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Abstract

We investigate the nonstationary Navier-Stokes equations in an exterior
domain © C R? in a solution class L? (0, T; Lq(Q)) of very low regularity in
space and time, satisfying Serrin’s condition % + % = 1 but not necessarily
any differentiability property. The nonhomogeneous boundary data Ul =

g €L’ (O,T; W*I/q’q(ﬁﬂ)) are the weakest possible beyond the notion of
usual trace theorems; moreover, we prescribe a divergence k& = divu €
L*(0,T; L"(2)), where % + % = % In principle, we follow Amann’s notion
of very weak solutions, see [3], [4].
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1 Introduction and Main Theorems

Throughout this paper, 2 C R?® is an exterior domain with nonempty, compact
boundary 99 of class C*! and [0,7), 0 < T < oo, denotes the time interval. In
[0,T) x © we consider the instationary Navier-Stokes equations
w—vAu+u-Vu+Vp = f in(0,7)xQ
divu = k£ in (0,T) x
v = g on (0,7)x 00N

u = uy att=0

(1.1)



with constant viscosity v > 0, nonhomogeneous external force f = divF =
(Zf’zl aiFij)j:l, divergence k, boundary data g, and initial value u, satisfying

F o= (Fy)i € 10,75 L7(Q)

k e L*(0,T;L(Q)) 1.2)
g € L*(0,T; W 71(00)) '
u € J(Q)
where
2 3 1 1 1
-—4+-=1, 2<s<o0, 3<qg<oo and -+ -=—; (1.3)
s q 3 q T

see Subsection 2.5 for the definition of the space J2*(f2) of initial values. Fol-
lowing Amann [3], [4] in principle, we define a very weak solution of (1.1):

Definition 1.1 Suppose that the data f = div F, k, g and ug satisfy (1.2), (1.3).
Then v € L? (O,T; Lq(Q)) is called a very weak solution of the Navier-Stokes
system (1.1) in the exterior domain © C R® if for all w € C§([0,T); C3 (%))
where C2,(Q) = {v € C*(Q) : dive = 0, supp v compact in 2, V], = 0} the
relation

/0 (—(u, w)g — v(u, Aw)g + v(g, N - Vw)sg — (u ® u, Vw)g — (ku, w)q) dt

= (ug, w(0))q — /0T<F, Vw)odt forall w e Cy([0,T); CF () (1.4)

and the conditions

divu(t) = k(t) in Q, N -u(t) N-g(t) fora.a. te(0,7) (1.5)

oo =
are satisfied.
Here, at x = (z1, T2, 23) € OS2 the outer normal is denoted by N = N(z) € R®.

The term (-, -)q denotes the usual L9 — L7 —pairing in  or the application of the
functional uy € J2°(Q2) at w(0) = w|,_, € C§,(€), cf. Subsection 2.5, and

{(g(t), N - Vw(t))sq is the value of the distribution g(t) € W=/29(Q) at the
normal derivative N - Vw(t) of w(t). Note that we used the elementary relation
u-Vu =div(u® u) — ku where u ® u = (u;u;)?

i,j=1"
An elementary calculation shows that for a solenoidal vector field w
N -Vuw(t) = curlw(t) x N on 09. (1.6)

Therefore, (1.4) contains a condition only on the tangential component N X g
of g on 09, and we have to suppose the additional condition in (1.5) for the
normal component N - g = N -u| .. Note that the data (1.2) need not satisfy

any compatibility condition as for bounded domains, see [10].
Then our main theorem reads as follows:



Theorem 1.2 Let Q C R3 be an exterior domain with boundary 0 € C%!.
Suppose that the data f = div F, k, g and ug satisfy (1.2), (1.3). Then there
erists a T" = T'(f, k,g,up,v) € (0,T] and a unique very weak solution u €
L? (0, T’ Lq(Q)) of the nonhomogeneous Navier-Stokes system (1.1). The interval
of existence [0,T") is determined by the condition (5.12) below and includes the
case T" =T = oo.

There are not many references on the system (1.1) for the very general non-
homogeneous case divu = k # 0 and Uy =9 # 0, but there are several results
for k=0, g # 0, see [3], [4], [8], [10], [14], [16], [19], and [20]. Amann’s approach
in Besov spaces [3], [4] seems to be the first one working in solution classes with
U # 0 beyond the usual trace theorems. Our purpose is to extend the solu-
tion class to the weakest possible class by keeping uniqueness, and to the case
divu # 0. Furthermore, we develop the corresponding theory also for the lin-
ear stationary and instationary Stokes equation with inhomogeneous data. For
further references see [14].

We will see in Remark 5.2 that a very weak solution satisfies the first equation
of (1.1) in the sense of distributions, together with some distribution p. Moreover,
the boundary condition Uy = 9 is well defined in the sense of distributions
on 0f2, but not in the sense of usual trace theorems. Actually, the tangential
condition N X U = N x g is implicitly defined as a distribution by the relation
(1.4) via the boundary term v(g, N - Vw)gq, see Remark 4.2 (2). Moreover, the
trace N - Uy = N - g of the normal component is well defined in the usual weak

sense, see (2.2). Finally, we see that the initial condition u(0,-) = ug in (1.1) has
a precise meaning "modulo gradients®, see Subsection 2.5, since w(0) € nga(ﬁ)
in (1.4) is solenoidal.

It is remarkable that a very weak solution u of (1.1) need not satisfy any energy
inequality like weak solutions in the sense of Leray and Hopf; in particular, u need
not have finite energy 3 ||ul3 ., +3/|Vul|3, < oo. This justifies the notion of a very
weak solution. On the other hand, a very weak solution possesses the uniqueness
property on its interval of existence [0,7") because of the Serrin condition, cf.
(1.3). Note that the uniqueness of weak solutions in the sense of Leray and Hopf
is open.

