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Abstra
t

We investigate existen
e and stability of rotationally symmetri
 
riti
al immersions

of variational problems of higher order whi
h were 
onsidered in [15℄ and [16℄.

1 Introdu
tion

Let 
 � R

2

be a bounded and two-fold 
onne
ted domain. We 
onsider two-dimensional immersions

X = X(u; v) = (x

1

(u; v); x

2

(u; v); x

3

(u; v)) 2 C

4+�

(
;R

3

) \ C

0

(
;R

3

); � 2 (0; 1); (1.1)

with the property

W := jX

u

^X

v

j > 0 in 
 (1.2)

for the surfa
e area element W =W (u; v): Here, the indi
es u and v are the partial derivatives w.r.t. to

the variables u resp. v; while ^ means the usual ve
tor produ
t in R

3

:

Let �

i

= �

i

(u; v); i = 1; 2; denote the prin
iple 
urvatures of the surfa
e. Then, by

H(u; v) :=

�

1

(u; v) + �

2

(u; v)

2

; K(u; v) := �

1

(u; v)�

2

(u; v) (1.3)

we introdu
e its mean 
urvature and Gaussian 
urvature. We are 
on
erned with rotationally symmetri



riti
al immersions w.r.t. the variational problem

E [X ℄ :=

ZZ




(� + �H

2

� 
K)W dudv �! extr! (1.4)

with positive 
onstants �; �; 
 2 R:

For � 6= 0; �; 
 = 0; the fun
tional E [X ℄ is proportional to the 
lassi
al area fun
tional. Criti
al points

of the a

essory variational problem are minimal surfa
es, in this 
ase the 
atenoid. In se
tion 2 we

investigate the stability of the 
atenoid solution w.r.t. small perturbations. The methods used here are

presented in more general 
ontext in [14℄.

The 
ase �; 
 = 0 and � 6= 0 leads to Willmore's fun
tional for whi
h we present sele
ted numeri
al

results. Further, we refer the reader to the textbook [27℄, in parti
ular 
hapter 7.

Given two 
oaxial 
ir
ular boundary 
urves �

1

;�

2

2 R

3

with 
ommon radius R > 0 of distan
e d > 0; we


onsider rotationally symmetri
 
riti
al points of (1.4) en
ouraged by the J.C.C. Nits
he's treatises [15℄

and [16℄.

2 The 
atenoid

The 
atenary 
urve

Let I := [x

`

; x

r

℄ � R; jI j := jx

r

� x

`

j > 0: A 
riti
al point f 2 C

2+�

(I;R); � 2 (0; 1); of the variational

problem

A[f ℄ := 2�

Z

I

f(x)

p

1 + f

0

(x)

2

dx �! extr! (2.1)
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is a solution of the non-linear Euler-Lagrange di�erential equation

f(x)f

00

(x) = 1 + f

0

(x)

2

; x 2 (x

`

; x

r

); (2.2)

with boundary 
onditions y

`

= f(x

`

) and y

r

= f(x

r

): Note that f and f

00

has no zeros. With suitable

integration 
onstants 


1

; 


2

2 R we get the 
atenary solution

f(x) = 


1


osh

�

x




1

+ 


2

�

; x 2 I: (2.3)

Detailed 
al
ulations 
an be found e.g. in [6℄, se
tion 4, and in [1℄, 
hapter IV.

Stability of graphs

(a) Perturbation of the 
atenary 
urve

We investigate the stability of the 
atenary 
urve f w.r.t. small perturbations. Let  2 C

2+�

(I;R);

� 2 (0; 1); be given su
h that f +  solves also the minimal surfa
e equation (2.2), that is

(f +  )(f

00

+  

00

)� 1� (f

0

+  

0

)

2

= 0 in I: (2.4)

We arrive at the non-linear di�erential equation

 

00

(x)�

2f

0

(x)

f(x)

 

0

(x) +

f

00

(x)

f(x)

 (x) =

1

f

 

0

(x)

2

�

1

f

 (x) 

00

(x): (2.5)

Due to ff

00

= 1 + f

02

> 0 the linear di�erential operator on the right hand side does not obey the

maximum prin
iple (see Proposition 6.2 of the appendix). Thus, we assume the existen
e of a positive

stability fun
tion � 2 C

2+�

(I;R) su
h that

�

00

(x)�

2f

0

(x)

f(x)

�

0

(x) +

f

00

(x)

f(x)

�(x) � 0 in I; � > 0 in I: (2.6)

With the produ
t tri
k  = '� we 
al
ulate

'

00

(x) + 2

�

�

0

�

�

f

0

f

�

'

0

(x) +

�

�

00

�

�

2f

0

f

�

0

�

+

f

00

f

�

'(x) = �(';�) (2.7)

with the non-linear right hand side

�(';�) :=

�

f

'

02

�

�

f

''

00

+

�

�

02

f�

�

�

00

f

�

'

2

; �(0;�) = 0: (2.8)

Now, the left hand side di�erential operator in (2.7) obeys the maximum prin
iple. Corollary 6.3 ensures

the uniqueness of the solution of the below boundary value problem (2.20).

(b) S
hauder norms

De�nition 2.1.We introdu
e the norms

kuk

0;I

:= max

x2I

ju(x)j; kuk

1;I

:= kuk

0;I

+max

x2I

ju

0

(x)j;

kuk

2;I

:= kuk

1;I

+max

x2I

ju

00

(x)j;

(2.9)

furthermore the H

�

older norms

kuk

k+�;I

:= kuk

k;I

+ max

x

1

;x

2

2I

x

1

6=x

2

ju

(k)

(x

1

)� u

(k)

(x

2

)j

jx

1

� x

2

j

�

; k = 0; 1; 2; (2.10)

as well as the semi norms

[u℄

k;I

:= max

x2I

ju

(k)

(x)j; [u℄

k+�;I

:= max

x

1

;x

2

2I

x

1

6=x

2

ju

(k)

(x

1

)� u

(k)

(x

2

)j

jx

1

� x

2

j

�

for k = 0; 1; 2: (2.11)
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(
) Contra
tion property of �(�;�)

Lemma 2.1. It holds

k�(�

1

;�)� �(�

2

;�)k

�;I

� C

1

(k�

1

k

2+�;I

+ k�

2

k

2+�;I

)k�

1

� �

2

k

2+�;I

(2.12)

for all �

1

; �

2

2 C

2+�

(I;R) with the 
onstant

C

1

:=

n

2k�f

�1

k

�;I

+ k�

02

�

�1

f

�1

� �

00

f

�1

k

�;I

(1 + jI j

1��

)

2

o

(1 + jI j

1��

)

