
Very Weak Solutions of the

Navier-Stokes Equations in Exterior

Domains with Nonhomogeneous Data

R. Farwig, H. Kozono, H. Sohr

Abstra
t

We investigate the nonstationary Navier-Stokes equations in an exterior

domain 
 � R

3

in a solution 
lass L

s

�

0; T ;L

q

(
)

�

of very low regularity in

spa
e and time, satisfying Serrin's 
ondition

2

s

+

3

q

= 1 but not ne
essarily

any di�erentiability property. The nonhomogeneous boundary data u

j

�


=

g 2 L

s

�

0; T ;W

�1=q;q

(�
)

�

are the weakest possible beyond the notion of

usual tra
e theorems; moreover, we pres
ribe a divergen
e k = divu 2

L

s

(0; T ;L

r

(
)

�

, where

1

3

+

1

q

=

1

r

. In prin
iple, we follow Amann's notion

of very weak solutions, see [3℄, [4℄.
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1 Introdu
tion and Main Theorems

Throughout this paper, 
 � R

3

is an exterior domain with nonempty, 
ompa
t

boundary �
 of 
lass C

2;1

and [0; T ), 0 < T � 1, denotes the time interval. In

[0; T )� 
 we 
onsider the instationary Navier-Stokes equations

u

t

� ��u + u � ru+rp = f in (0; T )� 


div u = k in (0; T )� 


u = g on (0; T )� �


u = u

0

at t = 0

(1.1)
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with 
onstant vis
osity � > 0, nonhomogeneous external for
e f = divF =

�

P

3

i=1

�

i

F

ij

�

3

j=1

, divergen
e k, boundary data g, and initial value u

0

satisfying

F = (F

ij

)

3

i;j=1

2 L

s

�

0; T ;L

r

(
)

�

k 2 L

s

�

0; T ;L

r

(
)

�

g 2 L

s

�

0; T ;W

�1=q;q

(�
)

�

u

0

2 J

q;s

�

(
)

(1.2)

where

2

s

+

3

q

= 1; 2 < s <1; 3 < q <1 and

1

3

+

1

q

=

1

r

; (1.3)

see Subse
tion 2.5 for the de�nition of the spa
e J

q;s

�

(
) of initial values. Fol-

lowing Amann [3℄, [4℄ in prin
iple, we de�ne a very weak solution of (1.1):

De�nition 1.1 Suppose that the data f = divF; k; g and u

0

satisfy (1.2), (1.3).

Then u 2 L

s

�

0; T ;L

q

(
)

�

is 
alled a very weak solution of the Navier-Stokes

system (1.1) in the exterior domain 
 � R

3

if for all w 2 C

1

0

�

[0; T ); C

2

0;�

(
)

�

where C

2

0;�

(
) = fv 2 C

2

(
) : div v = 0; supp v 
ompa
t in 
; v

j

�


= 0g the

relation

Z

T

0

(�hu; w

t

i




� �hu;�wi




+ �hg;N � rwi

�


� hu
 u;rwi




� hku; wi




) dt

= hu

0

; w(0)i




�

Z

T

0

hF;rwi




dt for all w 2 C

1

0

�

[0; T ); C

2

0;�

(
)

�

(1.4)

and the 
onditions

div u(t) = k(t) in 
; N � u(t)

j

�


= N � g(t) for a.a. t 2 (0; T ) (1.5)

are satis�ed.

Here, at x = (x

1

; x

2

; x

3

) 2 �
 the outer normal is denoted by N = N(x) 2 R

3

.

The term h�; �i




denotes the usual L

q

�L

q

0

{pairing in 
 or the appli
ation of the

fun
tional u

0

2 J

q;s

�

(
) at w(0) = w

j

t=0

2 C

2

0;�

(
), 
f. Subse
tion 2.5, and

hg(t), N � rw(t)i

�


is the value of the distribution g(t) 2 W

�1=q;q

(
) at the

normal derivative N � rw(t) of w(t). Note that we used the elementary relation

u � ru = div (u
 u)� ku where u
 u = (u

i

u

j

)

3

i;j=1

.

An elementary 
al
ulation shows that for a solenoidal ve
tor �eld w

N � rw(t) = 
urlw(t)�N on �
: (1.6)

Therefore, (1.4) 
ontains a 
ondition only on the tangential 
omponent N � g

of g on �
, and we have to suppose the additional 
ondition in (1.5) for the

normal 
omponent N � g = N � u

j

�


. Note that the data (1.2) need not satisfy

any 
ompatibility 
ondition as for bounded domains, see [10℄.

Then our main theorem reads as follows:
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Theorem 1.2 Let 
 � R

3

be an exterior domain with boundary �
 2 C

2;1

.

Suppose that the data f = divF; k; g and u

0

satisfy (1.2), (1.3). Then there

exists a T

0

= T

0

(f; k; g; u

0

; �) 2 (0; T ℄ and a unique very weak solution u 2

L

s

�

0; T

0

;L

q

(
)

�

of the nonhomogeneous Navier-Stokes system (1.1). The interval

of existen
e [0; T

0

) is determined by the 
ondition (5.12) below and in
ludes the


ase T

0

= T =1.

There are not many referen
es on the system (1.1) for the very general non-

homogeneous 
ase div u = k 6= 0 and u

j

�


= g 6= 0, but there are several results

for k = 0; g 6= 0; see [3℄, [4℄, [8℄, [10℄, [14℄, [16℄, [19℄, and [20℄. Amann's approa
h

in Besov spa
es [3℄, [4℄ seems to be the �rst one working in solution 
lasses with

u

j

�


6= 0 beyond the usual tra
e theorems. Our purpose is to extend the solu-

tion 
lass to the weakest possible 
lass by keeping uniqueness, and to the 
ase

div u 6= 0. Furthermore, we develop the 
orresponding theory also for the lin-

ear stationary and instationary Stokes equation with inhomogeneous data. For

further referen
es see [14℄.

We will see in Remark 5.2 that a very weak solution satis�es the �rst equation

of (1.1) in the sense of distributions, together with some distribution p. Moreover,

the boundary 
ondition u

j

�


= g is well de�ned in the sense of distributions

on �
, but not in the sense of usual tra
e theorems. A
tually, the tangential


ondition N �u

j

�


= N � g is impli
itly de�ned as a distribution by the relation

(1.4) via the boundary term �hg;N � rwi

�


, see Remark 4.2 (2). Moreover, the

tra
e N � u

j

�


= N � g of the normal 
omponent is well de�ned in the usual weak

sense, see (2.2). Finally, we see that the initial 
ondition u(0; �) = u

0

in (1.1) has

a pre
ise meaning "modulo gradients\, see Subse
tion 2.5, sin
e w(0) 2 C

2

0;�

(
)

in (1.4) is solenoidal.

It is remarkable that a very weak solution u of (1.1) need not satisfy any energy

inequality like weak solutions in the sense of Leray and Hopf; in parti
ular, u need

not have �nite energy

1

2

kuk

2

2;1

+

1

2

kruk

2

2;2

<1. This justi�es the notion of a very

weak solution. On the other hand, a very weak solution possesses the uniqueness

property on its interval of existen
e [0; T

0

) be
ause of the Serrin 
ondition, 
f.

(1.3). Note that the uniqueness of weak solutions in the sense of Leray and Hopf

is open.

The proof of Theorem 1.2 is based on the unique de
omposition u = û + E

where E 2 L

s

�

0; T ;L

q

(
)

�

is the very weak solution of the linearized nonhomo-

geneous system

E

t

� ��E +rh = f; divE = k in (0; T )� 


E

j

�


= g; E(0; �) = u

0

and where û 2 L

s

�

0; T ;L

q

(
)

�

is the very weak solution of the "homogeneous\

nonlinear system

û

t

� ��û + (û+ E) � r(û+ E) +rp̂ = 0; div û = 0 in (0; T )� 
;

3



satisfying û

j

�


= 0, u(0; �) = 0, 
f. (5.1), (5.3) below.

The generalized nonstationary Stokes system we 
onsider here has the form

u

t

� ��u +rp = f; div u = k in (0; T )� 
;

u

j

�


= g; u = u

0

at t = 0;

(1.7)

where f = divF; k; g and u

0

satisfy (1.2) and where 1 < s < 1, 3 < q < 1

and

1

3

+

1

q

=

1

r

yielding

3

2

< r < 3. Note that Serrin's 
ondition

2

s

+

3

q

= 1 is

not needed for this linear problem. See Subse
tions 2.3 and 2.5 
on
erning the

Stokes operator A

q

and the generalized meaning of A

�1

q

P

q

u

0

of the distribution

u

0

. In this linear 
ase the de�nition of a very weak solution reads as follows:

De�nition 1.3 Suppose that the data f = divF; k; g and u

0

satisfy (1.2) with

1 < s < 1, 3 < q < 1 and

1

3

+

1

q

=

1

r

. Then u 2 L

s

�

0; T ;L

q

(
)

�

is


alled a very weak solution of the nonstationary Stokes system (1.7) if for all

w 2 C

1

0

�

[0; T );C

2

0;�

(
)

�

Z

T

0

�

� hu; w

t

i




� �hu;�wi




+ �hg;N � rwi

�


�

dt

= hu

0

; w(0)i




�

Z

T

0

hF;rwi




dt (1.8)

and if

div u(t) = k(t) in 
; N � u(t)

j

�


= N � g(t) for a.a. t 2 (0; T ) ;


f. (1.5), are satis�ed.

