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Abstract

This paper presents cutting planes which are useful or potentially useful for solving mixed
integer programs that arise in the optimisation of gas networks. We consider polyhedra
that are defining essential parts of the model and give a polynomial algorithm for the
calculation of the set of vertices of such polyhedra implying a polynomial separation al-
gorithm for the convex hull of the polyhedra can be developed.

Keywords: Mixed Integer Programming, Cutting Planes, Gas Optimisation, Piecewise
Linear Functions !

1 Introduction

The following studies of a special polyhedron have arisen from our researches on
the problem of the Transient Technical Optimisation (TTO) in gas networks. A
gas network basically consists of a set of compressors and valves that are con-
nected by pipes. Since the gas pressure in the pipes decreases due to the friction
in the pipes the compressors are used in order to increase the gas pressure again
since the consumers want to get gas of a certain pressure value and quality. The
task of the Transient Technical Optimisation is to optimise the drives of the gas
and to set in the compressors cost-efficiently such that the required demands are
satisfied. Modelling this problem will lead to a complex mixed integer nonlinear
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optimisation problem. We have approached it by approximating the nonlineari-
ties (the most important nonlinear functions in this model describe the fuel gas
consumption of the compressors and the pressure loss in the pipes) by piece-wise
linear functions leading to a huge mixed integer program. We want to solve the
mixed integer program via a branch-and-cut algorithm. Therefore we have studied
the polyhedral consequences of this model.

In this paper we present some new cutting planes for polyhedra that describe
important substructures of the gas network model. We also point out how this
knowledge can be generalised to more complex structures. Finally our prelimi-
nary computational results show the benefits when incorporating these cuts into a
general mixed integer programming solver.

2 The Polyhedron

The above described problem of the Transient Technical Optimisation is evidently
modelled in a graph G = (V, E). The set E consists of the set of compressors, the
set of valves and control valves and the set of pipes. The set V' of nodes consists
of the set of intersection points of the segments, the set of sources (the gas deliv-
ering points) and the set of sinks (which are the gas demanding points) of the gas
network. We point out the most important kind of variables which are necessary
to understand the succeeding ventilations. At first we introduce flow variables
ge, € € E. These variables describe the mass flow of gas in each segment. Second
we consider pressure variables p,,v € V. The pressure variables describe the
pressure of the gas in each node. Clearly, p;, describes the gas pressure in the
node at the beginning of a segment and p,,,; describes the gas pressure in the node
at the end of a segment. A very important principle is that the pressure at the end
of all ingoing segments of a node must be equal the pressure at the beginning of
all outgoing segments of the same node. This principle will be very important for
our further discussions. There are a lot of other kinds of variables in the whole
model, but for the here presented analysis of a polyhedron that describes only a
special part of the whole model these two kinds of variables suffice.

Now let us shortly describe how the polyhedron under investigation comes upon
in the global model. The physics of the gas is basically described by three partial
differential equations. The momentum equation, the continuity equation and the
energy equation. We focus on the momentum equation that describes the pressure
loss in pipes. Under some mild assumptions, which we do not want to discuss



Figure 1: Sequence of pipes

here, the momentum equation can be simplified to a nonlinear function of the
following shape:

Do = D3 — T q g, (%)

where
ff = ff(pout; pin)

is the friction factor. After simplifying the friction factor to a constant we get
Pout = Pout(Pin, q), Wwhere p,,; means the pressure at the end of the pipe, p;, means
the pressure at the beginning of the pipe and ¢ means the gas flow through the pipe.
The other important nonlinearity is the fuel consumption of the compressors (which
has to be minimised as mentioned in the introduction): The fuel consumption is
described by a nonlinear function f of the form: f = f(pin, Pout, ¢)- Here f de-
scribes the fuel consumption of the compressor, p;, the pressure of the gas at the
beginning of the compressor, p,,; the gas pressure which the compressor has to
constitute at the endpoint of the compressor and ¢ stands for the gas flow through
the compressor. In order to come up with a mixed integer linear program these
two nonlinear functions are approximated by suitable triangulations as pointed out
in the following demonstrations.

The first substructure of the model we have studied are sequences of pipes. The
situation is showed in Figure 1. We have already mentioned one important aspect
of the model that the pressure p.,, at the end of the ingoing pipe (pipe') must be
equal the pressure p? at the beginning of the outgoing pipe (pipe®). We already
know that p},, is a nonlinear function depending on the flow through the pipe and
the pressure at the beginning of the pipe. We approximate the pressure loss in
pipes by determing a triangulation of the 2-dimensional manifold describing the



pressure loss in the pipes. We denote by AP?¢ the set of grid points and by Y?%¢
the set of triangles. We approximate the 2—dimensional function pyy:(pin, q) by
linearising it within each triangle. Modelling this piecewise linear approximation
results in the following non convex polyhedron:

Pa= {() e RAHNI S0\ = 1
jeAl
oo = 1
JEA2
Zp(l)ut,j )\} - Zp?n,j )‘37 = 0
JEAT JEA?
AL N>

AL, A2 satisfy the triangle condition },

where the triangle condition states that the set of A—variables which are strictly
positive must belong to grid points of a distinct triangle.