2

: (2.13)

Proof. We 
al
ulate

�(�

1

;�)� �(�

2

;�) =

�

f

(�

02

1

� �

02

2

)�

�

f

(�

1

�

00

1

� �

2

�

00

2

)�

�

�

02

f�

�

�

00

f

�

(�

2

1

� �

2

2

)

=

�

f

(�

0

1

+ �

0

2

)(�

0

1

� �

0

2

)�

�

f

�

1

(�

00

1

� �

00

2

)�

�

f

�

00

2

(�

1

� �

2

)

�

�

�

02

f�

�

�

00

f

�

(�

1

+ �

2

)(�

1

� �

2

):

(2.14)

Now, we estimate as follows:

k�(�

1

;�)� �(�

2

;�)k

�;I

� k�f

�1

k

�;I

k�

0

1

+ �

0

2

k

�;I

k�

0

1

� �

0

2

k

�;I

+ k�f

�1

k

�;I

k�

1

k

�;I

k�

00

1

� �

00

2

k

�;I

+ k�f

�1

k

�;I

k�

00

2

k

�;I

k�

1

� �

2

k

�;I

+ k�

02

�

�1

f

�1

� �

00

f

�1

k

�;I

k�

1

+ �

2

k

�;I

k�

1

� �

2

k

�;I

� k�f

�1

k

�;I

(k�

1

k

1+�;I

+ k�

2

k

1+�;I

)k�

1

� �

2

k

1+�;I

+ k�f

�1

k

�;I

k�

1

k

�;I

k�

1

� �

2

k

2+�;I

+ k�f

�1

k

�;I

k�

2

k

2+�;I

k�

1

� �

2

k

�;I

+ k�

02

�

�1

f

�1

� �

00

f

�1

k

�;I

(k�

1

k

�;I

+ k�

2

k

�;I

)k�

1

� �

2

k

�;I

:

(2.15)

Note that

k�k

�;I

� k�k

0;I

+ max

x

1

;x

2

2I

x

1

6=x

2

j�(x

1

)� �(x

2

)j

jx

1

� x

2

j

jI j

1��

� k�k

0;I

+ jI j

1��

max

x

1

;x

2

2I

x

1

6=x

2

max

�2[x

1

;x

2

℄

j�

0

(�)j

� k�k

0;I

+ jI j

1��

max

x

1

;x

2

2I

x

1

6=x

2

k�k

1;[x

1

;x

2

℄

� (1 + jI j

1��

)k�k

1+�;I

:

(2.16)

In the same way we have

k�k

1+�;I

� (1 + jI j

1��

)k�k

2+�;I

; k�k

�;I

� (1 + jI j

1��

)

2

k�k

2+�;I

: (2.17)

We insert these inequalities into (2.15) to get

k�(�

1

;�)� �(�

2

;�)k

�;I

� k�f

�1

k

�;I

(1 + jI j

1��

)

2

(k�

1

k

2+�;I

+ k�

2

k

2+�;I

)k�

1

� �

2

k

2+�;I

+ k�f

�1

k

�;I

(1 + jI j

1��

)

2

k�

1

k

2+�;I

k�

1

� �

2

k

2+�;I

+ k�f

�1

k

�;I

(1 + jI j

1��

)

2

k�

2

k

2+�;I

k�

1

� �

2

k

2+�;I

+ k�

02

�

�1

f

�1

� �

00

f

�1

k

�;I

(1 + jI j

1��

)

4

(k�

1

k

2+�;I

+ k�

2

k

2+�;I

)k�

1

� �

2

k

2+�;I

:

(2.18)

This is the statement.
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For ' 2 C

2+�

(I;R) we de�ne the linear di�erential operator

L['℄ := '

00

(x) + 2

�

�

0

�

�

f

0

f

�

'

0

(x) +

�

�

00

�

�

2f

0

�

0

f�

+

f

00

f

�

'(x): (2.19)

Due to (2.6) it obeys the maximum prin
iple.

Su

essively we will solve the boundary value problem (let �(') := �(';�))

L['℄ = �(') in I;

'(x

`

) = '

`

; '(x

r

) = '

r

(2.20)

with the non-linear right hand side (2.8) and given boundary data '(x

`

) = '

`

and '(x

r

) = '

r

: For this

we start with the fun
tion '

0

� 0 and 
onsider the linear problems

L['

k

℄ = �('

k�1

) in I;

'(x

`

) = '

`

; '(x

r

) = '

r

for k = 1; 2; : : :

(2.21)

From L['

1

℄ = �(0) = 0 and the S
hauder estimate

k'

k

k

2+�;I

� C

2

k�('

k�1

)k

�;I

+ C

3

maxfj'(x

`

)j; j'(x

r

)jg (2.22)

(see the global C

2+�

-estimate (6.40) together with the C

0

-estimate (6.7) and the a priori 
onstants

C

2

; C

3

2 (0;+1) following from it) we 
on
lude

k'

1

k

2+�;I

� C

3

maxfj'(x

`

)j; j'(x

r

)jg =: C

3

a; (2.23)

where a := maxfj'(x

`

)j; j'(x

r

)jg: Using (2.12) we get

k'

k+1

� '

k

k

2+�;I

� C

2

k�('

k

)� �('

k�1

)k

�;I

� C

1

C

2

(k'

k

k

2+�;I

+ k'

k�1

k

2+�;I

)k'

k

� '

k�1

k

2+�;I

:

(2.24)

For given " 2 (0; 1) we 
hoose a suÆ
iently small su
h that

2a C

1

C

2

C

3

�

1 +

a C

1

C

2

C

3

1� "

�

� ": (2.25)

Then, by indu
tion we prove

k'

n

k

2+�;I

� a C

3

�

1 +

a C

1

C

2

C

3

1� "

�

for n = 1; 2; : : : (2.26)

First, it holds k'

1

k

2+�;I

� aC

3

: Furthermore, (2.24) gives

k'

2

k

2+�;I

� k'

2

� '

1

k

2+�;I

+ k'

1

k

2+�;I

� C

1

C

2

k'

1

k

2

2+�;I

+ k'

1

k

2+�;I

� a C

3

(1 + a C

1

C

2

C

3

):

(2.27)

Thus, the statement is true for n = 1 und n = 2: Let it be proved for n = 1; 2; : : : ;m: For k � m we


al
ulate (see (2.24))

k'

k+1

� '

k

k

2+�;I

� 2a C

1

C

2

C

3

�

1 +

a C

1

C

2

C

3

1� "

�

k'

k

� '

k�1

k

2+�;I

� "k'

k

� '

k�1

k

2+�;I

: (2.28)