Theorem 1.4 Let 
 � R

3

be an exterior domain of 
lass C

2;1

, let f = divF; k; g

and u

0

satisfy (1.2) with 1 < s < 1, 3 < q < 1 and

1

3

+

1

q

=

1

r

. Then there

exists a unique very weak solution u 2 L

s

�

0; T ;L

q

(
)

�

of (1.7) satisfying

A

�1

q

P

q

u

t

2 L

s

�

0; T ;L

q

�

(
)

�

; A

�1

q

P

q

u 2 C

�

[0; T );L

q

�

(
)

�

;

A

�1

q

P

q

u

j

t=0

= A

�1

q

P

q

u

0

; (1.9)

and the a priori estimate

kA

�1

q

P

q

u

t

k

q;s;
;T

+ k�uk

q;s;
;T

� 


�

ku

0

k

J

q;s

�

(
)

+ kFk

r;s;
;T

+ k�kk

r;s;
;T

+ k�gk

�1=q;q;s;�
;T

�

(1.10)

where 
 = 
(q; s;
) > 0. Moreover, the term ku

0

k

J

q;s

�

(
)

may be repla
ed by the

smaller term

� R

T

0

k�A

q

e

��tA

q

A

�1

q

P

q

u

0

k

s

q;


dt

�

1=s

. The solution u possesses the

expli
it representation (4.5) below.
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Finally we 
onsider { indeed as a starting point of the proofs { the nonhomo-

geneous stationary Stokes system

���u +rp = f; div u = k in 
; u

j

�


= g (1.11)

with data f = divF; k and g satisfying

F 2 L

r

(
); k 2 L

r

(
); g 2 W

�1=q;q

(�
); 3 < q <1;

1

3

+

1

q

=

1

r

(1.12)

yielding

3

2

< r < 3.

De�nition 1.5 Given data f = divF; k; g as in (1.12) a ve
tor �eld u 2 L

q

(
)

is 
alled a very weak solution of the stationary Stokes system (1.11) if the relation

��hu;�wi




+ �hg;N � rwi

�


= �hF;rwi




; w 2 C

2

0;�

(
); (1.13)

and the 
onditions

div u = k in 
; N � u

j

�


= N � g (1.14)

are satis�ed.

Theorem 1.6 Let 
 � R

3

be an exterior domain with boundary of 
lass C

2;1

,

and let the data f = divF; k; g satisfy (1.12). Then there exists a unique very

weak solution u 2 L

q

(
) of the stationary Stokes system (1.11) in the sense of

(1.13) { (1.14) satisfying the a priori estimate

k�uk

q;


� 


�

kFk

r;


+ k�kk

r;


+ k�gk

�1=q;q;�


�

where 
 = 
(
; q) > 0. Moreover, u possesses the representation (3.14) below.

This paper is organized as follows. In Se
tion 2 we introdu
e several fun
tion

spa
es and operators and re
all important properties of them. The proof of the

main Theorem 1.2 is based on Theorems 1.4, 1.6 and on a �xed point argument.

Therefore, Se
tion 3 deals with the proof of Theorem 1.6, Se
tion 4 with the

proof of Theorem 1.4, and the �nal Se
tion 5 is devoted to the nonlinear 
ase in

Theorem 1.2. Note that the reals 
; 


1

; 


2

> 0 are generi
 
onstants depending on

the exponents q; r; s et
., and on the exterior domain 
, but not on the fun
tions

involved in subsequent estimates.

2 Notations and Preliminaries

2.1 Classi
al Fun
tion Spa
es

Given 1 < q <1 and q

0

=

q

q�1

we need the usual Lebesgue and Sobolev spa
es,

L

q

(
), W

�;q

(
), where � � 0, and W

�;q

0

(
) � W

�;q

(
) with norms k�k

L

q

(
)

=

5



k�k

q;


and k�k

W

�;q

(
)

= k�k

�;q;


, resp. The spa
e W

��;q

(
) := W

�;q

0

0

(
)

0

de-

notes the dual spa
e of W

�;q

0

0

(
) with the natural pairing h�; �i




and the norm

k�k

W

��;q

(
)

= k�k

��;q;


: If � = 0, then hf; hi




=

R




f � h dx for f 2 L

q

(
),

h 2 L

q

0

(
); here f � h denotes the s
alar produ
t of ve
tor or matrix �elds. Note

that the same symbol L

q

(
) et
. will be used for spa
es of s
alar-, ve
tor- or

matrix-valued �elds.

For the boundary �
 of the domain 
 � R

3

let L

q

(�
), W

�;q

(�
),

W

��;q

(�
) = W

�;q

0

(�
)

0

, where 0 < � � 2, denote the 
orresponding fun
-

tion spa
es, using the norms k�k

L

q

(�
)

= k�k

q;�


, k�k

W

�;q

(�
)

= k�k

�;q;�


and

k�k

W

��;q

(�
)

= k�k

��;q;�


, resp., and the natural duality pairing h�; �i

�


. Note

that the restri
tion � � 2 in this 
ase is needed sin
e �
 2 C

2;1

: In parti
ular,

the pairing between L

q

(�
) and its dual L

q

0

(�
) is given by

hf; gi

�


=

Z

�


f � g dS

where

R

�


: : : dS denotes the surfa
e integral on �
. For more details 
f. [1℄, [12℄,

[12℄ and [28℄.

Let C

m

(
); C

m

0

(
) and C

m

(
); m 2 N [ f+1g, denote the usual spa
es of

smooth fun
tions. An important fun
tion spa
e is

C

m

0

(
) := fv 2 C

m

(
) : supp v 
ompa
t in 
; v = 0 on �
g:

For the spa
e C

1

0

(
)

0

of distributions, the dual spa
e of C

1

0

(
), the duality

pairing on 
 is denoted by h�; �i




. Finally, we use the boundary distributions

C

1

(�
)

0

with test fun
tions from C

1

(�
) and with the pairing h�; �i

�


.

The subspa
es of solenoidal ve
tor �elds are denoted by appending the sub-

s
ript

0

�

0

leading to the spa
es C

1

0;�

(
) = fv 2 C

1

0

(
) : div v = 0g and

C

m

0;�

(
) = fv 2 C

m

0

(
) : div v = 0g as well as to the dual spa
e C

m

0;�

(
)

0

of

C

m

0;�

(
) with pairing h�; �i




. By a theorem of de Rham, [27℄, I, Prop. 1.1, a

distribution d 2 C

1

0

(
)

0

vanishing at all v 2 C

1

0;�

(
) may be written in the form

d = rh with a s
alar distribution h. Let L

q

�

(
) denote the 
losure of C

1

0;�

(
)

in the norm k�k

q;


. It is well known that L

q

�

(
)

0

= L

q

�

0

(
) using the standard

pairing h�; �i




.

2.2 Tra
es and Extensions

Let � = 1; 2: Given an exterior domain 
 � R

3

with boundary of 
lass C

2;1

;

let B � R

3

be an open ball with �
 � B and let 


0

:= 
 \ B. Then the

tra
e map f 7! f

j

�


is a well de�ned linear bounded operator from W

�;q

(
)

onto W

��1=q;q

(�
), and there exists a linear bounded extension operator E :

W

��1=q;q

(�
)!W

�;q

(
); h 7! E

h

, su
h that E

h

j

�


= h. The extension operator


an be 
onstru
ted in su
h a way that suppE

h

� 


0

for all h 2 W

��1=q;q

(�
).

6



Let 1 < r < 3 and let q > r be de�ned by

1

3

+

1

q

=

1

r

. Given f 2 L

q

(
) with

div f 2 L

r

(
) we use Green's identity in 


0

and the tra
e spa
e W

1�1=q

0

;q

0

(�
) =

W

1=q;q

0

(�
) to get that

hdiv f; E

h

i




0

= hN � f; hi

�


� hf;rE

h

i




0

; h 2 W

1=q;q

0

(�
): (2.1)

Sin
e q >

3

2

and 
onsequently 1 < q

0

< 3, the embedding and extension estimate

kE

h

k

r

0

;


0

� 
(kE

h

k

q

0

;


0

+ krE

h

k

q

0

;


0

) � 
khk

1=q;q

0

;�


holds with

1

3

+

1

r

0

=

1

q

0

and 
 = 
(
; q) > 0. Consequently,

jhN � f; hi

�


j � 
(kfk

q;


0

+ kdiv fk

r;


0

)khk

1=q;q

0

;�


� 
(kfk

q;


+ kdiv fk

r;


)khk

1=q;q

0

;�


(2.2)

for all h 2 W

1=q;q

0

(�
). Hen
e the tra
e N � f

j

�


2 W

�1=q;q

(�
) of the normal


omponent of f on �
 is well de�ned and satis�es the estimate

kN � fk

�1=q;q;�


� 
(kfk

q;


0

+ kdiv fk

r;


0

) � 
(kfk

q;


+ kdiv fk

r;


) (2.3)

with the same 
 > 0 as in (2.2).