The proof of Theorem 1.2 is based on the unique decomposition v = 4 + E
where E € L* (0, T, Lq(Q)) is the very weak solution of the linearized nonhomo-
geneous system

E,—vAE+Vh = f, divE = k in (0,7) xQ
= 9, E(Oa) = U

o0

and where u € L* (O,T; Lq(Q)) is the very weak solution of the "homogeneous“
nonlinear system

iy —vAuL+ (u+E)-V(a+E)+Vp=0, divia=0 in (0,7) x ,
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satistying |, =0, u(0,-) =0, cf. (5.1), (5.3) below.
The generalized nonstationary Stokes system we consider here has the form
uy —vAu+Vp = f, divu = k in (0,7) x Q, )
1.7

U,y = 9 U = U att =0,

where f = div F, k, g and uy satisfy (1.2) and where 1 < s < 00, 3 < ¢ < o0
and % + 1 = 1 yjelding % < r < 3. Note that Serrin’s condition % +3 =1is

™
not needed for this linear problem. See Subsections 2.3 and 2.5 concerning the
Stokes operator A, and the generalized meaning of Aq_quuo of the distribution

up. In this linear case the definition of a very weak solution reads as follows:

Definition 1.3 Suppose that the data f = div F, k, g and wug satisfy (1.2) with
1 <5 <o00,3<gq<ooand g+ =1 Thenu e L*(0,7;LYQ)) is
called a very weak solution of the nonstationary Stokes system (1.7) if for all
w e C5([0,7); C3,())

/0 ( - <u7 wt>Q - V<U, Aw>Q + V(g, N - Vw>ag) dt

_ (uo,w(0)>g—/0 (F, Voo dt (1)
and if

divu(t) = k(t) in Q, N -u(t) N-g(t) fora.a. te(0,7T),

oo =

cf. (1.5), are satisfied.

Theorem 1.4 Let Q C R? be an exterior domain of class C*', let f = div F,k, g
and uy satisfy (1.2) with 1 < s < 00, 3 < ¢ < oo and % +$ = % Then there

exists a unique very weak solution u € L* (O, T; Lq(Q)) of (1.7) satisfying
A Py € L°(0,T5 LE(Q)), A, 'Pyu e C([0,T); LL(Q)),
A;quu|t:0 = A, ' Pyuy, (1.9)
and the a priori estimate

1A, Pyullgsi0r + [|vullgs0r

< c(|Juoll 72+ ) + |F llrsior + [[VE||rs.0r + V9l -1/gqs000)  (1.10)

where ¢ = ¢(q,5,2) > 0. Moreover, the term ||uol| 7o) may be replaced by the

smaller term (fOT v Age™"" 4 AL Py [$ dt)l/s. The solution u possesses the
explicit representation (4.5) below.



Finally we consider — indeed as a starting point of the proofs — the nonhomo-
geneous stationary Stokes system

—vAu+Vp=f, divu=Fk in(), u, =9 (1.11)

o9
with data f = div F|, k and g satisfying
1 1 1
Fel'(Q), kel'(Q), geW /"(09), 3<g<oo, z+-=— (L12)
q T
yielding % <r<3.
Definition 1.5 Given data f = div F, k, ¢ as in (1.12) a vector field v € LI(2)
is called a very weak solution of the stationary Stokes system (1.11) if the relation
—v(u, Aw)g + v{g, N - Vw)sq = —(F, Vw)g, w € CF,(Q), (1.13)

and the conditions

divu=%k inQ, N- N-g (1.14)

u|69 -

are satisfied.

Theorem 1.6 Let Q C R? be an exterior domain with boundary of class C*!,
and let the data f = div F, k, g satisfy (1.12). Then there exists a unique very
weak solution v € LI(Y) of the stationary Stokes system (1.11) in the sense of
(1.13) — (1.14) satisfying the a priori estimate

oo < c((IF

lvu o+ [Vl + 17911 -1/00.00)

where ¢ = ¢(2,q) > 0. Moreover, u possesses the representation (3.14) below.

This paper is organized as follows. In Section 2 we introduce several function
spaces and operators and recall important properties of them. The proof of the
main Theorem 1.2 is based on Theorems 1.4, 1.6 and on a fixed point argument.
Therefore, Section 3 deals with the proof of Theorem 1.6, Section 4 with the
proof of Theorem 1.4, and the final Section 5 is devoted to the nonlinear case in
Theorem 1.2. Note that the reals ¢, ¢, co > 0 are generic constants depending on
the exponents ¢, r, s etc., and on the exterior domain €2, but not on the functions
involved in subsequent estimates.

2 Notations and Preliminaries

2.1 Classical Function Spaces

Given 1 < ¢ < o0 and ¢ = ﬁ we need the usual Lebesgue and Sobolev spaces,

LY(Q), W*1(Q), where o > 0, and W (Q) € W*4(Q) with norms ||-||1e0) =
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|'lg0 and ||-[[wea) = ||[lasq0, resp. The space W-*9(Q) = W () de-
notes the dual space of W7 () with the natural pairing (-, -)o and the norm
I -llw-eas) = [Ill—asqe- If @ = 0, then (f,h)q = [, f - hdzx for f € LI(Q),
h € L7 (2); here f - h denotes the scalar product of vector or matrix fields. Note
that the same symbol L(€2) etc. will be used for spaces of scalar-, vector- or
matrix-valued fields.

For the boundary 00 of the domain Q@ C R let L%(0Q), W*(dRQ),
W-4(9Q) = W*4(9Q)', where 0 < o < 2, denote the corresponding func-
tion spaces, using the norms |(|-||e@a0) = ||[lgo0: ||'llwes@o) = [|-|aq00 and
|- lw-as@0) = ||"l-asq,00, resp., and the natural duality pairing (-,-)aqn. Note
that the restriction o < 2 in this case is needed since 92 € C?!. In particular,
the pairing between L9(0€2) and its dual L7 (9Q) is given by

o

where [, ...dS denotes the surface integral on 092 For more details cf. [1], [12],
[12] and [28].

Let C™(Q),Ci(2) and C™(Q),m € NU {+oc}, denote the usual spaces of
smooth functions. An important function space is

Ci(QY) == {v € C™(Q) : supp v compact in Q,v =0 on IN}.

For the space C§°(€2)" of distributions, the dual space of C§°(2), the duality
pairing on 2 is denoted by (:,-)q. Finally, we use the boundary distributions
C1(09Q)" with test functions from C'(992) and with the pairing (-, -)aq-

The subspaces of solenoidal vector fields are denoted by appending the sub-
script ‘o’ leading to the spaces Cg5,(Q2) = {v € Cg°(Q) : dive = 0} and
Ce(Q) = {v € C" () : dive = 0} as well as to the dual space Cj’(Q)" of
Cy,(Q) with pairing (-,-)o. By a theorem of de Rham, [27], I, Prop. 1.1, a
distribution d € C§°(€2)" vanishing at all v € Cg, (2) may be written in the form
d = Vh with a scalar distribution h. Let LZ(f2) denote the closure of Cg5, (€2)

in the norm ||-||,o. It is well known that LZ(Q) = LZ'(Q) using the standard
pairing (-,-)o.