It follows that (see (2.27))

k'

m+1

k

2+�;I

� k'

1

k

2+�;I

+

m

X

k=1

k'

k+1

� '

k

k

2+�;I

� k'

1

k

2+�;I

+ ("

m�1

+ "

m�2

+ : : :+ "+ 1)k'

2

� '

1

k

2+�;I

� a C

3

+

1

1� "

a

2

C

1

C

2

C

2

3

= a C

3

�

1 +

a C

1

C

2

C

3

1� "

�

:

(2.29)
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This proves (2.26) and we arrive at

k'

k+1

� '

k

k

2+�;I

� "k'

k

� '

k�1

k

2+�;I

for all k = 1; 2; : : : (2.30)

for " 2 (0; 1): By Bana
h's �x point theorem the sequen
e f'

k

g

k=0;1;:::


onverges uniformly in C

2+�

to

a fun
tion ' 2 C

2+�

(I;R) whi
h solves the boundary value problem (2.20). Via  = '� we have found

also a solution of (2.5) with suÆ
iently small boundary data.

Theorem 2.1. Let f 2 C

2+�

(I;R) be a solution of the minimal surfa
e equation (2.2) and let it be

stable in the sense of (2.6). For suÆ
iently small " > 0 there exists  2 C

2+�

(I;R) with boundary values

j (x

`

)j � " and j (x

r

)j � " su
h that f +  solves also (2.2).

3 Variational problems of higher order

The �rst variation

Now we address the �rst variation of the fun
tional E [X ℄ from (1.4). We introdu
e 
onformal parameters

(u; v) 2 
 with the properties

jX

u

j

2

=W = jX

v

j

2

; X

u

�X

t

v

= 0 in 
: (3.1)

We 
onsider the perturbation

e

X(u; v) := X(u; v) + "f'(u; v)X

u

(u; v) +  (u; v)X

v

(u; v) + �(u; v)N(u; v)g; (u; v) 2 
; (3.2)

where " 2 (�"

0

;+"

0

): Let

Z(u; v) := '(u; v)X

u

(u; v) +  (u; v)X

v

(u; v) + �(u; v)N(u; v): (3.3)

From [16℄ and [22℄ we have

Lemma 3.1. For the �rst variation w.r.t. the ve
tor �eld Z = Z(u; v) there hold

Æ

ZZ




W dudv = �2

ZZ




H(Z �N

t

)W dudv �

Z

�


[Z;N;X

0

℄ ds;

Æ

ZZ




KW dudv = �

Z

�


K[Z;N;X

0

℄ ds+

Z

�


�

�

(1)

�(Z �N

t

)

��

� �

(2)

(Z �N

t

)

�

ds;

Æ

ZZ




H

2

W dudv =

ZZ




f4H + 2H(H

2

�K)Wg(Z �N

t

) dudv

�

Z

�


H

2

[Z;N;X

0

℄ ds+

Z

�


�

H

�(Z �N

t

)

��

� (Z �N

t

)

�H

��

�

ds

(3.4)

with the settings

�

(1)

= �

n

;

�

(2)

=

��

�s

+

�

�s

�

�

n

�

2

��

g

�s

�

�

�

�s

�

�

g

�

2

��

n

�s

�

:

(3.5)

Here, � and � are the 
urvature and the torsion of the boundary 
urves, while �

n

and �

g

mean their

normal 
urvature and geodesi
 
urvature, resp., w.r.t. the surfa
e X = X(u; v):

The Euler-Lagrange di�erential equation

�f4H + 2H(H

2

�K)Wg � 2�HW = 0 (3.6)
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has to be 
oupled with the natural boundary 
onditions

0 =

Z

�


f
K � �H

2

� �g[Z;N;X

0

℄ ds+

Z

�


�


�

(2)

� �

�H

��

�

(Z �N

t

) ds

+

Z

�


f�H � 
�

(1)

g

�(Z �N

t

)

��

ds:

(3.7)

Furthermore, we add the mean 
urvature di�erential system

4X = 2H(X)X

u

^X

v

: (3.8)

In the 
ase of �xed boundary 
onditions there hold �j

�


= 0 and (Z ^X

0

)j

�


= 0; that is

�H � 
�

(1)

= 0 (3.9)

(for a detailed dis
ussion we refer to [15℄ and [14℄.)

Di�erential equations for graph solutions

Let4 denote the Lapla
e-Beltrami operator w.r.t. the metri
 ds

2

= jX

u

j

2

du

2

+2X

u

�X

t

v

dudv+ jX

v

j

2

dv

2

:

If � 6= 0 we 
an rewrite (3.6) and (3.8) to get

4H + 2H(H

2

�K)�

2�

�

H = 0; W4X = 2H(X

u

^X

v

): (3.10)

Now, assume the surfa
e represents a graph (x; y; z(x; y)): We 
al
ulate

W4 z =

�

�x

�

1 + z

2

y

W

z

x

�

�

�

�x

�

z

x

z

y

W

z

y

�

�

�

�y

�

z

x

z

y

W

z

x

�

+

�

�y

�

1 + z

2

x

W

z

y

�

=

1

W

3

n

(1 + z

2

y

)z

xx

� 2z

x

z

y

z

xy

+ (1 + z

2

x

)z

yy

o

:

(3.11)

Thus, it holds

(1 + z

2

y

)z

xx

� 2z

x

z

y

z

xy

+ (1 + z

2

x

)z

yy

= 2H(1 + z

2

x

+ z

2

y

)

3

2

: (3.12)

Analogously we have

W4H =

2z

y

z

xy

W

H

x

�

(1 + z

2

y

)(z

x

z

xx

+ z

y

z

xy

)

W

3

H

x

+

1 + z

2

y

W

H

xx

�

z

y

z

xx

+ z

x

z

xy

W

H

y

+

z

x

z

y

(z

x

z

xx

+ z

y

z

xy

)

W

3

H

y

�

z

x

z

y

W

H

xy

�

z

y

z

xy

+ z

x

z

yy

W

H

x

+

z

x

z

y

(z

x

z

xy

+ z

y

z

yy

)

W

3

H

x

�

z

x

z

y

W

H

xy

+

2z

x

z

xy

W

H

y

�

(1 + z

2

x

)(z

x

z

xy

+ z

y

z

yy

)

W

3

H

y

+

1 + z

2

x

W

H

yy

(3.13)

for the mean 
urvature.

