

G

:

Proof. (a) The 
onjugation map G �H ! G; (g; h) 7! ghg

�1

is smooth with values in H ,

hen
e smooth as a map G�H ! H .

(b) Sin
e every dis
rete spa
e 
arries a natural 0-dimensional smooth manifold stru
ture,

the group H

d

is a Lie group with L(H

d

) = f0g . If M is a smooth manifold and f :M ! G a

smooth map with f(M) � H , then f maps ea
h 
onne
ted 
omponent of M into a 
onne
ted


omponent of H , so that f is lo
ally 
onstant be
ause H is totally dis
onne
ted. Hen
e the

map �

�1

Æ f :M ! H

d

is lo
ally 
onstant and therefore smooth.

(
) Let H

a

� H be the ar
-
omponent of H , viewed as a topologi
al subgroup of G .

A

ording to Yamabe's Theorem ([Go69℄), the ar
-
omponent H

a

of G is analyti
, i.e., there

exists a Lie subalgebra h � g su
h that H

a

= hexp

G

hi . Let H

L

a

denote the group H

a

endowed

with its intrinsi
 Lie group topology for whi
h exp: h ! H

L

a

is a lo
al di�eomorphism in 0.

Then H � fg 2 G: Ad(g)h = hg implies that H a
ts by 
onjugation smoothly on H

L

a

, so that

H 
arries a Lie group stru
ture for whi
h H

L

a

is an open subgroup. Let H

L

denote this Lie

group. Now the in
lusion map �:H

L

! G is an immersion whose di�erential in 1 is the in
lusion

h ,! g .

We 
laim that �:H

L

! G is an initial Lie subgroup. In fa
t, let f :M ! G be a smooth

map from the smooth manifold M to G with f(M) � H . We have to show that f is smooth,

i.e., that f is smooth in a neighborhood of ea
h point m 2 M . Repla
ing f by f � f(m)

�1

and observing that the group operations in H and G are smooth, we may w.l.o.g. assume that

f(m) = 1 .

Let U � h be an open 0-neighborhood, m � g be a ve
tor spa
e 
omplement to h and

and V � m an open 0-neighborhood for whi
h the map

�:U � V ! G; (x; y) 7! expx exp y

is a di�eomorphism onto an open subset of G . Then

H

a

\ (expU expV ) =

[

exp y2H

a

expU exp y

and ea
h set expU exp y 
ontained in H

a

also is an open subset of H

L

. Sin
e the topology of H

L

a

is se
ond 
ountable, the set exp

�1

(H

a

) \ m is 
ountable. Every smooth ar
 
: I ! expU expV

is of the form 
(t) = exp�(t) exp�(t) with smooth ar
s �: I ! U and �: I ! V , and for every

smooth ar
 
ontained in H

a

the ar
 � is 
onstant.

We 
on
lude that if W � M is an open 
onne
ted neighborhood of m with f(W ) �

expU expV , then f(W ) � expU . Then the map

exp j

�1

U

Æ f j

W

:W ! h

is smooth, so that the 
orresponding map

�

�1

Æ f j

W

= exp

H

L

Æ exp j

�1

U

Æ f j

W

:W ! H

L

is also smooth. This proves that the map �

�1

Æf :M ! H

L

is smooth, and hen
e that �:H

L

! H

is an initial Lie subgroup of G .

(d) First we observe that the exponential fun
tion exp

Z

: z(g)

G

! Z(G) is a group homo-

morphism, and our 
ondition implies that � := ker exp

Z

is a dis
rete subgroup of z(g)

G

, so that

Z := z(g)

G

=� 
arries a natural Lie group stru
ture, and the smooth fun
tion exp

Z

: z(g)

G

! G

fa
tors through an inje
tive immersion of Lie groups �:Z ! G whose image is the subgroup
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exp(z(g)

G

) of Z(G). We now endow Z(G) with the Lie group stru
ture for whi
h exp z(g)

G

is

an open subgroup isomorphi
 to Z (Theorem B.1) and write Z(G)

L

for this Lie group. Then

the in
lusion map �:Z(G)

L

! G is an inje
tive immersion of Lie groups.

To see that this de�nes an initial Lie group stru
ture on Z(G), let f :M ! G be a smooth

map with f(M) � Z(G). We may w.l.o.g. assume that M is 
onne
ted and �x some m 2 M .

Then the left logarithmi
 derivative

Æ(f) 2 


1

(M; z(g)

G

) with Æ(f)(m) = f(m)

�1

df(m)

is a smooth z(g)

G

-valued 1-form on M . In fa
t, for ea
h smooth 
urve 
: I ! Z(G) we have


(t)

�1




0

(t) 2 z(g)

G

for ea
h t 2 I be
ause for ea
h g 2 G the relation 


g

Æ 
 = 
 leads to


(t)

�1

:


0

(t) = (


g

Æ 
)(t)

�1

:(


g

Æ 
)

0

(t) = Ad(g):(
(t)

�1

:


0

(t)):

The 1-form Æ(f) satis�es the Maurer{Cartan equation

d(Æ(f)) +

1

2

[Æ(f); Æ(f)℄ = 0

([KM97℄), so that the fa
t that z(g) is abelian implies that Æ(f) is 
losed. Let q

M

:

f

M ! M

be a universal 
overing map. As z(g) is Ma
key 
omplete, the Poin
ar�e Lemma holds for z(g)-

valued 1-forms, so that there exists a smooth fun
tion f

1

:

f

M ! z(g) with df

1

= q

�

M

Æ(f) (
f.

[Ne02, Prop. III.4℄). If em 2

f

M is a point with q

M

(em) = m , we may assume, in addition, that

f

1

(em) = 0. Then the smooth fun
tion

f

2

:= exp

Z

Æf

1

:

f

M ! Z(G)

L

satis�es Æ(f

2

) = df

1

= q

�

M

Æ(f) = Æ(f Æ q

M

);

whi
h in turn leads to

f Æ q

M

= f(m) � f

2

sin
e the solutions of the Maurer-Cartan equation are uniquely determined by their values in

em . This implies that the fun
tion f Æ q

M

:

f

M ! Z(G)

L

is smooth, and hen
e that the fun
tion

�

�1

Æ f :M ! Z(G)

L

is smooth.

The following example shows that in general Z(G), 
onsidered as a topologi
al group, is not

a Lie group be
ause it may be a totally dis
onne
ted non-dis
rete subgroup. Sin
e all known Lie

groups modeled on 
omplete lo
ally 
onvex spa
es satisfy the requirements from Lemma I.7(d),

for all these Lie groups G the 
enter Z(G) 
arries an initial Lie group stru
ture. Therefore the

assumption that Z(G) is an initial Lie subgroup is not restri
tive.

Example I.8. We 
onsider the Lie group

N := C

N

o R

N

with ((z

n

); (t

n

)) � ((z

0

n

); (t

0

n

)) := ((z

n

+ e

t

n

z

0

n

); (t

n

+ t

0

n

));

where the lo
ally 
onvex stru
ture on C

N

and R

N

is the produ
t topology. We observe that N is

an in�nite topologi
al produ
t of groups isomorphi
 to C o R , endowed with the multipli
ation

(z; t) � (z

0

; t

0

) = (z + e

t

z

0

; t+ t

0

):

Therefore the 
enter of N is

Z(N) = f0g � (2�Z)

N

�

=

Z

N

;

and this group is totally dis
onne
ted, but not dis
rete, hen
e not a Lie group. Therefore the


enter of a Lie group need not be a Lie group.

Sin
e Z(N) is totally dis
onne
ted, Lemma I.7 implies that the in
lusion map Z(N)

d

! N

of the dis
rete group Z(N)

d

de�nes on Z(N) the stru
ture of an initial Lie subgroup.
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De�nition I.9. If S is a smooth outer a
tion of G on the Lie group N , then we de�ne

C

p

s

(G;Z(N)) := ff 2 C

p

s

(G;N): im(f) � Z(N)g; C

2

ss

(G;Z(N)) := C

2

ss

(G;N) \ C

2

s

(G;Z(N))

and a

ordingly

Z

p

s

(G;Z(N))

S

:= ff 2 C

p

s

(G;Z(N)): d

S

f = 1g

and Z

2

ss

(G;Z(N))

S

:= Z

2

s

(G;Z(N))

S

\ C

2

ss

(G;Z(N)) (
f. Lemma I.6). Note that on f 2

C

p

s

(G;Z(N)) the group di�erential d

S

for the G-module stru
ture 
an be written, in additive

notation, as

(d

S

f)(g

0

; : : : ; g

p

)

= S(g

0

)(f(g

1

; : : : ; g

n

)) +

n

X

j=1

(�1)

j

f(g

0

; : : : ; g

j�1

g

j

; : : : ; g

n

) + (�1)

n+1

f(g

0

; : : : ; g

n�1

):

This implies that d

S

(C

p

s

(G;Z(N))) � C

p+1

(G;Z(N)), so that we obtain a di�erential 
omplex

(C

�

s

(G;Z(N)); d

S

) whose 
ohomology groups are denoted by

H

p

s

(G;Z(N))

S

:= Z

p

s

(G;Z(N))

S

=d

S

(C

p

s

(G;Z(N))):

For � 2 C

1

s

(G;Z(N)) and g 2 G we then have

(d

S

�)

g

(x)

= (d

S

�)(g; x)� (d

S

�)(gxg

�1

; g) = g:�(x) � �(gx) + �(g)� (gxg

�1

):�(g) + �(gx)� �(gxg

�1

)

= g:�(x) + �(g)� (gxg

�1

):�(g)� �(gxg

�1

);

whi
h is smooth in an identity neighborhood of G . Hen
e

B

2

s

(G;Z(N))

S

:= d

S

(C

1

s

(G;Z(N))) � Z

2

ss

(G;Z(N))

S

;

and we de�ne

H

2

ss

(G;Z(N))

S

:= Z

2

ss

(G;Z(N))

S

=B

2

s

(G;Z(N))

S

;

and

H

3

ss

(G;Z(N))

S

:= Z

3

s

(G;Z(N))

S

=d

S

(C

2

ss

(G;Z(N))):

We observe that the a
tion of G on Z(N) de�ned by a smooth outer a
tion S only depends

on the equivalen
e 
lass [S℄ . In this sense we also write

Z

p

s

(G;Z(N))

[S℄

:= Z

p

(G;Z(N))

S

; H

p

s

(G;Z(N))

[S℄

:= H

p

s

(G;Z(N))

S

et
.

If Z(N) is an initial Lie subgroup of N , then it 
arries the stru
ture of a smooth G-module

(Lemma I.6) and the de�nitions above are 
onsistent with De�nition I.2, but in general we do

not want to assume that Z(N) is an initial Lie subgroup and it is not ne
essary for the results

in Se
tion II below.

In De�nition I.3 above we have de�ned H

1

s

(G;N) as the set of orbits of N = C

0

s

(G;N) on

the set Z

1

s

(G;N). The following lemma des
ribes an a
tion of C

1

s

(G;N) that in some sense is a

generalization of the N -a
tion on Z

1

s

(G;N) for degree 1 to degree 2.

Lemma I.10. Let G and N be Lie groups and 
onsider the group C

1

s

(G;N) with respe
t to

pointwise multipli
ation. This group a
ts on the set C

1

s

(G;Aut(N)) by h:S := (C

N

Æ h) � S and

on the produ
t set

(1:3) C

1

s

(G;Aut(N))� C

2

s

(G;N) by h:(S; !) := (h:S; h �

S

!)

with

(h �

S

!)(g; g

0

) := h(g)S(g)(h(g

0

))!(g; g

0

)h(gg

0

)

�1

:
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The stabilizer of (S; !) is given by

C

1

s

(G;N)

(S;!)

= Z

1

s

(G;Z(N))

S

whi
h depends only on [S℄ , but not on ! . Moreover, the following assertions hold:

(1) The subset f(S; !): Æ

S

= C

N

Æ !g is invariant.

(2) The subset f(S; !) 2 C

1

s

(G;Aut(N))� C

2

ss

(G;N): Æ

S

= C

N

Æ !g is also invariant.

(3) If Æ

S

= C

N

Æ ! , then im(d

S

!) � Z(N) holds for

(d

S

!)(g; g

0

; g

00

) := S(g)

�

!(g

0

; g

00

)

�

!(g; g

0

g

00

)!(gg

0

; g

00

)

�1

!(g; g

0

)

�1

:

(4) If Æ

S

= C

N

Æ ! and h:(S; !) = (S

0

; !

0

) , then d

S

0

!

0

= d

S

!:

(5) If Æ

S

= C

N

Æ ! , then d

S

! 2 Z

3

s

(G;Z(N))

S

.

(6) For a smooth outer a
tion S the 
ohomology 
lass [d

S

!℄ 2 H

3

s

(G;Z(N))

S

depends only on

the equivalen
e 
lass [S℄ . Similarly, for a strongly smooth outer a
tion and ! 2 C

2

ss

(G;N)

with Æ

S

= C

N

Æ ! , the 
ohomology 
lass [d

S

!℄ 2 H

3

ss

(G;Z(N))

S

depends only on the

equivalen
e 
lass [S℄ .

Proof. That (1.3) de�nes a group a
tion follows from the trivial relation (hh

0

):S = h:(h

0

:S),

and

�

h �

h

0

:S

(h

0

�

S

!)

�

(g; g

0

) = h(g)(h

0

:S)(g)(h(g

0

))(h

0

�

S

!)(g; g

0

)h(gg

0

)

�1

= h(g)h

0

(g)S(g)(h(g

0

))h

0

(g)

�1

h

0

(g)S(g)(h

0

(g

0

))!(g; g

0

)h

0

(gg

0

)

�1

h(gg

0

)

�1

= (hh

0

)(g)S(g)(hh

0

(g

0

))!(g; g

0

)(hh

0

)(gg

0

)

�1

= ((hh

0

) �

S

!)(g; g

0

):

To 
al
ulate the stabilizer of the pair (S; !), we observe that the 
ondition h:S = S is

equivalent to h 2 C

1

s

(G;Z(N)). Then h �

S

! = ! � d

S

h , and this equals ! if and only if h is a


o
y
le. Therefore C

1

s

(G;N)

(S;!)

= Z

1

s

(G;Z(N))

S

.

(1) If the pair (S; !) satis�es Æ

S

= C

N

Æ! , then we obtain for h 2 C

1

s

(G;N) with Formula

(1.1) (after De�nition I.1), the relation

Æ

h:S

(g; g

0

) = Æ

(C

N

Æh)�S

(g; g

0

) = C

N

(h(g))


S(g)

(C

N

(h(g

0

)))Æ

S

(g; g

0

)C

N

(h(gg

0

)

�1

)

= C

N

(h(g))C

N

(S(g)(h(g

0

)))C

N

(!(g; g

0

))C

N

(h(gg

0

)

�1

)

= C

N

�

h(g)S(g)(h(g

0

))!(g; g

0

)h(gg

0

)

�1

�

= (C

N

Æ (h �

S

!))(g; g

0

):

(2) Suppose that ! 2 C

2

ss

(G;N) satis�es Æ

S

= C

N

Æ ! . We have to show that h �

S

! 2

C

2

ss

(G;N). In fa
t, for g; x 2 G we have

(h �

S

!)

g

(x) = (h �

S

!)(g; x)(h �

S

!)(gxg

�1

; g)

�1

= h(g)S(g)(h(x))!(g; x)h(gx)

�1

�

h(gxg

�1

)S(gxg

�1

)(h(g))!(gxg

�1

; g)h(gx)

�1

�

�1

= h(g)S(g)(h(x))!(g; x)!(gxg

�1

; g)

�1

S(gxg

�1

)(h(g)

�1

)h(gxg

�1

)

�1

= h(g)S(g)(h(x))!

g

(x)S(gxg

�1

)(h(g)

�1

)h(gxg

�1

)

�1

:

This expression is a produ
t of fa
tors whi
h are smooth fun
tions of x in an identity neighbor-

hood of G . Therefore h �

S

! 2 C

2

ss

(G;N).

(3) This follows from

C

N

((d

S

!)(g; g

0

; g

00

))

= C

N

�

S(g)(!(g

0

; g

00

))!(g; g

0

g

00

)!(gg

0

; g

00

)

�1

!(g; g

0

)

�1

�

= S(g)(C

N

Æ !)(g

0

; g

00

)S(g)

�1

(C

N

Æ !)(g; g

0

g

00

)(C

N

Æ !)(gg

0

; g

00

)

�1

(C

N

Æ !)(g; g

0

)

�1

= S(g)Æ

S

(g

0

; g

00

)S(g)

�1

Æ

S

(g; g

0

g

00

)Æ

S

(gg

0

; g

00

)

�1

Æ

S

(g; g

0

)

�1

= S(g)

�

S(g

0

)S(g

00

)S(g

0

g

00

)

�1

�

S(g)

�1

S(g)S(g

0

g

00

)S(gg

0

g

00

)

�1

S(gg

0

g

00

)

S(g

00

)

�1

S(gg

0

)

�1

S(gg

0

)S(g

0

)

�1

S(g)

�1

= 1:
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(4) In the following 
al
ulation we frequently use that d

S

! and d

S

0

!

0

have values in Z(N)

to see that they 
ommute with all elements of N . We use under-bra
es to indi
ate whi
h parts

of the formula 
an
el ea
h other.

We 
al
ulate

(d

S

0

!

0

)(g; g

0

; g

00

)

= S

0

(g)(!

0

(g

0

; g

00

))!

