Remarks on Nitsche’s functional:
The rotationally symmetric case

STEFFEN FROHLICH

Abstract

We investigate existence and stability of rotationally symmetric critical immersions
of variational problems of higher order which were considered in [15] and [16].

1 Introduction
Let Q C R? be a bounded and two-fold connected domain. We consider two-dimensional immersions

X = X(u,0) = (@ (u,0), 2% (u,0),2° (u,0)) € CH(QE) NCO@E®), ae€(0,1),  (L1)
with the property

W:=|X,AX, >0 inQ (1.2)

for the surface area element W = W (u,v). Here, the indices v and v are the partial derivatives w.r.t. to
the variables u resp. v, while A means the usual vector product in R3.
Let k; = k;(u,v), i = 1,2, denote the principle curvatures of the surface. Then, by

K1 (ua U) + K2 (ua U)
2 b)

H(u,v) := K(u,v) := k1 (u,v)k2(u,v) (1.3)

we introduce its mean curvature and Gaussian curvature. We are concerned with rotationally symmetric
critical immersions w.r.t. the variational problem

E[X] = [[ (a + BH? — yK)W dudv — extr! (1.4)
i

with positive constants a, 3,y € R.

For a # 0, 8,y = 0, the functional £[X] is proportional to the classical area functional. Critical points
of the accessory variational problem are minimal surfaces, in this case the catenoid. In section 2 we
investigate the stability of the catenoid solution w.r.t. small perturbations. The methods used here are
presented in more general context in [14].

The case o,y = 0 and # # 0 leads to Willmore’s functional for which we present selected numerical
results. Further, we refer the reader to the textbook [27], in particular chapter 7.

Given two coazial circular boundary curves T'1,Ty € R® with common radius R > 0 of distance d > 0, we
consider rotationally symmetric critical points of (1.4) encouraged by the J.C.C. Nitsche’s treatises [15]
and [16].

2 The catenoid

The catenary curve

Let I := [z, 2. C R, |I| := |2, — z¢| > 0. A critical point f € C?>T*(I,R), a € (0, 1), of the variational
problem

Alf] = 27r/f(a:)\/1+f’(a:)2d:v s extr! (2.1)
I



is a solution of the non-linear Euler-Lagrange differential equation

f@)f'(@) =1+ f'(2)*, € (ze,2r), (2.2)

with boundary conditions y, = f(z;) and y, = f(z,). Note that f and f” has no zeros. With suitable
integration constants ci,co € R we get the catenary solution

f(z) = c1 cosh <£ + 02> , x€l (2.3)
C1
Detailed calculations can be found e.g. in [6], section 4, and in [1], chapter IV.
Stability of graphs

(a) Perturbation of the catenary curve

We investigate the stability of the catenary curve f w.r.t. small perturbations. Let ¢» € C?***(I,R),
a € (0,1), be given such that f + 1 solves also the minimal surface equation (2.2), that is

(f+o) (" +¢") = 1= (f +¢)?=0 inl. (24)
We arrive at the non-linear differential equation
" 2fl(w) i f”(iE) _ 1 ' 1 "
P () — @) P'(xz) + o) P(x) = 7 Y'(2)* ~ 7 Y (@)Y (z). (2.5)

Due to ff" = 1+ f> > 0 the linear differential operator on the right hand side does not obey the
maximum principle (see Proposition 6.2 of the appendix). Thus, we assume the existence of a positive
stability function x € C?*%(I,R) such that

" 2f'(x) /() . :
X" (z) — e X (z) + ) x(z) <0 inl, x>0 inl. (2.6)
With the product trick ¢» = ¢x we calculate
" ll _ f_, ! X_” _ 2_]“ K f_” - ’
s+ (X-D)ee+ (2 - D) o) —agen (2.7
with the non-linear right hand side
. __ K 2 K " X_,2 _ X_” 2 . —
D(p;x) = FE T (fx f) , ®(0;x) =0. (2.8)

Now, the left hand side differential operator in (2.7) obeys the maximum principle. Corollary 6.3 ensures
the uniqueness of the solution of the below boundary value problem (2.20).

(b) Schauder norms

Definition 2.1. We introduce the norms

lullo,r := max|u(@)], [Julli,r := lJullo,r + max |u'(z)],
zel zel (2 9)
ull2,r == [lully,r + max|u”(z)],
zel
furthermore the Holder norms
[ul® (1) — u® (z9)]
u = ||u + max , k=0,1,2, 2.10
lullitar := llulli,r + max, o1 — 2o (2.10)
z1#T2
as well as the semi norms
[ul® (1) — ul® (z9)]
(e, i=max ™ (@), [ulitar = max, = ol for k=0,1,2. (2.11)
T1F£T2



(c) Contraction property of ®(n;x)
Lemma 2.1. It holds

12 (15 x) — @23 X) llar < Cilllmll24a,r + [In2ll24a,0)llm = m2ll24a,1
for all m1,ms € C?*T(I,R) with the constant

C = {200 ™ st + XX 7 = X o (L 1202 (4 11 72)2.
Proof. We calculate

2 K

(s x) — 2(m2ix) = 5 (0 —ny) — 7 (mn! — nemy) — (E - 7) (7 —n3)

X "n_ X

X
f
§ (m +n5)(my —m5) — 7 m(ny —ny) 7 s (m — n2)

2 "
- (’;—X - X7) (1) (= ).