Figure 2 describes the situation of the polyhedron PA: The numbers in the left
triangulation (for the ingoing pipe) stand for the pressure values p}mt’ ; at the grid
points j € A! and the numbers in the right triangulation (for the outgoing pipe)
stand for the pressure values pfm at the grid points i € A%

Let us consider a simple example (see Figure 3) for a little calculation. Here is
Pours = 10, phyo = 8, Ppus = 4 and so on, analogously we have for p}, | =
Pin2 = Pins = 10,.. ., etc. Consider

1 1 1
and . 13

This setting for the A—variables fulfils all conditions, especially the triangle con-
dition.
But if we take
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Figure 2: Typical triangulation of the pressure loss in a pipe
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Figure 3: An easy example for a triangulation

and . 13
%:2—0,A§:0,,\§zo,Aizo,,\gzo,/\gz%,

we see that the triangle condition is not satisfied since the nonzero variables \?
and \Z belong to two different triangles of the triangulation.

A

In the following we want to generalise this approach to a more general setting.
Clearly the sequence of two pipes is of course only the simplest case we are faced
with. We want to examine the problem more general, where we consider the case
that we have an arbitrary number in of ingoing segments and an arbitrary number
out of outgoing segments. A segment can now be either a pipe or a compressor
(but we can as a matter of principle take valves or control valves as segments as
we will see later). For every in- and outgoing segment we determine a certain
triangulation. In the general case these triangulations do not need to consist only
of such regular triangles as in Figure 2. The structure can be much more com-
plicated. Perhaps we can not only consider triangles but also squares, pentagons,
sexangles, heptagons and so on. Even arbitrary mixtures in the triangulations are
possible although this is not interesting for a concrete gas network. And we do
not only describe the pressure in the segments but also the gas flow in the seg-
ments. Very important for the general formulation is the first law of Kirchhoff
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Figure 4: Ingoing and outgoing segments in a node

which means that the sum of the ingoing gas flows must be equal to the sum of the
outgoing gas flows. So in principle (see e.g. [1], [2]) we get the situation which
is shown in Figure 4. The requirements of the triangle conditions of Px are now
generalised in the following way:

The triangle conditions mean that for every segment only special combinations
of A\—variables are allowed. For PA this means that only A—variables may be
positive that belong to exactly one certain triangle. In the general case only the
elements of special sets of A—variables may not vanish (Indeed: the reader can
recognise that our conditions are a generalised form of Special Ordered Sets (SOS)
of type 2, see [3]). Before going into the details we need to fix some notation.

Notation

In this section we give some mathematical notation which is necessary in order to
formalise and generalise the above approach.

Let in € N be the number of ingoing segments and out € N be the number of
outgoing segments. A segment may be a pipe or a compressor but also the other
types of segments, i.e., valves, control valves and connections (short pipes without
pressure loss) can be included in this model. In the mathematical formulation of
the model we are no longer bounded to the physical background of the model.
We define a set N* of grid points for every segment i € {1,2,...,in + out}.
W.l.o.g. we assume the ingoing segments to be 1, 2, ..., in and the outgoing seg-
ments to be in + 1,in + 2,...,in + out. Furthermore we assume:

N'AN =0  Vi#j



We denote by .
N={N']i=1,2,...,in + out}

the list of sets of grid points.
RM" denotes the |N*|—dimensional vector space where the components are in-
dexed by N* and RV is defined as:

in+out

RV = Q) RV
i=1
We remark that for A € RV we write
)\1
)\2
)\in-'i-out

with X' € RN forall i € {1,2,...,in+ out}.
For a list S of sets of the form

S ={S* &% ..., gintouty
intout
we say for some index j € iL:J1 N*:
jeS iff Fie{l,2,...,in+out} with ;€S
We define
SCN & 0#S CN' Vie{l,2,...,in+ out}.

The cardinality of S is set to

in+out

Sl=>_ 15
1=1

The characteristic vector of S, which we denote by X S e RV, is obtained by
setting

1 ifj€8
S _ s J
A = { 0 else.



For each N*,i € {1,2,...,in + out} we define n; subsets N}, k € {1,2,...,n;}
with .
N'=|JN, and |Nj|>2.
k=1
As an example: In Figure 2 holds n; = 8, ny = 9 and |N}| = 3 for all i, k.

