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Abstract

For n > 2 let A be a Dynkin diagram of rank n and let I = {1,...,n} be the set of labels of
A. A group G admits a weak Phan system of type A over C if G is generated by subgroups U;,
i € I, which are central quotients of simply connected compact semisimple Lie groups of rank one,
and contains subgroups U;,; = (U;,Uj), i # j € I, which are central quotients of simply connected
compact semisimple Lie groups of rank two such that U; and U; are rank one subgroups of U;,;
corresponding to a choice of a maximal torus and a fundamental system of roots for U; ;. It is shown
in this article that G then is a central quotient of the simply connected compact semisimple Lie group
whose complexification is the simply connected complex semisimple Lie group of type A.

1 Introduction

In 1977 Kok-Wee Phan [27] gave a method for identifying a group G as a quotient of the finite unitary
group SU,.1(¢?) by finding a generating configuration of subgroups

SUs(¢%>) and  SU(¢?) x SUx(¢?)

in G. We begin by looking at the configuration of subgroups in SU,, 11 (¢?) to motivate our later definition.
Suppose n > 2 and suppose ¢ is a prime power. Consider G = SU,.1(¢?) acting as matrices on a
Hermitian (n 4 1)-dimensional vector space over [F,> with respect to an orthonormal basis and let U; =
SU»(¢?),i=1,2,...,n, be the subgroups of G, represented as matrix groups with respect to the chosen
orthonormal basis, corresponding to the (2 x 2)-blocks along the main diagonal. Let T; be the diagonal
subgroup in U;, which is a maximal torus of U; of size ¢+1. When ¢ # 2 the following hold for 1 <i,j < n:

(P1) if |¢ — j| > 1, then [z,y] =1 for all z € U; and y € Uj;

(P2) if [i — j| = 1, then (U;,U;) is isomorphic to SUs(¢?); moreover [z,y] = 1 for all z € T; and y € T};
and

(P3) the subgroups U;, 1 < i < n, generate G.

Suppose now G is an arbitrary group containing a system of subgroups U; = SUs(g?), and suppose a
maximal torus T; of size ¢ + 1 is chosen in each U;. If the conditions (P1)—(P3) above hold for G, we will
say that G' contains a Phan system of type A,, over F,2. Aschbacher called this configuration a generating
system of type I in [1].

In [27] Kok-Wee Phan proved the following result:



Phan’s Theorem:
Let ¢ > 5 and let n > 3. If G contains a Phan system of type A, over Fy, then G is isomorphic to a
central quotient of SU,11(q?).

In [28] Phan proved similar results for finite groups corresponding to all simply laced Dynkin diagrams.
For the second-generation proof of the classification of the finite simple groups [11], [12], [13], [14], [15] the
question was raised whether one could generalize and unify Phan’s results. After a number of partially
successful attempts by several people of reproving Phan’s theorems (see, e.g., [9]), the program described
in [2] led to new proofs of some of Phan’s old results, see [3], [19], and to new unexpected Phan-type
theorems, see [16], [17].

The purpose of the present article is to apply the methods from the program [2], which have originally
been developed for finite groups, to compact Lie groups, yielding a generalization of a result by Borovoi
[4] on generators and relations in compact Lie groups. The methods and ideas used in this paper have
been adopted from [3], [17], [18].

To be able to properly state the result, we have to fix the setting and to define some notions. Let G be
a simply connected compact semisimple Lie group of rank two, i.e., G is isomorphic to SU;(C) x SU,(C)
or SU3(C) or Sping(R) = Uy(H) or Ga,_14 by [21], see also 94.33 of [31]. Let T" be a maximal torus of
G, let ¥ = X(G¢,Tc) be its root system, and let {«, 8} be a fundamental system of roots of ¥, cf. [5] or
[24]. To the simple roots «, § corresponds a pair of semisimple subgroups G, and G of G normalized by
T and isomorphic to SU;(C) = Sping(R) = Uy (H), which is called a standard pair of G. If a and /5 have
different length, then the standard pair (G, G) is not conjugate to the standard pair (Gg, G4), so, by
convention, we assume that in a standard pair (G, Gp) the root a is shorter than the root § if they have
different lengths. A standard pair in a central quotient of G is defined as the image of a standard pair of
G under the natural homomorphism. Note that the images of a standard pair in the quotient have the
same isomorphism types as in G modulo some central subgroups.

Moreover, for n > 2 let A be a Dynkin diagram of rank n (see [6] for a complete list) and let
I ={1,...,n} be the set of labels of A. A group G admits a weak Phan system of type A over C if G is
generated by subgroups U;, i € I, which are central quotients of simply connected compact semisimple
Lie groups of rank one, and contains subgroups U; ; = (U;,U;), i # j € I, which are central quotients
of simply connected compact semisimple Lie groups of rank two such that (U;,U;) or (U;,U;) forms a
standard pair in U; ;. In particular the groups U; and U; ; have the following isomorphism types:

(1) Ui = SUQ((C) or Ui =~ SOg(R) for all 1 S ) S n;
(U; xUy)/Z, in case o o, where Z is a central subgroup of U; x Uj,

i j
SU3(C) or PSU3(C), in case o——o,

o~ g J
(2) (Ui, Uj) = Uz (H) or SO5(R), in case o o or o==0,
% J 2 J
Ga,_14, in case o o or o o,
% J 2 J

Main Theorem.

