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Abstra
t

Let X be a metrizable 
omplex analyti
 manifold modelled on a

lo
ally 
onvex spa
e E, and let K � X be 
ompa
t. Let A be a

normed unital algebra over C . Let O(K;A) be the algebra of germs of


omplex analyti
 A-valued fun
tions in K, topologized as the lo
ally


onvex dire
t limit of the normed algebras of bounded 
omplex analyti


A-valued fun
tions on open neighbourhoods of K in X .

Then O(K;A) is a lo
ally m-
onvex Hausdor� algebra. If the unit

group of A is open then so is the unit group of O(K;A). If A has �nite

dimension then O(K;A) is 
omplete.
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Introdu
tion

This note 
ontains the proof of the result stated in the abstra
t. For the


ase that X = E, this result 
an be 
olle
ted from the literature (the more

diÆ
ult steps 
an be taken from Dierolf and Wengenroth [9℄ and Muji
a [16℄,


f. Gl�o
kner [13℄). Here, their methods are applied to the 
ase that X is

a manifold. Algebras of germs are en
ountered in the holomorphi
 fun
-

tional 
al
ulus (e.g. [3, 4℄, Waelbroe
k [18℄). Moreover, the result provides a


onstru
tion prin
iple for algebras with 
ontinuous inversion, whi
h have re-


ently enjoyed renewed interest in the 
ontext of in�nite-dimensional linear

Lie groups (e.g. Gl�o
kner [12℄).

Metrizability seems to be essential for this result. For instan
e, if E

is the weak

�

-dual of a lo
ally 
onvex 
omplex ve
tor spa
e of un
ountable

dimension and K � E is 
ompa
t then multipli
ation in O(K; C ) is not

jointly 
ontinuous [3℄.
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1 Complex analyti
 fun
tions

Let U be an open subset of the lo
ally 
onvex 
omplex ve
tor spa
e E, and

let F be a lo
ally 
onvex 
omplex ve
tor spa
e. Following Bo
hnak and

Si
iak [5, De�nition 5.6℄, we 
all a map f : U ! F 
omplex analyti
 if it is


ontinuous and if, for every x 2 U , there is a neighbourhood V � U of x and

a sequen
e (Æ

n

x

f)

n2N

0

of 
ontinuous homogeneous polynomials from E into F

with deg(Æ

n

x

f) = n su
h that for ea
h y 2 V , the series

P

1

n=0

1

n!

(Æ

n

x

f)(y�x)


onverges to f(y). Here a homogeneous polynomial from E into F of degree

n 2 N

0

is the 
omposition of an n-linear map E

n

! F with the diagonal

embedding E ,! E

n

.

Let f : U ! F be a map, and 
hoose x 2 U . For ea
h v 2 E, de�ne

a fun
tion g

v

from an open zero-neighbourhood in C into F by g

v

(�)

:

=

f(x + �v). If f is 
omplex analyti
 then g

v

is 
omplex analyti
, and the

homogeneous polynomial Æ

n

x

f is determined by the n-th derivative of g

v

a

ording to the formula (Æ

n

x

f)(v) = g

(n)

v

(0). Conversely, if f is 
ontinuous

and ea
h g

v

is di�erentiable then f is 
omplex analyti
, provided that F is

sequentially 
omplete (Bo
hnak and Si
iak [5, Theorems 3.1 and 6.2℄).

A 
omplex analyti
 manifold modelled on E is de�ned in the usual way

as a manifold with an atlas in whi
h the 
oordinate 
hanges are 
omplex

analyti
.

2 Lo
al m-
onvexity

Fix a metri
 d on the manifold X whi
h is 
ompatible with the topo-

logy. For n 2 N, let U

n

be the union of those 
onne
ted 
omponents of

�

x 2 X; d(x;K) <

1

n

	

whi
h meet K. Thus the family (U

n

)

n2N

is a neigh-

bourhood basis of K in X. Let O

1

(U

n

; A) be the algebra of bounded


omplex analyti
 A-valued fun
tions on U

n

, equipped with the supremum

norm. Let O(K;A) be the algebra of germs of A-valued 
omplex analyti


fun
tions in K. By 
ompa
tness, every 
ontinuous A-valued fun
tion de-

�ned in a neighbourhood of K is bounded in a neighbourhood of K. Thus

we give O(K;A) the lo
ally 
onvex dire
t limit topology with respe
t to

the system formed by the spa
es O

1

(U

n

; A) together with the restri
tion

maps, whi
h are inje
tive by the Identity Theorem (Bo
hnak and Si
iak [5,

Proposition 6.6℄). For n 2 N, let B

n

� O

1

(U

n

; A) be the open unit

ball, and let g

n

: O

1

(U

n

; A) ! O(K;A) denote the germ map. Note that

B

m

j

U

n

� B

n

whenever m � n. Hen
e the images g

n

(B

n

) form an as
ending

sequen
e. The set U

:

=

�


onv

�

S

n2N

"

n

g

n

(B

n

)

�

; 0 < "

n

� 1

	

is a basis of

zero-neighbourhoods in O(K;A), see Bourbaki [7, II, x 4.4℄. Ea
h member

V 2 U is absolutely 
onvex and satis�es V �V � V . Therefore, the Minkowski

fun
tionals of the members of U form a family of sub-multipli
ative semi-

norms on O(K;A) whi
h de�nes the topology. The existen
e of su
h a
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family is the de�ning property of a lo
ally m-
onvex algebra. (This proof

is a spe
ialization of arguments in Akkar and Na
ir [1℄ and in Dierolf and

Wengenroth [9℄.)