2.2 Traces and Extensions

Let o« = 1,2. Given an exterior domain 2 C R* with boundary of class C*!,
let B C R® be an open ball with 9Q C B and let Q := QN B. Then the
trace map f — f| . is a well defined linear bounded operator from Wee(02)

onto We=1/249(9Q)), and there exists a linear bounded extension operator E :
We=129(9Q) — W4(Q), h + Ej, such that Eh|,, = h- The extension operator

can be constructed in such a way that supp E, C € for all h € Wa—l/q:q(aQ).



Let 1 < r < 3 and let ¢ > r be defined by & + % = L. Given f € L9(Q2) with
div f € L"(Q) we use Green’s identity in €y and the trace space W' /44 (9Q) =
W14 (99) to get that

(div f, En)a, = (N - f,hYoq — (f, VEWq,, he WY (5Q).  (2.1)
Since ¢ > % and consequently 1 < ¢’ < 3, the embedding and extension estimate
1 Enllr 00 < (| Enlly.o + IV ERly00) < cllblliyge o0
holds with % + % = % and ¢ = ¢(2,¢) > 0. Consequently,
(N - foloal < c(llf lr.20) 12l1/q50 002
< c(llf ) lAll1/g 00 (2.2)

for all h € W'/%7 (9Q). Hence the trace N - oo € W—1/24(99) of the normal
component of f on 02 is well defined and satisfies the estimate

lg.00 + [[div £

N

g0 + [ldiv f

IN - fll1/gg00 < el fllgoo + [1div fllra,) < el fllgo +[1div fllra) — (23)

with the same ¢ > 0 as in (2.2).
Analogously, by the identity

(curl f, Ep)o, = (N X f,h)aq + (f, curl Ej,)q,, (2.4)

we obtain the following trace property: Given f € L9(2) with curl f € L"(2)
where 1 < r < 3, % + é = %, the trace N x f|8Q € W=124(99) of the tangential

component of f on 0L is well defined, and it holds the estimate

|V x f”fl/q;q,aﬂ < C(Hf |q,Qo + ||Cur1f||r,ﬂo) < C(”f”tz,Q + ||Cur1f||r,ﬂ)- (2.5)
Consider the divergence problem

divb=f inQy b=0 on 0 (2.6)

for given right-hand side f. If 1 < ¢ < oo and f € L4()y) satisfying fQo f(z)dx =
0, then there exists some b = b/ € W;*?(€2) solving (2.6) such that

167111500 < ¢(0,9) || f[lg,00- (2.7)

Moreover, if additionally f € Wy?(Qp), then b/ € W(Q2) and

167 | 2:0,00 < ¢(R0,9) IV fllg.001 (2.8)

cf. [11], III, Theorem 3.2.



In the case of an exterior domain Q C R? let 1 <7 < 3 and f € L"(Q2). Then
by [11], III, Theorem 3.4 and II, Remark 5.2, there exists b € L(Q), 3 + !

1_1
q r’
with Vb € L"(Q) = 0 satisfying divb = f and the estimate

’ b|aQ

1bllg.0 < cl[Vbllro < ¢l fllra (2.9)

with constants ¢, ¢’ > 0 depending only on  and on r. Note that in each case
b = b/ can be chosen to depend linearly on f.

Using properties of the weak Neumann problem [23] we find for each h €
W=121(9Q) a vector field E* € L9(€2) depending linearly on h such that div E* €

L™ (), N - Eh|6Q = h, supp E" C € satisfying the estimate

1B lg0 + [ldiv E{|rq < cllh]|-1/gq.00- (2.10)

By an extension theorem for the bounded domain g, cf. [22], Theorem 5.8 or
(28], Subsection 5.4.4 we obtain the following result: For every h € W'=1/44(9Q)
there exists an extension w" € W24(Q) N Wy?(Q) depending linearly on A such
that N - th|aQ = h, supp w" C Qg and

[w0* |20 = 10" 240 < €llhlli-1/gq.00- (2.11)
If additionally N - h = 0 on 0f2, then a calculation shows that

divwh| =0, N-th| :(:urlwh| X N = h.
89 o0 o0

Moreover, since [, divw"dr = 0, divw” € Wy (Q), we may use (2.6) — (2.8)
to find " = wh — bf_E W24(Q) N W, 9(Q), f = divw", depending linearly on h
such that supp @w" C Qy,

diva" =0 in Q, N-sz)h:(:urlzf)h| X N = h,
o o on (2.12)
||w ||2;q,ﬂo = ||w ||2;q,ﬂ < CHhHlfl/q;qﬁQ

with ¢ = ¢(€, Qo,¢) > 0 in (2.10) — (2.12). Note that the extensions E?, w", w"
are first of all constructed for €}y by setting N - Eh|8B = 0, and wh|aQ = 0,
0

N - Vuw"| = 0. Then div E* € L7(Q) and w", %" € Wy™'(Q) N W>1(Q).

2.3 Helmholtz Projection and Stokes Operator

Given a vector field f € L9(Q2), 1 < ¢ < oo, on the exterior domain  C R?, the
weak Neumann problem

Ap=divf, N-(Vp-f), =0

has a unique solution Vp € L1(Q) satisfying the estimate ||Vp||,.0 < ¢[|f]|4.0 With
¢ =¢(Q,q) > 0. Then the Helmholtz projection P, defined byP,f = f — Vpis a
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bounded linear operator from L?(2) onto the solenoidal subspace L4 (€) satisfying
P?=P,and P, = Py, ic., (Pyf,9)a = (f, Pyg)a forall f e L), g€ L(Q).
Note that P,f = P,f if f € L9(Q2) N L2(2) and 1 < g, o0 > o0, see [23].

The Stokes operator A, = D(A4,) — L2(2) with dense domain

D(4,) = LLQ) N Wy () nW(Q) C LL(Q)

is defined by A,u = —P,Au, u € D(A,); its range {Au : u € D(A,)} will
be denoted by R(A4,). Note that for two exponents 1 < ¢,r < oo and for
u € D(A,) ND(A,) we get Ayu = A,u. As usual, D(4,) will be equipped with
the graph norm ||ul|,0 + ||Aqu/lqe for u € D(4,). Concerning more details on
the Stokes operator see [6], [8] — [19], [25] — [27].