Let A be a Dynkin diagram and let G be a group admitting a weak Phan system of type A over C. Then G
is a central quotient of the simply connected compact semisimple Lie group whose complexification is the
simply connected complex semisimple Lie group of type A. In particular, for irreducible Dynkin diagrams,
the group G is a central quotient of



e SU,4+1(C), if A = A,,

e Spiny, 1 (R), if A = B,
e U,(H), if A =0C,,

e Spin,, (R), if A = D,

o Eg 73, if A = Eg,

o E; 33, if A= Exy,

o Eg o4, if A = Eg,

o Fy 5o, if A =Fy.

While the theorem is true for all Dynkin diagrams, it is a tautology for Dynkin diagrams of rank at
most two. In particular, the theorem does not yield an interesting characterization of the group G2, _14.

This article is organized as follows. In Section 2 we remind the reader of the definition of a geometry
and an amalgam and state some important lemmas. In Section 3 we recall the result by Borovoi [4] and
give an alternative proof using geometric covering theory. In Section 4 we study Phan systems and Phan
amalgams, indicate how to pass from one concept to the other and, moreover, prove a result on uniqueness
of covers of Phan amalgams. In Section 5, finally, we classify the unique covers of Phan amalgams from
Section 4 and prove the Main Theorem. In Section 6 we point out a question for further research.
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2 Geometries, amalgams and some lemmas

In this section we collect relevant definitions and results from incidence geometry and the theory of
amalgams. See [20] for a short introduction to the topic. A thorough introduction to incidence geometry
can be found in [8].

Geometries

Definition 2.1 A pregeometry G over the set [ is a triple (X, *,typ) consisting of a set X, a sym-
metric and reflexive incidence relation *, and a surjective type function typ : X — I, subject to the
following condition:

(Pre) If z x y with typ(z) = typ(y), then z = y.



The set I is usually called the type set. A flag in X is a set of pairwise incident elements. The type
of a flag F' is the set typ(F') := {typ(z) : © € F'}. A chamber is a flag of type I. The rank of a flag
F is |typ(F)| and the corank is equal to |I \ typ(F)|. The cardinality of I is called the rank of G. The
pregeometry G is connected if the graph (X, %) is connected.

A geometry is a pregeometry with the additional property that
(Geo) every flag is contained in a chamber.

Let G = (X, *,typ) be a pregeometry over I. An automorphism of G is a permutation o of X with
typ(o(z)) = typ(z), for all z € X, and with o(z) xo(y) if and only if z xy, for all z,y € X. A group G of
automorphisms of G is called flag-transitive if for each pair F', F' of flags of G with typ(F') = typ(F")
there exists a g € G with g(F) = F'. A group G of automorphisms of G is called chamber-transitive
if for each pair F, F' of flags of G with typ(F) = I = typ(F") there exists a g € G with g(F) = F".
Flag-transitivity implies chamber-transitivity, for a geometry flag-transitivity and chamber-transitivity
coincide, and a flag-transitive pregeometry containing a chamber automatically is a geometry, cf. [8].

Let F' be a flag of G, say of type J C I. Then the residue Gy of F is the pregeometry

(X', % xr % x75 tYP 1\ )

over I\J, with
X":={r e X : FU{z}is aflag of G and typ(z) ¢ typ(F)}.

Definition 2.2 Let G and § be connected geometries over the same type set and let ¢ : § — G be
a homomorphism of geometries, i.e., ¢ preserves the types and sends incident elements to incident
elements. A surjective homomorphism ¢ between connected geometries G and § is called a covering if
and only if for every nonempty flag /' in G the map ¢ induces an isomorphism between the residue of
F in G and the residue of F' = ¢(F) in G. Coverings of a geometry correspond to the usual topological
coverings of the flag complex. If ¢ is an isomorphism, then the covering is said to be trivial. A connected
geometry G is called simply connected if any covering G — G of that geometry is trivial.

Definition 2.3 Let I be a set, let G be a group and let (G;);c; be a family of subgroups of G. Then
(WierG /Gy, %, typ) with typ(G;) =i and

(Cos) ¢G; x hG; if and only if gG; N hG; # 0

is a pregeometry over I, the coset pregeometry of G with respect to (G;);cr. Since the type function is
completely determined by the indices, we also denote the coset pregeometry of G with respect to (G;)icr
by

((G/Gi)ier, *).

The family (G;);ecr forms a chamber. A coset pregeometry that is a geometry is called a coset geometry.

Definition 2.4 A building geometry is a coset geometry ((G/G;)icr, *) where G is a Chevalley group,
I is the set of labels of the corresponding Dynkin diagram and (G;)ie; is the collection of the maximal
parabolic subgroups of G, cf. [36] or [37]. The concept of building geometries is equivalent to the concept
of Tits buildings, see [7] or [8].