0

(g; g

0

g

00

)!

0

(gg

0

; g

00

)

�1

!

0

(g; g

0

)

�1

=

�

C

N

(h(g)) Æ S(g)(!

0

(g

0

; g

00

))

�

!

0

(g; g

0

g

00

)!

0

(gg

0

; g

00

)

�1

!

0

(g; g

0

)

�1

= h(g)

|{z}

1

S(g)[h(g

0

)S(g

0

)(h(g

00

))!(g

0

; g

00

)h(g

0

g

00

)

| {z }

5

℄h(g)

�1

| {z }

2

h(g)

|{z}

2

S(g)(h(g

0

g

00

))

| {z }

5

!(g; g

0

g

00

)h(gg

0

g

00

)

�1

| {z }

3

h(gg

0

g

00

)

| {z }

3

!(gg

0

; g

00

)

�1

S(gg

0

)(h(g

00

))

�1

h(gg

0

)

�1

| {z }

4

h(gg

0

)

| {z }

4

!(g; g

0

)

�1

S(g)(h(g

0

))

�1

h(g)

�1

| {z }

1

= S(g)(h(g

0

))

| {z }

1

S(g) Æ S(g

0

)(h(g

00

))

�

S(g)(!(g

0

; g

00

))!(g; g

0

g

00

)!(gg

0

; g

00

)

�1

�

S(gg

0

)(h(g

00

))

�1

!(g; g

0

)

�1

S(g)(h(g

0

))

�1

| {z }

1

= [!(g; g

0

)S(gg

0

)(h(g

00

))!(g; g

0

)

�1

℄

�

(d

S

!)(g; g

0

; g

00

)!(g; g

0

)

�

S(gg

0

)(h(g

00

)

�1

)!(g; g

0

)

�1

= (d

S

!)(g; g

0

; g

00

)

be
ause the values of d

S

! are 
entral.

(5) It is easily seen that d

S

! vanishes if one of its three arguments is 1 , so that, in view

of (3), we have d

S

! 2 C

3

s

(G;Z(N)). It remains to show that it is a 
o
y
le.

In the following 
al
ulation we write the group stru
ture on Z(N) multipli
atively. We

shall use several times that the values of d

S

! are 
entral, so that they 
ommute with all values

of ! . We simply write g:z := S(g)(z) for the a
tion of G on Z(N) indu
ed by the smooth outer

a
tion S . We have to show that for g; g

0

; g

00

; g

000

2 G the following expression vanishes:

d

G

(d

S

!)(g; g

0

; g

00

; g

000

)

= g:(d

S

!)(g

0

; g

00

; g

000

)(d

S

!)(gg

0

; g

00

; g

000

)

�1

(d

S

!)(g; g

0

g

00

; g

000

)(d

S

!)(g; g

0

; g

00

g

000

)

�1

(d

S

!)(g; g

0

; g

00

)

= g:(d

S

!)(g

0

; g

00

; g

000

)(d

S

!)(gg

0

; g

00

; g

000

)

�1

(d

S

!)(g; g

0

g

00

; g

000

)(d

S

!)(g; g

0

; g

00

)(d

S

!)(g; g

0

; g

00

g

000

)

�1

= S(g)[S(g

0

)(!(g

00

; g

000

))!(g

0

; g

00

g

000

)!(g

0

g

00

; g

000

)

�1

!(g

0

; g

00

)

�1

℄

!(gg

0

; g

00

)!(gg

0

g

00

; g

000

)!(gg

0

; g

00

g

000

)

�1

S(gg

0

)(!(g

00

; g

000

)

�1

)

S(g)(!(g

0

g

00

; g

000

))!(g; g

0

g

00

g

000

)!(gg

0

g

00

; g

000

)

�1

!(g; g

0

g

00

)

�1

S(g)(!(g

0

; g

00

))!(g; g

0

g

00

)!(gg

0

; g

00

)

�1

!(g; g

0

)

�1

!(g; g

0

)!(gg

0

; g

00

g

000

)!(g; g

0

g

00

g

000

)

�1

S(g)(!(g

0

; g

00

g

000

)

�1

)

=

�

!(g; g

0

)S(gg

0

)(!(g

00

; g

000

))!(g; g

0

)

�1

�

S(g)[!(g

0

; g

00

g

000

)!(g

0

g

00

; g

000

)

�1

!(g

0

; g

00

)

�1

℄

�

!(gg

0

; g

00

)!(gg

0

g

00

; g

000

)!(gg

0

; g

00

g

000

)

�1

S(gg

0

)(!(g

00

; g

000

)

�1

)

�

�

S(g)(!(g

0

g

00

; g

000

))!(g; g

0

g

00

g

000

)!(gg

0

g

00

; g

000

)

�1

!(g; g

0

g

00

)

�1

�

S(g)(!(g

0

; g

00

))!(g; g

0

g

00

)!(gg

0

; g

00

)

�1

!(gg

0

; g

00

g

000

)!(g; g

0

g

00

g

000

)

�1

S(g)(!(g

0

; g

00

g

000

)

�1

)

= !(g; g

0

)

�

!(gg

0

; g

00

)!(gg

0

g

00

; g

000

)!(gg

0

; g

00

g

000

)

�1

S(gg

0

)(!(g

00

; g

000

)

�1

)

�

S(gg

0

)(!(g

00

; g

000

))!(g; g

0

)

�1

S(g)[!(g

0

; g

00

g

000

)!(g

0

g

00

; g

000

)

�1

!(g

0

; g

00

)

�1

℄

S(g)(!(g

0

; g

00

))!(g; g

0

g

00

)!(gg

0

; g

00

)

�1

!(gg

0

; g

00

g

000

)!(g; g

0

g

00

g

000

)

�1

S(g)(!(g

0

; g

00

g

000

)

�1

)

�

S(g)(!(g

0

g

00

; g

000

))!(g; g

0

g

00

g

000

)!(gg

0

g

00

; g

000

)

�1

!(g; g

0

g

00

)

�1

�
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= !(g; g

0

)!(gg

0

; g

00

)!(gg

0

g

00

; g

000

)!(gg

0

; g

00

g

000

)

�1

!(g; g

0

)

�1

S(g)[!(g

0

; g

00

g

000

)!(g

0

g

00

; g

000

)

�1

℄

!(g; g

0

g

00

)!(gg

0

; g

00

)

�1

!(gg

0

; g

00

g

000

)!(g; g

0

g

00

g

000

)

�1

S(g)(!(g

0

; g

00

g

000

)

�1

)

�

S(g)(!(g

0

g

00

; g

000

))!(g; g

0

g

00

g

000

)!(gg

0

g

00

; g

000

)

�1

!(g; g

0

g

00

)

�1

�

= !(g; g

0

)!(gg

0

; g

00

)!(gg

0

g

00

; g

000

)!(gg

0

; g

00

g

000

)

�1

!(g; g

0

)

�1

S(g)[!(g

0

; g

00

g

000

)!(g

0

g

00

; g

000

)

�1

℄

�

S(g)(!(g

0

g

00

; g

000

))!(g; g

0

g

00

g

000

)!(gg

0

g

00

; g

000

)

�1

!(g; g

0

g

00

)

�1

�

!(g; g

0

g

00

)!(gg

0

; g

00

)

�1

!(gg

0

; g

00

g

000

)!(g; g

0

g

00

g

000

)

�1

S(g)(!(g

0

; g

00

g

000

)

�1

)

= !(g; g

0

)!(gg

0

; g

00

)!(gg

0

g

00

; g

000

)!(gg

0

; g

00

g

000

)

�1

!(g; g

0

)

�1

�

S(g)(!(g

0

; g

00

g

000

))!(g; g

0

g

00

g

000

)

�

!(gg

0

g

00

; g

000

)

�1

!(gg

0

; g

00

)

�1

!(gg

0

; g

00

g

000

)

�

!(g; g

0

g

00

g

000

)

�1

S(g)(!(g

0

; g

00

g

000

)

�1

)

	

= !(g; g

0

)!(gg

0

; g

00

)!(gg

0

g

00

; g

000

)!(gg

0

; g

00

g

000

)

�1

!(g; g

0

)

�1




S(g)[!(g

0

;g

00

g

000

)℄!(g;g

0

g

00

g

000

)

�

!(gg

0

g

00

; g

000

)

�1

!(gg

0

; g

00

)

�1

!(gg

0

; g

00

g

000

)

�

= !(g; g

0

)!(gg

0

; g

00

)!(gg

0

g

00

; g

000

)!(gg

0

; g

00

g

000

)

�1

!(g; g

0

)

�1




!(g;g

0

)!(gg

0

;g

00

g

000

)

�

!(gg

0

g

00

; g

000

)

�1

!(gg

0

; g

00

)

�1

!(gg

0

; g

00

g

000

)

�

= !(g; g

0

)!(gg

0

; g

00

)!(gg

0

g

00

; g

000

)!(gg

0

; g

00

g

000

)

�1

!(g; g

0

)

�1

!(g; g

0

)!(gg

0

; g

00

g

000

)

�

!(gg

0

g

00

; g

000

)

�1

!(gg

0

; g

00

)

�1

!(gg

0

; g

00

g

000

)

�

!(gg

0

; g

00

g

000

)

�1

!(g; g

0

)

�1

= 1:

(6) We prove the assertion for strongly smooth outer a
tions. The other 
ase is proved

similarly by using elements ! 2 C

2

s

(G;N) instead.

We �x some ! 2 C

2

ss

(G;N) with Æ

S

= C

N

Æ! . If !

0

2 C

2

ss

(G;N) also satis�es Æ

S

= C

N

Æ!

0

,

then � := !

0

�!

�1

2 C

2

ss

(G;Z(N)) and thus d

S

!

0

= d

S

!+d

S

� = d

S

!+d

S

�; hen
e [d

S

!

0

℄ = [d

S

!℄

and the 
ohomology 
lass [d

S

!℄ does not depend on the 
hoi
e of ! .

If S

0

� S , then there exists an h 2 C

1

s

(G;N) with S

0

= (C

N

Æ h) � S , and we have seen in

(2) that !

0

:= h�

S

! 2 C

2

ss

(G;N) satis�es Æ

S

0

= C

N

Æ!

0

. Now d

S

0

!

0

= d

S

! implies in parti
ular

that [d

S

0

!

0

℄ = [d

S

!℄ and that this 
ohomology 
lass neither depends on the representative S

0

of

[S℄ nor on the 
hoi
e of ! .

De�nition I.11. Let S 2 C

1

s

(G;Aut(N)) be a strongly smooth outer a
tion and pi
k

! 2 C

2

ss

(G;N) with Æ

S

= C

N

Æ ! . In view of Lemma I.10(6), the 
ohomology 
lass

�

ss

(S) := [d

S

!℄ 2 H

3

ss

(G;Z(N))

S

does not depend on the 
hoi
e of ! and is 
onstant on the equivalen
e 
lass of S , so that we

may also write �

ss

([S℄) := �

ss

(S). We 
all �

ss

(S) the 
hara
teristi
 
lass of S .

For a smooth outer a
tion we likewise obtain a 
hara
teristi
 
lass

�

s

(S) = �

s

([S℄) = [d

S

!℄ 2 H

3

s

(G;Z(N))

S

:

II. Extensions of Lie groups

In this se
tion we dis
uss the basi
 
on
epts related to extensions of Lie groups. Sin
e every

dis
rete group 
an be viewed as a Lie group, our dis
ussion in
ludes in parti
ular the algebrai



ontext of group extensions ([Ma
L63℄, [EML47℄).

De�nition II.1. Let G be a Lie group. A subgroup H of G is 
alled a split Lie subgroup

if it 
arries a Lie group stru
ture for whi
h the in
lusion map i

H

:H ,! G is a morphism of Lie

groups and the right a
tion of H on G de�ned by restri
ting the multipli
ation map of G to a

map G�H ! G de�nes a smooth H -prin
ipal bundle. This means that the 
oset spa
e G=H

is a smooth manifold and that the quotient map �:G! G=H has smooth lo
al se
tions.
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Examples II.2. Sin
e the Lie algebra h of a Lie subgroup H of a Lie group G need not have

a 
losed 
omplement in g , not every Lie subgroup is split. A simple example is the subgroup

H := 


0

(N;R) in G := `

1

(N;R) (
f. [Wei95, Satz IV.6.5℄).

Lemma II.3. Ea
h split Lie subgroup of G is initial.

Proof. The 
ondition that H is a split Lie subgroup implies that there exists an open subset

U of some lo
ally 
onvex spa
e V and a smooth map �:U ! G su
h that the map

U �H ! G; (x; h) 7! �(x)h

is a di�eomorphism onto an open subset of G . We 
on
lude that for every manifold M a map

f :M ! H is smooth whenever it is smooth as a map to G , resp., the open subset �(U)H of G .

De�nition II.4. An extension of Lie groups is a short exa
t sequen
e

1! N

�

��!

b

G

q

��!G! 1

of Lie group morphisms, for whi
h N

�

=

ker q is a split Lie subgroup. This means that

b

G is a

smooth N -prin
ipal bundle over G and G

�

=

b

G=N . In the following we shall identify N with

the subgroup �(N) E

b

G .

We 
all two extensions N ,!

b

G

1

!! G and N ,!

b

G

2

!! G of the Lie group G by the Lie

group N equivalent if there exists a Lie group morphism ':

b

G

1

!

b

G

2

su
h that the following

diagram 
ommutes:

N ,!

b

G

1

!! G

?

?

y

id

N

?

?

y

'

?

?

y

id

G

N ,!

b

G

2

!! G:

It is easy to see that any su
h ' is in parti
ular an isomorphism of Lie groups. We write

Ext(G;N) for the set of equivalen
e 
lasses of Lie group extensions of G by N .

We 
all an extension q:

b

G ! G with ker q = N split if there exists a Lie group morphism

�:G!

b

G with qÆ� = id

G

. In this 
ase the map No

S

G!

b

G; (n; g) 7! n�(g) is an isomorphism,

where the semidire
t produ
t is de�ned by the homomorphism

S := C

N

Æ �:G! Aut(N);

where C

N

:

b

G! Aut(N) is the 
onjugation a
tion of

b

G on N . In view of Lemma I.7, S de�nes

a smooth a
tion of G on N .

Remark II.5. We give a des
ription of Lie group extensions N ,!

b

G !! G in terms of data

asso
iated to G and N . Let q:

b

G! G be a Lie group extension of G by N . By assumption, the

map q has a smooth lo
al se
tion. Hen
e there exists a lo
ally smooth global se
tion �:G!

b

G

whi
h is normalized in the sense that �(1) = 1 , i.e., � 2 C

1

s

(G;

b

G). Then the map

�:N �G!

b

G; (n; g) 7! n�(g)

is a bije
tion whi
h restri
ts to a lo
al di�eomorphism on an identity neighborhood. In general

� is not 
ontinuous, but we may nevertheless use it to identify

b

G with the produ
t set N � G

endowed with the multipli
ation

(2:1) (n; g)(n

0

; g

0

) = (nS(g)(n

0

)!(g; g

0

); gg

0

);

where

(2:2) S := C

N

Æ �:G! Aut(N) for C

N

:

b

G! Aut(N); C

N

(g) = gng

�1

;
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and

(2:3) !:G�G! N; (g; g

0

) 7! �(g)�(g

0

)�(gg

0

)

�1

:

Note that ! is smooth in an identity neighborhood and the map G �N ! N; (g; n) 7! S(g):n

is smooth in a set of the form U �N , where U is an identity neighborhood of G . The maps S

and ! satisfy the relations

(2:4) �(g)�(g

0

) = !(g; g

0

)�(gg

0

);

(2:5) S(g)S(g

0

) = C

N

(!(g; g

0

))S(gg

0

); i.e., Æ

S

= C

N

Æ !;

and

(2:6) !(g; g

0

)!(gg

0

; g

00

) = S(g)

�

!(g

0

; g

00

)

�

!(g; g

0

g

00

):

De�nition II.6. The elements of the set

Z

2

ss

(G;N) := f(S; !) 2 C

1

s

(G;Aut(N))� C

2

ss

(G;N): Æ

S

= C

N

Æ !; d

S

! = 1g

are 
alled smooth fa
tor systems for the pair (G;N) or lo
ally smooth 2-
o
y
les.