We say that a vector A € RV, X\ > 0 satisfies the ser condition if for all i =
1,2,...,in + out there exists one k; € {1,2,...,n;} such that

{j € NI]\. > 0} C Np.

In other words, the set condition holds if for all in- and outgoing segments the
non vanishing A—variables belong to exactly one of the subsets N;. We say that
S fullfills the set condition if X® fullfills the set condition.

Now we define a polyhedron P by
P={\AeRV|AN =0\ > 0},

where A € RV b e RM for some finite set M. We will say something about
the cardinality of the set M in the next subsection when we discuss the special
structure of the matrix A.

Let us continue with the following definition:

For A € RV with

A = (@) i=1...m
j=l,....n

and a subset J C {1,2,...,n} we define
Ay = (aij) ienm

jeJ

Here m = |M| and n = |N|. Analogously we define for A\ € R" and a subset
JC{1,2,...,n}
A= (Ajjer-



Let us define the so called zero-extension:

For 2 € RS with S C N we define the zero-extension 2°(S) € RV of x by

e fom Lifi€s,
”3(5)_{0 Jifi e N\ S.

We remark that in the definition of the zero-extension we clearly define N \ S by
N\S & N\ S Vi e {1,2,...,in+ out}
At the end of this section we define a list S to be a subset of another list S:

Let ,
S = {SI,SQ,...,SZ”“M}

and B o B
S = {81,82, . ,Sm““t}

two sets (in the sense of this section). We define:
SCS & stcst
S?c §?

in+out Qin+out
S cS )

3 The Problem

Using the above notation we are now ready to introduce the polyhedron we are
going to investigate in this paper. Remember that we want to model the situa-
tion that there are n ingoing and out outgoing segments at some node in the gas
network. So we consider a polyhedron P with the following structure:

P ={NeRV|A\ =b, X > 0, \ satisfies the set conditions}.

We remark that from our introductory examples it is easy to see that this polyhe-
dron in general is not convex.
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The special form of the matrix A and the vector b for the general case becomes

(1"
(1"
(]Iin)T |
(]||n+1)T |
(]||n+2)T
| (]Iin+out)T
(pl)T _(pzn-l—l)T .
()" — ()T
A=| A
(pl)T ' _(pm—l—out)T
(pQ)T _(pzn-l—l)T '
(pQ)T _(pzn+2)T
(p2.)T . _(pin+out)T
(pz:n)T _(piﬁ+1)T |
(pm)T _(pzn+2)T
(pzn)T . . . _ (pz:nJrout)T
(ql)T (qZ)T (qzn)T _(qm+1)T _(qm+2)T _(qzn+out)T

The entries p’ € RY e {1,2,...,in + out} are vectors describing the pressure
at the end of the ingoing and at the beginning of the outgoing segments. Anal-
ogously the vectors ¢° € Rf i€ {1,2,...,in + out} describe the gas flow in
the in- and outgoing segments. These vectors are used to formulate the mentioned

first law of Kirchhoff.
1.
b — In+out
( Om -out+1 >

The form of the vector b is
1 € RV denotes the vector of all ones. In addition 1., denotes the vector of all
ones in R” and 0,, the zero vector in R”. Let us shortly describe the structure of
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the matrix A more detailed:

The first in rows describe the sum of the A\—variables of each ingoing segment.
Analogously the next out rows describe the sum of the A—variables of each outgo-
ing segment. All sums must be one. In each node there must be a certain pressure.
So the rows in + out + 1 up to in + 2out describe that the pressure at the end
of the first segment must be equal the pressure at the beginning of the outgoing
segments. The rows in + 2out + 1 up to (in + 1)(out + 1) — 1 describe the same
situation for the other ingoing segments combined with the outgoing segments.
The last row describes the gas flow in the distinct segments. The gas flow in the
outgoing segments is multiplied by —1 because the sum of the gas flows of the in-
going segments must be equal the sum of the gas flows of the outgoing segments.
It is easy to see that the matrix A and the vectors A and b are generalisations of the
first discussed situation of one ingoing and one outgoing segment.

As a side remark we want to mention that there are some additional types of seg-
ments in a gas network, for example valves, control valves and connections with-
out pressure loss or fuel gas consumption (i.e., there no nonlinear function has
to be linearised). In the situation that such an additional segment is an essential
part of a subsystem of the gas network also this types of segments can be mod-
elled. Here the vectors for the pressure p or the gas flow ¢ reduce to vectors that
are elements from R' (i.e., in this case the set of grid points for such a segment
consists only of one element. Here it is very important to know that it is our aim
that we want to cut off LP-solutions, so we can set for this types of segments the
pressure and flow values that are calculated in the last iteration. This solution then
can be cut off.) because such a segment can in every LP-iteration be interpreted
with constant pressure and constant flow and so can be modelled via one single
A—variable which then has to be one. So the generality of the model is ensured.
When we do not want to include the first law of Kirchhoff, i.e., the gas flow
preservation equation in this model, we forget about the last line in A\ = b. The
rang of the Matrix A reduces by one in this case. We also remark that holds
M| =in+ (in+ 1)out + 1 = (in + 1) (out + 1).