By Theorem IV.5.2 of [7] or by Theorem 13.32 of [37], a building geometry of rank at least three is
simply connected. In the present paper, we are interested in building geometries coming from simply con-
nected complex semisimple Lie groups. For example, the building geometry of the group SL;11(C) is iso-
morphic to the complex projective geometry P(C"*!). The building geometries of the groups Spin,,, ., (C),
Sps,, (C), Spin,, (C) are isomorphic to the respective polar geometries, i.e., the incidence geometries of the
totally isotropic subspaces of nondegenerate symmetric bilinear, respectively alternating bilinear forms
of Witt index n over C.

Amalgams

Definition 2.5 An amalgam A of groups is a set with a partial operation of multiplication and a
collection of subsets (H;);er, for some index set I, such that the following conditions hold:

(1) A= Uies Hi;

(2) the product ab is defined if and only if a,b € H; for some i € I;

(3) the restriction of the multiplication to each H; turns H; into a group; and
(4) H;N Hj is a subgroup in both H; and H; for all 4,j € I.

It follows that the groups H; share the same identity element, which is then the only identity element
in A, and that a~! € A is well-defined for every a € A. Notice that the above definition of an amalgam
of groups fits well into the general concept of an amalgam of groups, see [35].

An amalgam B = | J;.; H; is a quotient of the amalgam A = | J,.; G; if there is a homomorphism
from A to B such that the restriction of 7 to every G; maps G; onto H;. The amalgam A together with
the homomorphism 7 is called a cover of the amalgam B. Two covers (A;,71) and (As,m2) of A are
called equivalent if there is an isomorphism ¢ of A; onto As, such that m; = 7 0 ¢.

Definition 2.6 A group H is called a completion of an amalgam A if there exists a map 7 : 4 - H
such that

(1) for all i € I the restriction of 7 to H; is a homomorphism of H; to H; and
(2) w(A) generates H.

Among all completions of A there is a largest one which can be defined as the group having the
following presentation:

U(A) = (tn | h € A, tyt, =t., whenever zy = z in A).

Obviously, U(.A) is a completion of A since one can take 7 to be the mapping h — ¢,. Every completion
of A is isomorphic to a quotient of /(A), and because of that /(A) is called the universal completion.
An amalgam A collapses if U(A) = 1.

Example 2.7 Consider the groups

G = (yzly ley=27%),
Gy = (z,z|z 'wz=2?),
Gy = (zylalyz=y?),



which are nontrivial and pairwise isomorphic. Let 4 be the amalgam given by G;, G2, G3 and the
intersections

G1 ﬂGQ = <Z>EZ,

Gi1NGs
GonNGs = (.’L’>§Z

[
S

I
N

Then U(A) =1 by Exercises 2.2.7 and 2.2.10 of [29], so A collapses.

2y —= Gy

X
N

Some lemmas

Lemma 2.8 (Tits’ Lemma) Let G be a connected geometry over I of rank at least three, let G be a
flag-transitive group of automorphisms of G, and let F' be a mazimal flag of G. Let A(G,G,F) be the
amalgam of stabilizers in G of the elements of F. The geometry G is simply connected if and only if the
canonical epimorphism U(A(G,G, F)) — G is an isomorphism.

Proof. See Corollary 1.4.6 of [20] or Corollary 1 of [38]. O

Definition 2.9 Let A = P, U P, and A" = P{ U P} be amalgams of rank two. The amalgams A4 and
A" are of the same type if there exist isomorphisms ¢; : P; — P/ such that ¢;(P, N P,) = P{ N Pj for
i=1,2.

Lemma 2.10 (Goldschmidt’s Lemma) Let A = (P, P>, PL N Py) be an amalgam of rank two, let
A; = Stab gy (p) (PLNP2) fori = 1,2, and let a; : A; — Aut (PLNP,) be homomorphisms mapping a € A;
onto its restriction to Py N P,. Then there is a one-to-one correspondence between isomorphism classes of
amalgams of the same type as A and a2(A2)-aq1 (A1) double cosets in Aut (PN Ps). In other words, there
is a one-to-one correspondence between the different isomorphism types of amalgams Py <= (PiNPy) < Py
and the double cosets az(A2)\Aut (P N Py)/as(Ay).

Proof. See Lemma 2.7 of [10] or Proposition 8.3.2 of [20]. O

Definition 2.11 Let A4 = (H;);e; be an amalgam. A completion G of A is called characteristic if and
only if every automorphism of A extends to an automorphism of G.

Notice that, since G is generated by the image of A4 under the corresponding completion map, this
extension of an automorphism is unique. Clearly, the universal completion is always characteristic as is
the trivial completion.



Lemma 2.12 (Bennett-Shpectorov Lemma) For i = 1,2, let A; be an amalgam and let G; be a
completion of A; with completion map ;. Suppose there exist isomorphisms ¢ : A1 — Ay and ¢ : G, —
Gy such that ¢ om = me 0op. If Gy is a characteristic completion of Ay, then for any isomorphism
' Ay — Ao there exists a unique isomorphism ¢’ : G1 — G2 such that ¢' om =m0,

A1 L>G1

{

As L>Gz

Proof. See Lemma 6.4 of [3]. O

3 Generators and relations

Let us recall here the results by Borovoi [4]. Let G be a simply connected compact semisimple Lie group,
let T be a maximal torus of G, let ¥ = X(G¢, T¢) be its root system, and let IT be a system of fundamental
roots of X. To each root a € II corresponds some semisimple group G, < G of rank one such that T'
normalizes G,. For simple roots «, 3, we denote by Gos the group generated by the groups G, and Gg,
and by ¥, its root system relative to the torus T3 = T'N Go3. The group Gy is a semisimple group
of rank two and {a, #} is a fundamental system of X,z3.