Now, we estimate as follows:

1@ (115 %) — @ (125 X)|la,1

< I f Hlaorllm + malla,rllnt = nblla,r
xS o rllmllar =75 o + 11X o 185 s rllm = 2lla,r
FIXPXTH T =X el + m2llasrlim = n2llagr

< xS Hlar(lmllia,r + nellia,Dllm = m2lli1a,r

+ X arllmlla,rlim = nellzsa,r + [1XF ™ o ln2ll2rarllng = n2lla.r

X =X e (lmllar + lella, )l = 2l -

Note that n(en) ()]
mry) —n{rs _
Inlla,r < linllo,r + max —=—r—=2|1]'"*
z1,w2€] |ac1 — ac2|
r1F£T2
< +II'""® max max |n'
< lnllos +17'7" ma, max [3'(6)
T1#£T2
l—a
< Alnllo,r + |1  nax 17111, 21,22]
z1#T2
< @+ nllisa -

In the same way we have
o < @+ TP nllorars  Mllag < @+ T2 nll24a.r -
We insert these inequalities into (2.15) to get

1@ (115 x) — @(125X) a1
<X Mooz + 112 U ll2tanr + m2ll24a,0)lIm — n2ll24a,r
+ xS o X+ 1) I ll24atllm = n2ll24a.r

I o U+ 1) 2|20zl = n2ll240.0

XX T =X e (U I ) (I latanr + 2 ll2a,n)lIm = m2ll24a,1 -

This is the statement.

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)



For ¢ € C?T%(I,R) we define the linear differential operator

ci= '@ +2 (L - D)o o (XX D i), (2.19)

f X Ix f

Due to (2.6) it obeys the maximum principle.

Successively we will solve the boundary value problem (let ®(p) := ®(¢; x))
Llp] =d(p) inl,
(2.20)
p@e) = pe, plar) = oy

with the non-linear right hand side (2.8) and given boundary data ¢(z;) = ¢ and p(z) = ¢,. For this
we start with the function ¢g = 0 and consider the linear problems

Llor] = ®(pr—1) in 1,
o(xe) =@, p(xy) =¢@r fork=1,2,...
From L[p1] = ®(0) = 0 and the Schauder estimate
1ol at < Call® (e 1)llas + Cs max{lp(e)], [ ()|} (2.22)

(see the global C?T“-estimate (6.40) together with the C°-estimate (6.7) and the a priori constants
Cs,C3 € (0, +00) following from it) we conclude

l1ll2+a,r < Csmax{lp(ze)], [p(e,)[} =: Csa, (2.23)

where a := max{|¢(x¢)|, |¢(z)|}. Using (2.12) we get

(2.21)

lok+1 = @kll2tar < Call®(or) — ®(or—1)lla.r

(2.24)
< CCollerllztar + llor-1ll24a.0ller = Pr-1ll24a,z -
For given € € (0,1) we choose a sufficiently small such that
C1C2C
sacicacs (144024 <. (2.25)
-
Then, by induction we prove
C1CoC
lpnllzsar < aCs (1 n 1—) forn=12,... (2.26)
First, it holds ||¢1]|2+a.r < aCs. Furthermore, (2.24) gives
lo2llzrar < llo2 = @illzrad + lo1llz4ar < Cilalloillzyar + lo1llasa.r (2.27)
< aCs(1+ aCiCaCs). '
Thus, the statement is true for n = 1 und n = 2. Let it be proved for n = 1,2,...,m. For k£ < m we
calculate (see (2.24))
aCi1CoC
lowss = gullasas < 20CiCas (14 292D oy — puillas < cllor = protllorar. (228
It follows that (see (2.27))
lemiillztar < Nlerllavat + Y 10kt1 — kll2ras
k=1
< leillzsar + (€™ +e™ 2+ e+ Dllps — @illavar (2.29)
1 C1C2C
< aCs+ a2C1CoC2 = aCy (14 2515223
1—¢ 1—¢



This proves (2.26) and we arrive at

lorr1 — Orll2ra,r < ellor — @r—1llara,r forall k=1,2,... (2.30)

for ¢ € (0,1). By Banach’s fix point theorem the sequence {¢y}r—o,1,.. converges uniformly in C**2 to
a function ¢ € C?*t%(I,R) which solves the boundary value problem (2.20). Via ) = ¢x we have found
also a solution of (2.5) with sufficiently small boundary data.