Lemma II.7. Let S 2 C

1

(G;Aut(N)) and ! 2 C

2

(G;N) with Æ

S

= C

N

Æ ! . We de�ne a

produ
t on N �G by

(n; g)(n

0

; g

0

) = (nS(g)(n

0

)!(g; g

0

); gg

0

):

Then N �G is a group if and only if d

S

! = 1 . Inversion in this group is given by

(n; g)

�1

= (S(g)

�1

�

n

�1

!(g; g

�1

)

�1

�

; g

�1

) = (!(g

�1

; g)

�1

S(g

�1

)(n

�1

); g

�1

)

and in parti
ular

(1; g)

�1

= (S(g)

�1

:

�

!(g; g

�1

)

�1

�

; g

�1

) = (!(g

�1

; g)

�1

; g

�1

):

Conjugation is given by

(n; g)(n

0

; g

0

)(n; g)

�1

=

�

nS(g)(n

0

)!

g

(g

0

)S(gg

0

g

�1

)

�1

(n

�1

); gg

0

g

�1

�

;

so that (n;1)(n

0

; g

0

)(n;1)

�1

= (nn

0

S(g

0

)(n

�1

); g

0

) and

(2:7) (1; g)(n

0

; g

0

)(1; g)

�1

=

�

S(g)(n

0

)!

g

(g

0

); gg

0

g

�1

�

:

Proof. The asso
iativity of the multipli
ation on N �G is equivalent to the equality of

�

(n; g)(n

0

; g

0

)

�

(n

00

; g

00

) = (nS(g)(n

0

)!(g; g

0

); gg

0

)(n

00

; g

00

)

= (nS(g)(n

0

)!(g; g

0

)S(gg

0

)(n

00

)!(gg

0

; g

00

); gg

0

g

00

)

and

(n; g)

�

(n

0

; g

0

)(n

00

; g

00

)

�

= (n; g)(n

0

S(g

0

)(n

00

)!(g

0

; g

00

); g

0

g

00

)

= (nS(g)

�

n

0

S(g

0

)(n

00

)!(g

0

; g

00

)

�

!(g; g

0

g

00

); gg

0

g

00

)

= (nS(g)(n

0

)(S(g)S(g

0

)(n

00

))S(g)(!(g

0

; g

00

))!(g; g

0

g

00

); gg

0

g

00

)
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for all g; g

0

; g

00

2 G and n; n

0

; n

00

2 N . This means that

!(g; g

0

)S(gg

0

)(n

00

)!(gg

0

; g

00

) = (S(g)S(g

0

)(n

00

))S(g)(!(g

0

; g

00

))!(g; g

0

g

00

):

For n

00

= 1 this leads to d

S

! = 1 . If, 
onversely, d

S

! = 1 , then the asso
iativity 
ondition is

equivalent to

!(g; g

0

)S(gg

0

)(n

00

)!(gg

0

; g

00

) = (S(g)S(g

0

)(n

00

))!(g; g

0

)!(gg

0

; g

00

)

and hen
e to Æ

S

= C

N

Æ ! . Therefore the 
onditions Æ

S

= C

N

Æ ! and d

S

! = 1 are equivalent

to the asso
iativity of the multipli
ation on N �G .

To see that we a
tually obtain a group, we �rst observe that S(1) = id

N

implies that

1 := (1;1) is an identity element of

b

G := N �G , so that (

b

G;1) is a monoid. For (n; g) 2

b

G the

element

(S(g)

�1

�

n

�1

!(g; g

�1

)

�1

�

; g

�1

)

is a right inverse and likewise

(!(g

�1

; g)

�1

S(g

�1

)(n

�1

); g

�1

)

is a left inverse. Now the asso
iativity of

b

G implies that left and right inverse are equal, hen
e

an inverse of (n; g). Therefore

b

G is a group.

The formula for the inversion has already been obtained above. For the 
onjugation we

�rst oberve that for g; g

0

2 G we have

1 = (d

S

!)(gg

0

; g

�1

; g) = S(gg

0

)(!(g

�1

; g))!(gg

0

;1)!(gg

0

g

�1

; g)

�1

!(gg

0

; g

�1

)

�1

= S(gg

0

)(!(g

�1

; g))!(gg

0

g

�1

; g)

�1

!(gg

0

; g

�1

)

�1

;

so that

S(gg

0

)(!(g

�1

; g))

�1

!(gg

0

; g

�1

) = !(gg

0

g

�1

; g)

�1

:

We now obtain

(n; g)(n

0

; g

0

)(n; g)

�1

=

�

nS(g)(n

0

)!(g; g

0

); gg

0

��

!(g

�1

; g)

�1

S(g

�1

)(n

�1

); g

�1

�

=

�

nS(g)(n

0

)!(g; g

0

)S(gg

0

)

�

!(g

�1

; g)

�1

S(g

�1

)(n

�1

)

�

!(gg

0

; g

�1

); gg

0

g

�1

�

=

�

nS(g)(n

0

)!(g; g

0

)!(gg

0

g

�1

; g)

�1

!(gg

0

; g

�1

)

�1

�

S(gg

0

)S(g

�1

)(n

�1

)

�

!(gg

0

; g

�1

); gg

0

g

�1

�

=

�

nS(g)(n

0

)!

g

(g

0

)Æ

S

(gg

0

; g

�1

)

�1

�

S(gg

0

)S(g

�1

)(n

�1

)

�

; gg

0

g

�1

�

=

�

nS(g)(n

0

)!

g

(g

0

)S(gg

0

g

�1

)

�1

(n

�1

); gg

0

g

�1

�

:

For a smooth fa
tor system (S; !) we write N �

(S;!)

G for the set N �G endowed with

the group multipli
ation (2.1).

Proposition II.8. If (S; !) is a smooth fa
tor system, then N �

(S;!)

G 
arries a unique

stru
ture of a Lie group for whi
h the map

N �G! N �

(S;!)

G; (n; g) 7! (n; g)

is smooth on a set of the form N � U , where U is an open identity neighborhood in G . Then

q:N �

(S;!)

G! G; (n; g) 7! g
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is a Lie group extension of G by N . Ea
h Lie group extension q:

b

G! G of G by N gives rise

to smooth fa
tor systems by 
hoosing a lo
ally smooth normalized se
tion �:G!

b

G and de�ning

(S; !) := (C

N

Æ �; Æ

�

) . Then the extension q:

b

G! G is equivalent to N �

(S;!)

G .

Proof. (1) Let U

G

� G be an open symmetri
 1-neighborhood su
h that the maps

U

G

�N ! N; (g; n) 7! S(g):n and ! j

U

G

�U

G

are smooth. We 
onsider the subset

U := N � U

G

= q

�1

(U

G

) �

b

G := N �

(S;!)

G:

Then U = U

�1

be
ause q is a group homomorphism. We endow U with the produ
t manifold

stru
ture from N �U

G

. Sin
e the multipli
ation m

G

j

U

G

�U

G

:U

G

�U

G

! G is 
ontinuous, there

exists an open symmetri
 identity neighborhood V

G

� U

G

with V

G

V

G

� U

G

. Then the set

V := N � V

G

is an open subset of U su
h that the multipli
ation map

V � V ! U;

�

(n; g); (n

0

; g

0

)

�

! (nS(g)(n

0

)!(g; g

0

); gg

0

)

is smooth. The inversion

U ! U; (n; g) 7! (!(g

�1

; g)

�1

S(g

�1

)(n

�1

); g

�1

)

(
f. Lemma II.7) is also smooth.

For (n; g) 2

b

G let V

g

� U

G

be an open identity neighborhood with 


g

(V

g

) � U

G

. Then




(n;g)

(q

�1

(V

g

)) � U . That the 
onjugation map 


(n;g)

: q

�1

(V

g

) ! U is smooth in an identity

neighborhood follows immediately from formula (2.7) in Lemma II.7 be
ause ! 2 C

2

ss

(G;N)

ensures that the fun
tion !

g

is smooth in an identity neighborhood of G .

Eventually Theorem B.1 implies that

b

G 
arries a unique Lie group stru
ture for whi
h

the in
lusion map U = N � U

G

,!

b

G is a lo
al di�eomorphism onto an identity neighborhood.

It is 
lear that with respe
t to the Lie group stru
ture on

b

G , the map q:

b

G ! G is a smooth

N -prin
ipal bundle be
ause the map V

G

!

b

G; g 7! (0; g) de�nes a se
tion of q whi
h is smooth

on an identity neighborhood in G that might be smaller than V

G

.

(2) Assume, 
onversely, that q:

b

G ! G is a Lie group extension of G by N . Then there

exists an open 1-neighborhood U

G

� G and a smooth se
tion �:U

G

!

b

G of the map q:

b

G! G .

We extend � to a global se
tion G !

b

G and put (S; !) := (C

N

Æ �; Æ

�

). We have already seen

in De�nition I.1 that ! = Æ

�

2 C

2

ss

(G;N). Therefore (S; !) is a smooth fa
tor system, so that

we 
an use (1) to obtain a Lie group stru
ture on N �

(S;!)

G for whi
h there exists an identity

neighborhood V

G

� G for whi
h the produ
t map

N � V

G

! N �

(S;!)

G; (n; v) 7! (n;1)(0; v) = (n; v)

is smooth. This implies that the group isomorphism N �

(S;!)

G!

b

G is a lo
al di�eomorphism,

hen
e an isomorphism of Lie groups.

If the group G is 
onne
ted, then we 
an weaken the 
ondition on smooth fa
tor systems

by repla
ing ! 2 C

2

ss

(G;N) by the weaker 
ondition ! 2 C

2

s

(G;N):

Lemma II.9. If G is 
onne
ted and S 2 C

1

s

(G;Aut(N)) and ! 2 C

2

s

(G;N) satisfy

Æ

S

= C

N

Æ ! and d

S

! = 1;

then ! 2 C

2

ss

(G;N) and in parti
ular (S; !) 2 Z

2

ss

(G;N) .

Proof. That the map !

g

:G ! N is smooth in an identity neighborhood means that


onjugation with (1; g) is smooth in an identity neighborhood be
ause

(1; g)(n

0

; g

0

)(1; g)

�1

=

�

S(g)(n

0

)!

g

(g

0

); gg

0

g

�1

�

by formula (2.7).

The set of all elements x 2 N �

(S;!)

G for whi
h the 
onjugation 


x

is smooth in an

identity neighborhood is a subsemigroup 
ontaining N (
f. Lemma II.7) and f1g�W for some

identity neighborhood W in G . If G is 
onne
ted, it is generated by W as a semigroup, so

that N �

(S;!)

G is generated by N �W . Therefore the lo
al smoothness requirement for the

fun
tions !

g

is redundant.
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In the following proposition we show that equivalen
e 
lasses of extensions 
orrespond to

orbits of the group C

1

s

(G;N) in the set of smooth fa
tor systems.

Proposition II.10. For two smooth fa
tor systems (S; !); (S

0

; !

0

) 2 Z

2

ss

(G;N) the following

are equivalent

(1) N �

(S;!)

G and N �

(S

0

;!

0

)

G are equivalent extensions of G by N .

(2) There exists an h 2 C

1

s

(G;N) with h:(S; !) = (S

0

; !

0

) .

If these 
onditions are satis�ed, then the map

':N �

(S

0

;!

0

)

G! N �

(S;!)

G; (n; g) 7! (nh(g); g)

is an equivalen
e of extensions and all equivalen
es of extensions N �

(S

0

;!

0

)

G! N �

(S;!)

G are

of this form.

Proof. Let ':N �

(S

0

;!

0

)

G! N �

(S;!)

G be an equivalen
e of extensions. Then there exists

a fun
tion h 2 C

1

s

(G;N) su
h that ' has the form '(n; g) = (nh(g); g) with respe
t to the

produ
t 
oordinates on N �

(S;!)

G , resp., N �

(S

0

;!

0

)

G . We then have

'(n; g)'(n

0

; g

0

) = (nh(g); g)(n

0

h(g

0

); g

0

) = (nh(g)S(g)(n

0

h(g

0

))!(g; g

0

); gg

0

)

=

�

n[C

N

(h(g))(S(g)(n

0

))℄h(g)S(g)(h(g

0

))!(g; g

0

); gg

0

�

=

�

n(h:S)(g)(n

0

)(h �

S

!)(g; g

0

)h(gg

0

); gg

0

�

= '(n(h:S)(g)(n

0

)(h �

S

!)(g; g

0

); gg

0

):

Sin
e ' is an equivalen
e of extensions, it is an inje
tive morphism of groups, whi
h implies that

the produ
t in N �

(S

0

;!

0

)

G is given by

(nS

0

(g)(n

0

)!

0

(g; g

0

); gg

0

) = (n; g)(n

0

; g

0

) = (n(h:S)(g)(n

0

)(h �

S

!)(g; g

0

); gg

0

):

This implies that !

0

= h �

S

! and further that S

0

= h:S , so that \(1) ) (2)" is proved.

If, 
onversely, (S

0

; !

0

) = h:(S; !) = (h:S; h �

S

!), then we de�ne

':N �

(S

0

;!

0

)

G! N �

(S;!)

G; '(n; g) := (nh(g); g);

and the 
al
ulation above shows that ' is a homomorphisms of groups. Sin
e ' is smooth in an

identity neighborhood, it is a morphisms of Lie groups. Clearly ' j

N

= id

N

and ' indu
es the

identity map on G , so that it is an equivalen
e of extensions. This 
ompletes the proof.

Corollary II.11. The map

Z

2

ss

(G;N)! Ext(G;N); (S; !) 7! [N �

(S;!)

G℄

indu
es a bije
tion

H

2

ss

(G;N) := Z

2

ss

(G;N)=C

1

s

(G;N)! Ext(G;N):

The pre
eding proposition implies in parti
ular that N �

(S;!)

G � N �

(S

0

;!

0

)

G implies

[S℄ = [S

0

℄ , i.e., equivalent extensions 
orrespond to the same smooth G-kernel. In the following

we write Ext(G;N)

[S℄

for the set of equivalen
e 
lasses of N -extensions of G 
orresponding to

the G-kernel [S℄ .

Theorem II.12. Let S be a smooth outer a
tion of G on N with Ext(N;G)

[S℄

6= � . Then

ea
h extension 
lass in Ext(G;N)

[S℄


an be represented by a Lie group of the form N �

(S;!)

G .

Any other Lie group extension N �

(S;!

0

)

G representing an element of Ext(G;N)

[S℄

satis�es

!

0

� !

�1

2 Z

2

ss

(G;Z(N))

[S℄

;
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and the Lie groups N �

(S;!)

G and N �

(S;!

0

)

G de�ne equivalent extensions if and only if

!

0

� !

�1

2 B

2

s

(G;Z(N))

[S℄

:

Proof. From Proposition II.8 we know that ea
h Lie group extension

b

G of G by N is

equivalent to one of the form N �

(S

0

;!

0

)

G . If [S℄ = [S

0

℄ and h 2 C

1

s

(G;N) satis�es h:S = S

0

,

then h

�1

:(S

0

; !

0

) = (S; h

�1

�

S

0

!

0

), so that !

00

:= h

�1

�

S

0

!

0

satis�es N�

(S

0

;!

0

)

G

�

=

N�

(S;!

00

)

G .

This means that ea
h extension 
lass in Ext(G;N)

[S℄


an be represented by a group of the form

N �

(S;!

00

)

G .

If (S; !) and (S

0

; !

0

) are smooth fa
tor systems, then C

N

Æ ! = Æ

S

= C

N

Æ !

0

implies

� := !

0

�!

�1

2 C

2

s

(G;Z(N)). Further im(�) � Z(N) leads to �

g

= !

0

g

!

�1

g

for ea
h g 2 G , whi
h

shows that �

g

is smooth in an identity neighborhood, so that � 2 C

2

ss

(G;Z(N)). Moreover,

d

S

!

0

= d

S

! = 1 , so that

1 = d

S

!

0

= d

S

! � d

S

� = d

S

�

implies � 2 Z

2

ss

(G;Z(N))

S

. This means that !

0

2 ! � Z

2

ss

(G;Z(N))

S

.

In view of Proposition II.10, the equivalen
e of the extensions N �

(S;!

0

)

G and N �

(S;!)

G

is equivalent to the existen
e of an h 2 C

1

s

(G;N) with

S = h:S = (C

N

Æ h) � S and !

0

= h �

S

!:

Then C

N

Æh = id

N

implies h 2 C

1

s

(G;Z(N)) whi
h further leads to !

0

= h�

S

! = (d

S

h) �! , i.e.,

!

0

!

�1

2 B

2

s

(G;Z(N))

S

. If, 
onversely, !

0

!

�1

= d

S

h for some h 2 C

1

s

(G;Z(N)), then h:S = S

and h �

S

! = !

0

.

Corollary II.13. For a smooth G-kernel [S℄ with Ext(G;N)

[S℄

6= � , the map

H

2

ss

(G;Z(N))

[S℄

� Ext(G;N)

[S℄

! Ext(G;N)

[S℄

; (�; [N �

(S;!)

G℄) 7! [N �

(S;!��)

G℄

is a well-de�ned simply transitive a
tion.

Remark II.14. (Abelian extensions) Suppose that N = A is an abelian Lie group. Then the

adjoint representation of A is trivial and a smooth fa
tor system (S; !) for (G;A) 
onsists of a

smooth module stru
ture S:G! Aut(A) and an element ! 2 C

2

ss

(G;A). In this 
ase d

S

is the

Lie group di�erential 
orresponding to the module stru
ture on A (De�nition I.2). Therefore

(S; !) de�nes a Lie group N �

(S;!)

G if and only if d

S

! = 1 , i.e., ! 2 Z

2

ss

(G;A). In this 
ase

we write A�

!

G for this Lie group, whi
h is A�G , endowed with the multipli
ation

(a; g)(a

0

; g

0

) = (a+ g:a

0

+ !(g; g

0

); gg

0

):

Further S � S

0

if and only if S = S

0

. Hen
e a smooth G-kernel [S℄ is the same as a smooth

G-module stru
ture S on A and Ext(G;A)

S

:= Ext(G;A)

[S℄

is the 
lass of all A-extensions of

G for whi
h the asso
iated G-module stru
ture on A is S .

A

ording to Corollary II.13, the equivalen
e 
lasses of extensions 
orrespond to 
ohomol-

ogy 
lasses of 
o
y
les, so that the map

H

2

ss

(G;A)

S

! Ext(G;A)

S

; [!℄ 7! [A�

!

G℄

is a well-de�ned bije
tion. This was also shown dire
tly in [Ne04a℄ in the 
ontext of abelian

extensions.