3.1 The vertices of the polyhedron

Let us introduce the idea of calculating the vertices of the polyhedron before we
describe the general case formally in the case of the polyhedron P : If we want to
find a vertex we take one triangle from the triangulation of the ingoing pipe (pipe!)
and one triangle from the triangulation of the outgoing pipe (pipe?). Hereto we
choose some A—variables from the A—variables belonging to the selected trian-
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gles. Due to the triangle condition the non vanishing A—variables at a vertex
of P must belong to exactly one triangle of pipe! and one triangle of pipe?.
Concentrating on two triangles we investigate the extreme points for the selected
A—variables that fulfil the remaining properties of Pa, i.e., if the sum of the se-
lected A—variables of pipe! and the sum of the selected \—variables of pipe? are
equal 1, if the pressure equation is fulfilled and of course all A\—variables we have
selected must be nonnegative. We will show that this results in a vertex. By re-
peating this procedure for all possible selections of A\—variables we will see that
we obtain all vertices of Pa.

Now we give the formal algorithm how the vertices of the polyhedron P can be
calculated: Let us begin with the following definition (rg(A) denotes the rang of
matrix A):

Definition 1 We say a subset S C N is feasible if
o S| <rg(A).
e S satisfies the set condition.
Algorithm 2
1. Let L = () be the list of all vertices of P.
2. For all feasible subsets S C N do

(a) Solve As \s = b.

(b) If the system has a unique solution \s with A\s > 0, add the zero-
extension of \s to L.

In the following we want to prove that this algorithm runs in polynomial time
and computes all vertices of . As a consequence we obtain that P has only
polynomially many vertices.

But at first let us make the following

13



Remark 3 The matrix A on page 11 can be simplified to:

T
(1)
amr
(]Iin+1)T
(]Iin+2)T
A= (h)* —(pint)T .
()" —(pmt)T
()"
eH" —-@»)"
)" -0
(pin—-l)T _('inT ' .
@ @ (@) =T (g™ )T

and the vector b to ;
b — in+0|.lt )
( Oin—l—out

in+ out < rg(A) < 2(in + out)

From this we conclude that

Before we prove that the algorithm is correct we discuss the following

Lemma 4 The described algorithm reduced by the postulation of the set condition
can principally also be used in order to calculate the vertices of the polyhedron P
without the set condition.

This lemma is a direct consequence of well known results of linear programming,
namely that the support of a vertex of a polyhedron P = {z | Az = b,z > 0} isat
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most the number of rows of A. When we consider the polyhedron P without the
set conditions this polyhedron is completely described by (in-) equalities and thus
the above argument applies. The problem in the case of P (with set conditions)
is that we do not know the complete description of the polyhedron in form of
equalities or inequalities and thus this simple argument cannot be used.

In our case we formulate the following

Theorem S The above algorithm is correct, i.e., it calculates all vertices of the
polyhedron P.

Before we give the proof of Theorem 5 we formulate

Lemma 6 Let S be a feasible set in the sense of Definition 1. If AsAs = 0| has
a nontrivial solution then the zero-extension of a positive solution of As\s = b is
not a vertex.

Proof 7 Let \s be a positive solution of Ashs = b, i.e., it holds As\s = b with
As > Ojs). ) ]

Let )\ be the zero extension of \s. We will show that )\ is a nontrivial convex
combination of two other points in P (which are elements of an e—environment
(e > 0) of \). This shows that X cannot be a vertex. We define for S a vector
€ € RS with S C N as follows:

From Ag)s = b and the condition AS(S\S + €) = b we get the following con-
dition:
Ase = 0|

Obviously € = 05| is a solution (i.e., the above system is homogeneous). We
know from the assumptions of Lemma 6 that Ase = Oy has a nontrivial solu-
tion. Because of this we also know that the set of solutions of Ase = O is a
vector space (with nontrivial solutions). Therefore, there exists € # 05| such that
As()\g + E) = b, with \s + € > O|S| and \s — € > O|S|

Now we built the zero-extension (\s + €)°(S) of A\s + € and of course it holds
(As + €)°(S) € P. Observe that for S all \—variables must fulfil the set condition
by construction.

Similarly, As(\s — &) = Asls — As€ = Ashs — O = b and hence also
A(As — €)%(8S) = b. We conclude (\s — €)°(S) € P.