Theorem 2.1. Let f € C?*T(I,R) be a solution of the minimal surface equation (2.2) and let it be
stable in the sense of (2.6). For sufficiently small € > 0 there exists 1 € C?*T(I,R) with boundary values
[(z¢)| < e and |Y(x,)| < e such that f + 1 solves also (2.2).

3 Variational problems of higher order
The first variation

Now we address the first variation of the functional £[X] from (1.4). We introduce conformal parameters
(u,v) € Q with the properties

|IXu? =W =|X,>, X,-X!=0 inQ. (3.1)
We consider the perturbation
)A(;(u, v) == X (u,v) + e{o(u,v) X, (u,v) + ¥(u,v) Xy (u,v) + x(u,v)N(u,v)}, (u,v) € Q, (3.2)
where € € (—eg, +&9). Let
Z(u,v) = p(u,v) Xy (u,v) + ¥(u,v) X, (u,v) + x(u,v)N(u,v). (3.3)

From [16] and [22] we have

Lemma 3.1. For the first variation w.r.t. the vector field Z = Z(u,v) there hold

6//Wdudv = —2//H(Z-Nt)Wdudv—/[Z,N,X’]ds,
Q Q o)

N
6//KWdudv = —/K[Z,N,X’] ds-l-/{A(l)@ —A(2)(Z-Nt)}ds,
Q o0

v
a0
(3.4)
5//H2Wdudv = //{AH+2H(H2—K)W}(Z-Nt)dudv
Q Q
o(Z - NY) OH
_ 2 ! O\e-Iv) ) ty 041
/H[Z,N,X]ds+/{H -~ (z N)ay}ds
oQ 50
with the settings
AY =g,
A = 9T O (Fn Oy O (g Okin) (3:5)
Os  0s \ k> Os ds \ k2 0Os

Here, k and T are the curvature and the torsion of the boundary curves, while k, and k, mean their
normal curvature and geodesic curvature, resp., w.r.t. the surface X = X (u,v).

The Euler-Lagrange differential equation

B{AH +2H(H?> - K)W} — 2aHW =0 (3.6)



has to be coupled with the natural boundary conditions

0=tf?ﬂf—ﬂH2—aHZAﬂXﬂ@+:/{wUm_525}(Z.N3d8
o0

o)
, (3.7)
o(Z - N?)
H— a0y 22N
+ (o - a2y
0
Furthermore, we add the mean curvature differential system
AX =2H(X)X, N X, . (3.8)
In the case of fixed boundary conditions there hold x|sq = 0 and (Z A X')|aq = 0, that is
BH —yA®M =0 (3.9)

(for a detailed discussion we refer to [15] and [14].)

Differential equations for graph solutions
Let A denote the Laplace-Beltrami operator w.r.t. the metric ds? = | X, |? du® +2X,,- X! dudv+|X,|? dv?.
If 8 # 0 we can rewrite (3.6) and (3.8) to get
2a

AH+2H(H? - K) — G H=0, WAX =2H(X, AX,). (3.10)

Now, assume the surface represents a graph (z,y, z(z,y)). We calculate

o /1422 0 (2.2 0 (2.2 0 (1422
Ay = 2 T Y I A (L R z
Was 6x< W > ax(WZy> ay(W Z>+ay< W >

1
we {(1 + ZZ)zm = 2zpzy2y + (1 + Zi)zyy}

(3.11)

Thus, it holds .
(1+ zZ)zm — 22,2y Zpy + (L+ 220)2yy = 2H(1 + 22 + 23)5 . (3.12)
Analogously we have

2 2
(1+ zy)(zmzm + 2y Zay) "o+ 1+ 2, "
W3 w

22y 24y
H, —
w

WAH =

202y (20 Zzs + ZyZay)
w3

ZyZey T ZzxZzy
- Hy

22y

w

Hy - Hmy
(3.13)
_ ZyZuy t ZaZyy o+ 222y (ZaZay + Zy2yy) H. —

w w3 w

(1+ 22) (2220 + 2y2yy) 1+ 2

2
Zotoy e H, +

w

H, -
for the mean curvature.

The rotationally symmetric case

We consider rotationally symmetric surfaces: The meridian function f(z) := z(x,0), where f(z) > 0 for
all z € [z, z,], rotates about the xz-axis. We have

zz(ac,()) :fl(x)a Zy(xao) =0,

3.14
2an(2,0) = fll(w)’ my(gj,O) =0, Zyy(:E,O) = —ﬁ ( )



as well as
Hx(CU,O) :Hl(w)v Hy(iL”,O) :0a

(3.15)
H,.(2,0) = H"(z), H.y(2,0)=0, Hyy(z,0)=0.
The mean curvature equation reads as
2
= 2H0 + f)h 4 1 +ff (3.16)
while from (3.13) we conclude
f'(z) 1 f"(x) , 1 "
AH = — H —— H . 1
A= G ) MO T T (347
Investing
f"(x)
K(z) =— 3.18
= @ rer) (19
along the meridian curve, from (3.10) and (3.17) we get
1 fll fll 2a
H'+f |- - = |H' +2H*(1+ f?)+2—H - =—(1+ f?)H =0. 3.19
w1 (-1l ) e e m -2 ) (3.19)
4 Successive approximation
Perturbation of the mean curvature equation
We start with " )
/ (4.1)