Remark II.15. The result of Corollary II.13 
an also be visualized on the level of extensions

as follows. For that we assume that Z(N) is an initial Lie subgroup of N , so that it 
arries its

own Lie group stru
ture and the smooth outer a
tion S indu
es on Z(N) the stru
ture S

Z

of a

smooth G-module (Lemma I.6). In view of Remark II.14, we then have

H

2

ss

(G;Z(N))

S

�

=

Ext(G;Z(N))

S

Z

:
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Let Z(N)!

b

G

1

q

1

��!G be an extension of G by the smooth G-module Z(N) and N !

b

G

2

q

2

��!G

an extension of G by N 
orresponding to the G-kernel [S℄ . Then we 
onsider the group

H := q

�

1

b

G

2

�

=

f(g

1

; g

2

) 2

b

G

1

�

b

G

2

: q

1

(g

1

) = q

2

(g

2

)g

whi
h is a Lie group extension of G by Z(N)�N , and the subgroup �

Z

:= f(z; z

�1

): z 2 Z(N)g

is a 
entral split Lie subgroup of H . Therefore the Baer produ
t

b

G := H=�

Z

is a Lie group

extension of G by N

�

=

(Z(N)�N)=�

Z

.

If

b

G

1

�

=

Z(N)�

f

G and

b

G

2

�

=

N �

(S;!)

G , then

H

�

=

(Z(N)�N)�

((S

Z

;S);(f;!))

G

and

b

G

�

=

N �

(S;f �!)

G: This implies that the a
tion of the abelian group H

2

ss

(G;Z(N))

S

on

Ext(G;N)

[S℄


orresponds to the Baer multipli
ation of extensions of G by Z(N) with N -

extensions of G .

Remark II.16. The pre
eding results show that the �bers of the map [(S; !)℄ 7! [S℄ that

assigns to an extension of G by N , represented by a smooth fa
tor system (S; !), the 
lass [S℄

of the 
orresponding smooth outer a
tion, are given by Q

�1

([S℄) = Ext(G;N)

[S℄

, and the group

H

2

ss

(G;Z(N))

S

a
ts simply transitively on the �bers. Clearly the a
tion of G on Z(N) depends

on [S℄ and so does the 
ohomology group H

2

ss

(G;Z(N))

S

.

In the example des
ribed below, we shall see that for an abelian smooth G-module A =

N = Z(N) the group H

2

ss

(G;A)

S

very mu
h depends on the a
tion S of G on A . For G = R

2

and A = R we have H

2

s

(G;A)

�

=

H

2




(g; a) (
f. [Ne04a, Th. 7.2℄). On the other hand C

2




(g; a)

is the spa
e of alternating bilinear maps g � g ! a , hen
e 1-dimensional. Further dim g = 2

implies that ea
h 2-
o
hain is a 
o
y
le. Sin
e B

2




(g; a) = d

g

a vanishes if the module a is trivial

and 
oin
ides with Z

2




(g; a) otherwise, we have

H

2

ss

(G;A)

�

=

H

2

s

(G;A)

�

=

H

2




(g; a)

�

=

�

R for g:a = f0g

f0g for g:a 6= f0g.

The following theorem provides a Lie theoreti
 
riterion for the non-emptiness of the set

Ext(G;N)

[S℄

.

Theorem II.17. If S is a strongly smooth outer a
tion of G on N , then

�

ss

(S) = 1 () Ext(G;N)

[S℄

6= �:

If G is 
onne
ted and S is a smooth outer a
tion, then

�

s

(S) = 1 () Ext(G;N)

[S℄

6= �:

Proof. If there exists a Lie group extension

b

G 
orresponding to [S℄ , then we may w.l.o.g.

assume that it is of the form N �

(S;!)

G for a smooth fa
tor system (S; !) (Theorem II.12).

This implies in parti
ular that S is strongly smooth, and d

S

! = 1 (Lemma II.7) leads to

�

ss

(S) = [d

S

!℄ = 1 .

Suppose, 
onversely, that S is strongly smooth with �

ss

(S) = 1 . Then there exists

! 2 C

2

ss

(G;N) with Æ

S

= C

N

Æ ! and some h 2 C

2

ss

(G;Z(N)) with d

S

! = d

S

h

�1

, so that

!

0

:= ! � h 2 C

2

ss

(G;N) satis�es d

S

!

0

= d

S

! � d

S

h = 1 and Æ

S

= C

N

Æ !

0

. Hen
e (S; !

0

)

is a smooth fa
tor system, and Proposition II.8 implies the existen
e of a Lie group extension

N �

(S;!)

G of G by N 
orresponding to [S℄ .

If G is 
onne
ted and S is a smooth outer a
tion with �

s

(S) = 1 , then a similar argument

provides some !

0

2 C

2

s

(G;N) with Æ

S

= C

N

Æ !

0

and d

S

!

0

= 1 . In view of Lemma II.9,

!

0

2 C

2

ss

(G;N), and we thus obtain a Lie group extension N �

(S;!

0

)

G of G by N .
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Split extensions

We 
on
lude this se
tion with a 
hara
terization of the split extensions, i.e., those extensions

q:

b

G ! G for whi
h there exists a smooth homomorphism �:G !

b

G with q Æ � = id

G

, whi
h

implies that

b

G

�

=

N o

S

G with respe
t to the smooth a
tion of G on N given by S := C

N

Æ � .

Proposition II.18. The extension

b

G = N �

(S;!)

G is split if and only if there exists an

h 2 C

1

s

(G;N) with

(2:8) h �

S

! = 1:

If, in addition, ! 2 C

2

ss

(G;Z(N)) , then S is a representation, and (2.8) is equivalent to

d

S

h = !

�1

:

Let

Z

1

s

(G;N;Z(N))

S

:= ff 2 C

1

s

(G;N): im(d

S

f) � Z(N)g

and observe that

Z

1

s

(G;N;Z(N))

S

=C

1

s

(G;Z(N))! Z

1

(G;Aut(N))

S

; [f ℄ 7! C

N

Æ f

is inje
tive onto the set of all 1-
o
y
les G! C

N

(N) � Aut(N) that 
an be lifted to elements of

C

1

s

(G;N) , where the a
tion of C

1

s

(G;Z(N)) on C

1

s

(G;N) is given by pointwise multipli
ation.

Moreover,

[!℄:[N �

(S;1)

G℄ splits () [!

�1

℄ 2 im(Æ);

where

Æ:Z

1

s

(G;N;Z(N))=C

1

s

(G;Z(N))! H

2

ss

(G;Z(N)) [f ℄ 7! [d

S

f ℄:

Proof. Sin
e the orbit of the fa
tor system (S; !) under the group C

1

s

(G;N) 
onsists of all

other fa
tor systems des
ribing the same extension, i.e., 
orresponding to di�erent 
hoi
es of

se
tions G !

b

G (Proposition II.10), the extension

b

G splits if and only if this orbit 
ontains a

fa
tor system (S

0

; !

0

) = h:(S; !) for whi
h the 
orresponding se
tion �

0

:G!

b

G; g 7! (h(g); g) is

a group homomorphism, i.e., Æ

�

0

= 1 . Hen
e the �rst assertion follows from Æ

�

0

= h �

S

! .

If, in addition, ! has values in Z(N), then Æ

S

= C

N

Æ ! = 1 shows that S is a

representation. Moreover, h �

S

! = d

S

h � ! vanishes if and only if d

S

h = !

�1

.

Remark II.19. In general the image of the map Æ is a quite 
ompli
ated subset of the


ohomology group H

2

ss

(G;Z(N))

S

. To understand this subtle point, we note that d

S

h = !

�1

does not seem to imply d

S

h

�1

= ! . It is true that for S

h

= (C

N

Æ h) � S we have

d

S

h

h

�1

= h

�1

�

S

h

1 = h

�1

�

S

h

(h �

S

!) = !

be
ause (S; !) = h

�1

:(h:(S; !)) = h

�1

:(S

h

;1). The 
ondition d

S

h

�1

= d

S

h

h

�1

is equivalent to

S(g)(h(g

0

)) = h(g)S(g)(h(g

0

))h(g)

�1

for g; g

0

2 G , whi
h means that the two fun
tions h and S:h 
ommute pointwise.

For the spe
ial 
ase S = 1 we have d

S

h = Æ

h

and im(Æ

h

) � Z(N) means that the map

C

N

Æ h:G! Aut(N) is a homomorphism. Fix some g > 1 and let us 
onsider the spe
ial 
ase,

where N =

f

SL

2

(R) is the universal 
overing group of SL

2

(R) and G is the dis
rete group with

2g generators �

1

; : : : ; �

2g

subje
t to the 
ommutator relation

[�

1

; �

2

℄ � � � [�

2g�1

; �

2g

℄ = �

1

�

2

�

�1

1

�

�1

2

� � ��

2g�1

�

2g

�

�1

2g�1

�

�1

2g

= 1:
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In this 
ase Z(N)

�

=

Z is dis
rete and N

ad

:= N=Z(N)

�

=

PSL

2

(R) . Then ea
h homomorphism

h:G! N

ad


orresponds to a (2g)-tuple of points (x

1

; : : : ; x

2g

) 2 PSL

2

(R)

2g

satisfying

[x

1

; x

2

℄ � � � [x

2g�1

; x

2g

℄ = 1:

Sin
e G and Z(N) are dis
rete, we have

H

2

ss

(G;Z(N))

S

= H

2

(G;Z(N)):

Using the fa
t that G is the fundamental group �

1

(�

g

) of a 
ompa
t orientable surfa
e �

g

of genus g , it is known that H

2

(G;Z(N))

�

=

H

2

(�

g

; Z(N))

�

=

Hom(H

2

(�

g

); Z(N))

�

=

Z(N)

be
ause H

2

(�

g

)

�

=

Z ([Mil58℄). The isomorphism

�:H

2

(G;Z(N))! Z(N)


an be obtained by 
hoosing for ea
h 
entral extension Z(N) ,!

b

G ! G a se
tion �:G !

b

G

and then putting

Æ([

b

G℄) := [�(�

1

); �(�

2

)℄ � � � [�(�

2g�1

); �(�

2g

)℄:

From this observation it follows that im(Æ) � Z(N) 
oin
ides with the set

f[y

1

; y

2

℄ � � � [y

2g�1

; y

2g

℄: (y

1

; : : : ; y

2g

) 2 N; [y

1

; y

2

℄ � � � [y

2g�1

; y

2g

℄ 2 Z(N)g:

In [Mil58℄ it is shown that, as a subset of Z

�

=

Z(N), this set 
oin
ides with fn 2 Z: jnj < gg .

In parti
ular it is not a subgroup.

Remark II.20. (a) Suppose that the extension

b

G = N �

(S;!)

G splits, so that we may w.l.o.g.

assume that ! = 1 . For h 2 C

1

s

(G;N) we then have

h:(S;1) = (h:S; h �

S

1) = (h:S; d

S

h) with d

S

h(g; g

0

) = h(g)S(g)(h(g

0

))h(gg

0

)

�1

:

We 
on
lude that

fh 2 C

1

s

(G;N):h �

S

1 = 1g = Z

1

s

(G;N)

S

is the set of 1-
o
y
les for the smooth a
tion of G on N de�ned by the homomorphism

S:G ! Aut(N). Therefore the orbit of (S;1) under C

1

s

(G;N) may 
ontain di�erent elements

of the form (S

0

;1). The representations S

0

:G! Aut(N) arising that way have the form

S

f

:= (C

N

Æ f) � S; f 2 Z

1

s

(G;N)

S

:

If N is abelian, all representations S

f

are the same, so that the C

1

s

(G;N)-orbit of (S;1)


ontains no other element of the form (S

0

;1). But if f 2 Z

1

s

(G;N)

S

is a 
o
y
le whose values

do not lie in the 
enter Z(N) of N , then S

f

6= S . Nevertheless, the two split extensions

N o

S

G and N o

S

f

G

are equivalent.

(b) A 
ondition that is slightly weaker than the 
ondition d

S

h = 1 is that S

h

= (C

N

Æh) �S

is a homomorphism, whi
h, in view of Æ

h:S

= C

N

Æ(d

S

h) is equivalent to im(d

S

h) � Z(N), whi
h

in turn means that C

N

Æ h 2 Z

1

(G;Aut(N)) with respe
t to the a
tion of G on Aut(N) given

by g:' := S(g)'S(g)

�1

. Then d

S

d

S

h = d

S

h

d

S

h = d

S

h

(h �

S

1) = 1 (Lemma I.10(4)) implies

that d

S

h 2 Z

2

ss

(G;Z(N))

S

, so that on the level of extension 
lasses we have

[N o

S

G℄ = [N �

(h:S;d

S

h)

G℄ = [d

S

h℄:[N �

(S

h

;1)

G℄ = [d

S

h℄:[N o

S

h

G℄:

This shows that the semidire
t produ
ts

N o

S

G and N o

S

h

G

are equivalent extensions of G by N if and only if the 
lass [d

S

h℄ 2 H

2

ss

(G;Z(N))

S

vanishes.
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Corollary II.21. Suppose that Z(N) E N is a split Lie subgroup, so that N

ad

:= N=Z(N)


arries a 
anoni
al Lie group stru
ture for whi
h q

N

:N ! N

ad

= N=Z(N) de�nes a 
entral

extension of N

ad

by Z(N) . Further let S:G ! Aut(N) be a smooth a
tion of G on N and


onsider the indu
ed a
tion S of G on N

ad

. Then we have an exa
t sequen
e of groups, resp.

pointed spa
es,

Z(N)

G

,! N

G

! N

G

ad

! H

1

s

(G;Z(N))

S

! H

1

s

(G;N)

S

! H

1

s

(G;N

ad

)

S

Æ

��!H

2

ss

(G;Z(N))

S

;

where for f 2 Z

1

s

(G;N

ad

)

S

we have

Æ([f ℄) = [d

S

b

f ℄

for some

b

f 2 Z

1

s

(G;N;Z(N))

S

satisfying q

N

Æ

b

f = f and

Ext(G;N)

[S℄;split

= � im(Æ):[N o

S

G℄:

Proof. For the 7-term exa
t sequen
e and the 
onne
ting map Æ 
orresponding to the 
entral

Lie group extension Z(N) ,! N !! N

ad

, we refer to [Ne05, Se
t. II℄.

If the 
o
y
le f :G! N has values in Z(N), then f:(S;1) = (S;1), so that Z

1

s

(G;Z(N))

S


orresponds to the stabilizer of (S;1) 2 Z

2

ss

(G;N) and the map

Z

1

s

(G;N;Z(N))

S

! Z

2

ss

(G;N); f 7! f:(S;1)

fa
tors through an inje
tive map

Z

1

s

(G;N;Z(N))

S

=Z

1

s

(G;Z(N))

S

�

=

Z

1

s

(G;N

ad

); [f ℄ 7! f:(S;1)

be
ause for ea
h h 2 Z

1

s

(G;N

ad

)

S

there is an

b

h 2 Z

1

s

(G;N;Z(N))

S

with q

N

Æ

b

h = h and

b

h:(S;1) = (

b

h:S; d

S

b

h).

Sin
e d

S

b

h 2 Z

2

ss

(G;Z(N))

S

, this fa
tor system 
orresponds to the extension 
lass

[d

S

b

h℄:[N o

S

G℄ = Æ(h):[N o

S

G℄ 2 Ext(G;N)

[S℄

:

This 
lass equals [N o

S

G℄ if and only if Æ(h) = 0 whi
h is equivalent to [h℄ being 
ontained in

the image of H

1

s

(G;N)

S

under the 
onne
ting map Æ .

The remaining assertion follows from Remark II.20(b) and Proposition II.18.

In [Bo93℄, Borovoi deals with non-abelian H

2

-sets in the 
ontext of Galois 
ohomology,

where he 
alls the 
ohomology 
lasses in H

2

ss

(G;N) 
orresponding to split extensions neutral.

Our Corollary II.21 is a Lie group version of Borovoi's Proposition 2.3.

III. Smooth 
rossed modules

In this se
tion we introdu
e the notion of a smooth 
rossed module for a Lie group G . Our point

of view is that a smooth 
rossed module is a 
entral extension

b

N ! N of a normal split Lie

subgroup N E G for whi
h the 
onjugation a
tion of G on N lifts to a smooth a
tion on

b

N . It

turns out that smooth 
rossed modules of Lie groups provide the natural framework to redu
e

problems related to general extensions of Lie groups to abelian extensions, whi
h is 
arried out

in Se
tion IV.

De�nition III.1. A morphism �:H ! G of Lie groups, together with a homomorphism

b

S:G! Aut(H) de�ning a smooth a
tion

b

S:G�H ! H; (g; h) 7! g:h =

b

S(g)(h) of G on H , is


alled a smooth 
rossed module if the following 
onditions are satis�ed:

(CM1) � Æ

b

S(g) = 


�(h)

Æ � for g 2 G .

(CM2)

b

S Æ � = C

H

:H ! Aut(H) is the 
onjugation a
tion.

(CM3) ker(�) is a split Lie subgroup of H and im(�) is a split Lie subgroup of G for whi
h �

indu
es an isomorphism H= ker(�)! im(�).

The 
onditions (CM1/2) express the 
ompatibility of the G-a
tion on H with the 
onjugation

a
tions of G and H .
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Lemma III.2. If �:H ! G is a smooth 
rossed module, then the following assertions hold:

(1) im(�) is a normal subgroup of G .

(2) ker(�) � Z(H) .

(3) ker(�) is G-invariant and G a
ts smoothly on ker(�) .