The rotationally symmetri
 
ase

We 
onsider rotationally symmetri
 surfa
es: The meridian fun
tion f(x) := z(x; 0); where f(x) > 0 for

all x 2 [x

`

; x

r

℄; rotates about the x-axis. We have

z

x

(x; 0) = f

0

(x); z

y

(x; 0) = 0;

z

xx

(x; 0) = f

00

(x); z

xy

(x; 0) = 0; z

yy

(x; 0) = �

1

f(x)

(3.14)
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as well as

H

x

(x; 0) = H

0

(x); H

y

(x; 0) = 0;

H

xx

(x; 0) = H

00

(x); H

xy

(x; 0) = 0; H

yy

(x; 0) = 0:

(3.15)

The mean 
urvature equation reads as

f

00

= 2H(1 + f

02

)

3

2

+

1 + f

02

f

(3.16)

while from (3.13) we 
on
lude

4H =

f

0

(x)

1 + f

0

(x)

2

�

1

f(x)

�

f

00

(x)

1 + f

0

(x)

2

�

H

0

(x) +

1

1 + f

0

(x)

2

H

00

(x): (3.17)

Investing

K(x) = �

f

00

(x)

f(x)f1 + f

0

(x)

2

g

(3.18)

along the meridian 
urve, from (3.10) and (3.17) we get

H

00

+ f

0

�

1

f

�

f

00

1 + f

02

�

H

0

+ 2H

3

(1 + f

02

) + 2

f

00

f

H �

2�

�

(1 + f

02

)H = 0: (3.19)

4 Su

essive approximation

Perturbation of the mean 
urvature equation

We start with

H =

f

00

2(1 + f

02

)

3

2

�

1

2f

p

1 + f

02

: (4.1)

Let f 2 C

2+�

(I;R) solve the minimal surfa
e equation. For a perturbation  2 C

2+�

(I;R) we 
onsider

the mean 
urvature

e

H =

f

00

+  

00

2(1 + (f

0

+  

0

)

2

)

3

2

�

1

2(f +  )

p

1 + (f

0

+  

0

)

2

(4.2)

along the meridian 
urve of the rotationally symmetri
 surfa
e f +  : Using

1

f +  

=

1

f

�

 

f

2

+ : : : ;

1

p

1 + f

02

+ 2f

0

 

0

+  

02

=

1

p

1 + f

02

�

f

0

 

0

(1 + f

02

)

3

2

+ : : : ;

1

(1 + f

02

+ 2f

0

 

0

+  

02

)

3

2

=

1

(1 + f

02

)

3

2

�

3f

0

 

0

(1 + f

02

)

5

2

+ : : :

(4.3)

we 
al
ulate

e

H =

1

2

�

1

(1 + f

02

)

3

2

�

3f

0

 

0

(1 + f

02

)

5

2

�

(f

00

+  

00

)

�

1

2

�

1

f

�

 

f

2

�

"

1

p

1 + f

02

�

f

0

 

0

(1 + f

02

)

3

2

#

+ : : :

=

1

2

p

1 + f

02

�

f

00

1 + f

02

�

1

f

�

+

1

2(1 + f

02

)

3

2

 

00

+

f

0

2(1 + f

02

)

3

2

�

1

f

�

3f

00

1 + f

02

�

 

0

+

1

2f

2

p

1 + f

02

 + : : :

(4.4)

for k k

1;I

� " suÆ
iently small.
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Be
ause f solves the minimal surfa
e equation (2.2), we get

e

H =

1

2(1 + f

02

)

3

2

 

00

�

f

0

f(1 + f

02

)

3

2

 

0

+

f

00

2f(1 + f

02

)

3

2

 + : : : (4.5)

Lemma 4.1. Let the perturbation  2 C

2+�

(I;R) be suÆ
iently small w.r.t. the C

1

-norm. Let f 2

C

2+�

(I;R) solve the minimal surfa
e equation. Then it holds

 

00

�

2f

0

f

 

0

+

f

00

f

 = 2(1 + f

02

)

3

2

e

H +	

1

( ) (4.6)

with the mean 
urvature

e

H along f +  and the non-linear term 	

1

( ) whi
h 
olle
ts all super-linear

terms for  and its �rst and se
ond derivatives. Moreover, with a stability fun
tion � from (2.6), the

produ
t ' =  �

�1

satis�es

'

00

+ 2

�

�

0

�

�

f

0

f

�

'

0

+

�

�

00

�

�

2f

0

�

0

f�

+

f

00

f

�

' = �

1

(';

e

H) (4.7)

with the non-linear right hand side

�

1

(';

e

H) :=

2(1 + f

02

)

3

2

�

e

H + �

�1

	

1

('�): (4.8)

Let us denote the linear di�erential operator on the left hand side of (4.7) with L

1

: Then we 
onsider the

boundary value problem

L

1

['℄ = �

1

(';

e

H) in I;

'(x

`

) = 0; '(x

r

) = 0:

(4.9)

We supplement the boundary value problem (4.13) for

e

H:

Perturbation of the Euler-Lagrange equation

Let the variation f + '; where k'k

1;I

is suÆ
iently small and f solves the minimal surfa
e equation,

satisfy (3.19), that is

0 =

e

H

00

+ (f

0

+ '

0

)

�

1

f + '

�

f

00

+ '

00

1 + f

02

+ 2f

0

'

0

+ '

02

�

e

H

0

+ 2(1 + f

02

+ 2f

0

'

0

+ '

02

)

e

H

3

+2

f

00

+ '

00

f + '

e

H �

2�

�

(1 + f

02

+ 2f

0

'

0

+ '

02

)

e

H :

(4.10)

Lemma 4.2. For the mean 
urvature along f + ' it holds

e

H

00

+

2f

00

f

e

H �

2�

�

(1 + f

02

)

e

H = �

2

(';

e

H) (4.11)

with the non-linear right hand side

�

2

(';

e

H) = �2(1 + f

02

)

e

H

3

+ (f

0

+ '

0

)

�

'

f

2

�

2f

0

f

00

'

0

(1 + f

02

)

2

+

'

00

1 + f

02

�

2f

0

'

0

'

00

(1 + f

02

)

2

�

e

H

0

� 2(f

0

+ '

0

)'

0

e

H

3

+

�

2f

00

'

f

2

�

2'

00

f

+

2''

00

f

2

+

2�

�

(2f

0

'

0

+ '

02

)

�

e

H + : : : ;

(4.12)

where : : : means terms of higher order of  and its derivatives.
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Let L

2

denote the linear di�erential operator on the left hand side of (4.11). We 
onsider the boundary

value problem

L

2

[

e

H ℄ = �

2

(';

e

H) in I;

e

H(x

`

) = 0;

e

H(x

r

) = 0:

(4.13)

The homogeneous boundary 
onditions appear naturally in the 
ase of rotationally symmetri
 Willmore

surfa
es (see [22℄, se
tion 6.3).