H= — .
21+ )2 2f/1+ f2
Let f € C***(I,R) solve the minimal surface equation. For a perturbation ¢» € C?*®(I,R) we consider
the mean curvature

ﬁ: f”+¢” 3_ 1 (4.2)
20+ (f+ 922 2f +9)V1+(f1 +97)?

along the meridian curve of the rotationally symmetric surface f + . Using

1 _1_%9
Ft+o = 7 f2+...,
1 B 1 B flwl
VI 22110 + - 1+ f? (1+f'2)% to (4.3)
1 1 B 3]“1//

TR Y o B R o (R

we calculate

T N SRR (U R
= 2 [(1+f/2)§ (1+f,2)g](f +¢")
_1[1_£] (R i I
2L PIVI+ (s
(4.4)
S o1 L T RO VAN
2 1+ f7 [1+f'2 f}+2(1+f’2)§¢ +2(1_|_f:2)g [f 1—|—f’2}w
R
2f2/1+ 72

for ||¢]|1,r < e sufficiently small.



Because f solves the minimal surface equation (2.2), we get

ﬁ—: 1 wn_ fl _ f” _
fL+f2)2 fFa+f7)e

2(1+ f2)%
Lemma 4.1. Let the perturbation 1 € C?*T(I,R) be sufficiently small w.r.t. the Ct-norm. Let f €
C?T(I,R) solve the minimal surface equation. Then it holds

¢’+2 Y+ (4.5)

v =Ly Ly —aar e (4.6)

with the mean curvature H along f + v and the non-linear term Uy (¢) which collects all super-linear
terms for v and its first and second derivatives. Moreover, with a stability function x from (2.6), the

product ¢ = px ! satisfies
! ! " [ n
" X f ' X 2f'x / ~
<p+2<———><p+<—— +—=)p=2(p,H 4.7
x f x fx f e H) (.7)
with the non-linear right hand side
- 2(1+ f2)5 ~ B
@ (o, 1) = 2L st ). (1.8

X

Let us denote the linear differential operator on the left hand side of (4.7) with £;. Then we consider the
boundary value problem

Lilp] = ®1(p,H) inl, )
p(ze) =0, p(zr) = 0.

We supplement the boundary value problem (4.13) for H.

Perturbation of the Euler-Lagrange equation

Let the variation f + ¢, where ||¢||1,r is sufficiently small and f solves the minimal surface equation,
satisfy (3.19), that is

_ "+ " _ _
0=H'+(f'+¢) <f+g0 R Ry e H +2(1+ 7 +2f'¢' +¢”)H?
(4.10)
[ s 2, i
+2 H-— 0+ f"+2f'¢'+o")H.
Fre B )
Lemma 4.2. For the mean curvature along f + ¢ it holds
~ 21" 92 ~ ~
H”+%H— FO‘(Hf'?)H: By (p, H) (4.11)
with the non-linear right hand side
_ . 2]“]“’80’ 90” 2]0/()0/()0// _
@ H = —92(1 2 H3 ! ! £ _ _ HI
2(‘:07 ) ( +f ) + (f +<,0) f2 (1+f/2)2 + 1+f/2 (1+f12)2
4.12
_ 2]0//()0 2()0// 2()0()0// 20 " ( )
—2(f'+<p')<p'H3+{ 7o) + I +7(2f’go’+<p’2)}H+...,
where ... means terms of higher order of ¥ and its derivatives.



Let L5 denote the linear differential operator on the left hand side of (4.11). We consider the boundary
value problem _ _

£2[H]:‘I>2((p,H) in I,

H(z) =0, H(z,) = 0.

The homogeneous boundary conditions appear naturally in the case of rotationally symmetric Willmore
surfaces (see [22], section 6.3).

(4.13)

Note that L5 obeys the maximum principle if

f'_a ” .
7 [3(1+f)<0 esp..

Let us work on this assumption.

(4.14)

Tbl@

1.
f?