Analogously, by the identity

h
url f; E

h

i




0

= hN � f; hi

�


+ hf; 
urlE

h

i




0

; (2.4)

we obtain the following tra
e property: Given f 2 L

q

(
) with 
url f 2 L

r

(
)

where 1 < r < 3;

1

3

+

1

q

=

1

r

, the tra
e N � f

j

�


2 W

�1=q;q

(�
) of the tangential


omponent of f on �
 is well de�ned, and it holds the estimate

kN � fk

�1=q;q;�


� 


�

kfk

q;


0

+ k
url fk

r;


0

�

� 


�

kfk

q;


+ k
url fk

r;


�

: (2.5)

Consider the divergen
e problem

div b = f in 


0

; b = 0 on �


0

(2.6)

for given right-hand side f . If 1 < q <1 and f 2 L

q

(


0

) satisfying

R




0

f(x)dx =

0, then there exists some b = b

f

2 W

1;q

0

(


0

) solving (2.6) su
h that

kb

f

k

1;q;


0

� 
(


0

; q) kfk

q;


0

: (2.7)

Moreover, if additionally f 2 W

1;q

0

(


0

), then b

f

2 W

2;q

0

(
) and

kb

f

k

2;q;


0

� 
(


0

; q) krfk

q;


0

; (2.8)


f. [11℄, III, Theorem 3.2.
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In the 
ase of an exterior domain 
 � R

3

let 1 < r < 3 and f 2 L

r

(
). Then

by [11℄, III, Theorem 3.4 and II, Remark 5.2, there exists b 2 L

q

(
),

1

3

+

1

q

=

1

r

,

with rb 2 L

r

(
), b

j

�


= 0 satisfying div b = f and the estimate

kbk

q;


� 
krbk

r;


� 


0

kfk

r;


(2.9)

with 
onstants 
; 


0

> 0 depending only on 
 and on r. Note that in ea
h 
ase

b = b

f


an be 
hosen to depend linearly on f .

Using properties of the weak Neumann problem [23℄ we �nd for ea
h h 2

W

�1=q;q

(�
) a ve
tor �eld E

h

2 L

q

(
) depending linearly on h su
h that divE

h

2

L

r

(
), N � E

h

j

�


= h, suppE

h

� 


0

satisfying the estimate

kE

h

k

q;


+ kdivE

h

k

r;


� 
khk

�1=q;q;�


: (2.10)

By an extension theorem for the bounded domain 


0

, 
f. [22℄, Theorem 5.8 or

[28℄, Subse
tion 5.4.4 we obtain the following result: For every h 2 W

1�1=q;q

(�
)

there exists an extension w

h

2 W

2;q

(
) \W

1;q

0

(
) depending linearly on h su
h

that N � rw

h

j

�


= h, suppw

h

� 


0

and

kw

h

k

2;q;


= kw

h

k

2;q;


0

� 
khk

1�1=q;q;�


: (2.11)

If additionally N � h = 0 on �
, then a 
al
ulation shows that

divw

h

j

�


0

= 0; N � rw

h

j

�


= 
urlw

h

j

�


�N = h:

Moreover, sin
e

R




0

divw

h

dx = 0, divw

h

2 W

1;q

0

(


0

), we may use (2.6) { (2.8)

to �nd ŵ

h

= w

h

� b

f

2 W

2;q

(
) \W

1;q

0

(
); f = divw

h

; depending linearly on h

su
h that supp ŵ

h

� 


0

,

div ŵ

h

= 0 in 
; N � rŵ

h

= 
url ŵ

h

j

�


�N = h;

kŵ

h

k

2;q;


0

= kŵ

h

k

2;q;


� 
khk

1�1=q;q;�


(2.12)

with 
 = 
(
;


0

; q) > 0 in (2.10) { (2.12). Note that the extensions E

h

; w

h

; ŵ

h

are �rst of all 
onstru
ted for 


0

by setting N � E

h

j

�B

= 0; and w

h

j

�


0

= 0;

N � rw

h

j

�B

= 0: Then divE

h

2 L

r

(
) and w

h

; ŵ

h

2 W

1;q

0

(
) \W

2;q

(
):

2.3 Helmholtz Proje
tion and Stokes Operator

Given a ve
tor �eld f 2 L

q

(
), 1 < q <1, on the exterior domain 
 � R

3

, the

weak Neumann problem

�p = div f; N � (rp� f)

j

�


= 0

has a unique solutionrp 2 L

q

(
) satisfying the estimate krpk

q;


� 
kfk

q;


with


 = 
(
; q) > 0. Then the Helmholtz proje
tion P

q

de�ned byP

q

f = f �rp is a
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bounded linear operator from L

q

(
) onto the solenoidal subspa
e L

q

�

(
) satisfying

P

2

q

= P

q

and P

0

q

= P

q

0

, i.e., hP

q

f; gi




= hf; P

q

0

gi




for all f 2 L

q

(
); g 2 L

q

0

(
).

Note that P

q

f = P

%

f if f 2 L

q

(
) \ L

%

(
) and 1 < q; % >1, see [23℄.

The Stokes operator A

q

= D(A

q

)! L

q

�

(
) with dense domain

D(A

q

) = L

q

�

(
) \W

1;q

0

(
) \W

2;q

(
) � L

q

�

(
)

is de�ned by A

q

u = �P

q

�u, u 2 D(A

q

); its range fA

q

u : u 2 D(A

q

)g will

be denoted by R(A

q

). Note that for two exponents 1 < q; r < 1 and for

u 2 D(A

q

) \ D(A

r

) we get A

q

u = A

r

u. As usual, D(A

q

) will be equipped with

the graph norm kuk

q;


+ kA

q

uk

q;


for u 2 D(A

q

). Con
erning more details on

the Stokes operator see [6℄, [8℄ { [19℄, [25℄ { [27℄.

For � 2 [�1; 1℄ the fra
tional power A

�

q

: D(A

�

q

)! L

q

�

(
) with dense domain

D(A

�

q

) � L

q

�

(
) is a well de�ned, inje
tive operator su
h that

(A

�

q

)

�1

= A

��

q

; R(A

�

q

) = D(A

��

q

); (A

�

q

)

0

= A

�

q

0

:

We mention several important embedding estimates for the sequel:

kA

1=2

q

uk

q;


� 
kruk

q;


; 1 < q <1; u 2 D(A

1=2

q

);

kA

q

uk

q;


� 
kr

2

uk

q;


; 1 < q <1; u 2 D(A

q

);

(2.13)

and, by [5℄, Theorem 4.4 and [18℄, Theorem 3.1, resp.,

kruk

q;


� 
kA

1=2

q

uk

q;


; 1 < q < 3; u 2 D(A

1=2

q

);

kr

2

uk

q;


� 
kA

q

uk

q;


; 1 < q <

3

2

; u 2 D(A

q

);

(2.14)

in ea
h 
ase 
 = 
(
; q) > 0. In parti
ular, D(A

1=2

q

u) = W

1;q

0

(
) \ L

q

�

(
) when

1 < q < 3. Con
erning further fra
tional powers of A

q

let 1 < q � 
 < 1,

0 � � � 1 and u 2 D(A

�

q

). Then, by [6℄, Corollary 4.6 and [17℄, Corollary 6.7,

resp.,

kuk


;


� 
kA

�

q

uk

q;


; 0 � � �

1

2

; 1 < q < 3 ; 2�+

3




=

3

q

;

kuk


;


� 
kA

�

q

uk

q;


; 0 � � � 1 ; 1 < q <

3

2

; 2�+

3




=

3

q

;

(2.15)

where 
 = 
(
; �; q; 
) > 0.

It is well known that �A

q

generates a uniformly bounded analyti
 semigroup

fe

�tA

q

: t � 0g on L

q

�

(
) satisfying the de
ay estimate

kA

�

q

e

�tA

q

uk

q;


� 
t

��

kuk

q;


; t > 0; (2.16)

where � � 0, 1 < q <1 and 
 = 
(
; q; �) > 0; see [6℄, (3.3) or [18℄, (3.16).
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Let 0 < � � 1, 1 < q < 1 and 
onsider suitable distributions d =

(d

1

; d

2

; d

3

) 2 C

1

0

(
)

0

for whi
h the term A

��

q

P

q

d 2 L

q

�

(
) will be well de�ned

by applying the operations A

��

q

and P

q

in the 
orresponding orders to the "test

fun
tion side\. To be more pre
ise, suppose that hd; vi is well de�ned for all

v 2 D(A

�

q

0

) and satis�es the estimate

jhd; vi




j � 
kA

�

q

0

vk

q

0

;


: (2.17)

Hen
e there exists d

�

2 L

q

�

(
) su
h that

hd; vi




= hd

�

; A

�

q

0

vi




for all v 2 D(A

�

q

0

); (2.18)

note that d

�

is unique, sin
e R(A

�

q

0

) is dense in L

q

0

�

(
). For simpli
ity we write

d

�

= A

��

q

P

q

d, sin
e then formally

hd

�

; A

�

q

0

vi




= hA

��

q

P

q

d; A

�

q

0

vi




= hP

q

d; vi




= hd; P

q

0

vi




= hd; vi




(2.19)

giving A

��

q

P

q

d a generalized meaning. If d 2 C

1

0

(
)

0

satis�es (2.17), we say that

A

��

q

P

q

d 2 L

q

�

(
), well de�ned by d

�

in (2.18). For similar operations see [26℄,

III, Lemma 2.6.1.