Note that L

2

obeys the maximum prin
iple if

f

00

f

�

�

�

(1 + f

02

) < 0 resp..

1

f

2

<

�

�

: (4.14)

Let us work on this assumption.

We remark that for suÆ
iently small perturbations k k

2+�;I

< " die residual sums in (4.3) and (4.12)


onverge. For " < 1 and k

e

Hk

2+�;I

< 1 we �nd 
onstants C

4

; C

5

2 (0;+1) su
h that

k�

1

(';

e

H)k

�;I

� C

4

(k

e

Hk

2+�;I

+ k'k

2

2+�;I

);

k�

2

(';

e

H)k

�;I

� C

4

(k

e

Hk

3

2+�;I

+ k'k

2+�;I

k

e

Hk

2+�;I

)

(4.15)

as well as

k�

1

('

1

;

e

H

1

)� �

1

('

2

;

e

H

2

)k

�;I

� C

5

fk

e

H

1

�

e

H

2

k

2+�;I

+ (k'

1

k

2+�;I

+ k'

2

k

2+�;I

)k'

1

� '

2

k

2+�;I

g;

k�

2

('

1

;

e

H

1

)� �

2

('

2

;

e

H

2

)k

�;I

� C

5

(k'

1

k

2+�;I

+ k'

2

k

2+�;I

+ k

e

H

1

k

2+�;I

+ k

e

H

2

k

2+�;I

) � : : :

: : : � (k'

1

� '

2

k

2+�;I

+ k

e

H

1

�

e

H

2

k

2+�;I

):

(4.16)

We will solve (4.9) and (4.13) su

essively: Let f be stable, and let (4.14) be ful�lled. We start with a

pair ('

0

;

e

H

0

): First, with the right hand side �

2

('

0

;

e

H

0

) we get an unique solution

e

H

1

from (4.13). Now,

we solve (4.9) with �

1

('

0

;

e

H

1

) to get an unique solution '

1

: In this way we pro
eed with ('

1

;

e

H

1

):

Let k'

0

k

2+�;I

; k

e

H

0

k

2+�;I

< " with the above " 2 (0; 1): The S
hauder estimates

k

e

H

1

k

2+�;I

� C

6

k�

2

('

0

;

e

H

0

)k

�;I

; k'

1

k

2+�;I

� C

6

k�

1

('

0

;

e

H

1

)k

�;I

(4.17)

with a 
onstant C

6

2 (0;+1) due to (6.40), (4.7) and (4.11) yield (see (4.15))

k

e

H

1

k

2+�;I

� C

4

C

6

("

3

+ "

2

) � 2C

4

C

6

"

2

;

k'

1

k

2+�;I

� C

4

C

6

(k

e

H

1

k

2+�;I

+ "

2

) � C

4

C

6

(1 + 2C

4

C

6

)"

2

:

(4.18)

We 
hoose

" � min

�

1;

1

2C

4

C

6

;

1

C

4

C

6

(1 + C

4

C

6

)

�

: (4.19)

Then there follow k

e

H

1

k

2+�;I

� " and k'

1

k

2+�;I

� ": We 
ontinue this pro
edure to get

k

e

H

k

k

2+�;I

� "; k'

k

k

2+�;I

� " for k = 0; 1; 2; : : : (4.20)

From (4.16) we dedu
e

k

e

H

k+1

�

e

H

k

k

2+�;I

� 4" C

5

C

6

(k

e

H

k

�

e

H

k�1

k

2+�;I

+ k'

k

� '

k�1

k

2+�;I

) (4.21)

as well as (for C

5

and C

6

be suÆ
iently large)

k'

k+1

� '

k

k

2+�;I

� C

5

C

6

k

e

H

k+1

�

e

H

k

k

2+�;I

+ 2" C

5

C

6

k'

k

� '

k�1

k

2+�;I

� 4" C

2

5

C

2

6

k

e

H

k

�

e

H

k�1

k

2+�;I

+ 6" C

2

5

C

2

6

k'

k

� '

k�1

k

2+�;I

:

(4.22)
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From the last inequalities we 
on
lude

k'

k+1

� '

k

k

2+�;I

+ k

e

H

k+1

�

e

H

k

k

2+�;I

� 10" C

2

5

C

2

6

(k'

k

� '

k�1

k

2+�;I

+ k

e

H

k

�

e

H

k�1

k

2+�;I

)

(4.23)

for k = 1; 2; : : : Additionally we assume the smallness property

" <

1

20 C

2

5

C

2

6

(4.24)

su
h that the sequen
e ('

k

;

e

H

k

)

k=1;2;:::

is 
ontra
tive. Then we �nd solutions ' 2 C

2+�

(I;R) and

e

H 2

C

2+�

(I;R); k'k

2+�;I

< " and k

e

Hk

2+�;I

< "; of the non-linear 
oupled boundary value problems (4.9)

and (4.13). As a meridian 
urve of the rotationally symmetri
 immersion with mean 
urvature H 2

C

2+�

(I;R); we have f 2 C

4+�

(I;R) due to well-known regularity results.

Theorem 4.1. Let f 2 C

4+�

(I;R) be a stable solution of the minimal surfa
e equation (2.2) for given

boundary values f

`

and f

r

: Let f satisfy (4.14). Then we �nd a solution pair (f;H) of (3.16) and (3.19)

as a suÆ
iently small perturbation in the C

4+�

-norm of the minimal surfa
e.

5 Numeri
al results

The 
atenoid

Two 
oaxial 
ir
ular boundary 
urves of 
ommon radius r > 0 span a minimal surfa
e if the distan
e

h > 0 between the rings is suÆ
iently small.

We investigate the dependen
e between the ratio

h

=

r

and the surfa
e area A numeri
ally. For this, we

in
rease the distan
e h of the rings starting from h = 0:1 by adding su

essively 4h = 0:1 while keeping

the radius r = 1:5088795 �xed (all 
al
ulations were done with Ken Brakke's Surfa
e Evolver [2℄).