Note that inversion in a lo
ally m-
onvex algebra is 
ontinuous on its

domain. This is due to Mi
hael [15℄. Indeed, if � is a sub-multipli
ative

semi-norm and h is an algebra element su
h that �(h) < 1 and 1 + h is

invertible then the equation (1 + h)

�1

� 1 = �

�

(1 + h)

�1

� 1

�

h� h implies

that �

�

(1 + h)

�1

� 1

�

�

�(h)

1��(h)

. We 
on
lude that inversion is 
ontinuous

at 1 and hen
e 
ontinuous with respe
t to �.

The norm on A indu
es a sub-multipli
ative semi-norm � on O(K;A)

by �

�

~

f

�

:

= kf j

K

k

1

. The 
ompositions � Æ g

n

of � with the germ maps

are 
ontinuous, so that � is 
ontinuous. Assume that the unit group A

�

of A is open. Then the unit group of O(K;A) equals the set of germs

~

f

su
h that f(K) � A

�

. Choose r > 0 su
h that the open r-ball around 1

in A is 
ontained in A

�

. Then the open r-ball around 1 in O(K;A) with

respe
t to � 
onsists of invertible elements. We 
on
lude that O(K;A)

�

is

a neighbourhood of 1 and hen
e open in O(K;A).

3 Separation

Choose x 2 K, let ' : V ! E be a 
hart of X with '(x) = 0, and let v 2 E.

For ea
h k 2 N

0

, we obtain a well-de�ned map

O(K;A) �! A :

~

f 7�!

�

Æ

k

0

(f Æ '

�1

)

�

(v) =

k!

2�i

I

j�j="

f

�

'

�1

(�v)

�

�

k+1

d�:

The integral on the right-hand side exists in the 
ompletion of A if " > 0

is suÆ
iently small. In this 
ase, the equation was proved by Bo
hnak

and Si
iak [5, Theorem 3.1 and Corollary 3.1℄. It implies that the integral

a
tually belongs to A and that the map is 
ontinuous. Thus if the germ of

f 2 O

1

(U

n

; A) belongs to the 
losure of f0g in O(K;A) then Æ

k

0

(f Æ'

�1

) = 0

holds for ea
h k 2 N

0

, so that f vanishes in a neighbourhood of x. We


on
lude that O(K;A) is a Hausdor� algebra. (This argument was adapted

from Gl�o
kner [13℄.)

4 Completeness

For the following proof of 
ompleteness, we have to assume that the di-

mension of A is �nite. As a �rst 
onsequen
e, the algebra A is 
omplete,

whi
h implies that the algebras O

1

(U

n

; A) are Bana
h algebras (Bo
hnak

and Si
iak [5, Proposition 6.5℄). Lo
al 
ompa
tness of A will be used below.

For ea
h n 2 N, we 
laim that the 
losed unit ball B

n

of O

1

(U

n

; A)

is an equi
ontinuous set of fun
tions. Choose x 2 U

n

. Let ' : V ! E
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be a 
hart of X with V � U

n

and '(x) = 0 su
h that '(V ) � E is a

balan
ed neighbourhood of 0. Choose f 2 B

n

and v 2 '(V ), and de�ne an

A-valued 
omplex analyti
 fun
tion g on the open unit dis
 f� 2 C ; j�j < 1g

by g(�)

:

= f

�

'

�1

(�v)

�

. For � 2 C with j�j �

1

4

, Cau
hy's Formula

g(�) � g(0) =

1

2�i

I

j�j=

1

2

g(�)

�

1

� � �

�

1

�

�

d�

implies that kg(�) � g(0)k � 4j�j. Hen
e if 0 < " � 1 then '

�1

�

"

4

'(V )

�

is a

neighbourhood of "-equi
ontinuity of x for B

n

.

We equip the spa
e O(U

n

; A) of all A-valued 
omplex analyti
 fun
tions

on U

n

with the 
ompa
t-open topology. Then B

n

is 
losed in O(U

n

; A).

Sin
e the 
losed unit ball in A is 
ompa
t, the Arzela{As
oli Theorem (see,

for instan
e, Dugundji [11, XII.6.4℄) yields that B

n

is a 
ompa
t subset

of O(U

n

; A).

Let T be the lo
ally 
onvex dire
t limit topology on O(K;A) with respe
t

to the dire
ted system formed by the spa
es O(U

n

; A). The argument in

Se
tion 3 shows that this is a Hausdor� topology, and ea
h 
losed unit

ball B

n

has 
ompa
t image in O(K;A) with respe
t to T . In this situation,

Muji
a [16℄ has proved that the original topology on O(K;A) is 
omplete

(another referen
e is Muji
a and Na
hbin [17℄).

Muji
a himself applied this abstra
t argument in order to prove 
om-

pleteness of O(K; C ) in the 
ase that K is a 
ompa
t subspa
e of a Fr�e
het

spa
e E. Thus he simpli�ed Dineen's solution [10℄ of the problem, whi
h

had been open for some time. Few 
ompleteness results are known beyond

this situation. For example, O(K;F ) is 
omplete if both E � K and F are

Bana
h spa
es (Chae [8℄), or if E is a Fr�e
het spa
e and F is a Bana
h spa
e

whi
h is 
omplemented in its bidual (Bonet, Dama�nski and Muji
a [6℄); see

also Bierstedt, Bonet and Peris [2℄ and Nguyen [14℄.
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