For a € [~1, 1] the fractional power A3 : D(AF) — LL(Q2) with dense domain
D(Ag) C LL(Q2) is a well defined, injective operator such that

(A9)h =A%, R(AT) =D(A;%), (A3) =AY,

q

We mention several important embedding estimates for the sequel:

1A *ullpe < o|Vullge,  1<gq< oo, uc DA,
Agulluo < | V2ullya, 1<g< o0, ueD(A,), (2.13)
and, by [5], Theorem 4.4 and [18], Theorem 3.1, resp.,
IVallpo < cll 4 ulgo, 1< <3, ueDA), (214
IV2ull,a < cllAgullqa, l<qg< %, u € D(A,);

in each case ¢ = ¢(€,¢) > 0. In particular, D(A}*u) = Wl (Q) N LL(Q) when
1 < ¢ < 3. Concerning further fractional powers of A, let 1 < ¢ < 7 < o0,
0 <a<1andu € D(A7). Then, by [6], Corollary 4.6 and [17], Corollary 6.7,

resp.,

3 3

, 1<g<3, 20+ —=-

74
3 (2.15)

q

DN |

[ullyo < cllAZullge,  0<a<

3 3
lg.0) 0<a<l, 1<q<§, 200+ — =

lullo < cllAgu

where ¢ = ¢(Q, , ¢, ) > 0.
It is well known that —A, generates a uniformly bounded analytic semigroup
{e7*a 1t > 0} on L(Q) satisfying the decay estimate

JA%e Hrullpn < et “ullyas >0, (2.16)

where a > 0, 1 < ¢ < oo and ¢ = ¢(Q, ¢, ) > 0; see [6], (3.3) or [18], (3.16).
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Let 0 < o < 1, 1 < ¢ < oo and consider suitable distributions d =
(di,dy,d3) € Cg°(2)" for which the term A *Pyd € L(2) will be well defined
by applying the operations A * and P, in the corresponding orders to the ”test
function side“. To be more precise, suppose that (d,v) is well defined for all
v € D(Ay) and satisfies the estimate

[{d, v)al < cllAGvlly a0 (2.17)
Hence there exists d* € LZ(£2) such that
(d,v)o = (d*, Agv)o for all v € D(AY); (2.18)

note that d* is unique, since R(Ag) is dense in L2 (). For simplicity we write
d* = A, “P,d, since then formally

(0", A%0) = (A70Pyd, A%0)q = (Pyd, v)o = (d, Pyvya = (d,v)  (2.19)

giving A “P,d a generalized meaning. If d € Cg°(Q2)' satisfies (2.17), we say that
A74Pyd € LL(Q2), well defined by d* in (2.18). For similar operations see [26],
ITI, Lemma 2.6.1.

Lemma 2.1 Let Q C R® be an exterior domain with 0Q € C*', let 3 < r < 3,
ti=1 andlet F=(Fy)},_, € LI'(Q). Then A;'P,divF € LY(Q) and

14, Py div Fllge < ¢l|F 0, (2.20)

where ¢ = ¢(Q, 1) > 0. Hence, A;'Pydiv : L"(Q) — L%(Q) is a bounded linear
operator.

Proof. Considering (2.17), (2.18) with d = div F, d* = A/ 'P;divF and a = 1
we have to estimate the term (div F,v)q =: (A, ' P, div F', Ayv)q using |[Ag vy o
only. Since 3 + & = % where 1 < ¢’ < 2, we know that D(A,) C D(Ai,/z), cf.

(2.14), and Ai,/zv = A;,/Qv € D(A;,/z) for all v € D(A,). Hence (2.14); (with '
instead of ¢) implies for v € D(Ay)

(div F,v)o| = | = (F, Vo)a| < ¢ FllrallA 0]l

Moreover, by (2.15); (with =1, 1+ 3 = % and u = A% € D(A;,/z))

7-/
1/2 1/2 41/2 _
|4y vl < Ay "Ag vl 0 = cl|Agvllya-

! q

Now, (2.20) is proved. m
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2.4 The Spaces L*(0,T; X)

Given a Banach space (X, ||-[|[x) and 1 < s < oo, let L*(0,7;X) denote the
usual Bochner space with norm ||-||zs0.r;x) = (fOT 1% dt)/s. Tf X = We4(Q)
or X = W*9Q), 1 < ¢ < o0, a € [—1,1], we set ||| ps0,rwea)) = || llasg,s,0.7
and ||| s, rswea(09)) = ||||asg,s,00,0, resp. If o =0, ie. X = LI(Q) or L9(09),
we simply write [|-||,s.0.7 Or [|]|4,s,00,1, resp. As duality pairing we define

T
(f. Por = / (. hadt, feL*(0.T;19%), g € L¢ (0,T; L7 (),

and analogously (f, g)aar for all f € L*(0,T;L%(dR)), g € L* (0, T; L7 (512)).

We will also need the classical spaces C™([0,7); X), m = 0,1,2,..., of X-
valued functions v(t) such that (4)iv(¢), 0 < j < m, is continuous on [0,7) in
X. The space C}([0,T); X) is the subspace of C'([0,T); X) of function v with
compact support in [0,7"), and C&((O,T);X) is that subspace where suppv is
compact in (0,7).

Lemma 2.2 Let Q C R3 be an exterior domain with boundary 0 € C*!,
let f € L*(0,T;LL(Q)), 1 < s, ¢ < oo, and let vo € LL(Q) such that
Jo o lvAge " ey o dt < oo. Then the Stokes evolution system

vn+vApu=f n0,7T), v(0)=uvy,

has a unique solution v € L*(0,T;D(A,)) such that v, € L*(0,T; LL(2)) and
v e C([0,T); LL(RQ)). Moreover, v admits the mazimal regularity estimate

T
—v 1/s
letlassra + I Asolasnr < e(( [ Al dd) " + [ lasas) (220

with ¢ = ¢(2, q,s) > 0 not depending on T, v, and
t
v(t) = e "HAayy 4 / eVt () dr, 0<t<T. (2.22)
0

Proof. See [18] (3.15) or [25]. The case vy # 0 is easily reduced to the case
vy = 0 by considering 9(t) = v(t) — e”"*avy. n
2.5 The Space of Initial Values

Let 1 < ¢, s < oo. Then the space of initial values, J2%(12), is defined as a space
of distributions on €2 as follows:

78(©) =
{uo € C*()' + A" Pyug € LL(Q), / [vAge™" M AT Pyug|[f o dt < oo}

0
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equipped with the seminorm

o0 1/s
Juoll ooy = o147 Pl + ([ g4, Pl )
0

here, A7'Pyug is defined as in (2.17) — (2.19). Obviously ||-|| 7o) becomes a
norm if we identify ug, 4 € J°(2) when [[A;'Py(uo — to)lg,0 = 0, i.e., when
up — g is a gradient field, see (2.18) with d* = 0. Note that J,2°(2) can be
considered as a real interpolation space, cf. [18], (2.5).