Then the following assertion holds:

Theorem 3.1 (Theorem of Borovoi [4]) Let G be a simply connected compact semisimple Lie group,
let T be a mazimal torus of G, let ¥ = X(Gc,Tc) be its root system, and let I1 be a system of fundamental
roots of X. Then the natural epimorphism U(A) — G is an isomorphism where A = (Gop)a,pen is the
amalgam of rank one and rank two subgroups of G.

Borovoi’s proof consists of computations of reduced words in the group U(A) given by generators
and relations. Using the theory of Tits buildings and geometric covering theory one gets the following
alternative proof:

Geometric proof of Theorem 3.1. For rank at most two there is nothing to show, so we can assume
that the rank is at least three. By the Iwasawa decomposition (see Theorem VI.5.1 of [21] or Theorem
I11.6.32 of [22]) the group G acts chamber-transitively on the building geometry G of type II corresponding
to Gc. Let F' be a chamber of G stabilized by the torus 7' of GG, so that the stabilizers of subflags of
corank one and two of F' with respect to the natural action of G on G are exactly the groups G,T and
GosT. By the simple connectedness of building geometries of rank at least three (cf. Theorem IV.5.2 of
[7] or Theorem 13.32 of [37]) plus Tits’ Lemma (Lemma 2.8) the group G equals the universal completion
of the amalgam (GogT)q pgen. Finally, by Lemma 29.3 of [12] (or by a reduction argument as in the proof
of Theorem 2 of [16] or in the proof of Theorem 4.3.6 of [18]) the torus 7" can be reconstructed from the
rank two tori T, , 8 € II, and so the group G actually equals the universal completion of the amalgam

(Gap)apen- O

Proposition 3.2 Let n > 2 and let G be a simply connected compact semisimple Lie group. Then the
group G is a characteristic completion of the amalgam (Gop)apen of rank one and rank two subgroups.



Proof. By Theorem 3.1 the group G is the universal completion of the amalgam (Gag)agemn. Therefore
any automorphism of the amalgam extends to G, making G a characteristic completion. a

A result similar to Theorem 3.1 has been proved by Satarov [32] for special unitary groups over
quadratic extensions of real closed fields. This case has already been covered by Borovoi’s remark after
his Theorem in [4]. Here, too, the group acts chamber-transitively on the building geometry, so our proof
above applies as well.

4 Phan systems and Phan amalgams

Definition 4.1 Let G be a simply connected compact semisimple Lie group of rank two, i.e., G is
isomorphic to SU3(C) x SU3(C) or SU3(C) or Sping(R) = Uy (H) or Ga,_14 by [21], see also 94.33 of [31].
Let T be a maximal torus of G, let ¥ = X(G¢, It) be its root system, and let {«a, 5} be a fundamental
root system of X. To the simple roots a, 8 corresponds a pair of semisimple subgroups G and Gpg of
G normalized by T and isomorphic to SU,(C) = Sping(R) 2= Uy (H) called a standard pair of G. If
a and ( have different length, then the standard pair (G,,Gg) is not conjugate to the standard pair
(Gg,Gq), so when speaking of a standard pair (G, Gp), we assume « to be shorter than £ if the roots
have different lengths.

A standard pair in a central quotient of GG is defined as the image of a standard pair of G under
the natural homomorphism. Note that the images of a standard pair in the quotient are isomorphic to
SU5(C) or to SO3(R).

Lemma 4.2 Standard pairs are conjugate.

Proof. This follows immediately from the fact that maximal tori are conjugate, cf. Theorem 6.25 of
[24], and the fact that, if @, 5 € Il and a;,8; € ¥ have the same lengths and the same angle, there exists
an element w of the Weyl group with w(ay) = a and w(B1) = B, cf. [6]. |

Definition 4.3 Let n > 2, let A be a Dynkin diagram of rank n (see [6] for a complete list) and let
I = {1,...,n} be the set of labels of A. A group G admits a weak Phan system of type A over
C if G is generated by subgroups U; = SU5(C) or U; = SO3(R), i € I, which are central quotients of
simply connected compact semisimple Lie groups of rank one, and contains subgroups U, ; = (U;, U;),
i # j € I, which are central quotients of simply connected compact semisimple Lie groups of rank two
such that (U;,Uj) or (Uj;,U;) forms a standard pair in U; ;. In particular, any U; ; is isomorphic to a
central quotient of SU2(C) x SU3(C) or to SU3(C) or PSU3(C) or Uz (H) = Sping (R) or SO5(R) or G2, 14
depending on the subdiagram of A induced on i and j.