Finally,

1< 1 - -
5(AS+€)+§(/\5—€) = As.
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and

S0 +0°8) + 5 (s — 0°(8) = (36)°(8) = A

Since \ can be written as a convex sum of two other points of P it cannot be a
vertex.

We use the lemma in the following

Proof 8 We show Theorem 5 in two steps. At first we show that all calculated
points are vertices of P and then we show that there cannot exist other vertices of

P.
1) The calculated points are vertices of P.

From the first in + out rows of A it is clear that for every segment at least one
variable must be greater than zero. We define for a feasible subset S C N and its
characteristic vector XS the following inequality:

(X5)TN < in + out.

From the definition of P we see that this inequality is valid for P since the sum of
all A—variables of a point in P is always equal to in + out.

Let A\ = \°(S) € P be the zero extension of \s calculated according the algo-
rithm corresponding to S. We show the following:

{2} = P {(X%)T\ =in + out}.

Since \ € P by construction and (XS)YEX = in+ out by definition of X5, the first
inclusion {\} C P N {(X%)T'\ = in + out} is trivial.

Now we show {\} D PN {(X5)"'\ = in + out}.
Suppose there exists another point

Ae (PN{(XHTN=in+out})\ {\}
Observe that \; = 0 foralli ¢ S. This implies that \ is another solution to

Ag)s = b, a contradiction to the construction of \.
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2) There are no other vertices of P.

We have seen in the first part of this proof that the constructed points are in-
deed vertices of P. From Lemma 6 it is now easy to see that there are no other
vertices of P. W.l.o.g. we can reduce us to feasible sets S that produce a positive
solution \g of AsAs = b which is not unique. Now all is clear: In this case we
can apply Lemma 6, because we can conclude that As\s = Oy in this case must
have a non-trivial solution. Let A € P be the zero-extension of A\s. Thus A € P
cannot be a vertex.

From the theory above we conclude that the non-convex polyhedron P can be
written as a union of convex polytopes. This can be understood in the following
way: In the case of the polyhedron Px every selection of a triangle of the ingoing
pipe combined with a selection of a triangle of the outgoing pipe defines a small
polyhedron. By the zero-extension we get a polyhedron in the space of all A-
variables. The non-convex polyhedron P, can evidently be understood as the
union of all polyhedra in the space of all A-variables that arise from all possible
combinations of a triangle of the ingoing pipe and a triangle of the outgoing pipe.
It is obvious that this idea can be extended to the general case of polyhedron P.

Example 9 We consider a simple example in order to demonstrate the essential
parts of the notation (not all elements because the notation is much more complex
than the idea behind it ...). Let us consider the following case of polyhedron Pa
(a picture is shown in Figure 5. According to the picture holds: ny = ny = 1 with
|Ni| = |NE| =3):

Let the matrix A be:

with



pipe !

Figure 5: Building vertices of the polyhedron Pa

10
p?=| 10
20
Also
0
¢ =¢=|0
0
The vector b becomes
1
1
b= 0
0

We have already mentioned that if we do not want to model the gas flow preserva-
tion the last row of A can be omitted. We will do this from now on and in all up-
coming examples. Because rg(A) = 3 we take as a first selection S; = {S*, S?}
with S' = {1} and S* = {4,6}. Here As, becomes

1 0 0
As,=| 0o 1 1
15 —10 —20

18



and according to our algorithm we have to solve:

1 0 0 AL 1
Ashs, = 0 1 1 A= 1
15 —10 —20 A2 0

We get as a unique (and also nonnegative) solution:

As, =

N[0 = =t

The zero-extension of \s,

= O O O =

is a vertex of Pa.
If we take as a second selection S, = {S*, S?*} with S* = {2} and S* = {4,5}
we have to solve:

1 0 0 AL 1
Asds, = 0 1 1 Aol =1
10 —10 —10 A2 0

Here rg(As,) = 2 and so we know from Theorem 5 that Sy does not lead to a
vertex, since |Sy| > 2. But if we reduce Sy to S = {S', S?} with S' = {2} and
S% = {4} we have to solve

1 0 Al 1
a0 U)(9)-(1).
10 —10 L 0

and we get a unique (and nonnegative) solution
1
1 Y
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which fullfills all demanded properties that we have pointed out in Algorithm 2.
Thus the zero-extension of this vector

O = O = O

o

vields a vertex of Pn. We will discuss the general case of Pa in the next example
in a more detailed way.