Consider a function u € L*(0,T; L9(2)) such that A 'Pu € L*(0,T; L))
is well defined and (A;'Pyu), = A7'Pu, € L#(0,T; L)) holds for its time
derivative in the sense of distributions. Then — redefining v on a null set of [0,7")
if necessary — we obtain that

A'Pu e C([0,7); LL(RQ)), A;'Pu(t) € LL(Q) forallt e [0,T); (2.23)

in particular, the initial condition A;quu|t_0 = A" Pyug in (1.7) is well defined.

3 The Stationary Stokes System, Proof of Theorem 1.6

Given data f = div F, k and g, see (1.12), consider a very weak solution u €
L1(2) of the stationary Stokes system (1.11), i.e., of (1.13) — (1.14). First we
assume v = 1; the case v # 1 will be an easy consequence when considering
—Au+ V() = % f. We will prove the unique representation formula

u=F+G+VH (3.1)
where F , G and VH € L4(2) solve suitable auxiliary problems and satisfy the
estimates

1Fllge < ¢llFllna, (3.2)
IVHg0 < c(llkllra+1lg- Nll-1/gq00),
||G|q,ﬂ < C(||k|r,ﬂ+||9||—1/q;q,39)- (3-4)

The first term £ := A;qu div F' is well defined by Lemma 2.1 and satisfies
(3.2), cf. (2.20). Obviously, cf. Definition 1.5 and (2.18), (2.20), u; = F'is the
unique very weak solution of the system

—(u1, Aw)q = —(F,Vw)q for all w € C§ (),

. . (3.5)
divu; =0 in €, u|,, = 0.
Next we solve the system
—(ug, Aw)q + (g, N - Vw)sa =0 for all w € CZ (), (36)
’ 3.6

divus =0 in €, N-u2|6Q =0
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matching only the tangential part of g on 0. To find uy we estimate (g, N-Vw)sq
as follows: Since 1 < ¢' < %, g <r' <31 —i—% = %, Poincaré’s inequality on the
bounded subdomain €y = QN B and the properties (2.13), (2.14),, (2.15), yield
the estimates

[wllgg, < cllVwlly.a, < cdlVwllrg < dVullya < clAgwlly.e.

Moreover, it holds the inequality

|<97N' Vw>8ﬂ| CHg“fl/q;qﬁQ”vw”l/q;q’,aQ
C||9||—1/q;q,89||w||2;q’,Qo

C||g||—1/q;q,89||Aq’w||q’,Q )

ININCINA

which immediately extends to all w € D(A,). Hence for all v € R(Ay), v =
Ayw, we get

(g, N - VA;IU>89| < C“ngl/q;q,aQ“UHq’,Q
which extends to all v € L (Q) since R(A,) is dense in LZ (). Since LY (Q) =
L1(Q), there exists a unique G € L%(2) such that

—(G,v)q+ (g9, N - VA(;I’U>QQ =0 forallveR(A4y), (3.7)

and ||G||g,0 < c/|g]|-1/g;9,00- Using the identity g = (g- N)N + N x (g x N) and
(1.6) we see that g in (3.7) may be replaced by g — N(g - N), and we get that
even

1Gllge < cllg = N(g - N)l[-1/gg00 < cllN X gll-1/g9.00- (3:8)
Due to (3.7) we conclude with v = Ayw = —PyAw that uy = G is the unique
solution of (3.6) in L(12).
However, G will be modified in the third step in which we look for a very
weak solution uz € L7(2) of the system

—(uz, Aw)g =0 VYw € C (), divug =k, wus- Ni,, =9 N (3.9)

To find the unique solution usz of (3.9) we first consider the weak solution VH
of the Neumann problem

AH=k, N-VH|, =N-g. (3.10)

To construct VH we use the extension E" € LI(Q) of h = N - g with div E" €
L"(Q),N - Eh|8Q = h and with compact support in €, see (2.10). Moreover,
cf. (2.9), there exists b € L7(Q) satisfying divb = div E" — k, b, = 0 and
Vb € L™(€2). Hence (3.10) may be written in the form

AH =div(E" —b), N-(VH - (E"-1)) 0

o
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which, cf. [23], has a unique solution VH € L4(2) satisfying

IVH]o0 < cllE" = bllo0
< (|l lgo + lldiv E" — kl|.q)
< (V- gll-1/gq00 + 1kln0)

by (2.9), (2.10). This estimate proves (3.3).
To solve (3.9) for uz we use the relation

(VH,Aw)g = (VH,N - Vw)aq for all w € Cf ,(Q) (3.11)

which will be proved below. Further, we observe, see (2.3), (2.5), that
IVHI|-1/g9.00 < 00 is well defined, and that VH|  satisfies the same estimates

as g in (3.7), (3.8). Therefore, we get, instead of G in (3.7), a unique vector field
G' € L1(Q) satistying

—(G", Awyg + (VH, N -Vuw)sq =0 forall we C7,(Q) (3.12)
and, using (3.8), (2.5),
1Glg.0 < ClIN X VH|| - 1/g9,00 < ¢ VH |0 (3.13)

Now, looking at (3.10) — (3.12), we conclude that us := VH — G’ is the unique
solution of (3.9).

Summarizing the previous steps, we see that u = u; + uy + ug satisfies (1.13),
(1.14), u is a very weak solution of system (1.11), and it holds the representation
(3.1) with G = G — G’ satisfying (3.4). Moreover, u depends only on the data
Fk, g and satisfies the estimate

o < c(1Fllre + 1kllra + llgll-1/g0.00)

due to (3.2) — (3.4). It is unique, since (3.5) with right-hand side F' = 0 admits
only the trivial solution.