Lemma 2.1 Let 
 � R

3

be an exterior domain with �
 2 C

2;1

, let

3

2

< r < 3,

1

3

+

1

q

=

1

r

, and let F = (F

ij

)

3

i;j=1

2 L

r

(
). Then A

�1

q

P

q

divF 2 L

q

�

(
) and

kA

�1

q

P

q

divFk

q;


� 
kFk

r;


; (2.20)

where 
 = 
(
; r) > 0. Hen
e, A

�1

q

P

q

div : L

r

(
) ! L

q

�

(
) is a bounded linear

operator.

Proof. Considering (2.17), (2.18) with d = divF , d

�

= A

�1

q

P

q

divF and � = 1

we have to estimate the term hdivF; vi




=: hA

�1

q

P

q

divF , A

q

0

vi




using kA

q

0

vk

q

0

;


only. Sin
e

1

3

+

1

r

0

=

1

q

0

where 1 < q

0

<

3

2

, we know that D(A

q

0

) � D(A

1=2

r

0

), 
f.

(2.14), and A

1=2

r

0

v = A

1=2

q

0

v 2 D(A

1=2

q

0

) for all v 2 D(A

q

0

). Hen
e (2.14)

1

(with r

0

instead of q) implies for v 2 D(A

q

0

)

jhdivF; vi




j = j � hF;rvi




j � 
kFk

r;


kA

1=2

r

0

vk

r

0

;


:

Moreover, by (2.15)

1

�

with � =

1

2

, 1 +

3

r

0

=

3

q

0

and u = A

1=2

r

0

v 2 D(A

1=2

q

0

)

�

kA

1=2

r

0

vk

r

0

;


� 
kA

1=2

q

0

A

1=2

q

0

vk

q

0

;


= 
kA

q

0

vk

q

0

;


:

Now, (2.20) is proved.
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2.4 The Spa
es L

s

(0; T ;X)

Given a Bana
h spa
e (X; k�k

X

) and 1 < s < 1, let L

s

(0; T ;X) denote the

usual Bo
hner spa
e with norm k�k

L

s

(0;T ;X)

=

�
R

T

0

k�k

s

X

dt)

1=s

. If X = W

�;q

(
)

or X = W

�;q

(�
), 1 < q < 1, � 2 [�1; 1℄, we set k�k

L

s

(0;T ;W

�;q

(
))

= k�k

�;q;s;
;T

and k�k

L

s

(0;T ;W

�;q

(�
))

= k�k

�;q;s;�
;T

, resp. If � = 0, i.e. X = L

q

(
) or L

q

(�
),

we simply write k�k

q;s;
;T

or k�k

q;s;�
;T

, resp. As duality pairing we de�ne

hf; gi


;T

=

Z

T

0

hf; gi




dt; f 2 L

s

�

0; T ;L

q

(
)

�

; g 2 L

s

0

�

0; T ;L

q

0

(
)

�

;

and analogously hf; gi

�
;T

for all f 2 L

s

�

0; T ;L

q

(�
)

�

; g 2 L

s

0

�

0; T ;L

q

0

(�
)

�

:

We will also need the 
lassi
al spa
es C

m

([0; T );X); m = 0; 1; 2; : : :, of X-

valued fun
tions v(t) su
h that (

d

dt

)

j

v(t); 0 � j � m, is 
ontinuous on [0; T ) in

X. The spa
e C

1

0

([0; T );X) is the subspa
e of C

1

([0; T );X) of fun
tion v with


ompa
t support in [0; T ), and C

1

0

�

(0; T );X

�

is that subspa
e where supp v is


ompa
t in (0; T ).

Lemma 2.2 Let 
 � R

3

be an exterior domain with boundary �
 2 C

2;1

,

let f 2 L

s

�

0; T ;L

q

�

(
)

�

, 1 < s, q < 1; and let v

0

2 L

q

�

(
) su
h that

R

1

0

k�A

q

e

��tA

q

v

0

k

s

q;


dt <1. Then the Stokes evolution system

v

t

+ �A

q

v = f in (0; T ); v(0) = v

0

;

has a unique solution v 2 L

s

�

0; T ;D(A

q

)

�

su
h that v

t

2 L

s

�

0; T ;L

q

�

(
)

�

and

v 2 C

0

�

[0; T ); L

q

�

(
)

�

. Moreover, v admits the maximal regularity estimate

kv

t

k

q;s;
;T

+ k�A

q

vk

q;s;
;T

� 


�

�

Z

T

0

k�A

q

e

��tA

q

v

0

k

s

q;


dt

�

1=s

+ kfk

q;s;
;T

�

(2.21)

with 
 = 
(
; q; s) > 0 not depending on T; �, and

v(t) = e

��tA

q

v

0

+

Z

t

0

e

��(t��)A

q

f(�) d�; 0 � t � T: (2.22)

Proof. See [18℄ (3.15) or [25℄. The 
ase v

0

6= 0 is easily redu
ed to the 
ase

v

0

= 0 by 
onsidering v̂(t) = v(t)� e

��tA

q

v

0

.

2.5 The Spa
e of Initial Values

Let 1 < q, s <1. Then the spa
e of initial values, J

q;s

�

(
), is de�ned as a spa
e

of distributions on 
 as follows:

J

q;s

�

(
) :=

�

u

0

2 C

1

0

(
)

0

: A

�1

q

P

q

u

0

2 L

q

�

(
);

Z

1

0

k�A

q

e

��tA

q

A

�1

q

P

q

u

0

k

s

q;


dt <1
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equipped with the seminorm

ku

0

k

J

q;s

�

(
)

:= �

1�1=s

kA

�1

q

P

q

u

0

k

q;


+

�

Z

1

0

k�A

q

e

��tA

q

A

�1

q

P

q

u

0

k

s

q;


dt

�

1=s

;

here, A

�1

q

P

q

u

0

is de�ned as in (2.17) { (2.19). Obviously k�k

J

q;s

�

(
)

be
omes a

norm if we identify u

0

; û

0

2 J

q;s

�

(
) when kA

�1

q

P

q

(u

0

� û

0

)k

q;


= 0, i.e., when

u

0

� û

0

is a gradient �eld, see (2.18) with d

�

= 0. Note that J

q;s

�

(
) 
an be


onsidered as a real interpolation spa
e, 
f. [18℄, (2.5).

Consider a fun
tion u 2 L

s

�

0; T ;L

q

(
)

�

su
h that A

�1

q

P

q

u 2 L

s

�

0; T ;L

q

(
)

�

is well de�ned and (A

�1

q

P

q

u)

t

= A

�1

q

P

q

u

t

2 L

s

�

0; T ;L

q

(
)

�

holds for its time

derivative in the sense of distributions. Then { rede�ning u on a null set of [0; T )

if ne
essary { we obtain that

A

�1

q

P

q

u 2 C

�

[0; T ); L

q

�

(
)

�

; A

�1

q

P

q

u(t) 2 L

q

�

(
) for all t 2 [0; T ); (2.23)

in parti
ular, the initial 
ondition A

�1

q

P

q

u

j

t=0

= A

�1

q

P

q

u

0

in (1.7) is well de�ned.

3 The Stationary Stokes System, Proof of Theorem 1.6

Given data f = divF , k and g, see (1.12), 
onsider a very weak solution u 2

L

q

(
) of the stationary Stokes system (1.11), i.e., of (1.13) { (1.14). First we

assume � = 1; the 
ase � 6= 1 will be an easy 
onsequen
e when 
onsidering

��u+r(

p

�

) =

1

�

f . We will prove the unique representation formula

u =

^

F +

^

G +rH (3.1)

where

^

F ;

^

G and rH 2 L

q

(
) solve suitable auxiliary problems and satisfy the

estimates

k

^

Fk

q;


� 
 kFk

r;


; (3.2)

krHk

q;


� 


�

kkk

r;


+ kg �Nk

�1=q;q;�


�

; (3.3)

k

^

Gk

q;


� 


�

kkk

r;


+ kgk

�1=q;q;�


�

: (3.4)

The �rst term

^

F := A

�1

q

P

q

divF is well de�ned by Lemma 2.1 and satis�es

(3.2), 
f. (2.20). Obviously, 
f. De�nition 1.5 and (2.18), (2.20), u

1

=

^

F is the

unique very weak solution of the system

�hu

1

;�wi




= �hF;rwi




for all w 2 C

2

0;�

(
);

div u

1

= 0 in 
; u

1

j

�


= 0:

(3.5)

Next we solve the system

�hu

2

;�wi




+ hg;N � rwi

�


= 0 for all w 2 C

2

0;�

(
);

div u

2

= 0 in 
; N � u

2

j

�


= 0

(3.6)
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mat
hing only the tangential part of g on �
. To �nd u