We remark that for sufficiently small perturbations ||¢)||24+q,7 < € die residual sums in (4.3) and (4.12)
converge. For ¢ < 1 and ||H||244,r < 1 we find constants Cs4,Cs € (0, +00) such that

A

1910 H)llayr < CalllHll24+a,1 + 19l31a,1),
(4.15)

19200, H)lla,r < CallH 3401 + loll2sa,rl H [l24a,1)

IN

as well as
@1 (1, Hi) — 1(p2, Ho)|laur
< Cs{|lHy — Hallzya,r + (191 1240, + [[@2ll240,0)ll01 = 2ll240.1}
1®2(p1, H1) — ®a( 2, Ha)||ax (4.16)
< Cs(llprllatant + 192ll2tar + 1 Hillzga,r + | Hallz4a,r) -
“(lpr = @allotarr + |1Hi — Hsllo4a,1)-

We will solve (4.9) and (4.13) successively: Let f be stable, and let (4.14) be fulfilled. We start with a
pair (g, Hp). First, with the right hand side ®»(¢o, Ho) we get an unique solution Hy from (4. 13) Now,
we solve (4.9) with @ (o, H1) to get an unique solution ¢;. In this way we proceed with (1, Hy).

Let ||¢oll2+a,1; ||F~Io||2+a71 < ¢ with the above € € (0,1). The Schauder estimates
1Hy |20, < Coll®2(p0, Hollar»  ll@rll2tar < Coll®1(p0, Hi)lla s (4.17)
with a constant Cg € (0, +00) due to (6.40), (4.7) and (4.11) yield (see (4.15))

| Hyll24a.r < CaCsl(e® + €2) < 2C4Cee?,

- (4.18)
lo1ll2ta,r < CaCo(l|Hill2ta,r +€%) < CaCs(1 + 2C4Cs)e
We choose ) )
e <minq 1, , . 4.19
- { 2C4Cq C4(,’6(1 + C4C6) } ( )
Then there follow ||f~11||2+a’1 < e and ||@1]|24a,5 < €. We continue this procedure to get
1Hill2+ar <& l@nll24ar < fork=0,1,2,... (4.20)
From (4.16) we deduce
1Hiir = Hillsva,r < 42 CsColll Hi = Hit llota,r + llor — @kt llo4a,r) (4.21)
as well as (for C5 and Cg be sufficiently large)
lorit — @rllorar < CsCollHrrr — Hillora.r + 26 CsCellok — Proillorar (4.22)

< 4 C2C3||Hy, — Hi—1llosa,1 + 6 C2CEllor — @r—tllzranr -



From the last inequalities we conclude

lorrt — rllota,r + [ Hipr — Hillo4a,r

o o (4.23)
< 10e C5Cq (llpr, — r—1ll2va,r + [Hr — Hy—1]l24a,1)

for k =1,2,... Additionally we assume the smallness property

1

—_— 4.24
< 20c2C (424)

such that the sequence (¢, ﬁk)k:l,l... is contractive. Then we find solutions ¢ € C?T%(I,R) and He

C** (I, R), ||ollo+a,r < € and ||f[||2+a71 < g, of the non-linear coupled boundary value problems (4.9)
and (4.13). As a meridian curve of the rotationally symmetric immersion with mean curvature H €
C?*t2(I,R), we have f € C*+*(I,R) due to well-known regularity results.

Theorem 4.1. Let f € C*T%(I,R) be a stable solution of the minimal surface equation (2.2) for given
boundary values f; and f.. Let [ satisfy (4.14). Then we find a solution pair (f, H) of (3.16) and (3.19)
as a sufficiently small perturbation in the C*T®-norm of the minimal surface.

5 Numerical results
The catenoid
Two coaxial circular boundary curves of common radius » > 0 span a minimal surface if the distance

h > 0 between the rings is sufficiently small.

We investigate the dependence between the ratio 1/ and the surface area A numerically. For this, we
increase the distance h of the rings starting from h = 0.1 by adding successively Ah = 0.1 while keeping
the radius r = 1.5088795 fixed (all calculations were done with Ken Brakke’s Surface Evolver [2]).

In the case h/. = 1.3256 there is no two-fold connected minimal surface. The given surface area is the
total area of the two discs of radius r.

h/. 1 0.0663 0.1325 0.1988 0.2651 0.3314 0.3976 0.4639 0.5302 0.5965 0.6627

A | 0.9053 1.8881 2.8292 3.7667 4.7001 5.6285 6.5506 7.4656 8.3723  9.2694

b/ | 0.7290 0.7953 0.8616 0.9278 0.9941 1.0604 1.1267 1.1929 1.2592 1.3256

A | 10.1558 11.0302 11.8810 12.7189 13.5347 14.3377 15.0976 15.8227 16.5026 14.3250

4 j /;73 '//j
(/ > 4 ((_,’ A (:// 4
1/, = 0.3314 b, = 0.3976 1/, = 0.4639 1/, = 0.5302

10



b/, = 0.5965 b, = 0.6627 b/, = 0.7290
_//
b/, = 0.8616 b, = 0.9278 b/ = 0.9941

b/, = 1.1267

b/ = 1.1929

The Willmore catenoid

We investigate numerically critical points of Willmore’s functional (1.4) with & =0, v = 0, 8 = 1. The following

b/, = 1.2592

b/, = 0.7953

1/, = 1.0604

1/ = 1.3256

tables compare the surface area A with the Willmore energy E for different distances h (r = 1).