Proof. (1) follows from (CM1), (2) from (CM2), and (3) from (CM1), Lemma I.7(a) and

Lemma II.3.

Crossed modules for whi
h � is inje
tive are in
lusions of normal split Lie subgroups and

surje
tive 
rossed modules are 
entral extensions. In this sense the 
on
ept of a 
rossed module

interpolates between split normal subgroups and 
entral extensions.

In the following we shall adopt the following perspe
tive on 
rossed modules. Let �:H ! G

be a smooth 
rossed module. Then N := im(�) is a split normal Lie subgroup of G and

�:H ! N is a 
entral Lie group extension of N by Z := ker(�). In this sense a smooth 
rossed

module 
an be viewed as a 
entral Lie group extension �:H ! N of a split normal subgroup N

of G for whi
h there exists a smooth G-a
tion on H satisfying (CM1/2).

If, 
onversely, N is a split normal subgroup of G and �:

b

N ! N a 
entral Lie group

extension of N by Z , then we have a natural smooth N -module stru
ture on

b

N given by

b

C

N

(n)(n

0

) := nn

0

n

�1

. To obtain the stru
ture of a smooth 
rossed module for �:

b

N ! G , one

has to extend the a
tion of N on

b

N to a smooth G-a
tion on

b

N for whi
h � is equivariant. In

the following we shall adopt this point of view.

We may w.l.o.g. assume that

b

N = Z�

f

N for some f 2 Z

2

ss

(N;Z) (Remark II.14) and write

the G-module stru
ture on Z as (g; z) 7! g:z . Then the G-module stru
ture on

b

N = Z �

f

N


an be written as

(3:1) g:(z; n) = (g:z + �(g)(g:n); 


g

(n));

where the fun
tion �:G ! C

1

s

(N;Z) is a map for whi
h

e

�:G � N ! Z; (g; n) 7! �(g)(n) is

smooth on an open neighborhood of G � f1g in G � N . That (3.1) de�nes a group a
tion

of G on

b

N means that � is a 
o
y
le with respe
t to the natural a
tion of G on C

1

s

(N;Z)

by (g:�)(n) := g:�(g

�1

ng), and that with respe
t to the natural a
tion of G on C

2

s

(N;Z) by

(g:�)(n

1

; n

2

) := g:�(g

�1

n

1

g; g

�1

n

2

g) we have

(3:2) d

N

(�(g)) = g:f � f = d

S

(f)(g) for all g 2 G:

(
f. Corollary A.4 and Lemma A.11).

Lemma III.3. For a 
o
y
le �:G! C

1

s

(N;Z) satisfying (3.2), the following are equivalent:

(1) The 
orresponding a
tion of G on

b

N is smooth.

(2) The fun
tion

e

� : G � N ! Z; (g; n) 7! �(g)(n) is smooth in an identity neighborhood and

for ea
h n 2 N the fun
tion

(3:3) �

n

:G! Z; g 7! �(g)(g:n) + f(g:n; n

�1

)

is smooth in an identity neighborhood of G .

Proof. This is an immediate 
onsequen
e of Proposition A.13.

De�nition III.4. In the following we write C

1

s

(G;C

1

s

(N;Z)) for the set of all maps �:G !

C

1

s

(N;Z) for whi
h the fun
tion e� : G � N ! Z; (g; n) 7! �(g)(n) is smooth in an identity

neighborhood. We write C

1

ss

(G;C

1

s

(N;Z))

f

for the set of all elements with the additional

property that for ea
h n 2 N the fun
tion

�

n

:G! Z; g 7! �(g)(g:n) + f(g:n; n

�1

)

is smooth in an identity neighborhood. The set of all 
o
y
les in C

1

s

(G;C

1

s

(N;Z)) is denoted

Z

1

s

(G;C

1

s

(N;Z)) and likewise Z

1

ss

(G;C

1

s

(N;Z))

f

:= C

1

ss

(G;C

1

s

(N;Z))

f

\ Z

1

s

(G;C

1

s

(N;Z)).
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The natural a
tion of N on

b

N is given by

(z; n)(z

0

; n

0

)(z; n)

�1

=

�

z

0

+ f(n; n

0

)� f(nn

0

n

�1

; n); nn

0

n

�1

�

:

We de�ne

(3:4)

e

f(n)(n

0

) := f(n; n

�1

n

0

n)� f(n

0

; n);

and observe that (3.1) de�nes a smooth a
tion extending the given a
tion of N if � j

N

=

e

f , i.e.,

that the pair (f; �) is an element of the group

D := f(f; �) 2 Z

2

ss

(N;Z)� Z

1

s

(G;C

1

s

(N;Z)): d

N

Æ � = d

S

(f); � j

N

=

e

f; � 2 Z

1

ss

(G;C

1

s

(N;Z))

f

g:

That the set of all these elements is indeed a subgroup follows dire
tly from Lemma III.3. We

also write

D(f) := f� 2 Z

1

ss

(G;C

1

s

(N;Z))

f

: (f; �) 2 Dg = pr

2

(D)

for the set of all smooth a
tions of G on

b

N extending the given a
tion of N .

The following lemma provides a 
onvenient des
ription of the set D(f) as a homogeneous

spa
e.

Lemma III.5. For any (f; �) 2 D and � 2 Z

1

ss

(G=N;Z

1

s

(N;Z))

0

we have

� � (f; �) := (f; � + q

�

�) 2 D:

This de�nes for ea
h f 2 pr

1

(D) � Z

2

ss

(N;Z) a simply transitive a
tion of Z

1

ss

(G=N;Z

1

s

(N;Z))

0

on the set D(f) .

Proof. That � � (f; �) 2 D follows from

d

N

Æ (� + q

�

�) = d

N

Æ � + d

N

Æ q

�

� = d

N

Æ � + q

�

(d

N

Æ �) = d

N

Æ � = d

S

(f):

If, 
onversely, (f; �); (f; �

0

) 2 D , then the di�eren
e �

0

� � has values in Z

1

s

(N;Z) and

vanishes on N , hen
e is of the form q

�

� for some � 2 Z

1

ss

(G=N;Z

1

s

(N;Z))

0

be
ause for ea
h

n 2 N the map

g 7! (�

0

� �)(g)(g:n) = �

0

(g)(g:n) + f(g:n; n

�1

)�

�

�(g)(g:n)� f(g:n; n

�1

)

�

is smooth in an identity neighborhood of G . This proves the lemma.

We want to 
onstru
t a map Q:D! H

3

s

(G=N;Z) su
h that Q(f; �) = 0 
hara
terizes the

extendability of f to a 
o
y
le

e

f 2 Z

2

s

(G;Z) satisfying

e

f j

G�N

=

e

� . In the following we �x a

pair (f; �) 2 D and 
onsider the 
orresponding smooth a
tion of G on

b

N given by

b

S(g)(z; n) := (g:z + �(g)(g:n); g:n)

(
f. Corollary A.4 and Proposition A.13). To de�ne the map Q , let �:G=N ! G be a normalized

lo
ally smooth se
tion of the quotient map and de�ne

S :=

b

S Æ �:G=N ! Aut(

b

N):

There exists an ! 2 C

2

s

(G=N;

b

N) with q

N

Æ ! = Æ

�

, where q

N

:

b

N ! N is the quotient

map. Then

(3:5) Æ

S

=

b

S Æ Æ

�

=

b

S Æ q

N

Æ ! = C

b

N

Æ !;

whi
h shows that S is a smooth outer a
tion of G=N on

b

N .
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If we even �nd an ! 2 C

2

ss

(G=N;

b

N) with Æ

S

= C

N

Æ ! , we have a strongly smooth

outer a
tion, but this does not follow from the de�nition of a smooth 
rossed module. Using

Lemma I.10, it is easy to see that this additional smoothness 
ondition for S does not depend

on the 
hoi
e of the se
tion � , hen
e is a property of the pair (f; �). We write D

ss

� D for

the set of all pairs (f; �) 2 D for whi
h S is a strongly smooth outer a
tion. In terms of the

produ
t 
oordinates

b

N = Z �

f

N , this means that there exists !

Z

2 C

2

ss

(G=N;Z) su
h for

! := (!

Z

; Æ

�

) 2 C

2

s

(G=N;

b

N) the fun
tions !

g

:G=N !

b

N given by

!

g

(x) = !(g; x)!(gxg

�1

; g)

�1

= (!

Z

(g; x); Æ

�

(g; x))(!

Z

(gxg

�1

; g); Æ

�

(gxg

�1

; g))

�1

= (!

Z

(g; x); Æ

�

(g; x))

�

� !

Z

(gxg

�1

; g)� f(Æ

�

(gxg

�1

; g)

�1

; Æ

�

(gxg

�1

; g)); Æ

�

(gxg

�1

; g)

�1

�

= (!

Z;g

(x)� f(Æ

�

(gxg

�1

; g)

�1

; Æ

�

(gxg

�1

; g)) + f(Æ

�

(g; x); Æ

�

(gxg

�1

; g)

�1

); Æ

�;g

(x)

�

are smooth in an identity neighborhood. For Æ

�;g

this follows as in De�nition I.1, but for the

Z -
omponent this depends on the values of the se
tion � in elements far from the identity, so

that the smoothness assumptions in the identity do not imply anything.

Lemma III.6. The fun
tion

e

Q(f; �; �; !) := d

S

!: (G=N)

3

!

b

N; (g; g

0

; g

00

) 7! S(g)(!(g

0

; g

00

))!(g; g

0

g

00

)!(gg

0

; g

00

)

�1

!(g; g

0

)

�1

has values in Z and is a 3-
o
y
le in Z

3

s

(G=N;Z) . Its 
ohomology 
lass [d

S

!℄ 2 H

3

s

(G=N;Z)

does not depend on the 
hoi
es of ! and � . Likewise, for (f; �) 2 D

ss

the 
ohomology 
lass of

d

S

! in H

3

ss

(G=N;Z) does not depend on ! and � .

Proof. First we observe that (d

S

!)(g; g

0

; g

00

) 2 Z follows from

q

N

((d

S

!)(g; g

0

; g

00

)) = C

N

(�(g))(Æ

�

(g

0

; g

00

))Æ

�

(g; g

0

g

00

)Æ

�

(gg

0

; g

00

)

�1

Æ

�

(g; g

0

)

�1

= �(g)

�

�(g

0

)�(g

00

)�(g

0

g

00

)

�1

�

�(g)

�1

�(g)�(g

0

g

00

)�(gg

0

g

00

)

�1

�(gg

0

g

00

)

�(g

00

)

�1

�(gg

0

)

�1

�(gg

0

)�(g

0

)

�1

�(g)

�1

= 1:

It is easy to verify that d

S

! vanishes if one of its three arguments is 1 , so that d

S

! 2

C

3

s

(G=N;Z). Sin
e S is a smooth outer a
tion of G=N on

b

N and Æ

S

= C

b

N

Æ! , Lemma I.10(5)

implies that d

S

! 2 Z

3

s

(G=N;Z(

b

N)). Sin
e its values lie in the subgroup Z of Z(

b

N), we have

d

S

! 2 Z

3

s

(G=N;Z).

It remains to show that the 
ohomology 
lass of [d

S

!℄ in H

3

s

(G=N;Z), resp., H

3

ss

(G=N;Z)

does not depend on the 
hoi
es of ! and � . We only dis
uss the 
ase (�; f) 2 D

ss

. First we

show that is does not depend on the 
hoi
e of ! if � is �xed. So let e! 2 C

2

ss

(G=N;

b

N ) be another

map with q

N

Æ e! = Æ

�

. Then there exists a fun
tion � 2 C

2

ss

(G=N;Z) with e! = � � ! . As all

values of � 
ommute with all values of ! , this leads to

d

S

e! = d

S

� + d

S

! = d

G=N

� + d

S

! 2 d

S

! + d

G=N

(C

2

ss

(G=N;Z)):

Therefore the 
hoi
e of ! for a �xed se
tion � has no e�e
t on the 
ohomology 
lass [d

S

!℄ in

H

3

ss

(G=N;Z).

Now we 
onsider another se
tion e� 2 C

1

s

(G=N;G) of q . Then there exists a fun
tion

h 2 C

1

s

(G=N;N) with e� = h � � and

Æ

e�

(g; g

0

) = h(g)�(g)h(g

0

)�(g

0

)

�

h(gg

0

)�(gg

0

)

�

�1

= h(g)


�(g)

(h(g

0

))Æ

�

(g; g

0

)h(gg

0

)

�1

:

Let

b

h 2 C

1

s

(G=N;

b

N) with q

N

Æ

b

h = h . Then the pres
ription

e!(g; g

0

) =

b

h(g)S(g)(

b

h(g

0

))!(g; g

0

)

b

h(gg

0

)

�1

= (

b

h �

S

!)(g; g

0

)

de�nes an element e! 2 C

2

ss

(G=N;

b

N) for whi
h

e

S :=

b

S Æ e� = (C

b

N

Æ

b

h) � S satis�es Æ

e

S

= C

b

N

Æ e!

(Lemma I.10(1)), and we 
on
lude from Lemma I.10(4) that d

e

S

e! = d

S

! .

The pre
eding lemma implies that the 
ohomology 
lass

Q(f; �) := [

e

Q(f; �; �; !)℄ = [d

S

!℄

in H

3

s

(G=N;Z) only depends on the pair (f; �), hen
e de�nes a map Q:D ! H

3

s

(G=N;Z): In

the strongly smooth 
ase we obtain a map Q

ss

:D

ss

! H

3

ss

(G=N;Z):
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Lemma III.7. The maps Q:D ! H

3

s

(G=N;Z) and Q

ss

:D

ss

! H

3

ss

(G=N;Z) are group

homomorphisms.

Proof. Again we 
onsider only the 
ase (�; f) 2 D

ss

. We 
hoose ! 2 C

2

ss

(G=N;

b

N) with

q

N

Æ ! = Æ

�

. We have to see how Q(f; �; �; !) depends on (f; �). Writing

b

N := Z �

f

N , any !

with q

N

Æ ! = Æ

�


an be written as ! = (!

Z

; Æ

�

), independently of f and � .

Writing g:n = gng

�1

for the 
onjugation a
tion of G on N , we now obtain

S(g):!(g

0

; g

00

) =

b

S(�(g))(!

Z

(g

0

; g

00

); Æ

�

(g

0

; g

00

))

= (g:!

Z

(g

0

; g

00

) + �(�(g))(�(g):Æ

�

(g

0

; g

00

)); �(g):Æ

�

(g

0

; g

00

)):

Therefore

�

S(g):!(g

0

; g

00

)

�

!(g; g

0

g

00

)

=

�

g:!

Z

(g

0

; g

00

) + !

Z

(g; g

0

g

00

) + �(�(g))(�(g):Æ

�

(g

0

; g

00

)) + f(�(g):Æ

�

(g

0

; g

00

); Æ

�

(g; g

0

g

00

));

�

�(g):Æ

�

(g

0

; g

00

)

�

Æ

�

(g; g

0

g

00

)

�

;

and similarly

!(g; g

0

)!(gg

0

; g

00

) = (!

Z

(g; g

0

) + !

Z

(gg

0

; g

00

) + f(Æ

�

(g; g

0

); Æ

�

(gg

0

; g

00

)); Æ

�

(g; g

0

)Æ

�

(gg

0

; g

00

)):

This implies that

(d

S

!)(g; g

0

; g

00

) = (d

S

!

Z

)(g; g

0

; g

00

) + �(�(g))(�(g):Æ

�

(g

0

; g

00

))

+ f(�(g):Æ

�

(g

0

; g

00

); Æ

�

(g; g

0

g

00

))� f(Æ

�

(g; g

0

); Æ

�

(gg

0

; g

00

)):

Hen
e the 
ohomology 
lass of d

S

! depends additively on the pair (f; �), i.e., Q

ss

is a group

homomorphism D

ss

! H

3

ss

(G=N;Z).

The following theorem explains the meaning of the 
ondition Q(f; �) = 1 . It is the main

result of the present se
tion and establishes an important link between smooth 
rossed modules

and the extendability of 
entral extensions of normal subgroups to the whole group.

Theorem III.8. Let f 2 Z

2

ss

(N;Z) with

b

N = Z �

f

N and � 2 Z

1

ss

(G;C

1

s

(N;Z))

f

des
ribe

a smooth a
tion

b

S of G on

b

N su
h that the homomorphism �:

b

N ! G; (z; n) 7! n is a smooth


rossed module. Further let � 2 C

1

s

(G=N;G) with q Æ � = id

G=N

be a lo
ally smooth se
tion,

! 2 C

2

ss

(G=N;

b

N ) with Æ

�

= q

N

Æ ! , and S =

b

S Æ � . Then the following are equivalent:

(1) Q

ss

(f; �) = [d

S

!℄ = 1 in H

3

ss

(G=N;Z) .

(2) There exists a Lie group extension Z ,!

b

G

q

��!G and a G-equivariant equivalen
e

b

N ! q

�1

(N) of Z -extensions of N .

(3) There exists a 
o
y
le f

G

2 Z

2

ss

(G;Z) with f

G

j

N�N

= f and

e

f

G

j

G�N

= �:

Proof. (1) ) (2): Suppose that [d

S

!℄ = 1 , i.e., d

S

! = d

S

� for some � 2 C

2

ss

(G=N;Z).

Then !

0

:= ! � �

�1

satis�es q

N

Æ !

0

= Æ

�

and d

S

!