2

we estimate hg;N �rwi

�


as follows: Sin
e 1 < q

0

<

3

2

; q

0

< r

0

< 3; 1+

3

r

0

=

3

q

0

, Poin
ar�e's inequality on the

bounded subdomain 


0

= 
 \B and the properties (2.13), (2.14)

1

; (2.15)

1

yield

the estimates

kwk

q

0

;


0

� 
krwk

q

0

;


0

� 
krwk

r

0

;


� 
kr

2

wk

q

0

;


� 
kA

q

0

wk

q

0

;


:

Moreover, it holds the inequality

jhg;N � rwi

�


j � 
kgk

�1=q;q;�


krwk

1=q;q

0

;�


� 
kgk

�1=q;q;�


kwk

2;q

0

;


0

� 
kgk

�1=q;q;�


kA

q

0

wk

q

0

;


;

whi
h immediately extends to all w 2 D(A

q

0

). Hen
e for all v 2 R(A

q

0

); v =

A

q

0

w; we get

jhg;N � rA

�1

q

0

vi

�


j � 
kgk

�1=q;q;�


kvk

q

0

;


whi
h extends to all v 2 L

q

0

�

(
) sin
e R(A

q

0

) is dense in L

q

0

�

(
). Sin
e L

q

0

�

(
)

0

=

L

q

�

(
), there exists a unique G 2 L

q

�

(
) su
h that

�hG; vi




+ hg;N � rA

�1

q

0

vi

�


= 0 for all v 2 R(A

q

0

); (3.7)

and kGk

q;


� 
kgk

�1=q;q;�


. Using the identity g = (g �N)N +N � (g �N) and

(1.6) we see that g in (3.7) may be repla
ed by g � N(g � N); and we get that

even

kGk

q;


� 
kg �N(g �N)k

�1=q;q;�


� 
kN � gk

�1=q;q;�


: (3.8)

Due to (3.7) we 
on
lude with v = A

q

0

w = �P

q

0

�w that u

2

= G is the unique

solution of (3.6) in L

q

�

(
).

However, G will be modi�ed in the third step in whi
h we look for a very

weak solution u

3

2 L

q

(
) of the system

�hu

3

;�wi




= 0 8w 2 C

2

0;�

(
); div u

3

= k; u

3

�N

j

�


= g �N: (3.9)

To �nd the unique solution u

3

of (3.9) we �rst 
onsider the weak solution rH

of the Neumann problem

�H = k; N � rH

j

�


= N � g: (3.10)

To 
onstru
t rH we use the extension E

h

2 L

q

(
) of h = N � g with divE

h

2

L

r

(
); N � E

h

j

�


= h and with 
ompa
t support in 
, see (2.10). Moreover,


f. (2.9), there exists b 2 L

q

(
) satisfying div b = divE

h

� k; b

j

�


= 0 and

rb 2 L

r

(
). Hen
e (3.10) may be written in the form

�H = div (E

h

� b); N �

�

rH � (E

h

� b)

�

j

�


= 0

13



whi
h, 
f. [23℄, has a unique solution rH 2 L

q

(
) satisfying

krHk

q;


� 
kE

h

� bk

q;


� 


�

kE

h

k

q;


+ kdivE

h

� kk

r;


�

� 


�

kN � gk

�1=q;q;�


+ kkk

r;


�

by (2.9), (2.10). This estimate proves (3.3).

To solve (3.9) for u

3

we use the relation

hrH;�wi




= hrH;N � rwi

�


for all w 2 C

2

0;�

(
) (3.11)

whi
h will be proved below. Further, we observe, see (2.3), (2.5), that

krHk

�1=q;q;�


<1 is well de�ned, and that rH

j

�


satis�es the same estimates

as g in (3.7), (3.8). Therefore, we get, instead of G in (3.7), a unique ve
tor �eld

G

0

2 L

q

�

(
) satisfying

�hG

0

;�wi




+ hrH; N � rwi

�


= 0 for all w 2 C

2

0;�

(
) (3.12)

and, using (3.8), (2.5),

kG

0

k

q;


� 
kN �rHk

�1=q;q;�


� 
krHk

q;


: (3.13)

Now, looking at (3.10) { (3.12), we 
on
lude that u

3

:= rH � G

0

is the unique

solution of (3.9).

Summarizing the previous steps, we see that u = u

1

+ u

2

+ u

3

satis�es (1.13),

(1.14), u is a very weak solution of system (1.11), and it holds the representation

(3.1) with

^

G = G � G

0

satisfying (3.4). Moreover, u depends only on the data

F; k; g and satis�es the estimate

kuk

q;


� 


�

kFk

r;


+ kkk

r;


+ kgk

�1=q;q;�


�

due to (3.2) { (3.4). It is unique, sin
e (3.5) with right-hand side F = 0 admits

only the trivial solution.

Finally, we prove (3.11). For this purpose, we approximate H by smooth

fun
tions (H

j

) su
h that krH �rH

j

k

q;


! 0 and krH �rH

j

k

�1=q;q;�


! 0 as

j !1. To �nd H

j

; j 2 N ; we approximate k and g in (3.10) by smooth fun
tions

k

j

; g

j

; let rH

j

be the 
orresponding solutions, and use the estimate (3.3) with

rH; k; g repla
ed by rH � rH

j

; k � k

j

; g � g

j

: Then an integration by parts

yields for every w 2 C

2

0;�

(
)

hrH

j

;�wi




= hrH

j

; N � rwi

�


� hr(rH

j

);rwi




= hrH

j

; N � rwi

�


+ h�(rH

j

); wi




= hrH

j

; N � rwi

�


;

sin
e divw = 0 and w

j

�


= 0. As j !1 we get (3.11). The general 
ase � 6= 1 is

redu
ed to � = 1 by 
onsidering ��u+r

�

p

�

�

=

f

�

and repla
ing F; A

�1

q

P

q

divF

by

F

�

; (�A

�1

q

)P

q

divF: This proves Theorem 1.6.

14



Remark 3.1 (1) The proof of Theorem 1.6 shows that the very weak solution

u 2 L

q

(
) of (1.11) possesses the representation

u = (�A

q

)

�1

P

q

divF +

^

G+rH (3.14)

where rH is de�ned by (3.10) and

^

G = G�G

0

satis�es

h

^

G; vi




= hg �rH

j

�


; N � A

�1

q

0

vi

�


for all v 2 R(A

q

0

):

(2) Let u 2 L

q

(
) be a very weak solution of (1.11). For h 2 W

1=q;q

0

(�
) with

N � h = 0 let ŵ

h

2 D(A

q

0

) with N � rŵ

h

j

�


= h be the extension of h


onsidered in (2.12). Using ŵ

h

as test fun
tion in (1.13) we get that

�hg; hi

�


= �hu;�ŵ

h

i




� hF;rŵ

h

i




;

where hg; hi




equals hN � g;N � hi

�


, sin
e g = (g �N)N + N � (g � N):

Hen
e, in the sense of a boundary distribution, the tangential 
omponent

N � u

j

�


is well-de�ned by

�hN � u;N � hi

�


= �hu;�ŵ

h

i




� hF;rŵ

h

i




: (3.15)

On the other hand, using the extension E

h

2 W

1;q

0

(
) with 
ompa
t support

of an arbitrary fun
tion h 2 W

1;q;q

0

(�
), (2.1) yields the identity

hN � u

j

�


; hi

�


= hk; E

h

i




+ hu;rE

h

i




: (3.16)

Therefore, (3.15) - (3.16) yield an expli
it expression of the tra
e u

j

�


2

W

�1=q;q

(�
). Thus we 
an de�ne a well de�ned tra
e u

j

�


2 W

�1=q;q

(�
) {

beyond the usual tra
e theorems { for ea
h u 2 L

q

(
) satisfying the relations

(1.13), (1.14).

(3) Using test fun
tions w 2 C

1

0;�

(
) in (1.13) de Rham's argument yields a

distribution p su
h that

���u +rp = f

in the sense of distributions.

4 Nonstationary Stokes Systems, Proof of Theorem 1.4

Given data f = divF; k; g and u

0

as in (1.2) with 1 < s <1; 3 < q <1;

1

3

+

1

q

=

1

r

; and let u 2 L

s

�

0; T ;L

q

(
)

�

be a very weak solution of the instationary Stokes

system (1.7), see De�nition 1.3. First we assume that � = 1, the general 
ase

� 6= 1 will be redu
ed to � = 1 by a s
aling transformation 
on
erning t:
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Let E(t) = E

k(t);g(t)

be the very weak solution of the stationary Stokes system

��E(t) +rp(t) = 0; divE(t) = k(t); E(t)

j

�


= g(t) (4.1)

for a.a. t 2 (0; T ). By Theorem 1.6, E 2 L

s

�

0; T ;L

q

(
)

�

and

kEk

q;s;
;T

� 


�

kkk

r;s;
;T

+ kgk

�1=q;q;s;�
;T

�

: (4.2)

Moreover, let rH 2 L

s

�

0; T ;L

q

(
)

�

be de�ned by rH(t) = u(t)�P

q

u(t) for a.a.

t 2 (0; T ), i.e., rH(t) is the weak solution of the Neumann problem

�H(t) = k(t); N � rH(t)

j

�


= N � g(t): (4.3)

Note that, 
f. (3.3), (3.10),

krHk

q;s;
;T

� 


�

kkk

r;s;
;T

+ kgk

�1=q;q;s;�
;T

�

: (4.4)

Lemma 4.1 Consider f = divF; k; g; u

0

as in (1.2) with 1 < s <1, 3 < q <1

and

1

3

+

1

q

=

1

r

, E as in (4.1), (4.2), and a very weak solution u 2 L

s

�

0; T ;L

q

(
)

�

of (1.7). Then the well de�ned representation formula

u(t) = rH(t)+A

q

e

�tA

q

A

�1

q

P

q

u

0

+

Z

t

0

A

q

e

�(t��)A

q

�

A

�1

q

P

q

divF +P

q

E

�

d� (4.5)

holds for a.a. t 2 (0; T ).