Let us come back to Algorithm 2 which we apply to polyhedron Ph:

Example 10 Let us now come back a second time to the case of one ingoing and
one outgoing pipe described on page 3 and 4. The polyhedron P defined on page
10 reduces in this case to the polyhedron Pn. We now want to describe a little
bit formally the case that we have described numerically in the last example. The
form of the matrix A generally reads:
("

A= ()"
PH" ="
The form of the vectors )\ and b are

1
= (),
1
1
0
It is easy to see that 2 < rg(A) < 3 and rg(A) = 2 iff there exist constants cy, ¢y
so that p* = c;1" and p? = ¢, 12 If ¢ # ¢y the polyhedron is empty. In the case
c1 = co we can easily describe the vertices of Pn. From Algorithm 2 we know
that we have to select feasible sets S with |S'| = |S?| = 1. All these possible
feasible sets lead to a vertex of P in which the two selected \—variables in S get
the value 1 (and the not selected \—variables in N\ S are by construction 0).

Now let Tg(A) = 3. So we can select a feasible set S with |S'| + |S? < 3 and
there are manifestly the following three possibilities:

h—
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pipe

pipe

Figure 6: Vertices for the polyhedron P, with a selection of two A\—variables

e Select one \—variable from N' and one A\—variable from N? and try to
solve the resulting linear equality system (cf. the case when rg(A) = 2
above). Here is |S'| = |S?| = 1. The principle situation is as in Figure 6.

If pt = p? we get a vertex for which \} = \? = 1 and the other remaining

A—variables are zero, otherwise we don’t get a vertex.

e Select the feasible set S such that one \—variable from the ingoing pipe and
two A\—variables from the outgoing pipe are chosen, i.e., formally it holds

|S1| = 1,|S?| = 2. The situation is pointed out in Figure 7.

Ifp? < pt < piorps < pi < p? (see the figure) and p? # p3 we can

construct a vertex for which holds (cf. Algorithm 2):

M
M

A2

1
p1 — s
pi — s
P —pi
P — D3

The remaining A—variables are again set to zero.

21
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2
1

Figure 7: Vertices for the polyhedron P, with a selection of three A—variables

Proof 11 This is an easy consequence from our algorithm. The reduced
linear equation system (see As\s = b) reads

A _ 1
A+ N =1
A — At — Apy = 0

Now we see that under our assumptions

1
det 0
pi —p

=p} —p; #0.

And an easy calculation shows that \{, \?, \3 are the unique non-negative
solution of the above linear equation system As\s = b.

Therefore (built again the zero-extension) we have constructed a vertex of
Pa.

e Select a feasible set S with two selected \—variables from N' and one
A\—variable from N2, in which case |S'| = 2,]5?| = 1.
The calculation of the non vanishing values of the vertex is analogous to the
previous case.

Only these three types of feasible sets S possibly result in vertices of Pn because
rg(A) = 3. We will see an example for a numerical calculation in the next sub-
section.
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)\1 A A 1 A 5
20 ingoing pipe 10 20 outgoing pipe 20
1 1
2 2
A Ay A3 Ay
40 30 40 40
1 1 2 2
As A6 As Ao
60 42 60 60

Figure 8: Example for comparing vertices and facets

3.2 The construction of cuts and the separation algorithm

The algorithm we have described above can now be used to construct cutting
planes for our MIP model. Unfortunately, we do not know the facets that are
describing P, since they are relatively difficult to describe even in quite easy situ-
ations like the sequence of two pipes described at the beginning of the paper.
Here we give a simple example for this situation. Clearly in more complicated
or in realistic situations for the Transient Technical Optimisation the problem of
describing the facets normally becomes bigger and bigger.

The following table gives an impression how the complexity of the vertices and
the facets of Px increases with the increasing number of grid points.

The first row describes the number of triangles (the sum in the in- and outgoing
pipe), the second row the number of A—variables, the third row describes the num-
ber of vertices, the fourth the number facet-defining inequalities and the last row
the maximal coefficient within the facet-defining inequalities.
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‘ A ‘ A H vertices ‘ facets ‘ max. coeff. ‘

8 |12 16 18 25
16 | 18 49 47 42
24 | 24 73 90 670
32 | 32 142 10492 50640

We have tested several other examples and usually we get the situation that if we
add to P the first law of Kirchhoff the number of vertices and facets is lower than
in the case above (this is clear because we have to fullfill more conditions) but the
coefficients of the facets are getting worse (but this cannot be proved in general).

So we cannot yet calculate the facets until now but —blessing in disguise— we
have seen that we can calculate the vertices of the polyhedron P. Now it is on the
time to show what we can do with them.

In order to use the vertices it is first very important to see that in all interesting
cases there are only polynomially many of vertices which we can calculate algo-
rithmically in addition.