0

= d

S

! � d

S

� = 0: Sin
e !

0

2 C

2

ss

(G=N;

b

N )

follows from � 2 C

2

ss

(G=N;Z), the pair (S; !

0

) is a smooth fa
tor system for G=N and

b

N , so

that we obtain a group

b

G =

b

N �

(S;!

0

)

G=N with the produ
t

(n; g)(n

0

; g

0

) := (nS(g)(n

0

)!

0

(g; g

0

); gg

0

)

and a natural Lie group stru
ture (Proposition II.8). Then

b

G is a Lie group extension of G=N

by

b

N . On the other hand, we 
an view (C

N

Æ �; Æ

�

) as a smooth fa
tor system for G=N and

N , whi
h leads to the des
ription of G as N � (G=N), endowed with the produ
t

(n; g)(n

0

; g

0

) := (nC

N

(�(g))(n

0

)Æ

�

(g; g

0

); gg

0

):
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Hen
e the map

q

G

:

b

G =

b

N � (G=N) = (Z �

f

N)� (G=N)! G = N � (G=N); ((z; n); g) 7! (n; g)

de�nes a Lie group extension of G by Z 
ontaining

b

N . It remains to verify that the a
tion of

G on

b

N indu
ed by the 
onjugation a
tion of

b

G , for whi
h Z a
ts trivially, 
oin
ides with the

a
tion given by � .

It follows from the 
onstru
tion, that the 
onjugation a
tion of

b

G on

b

N = Z�

f

N is given

by

(n; g)(z; n

0

)(n; g)

�1

= 


b

N

(n)S(g)(z; n

0

) = 


b

N

(n)(g:z + �(g)(C

N

(g)(n

0

)); C

N

(g)(n

0

))

= (g:z + �(g)(C

N

(g)(n

0

)) + �(n)(C

N

(n)C

N

(g)(n

0

)); C

N

(n)C

N

(g)(n

0

))

= (g:z + �((n; g))(C

N

(n)C

N

(g)(n

0

)); C

N

((n; g))(n

0

)) = (n; g):(z; n

0

):

This 
ompletes the proof of (2).

(2) ) (3): Let q:

b

G ! G be an extension as in (2). We may w.l.o.g. assume that

b

G = Z �

f

G

G for some f

G

2 Z

2

ss

(G;Z), where f

G

extends f , i.e.,

b

N = Z �

f

N is 
ontained

in

b

G . The 
ondition that the in
lusion

b

N ,!

b

G is G-equivariant means that

e

f

G

j

G�N

= � .

(3) ) (1): Let f

G

2 Z

2

ss

(G;Z) be a 
o
y
le as in (3) and

q

G

:

b

G := Z �

f

G

G! G

the 
orresponding Lie group extension. The 
onditionf

G

j

N�N

= f means that the group

b

N = Z �

f

N is a split Lie subgroup of

b

G , and the se
ond 
ondition

e

f

G

j

G�N

= � ensures that

the 
onjugation a
tion C

b

N

of

b

G on

b

N indu
es the a
tion of G on

b

N de�ned by � .

We 
onsider the lo
ally smooth normalized se
tion b�:G=N !

b

G; g 7! (0; �(g)): Then Æ

b�

satis�es q

N

Æ Æ

b�

= Æ

�

. In view of d

S

! = 1 and S = C

b

N

Æ b� , we now have

Q(f; �; �; Æ

b�

) = d

S

Æ

b�

= 1:

It follows in parti
ular that Q(f; �) = [d

S

Æ

b�

℄ = 1 (Lemma III.6).

Remark III.9. Suppose that G is 
onne
ted and that (f; �) 2 D . If Q(f; �) = 1 in

H

3

s

(G=N;Z), then the same argument as in the proof of Theorem III.8 provides !

0

2 C

2

s

(G=N;

b

N )

with Æ

S

= C

b

N

Æ !

0

and d

S

!

0

= 1 . Now Lemma II.9 implies that !

0

2 C

2

ss

(G=N;

b

N ) and that

(2) still holds. All other impli
ations do not require the strong smoothness of S . Hen
e Theo-

rem III.8 remains true for 
onne
ted groups G if we repla
e the 
ondition in (1) by the weaker

requirement Q(f; �) = 1 in H

3

s

(G=N;Z).

IV. Appli
ations to non-abelian extensions of Lie groups

Let G and N be Lie groups, and assume that Z(N) is a split Lie subgroup of N , so that

N

ad

:= N=Z(N) 
arries a natural Lie group stru
ture. Further let S 2 C

1

s

(G;Aut(N)) be a

strongly smooth outer a
tion. In this se
tion we des
ribe the set Ext(G;N)

[S℄

of N -extensions

of G 
orresponding to [S℄ in terms of abelian Lie group extensions. The main point is that S

de�nes a Lie group extension

1! N

ad

:= N=Z(N)! G

S

q

S

����!G! 1

and that for ea
h N -extension

b

G of G 
orresponding to S , we have

b

G=Z(N)

�

=

G

S

, so that

we may 
onsider

b

G as an extension of G

S

by Z(N). This relation redu
es several problems


on
erning general Lie group extensions to the abelian 
ase for whi
h we refer to [Ne04a℄.



29 extliegrp.tex April 14, 2005

Pi
k ! 2 C

2

ss

(G;N) with Æ

S

= C

N

Æ ! . Sin
e N

ad

�

=

C

N

(N) � Aut(N), we write the

elements of this group as C

N

(n) and not as 
osets nZ(N). On the produ
t set

G

S

:= N

ad

�G

we de�ne the produ
t

(C

N

(n); g)(C

N

(n

0

); g

0

) :=

�

C

N

�

nS(g)(n

0

)!(g; g

0

)

�

; gg

0

�

=

�

C

N

(n)


S(g)

(C

N

(n

0

))Æ

S

(g; g

0

); gg

0

�

:

Note that the se
ond form of the produ
t shows in parti
ular that it does not depend on ! . We

observe that

S

1

: G! Aut(N

ad

); S

1

(g)(C

N

(n)) = C

N

(S(g):n)

is a smooth outer a
tion with Æ

S

1

= C

N

ad

Æ Æ

S

if we 
onsider Æ

S

as N

ad

-valued fun
tion.

Lemma IV.1. G

S

is a group with the following properties:

(1) It 
arries a natural Lie group stru
ture for whi
h q

S

:G

S

! G; (C

N

(n); g) 7! g is a Lie

group extension of G by N

ad

. The equivalen
e 
lass of this extension only depends on the

G-kernel [S℄ .

(2) The map �:G

S

! Aut(N); (C

N

(n); g) 7! C

N

(n)S(g) de�nes on N a smooth G

S

-a
tion.

(3) The map �:N ! G

S

; n 7! (C

N

(n);1) de�nes a smooth 
rossed module with

ker� = Z(N) and 
oker(�) = G

S

=N

ad

�

=

G;

and S is the 
orresponding strongly smooth outer a
tion of G

�

=

G

S

=N

ad

on N .

Proof. (1) First we have to show that (S

1

; Æ

S

) is a smooth fa
tor system for G and N

ad

:

Sin
e we de�ne the Lie group stru
ture on N

ad

= C

N

(N) in su
h a way that C

N

:N ! N

ad

is the

quotient map, the relation Æ

S

= C

N

Æ! implies Æ

S

2 C

2

ss

(G;N

ad

), and we have Æ

S

1

= C

N

ad

Æ Æ

S

.

If U � G is an open identity neighborhood su
h that the map U�N ! N , (g; n) 7! S(g):n

is smooth, then the map

U �N

ad

! N

ad

; (g; C

N

(n)) 7! C

N

(S(g):n) = S(g)C

N

(n)S(g)

�1

= S

1

(g)(C

N

(n))

is also smooth.

The lo
al smoothness of Æ

S

= C

N

Æ ! follows from the lo
al smoothness of ! . Moreover,

Æ

S;g

(g

0

) = Æ

S

(g; g

0

)Æ

S

(gg

0

g

�1

; g)

�1

= C

N

�

!(g; g

0

)!(gg

0

g

�1

; g)

�1

�

= C

N

�

!

g

(g

0

))

is smooth in an identity neighborhood be
ause ! 2 C

2

ss

(G;N).

For g; g

0

; g

00

2 G we have

S

1

(g)

�

Æ

S

(g

0

; g

00

)

�

Æ

S

(g; g

0

g

00

)

= S(g)

�

S(g

0

)S(g

00

)S(g

0

g

00

)

�1

�

S(g)

�1

S(g)S(g

0

g

00

)S(gg

0

g

00

)

�1

= S(g)S(g

0

)S(g

00

)S(gg

0

g

00

)

�1

= S(g)S(g

0

)S(gg

0

)

�1

S(gg

0

)S(g

00

)S(gg

0

g

00

)

�1

= Æ

S

(g; g

0

)Æ

S

(gg

0

; g

00

):

This shows that (S

1

; Æ

S

) is a smooth fa
tor system, so that G

S

is a group and Proposi-

tion II.8 provides a natural Lie group stru
ture for whi
h q

S

:G

S

! G is a Lie group extension

of G by N

ad

.

To see that the Lie group G

S

= N

ad

�

(S

1

;Æ

S

)

G depends, as an extension of G by N

ad

,

only on the equivalen
e 
lass [S℄ , let � 2 C

1

s

(G;N) and S

0

:= (C

N

Æ �) � S . Then

S

0

1

:= (C

N

ad

Æ h) � S

1

= h:S

1

for h := C

N

Æ � 2 C

1

s

(G;N

ad

);
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and formula (1.1) after De�nition I.1 leads to

Æ

S

0

(g; g

0

) = C

N

�

�(g)S(g)

�

�(g

0

)

�

�

Æ

S

(g; g

0

)C

N

(�(gg

0

)

�1

) = (h �

S

1

Æ

S

)(g; g

0

):

A

ording to Proposition II.10, the map

 :G

S

0

! G

S

; (C

N

(n); g) 7! (C

N

(n�(g)); g) = (C

N

(n)h(g); g)

is an equivalen
e of extensions of G by N

ad

.

(2) First we show that � is a representation:

�(C

N

(n); g)�(C

N

(n

0

); g

0

)) = C

N

(n)S(g)C

N

(n

0

)S(g

0

) = C

N

(n)C

N

(S(g):n

0

)S(g)S(g

0

)

= C

N

�

n(S(g):n

0

)

�

Æ

S

(g; g

0

)S(gg

0

) = �

�

C

N

�

n(S(g):n

0

)

�

Æ

S

(g; g

0

); gg

0

�

= �((C

N

(n); g)(C

N

(n

0

); g

0

)):

Sin
e �(G

S

) 
onsists of smooth automorphisms of N , the smoothness of the representation

follows from the lo
al smoothness and the smoothness of the orbit maps. Lo
al smoothness is a


onsequen
e of the lo
al smoothness of the map

(N

ad

�G)�N ! N; ((C

N

(n); S(g)); n

0

)! C

N

(n)S(g):n

0

whi
h, in addition, shows that the a
tion of G

S

on N is a map G

S

�N ! N that is smooth on

a set of the form U

S

�N , where U

S

is an identity neighborhood in G

S

. Sin
e G

S

a
ts on N

by smooth maps, this implies the smoothness of the a
tion.

(3) is an immediate 
onsequen
e of (1) and (2).

If the group G is 
onne
ted, then we 
an use Lemma II.9, instead of Proposition II.8, in

the pre
eding proof and draw the same 
on
lusions if S is not strongly smooth.

Lemma IV.2. The map

 = (�; q

S

):G

S

! Aut(N)�G

is inje
tive and yields an isomorphism of groups

G

S

�

=

f('; g) 2 Aut(N)�G:S(g) 2 ' � C

N

(N)g:

Proof. Sin
e ker q

S

= N

ad

and (ker �)\N

ad

= f1g , the map  is an inje
tive homomorphism

of groups.

For ea
h element (C

N

(n); g) 2 G

S

we have  (C

N

(n); g) = (C

N

(n)S(g); g); whi
h proves

\� ," and for any pair ('; g) 2 Aut(N)�G with ' 2 S(g) � C

N

(N) we �nd an element n 2 N

with ' = C

N

(n)S(g), whi
h means that ('; g) =  (C

N

(n); g). This proves the lemma.

Proposition IV.3. Let q:

b

G! G be a Lie group extension of G by N , 
orresponding to the

smooth G-kernel [S℄ , and C

N

the 
orresponding representation of

b

G on N . Assume further

that Z(N) is a split Lie subgroup of N . Then

b

G=Z(N)

�

=

G

S

and the map


 = (C

N

� (S Æ q)

�1

; q):

b

G! Aut(N)�G; g 7! (C

N

(g)S(q(g))

�1

; q(g))

de�nes a Lie group extension

Z(N) ,!

b

G




��!G

S

:

This assignment has the following properties:

(1) If q

j

:

b

G

j

! G , j = 1; 2 , are equivalent extensions of G by N , then 


j

:

b

G

j

! G

S

are

equivalent extensions of G

S

by the smooth G

S

-module Z(N) . We thus obtain a map

� : Ext(G;N)

[S℄

! Ext(G

S

; Z(N))

[�℄

:
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(2) A Lie group extension 
:

b

G

S

! G

S

of G

S

by Z(N) 
omes from an extension of G by N


orresponding to [S℄ if and only if there exists a G

S

-equivariant equivalen
e

�:N ! 


�1

(N

ad

) �

b

G

S

of 
entral extensions of N

ad

by Z(N) . Note that G

S

�

=

b

G

S

=Z(N) a
ts on 


�1

(N

ad

) be
ause

Z(N) a
ts trivially on this group.

Proof. Sin
e the extension

b

G 
orresponds to [S℄ , it is equivalent to an extension of the type

N �

(S;!)

G with q(n; g) = g , where (S; !) is a smooth fa
tor system (Proposition II.8). This

means that

(4:1) C

N

(n; g) = C

N

(n)S(g) = C

N

(n)S(q(n; g));

so that 
(n; g) = (C

N

(n); g): Now the expli
it formulas for the multipli
ations in N �

(S;!)

G

and G

S

imply that 
 is a surje
tive morphism of Lie groups. Its kernel is Z(N), so that the

assumption that this is a split Lie subgroup implies that 
 de�nes a Lie group extension of G

S

by Z(N).

(1) If ':

b

G

1

!

b

G

2

is an equivalen
e of N -extensions of G , then the representations C

j

N

,

j = 1; 2, of

b

G

j

on N satisfy C

2

N

Æ ' = C

1

N

be
ause ' j

N

= id

N

. Therefore the quotient maps




j

= (C

j

N

� (S Æ q

j

)

�1

; q

j

):

b

G

j

! G

S

satisfy 


2

Æ ' = ((C

2

N

Æ ') � (S Æ q

2

Æ ')

�1

; q

2

Æ ') = (C

1

N

� (S Æ q

1

)

�1

; q

1

) = 


1

: This means that

':

b

G

1

!

b

G

2

also is an equivalen
e of extensions of G

S

by Z(N).

(2) Suppose �rst that the extension 
:

b

G

S

! G

S

by Z(N) 
omes from the N -extension

q:

b

G ! G 
orresponding to [S℄ in the sense that

b

G =

b

G

S

with

b

G=Z(N)

�

=

G

S

. We may

assume that

b

G = G

(S;!)

(Proposition II.8). Then (4.1) shows that (n; g) 2

b

G a
ts on N

by C

N

(n)S(g) = �(C

N

(n); g). Therefore the in
lusion N ,!

b

G onto the subset 


�1

(N

ad

) is

equivariant with respe
t to the a
tion of G

S

, and therefore in parti
ular for the a
tion of N

ad

,

so that it is an equivalen
e of 
entral extensions of N

ad

by Z(N).

Suppose, 
onversely, that 
:

b

G

S

! G

S

is an extension of G

S

by Z(N) for whi
h there

exists a G

S

-equivariant equivalen
e �:N ! 


�1

(N

ad

) of 
entral extensions of N

ad

by Z(N).

Then

b

G

S

=�(N) =

b

G

S

=


�1

(N

ad

)

�

=

G

S

=N

ad

�

=

G;

so that we obtain an extension of G by N by the quotient map q = q

S

Æ 
:

b

G

S

! G with kernel




�1

(N

ad

). The a
tion of G

S

�

=

b

G

S

=Z(N) on N indu
ed by the 
onjugation a
tion of

b

G

S

on N


oin
ides with the given a
tion

�:G

S

! Aut(N); (C

N

(n); g) 7! C

N

(n)S(g)

of G

S

on N be
ause � is G

S

-equivariant. Therefore the G-kernel of the extension q:

b

G

S

! G

is [S℄ .

For the 
onjugation a
tion C

N

of

b

G

S

on N we have C

N

= � Æ 
 and q = q

S

Æ 
 , so that

the 
orresponding map

b

G

S

! G

S


oin
ides with 
 . This means that 
:

b

G

S

! G

S

is asso
iated

to the extension q:

b

G

S

! G by the pro
ess des
ribed above.

Remark IV.4. In Lemma IV.1 we have seen that the map �:N ! G

S

de�nes a smooth


rossed module with smooth outer a
tion S:G ! Aut(N). A

ording to Theorem III.8, the


entral extension

Z(N) ,! N

�

��!N

ad


an be embedded in a G

S

-equivariant way into an abelian extension

Z(N) ,!

b

G

S

�

��!G

S

if and only if �

ss

(S) 2 H

3

ss

(G;Z(N))

S

vanishes. If G is 
onne
ted, we have the simpler 
riterion

�

s

(S) = 1 in H

3

s

(G;Z(N))

S

. Comparing with Proposition IV.3, we see that this happens if and

only if Ext(G;N)

[S℄

6= � (
f. also Theorem II.17).
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Appendix A. Automorphisms of Lie group extensions

In this appendix we 
olle
t several useful results of automorphisms of group extensions.