Proof. Consider the test fun
tion w 2 C

1

0

�

[0; T );C

2

0;�

(
)

�

and let v =

~

A

q

0

w

where

~

A

q

= A

q

0

+ I. It is well-known, see [17℄, [18℄, [25℄, that

~

A

�1

q

0

and A

q

0

~

A

�1

q

0

are bounded operators on L

q

�

(
). By the weak formulation (1.13) of (4.1) we get

that hE(t);�w(t)i




= hg(t); N � rw(t)i

�


for a.a. t 2 (0; T ) yielding

hg; N � rwi

�
;T

= hE;�wi


;T

:

Then the weak formulation (1.8), using w 2 C

1

0

�

[0; T );C

2

0;�

(
)

�

; v =

~

A

q

0

w, im-

plies the identity

�h

~

A

�1

q

P

q

u; v

t

i


;T

�hu�E; �

~

A

�1

q

0

vi


;T

= hu

0

;

~

A

�1

q

0

v(0)i




�hF;r

~

A

�1

q

0

vi


;T

: (4.6)

Sin
e u(t) � E(t) 2 L

q

�

(
) for a.a. t 2 (0; T ), the se
ond term on the left hand

side will be rewritten as

hu� E; (�A

q

0

)

~

A

�1

q

0

vi


;T

= �hA

q

~

A

�1

q

P

q

(u� E); vi


;T

:

Moreover, the terms on the right-hand side equal

hA

q

~

A

�1

q

(A

�1

q

P

q

u

0

); v(0)i




and hA

q

~

A

�1

q

(A

�1

q

P

q

divF ); vi


;T

; resp.,
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where A

�1

q

P

q

divF 2 L

s

�

0; T ;L

q

�

(
)

�

, 
f. Lemma 2.1, and A

�1

q

P

q

u

0

2 L

q

�

(
), see

Subse
tion 2.5, are well de�ned. Hen
e we get from (4.6) the relation

�h

~

A

�1

q

P

q

u; v

t

i


;T

+ hA

q

(

~

A

�1

q

P

q

u); vi


;T

(4.7)

= hA

q

~

A

�1

q

(A

�1

q

P

q

u

0

); v(0)i




+ hA

q

~

A

�1

q

P

q

E; vi


;T

+ hA

q

~

A

�1

q

A

�1

q

P

q

divF; vi


;T

:

Then a standard argument, see [27℄, III 1.1 or [26℄, IV 1.3, shows that U(t) =

~

A

�1

q

P

q

u(t) is a strong solution of the instationary Stokes system

U

t

+ A

q

U = A

q

~

A

�1

q

(A

�1

q

P

q

divF + P

q

E)

U(0) = A

q

~

A

�1

q

(A

�1

q

P

q

u

0

):

Sin
e the right-hand side is 
ontained in L

s

�

0; T ;L

q

�

(
)

�

and in L

q

�

(
), resp.,

Lemma 2.2 yields U

t

; A

q

U 2 L

s

�

0; T ;L

q

�

(
)

�

and the representation

U(t) = A

q

~

A

�1

q

e

�tA

q

(A

�1

q

P

q

u

0

) +

Z

t

0

e

�(t��)A

q

A

q

~

A

�1

q

(A

�1

q

P

q

divF + P

q

E) d� :

We may apply

~

A

q

to both sides of this identity to obtain that

P

q

u(t) = A

q

e

�tA

q

A

�1

q

P

q

u

0

+

Z

t

0

A

q

e

�(t��)A

q

(A

�1

q

P

q

divF + P

q

E) d� (4.8)

for a.a. t 2 (0; T ). Sin
e u(t) = rH(t) + P

q

u(t), (4.5) is proved.

Given data f = divF; k; g and u

0

, let u be de�ned by (4.5). Pro
eeding as in

the proof of Lemma 4.1 we get that u is a very weak solution of (1.7).

The right-hand side of (4.8) is 
ontained in R(A

q

) for a.a. t 2 (0; T ). There-

fore A

�1

q

P

q

u(t) is well-de�ned and it holds

A

�1

q

P

q

u(t) = e

�tA

q

A

�1

q

P

q

u

0

+

Z

t

0

e

�(t��)A

q

(A

�1

q

P

q

divF + P

q

E) d� : (4.9)

This identity has the form (2.22) with v

0

= A

�1

q

P

q

u

0

2 L

q

�

(
) and with f repla
ed

A

�1

q

P

q

divF +P

q

E 2 L

s

�

0; T ;L

q

�

(
)

�

. By the maximal regularity estimate (2.21)

we get using (2.20) and (4.2) that

kA

�1

q

P

q

u

t

k

q;s;
;T

+ kP

q

uk

q;s;
;T

� 


��

Z

T

0

kA

q

e

�tA

q

A

�1

q

P

q

u

0

k

s

q

dt

�

1=s

+ kA

�1

q

P

q

divFk

q;s;
;T

+ kEk

q;s;
;T

�

� 


�

ku

0

k

J

q;s

�

(
)

+ kFk

r;s;
;T

+ kkk

r;s;
;T

+ kgk

�1=q;q;s;�
;T

�

:

Thus (1.10) is proved when � = 1. A s
aling argument repla
ing (1.7) by the

system

~u

�

��~u+r~p =

~

f; div ~u =

~

k; ~u

j

�


= ~g; ~u(0) = ~u

0

;
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with ~u(�) = u(t);

~

k(�) = k(t); ~g(�) = g(t); ~p(�) =

1

�

p(t);

~

f(�) =

1

�

f(t) and

� = �t will yield (1.10) when � 6= 1. Moreover, A

�1

q

P

q

u 2 C

�

[0; T );L

q

�

(
)

�

and

A

�1

q

P

q

u(0) = A

�1

q

P

q

u

0

, 
f. (4.9). This 
ompletes the proof.

Remark 4.2 (1) Let u 2 L

s

�

0; T ;L

q

�

(
)

�

be a very weak solution as in Theorem

1.4. Then, using test fun
tions w 2 C

1

0

�

(0; T );C

1

0;�

(
)

�

in De�nition 1.3,

we get the existen
e of a distribution p su
h that

u

t

� ��u+rp = f in (0; T )� 


in the sense of distributions, 
f. [26℄, [27℄.

(2) Let u 2 L

s

�

0; T ;L

q

(
)

�

be a very weak solution as in Theorem 1.4. Given

h 2 C

1

0

�

(0; T ); W

1=q;q

0

(�
)

�

with N � h = 0 we �nd an extension ŵ

h

(t) :=

ŵ

h(t)

2 C

1

0

�

(0; T ); D(A

q

0

)

�

with N �rŵ

h

(t)

j

�


= h, 
f. (2.12). Then h 7! ŵ

h

is a linear mapping with (ŵ

h

)

t

= ŵ

h

t

. Using ŵ

h

as test fun
tion in (1.8) a


al
ulation as in Remark 3.1(2) yields the formula

�hN � g; N � hi

�
;T

= hu; ŵ

h

t

i


;T

+ �hu;�ŵ

h

i


;T

� hF;rŵ

h

i


;T

: (4.10)

Sin
e hN�g; N�hi

�
;T

= hN�u

j

�


; N�hi

�
;T

for smooth u, the right hand

side of (4.10) yields a de�nition of the boundary distribution N � u(t)

j

�


,

the tangential part of u

j

�


. Analogously to Remark 3.1(2) also the normal


omponent N � u(t)

j

�


is well-de�ned, 
f. (3.16) and (1.5). Therefore, the

general tra
e property u

j

�


= g in (1.7) is well de�ned beyond the usual

tra
e theorem.

(3) As already mentioned, the property A

�1

q

P

q

u

t

2 L

s

�

0; T ;L

q

�

(
)

�

yields

A

�1

q

P

q

u 2 C

0

�

[0; T );L

q

�

(
)

�

and implies that the initial value u

0

of u is

well-de�ned in the sense A

�1

q

P

q

u

j

t=0

= A

�1

q

P

q

u

0

. A

ording to the de�nition

of J

q;s

�

(
) the initial 
ondition implies that u(0) 
oin
ides with u

0

only up

to a gradient. This is obvious from the variational formulation (1.8) sin
e

w(0) 2 C

2

0;�

(
) is solenoidal.