h | 1.0 1.1 1.2 1.4 1.5 1.6 1.7 1.8 1.9 2.0
A | 598 650 698 7.42 Tr.77 813 849 887 9.27 9.68 10.11
E | 000 0.00 0.00 0.00 0.02 010 0.22 038 0.56 0.77 0.98
h 21 2.2 2.3 24 2.5 2.6 2.7 2.8 2.9

A | 1056 11.02 11.51 12.01 12.54 13.10 13.66 14.25 14.86

E | 1.20 1.43 1.67 1.90 2.13 2.36 2.58 2.80 3.02

h 3.0 4.0 5.0 6.0 7.0 8.0 9.0 10.0

A | 1550 2321 3415 48.08 65.37 8579 111.07 145.22

E | 323 5.02 6.62 7.56 8.25 8.72 9.26 9.71

h=11

11

h =12




P
h =24 h=25
s /
h =26 h =27 h =28 h =29

It is conjectured that such catenoid-type critical points of Willmore’s functional exist for all distances h > 0.
Furthermore, for h sufficiently large the critical immersions seem to tend to the sphere S? - except from a small
neighborhood of the boundary curves where the mean curvature H vanishes. Therefore, we expect W — 47 =~ 12.56

for 7 — oo due to the fact that 47 is exactly the Willmore energy for the round sphere.

h =40 h =60 h =80 h =100

6 Appendix: Linear ordinary differential equations

The maximum principle

Let u € C***(I,R), a € (0,1), I = [a,b], solve the boundary value problem
Llu)(z) := v"(2) + )/ (2) + G@)u(z) = f(z) in I, ula)=m, u(b) =12,
where p,q € C*(I,R) and f € C*(I,R). Multiplication with the positive function
p(o)i=exp [ o) do
gives the Sturm-Liouville boundary value problem

Llu] = (pu') +qu=f inI, wu(a)=mn, ud)=n,

12



where ¢ := pg and f := pf. Note that p € C'(I,R).
In [23], §26, Satz III we find the fundamental existence theorem:

Proposition 6.1. (Ezistence and uniqueness)

The inhomogeneous problem (6.1b) has a unique solution v € C*T*(I,R) if and only if the homogeneous problem
Lu] =0, wu(a)=0, u(b) =0, (6.3)
has only the trivial solution u = 0.

The Hélder regularity for u comes from the assumption f € C*(I,R). Furthermore, the uniqueness has its origin
in the following maximum principle which can be found in [23], Erginzung I for §26.

Proposition 6.2. (Mazimum principle)

Let u € C*(I,R) solve (6.1b) with ¢ < 0 (which is equivalent to § < 0).
(i) If Llu] > 0 and u has an inner positive mazimum, then u = const.
(i2) If L[u] <0 and u has an inner negative minimum, then u = const.

Corollary 6.1. (Uniqueness)

Let u,v € C?(I,R) solve
Llu] = f, wula)=m, ubd)=n:,

(6.4)
Llvl=f, wva)=m, vb)=mn.
Assume that ¢ < 0. Then it holds wu =v in I.
Proof. Consider w := v — v with L[w] =0 and w(a) = 0, w(b) = 0. The maximum principle yields w = 0. d

For ¢ < 0 the homogeneous problem has only the trivial solution, that is (6.1b) is uniquely solvable.

Alternatively, if the homogeneous problem has non-trivial solutions, the inhomogeneous problem may have no
solutions as the following example shows ([23], §26):

' (z) +u(r) =1, u(0)=0, u(x)=1. (6.5)
A priori estimates
Let po,p1 € R and p} € R be constants such that
0<po<p(x)<pi <+4+oco and |p'(z)|<pi < +oo forallzel. (6.6)
The maximum principle from Proposition 6.2 gives the following bounds on the C°-norm.

Corollary 6.2. (Estimate of the C°-norm)
Let u € C*(I,R) solve (6.1b) with ¢ < 0. Then

< .
lullor < 3 ma u(z)] + 1210 = (6.7)
Proof. 1. Consider the positive functions
v(z) := max |u(z)| + 1fllo.r (e —e"), zel (6.8)
z€dI pera ’ '

where upo — pi = 1 (note that pu > 0), such that p’ + pu > 1. It follows that

p(e")] = plpe"] = ulp' + pule"™ > pet® > pet®. (6.9)
Because qv < 0 we conclude

[1£llo,r

pene

Lv] = (pv) +qv < — pet® +qu < —||fllo,r - (6.10)

Thus, L[v—u] < 0. Due to the maximum principle, v —» has no local negative minimum if it is not constant.
Because (v — u)|sr > 0 we have v > u if v — u # const.
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2. Let ¥ = —v, then L[0] > ||f|lo,r- We have L[ — u] > 0. Due to the maximum principle, ¥ — u has no local
positive maximum if it is not constant. Because (v — u)|ar < 0 we have v < u if ¥ — u # const.