The paramount examples for groups with a weak Phan system are the simply connected compact
semisimple Lie groups together with the amalgam (Gop)apen of rank one and rank two subgroups. Any
central quotient of such a group of rank at least two also admits a weak Phan system.

Definition 4.4 A Phan amalgam is an amalgam A = (Lag)a,gem, where Lyg is a group isomorphic
to a central quotient of G where it is required that L, and Lg are the images of G, respectively
G under the natural epimorphism from G,3 onto L,g. A Phan amalgam is called irreducible if it is
obtained from the natural amalgam (Go3)q,gen Of a simply connected compact almost simple Lie group,
i.e., if the Dynkin diagram of that group is connected or, equivalently, if the corresponding root system is



irreducible, cf. [6]. A complete list of the compact almost simple Lie groups can be found in [21] or [31].
A Phan amalgam is called strongly noncollapsing if there exists a completion 7 : A — G such that
the kernel of the restriction |, is central for each ¢ € I. The rank of a Phan amalgam is defined to be
the rank of the corresponding fundamental system II. The amalgam (Gag)a,gen is called a standard
Phan amalgam.

If a group G contains a weak Phan system Un, . .., Uy, then A = (U, ;); jer is a strongly noncollapsing
Phan amalgam. The converse is also true: a Phan amalgam admitting a faithful completion G turns the
group G into a group with a weak Phan system of the respective type.

Definition 4.5 A Phan amalgam (L,g)q gen is called unambiguous if every L, is isomorphic to the
corresponding Gg.

Proposition 4.6 Every Phan amalgam A has an unambiguous covering A that is unique up to equiv-
alence of coverings. Furthermore, every (strongly) noncollapsing Phan amalgam A has a unique (up to
equivalence of coverings) unambiguous (strongly) noncollapsing covering A.

Proof. We will proceed by induction on |S|, where S is a subset of (') U (}}) which is closed under
taking subsets and A = (Ly)jes. Our basis is the case S = () which vacuously yields an unambiguous
amalgam. Suppose now that S is non-empty, and that for every subset S’ C S the claim holds. Let J be
an element of S which is maximal with respect to inclusion and define S’ = S\ {J} and A" = (L) yes-
Then S’ is closed under taking subsets, and A’ is a subamalgam in A. R R

By the inductive assumption, there is a unique unambiguous covering amalgam (A" = (L) jecs, ')
of A’. We will find an unambiguous covering (j 7) of A by gluing a copy of G to A’ and by extending 7'
to the new member of the amalgam. To glue G; to the amalgam A’ we need to construct an isomorphism
from the subamalgam L= (L g)ycr of A’ onto the corresponding amalgam G = (G ) ¢ of subgroups
of G;. By the definition of a Phan amalgam, there is a homomorphism ¢ from G; onto Lj; mapping G
onto £ = (Lyr)cs. Note that (C 7'|z) and (G,v|g) are two unambiguous coverings of £. By induction,

the uniqueness of the unambiguous covering holds so that there is an amalgam isomorphism ¢ from C
onto G such that ¢o ¢ = 7’| 5. Clearly, d) tells us how to glue G to A’ to produce A and, furthermore,
as ™ we can take the union of ¢ and 7'. The condition 1 o ¢ = 7’|z guarantees that ¢ and 7' agree

on the intersection £ L G. Finally, notice that A is an unambiguous Phan amalgam, so (A, ) is an
unambiguous covering of A. This completes the proof of the existence of an unambiguous covering A.

Now we will prove the uniqueness. Suppose we have two such coverings B= (Bj)ses and C= (Cy)ues
with corresponding amalgam homomorphism m; and 72 onto A. Select J as an element of S which is
maximal with respect to inclusion, and define S = S\ {J}. Let A’, B' and C' be the subamalgams of
shape S’ in A, B and C, , respectively. By induction, there exists an isomorphism ¢ from B' onto C' such
that 7|5 = m 0 ¢. It suffices to extend ¢ to By.

We have to deal with two cases: First, let us assume that J = {«, 8} where a and /8 are orthogonal
roots. In this case, Bag = Cpg = Gy is isomorphic to a direct product of B, = C, = G, and
Bg = Cg = Gg. Clearly ¢ is already known on B, and Bg, and so ¢ extends uniquely to Byg.
This extension, also denoted ¢, is a well-defined amalgam isomorphism from B to C, and furthermore,
m = 72 o ¢ holds.

In the second case, By = Cy = (G; is isomorphic to a simply connected compact almost simple Lie
group of rank one or two. By the universality of the covering m : By — Ly, as By is simply connected,



there exists a unique isomorphism ¢ : By — C} such that m = my 0.

Cj<w—BJ

N

Ly

Consider a mapping « from Lj to Ly defined as follows: For u € Ly, let a(u) = (ma 09 om; *)(u). Notice
that « is a well-defined automorphism of Lz, because the cosets of the kernel of 7 are mapped by ¢
to cosets of the kernel of my. Every automorphism of L lifts to a unique automorphism of C';. Indeed,
both L; and Cj are perfect by a corollary of Got6’s Commutator Theorem (see Corollary 6.56 of [24])
and, by Theorem 2.1 of [30], the group Cj, which is isomorphic to SU;(C) 2 Sping(R) = U; (H) or to
SU3(C) or to Sping(R) = Uy (H), is the universal perfect central extension of Ly, cf. [25] or [33], [34].
Alternatively, one can argue as follows: Every automorphism of L is continuous by Corollary 6.56 of [24]
and van der Waerden’s Continuity Theorem (cf. Theorem 5.64 of [24]), which lifts to a unique continuous
automorphism of C; by [26], see also [23]. Finally, this lift in fact is the unique abstract lift of a, as any
automorphism of C'; again is continuous.