5 The Navier-Stokes System, Proof of Theorem 1.2

Given data f = divF; k; g and u

0

as in (1.2), (1.3) let u 2 L

s

�

0; T ;L

q

(
)

�

be

a very weak solution of the nonstationary Navier-Stokes system (1.1). Further

let E = E

f;k;g;u

0

be the very weak solution of the instationary nonhomogeneous

Stokes system

E

t

� ��E +rh = f; divE = k in (0; T )� 


E

j

�


= g; E

j

t=0

= u

0

(5.1)
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su
h that A

�1

q

P

q

E

t

2 L

s

�

0; T ;L

q

(
)

�

and

k�Ek

q;s;
;T

� 


 

�

Z

T

0

k�A

q

e

��tA

q

A

�1

q

P

q

u

0

k

s

q

dt

�

1=s

(5.2)

+ kFk

r;s;
;T

+ k�kk

r;s;
;T

+ k�gk

�1=q;q;s;�
;T

!

;

see Theorem 1.4. Then the variational formulations (1.4) for u and (1.8) for E

imply that û = u� E satis�es div û = 0, N � û

j

�


= 0 and

�hû; w

t

i


;T

� �hû;�wi


;T

= hu
 u;rwi


;T

+ hku; wi


;T

(5.3)

for all w 2 C

1

�

[0; T );C

2

0;�

(
)

�

. This nonlinear problem will be rewritten as a

nonlinear integral equation in û whi
h is the starting point to �nd a solution û

by Bana
h's Fixed Theorem. For this purpose, we analyze the term A

��

q

P

q

(u�ru)

where � =

3

2q

+

1

2

< 1.

Lemma 5.1 (1) Let u 2 L

q

(
) su
h that k = div u 2 L

r

(
) where

1

3

+

1

q

=

1

r

and 3 < q <1. Then for � =

3

2q

+

1

2

< 1

kA

��

P

q

u � ruk

q;


� 


�

kuk

2

q;


+ kkk

r;


kuk

q;


�

(5.4)

with 
 = 
(
; q) > 0:

(2) Let u 2 L

s

�

0; T; L

q

(
)

�

su
h that k = div u 2 L

s

�

0; T ;L

r

(
)

�

where r; s; q

satisfy (1.3). Then for � =

3

2q

+

1

2

< 1

kA

��

P

q

u � ruk

q;s=2;
;T

� 


�

kuk

2

q;s;
;T

+ kkk

r;s;
;T

kuk

q;s;
;T

�

(5.5)

with 
 = 
(
; q) > 0:

Proof.

(1) For an arbitrary test fun
tion v 2 D(A

�

q

0

) we have to estimate hu � ru; vi =

�hu 
 u;rvi � hku; vi by kA

�

q

0

vk

q

0

;


. By H�older's inequality, (2.14)

1

and

(2.15)

1

(with �

0

=

3

2q

instead of �, 2�

0

+

3

(q=2)

0

=

3

q

0

, applied to A

1=2

(q=2)

0

v ) we

get that

jhu
 u;rvi




j � ku
 uk

q=2;


krvk

(q=2)

0

;


� 
kuk

2

q;


kA

1=2

(q=2)

0

vk

(q=2)

0

;


� 
kuk

2

q;


kA

�

q

0

vk

q

0

;


:

Moreover, by (2.15)

2

(with 2� +

3




0

=

3

q

0

where 
 =

�

1

r

+

1

q

�

�1

),

jhku; vi




j � kkk

r;


kuk

q;


kvk




0

;


� 
kkk

r;


kuk

q;


kA

�

q

0

vk

q

0

;


:

Combining the previous inequalities we get (5.4).

19



(2) Using (5.4) for a.a. t 2 (0; T ) and integrating its

s

2

-power on (0; T ) we prove

(5.5). This proves Lemma 5.1

To prove Theorem 1.2 we 
onsider w 2 C

1

�

[0; T );C

2

0;�

(
)

�

in (5.3) and let v =

~

A

q

0

w where

~

A

q

= A

q

+I. Then the 
al
ulation whi
h led from (4.6) to (4.9) (with

u

0

= 0; E = 0 and A

�1

q

P

q

divF 2 L

s

�

0; T ;L

q

�

(
)

�

repla
ed by �A

��

q

P

q

(u � ru))

yields the identity

�h

~

A

�1

q

P

q

û; v

t

i


;T

+ �hA

q

~

A

�1

q

P

q

û; vi


;T

= �hA

�

q

~

A

�1

q

A

��

q

P

q

(u � ru); vi


;T

and the representation formula

~

A

�1

q

P

q

û(t) = �

Z

t

0

e

��(t��)A

q

A

�

q

~

A

�1

q

A

��

q

P

q

(u � ru) d� :

Sin
e û(t) 2 L

q

�

(
) and A

��

q

P

q

(u � ru) 2 L

s=2

�

0; T ;L

q

�

(
)

�

we may apply

~

A

q

to

get that

û(t) = �A

�

q

Z

t

0

e

��(t��)A

q

A

��

q

P

q

(u � ru) d�; 0 � t < T: (5.6)

Moreover, we 
on
lude from Lemma 2.2 that

û(t) 2 R(A

�

q

); A

��

q

û(t) 2 L

q

�

(
) for all t 2 [0; T );

A

��

q

û

t

2 L

s=2

�

0; T ;L

q

�

(
)

�

; A

��

q

û 2 C

�

[0; T );L

q

�

(
)

�

; (5.7)

A

1��

q

û 2 L

s=2

�

0; T ;L

q

�

(
)

�

:

Finally, the initial value A

��

q

û(0) = 0 is well-de�ned.

To 
onstru
t a very weak solution u = û + E on some interval [0; T

0

), 0 <

T

0

� T , we write (5.6) as the �xed point equation

û = F(û)

where

F(û) = �

Z

t

0

A

�

q

e

��(t��)A

q

A

��

q

P

q

�

(û+ E) � r(û+ E)

�

d� : (5.8)

For the appli
ation of Bana
h's Fixed Point Theorem we have to estimate F(û)

in L

s

�

0; T ;L

q

(
)

�

.

By (2.16)

kF(û)(t)k

q;


� 
�

��

Z

t

0

(t� �)

��

kA

��

q

P

q

�

(û+ E) � r(û+ E)

�

k

q;


d�:

Then the Hardy-Littlewood inequality ([26℄, [28℄, with (1 � �) +

1

s

=

1

s=2

; i.e.,

� =

1

s

0

) and Lemma 5.1 imply that

kF(û)k

q;s;
;T

� 
�

��

kA

��

q

P

q

�

(û+ E) � r(û+ E)

�

k

q;s=2;
;T

(5.9)

� 


1

�

��

��

kûk

q;s;
;T

+ kEk

q;s;
;T

�

2

+ kkk

r;s;
;T

�

kûk

q;s;
;T

+ kEk

q;s;
;T

��

:
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To 
ontrol the interval of existen
e [0; T

0

) let

A = 


1

�

��

; B = B(T

0

) = kEk

q;s;
;T

0

; C = C(T

0

) = 


1

�

��

kkk

r;s;
;T

0

for T

0

2 (0; T ℄ to be 
hosen below. Hen
e, repla
ing T by T

0

in (5.9), we get that

kF(û)k

q;s;
;T

0

+B � A

�

kûk

q;s;
;T

0

+B

�

2

+ C

�

kûk

q;s;
;T

0

+B

�

+B: (5.10)

Consider the 
losed ball B = fû 2 L

s

�

0; T

0

;L

q

�

(
)

�

: kûk

q;s;
;T

0

+ B � y

1

g in

L

s

�

0; T

0

;L

q

�

(
)

�

where y

1

> B is the smallest positive root of the quadrati


equation y = Ay

2

+ Cy +B. Assuming

4AB + 2C < 1 (5.11)

we get y

1

= 2B

�

1 � C +

p

1 + C

2

� (4AB + 2C)

�

�1

. The smallness 
ondition

(5.11) is satis�ed if

kEk

q;s;
;T

0

+ kkk

r;s;
;T

0

<

1

4


1

�

�

;

or, due to (5.2), if

�

Z

T

0

0

k�A

q

e

��tA

q

(A

�1

q

P

q

u

0

)k

s

q

d�

�

1=s

+kFk

r;s;
;T

0

+ k�kk

r;s;
;T

0

+ k�gk

�1=q;q;s;�
;T

0

< 
�

1+�

(5.12)

where 
 = 
(
; q) > 0 is independent of the data and of T

0

; �. Obviously (5.12) is

satis�ed for a suÆ
iently small T

0

= T

0

(f; k; g; u

0

; �) 2 (0; T ℄. In parti
ular, the

interval of existen
e (0; T

0

) may be in�nite.

The 
onditions (5.10), (5.11) or (5.12) imply that F maps the 
losed ball B

into itself. For û; v̂ 2 B we similarly obtain that

kF(û)� F(v̂)k

q;s;
;T

0

� A

�

kûk

q;s;
;T

0

+ kv̂k

q;s;
;T

0

+ 2B

�

kû� v̂k

q;s;
;T

0

� 2Ay

1

kû� v̂k

q;s;
;T

0

:

Sin
e by (5.11) y

1

is shown to be less than 2B, (5.11) proves that F is a stri
t


ontra
tion in B. Then Bana
h's Fixed Point Theorem yields the existen
e of a

�xed point û of F unique in B. Finally we obtain that u = û+E is a very weak

solution of (1.1).