3. If v — u # const and ¥ — u # const we have

— max |u(z)| — 1 llo.r (" — ") < u(z) < max |u(z)| + 1fllo.r (e —e"™) in I. (6.11)
z€OT pere z€dI pere

The statement follows for this case.

4. Let v —u=C, C € R. With C' = v(b) — u(b) = v(b) — n2 we get

C1 < w(b) + o] < 2 mae u(a)], (6.12)

and the statement follows from |u| < |v| + |C|. Analogously, for 7 — u = C we get |C| < 2 max |u(z)|. This
T

makes the proof complete.

a
In the following calculations we can replace ||u||o,r by the above estimate if ¢ < 0.
Lemma 6.1. (Estimate of the C*-norm)
Let u € C***(I,R) solve (6.1b). Then, for all real 0 < p < % it holds
b—a 2p1 q1(b—a) up1(b—a)
< — 1 _— 2.l - 1
e e e L e Y (6.13)

Proof. 1. First, we estimate |u'(c)| with ¢ := 2. Let d := p252 with p < L sufficiently small. Set z1 :=c—d

and z2 := ¢ + d. By the mean value theorem there exists Z € [z1, 2] such that

oy Ju(n) —u(ze)| _ [u(zy) —u(zs)|
|u'(Z)| = 21 — 2] = 5 < =ullo,z - (6.14)

Because |c¢ — Z| < d we get

c

W@l = W@+ [u'©del < Gllullos +d_sup o o)

y€Elz1,z2]

@ (6.15)

u(b—a)

2
< —— llullor + 5

= W0 e

2. Integrating (pu') = f — qu from £ = c to £ = x yields

p(ayd (z) = / £(6) dé - / a(E)u(€) dé + p(e) (o), (6.16)

that is,
b—a 2p1 pp1(b —a)
< — _ —_ al - 6.17
b < T (1l + allulon) + s ullr + L2 = o (617)
The statement follows.
O
Lemma 6.2. (Estimate of the C*-norm)
Let u € C***(I,R) solve (6.1b). Then
l[ulla,r < llullo,r + (b = a)' ~*[|ull.r (6.18)

with the above bounds on ||ullo,r and ||u||1,z1.
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Proof. For arbitrary z1,z2 € [a,b], 1 # T2, we have
lu(21) = u(z2)| = |u'(€)||z1 — 22
with € € [z1, z2]. We conclude

[u(z1) — u(z2)]

1. ey jyet
T = Ol =l < =)l

therefore
wlla,r < Nullo,r + (6 —a)' = [lull,r -

Lemma 6.3. (Estimate of the C*T™*-norm)
Let u € C***(I,R) solve (6.1b). Then, for all real 0 < p < % it holds

llulli+a,r < llulli,r + etllullo,r + 2|l fllo,r + peallull24a,r

with the above bounds on ||u|l1,1 and the constants

e = (b—a)™® (p'l 2p1p} piqi(b—a) n '11)
1= — — - -
po  ppg(b—a) 2p} po)’

’ _ ’ _ 2—a
Cy = (b - a)lia <p71(b a) ! ) s Cc3 = pilpl(b a) .

2p3 Do 2p;5

Proof. Let z1,z2 € I. We find £ € [z1, z2] with the property

|/ (1) — ' (2>)|

P [ (€)|z1 — 22" < (b—a)' [u]ar .

From the equation
U

1
u//+p_u/+2u=_f
p p p
we conclude ,
P1 il 1
ular < —||lu + = ||lu + — .
[u]2,r < o llull1.r - llullo.r 7 Il £1lo.z
Using the above C*-estimate we get
[ul2,r < ellullo,r + c2||fllo,r + esllull24a,r
with the given constants ci, ¢z, c3.

Let us define

b—a 2p1 qi(b—a)
cg:=co+——, cs:=1+4ci+
FTTT Ty ’ ) 2po

From (6.22) it follows that
llulli+a,r < callfllo,r + esllullo,r + pesllull2ta,r -

To prove global estimates of the C*T*-norm we note that

u'(z) = fo) P o' (z) — a(z) u(z) = F(x)
p(z)  p(x) p(z) ’
that is, we have to investigate the Poisson-type equation v’ = F.