Finally, we prove (3.11). For this purpose, we approximate H by smooth
functions (H;) such that [|[VH — VH,||qo — 0 and [|[VH — VHj||_1/44.00 — 0 as
j — oo. To find Hj, j € N, we approximate k£ and g in (3.10) by smooth functions
kj,g;, let VH; be the corresponding solutions, and use the estimate (3.3) with
VH, k,g replaced by VH — VH;, k — kj,g — g;. Then an integration by parts
yields for every w € C3 ,(Q)

(VH;, Aw)g = (VH;,N-Vw)ag — (V(VH;), Vw)q
== <VHj, N - Vw>aQ + <A(VH]), w>Q
= <VHj, N . Vw>ag,

[[u

since divw = 0 and W, = 0. As j — oo we get (3.11). The general case v # 1 is
reduced to ¥ = 1 by considering —Au + V(%) = % and replacing F| Aq_qudivF
by £, (vA,')P,div F. This proves Theorem 1.6. ]

14



Remark 3.1 (1) The proof of Theorem 1.6 shows that the very weak solution

4

u € L9(Q2) of (1.11) possesses the representation
u=(vA) 'P,divF + G+ VH (3.14)

where VH is defined by (3.10) and G' = G — G satisfies

~

(G,v)q= (g9 — VH| ., N- A(;11)>3Q for all v € R(Ay).

Let u € L(2) be a very weak solution of (1.11). For h € W99 (9Q) with
N-h =0 let " € D(A,) with N - Vu?h|aQ = h be the extension of h

considered in (2.12). Using @" as test function in (1.13) we get that
v(g, h)oa = v{u, Ai")q — (F, Vi'*)g,

where (g, h)q equals (N x g, N X h)sq, since g = (g - N)N + N x (g x N).
Hence, in the sense of a boundary distribution, the tangential component
N x U is well-defined by

V(N x u, N X h)aq = v{u, A"y — (F, Vio")q. (3.15)

On the other hand, using the extension E* € Wl’q'(Q) with compact support
of an arbitrary function h € W14 (9€2), (2.1) yields the identity

<N . u|8Q’ h>ag = <I{I, Eh>Q + <U, VEh>Q (316)

Therefore, (3.15) - (3.16) yield an explicit expression of the trace Uy, €
W~Y24(9Q). Thus we can define a well defined trace Ul € W-Yea(9Q) —

beyond the usual trace theorems — for each u € L9(€2) satisfying the relations
(1.13), (1.14).

Using test functions w € Cg% () in (1.13) de Rham’s argument yields a
distribution p such that
—vAu+Vp=f

in the sense of distributions.

Nonstationary Stokes Systems, Proof of Theorem 1.4

Given data f = div F, k, g and ug asin (1.2) with 1 < s < 00, 3 < ¢ < 00, %+% =
%, and let u € L* (O, T; Lq(Q)) be a very weak solution of the instationary Stokes
system (1.7), see Definition 1.3. First we assume that v = 1, the general case
v # 1 will be reduced to v = 1 by a scaling transformation concerning .
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Let E(t) = E*®:9(%) be the very weak solution of the stationary Stokes system

—AE(t)+Vp(t) =0, divE(t) = k(t), E(t)|aQ = g(t) (4.1)
for a.a. t € (0,7). By Theorem 1.6, E € L*(0,7;L(£2)) and
1E]lgs.0 < c(IEllrsom + 9]l 1/g05.007)- (4.2)

Moreover, let VH € L*(0,T; L($2)) be defined by VH (t) = u(t) — Pyu(t) for a.a.
t € (0,7),i.e., VH(t) is the weak solution of the Neumann problem

AH(t) = k(t), N-VH()| =N g(t). (4.3)
Note that, cf. (3.3), (3.10),

IVH | gs.01 < c([[kllnsor + 19)=1/ga5.000)- (4.4)

Lemma 4.1 Consider f = div F,k, g,uy asin (1.2) with 1 < s < 00, 3 < g < 00
and %+$ =1, E asin (4.1), (4.2), and a very weak solution u € L*(0,T; L(S2)
of (1.7). Then the well defined representation formula

t
u(t) = VH(t) + Age 1A, Pyug + /0 Age” DA (AP, div F + P,E) dr (4.5)

holds for a.a. t € (0,T).

Proof. Consider the test function w € C§([0,7);C3,(2)) and let v = Ayw
where A, = A, + I. Tt is well-known, see [17], [18], [25], that A;l and Aquzl(;l

are bounded operators on LZ(2). By the weak formulation (1.13) of (4.1) we get
that (E(t), Aw(t))q = (g(t), N - Vw(t))aq for a.a. t € (0,T) yielding

(g, N - Vw>aQ,T = (E, Aw>Q,T~

Then the weak formulation (1.8), using w € C§([0,7);C,(Q)), v = Agw, im-
plies the identity

—(fl;quu, 'Ut>Q’T — (u — E, AA;10>Q,T = <UO, A;lv(O»Q — (F, VA;10>Q,T . (46)

Since u(t) — E(t) € LL(R) for a.a. ¢t € (0,T), the second term on the left hand
side will be rewritten as

(u—E, (—Aq/)fi;lv)g),;p = —(Aqflq_lpq(u —E),v)or.
Moreover, the terms on the right-hand side equal
(Aqflq_l(Aq_quuO), v(0))o and (Aqflq_l(Aq_qu div F'),v)ar, resp.,
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where A, 1P, div F € L*(0,7;L%(2)), cf. Lemma 2.1, and A ' Pjuo € L1(Q), see
Subsection 2.5, are well defined. Hence we get from (4.6) the relation

_<A;1Pqu, Ut>Q,T + <Aq (A;lpqu), U>Q,T (4.7)
= (A4, (A, Pug), v(0))a + (A A, ' PyE, v r + (A;A A Py div Fv)a r
Then a standard argument, see [27], III 1.1 or [26], IV 1.3, shows that U(t)

AT Pyu(t) is a strong solution of the instationary Stokes system

U+ AU = AANA'P,divF + P,E)
U(0) = AgA]' (A7 Pyuy).

Since the right-hand side is contained in L*(0,7;L%(2)) and in LL(S2), resp.,
Lemma 2.2 yields U, A,U € L* (0, T; Lg(Q)) and the representation
U(t) = AgA e " (A Poug) + / t e A A YA TP, div F + PyE) dr .
0
We may apply flq to both sides of this identity to obtain that
Pyu(t) = Age " A Puy + / t Age A4 (A P divF + PE)dr - (4.8)
0

for a.a. t € (0,7). Since u(t) = VH(t) + Pyu(t), (4.5) is proved. n

Given data f = div F, k, g and ug, let u be defined by (4.5). Proceeding as in
the proof of Lemma 4.1 we get that u is a very weak solution of (1.7).