In the 
ase

h

=

r

= 1:3256 there is no two-fold 
onne
ted minimal surfa
e. The given surfa
e area is the

total area of the two dis
s of radius r:

h

=

r

0:0663 0:1325 0:1988 0:2651 0:3314 0:3976 0:4639 0:5302 0:5965 0:6627

A 0:9053 1:8881 2:8292 3:7667 4:7001 5:6285 6:5506 7:4656 8:3723 9:2694

h

=

r

0:7290 0:7953 0:8616 0:9278 0:9941 1:0604 1:1267 1:1929 1:2592 1:3256

A 10:1558 11:0302 11:8810 12:7189 13:5347 14:3377 15:0976 15:8227 16:5026 14:3250

h

=

r

= 0:0663

h

=

r

= 0:1325

h

=

r

= 0:1988

h

=

r

= 0:2651

h

=

r

= 0:3314

h

=

r

= 0:3976

h

=

r

= 0:4639

h

=

r

= 0:5302
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h

=

r

= 0:5965

h

=

r

= 0:6627

h

=

r

= 0:7290

h

=

r

= 0:7953

h

=

r

= 0:8616

h

=

r

= 0:9278

h

=

r

= 0:9941

h

=

r

= 1:0604

h

=

r

= 1:1267

h

=

r

= 1:1929

h

=

r

= 1:2592

h

=

r

= 1:3256

The Willmore 
atenoid

We investigate numeri
ally 
riti
al points of Willmore's fun
tional (1.4) with � = 0; 
 = 0; � = 1: The following

tables 
ompare the surfa
e area A with the Willmore energy E for di�erent distan
es h (r = 1).

h 1:0 1:1 1:2 1:3 1:4 1:5 1:6 1:7 1:8 1:9 2:0

A 5:98 6:50 6:98 7:42 7:77 8:13 8:49 8:87 9:27 9:68 10:11

E 0:00 0:00 0:00 0:00 0:02 0:10 0:22 0:38 0:56 0:77 0:98

h 2:1 2:2 2:3 2:4 2:5 2:6 2:7 2:8 2:9

A 10:56 11:02 11:51 12:01 12:54 13:10 13:66 14:25 14:86

E 1:20 1:43 1:67 1:90 2:13 2:36 2:58 2:80 3:02

h 3:0 4:0 5:0 6:0 7:0 8:0 9:0 10:0

A 15:50 23:21 34:15 48:08 65:37 85:79 111:07 145:22

E 3:23 5:02 6:62 7:56 8:25 8:72 9:26 9:71

h = 10 h = 11 h = 12 h = 13
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h = 14 h = 15 h = 16 h = 17

h = 18 h = 19 h = 20 h = 21

h = 22 h = 23 h = 24 h = 25

h = 26 h = 27 h = 28 h = 29

It is 
onje
tured that su
h 
atenoid-type 
riti
al points of Willmore's fun
tional exist for all distan
es h > 0:

Furthermore, for h suÆ
iently large the 
riti
al immersions seem to tend to the sphere S

2

- ex
ept from a small

neighborhood of the boundary 
urves where the mean 
urvatureH vanishes. Therefore, we expe
tW ! 4� � 12:56

for r!1 due to the fa
t that 4� is exa
tly the Willmore energy for the round sphere.

h = 40 h = 60 h = 80 h = 100

6 Appendix: Linear ordinary di�erential equations

The maximum prin
iple

Let u 2 C

2+�

(I;R); � 2 (0; 1); I = [a; b℄; solve the boundary value problem

e

L[u℄(x) := u

00

(x) + ep(x)u

0

(x) + eq(x)eu(x) =

e

f(x) in I; u(a) = �

1

; u(b) = �

2

; (6.1a)

where ep; eq 2 C

�

(I;R) and f 2 C

�

(I;R): Multipli
ation with the positive fun
tion

p(x) := exp

Z

ep(x)dx (6.2)

gives the Sturm-Liouville boundary value problem

L[u℄ := (pu

0

)

0

+ qu = f in I; u(a) = �

1

; u(b) = �

2

; (6.1b)

12



where q := peq and f := p

e

f: Note that p 2 C

1

(I;R):

In [23℄, x26, Satz III we �nd the fundamental existen
e theorem:

Proposition 6.1. (Existen
e and uniqueness)

The inhomogeneous problem (6.1b) has a unique solution u 2 C

2+�

(I;R) if and only if the homogeneous problem

L[u℄ = 0; u(a) = 0; u(b) = 0; (6.3)

has only the trivial solution u � 0:

The H

�

older regularity for u 
omes from the assumption f 2 C

�

(I;R): Furthermore, the uniqueness has its origin

in the following maximum prin
iple whi
h 
an be found in [23℄, Erg

�

anzung I for x26.

Proposition 6.2. (Maximum prin
iple)

Let u 2 C

2

(I;R) solve (6.1b) with q � 0 (whi
h is equivalent to eq � 0).

(i) If L[u℄ � 0 and u has an inner positive maximum, then u � 
onst.

(ii) If L[u℄ � 0 and u has an inner negative minimum, then u � 
onst.

Corollary 6.1. (Uniqueness)

Let u; v 2 C

2

(I;R) solve

L[u℄ = f; u(a) = �

1

; u(b) = �

2

;

L[v℄ = f; v(a) = �

1

; v(b) = �

2

:

(6.4)

Assume that q � 0: Then it holds u � v in I:

Proof. Consider w := u� v with L[w℄ = 0 and w(a) = 0; w(b) = 0: The maximum prin
iple yields w � 0:

For q � 0 the homogeneous problem has only the trivial solution, that is (6.1b) is uniquely solvable.

Alternatively, if the homogeneous problem has non-trivial solutions, the inhomogeneous problem may have no

solutions as the following example shows ([23℄, x26):

u

00

(x) + u(x) = 1; u(0) = 0; u(�) = 1: (6.5)

A priori estimates

Let p

0

; p

1

2 R and p

0

1

2 R be 
onstants su
h that

0 < p

0

� p(x) � p

1

< +1 and jp

0

(x)j � p

0

1

< +1 for all x 2 I: (6.6)

The maximum prin
iple from Proposition 6.2 gives the following bounds on the C

0

-norm.

Corollary 6.2. (Estimate of the C

0

-norm)

Let u 2 C

2

(I;R) solve (6.1b) with q � 0: Then

kuk

0;I

� 3max

x2�I

ju(x)j+

kfk

0;I

�e

�a

e

�(b�a)

; � :=

1 + p

0

1

p

0

: (6.7)

Proof. 1. Consider the positive fun
tions

v(x) := max

x2�I

ju(x)j+

kfk

0;I

�e

�a

(e

b�

� e

�x

) ; x 2 I; (6.8)

where �p

0

� p

0

1

= 1 (note that � > 0), su
h that p

0

+ p� � 1: It follows that

[p(e

�x

)

0

℄

0

= �[pe

�x

℄

0

= �[p

0

+ p�℄e

�x

� �e

�x

� �e

�a

: (6.9)

Be
ause qv � 0 we 
on
lude

L[v℄ = (pv

0

)

0

+ qv � �

kfk

0;I

�e

�a

�e

�a

+ qv � �kfk

0;I

: (6.10)

Thus, L[v�u℄ � 0: Due to the maximum prin
iple, v�u has no lo
al negative minimum if it is not 
onstant.