Thus, there is a unique automorphism S of C; such that m 0§ = a@omy. Define 8 : By — Cy : 6(b) =
(87t 0 )(b). First of all, by definition we have 71|g, = m2 00, as

mof = mofTloy
= a710w20¢
= mls, O¢7107T2_1|LJ om0

= 7T1|BJ.

Second, for every J' C J we have that 6! o @B, is a lifting to B, of the identity automorphism of L
and, by the above, it is the identity. For 6=' o @5, = ¢~' o S0 ¢, and, the following considered on
By [ ker(mg,,),

~1 1 1 1 1

P omy o oaomodp, = YT omy, oMoy oy oMo P,
_ 1
- ﬂ-l‘BJ/ O7T20¢|BJr

= id.

This shows that ¢ and 6 agree on every subgroup B, which allows us to extend ¢ to the entire B by
defining it on By as 6. Finally, if A is (strongly) noncollapsing, so is its unambiguous covering A, finishing
the proof. O

5 Uniqueness of unambiguous amalgams
Let A = (Lpi,1)(,j)er be an unambiguous strongly noncollapsing irreducible Phan amalgam of rank at

least two. We will establish the uniqueness of the respective amalgams A up to isomorphism in a series
of lemmas. The amalgams of rank two are unique by definition.

10



Rank three

Assume the rank of A to be three. Since A is unambiguous, each subgroup Lp\ (4 coincides with Lp\ ¢ ;3N
Lp\giky for {i, 4, k} = {1,2,3}. We want to prove the uniqueness of the amalgam A = (Lp\ i 1)i,jef1,2,3}-

For As, i.e., for the diagram

o——o , recall the isomorphisms
Ly Ly Livgsy

I
w2
g

Lp\g2,3;

I
w2
&

(©
Lngsy (C) x SU,(0),
Lnpay = SU3(0),
Lngy=LnpsNLpnas = SU(C)
(©
©

I
w2
S

L2y = Lingz,sy N Liygu,2y
Lngy = Lngisy N L2y

I
w2
&

For Bs, i.e., for the diagram o o= o , recall the isomorphisms

Lingy  Invgzy  Livgsy

Lpgs = Sping(R),

L[\{1,3} = SUQ(C) XSpin3(R),
Lpgizy = SU3(0),
Lpgsy = Lpgesy NLngusy = Sping(R),
Lngy =Lnpes NLnpe = SUL(0),
Lngy=Lngs NLnpey = SUL(O).

For (s, i.e., for the diagram o— =0 , recall the isomorphisms

Lingy  Linvgzy  Livgsy

Lpg3 = Uy(H),

Lpnpsy = SU(C) x Uy (H),
Lpgzy = SUs(C),

Lngsy = Lingzsy NLngsy = Ui(H),

Lngy = Lingzsy Nhngey = SUL(C),

Lpgy = Lingsy DLy = SU(O).

Assume there exists another amalgam A" = (L} ; 1)ije{1,2,33- According to Goldschmidt’s Lemma
(Lemma 2.10) the amalgams B = (Lp\{2,3}, Lnq1,2y, Livgzy) and B' = (L,I\{2,3}7LII\{1,2}7L,I\{2}) are
isomorphic via some amalgam isomorphism ¢, because every automorphism of the group L 123 = SU»(C)
is induced by some automorphism of the group Lp 1,2y = SU3(C). Indeed, L\ (2} is embedded as the
stabilizer of a vector of length one of the natural module of Ly 2y. Clearly, (L f21) = ¢(Lp\q2,33 N
Lpgi2y) = LII\{273} N LII\{I,Z} = LII\{Z}' The groups L\ {1y and Ly q2y form a standard pair in Lp 1,2},
and helnce @ZJ(LI\{ll}) and L’I\{2} = @ZJ(LI\{Q})' f(?rm th standard pair in LII\{I,Z} = Y(Lpg1,2y)- Ce‘rtainly
also LI\{I} and LI\{2} form a standard pair in LI\{1,2}' Therefore, by Lemma 4.2, there exists an
automorphism of LII\{1,2} that maps (L f13) onto LII\{I} and that normalizes LII\{Z}' Thus, we can

assume (L (1}) = Ll 13-

11



Before we can continue we have to study the amalgam A a bit more carefully. Define
Dy = Np,\ 1y (Lingzy)  and - D3 = Np, g, (Lngay)

where the groups Ly (2}, L\ {1} are considered as subgroups of L\ 1,2} and the groups L\ (3}, L\ f2} are
considered as subgroups of Lp\ 2.3y Since L\ (23 and Ly 11y form a standard pair in L\ qy 2}, it follows
that D; is a maximal torus in Ly 13 = SUy(C). Similarly, D3 is a maximal torus in Lp 33. We also
define

D% = NL[\{Z} (LI\{l}) a'nd Dg = NLI\{Z} (LI\{3})'

Again, these are two maximal tori in Lp\ (23 = SU(C). The following lemma gives us an extra condition
on A that holds because A is strongly noncollapsing.