Let q:

b

G! G be a Lie group extension of G by N 
orresponding to the G-kernel [S℄ . In

this appendix we dis
uss the group

Aut(

b

G;N) := f' 2 Aut(

b

G):'(N) = Ng

of all Lie group automorphisms of

b

G preserving the split normal Lie subgroup N . We have a

group homomorphism

�:Aut(

b

G;N)! Aut(N)�Aut(G); ' 7! ('

N

; '

G

) := (�

N

(');�

G

('))

with

'

N

:= ' j

N

and '

G

Æ q = q Æ '

(
f. Lemmas I.7 and II.3). The kernel of � 
onsists of those automorphisms of

b

G indu
ing the

identity on the subgroup N and the quotient group G . One of the main results of this appendix

is an exa
t sequen
e

0! Z

1

s

(G;Z(N))

S

	

��!Aut(

b

G;N)

�

��!(Aut(N)�Aut(G))

[S℄

I

��!H

2

ss

(G;Z(N))

S

;

where I is a 1-
o
y
le for the a
tion of the stabilizer (Aut(N)�Aut(G))

[S℄

of [S℄ on the group

H

2

ss

(G;Z(N))

S

. In the 
ontext of abstra
t groups, a similar result has been obtained by Wells

in [Wel71℄ (
f. also [Ro84℄).

Automorphisms of Lie group extensions

First we take a 
loser look at the a
tion of Aut(N) � Aut(G) on fa
tor systems and

extensions. In the following we shall often refer to the natural a
tion of Aut(N) � Aut(G) on

the sets C

p

s

(G;N) by

�

(';  ):f

�

(g

1

; : : : ; g

p

) := '(f( 

�1

(g

1

); : : : ;  

�1

(g

p

))):

Lemma A.1. The group Aut(N)�Aut(G) a
ts naturally on C

1

s

(G;Aut(N))� C

2

ss

(G;N) by

(';  ):(S; !) := (


'

Æ S Æ  

�1

; ' Æ ! Æ ( 

�1

�  

�1

)):

For (';  ):(S; !) = (S

0

; !

0

) the following assertions hold:

(1) If Æ

S

= C

N

Æ ! , then Æ

S

0

= C

N

Æ !

0

.

(2) d

S

0

!

0

= ' Æ (d

S

!) Æ ( �  �  )

�1

. In parti
ular, the subset Z

2

ss

(G;N) is invariant under

the a
tion of Aut(N)�Aut(G) .

(3) For h 2 C

1

s

(G;N) and (';  ) 2 Aut(N)�Aut(G) we have

(';  ):(h:(S; !)) =

�

(';  ):h

�

:

�

(';  ):(S; !)

�

:

In parti
ular, we obtain an a
tion of the semidire
t produ
t group

C

1

s

(G;N)o (Aut(N)�Aut(G))

and hen
e an a
tion of Aut(N)�Aut(G) on the set H

2

ss

(G;N) of C

1

s

(G;N)-orbits.
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(4) Let E :N

�

��!

b

G

q

��!G be a short exa
t sequen
e des
ribing a Lie group extension of G by N

and 
onsider the exa
t sequen
e

E

0

:= (';  ):E : 1! N

�Æ'

�1

������!

b

G

 Æq

������!G! 1:

For

b

G = N �

(S;!)

G the sequen
e E

0

des
ribes an extension equivalent to N �

('; ):(S;!)

G

and the map

�

('; )

:N �

(S;!)

G! N �

('; ):(S;!)

G; (n; g) 7! ('(n);  (g))

is an isomorphism of Lie groups.

Proof. (1) For S

0

:= (';  ):S and Æ

S

= C

N

Æ ! we have

Æ

S

0

= 


'

Æ Æ

S

Æ ( �  )

�1

= 


'

Æ C

N

Æ ! Æ ( �  )

�1

= 


'

Æ C

N

Æ '

�1

Æ (';  ):! = C

N

Æ (';  ):!:

(2) follows from

(d

S

0

!

0

)(g; g

0

; g

00

) = S

0

(g)(!

0

(g

0

; g

00

))!

0

(g; g

0

g

00

)!

0

(gg

0

; g

00

)

�1

!

0

(g; g

0

)

�1

= '

�

S(g)

�

!( 

�1

g

0

;  

�1

g

00

)

�

� � �!( 

�1

g;  

�1

g

0

)

�1

�

= ' Æ d

S

! Æ ( �  �  )

�1

(g; g

0

; g

00

):

In view of (1), this formula shows that the a
tion of Aut(N) � Aut(G) on the produ
t set

C

1

s

(G;Aut(N))� C

2

ss

(G;N) preserves the subset Z

2

ss

(G;N) of smooth fa
tor systems.

(3) follows from an easy 
al
ulation. For the identi�
ation of Ext(G;N) with the set

H

2

ss

(G;N) of C

1

s

(G;N)-orbits in Z

2

ss

(G;N), we refer to Proposition II.10.

(4) Suppose that

b

G = N�

(S;!)

G holds for a smooth fa
tor system (S; !) (Proposition II.8).

If �:G! N �

(S;!)

G; g 7! (1; g) is the 
anoni
al se
tion, then �

0

:= � Æ 

�1

2 C

1

s

(G;

b

G) satis�es

( Æ q) Æ �

0

=  Æ q Æ � Æ  

�1

= id

G

;

so that we 
an interprete �

0

as a se
tion for the extension E

0

. We now have

Æ

�

0

= Æ

�

Æ  

�1

= � Æ ! Æ  

�1

;

and the a
tion of

b

G on N 
orresponding to the extension E

0

is given by

C

0

N

(x)(g) := �

0�1

(x�

0

(g)x

�1

) = ' Æ �

�1

(x�('

�1

(g))x

�1

) = ' Æ C

N

(x)('

�1

(g)) = (


'

Æ C

N

(x))(g):

Therefore

S

0

:= C

0

N

Æ �

0

= 


'

Æ C

N

Æ � Æ  

�1

= 


'

Æ S Æ  

�1

= (';  ):S:

Moreover, the relation � Æ ! = Æ

�

leads to

Æ

�

0

= Æ

�

Æ ( Æ  )

�1

= � Æ ! Æ ( Æ  )

�1

= � Æ '

�1

Æ ' Æ ! Æ ( Æ  )

�1

= �

0

Æ (';  ):!:

This implies that !

0

= (';  ):! , so that the sequen
e E

0

is represented by the extension

N �

(S

0

;!

0

)

G with (S

0

; !

0

) = (';  ):(S; !). Furthermore, the map �

('; )

is a group homo-

morphism:

�

('; )

((n; g)(n

0

; g

0

)) = �

('; )

(nS(g)(n

0

)!(g; g

0

); gg

0

)

=

�

'(n)

�

' Æ S(g)(n

0

)

��

' Æ !(g; g

0

)

�

;  (gg

0

)

�

= ('(n)(


'

� S(g))('(n

0

))!

0

( (g);  (g

0

));  (gg

0

))

= ('(n)S

0

(g)('(n

0

))!

0

( (g);  (g

0

));  (gg

0

))

= ('(n);  (g))('(n

0

);  (g

0

)) = �

('; )

(n; g)�

('; )

(n

0

; g

0

):

That it is an isomorphism of Lie groups follows from the fa
t that it is a lo
al di�eomorphism.

The following two lemmas provide des
riptions of kernel and range of �.
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Lemma A.2. On Z(N) we 
onsider the a
tion S

Z

of G indu
ed by the 
onjugation a
tion of

b

G on N . For ea
h f 2 Z

1

s

(G;Z(N))

S

Z

we obtain an element '

f

:= (f Æ q) � id

b

G

2 ker� , and

the map

	:Z

1

s

(G;Z(N))

S

Z

! ker�; f 7! '

f

is a bije
tive group homomorphism.

Proof. Let f 2 Z

1

s

(G;Z(N)). Clearly '

f

:

b

G !

b

G is a di�eomorphism of

b

G with q Æ '

f

= q

whose inverse is given by '

f

�1
. That it is a group homomorphism follows for 
 = q(b
) and




0

= q(b


0

) from

(A:1) '

f

(b
b


0

) = f(



0

)b
b


0

= f(
)
(f(


0

))b
b


0

= f(
)b
f(


0

)b


�1

b
b


0

= '

f

(
)'

f

(


0

):

From q Æ '

f

= q we immediately obtain that '

f

Æ '

f

0

= '

ff

0

for f; f

0

2 Z

1

s

(G;Z(N)),

showing that 	 is a group homomorphism. This homomorphism is obviously inje
tive. To see

that is also is surje
tive, let ' 2 ker�. Then ' =

b

f � id

b

G

with a smooth fun
tion

b

f :

b

G ! N .

The fa
t that ' is a homomorphism implies that

b

f 2 Z

1

s

(

b

G;N) with respe
t to the 
onjugation

a
tion of

b

G on N (
f. (A.1)). Moreover,

b

f(N) = f1g implies that

b

f is 
onstant on the N -
osets:

b

f(gn) =

b

f(g)


g

(

b

f(n)) =

b

f(g); g 2

b

G;n 2 N:

Hen
e

b

f 
an be written as f Æ q for some smooth fun
tion f :G! N . Sin
e N is normal in

b

G ,

we also have for ea
h g 2

b

G and n 2 N the relation

b

f(g) =

b

f

�

g � (g

�1

ng)

�

=

b

f(ng) =

b

f(n)


n

(

b

f(g)) = 


n

(

b

f(g));

and hen
e that im(f) � Z(N). This proves that f 2 Z

1

s

(G;Z(N)), so that 	 is surje
tive.

Proposition A.3. Let (S; !) 2 Z

2

ss

(G;N) ,

b

G = N �

(S;!)

G be the 
orresponding Lie group

extension of G by N and (';  ) 2 Aut(N)�Aut(G) .

(a) We write the extension

b

G as the exa
t sequen
e E :1 ! N

�

��!

b

G

q

��!G ! 1: Then

(';  ) 2 im(�) if and only (';  ):E � E holds for the extension

(';  ):E : 1! N

�Æ'

�1

������!

b

G

 Æq

������!G! 1:

(b) An automorphisms � 2 Aut(

b

G;N) satis�es �(�) = (';  ) if and only if it is of the

form

(A:2) �(n; g) = ('(n)h(�(g)); �(g))

with h 2 C

1

s

(G;N) satisfying (';  ):(S; !) = h:(S; !): In parti
ular, (';  ) 2 im(�) if and only

if we have in Ext(G;N)

�

=

Z

2

ss

(G;N)=C

1

s

(G;N) the relation

(';  ):[(S; !)℄ = [(S; !)℄:

Proof. (a) For � 2 Aut(

b

G;N) we 
onsider the extension E

0

:= (�

N

; �

G

):E and put �

0

:= �Æ�

�1

N

and q

0

:= �

G

Æ q . Then the map �:

b

G!

b

G yields an equivalen
e of extensions

N

�Æ�

�1

N

������!

b

G

�

G

Æq

������!
G

?

?

y

id

N

?

?

y

�

?

?

y

id

G

N

�

������!

b

G

q

������! G:

Therefore �(�):E � E . If, 
onversely, (';  ):E � E , there exists an equivalen
e of extensions

N

�Æ'

�1

���!

b

G

 Æq

��! G

?

?

y

id

N

?

?

y

�

?

?

y

id

G

N

�

��!

b

G

q

��! G:
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This means that �

N

= ' and �

G

=  .

(b) Let � 2 Aut(

b

G;N) with �(�) = (';  ). In the produ
t 
oordinates of

b

G = N �

(S;!)

G

we then have

�(n; g) = ('(n)h( (g));  (g))

for some h 2 C

1

s

(G;N). Let (S

0

; !

0

) := (';  ):(S; !) and 
onsider the isomorphism

�:N �

(S;!)

G! N �

(S

0

;!

0

)

G; (n; g) 7! ('(n);  (g))

(Lemma A.1(4)). Then we obtain an isomorphism

� := � Æ �

�1

:N �

(S

0

;!

0

)

G! N �

(S;!)

G; (n; g) 7! (nh(g); g)

whi
h is an equivalen
e of extensions, so that Proposition II.10 implies that (S

0

; !

0

) = h:(S; !).

If, 
onversely, (S

0

; !

0

) = h:(S; !), then � is an equivalen
e of extensions and � := � Æ� an

automorphism of Lie groups.

Corollary A.4. Suppose that N is a smooth abelian G-module, where the a
tion of G on

N is given by S:G ! Aut(N) , ! 2 Z

2

ss

(G;N) , and that

b

G = N �

!

G is the 
orresponding

abelian extension of G by N . Further let (';  ) 2 Aut(N)�Aut(G) . Then an automorphisms

� 2 Aut(

b

G;N) satis�es �(�) = (';  ) if and only if it is of the form

(A:3) �(n; g) := ('(n)h(�(g)); �(g))

with h 2 C

1

s

(G;N) satisfying

(';  ):S = S and (';  ):! � ! = d

S

h:

The pre
eding observations provide the exa
t sequen
e

1! Z

1

s

(G;Z(N))

	

��!Aut(

b

G;N)

�

��!

�

Aut(N)�Aut(G)

�

[E℄

! 1:

The following lemma expresses that the a
tions of

b

G on N and G preserve the extension


lass E .

Lemma A.5. Let N be a G-Lie group and q

G

:

b

G ! G be an N -extension of G for whi
h

the 
orresponding outer a
tion is 
ontained in the 
lass [S℄ . Then for ea
h g 2 G there is an

automorphism ' 2 Aut(

b

G;N) with '

N

= S(g) and '

G

= 


g

.

Proof. Let bg 2

b

G with q(bg) = g . Then  := C

b

G

(bg) 2 Aut(

b

G;N) satis�es  

G

= 


g

and  

N

is of the form 


n

Æ S(g) for some n 2 N be
ause [

b

G℄ 2 Ext(G;N)

[S℄

. On the other hand C

b

G

(n)

satis�es C

b

G

(n)

G

= id

G

and C

b

G

(n)

N

= 


n

, so that ' := C

b

G

(n)

�1

Æ  meets all requirements.

Remark A.6. The group N also a
ts on the set Z

2

ss

(G;N) of fa
tor systems by the homo-

morphism (C

N

;1):N ! Aut(N)�Aut(G). This means that

(n:S)(g) = C

N

(n) � S(g) � C

N

(n)

�1

= C

N

�

nS(g)(n

�1

)

�

S(g) and n:! = C

N

(n) Æ !:

We 
onsider the fun
tion h 2 C

1

s

(G;N) given by h(g) := nS(g)(n

�1

) = d

S

(n)(g) and 
laim that

h �

S

! = n:!;

whi
h implies that n:(S; !) = h:(S; !). In fa
t, we have

(h �

S

!)(g; g

0

) = h(g)S(g)(h(g

0

))!(g; g

0

)h(gg

0

)

�1

= nS(g)(n)

�1

S(g)(nS(g

0

)(n

�1

))!(g; g

0

)S(gg

0

)(n)n

�1

= nS(g)S(g

0

)(n

�1

)!(g; g

0

)S(gg

0

)(n)n

�1

= n

�

C

N

(!(g; g

0

))S(gg

0

)(n

�1

)

�

!(g; g

0

)S(gg

0

)(n)n

�1

= n!(g; g

0

)S(gg

0

)(n

�1

)!(g; g

0

)

�1

!(g; g

0

)S(gg

0

)(n)n

�1

= n!(g; g

0

)n

�1

= C

N

(n)(!(g; g

0

)):
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Remark A.7. For an extension q:

b

G! G it is also interesting to 
onsider its gauge automor-

phism group

Gau(

b

G) := f' 2 Aut(

b

G;N): q Æ ' = qg

of all automorphisms of

b

G indu
ing the identity on G . It is the kernel of the natural homomor-

phism

�

G

: Aut(

b

G;N)! Aut(G)

and it obviously 
ontains ker�

�

=

Z

1

s

(G;Z(N)) (Proposition A.3).

Ea
h automorphism of

b

G preserving N that indu
es the identity on G 
an be written in

the form ' = '

f

:= f � id

b

G

, where f :

b

G! N is a smooth fun
tion. We then have

'

f

1

Æ '

f

2

= '

(f

1

Æ'

f

2

)�f

2

:

If f j

N

� id

N

:N ! N is a di�eomorphism, then the map '

f

is a di�eomorphism of

b

G with

'

�1

f

= '

f

�1

Æ'

�1

f

:

It is easy to see that '

f

is a group homomorphism if and only f 2 Z

1

s

(

b

G;N)

C

N

with

respe
t to the 
onjugation a
tion C

N

of

b

G on N . This means that

Gau(

b

G)

�

=

(Z

1

s

(

b

G;N); �)

�

is the unit group of the monoid Z

1

s

(

b

G;N), where the monoid stru
ture on Z

1

s

(

b

G;N)

C

N

is given

by '

f

1

�f

2

= '

f

1

Æ '

f

2

and

(f

1

� f

2

)(b
) = f

1

(f

2

(b
)b
)f

2

(b
) = f

1

(f

2

(b
))


f

2

(b
)

(f

1

(b
))f

2

(b
) = f

1

(f

2

(b
))f

2

(b
)f

1

(b
):

This formula shows in whi
h way the pointwise produ
t on the group C

1

s

(

b

G;N) is twisted to

obtain the monoid stru
ture on Z

1

s

(

b

G;N).