Lemma 12 For the polyhedron P (with the usual definitions and notations as
used before) exist numbers |, ¢ such that the maximal number of vertices of P is
less than or equal to cl"™ ",

Proof 13 Define a number [* as

in+out
l* = H le (4)
7=1
where the values nj,j = 1,2, ..., in + out were defined as the number of subsets

in which the set of A—variables of the in- and outgoing segments are divided. It
is clear that * is the number of possible combinations of subsets N} from all in-
and outgoing segments were from every segment exactly one subset according to
Algorithm 2 is taken. We remark that in the special case P the values n; are the
number of triangles of the triangulation for the in- and outgoing pipe.

It is necessary for a vertex that the non vanishing A—variables belong to exactly
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one such subset for each segment. Let m < rg(A) be the maximal number of
non vanishing A—variables as it was pointed out in Algorithm 2 (remark that this
number already has been calculated). Only in order to blow up the notation not
too much we define for j € {1,2,...,in + out} numbers N’

max*

J J J J
Ninaw = maz{|N7 |, |N3|,..., [N [}

Then take for j € {1,2, ..., in+out} variables x; which can be positive (natural)
numbers and after that define a number c as:

in4-out ;
[ N}']TL(LCE
= 2 )
St ay<m J=1
We remark that by construction Z;n;ow
The interpretation of c is as follows:
c is an upper bound for the maximal number of possible vertices for the selection
of subsets in (4). This is clear because we sum over all selections of A—variables
(resp. the chosen subsets in S) for which the number of selected \—variables
is not greater than m. Additionally the product of the binomial coefficients cal-
culates the maximal number of possibilities how we can choose the Z;n;ow x;
A—variables out of the sets of A—variables belonging to the selected feasible sub-
sets. We conclude that the number of vertices cannot be greater than cl*.

Define

x; > in + out.

[ :=mazx{ni,ng, ..., Nintout}

Summarising our argumentation we finally conclude that the number of vertices
cannot be greater than cl" %,

Note that a trivial upper bound for c is
i_n+out NJ

¢ = 255" Nnaa

But this value for c is a good deal worse than the (even not quite good) value we
have given in Proof 13.

We see that in the case of the polyhedron PA the polynomiality of Algorithm
2 follows since m = 3. Also the polynomiality of Algorithm 2 in the general case
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of polyhedron P follows since N/, . and m are bounded from above. The estima-

tion in the above lemma will be much bigger than the real number of vertices in
the polyhedron. For the example in Figure 8 we obtain:

()0 ()E) ()R -

and [ = 4, and thus the maximal number of vertices is 27 x 4'T! = 432. Indeed
there are only 16 vertices. Although our estimation is very bad it suffices to show
that the vertices can be calculated in polynomial time.

The number of vertices is usually noticeable lower than the maximal number of
vertices. To give a reason for this consider the following

Lemma 14 Let S, S be two feasible sets (of A—variables) in Algorithm 2 with
S C S. If both sets lead to a vertex of P according to Algorithm 2 they are
identical.

Proof 15 A vertex of P regarding to S is the zero-extension of a unique, nonnega-
tive and not vanishing solution of As\s = b (see the description of the algorithm).
The same holds for S. Adding to the solution of As\s = b the \—variables of
S\ St foralli € {1,2,...,in + out} which we set to zero. We get a solution of
Ag)As = b. This solution must be the unique solution of Ag\g = b by assumption.
Analogously we argue when we start from a vertex calculated from S. If there
would be a vertex belonging to the selection S we can conclude in the same way
as above that the vertices must be equal.

Lemma 14 has an interesting consequence: If we have found a vertex for a feasi-
ble set S (of a selection of A\—variables) it is not necessary to search for vertices
in a superset of S. Therefore we can start with the feasible sets in which we take
exactly one A—variable for each segment, i.e., | S| = 1Vi € {1,2,...,in + out},
and then look for “bigger” (with respect to set inclusion) feasible sets of selected
A—variables. In this way we can find all needed vertices in a systematic way.

Another possibility is to start with feasible sets S for which |S| = rg(A) holds.
If for such a set a vertex is found you do not need to search for a vertex in any
subset of this set. This procedure starts from the “biggest” selections whereas the
first one starts from the “smallest”. In realistic cases (of course you can always
construct some pathological cases) this strategy will find the vertices much faster
as we have studied in the case of a sequence of two pipes where we modelled
the gas flow equation. It turns out that in data sets from gas networks mostly
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rg(A) = rg(As) holds for a feasible set S.

For the polyhedron P Lemma 14 has a nice consequence for the maximal number
of vertices:

Lemma 16 An upper bound for the number of vertices of Pa is
91y na.

Proof 17 We have described the possibilities for constructing vertices of the poly-
hedron Px in Example 10. We have seen that for each choice of two triangles there
are 9 possibilities for the selection of one A—variable from the ingoing pipe and
one \—variable from the outgoing pipe, i.e., |S'| = |S?| = 1. Now we can easily
see that from these feasible sets all other possible vertices that can result from all
the other feasible sets of selections of A—variables can be deduced via adding one
A—variable either in the chosen triangle of the ingoing pipe or the chosen triangle
of the outgoing pipe. From this argument directly follows Lemma 16.