Lemma 5.1 D} = D3.

Proof. Let G be a nontrivial completion of A and let 7 be the corresponding map from A to G. Since A
is assumed to be strongly noncollapsing, we may assume that 7 is injective on every Lp\ ;. Observe that
Dy = Cry, 4, (D;) for i =1,3. Thus, 7(D5) = Cr(L,, oy (7(Ds)). Since Dy and D3 commute elementwise
in Lp\ (1,3}, we have that m(D1) and 7(D3) commute elementwise as well. Since L yoy is invariant under
Dy = N,y (Lpg2y) (in L1 2y) and since 7 is injective on Ly}, it follows that D3 = CLp 3 (D3)
is invariant under D; (again as subgroups of Ly\j1,53) and 7(D3) = Cr(L,, () (7(D3)) is invariant under
w(D1). Here, injectivity of 7 is needed for the following argument. D; and D3 commute as subgroups of
Lp\{1,33- The group Ly 2y is invariant under D; as a subgroup of Ly (1 2}y Since Ly 13y and Ly (12}
are not contained in a common group of the amalgam A, we cannot conclude that D; leaves D3 invariant.
However, in G, since L\ 2y, D1, D3, D3 are embedded via 7, we can draw that conclusion.

But now the maximal torus Dy of Ly {1} = SU3(C) leaves invariant the maximal tori D} and D3 of
Lpq23 = SU(C). Analysis of the group Ly (y 2} = SUs(C) shows that D3 = D3. ]

In view of this lemma we can use the notation
Dy = D% = Dg.

Since N, ., (Lnq1y) = Dy = Dy = D3 = Np,, ,,, (Lp\g3}), the considerations made before Lemma 5.1
imply ¢(D2) = Dj. Let d be a nontrivial element of D) of order distinct from two. Denote by W the
natural three-dimensional module of L’I\{1 2} and recall that L’I\{2} and L’I\{3} form a standard pair

of L’I\{273}. As D} < LII\{Z}’ the group D) fixes a non-isotropic vector u of length one of W fixed by
L’I\{2}. Since D) normalizes L’I\{3}7 it also stabilizes (v), where v is a non-isotropic vector of length
one of W fixed by L’I\{3}. Moreover, since LII\{Q} and L’I\{3} form a standard pair, u is perpendicular

to v in W. Let (w) be the one-dimensional subspace of W that is perpendicular to both v and v and
assume w has length one. Then u, v, w is an orthonormal basis of W, and d acts diagonally with
respect to that basis via diag(1,a,a™!). Since the order of d is distinct from two, we have a # a™!,
so the one-dimensional subspaces of W stabilized by d are precisely (u), (v), (w). It follows, since
D} = (D2) = N¢(LI\{2})(¢(LI\{3})) = NL’I\{Z} (QJJ(LI\{3})), that ¢(LI\{3}) is the stabilizer of either v or
w.

In the former case we have (L (3)) = L'I\{3}, and we have proved A = A', since L3y =
L[\{3} X L[\{l} and LII\{1,3} = LII\{3} X L’I\{l}‘

12



In the latter case consider the element g of L’I\ 2} whose matrix with respect to the orthonormal basis
u, v, w has the form

1 0 O
0 0 -1
01 0

Conjugation with g induces the action of the contragredient automorphism on L’I\ 2} By the defining
relation

A= AT
of unitary matrices the action of the contragredient automorphism of L'I\ 2} coincides with the field
involution. Therefore, we can define an automorphism « of B’ that acts trivially on L’I\ (1,2} and as
the composition of the field automorphism and conjugation by g on L'I\ (2.3} since by the above this
automorphism acts trivially on L’I\{2} = LII\{273} N LII\{I,Z}' Moreover, o interchanges (v) and (w), so it
maps (L (3}) onto LII\{3}‘
We have proved the following.

Proposition 5.2 Let A be a strongly noncollapsing unambiguous irreducible Phan amalgam of rank
three. Then A is unique up to isomorphism, i.e., A is isomorphic to a standard Phan amalgam. O

Rank at least four

Let A = (Lj\{i,j3)1<i<j<n be a strongly noncollapsing unambiguous irreducible Phan amalgam of rank
at least four. We complete the proof of the uniqueness of A by induction, the case of rank three from
Proposition 5.2 being the basis of induction.

Lemma 5.3 Letn > 4 and let A be a strongly noncollapsing unambiguous irreducible Phan amalgam of
rank n. Then there exists a unique amalgam

B4 = AU H; UH,

with
H, = (Lngijy | 1<i<j<n—1) and
H, = (Lpnppl2<i<j<n).