It remains to prove the uniqueness within the 
lass of all very weak solutions

of (1.1) on (0; T

0

). In addition to u let v 2 L

s

�

0; T ;L

q

(
)

�

be a very weak solution

of (1.1). Then v̂ = v � E has the representation (5.6) with u; û repla
ed by v; v̂.

Therefore, for U = û� v̂,

U(t) = �

Z

t

0

A

�

q

e

��(t��)A

q

A

��

q

P

q

�

U � r(û+ E) + (v̂ + E) � rU

�

d�; 0 � t < T

0

:
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The same estimate as for F(û) in (5.9) leads to the inequality

kUk

q;s;
;T

00

� 


�

kuk

q;s;
;T

00

+ kvk

q;s;
;T

00

+ kkk

r;s;
;T

00

�

kUk

q;s;
;T

00

(5.13)

where 
 = 
(
; �; q) > 0 is independent of T

00

2 (0; T

0

℄. Hen
e we may 
hoose

T

00

2 (0; T

0

℄ su
h that the term in front of kUk

q;s;
;T

00

on the right-hand side of

(5.13) is less than 1. This 
hoi
e of T

00

yields U = 0 and 
onsequently u = v

on [0; T

00

). If T

00

< T

0

, we may repeat this pro
edure �nitely many times to get

u = v on [0; T

0

) if T

0

<1. For T

0

=1 we get u = v on [0; T

0

) for every T

0

<1,

i.e., u = v on [0;1). This 
ompletes the proof of Theorem 1.2.

Remark 5.2 (1) Let u 2 L

s

�

0; T ;L

q

(
)

�

be a very weak solution of the Navier-

Stokes system (1.1). Then as in the linear 
ase, 
f. Remark 4.2(1), there

exists a distribution p on (0; T )� 
 su
h that

u

t

� ��u + u � ru+rp = f; div u = k

in the sense of distributions.

(2) For ea
h very weak solution u of (1.1) there exists an expli
it tra
e formula

for u

j

�


analogously to Remark 4.2(2). Thus u

j

�


= g is well-de�ned in the

sense of distributions on �
.

(3) Ea
h very weak solution u 2 L

s

�

0; T ;L

q

(
)

�

of (1.1) has the unique de
om-

position

u = û+ E with û; E 2 L

s

�

0; T ;L

q

(
)

�

;

where E = E

f;k;g;u

0

is de�ned by (5.1) and the "perturbation\ û is a very

weak solution of the "homogeneous\ system

û

t

� ��û + (û+ E) � r(û+ E) +r

^

h = 0; div û = 0 in (0; T )� 
;

û

j

t=0

= 0; û

j

�


= 0;

leading to the variational formulation

�hû; w

t

i


;T

� �hû;�wi


;T

= h(û+E)
 (û+E);rwi


;T

+ hk(û+E); wi


;T

for all w 2 C

1

0

�

[0; T );C

2

0;�

(
)

�

. The unique solution û has the regularity

properties (5.7). Finally, sin
e A

�1

q

P

q

E

t

2 L

s

�

0; T ;L

q

�

(
)

�

,

A

�1

q

P

q

E

j

t=0

= A

�1

q

P

q

u

0

and A

��

q

P

q

û

j

t=0

= 0

yielding a pre
ise formulation for u(0) = u

0

in (1.1).

22



Referen
es

[1℄ Adams, R.A.: Sobolev Spa
es, A
ademi
 Press, New York 1975

[2℄ Amann, H.: Linear and Quasilinear Paraboli
 Equations, Birkh�auser Verlag,

Basel 1995

[3℄ Amann, H.: Navier-Stokes equations with nonhomogeneous Diri
hlet data,

J. Nonlinear Math. Phys. 10, Suppl. 1 (2003), 1 - 11

[4℄ Amann, H.: Nonhomogeneous Navier-Stokes equations with integrable low-

regularity data, Int. Math. Ser., Kluwer A
ademi
/Plenum Publishing, New

York (2002), 1 { 26

[5℄ Bogowski, M.E.: Solution of the �rst boundary value problem for the equa-

tion of 
ontinuity of an in
ompressible medium, Soviet Math. Dokl. 20

(1979), 1094 { 1098

[6℄ Bor
hers, W., and Miyakawa, T.: Algebrai
 L

2

de
ay for Navier-Stokes 
ows

in exterior domains, A
ta math. 165 (1990), 189 { 227

[7℄ Bor
hers, W., and Sohr, H.: On the semigroup of the Stokes operator for

exterior domains, Math. Z. 196 (1987), 415 { 425

[8℄ Farwig, R., and Sohr, H.: The stationary and nonstationary Stokes system

in exterior domains with non-zero divergen
e and non-zero boundary values,

Math. Methods Appl. S
i. 17 (1994), 269 { 291

[9℄ Farwig, R., and Sohr, H.: Generalized resolvent estimates for the Stokes

system in bounded and unbounded domains, J. Math. So
. Japan 46 (1994),

607 { 643

[10℄ Farwig, R., Galdi, G.P., and Sohr, H.: Very weak solutions of stationary and

nonstationary Navier-Stokes equations with nonhomogeneous data, Darm-

stadt University of Te
hnology, Dept. of Math., preprint no. 2349 (2004)

[11℄ Galdi, G.P.: An Introdu
tion to the Mathemati
al Theory of the Navier-

Stokes Equations; Linearized Steady Problems, Springer Tra
ts in Natural

Philosophy, Vol. 38, Springer-Verlag, New York 1998

[12℄ Galdi, G.P.: An Introdu
tion to the Mathemati
al Theory of the Navier-

Stokes Equations; Nonlinear Steady Problems, Springer Tra
ts in Natural

Philosophy, New York 1998

[13℄ Galdi, G.P., Simader, C.G., and Sohr, H.: On the Stokes problem in Lip-

s
hitz domains, Ann. Mat. Pura Appl. 167 (1994), 147 { 163

23



[14℄ Galdi, G.P., Simader, C.G., and Sohr, H.: A 
lass of solutions to station-

ary Stokes and Navier-Stokes equations with boundary data in W

�

1

q

;q

(�
),

Math. Ann., to appear

[15℄ Giga, Y.: Analyti
ity of the semigroup generated by the Stokes operator in

L

r

-spa
es, Math. Z. 178 (1981), 287 { 329

[16℄ Giga, Y.: Domains of fra
tional powers of the Stokes operator in L

r

-spa
es,

Ar
h. Rational Me
h. Anal. 89 (1985), 251 { 265

[17℄ Giga, Y., and Sohr, H.: On the Stokes operator in exterior domains, J. Fa
.

S
i. Univ. Tokyo, Se
. IA 36 (1989), 103 { 130

[18℄ Giga, Y., and Sohr, H.: Abstra
t L

q

-estimates for the Cau
hy problem with

appli
ations to the Navier-Stokes equations in exterior domains, J. Fun
t.

Anal. 102 (1991), 72 { 94

[19℄ Grubb, G.: Nonhomogeneous Diri
hlet Navier-Stokes problems in low regu-

larity L

q

Sobolev spa
es, J. Math. Fluid Me
h. 3 (2001) 57 { 81

[20℄ Grubb, G., and Solonnikov, V.A.: Boundary value problems for the non-

stationary Navier-Stokes equations treated by pseudo-di�erential methods,

Math. S
and. 69 (1991), 217 { 290

[21℄ Kozono, H., and Yamazaki, M.: Lo
al and global solvability of the Navier-

Stokes exterior problem with Cau
hy data in the spa
e L

n;1

, Houston J.

Math. 21 (1995), 755 { 799

[22℄ Ne�
as, J.: Les M�ethodes Dire
tes en Th�eorie des

�

Equations Elliptiques,

A
ademia, Prag 1967

[23℄ Simader, C.G., and Sohr, H.: A new approa
h to the Helmholtz de
om-

position and the Neumann problem in L

q

-spa
es for bounded and exterior

domains, Adv. Math. Appl. S
i. 11, World S
ienti�
 (1992), 1 { 35

[24℄ Simader, C.G., and Sohr, H.: The Diri
hlet Problem for the Lapla
ian in

Bounded and Unbounded Domains, Pitman, Longman S
ienti�
, Vol. 360

(1997)

[25℄ Solonnikov, V.A.: Estimates for solutions of nonstationary Navier-Stokes

Equations, J. Soviet Math. 8 (1977), 467 { 528

[26℄ Sohr, H.: The Navier-Stokes Equations. An Elementary Fun
tional Analyti


Approa
h, Birkh�auser Advan
ed Texts, Birkh�auser Verlag, Basel 2001

[27℄ Temam, R.: Navier-Stokes Equations, North-Holland, Amsterdam, New

York, Tokyo 1977

24



[28℄ Triebel, H.: Interpolation Theory, Fun
tion Spa
es, Di�erential Operators,

North-Holland, Amsterdam 1978

Reinhard Farwig

Fa
hberei
h Mathematik

Te
hnis
he Universit�at Darmstadt

D-64283 Darmstadt

farwig�mathematik.tu-darmstadt.de

Hideo Kozono

Mathemati
al Institute
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