Note from Lemma 12 we just obtain a bound of 27 ny n,, since

=)0 ()G ()0 =

Let us come back now to our primal aim.
All the previous ventilations give us now the possibility to develop the following
separation algorithm for P:

Let vy, ..., v, be the constructed vertices for P (in realistic situations they can be
calculated very fast as we have described above).
Let A be an optimal LP-solution to be cut off. We look for a cut of the form
a’z < a by solving
2 =mar a')\ -«
st. a’v; <a Vi

Let (@, @) be such that a’ \ — a = z*.

(a) a’'\ < ais valid for P.

Proof 18 We know from the theory of linear optimisation that every feasible
point of the polytope P can be combined as a convex combination of its

27



vertices vy, Vs, . . ., Uy (this is correct although P is not convex). That is for
A" € P there exist nonnegative real numbers 31, (o, . . . , P with Zle Bi =

1 such that: .
= Z Biv;
i=1

We then calculate:

k k k k
O ST ST ST yP
=1 =1 =1 =1
Therefore a*' X < & is valid for P.

(b) There exists a violated cut if and only if z* > 0.

Proof 19 If z* > 0 then due to (a) a’' X < « is such a cut. On the otfzer
hand, suppose a*' X < & is a valid inequality violated by \ then z* > a’ \ —
a > 0.

4 Computational Results

We have tested our implementation of the algorithm for the polyhedron P, as it
was described on page 4 for a gas network which consists of three compressors
and ten pipes. This gas network is shown in Figure 9.

In our first formulation of the model we used the traditional way of the introduc-
tion of binary variables for modelling piecewise linear functions. That is we intro-
duce for each triangle ¢ € A a binary variable y; and model the fact that all positive
A—variables must belong to the same triangle. The computational results for this
model are indicated by y in the table above. Table 1 shows our experiences of the
computational progress when incorporating the polynomial separation algorithm
instead of binary variables in a branch-and-cut algorithm (here the compressors
are formulated with binary variables but the pipes are using already the cuts ob-
tained from the separation algorithm).

Pin,c 18 the number of grid points used for the pressure at the beginning of a
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source

Compressor
Valv%i ®7D
sink

L]

control valve

Figure 9: A simple gas network

compressors (L1, y) | pipes (A) Solution

Pinc | Pout,c | 4o | pinp | qp | CPLEX cuts | Usercuts || Optval | sec
3 3 714 10 29 0 9.39 | 3.07
3 3 74" 10* 6 10 9.36 | 0.79
3 3 718 20 28 0 9.16 | 295.9
3 3 7|8 20* 7 204 9.15 | 23.09

Table 1: Computational Results
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Figure 10: The testmodell before the separation algorithm

COmPIessor. Py, analogously describes the number of grid points for the pres-
sure at the end of a compressor. ¢¢ is the number of grid points for the gas flow
of the compressor. p;, p is the number of grid points used for pressure at the be-
ginning of a pipe and ¢p means the number of grid points for the gas flow in the
pipe. In the rows in which the number of user cuts (constructed by the separa-
tion algorithm) is zero the problem was calculated by the formulation with binary
variables. We see that the use of cuts constructed by the separation algorithm re-
duces the calculation time about factor 10. Let us give a short comment about our
implementation: The LP-relaxations are calculated with CPLEX. We are working
with the CPLEX cutcallback functions. Callbacks may be called repeatedly at
various points during an optimization. Here we are looking in each LP-iteration
for a cut we have calculated by the separation algorithm. This cut is added to the
LP-relaxation of the problem.

Figure 10 shows the situation before using the constructed cuts. The solid lined
pipes do not fulfill the triangle (set) conditions whereas the dotted pipes do. In
Figure 11 we can see the situation after the use of the separation algorithm. We
see that in Figure 11 still one pipe does not fulfill the triangle condition. The rea-
son for this is that the polyhedron PA (in general the polyhedron P) is not convex.
So in some cases it can be possible that the solution to be cut off lies in the interior
of the convex hull of the polyhedron P but not in P itself. Such points cannot be
cut off by a valid inequality constructed by the separation algorithm.
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Figure 11: The testmodell after the separation algorithm

5 Conclusions

Although we have not yet implemented the separation algorithm for compressors
or for more complex subsystems than the sequence of two pipes the theoretical
knowledge of the vertices and the separation algorithm gives us the possibility
to extend our branch-and-cut algorithm to complexer gas networks and it is very
supposable that in this way the solution time can be reduced significantly.
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