The group H, is isomorphic to SU,,(C) unless the case of the Dynkin diagram Fy, where H; is isomorphic
to Spin, (R), while the group Hy is isomorphic to
SU,(C) for the diagram Ay,
(R) for the diagram By,
(H) for the diagram C,,
(R) for the diagram D,,,
Spin; o (R) for the diagram Eg,
(R) for the diagram Ex,
(R) for the diagram Eg,
(H) for the diagram Fy.

13



Proof. Let

By = (Lpfijyh<i<isn-,
By = (Lp{ij})2<i<j<n, and
C = Bl n BQ.

By the inductive assumption, both By and By are isomorphic to some standard Phan amalgam and hence
there exist faithful completions 7; : B; — H; where the isomorphism types of H; and Hj are given as in
the hypothesis. We want to glue H; and H, to the amalgam A via m; and 7. Let K; := (m;(C)). Since,
again by the inductive assumption, the amalgam C is isomorphic to a standard Phan amalgam, we have
K; =2 SU,,_1(C) or, in case of the diagram Fy, we have K; = Spin;(R) = Ux(H). By Proposition 3.2 the
group K; is a characteristic completion of the amalgam C, so there exists an isomorphism ¢ : K1 — K>
that takes m1(C) to m2(C). Let 1 be the restriction of ¢ to m1(C). Applying the Bennett-Shpectorov
Lemma (Lemma 2.12) with ¢ : K; — Ky and ¢ : 7 (C) — m2(C) as above and ¢’ : 71 (C) — m2(C)
with ¢/ = m omy "Cl, there exists a unique isomorphism ¢' : K1 — K» such that ¢I7F1(C) = ¢y'. Thus,
¢' o my|c = malc. Identifying K with K via ¢’ we obtain our unique amalgam B. m|

Let us now turn to the uniqueness of the amalgam A. Suppose we have strongly noncollapsing
unambiguous irreducible Phan amalgams .4 and A’ corresponding to the same diagram. Extend A and
A’ to amalgams B4 = AU H; U H, and By, = A" U H{ U Hj as in Lemma 5.3. By Goldschmidt’s
Lemma (Lemma 2.10) there exists an isomorphism ¢ from H; U Hy onto H; U Hj. By the inductive
assumption (L\ (1 )1<i<j<n is isomorphic to a standard Phan amalgam embedded in H; N H. Similarly
(L’I\{i,j})1<i<j<n and ¢(Lj\(i,j3)1<i<j<n are isomorphic to standard Phan amalgams embedded in Hj N
H). These two amalgams correspond to two choices of a maximal torus of H{ N H}, which are conjugate
by Theorem 6.27 of [24]. So, correcting ¢ if necessary by an inner automorphism of H; N Hj, we may
assume that ¢(Lp ;) = L’I\{i} for 1 <i <n and ¢(Lp\yg ;) = L’I\{i’j} for 1 < i < j < n. Also, by
studying the standard Phan amalgam inside H{, we have

¢ (Lngy) = ¢(Cm ((Lngsy--- Lngn-13))
= Comy) (6 ((Lrgsys -+ Livin—13)))
= Cu (<L'I\{3}>---> 'I\{n71}>)
LI
= Lnpy

By a similar argument, ¢(Lp\(n)) = L’I\{n}. Therefore ¢ extends to an isomorphism from A to A’.
Indeed, ¢ is already defined on all Ly ; ;3 with 2 < i < j < n — 1. Also, inside the standard Phan
amalgam of H] we see that ¢(Lpf1,4)) = L'I\{Li} for i <mn, since Lp 145 = (Lp\{1y, Lngay)- Similarly,
in the standard Phan amalgam of Hj we see that ¢(Lp\(in}) = L’I\{i’n} for 1 < i. It remains to realize
that L\ 1,5} is the direct product of Ly (1} and Lp (3, so that ¢ extends to an isomorphism of A to A’.

Thus we have shown:
Proposition 5.4 Let n > 4, and let A be a strongly noncollapsing unambiguous irreducible Phan amal-

gam of rank n. Then A is unique up to isomorphism, i.e., A is isomorphic to a standard Phan amalgam.
O
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Proof of the Main Theorem. The weak Phan system of G gives rise to a strongly noncollapsing Phan
amalgam A, which by Proposition 4.6 is covered by a unique strongly noncollapsing unambiguous Phan
amalgam 4. This strongly noncollapsing unambiguous Phan amalgam A4 is isomorphic to a standard
Phan amalgam by Propositions 5.2 and 5.4 applied to the irreducible components of A of rank at least
three and by Definition 4.4 applied to the irreducible components of A of rank at most two. Finally, the
first claim follows by Theorem 3.1. The second claim follows immediately from the first claim by the
classification of irreducible Dynkin diagrams, see [6], and by [21] or by 94.33 of [31]. i

6 Open problem

Let G¢ be a simply connected complex semisimple Lie group and let G be its split real form. Then,
by the Iwasawa decomposition (see Theorem VI.5.1 of [21] or Theorem III.6.32 of [22]), the maximal
compact subgroup K of G acts flag-transitively on the building geometrry of G. Our proof of Theorem
3.1 implies that G equals the universal completion of certain split real forms of complex Lie groups of
rank one and two.

The question is whether it is possible to classify the occuring amalgams in order to obtain a result
like our Main Theorem.
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