Lemma 6.4. (Estimate of the C°-norm for Poisson’s equation)
Let uw € C*T*(I,R) solve (6.30). Then

llullo,r < 3max |u(z)| + ||F|o,re” >
z€dI

This follows from the C°-estimate (6.7) with p =1, ¢ = 0.
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b—
, Ce :=C3+p1( a)~

2p0

(6.19)

(6.20)

(6.21)

(6.22)

(6.23)

(6.24)

(6.25)

(6.26)

(6.27)

(6.28)

(6.29)

(6.30)

(6.31)



Lemma 6.5. (Estimate of the C'-norm for Poisson’s equation)
Let u € C***(I,R) solve (6.30). For all real 0 < pu < % it holds

(+pb-a),
2

2+pub—a)

el < iy o

|Fllo,r +

Proof. As in (6.15) we have

u(b—a)
2

p(b—a)

ju'(0)] < -

_2
~ p(b—a)

because [u]2,; = ||F||o,r- Integrating u” (z) = F(z) from £ = ¢ to £ = x gives

llullo,r + [ul2,r = llullo,r + 1£']lo,1

_2
p(b—a)

nb—a
ullo.r + 2= o,

b—a 2
< —||F T E——
[uli,r < —=[1Fllo.r + =)

This proves the statement.
Furthermore, [u"]2,r = ||F||o,r yields immediately

Lemma 6.6. (Estimate of the C*-norm for Poisson’s equation,)
Let u € C***(I,R) solve (6.30). For all real 0 < pu < % it holds

2+ (14 p)(b—a) 2+pb—a)
2

p(b—a)

llull2,r < 1F]lo,r + llullo,r -

Asin (6.18) and (6.22) we prove

Lemma 6.7. (Estimate of the C®-norm for Poisson’s equation)
Let u € C***(I,R) solve (6.80). Then it holds

Jullo.r < llullo.r + (b= a)" ™ *[u]ss
with the above estimates of ||ullo,r and [u]1,r.

Lemma 6.8. (Estimate of the C***-norm for Poisson’s equation,)
Let u € C*T(I,R) solve (6.30). Then it holds

lullia < llullir + (b —a)' = [u]2r
with the above bounds on ||ul|1,r and [u]2,r.

Lemma 6.9. (Estimate of the C*T-norm for Poisson’s equation)
Let uw € C*T*(I,R) solve (6.30). Then it holds

Nullata,r = llulle,r + [w]oga,r = llulle,r + [|Flla,r
with the above bound on ||u||2,1.
Our main result is a global estimate of the C*T®-norm for regular solutions of (6.1b).
Proposition 6.3. (Global estimate of the C*T*-norm,)
Let u € C***(I,R) solve (6.1b). Let
pr=plla, @ :=llallar, b1 = lplhitar-
Then there ezist real constants C1,Co = C1, Ca(po, p1,q1,p1,b — a,a) € (0, +00) such that
lull2a.r < Cillfllar + Callullo,r -
Proof. Note that

From (6.35) it follows that

lullota,r = llullzr + [ulova,r < flullzr + [|Flla,r

24+ (1+p)b—a)
2

2+ u(b—a)

Fllo,r +||F|la,r + ullo,r -
IFllos + 1Pl s + 20D
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(6.32)

(6.33)

(6.34)

(6.35)

(6.36)

(6.37)

(6.38)

(6.39)

(6.40)

(6.41)

(6.42)



1. We estimate ||F||o,r- From (6.29) we infer

1 /
1Fllo.r < == I1fllo.r + z—; lull.r + f)—; lullo,z

IN

Po

We set

1 1
cr = — (L+phes), cs:= . (Pies +q1), o= ""co,
0

Po
such that
1F]lo,r < crllfllo,r + esllullo,r + peollull2+a,r -

2. Analogously we estimate

. N
1Pl < Wt Yy By
DPo Ppo Po
We define 1
cro == — (L+plea+q(b—a) "%cs),
Po
1 —~1 ~ ~ l—a
en = o (Ples+ @ +@i(b—a)' "%cs),
0
]. ~1 ~ l—a
Ccla = p—(pl ce +qi(b—a) ca).
0

Together with (6.18) and (6.22) we have

1Fla,r < crollflla,r + crtllullo,r + perzlull24a,r -

Now, we set
24+ 1+ p)b—a)

c13 = fc7+010,
2 1 b— 2 b—
P + (1 +p)( a)cgJr + 1( a)+cll’
2 p(b—a)
24+ (1+p)b—a
Ci5 = %694-612-

Summarizing (6.42), (6.45) and (6.48) we arrive at the estimate
llull2ta,r < ersl| flla,r + crallullo,r + pers||ullota,r -

Finally, we choose 0 < p < % such that 1 — pc1s > 0. It follows that

Cc

13
e et +

—jullo,z -
pHeis

ullosa < —

Setting C1 := c13(1 — M615)71 and Cs = c14(1 — M615)71 proves the statement.

1 1 P
(1 +pied)l fllos + o (res +aqu)llullor + Mp—; co||ull2+a.r -

(6.43)

(6.44)

(6.45)

(6.46)

(6.47)

(6.48)

(6.49)

(6.50)

(6.51)

a

The presented a priori estimates are not sharp. In the foregoing application we needed only a qualitative form of

these constants.
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