Instead of 
onsidering the subgroup im(�) = (Aut(N)�Aut(G))

[E℄

; one may also 
onsider

the larger subgroup

Comp(S) := (Aut(N)�Aut(G))

[S℄

= f(';  ) 2 Aut(N)�Aut(G): (';  ):S � Sg

of S -
ompatible pairs of automorphisms of N and G , and then identify im(�) as a subgroup of

Comp(S). The group Comp(S) a
ts on Ext(G;N)

[S℄

be
ause its a
tion on Ext(G;N) preserves

the subset Ext(G;N)

[S℄

� Ext(G;N). We also have a simply transitive a
tion of the abelian

group H

2

ss

(G;Z(N)) on Ext(G;N)

[S℄

indu
ed from the a
tion of Z

2

ss

(G;Z(N)) on Z

2

ss

(G;N)

by

�:(S; !) := (S; � � !)

(Corollary II.13). For (';  ) 2 Comp(S) we then have

(';  ):(�:(S; !)) = (';  ):(S; � � !) =

�

(';  ):S; ((';  ):�) � (';  ):!

�

:

This implies that the a
tions of Comp(S) and H

2

ss

(G;Z(N)) on Ext(G;N)

[S℄

satisfy

(';  ):([�℄:[

b

G℄) = ((';  ):[�℄):((';  ):[

b

G℄):

Proposition A.8. For (';  ) 2 Comp(S) let I(';  ) 2 H

2

ss

(G;Z(N))

S

denote the unique


ohomology 
lass with (';  ):[

b

G℄ = I(';  ):[

b

G℄: Then the following assertions hold:

(1) The a
tion of Comp(S) on Ext(G;N)

[S℄

= H

2

ss

(G;Z(N))

S

:[

b

G℄ has the form

(';  ):([�℄:[

b

G℄) = ((';  ):[�℄ + I(';  )):[

b

G℄:

(2) I : Comp(S)! H

2

ss

(G;Z(N))

S

is a 1-
o
y
le for the a
tion of Comp(S) on H

2

ss

(G;Z(N))

S

.
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(3) If

b

G

�

=

N �

(S;!)

G , then there exists an h

0

2 C

1

s

(G;N) with (';  ):S = h

0

:S and

I(';  ) = [(';  ):! � h

0

�

S

!℄:

(4) If I(';  ) = 0 , then there exists some 
 2 C

1

s

(G;Z(N)) with d

S

! = (';  ):!�h

0

�

S

! , and

for h := h

0

� 
 the map

�:N �

(S;!)

G! N �

(S;!)

G; (n; g) 7! ('(n)h( (g));  (g))

is an element of Aut(

b

G;N) with �(�) = (';  ) .

Proof. (1) is 
lear.

(2) For (';  ); ('

0

;  

0

) 2 Comp(S) we have

I((';  )('

0

;  

0

)):[

b

G℄ = ((';  )('

0

;  

0

)):[

b

G℄ = (';  ):(('

0

;  

0

):[

b

G℄)

= (';  ):(I('

0

;  

0

):[

b

G℄) = ((';  ):I('

0

;  

0

)):((';  ):[

b

G℄)

= ((';  ):I('

0

;  

0

)):(I(';  ):[

b

G℄) = ((';  ):I('

0

;  

0

) + I(';  )):[

b

G℄:

(3) As (';  ) 2 Comp(S), we have S

0

:= (';  ):S � S , so that there exists an h

0

2

C

1

s

(G;N) with S

0

= h

0

:S = (C

N

Æ h

0

) � S . Let !

0

:= (';  ):! . Then

C

N

Æ !

0

= Æ

S

0

= C

N

Æ (h

0

�

S

!)

implies that � := !

0

� h

0

�

S

! 2 Z

2

ss

(G;Z(N))

S

; and we have

(';  ):(S; !) = (S

0

; !

0

) = �:(S

0

; h

0

�

S

!) = �:(h

0

:S; h

0

�

S

!) � �:(S; !):

Therefore the 
o
y
le I is given by

I(';  ) = [�℄ = [!

0

� h

0

�

S

!℄ = [(';  ):! � h

0

�

S

!℄ 2 H

2

ss

(G;Z(N))

S

:

(4) If I(';  ) = 1 , then there exists some 
 2 C

1

s

(G;Z(N)) with � = d

S


 , so that

we obtain for h := h

0

� 
 the relations S

0

= h:S and !

0

= h

0

�

S

! + d

S


 = h �

S

!; i.e.,

(S

0

; !

0

) = h:(S; !). Then the map

�

h

:N �

(S

0

;!

0

)

G! N �

(S;!)

G; (n; g) 7! (nh(g); g)

is an equivalen
e of extensions (Proposition II.10), and 
omposition with the isomorphism

�

('; )

:N �

(S;!)

G! N �

(S

0

;!

0

)

G; (n; g) 7! ('(n);  (g))

(Lemma A.1) leads to the automorphism � .

We now see that the exa
t sequen
e from above has a prolongation:

Theorem A.9. The following sequen
e is exa
t

1! Z

1

s

(G;Z(N))

S

! Aut(

b

G;N)

�

��!Comp(S)

I

��!H

2

ss

(G;Z(N))

S

:

Proof. This follows from Lemma A.2 and Propositions A.3 and A.8, whi
h yields

im(�) = Comp(S)

[

b

G℄

= I

�1

(0):
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Automorphism groups of Lie group extensions

So far we dealt with pairs (';  ) 2 Aut(N)� Aut(G) 
oming from automorphisms of the

extension q:

b

G! G with kernel N , whi
h lead to the exa
t sequen
e

(A:4) 1! Z

1

s

(G;Z(N))

S

,! Aut(

b

G;N)!! (Aut(N)�Aut(G))

[

b

G℄

! 1:

If we are given a group homomorphism

 :H ! (Aut(N)�Aut(G))

[

b

G℄

= (Aut(N)�Aut(G))

[S;!℄

= im(�);

then ea
h element  (h) 
omes from an automorphism

b

 (h) 2 Aut(

b

G;N), but this automorphism

is not unique if Z

1

s

(G;Z(N))

S

6= 1 . To obtain a group homomorphism

b

 :H ! Aut(

b

G;N) lifting

 , a 
ertain 
ohomology 
lass in H

2

(H;Z

1

s

(G;Z(N))

S

) has to vanish, i.e., the abelian extension

 

�

Aut(

b

G;N) of H by Z

1

s

(G;Z(N))

S

has to split. That this is not always the 
ase is shown in

the following example, where we des
ribe a 
entral extension Z ,!

b

G!! G for whi
h (A.4) does

not split.

Example A.10. (a) We 
onstru
t an example of a 
entral extension Z ,!

b

G = Z �

f

G !! G

of �nite-dimensional real Lie groups, for whi
h the sequen
e

Z

1

s

(G;Z)

�

=

Hom(G;Z) ,! Aut(

b

G;Z)!!

�

Aut(Z)�Aut(G))

[f ℄

is not split. As this is an exa
t sequen
e of �nite-dimensional real Lie groups, it suÆ
es to show

that the 
orresponding sequen
e

Z

1

(g; z)

�

=

Hom

Lie

(g; z) ,! der(

b

g; z)!!

�

der(z) � der(g))

[!℄

of Lie algebras is not split if ! 2 Z

2

(g; z) satis�es

b

g � z�

!

g .

Let G be the 3-dimensional real Heisenberg group and g is Lie algebra. Then g has a

basis of the form p; q; z satisfying

[p; q℄ = z; [p; z℄ = [q; z℄ = 0

and we identify G with g , endowed with the Campbell{Hausdor� produ
t

x � y := x+ y +

1

2

[x; y℄:

Note that all left multipli
ations �

x

(y) := x � y are aÆne maps.

We 
onsirder the 
o
y
le ! 2 Z

2

(g;R) with

!(p; z) = 1; !(q; z) = !(q; z) = 0:

We then obtain a 
entral extension

b

g := R �

!

g of g by z := R , and in [Ne04b, Ex. A.8℄ it is

shown that the exa
t sequen
e

Hom

Lie

(

b

g; z)

�

=

Hom

Lie

(g; z) ,! der(

b

g; z)!! (der(g)� der(z))

[!℄

is not split. More 
on
retely, the a
tion of b := Hom

Lie

(g; z(g)) � der(g) preserves the 
lass

[!℄ 2 H

2

(g; z), but the a
tion of b on g does not lift to an a
tion of the abelian Lie algebra b

on

b

g .

Let

b

b := go b be the semidire
t sum. Then [!℄ 2 H

2

(g; z)

b

, but there is no representation

b

S of b on

b

g lifting the representation on g .
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Lemma A.11. Suppose that

b

G = N �

(S;!)

G . Further let �:H ! C

1

s

(G;N) be a map with

h:(S; !) = �(h)

�1

:(S; !) for all h 2 H

and de�ne the automorphism

b

 (h) 2 Aut(

b

G;N) by

b

 (h)(n; g) := (h:n � �(h)(h:g)

�1

; h:g):

Then

b

 :H ! Aut(

b

G;N) is a homomorphism if and only if � 2 Z

1

(H;C

1

s

(G;N)

 

); where

C

1

s

(G;N)

 

stands for the group C

1

s

(G;N) , endowed with the H -a
tion given by (h:�) :=  (h):� .

Proof. That the maps

b

 (h) de�ne elements of Aut(

b

G;N) follows from Proposition A.3(b).

We have

b

 (h)

b

 (h

0

)(n; g) =

b

 (h)(h

0

:n � �(h

0

)(h

0

:g)

�1

; h

0

:g)

=

�

h:(h

0

:n � �(h

0

)(h

0

:g)

�1

) � �(h)(hh

0

:g)

�1

; hh

0

:g

�

=

�

hh

0

:n � h:(�(h

0

)(h

0

:g)

�1

) � �(h)(hh

0

:g)

�1

; hh

0

:g

�

=

�

hh

0

:n � (�(h) � h:�(h

0

))(hh

0

:g)

�1

; hh

0

:g

�

:

This implies that

Æ

b

 

(h; h

0

) =

b

 (h)

b

 (h

0

)

b

 (hh

0

)

�1

2 Z

1

s

(G;Z(N)) = ker� � Aut(

b

G;N):

In view of

b

 (h)

�1

(n; g) = (h

�1

:n � h

�1

:(�(h)(g)); h

�1

:g) = (h

�1

:n � (h

�1

:�(h))(h

�1

:g); h

�1

:g);

the 
o
y
le Æ

b

 

is given by

�(h) � h:�(h

0

) � hh

0

:((hh

0

)

�1

:�(hh

0

))

�1

= �(h) � h:�(h

0

) � �(hh

0

)

�1

= (d

H

�)(h; h

0

):

We 
on
lude that

b

 is a homomorphism if and only if � is a 
o
y
le.

Remark A.12. For a given homomorphism  :H ! (Aut(N)�Aut(G))

[(S;!)℄

we may 
hoose

a map �:H ! C

1

s

(G;N) with h:(S; !) = �(h)

�1

:(S; !) for ea
h h 2 H . We have seen in the

pre
eding proof that

im(d

H

�) � Z

1

s

(G;Z(N))

and that for the 
orresponding map

b

 :H ! Aut(

b

G;N) we have Æ

b

 

= d

H

�: This is the 
o
y
le

of the abelian extension  

�

Aut(

b

G;N) of H by Z

1

s

(G;Z(N)) = ker� obtained by pulling ba
k

the abelian extension

Z

1

s

(G;Z(N)) ,! Aut(

b

G;N)! (Aut(N)�Aut(G))

[(S;!)℄

:

We may thus assign to  the 
ohomology 
lass

[d

H

�℄ = [ 

�

Aut(

b

G;N)℄ 2 H

2

(H;Z

1

s

(G;Z(N))

 

):

If the 
ohomology 
lass [d

H

�℄ vanishes, then there exists a map �:H ! Z

1

s

(G;Z(N)) with

d

H

� = d

H

� , whi
h implies that

e

� := � � �

�1

satis�es d

H

e

� = 0 and, in addition, h:(S; !) =

e

�(h)

�1

:(S; !) for ea
h h 2 H . Therefore

e

� 2 Z

1

(H;C

1

s

(G;N)

 

) de�nes a lift

b

 of  . Hen
e  

lifts to a homomorphism

b

 :H ! Aut(

b

G;N) if and only if the 
ohomology 
lass [d

H

�℄ vanishes,

whi
h means that there exists a 
o
y
le �:H ! C

1

s

(G;N) with h:(S; !) = �(h)

�1

:(S; !) for ea
h

h 2 H .

In addition to the setting of the pre
eding subse
tion, we now assume that H is a Lie group

and ask for smoothness properties of a
tions on

b

G .
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Proposition A.13. Suppose we are given smooth a
tions of H on G and N by automor-

phisms and that we have an a
tion of H on

b

G := N �

(S;!)

G given by � 2 Z

1

(H;C

1

s

(G;N))

via

h:(n; g) = (h:n � �(h)(h:g)

�1

; h:g):

Then the following assertions hold:

(1) Ea
h h 2 H a
ts by a Lie group automorphism.

(2) The a
tion map �:H �

b

G!

b

G is smooth in an identity neighborhood of H �

b

G if and only

if the map

e

�:H �G! N; (h; g) 7! �(h)(g)

is smooth in an identity neighborhood.

(3) If N is abelian, then the a
tion has smooth orbit maps if and only if all maps

�

g

:H ! N; h 7! �(h)(h:g)

�1

� !(h:g; g

�1

)

are smooth in an identity neighborhood of H .

(4) The a
tion � of H on

b

G is smooth if and only if � is smooth in an identity neighborhood

of H�

b

G and all orbit maps are smooth. If G is 
onne
ted, then the smoothness of the orbit

maps follows from the lo
al smoothness of the a
tion.

Proof. (1) Ea
h h 2 H a
ts by a group automorphism whi
h is smooth in an identity

neighborhood, hen
e a Lie group automorphism.

(2) Suppose that the a
tion is smooth in an identity neighborhood. Then the fun
tion

(h; g) 7! �(h)(h:g) has this property and the map

H �G! H �G; (h; g) 7! (h; h

�1

:g)

is a di�eomorphism �xing (1;1). Therefore

e

� is smooth on an identity neighborhood. The


onverse is 
lear.

(3) Sin
e H a
ts by Lie group automorphisms, the orbit maps are smooth if and only if

they are smooth in an identity neighborhood of H .

It suÆ
es to 
onsider orbit maps of elements of the form (1; g) be
ause H a
ts smoothly

on N . For g 2 G the orbit map is smooth in an identity neighborhood of H if and only if the

map

h 7!

�

h:(1; g)

�

(1; g)

�1

= (�(h)(h:g)

�1

; h:g)(!(g

�1

; g)

�1

; g

�1

)

=

�

�(h)(h:g)

�1

S(h:g)

�

!(g

�1

; g)

�1

�

� !(h:g; g

�1

); (h:g)g

�1

�

(
f. Lemma II.8 for the inversion formula) is smooth in an identity neighborhood, whi
h is

equivalent to the smoothness of

h 7! �(h)(h:g)

�1

� S(h:g)

�

!(g

�1

; g)

�1

�

� !(h:g; g

�1

)

in an identity neighborhood.

If, in addition, N is abelian, then S de�nes a smooth a
tion of G on N , so that

S(h:g)

�

!(g

�1

; g)

�1

�

is a smooth fun
tion of h . Hen
e it suÆ
es that the map

h 7! �(h)(h:g)

�1

� !(h:g; g

�1

)

is smooth.

(4) Sin
e H a
ts by smooth automorphisms of

b

G , the a
tion of H is smooth if and only

if all orbit maps are smooth and it is lo
ally smooth in the sense of (2).

The set of all elements of

b

G with smooth orbit maps is a subgroup 
ontaining N . If the

a
tion is lo
ally smooth, then this subgroup also 
ontains an identity neighborhood, hen
e the

group N�

(S

0

;!

0

)

G

0

, where G

0

is the identity 
omponent of G , S

0

:= S j

G

0

and !

0

:= ! j

G

0

�G

0

.

If G is 
onne
ted, this argument shows that the lo
al smoothness of the a
tion already implies

the smoothness of all orbit maps.
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Appendix B. Lie group stru
tures on groups

Theorem B.1. Let G be a group and K = K

�1

a symmetri
 subset. We further assume that

K is a smooth manifold su
h that

(L1) there exists an open 1-neighborhood V � K with V

2

= V � V � K su
h that the group

multipli
ation �

V

:V � V ! K is smooth,

(L2) the inversion map �

K

:K ! K; k 7! k

�1

is smooth, and

(L3) for ea
h g 2 G there exists an open 1-neighborhood K

g

� K with 


g

(K

g

) � K and su
h

that the 
onjugation map




g

:K

g

! K; x 7! gxg

�1

is smooth.

Then there exists a unique stru
ture of a Lie group on G for whi
h there exists an open

1-neighborhood K

1

� K su
h that the in
lusion map K

1

! G indu
es a di�eomorphism onto

an open subset of G .

If G is generated by ea
h 1-neighborhood U � K , then 
ondition (L3) 
an be omitted.

Proof. [Ne04a, Theorem A.4 and Remark A.5℄
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