The right-hand side of (4.8) is contained in R(A,) for a.a. t € (0, 7). There-
fore A7'Pyu(t) is well-defined and it holds

¢
A Pu(t) = e A Pug + / e "DA(A P divF + PE)dr.  (4.9)

0
This identity has the form (2.22) with vg = A, " Pyjup € LZ(Q) and with f replaced

AJ'P divF+ PE € L*(0,T; L4(S)). By the maximal regularity estimate (2.21)
we get using (2.20) and (4.2) that

||A;1Pqut

|q,s,Q,T + ||Pq“

| q’s7Q’T

g 1/s
< C((/ ||Aqe_tAqu_1Pqu0||;dt> + ||Aq_1Pq div F
0

oo+ [ Ellgs0r)

< c(lluoll 7220y + |Fllrsor + N1kl ns.or + 190 =1/g0,5,00.1) -

Thus (1.10) is proved when v = 1. A scaling argument replacing (1.7) by the
system

i, — ANi+Vp=f, divai=k,
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with a(7) = u(t), k(1) = k(t), g(r) = g(t), p(r) = Lp(t), f(r) = Jf(t) and
7 = vt will yield (1.10) when v # 1. Moreover, A 'P, ue C([0,7); LL(2)) and

g

APPu(0) = A P Pyug, of. (4.9). This completes the proof ]

Remark 4.2 (1) Letu € L*(0,7;L%(Q2)) be a very weak solution as in Theorem
1.4. Then, using test functions w € C§°((0,T); C5%(€2)) in Definition 1.3,
we get the existence of a distribution p such that

uw—vAu+Vp=f in (0,7) x Q

in the sense of distributions, cf. [26], [27].

(2) Let u € L*(0,T;L(S2)) be a very weak solution as in Theorem 1.4. Given
h € C((0,T); WY (9Q)) with N - h = 0 we find an extension w"(t) :=
0" e C3((0,T); D(Ay)) with N - vwh( )|, = Pt (2.12). Then h > "
is a linear mapping with ("), = @". Using @" as test function in (1.8) a
calculation as in Remark 3.1(2) ylelds the formula

V(N x g, N X hyaqr = {u, 0" )qr + v{u, A" g1 — (F,Vi")qr. (4.10)

Since (N xg, Nxh)sor = <qu|as2’ N x h)aq,r for smooth u, the right hand
side of (4.10) yields a definition of the boundary distribution N X u(t)|ag’
the tangential part of u| . Analogously to Remark 3.1(2) also the normal
component N - u(t)|6Q is well-defined, cf. (3.16) and (1.5). Therefore, the
general trace property Uy =9 in (1.7) is well defined beyond the usual
trace theorem.

(3) As already mentioned, the property A;'Pu, € L° (0,73 LL(2)) yields
A'Pu e C°([0,7); LE(2)) and implies that the initial value ug of u is
well-defined in the sense A;quu|t:0 = A" Pyuo. According to the definition
of 72°(€2) the initial condition implies that u(0) coincides with uy only up

to a gradient. This is obvious from the variational formulation (1.8) since
w(0) € CF () is solenoidal.

5 The Navier-Stokes System, Proof of Theorem 1.2

Given data f = div F,k, g and ug as in (1.2), (1.3) let u € L*(0,T;L9(<2)) be
a very weak solution of the nonstationary Navier-Stokes system (1.1). Further
let £ = E/F9u0 be the very weak solution of the instationary nonhomogeneous
Stokes system

E,—vAE+Vh = f, divE = k in(0,7)xQ

_ (5.1)
E|8Q = 9

li=0
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such that A;'P,E, € L*(0,T7 L9(2)) and

lvE

T 1/s
sy < c<( | g0, Pyl ) (5.2

+ ||F

lr.s. 0, + [lvk

|r,s.0,7 + ||V9||—1/q;q,s,aQ,T> :

see Theorem 1.4. Then the variational formulations (1.4) for v and (1.8) for E
imply that & = u — F satisfies diva =0, N - 1fc|6Q =0 and

—(t, weyar — v(t, Aw)gr = (u® u, Vw)gr + (ku, wyar (5.3)

for all w € C*([0,7);C3,(2)). This nonlinear problem will be rewritten as a
nonlinear integral equation in % which is the starting point to find a solution
by Banach’s Fixed Theorem. For this purpose, we analyze the term Aq_o‘Pq(u-Vu)
Wherea:;—qﬂL% < 1.

Lemma 5.1 (1) Let u € L(Q) such that k = divu € L"(Q) where 3 +% =1
and 3 < g < 0. Thenforoz:;’—q+%<1
1A= Pu - Vullya < c(lull2g + [Flle lully) (5.4)
with ¢ = ¢(2,q) > 0.
(2) Letu e L* (O,T, Lq(Q)) such that k = divu € L* (O,T; L’"(Q)) where r, s, q
satisfy (1.3). Then for a = ;’—q +3<1
A Pyu - Vullgspzor < c(llullgsor + [Ellrsor [ullgser) (5.5)
with ¢ = ¢(2,q) > 0.
Proof.

(1) For an arbitrary test function v € D(Ag) we have to estimate (u - Vu,v) =
—(u ® u, Vv) — (ku,v) by [|[Agv|ly 0. By Hélder’s inequality, (2.14); and

(2.15), (with o’ = 2 instead of a, 20’ + ~5+ = 3, applied to Azg/zz),v) we

2q (g/2) q"
get that
(u@u, Voya| < [lu®ullgze llVollge e
1/2
< cllullZo 1A 0y vllgr2y 0
< cflull? o [[ASv]lq -

Moreover, by (2.15), (with 2« + % = % where v = (L + %)71 )

[(ku, v)ol < kllno llullge 0]l 0
< C||k||r,ﬂ||U|q,ﬂ||Ag'U||q’,Q-

Combining the previous inequalities we get (5.4).
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(2) Using (5.4) for a.a. t € (0,7') and integrating its 5-power on (0,7") we prove
(5.5). This proves Lemma 5.1 u

To prove Theorem 1.2 we consider w € C*([0,1); C3,(Q2)) in (5.3) and let v =

Ayw where A, = A,+ 1. Then the calculation which led from (4.6) to (4.9) (with
up =0, E=0and AJ'P,divF € L*(0,T; LL(S)) replaced by —A;*P,(u - Vu))
yields the identity

—<[1;1an, v ar + V<Aq/iglpqa, Vyar = _<AgA;1A;an(u -Vu), v)ar

and the representation formula
t
A P(t) = - /0 e A A% A LA Py (u- V) dr .