Be
ause (v � u)j

�I

� 0 we have v � u if v � u 6� 
onst:

13



2. Let ev = �v; then L[ev℄ � kfk

0;I

: We have L[ev � u℄ � 0: Due to the maximum prin
iple, ev � u has no lo
al

positive maximum if it is not 
onstant. Be
ause (ev � u)j

�I

� 0 we have ev � u if ev � u 6� 
onst:

3. If v � u 6� 
onst and ev � u 6� 
onst we have

�max

x2�I

ju(x)j �

kfk

0;I

�e

�a

(e

b�

� e

�x

) � u(x) � max

x2�I

ju(x)j+

kfk

0;I

�e

�a

(e

b�

� e

�x

) in I: (6.11)

The statement follows for this 
ase.

4. Let v � u � C; C 2 R: With C = v(b)� u(b) = v(b)� �

2

we get

jCj � v(b) + j�

2

j � 2max

x2�I

ju(x)j; (6.12)

and the statement follows from juj � jvj + jCj: Analogously, for ev � u �

e

C we get j

e

Cj � 2max

x2�I

ju(x)j: This

makes the proof 
omplete.

In the following 
al
ulations we 
an repla
e kuk

0;I

by the above estimate if q � 0:

Lemma 6.1. (Estimate of the C

1

-norm)

Let u 2 C

2+�

(I;R) solve (6.1b). Then, for all real 0 < � <

1

2

it holds

kuk

1;I

�

b� a

2p

0

kfk

0;I

+

�

1 +

2p

1

�p

0

(b� a)

+

q

1

(b� a)

2p

0

�

kuk

0;I

+

�p

1

(b� a)

2p

0

kuk

2+�;I

: (6.13)

Proof. 1. First, we estimate ju

0

(
)j with 
 :=

a+b

2

: Let d := �

b�a

2

with � <

1

2

suÆ
iently small. Set x

1

:= 
�d

and x

2

:= 
+ d: By the mean value theorem there exists ex 2 [x

1

; x

2

℄ su
h that

ju

0

(ex)j =

ju(x

1

)� u(x

2

)j

jx

1

� x

2

j

=

ju(x

1

)� u(x

2

)j

2d

�

1

d

kuk

0;I

: (6.14)

Be
ause j
� exj � d we get

ju

0

(
)j = ju

0

(ex) +




Z

ex

u

00

(�)d� j �

1

d

kuk

0;I

+ d sup

y2[x

1

;x

2

℄

ju

00

(y)j

�

2

�(b� a)

kuk

0;I

+

�(b� a)

2

[u℄

2;I

:

(6.15)

2. Integrating (pu

0

)

0

= f � qu from � = 
 to � = x yields

p(x)u

0

(x) =

x

Z




f(�) d� �

x

Z




q(�)u(�)d� + p(
)u

0

(
); (6.16)

that is,

[u℄

1;I

�

b� a

2p

0

(kfk

0;I

+ q

1

kuk

0;I

) +

2p

1

�p

0

(b� a)

kuk

0;I

+

�p

1

(b� a)

2p

0

kuk

2+�;I

: (6.17)

The statement follows.

Lemma 6.2. (Estimate of the C

�

-norm)

Let u 2 C

2+�

(I;R) solve (6.1b). Then

kuk

�;I

� kuk

0;I

+ (b� a)

1��

kuk

1;I

(6.18)

with the above bounds on kuk

0;I

and kuk

1;I

:
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Proof. For arbitrary x

1

; x

2

2 [a; b℄; x

1

6= x

2

; we have

ju(x

1

)� u(x

2

)j = ju

0

(�)jjx

1

� x

2

j (6.19)

with � 2 [x

1

; x

2

℄: We 
on
lude

ju(x

1

)� u(x

2

)j

jx

1

� x

2

j

�

= ju

0

(�)jjx

1

� x

2

j

1��

� (b� a)

1��

kuk

1;I

; (6.20)

therefore

kuk

�;I

� kuk

0;I

+ (b� a)

1��

kuk

1;I

: (6.21)

Lemma 6.3. (Estimate of the C

1+�

-norm)

Let u 2 C

2+�

(I;R) solve (6.1b). Then, for all real 0 < � <

1

2

it holds

kuk

1+�;I

� kuk

1;I

+ 


1

kuk

0;I

+ 


2

kfk

0;I

+ �


3

kuk

2+�;I

(6.22)

with the above bounds on kuk

1;I

and the 
onstants




1

:= (b� a)

1��

�

p

0

1

p

0

+

2p

1

p

0

1

�p

2

0

(b� a)

+

p

0

1

q

1

(b� a)

2p

2

0

+

q

1

p

0

�

;




2

:= (b� a)

1��

�

p

0

1

(b� a)

2p

2

0

+

1

p

0

�

; 


3

:=

p

1

p

0

1

(b� a)

2��

2p

2

0

:

(6.23)

Proof. Let x

1

; x

2

2 I: We �nd � 2 [x

1

; x

2

℄ with the property

ju

0

(x

1

)� u

0

(x

2

)j

jx

1

� x

2

j

�

= ju

00

(�)jjx

1

� x

2

j

1��

� (b� a)

1��

[u℄

2;I

: (6.24)

From the equation

u

00

+

p

0

p

u

0

+

q

p

u =

1

p

f (6.25)

we 
on
lude

[u℄

2;I

�

p

0

1

p

0

kuk

1;I

+

q

1

p

0

kuk

0;I

+

1

p

0

kfk

0;I

: (6.26)

Using the above C

1

-estimate we get

[u℄

2;I

� 


1

kuk

0;I

+ 


2

kfk

0;I

+ 


3

kuk

2+�;I

(6.27)

with the given 
onstants 


1

; 


2

; 


3

:

Let us de�ne




4

:= 


2

+

b� a

2p

0

; 


5

:= 1 + 


1

+

2p

1

�p

0

(b� a)

+

q

1

(b� a)

2p

0

; 


6

:= 


3

+

p

1

(b� a)

2p

0

: (6.28)

From (6.22) it follows that

kuk

1+�;I

� 


4

kfk

0;I

+ 


5

kuk

0;I

+ �


6

kuk

2+�;I

: (6.29)

To prove global estimates of the C

2+�

-norm we note that

u

00

(x) =

f(x)

p(x)

�

p

0

(x)

p(x)

u

0

(x)�

q(x)

p(x)

u(x) � F (x); (6.30)

that is, we have to investigate the Poisson-type equation u

00

= F:

Lemma 6.4. (Estimate of the C

0

-norm for Poisson's equation)

Let u 2 C

2+�

(I;R) solve (6.30). Then

kuk

0;I

� 3max

x2�I

ju(x)j+ kFk

0;I

e

b�2a

: (6.31)

This follows from the C

0

-estimate (6.7) with p � 1; q � 0:
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Lemma 6.5. (Estimate of the C

1

-norm for Poisson's equation)

Let u 2 C

2+�

(I;R) solve (6.30). For all real 0 < � <

1

2

it holds

kuk

1;I

�

(1 + �)(b� a)

2

kFk

0;I

+

2 + �(b� a)

�(b� a)

kuk

0;I

: (6.32)

Proof. As in (6.15) we have

ju

0

(
)j �

2

�(b� a)

kuk

0;I

+

�(b� a)

2

[u℄

2;I

=

2

�(b� a)

kuk

0;I

+

�(b� a)

2

kFk

0;I

(6.33)

be
ause [u℄

2;I

= kFk

0;I

: Integrating u

00

(x) = F (x) from � = 
 to � = x gives

[u℄

1;I

�

b� a

2

kFk

0;I

+

2

�(b� a)

kuk

0;I

+

�(b� a)

2

kFk

0;I

: (6.34)

This proves the statement.

Furthermore, [u

00

℄

2;I

= kFk

0;I

yields immediately

Lemma 6.6. (Estimate of the C

2

-norm for Poisson's equation)

Let u 2 C

2+�

(I;R) solve (6.30). For all real 0 < � <

1

2

it holds

kuk

2;I

�

2 + (1 + �)(b� a)

2

kFk

0;I

+

2 + �(b� a)

�(b� a)

kuk

0;I

: (6.35)

As in (6.18) and (6.22) we prove

Lemma 6.7. (Estimate of the C

�

-norm for Poisson's equation)

Let u 2 C

2+�

(I;R) solve (6.30). Then it holds

kuk

�;I

� kuk

0;I

+ (b� a)

1��

[u℄

1;I

(6.36)

with the above estimates of kuk

0;I

and [u℄

1;I

:

Lemma 6.8. (Estimate of the C

1+�

-norm for Poisson's equation)

Let u 2 C

2+�

(I;R) solve (6.30). Then it holds

kuk

1+�;I

� kuk

1;I

+ (b� a)

1��

[u℄

2;I

(6.37)

with the above bounds on kuk

1;I

and [u℄

2;I

:

Lemma 6.9. (Estimate of the C

2+�

-norm for Poisson's equation)

Let u 2 C

2+�

(I;R) solve (6.30). Then it holds

kuk

2+�;I

= kuk

2;I

+ [u℄

2+�;I

= kuk

2;I

+ kFk

�;I

(6.38)

with the above bound on kuk

2;I

:

Our main result is a global estimate of the C

2+�

-norm for regular solutions of (6.1b).

Proposition 6.3. (Global estimate of the C

2+�

-norm)

Let u 2 C

2+�

(I;R) solve (6.1b). Let

bp

1

:= kpk

�;I

; bq

1

:= kqk

�;I

; bp

1

0

:= kpk

1+�;I

: (6.39)

Then there exist real 
onstants C

1

; C

2

= C

1

; C

2

(p

0

; bp

1

; bq

1

; bp

1

0

; b� a; �) 2 (0;+1) su
h that

kuk

2+�;I

� C

1

kfk

�;I

+ C

2

kuk

0;I

: (6.40)

Proof. Note that

u

00

(x) = �

p

0

(x)

p(x)

u

0

(x)�

q(x)

p(x)

u(x) +

f(x)

p(x)

� F (x): (6.41)

From (6.35) it follows that

kuk

2+�;I

= kuk

2;I

+ [u℄

2+�;I

� kuk

2;I

+ kFk

�;I

�

2 + (1 + �)(b� a)

2

kFk

0;I

+ kFk

�;I

+

2 + �(b� a)

�(b� a)

kuk

0;I

:

(6.42)
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1. We estimate kFk

0;I

: From (6.29) we infer

kFk

0;I

�

1

p

0

kfk

0;I

+

p

0

1

p

0

kuk

1;I

+

q

1

p

0

kuk

0;I

�

1

p

0

(1 + p

0

1




4

)kfk

0;I

+

1

p

0

(p

0

1




5

+ q

1

)kuk

0;I

+ �

p

0

1

p

0




6

kuk

2+�;I

:

(6.43)

We set




7

:=

1

p

0

(1 + p

0

1




4

); 


8

:=

1

p

0

(p

0

1




5

+ q

1

); 


9

:=

p

0

1

p

0




6

; (6.44)

su
h that

kFk

0;I

� 


7

kfk

0;I

+ 


8

kuk

0;I

+ �


9

kuk

2+�;I

: (6.45)

2. Analogously we estimate

kFk

�;I

�

kfk

�;I

p

0

+

bp

1

0

p

0

kuk

1+�;I

+

bq

1

p

0

kuk

�;I

: (6.46)

We de�ne




10

:=

1

p

0

�

1 + bp

1

0




4

+ bq

1

(b� a)

1��




4

�

;




11

:=

1

p

0

�

bp

1

0




5

+ bq

1

+ bq

1

(b� a)

1��




5

�

;




12

:=

1

p

0

�

bp

1

0




6

+ bq

1

(b� a)

1��




6

�

:

(6.47)

Together with (6.18) and (6.22) we have

kFk

�;I

� 


10

kfk

�;I

+ 


11

kuk

0;I

+ �


12

kuk

2+�;I

: (6.48)

Now, we set




13

:=

2 + (1 + �)(b� a)

2




7

+ 


10

;




14

:=

2 + (1 + �)(b� a)

2




8

+

2 + �(b� a)

�(b� a)

+ 


11

;




15

:=

2 + (1 + �)(b� a)

2




9

+ 


12

:

(6.49)

Summarizing (6.42), (6.45) and (6.48) we arrive at the estimate

kuk

2+�;I

� 


13

kfk

�;I

+ 


14

kuk

0;I

+ �


15

kuk

2+�;I

: (6.50)

Finally, we 
hoose 0 < � <

1

2

su
h that 1� �


15

> 0: It follows that

kuk

2+�;I

�




13

1� �


15

kfk

�;I

+




14

1� �


15

kuk

0;I

: (6.51)

Setting C

1

:= 


13

(1� �


15

)

�1

and C

2

:= 


14

(1� �


15

)

�1

proves the statement.

The presented a priori estimates are not sharp. In the foregoing appli
ation we needed only a qualitative form of

these 
onstants.
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