Since a(t) € LL(Q) and A7P,(u- Vu) € L*/2(0,T; LL(2)) we may apply A, to
get that

t
a(t) = —A2 / e =4 AP (u-Vu)dr, 0<t<T. (5.6)
0

Moreover, we conclude from Lemma 2.2 that
u(t) € R(Ay), A,u(t) € LL(Q) forallt el0,T),
A % € L2(0,T; LE(Q)), A, e C([0,T); LL(R)), (5.7)
A0 e L*2(0,T; LL(Q)).

Finally, the initial value A *@(0) = 0 is well-defined.

To construct a very weak solution v = @ + E on some interval [0,77), 0 <
T' < T, we write (5.6) as the fixed point equation

= F(a)
where

t
Flu) = — / Ae A AP ((a+E) - V(i + E)) dr. (5.8)
0

For the application of Banach’s Fixed Point Theorem we have to estimate F ()
in L*(0,T; L1(Q)).
By (2.16)

[F(@)(#)lg.0 < CV“/O (t=7) A, *Py((i + B) - V(i + E))

|q,Q dT.

Then the Hardy-Littlewood inequality ([26], 28], with (1 —a) + ; = 775, Le.,
1

« = ) and Lemma 5.1 imply that
IF (@) lgsor < cv |4, Py((i+ E) - V(i + E)) llg.s200 (5.9)

— ~ 2 ~
< e [(lallgsor + |1Ellgsor)” + [Elrsor (lillgsor + 1 Ellgsor)]-
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To control the interval of existence [0,7") let

A=cw™®, B=B(I) = |Elyar. C=C(1)=av|k

|T’S7Q’T,

for T'" € (0,T] to be chosen below. Hence, replacing 7" by 7" in (5.9), we get that

||~7:(a)||q,s,Q,T’ + B < A(“@Hq,s,Q,T’ + B)2 + C(“@Hq,s,Q,T’ + B) + B. (5-10)

Consider the closed ball B = {@ € L*(0,1"; L¢(?)) : ||allgs0r + B < y1} in
L? (O,T’;Lg(Q)) where y; > B is the smallest positive root of the quadratic
equation y = Ay? + Cy + B. Assuming

4AB +20 < 1 (5.11)

we get y; = 2B(1 — C 4+ /14 C?— (4AB + 20))71. The smallness condition
(5.11) is satisfied if

I1E

lg.s, 0, + |Ellrs,0 < o v,

or, due to (5.2), if

r —vtA, -1 s 1/s
(/0 lvAge (4, Pyu); dr )

HIE .00 + [lvE

|T‘,S,Q,T’ + ||Vg||*1/q;q,s,3Q,T’ < CV1+a (512)

where ¢ = ¢(€2, ¢) > 0 is independent of the data and of 7", v. Obviously (5.12) is
satisfied for a sufficiently small 7" = T'(f, k, g, up,v) € (0,T]. In particular, the
interval of existence (0,7”) may be infinite.

The conditions (5.10), (5.11) or (5.12) imply that F maps the closed ball B
into itself. For 4,0 € B we similarly obtain that

||-7:(@) - ]:(@)Hq,s,Q,T’ A(||17, |q,s,Q,T’ + ||7A’ |q,s,Q,T’ + 2B) ||@ -0
24y |4 — 0llg.s 017 -

S | q’s7Q’T,
<

Since by (5.11) y; is shown to be less than 2B, (5.11) proves that F is a strict
contraction in B. Then Banach’s Fixed Point Theorem yields the existence of a
fixed point 4 of F unique in B. Finally we obtain that u = 4 + E is a very weak
solution of (1.1).

It remains to prove the uniqueness within the class of all very weak solutions
of (1.1) on (0,7"). In addition to u let v € L*(0,T; L(Q2)) be a very weak solution
of (1.1). Then v = v — E has the representation (5.6) with u, @ replaced by v, 0.
Therefore, for U = u — 0,

t
Ut) = —/ Age DA ep (U-V(a+E)+ (6+ E)-VU)dr, 0<t<T.
0
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The same estimate as for F(a) in (5.9) leads to the inequality

U

Irssr) U

s < c(lullgsor + 1vllgsor + ||k lg,s.017 (5.13)

where ¢ = ¢(€Q,v,q) > 0 is independent of 7" € (0,7"]. Hence we may choose
T" € (0,7"] such that the term in front of ||U||4 s on the right-hand side of
(5.13) is less than 1. This choice of T" yields U = 0 and consequently u = v
on [0,7"). If T" < T', we may repeat this procedure finitely many times to get
u=wvon [0,7") if T" < co. For T" = 0o we get u = v on [0,7") for every T" < oo,
i.e., u =wv on [0,00). This completes the proof of Theorem 1.2. [

Remark 5.2 (1) Let u € L*(0,T; L9(2)) be a very weak solution of the Navier-
Stokes system (1.1). Then as in the linear case, c¢f. Remark 4.2(1), there
exists a distribution p on (0,7") x € such that

ug—vAu+u-Vu+Vp=f divu==k
in the sense of distributions.
(2) For each very weak solution u of (1.1) there exists an explicit trace formula

for u|,  analogously to Remark 4.2(2). Thus ul,, = 9 is well-defined in the
sense of distributions on 0f2.

(3) Each very weak solution u € L*(0,T7; LY(2)) of (1.1) has the unique decom-
position
u=u+FE with 4, FE€ LS(O,T; Lq(Q)),

where E = EFF9u is defined by (5.1) and the ”perturbation 4 is a very
weak solution of the "homogeneous* system

iy —vAU+ (a4 E)-V(i+E)+Vh = 0, divi = 0 in (0,7) x €,

a| = 0, a| = 0,
t=0 o0

leading to the variational formulation

— (0, wi)or — V{0, Aw)or = (0 + E) ® (0 + E), Vw)or + (k(i + E), wyar

for all w € C§([0,T);C3,()). The unique solution @ has the regularity
properties (5.7). Finally, since A7'P,Ey € L* (0,1 LL(S)),

—1 _ -1 —« ~ _
A, PqE|t:0 = A, Py and A, Pqu|t:0 =0

yielding a precise formulation for u(0) = ug in (1.1).
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