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Abstract

We consider two-dimensional immersions of disc-type in R™. We focus well
known classical concepts and study the nonlinear elliptic systems of such map-
pings. Using an Osserman-type condition we give a priori-estimates of the prin-
ciple curvatures for certain graphs in R* with prescribed mean curvature.

Introduction

In 1917, S. Bernstein proved the following theorem:

If the twice continuously differentiable function f : R? — R represents a graph of a complete
minimal surface in R®, then f is linear, i.e., the minimal surface is a plane.

This result indicates the difference between linear and non-linear partial differential equations.
Over the years much work has been devoted in finding new proofs and generalizations.

To exemplify, let us indicate a method which goes back to works of E. Heinz and F. Sauvigny, and
which applies in the paper at hand: Using isothermal parameters, a minimal surface X and its
unit normal mapping N satisfy the nonlinear elliptic systems

AX =0, AN =-2KWN.

Here, K means the Gaussian curvature and W the surface area element of the immersion X. If
one can establish certain bounds for the size of X and N, the gradient estimates in [3] ensure
upper bounds for the first and second derivatives of X in terms of given a priori-data. A Harnack-
type inequality for pseudo-holomorphic functions would give lower bounds for W. All together, we
would estimate the principle curvatures of the immersion, namely in such a way that if the surface
growths to become complete, the principle curvatures vanish identically.

This method generalizes to various varitional problems if the appearing differential systems satisfy
structure conditions of the form
|AZ| < const |V Z)?.

For example, the mean curvature system AX = 2HW N and the above system for N satisfy this
assumption. Some problems arise in higher codimension.

In 1964, Osserman [5] proved that a complete two-dimensional minimal surface in R" is a plane if all
of its normal vectors make a certain positive angle with a fixed axis in space. The assumption that
all normals make an acute angle with some fized direction makes the difference to the Bernstein
theorem in R? where it is sufficient to assume that the normal of the immersion omits a certain
neighbourhood of some point of the unit sphere.

Osserman’s method is based essentially on results of complex analysis due to the fact that the
components of a minimal surface are harmonic functions.



Although it is rather difficult to realize Osserman’s condition, it is an important fact that any
condition of this type is necessary for curvature estimates.

In this paper we want to examine how to apply the methods developed in [3] and [6] to establish
certain a priori-estimates for the principle curvatures of graphs with prescribed mean curvature.
In the first part, we concentrate on some geometric basics of two-dimensional immersion in R"
which are motivated from [2], and we will derive nonlinear elliptic differential systems to describe
the surfaces analytically. The second part contains the mentioned estimates.

1. Surfaces in R"

The essential principles of the following are motivated from [1], [2], [5], and [7].

Let
B:={(u,v) €R? : u? +0% < 1}

denote the open unit disc, B C R? its topological closure. For integer n > 3 we consider immersions
X = X(u,v) € C3(B,R")NC°(B,R"), «ac€ (0,1),
X (u,v) = (2! (u,v),2%(u,0),...,z"(u,v)),

with the property

2y, (u,0) (1, v)

rank 0X (u,v) = rank : : =2 for all (u,v) € B.
ay(u,0) ay(u,0)

This means that X, = X, (u,v) and X, = X, (u,v) are linearly independent in every point (u,v) €
B and, therefore, span the two-dimensional tangent plane

Tx (w) := Span {X,(w), X,(w)} at w € B.

There exists a normal space Nx (w) spanned by n—2 linearly independent vectors Ny, Ny, ..., N, o
which can be assumed to satisfy the orthonormality relations

1 if¥=0

for all 5,0 € {1,2, ... ,n —2}.
0 iftn£e " { n -2}

NE-Né:(Sg@::{

Here, by the upper ¢ we denote the transposed vector.

The choice of the normal vectors Ny (w), ¥ =1,...,n — 2, is not unique.

Example 1: The unit vectors

Ny = \/ﬁ (=p1,0, =014, 1,0,...,0),
1
2 = W (—‘PQ,x, —<P2,y,0, 1,... 70)7
are normal to the graph X(z,vy) = (z,y, v1(x,y),...,on(z,y)).
Assumption: There exists an orthonormal basis Ny(w), No(w), ..., Np_o(w) of the normal space

Nx(w) such that Ny, € C?*T%(B, 8" 1).

In the following we will use such regular bases.



1.1 The first fundamental form

We consider surfaces X = X (u,v) immersed into the Euclidean space R”. Inserting X = X (u,v)
into the element ds? := (dz')? + ...+ (dz™)? yields

ds? = hyy du® + 2h12 dudv + hay dv? = hyj du'du?
(note the summation convention in the last term) with the first fundamental form

I:=(hij)ij-12 = (Xyi - X})ij=12 C R,

1.2 The mean curvature

We introduce the second fundamental form Iy, = (Lyx ;)i j—1,2 w.r.t. the unit normal Ny by

’u]

Consider the form
(Lg,i)i,k:1,2 := (Ly;;h*)i k=10 € RZX?

with the coefficients A% of the inverse of the first fundamental form, i.e.

hijhi* = oF = Liti=k 1,
’ 0 ifi#k

Definition 1: The mean curvature Hyx, in direction Ny, is defined as

1
Hy := 3 trace (Lgi)i,kzl,Q'

L3 The principle curvatures

Beside the mean curvature

Ly 11h11 — 2Ls 12h12 + Ly 22h2o
2(h11hoe — h3y) ’

1
Hy, = 3 trace (Lg’i)i,k:m =

we introduce the Gaussian curvature w.r.t. to Nx: as

2
Lsa1Ls2 — Ly, 1y
2
hithag — hiy

Ks, :=det (Lg’i)i,kzl,Q =

The principle curvatures Ky, 1, k52 w.r.t. Ny, are the eigenvalues of the form (Lg’i)i’kzl’g, that is

K21+ Ke2

HZ: 2 )

Ky = ky 1652 .

14 Minimal surfaces
Minimal surfaces can be introduced analytically via the first Beltrami operator

Vo2 (X, N5)) := B9 X i - NL - = —~h" X i, - N& = —h Ly, ;; = —2Hy,

7u]

w.r.t. to the metric element ds?.



Definition 2: Let { N} be an orthonormal basis of the normal space. The immersion X = X (u, v)
is called a minimal surface iff

V2 (X,Ng) =0 in B forall Ny € {N}.

In fact, it holds Vg, (X, Z) = 0 for all Z € Ny with |Z| = 1. Namely, let Z = >.%_2 Ay Ny, with
coefficients Ay € R, ¥ =1,2,...,n — 2, then we calculate

n—2
Vi (X, 2) = WX Zt = —hT X i - 2 = =Y Ap(h9 X 1,5 - Nb) = 0.
=1

Now, we proceed as follows: Introducing conformal parameters (u,v) € B, there hold the confor-
mality relations
I’I,H:W:I'IQQ, h12:0 in B

with the surface area element W. The, from Beltrami’s equation for a minimal surface we get
AX-N.=0 inB forall¥=1,2,...,n—2.
Further, differentiation of the conformality relations | X,|? — | X,|? = 0 and X, - X! = 0 yields

Xy XL, — Xy XL =0, X, X! +X,-X! =0,
Xy Xt —X,-Xt, =0, X, X!, +X, XL, =0.

Thus, there also hold
AX-X.=0 and AX-X!=0 inB.

Proposition 1: A minimal surface X = X(u,v), given in conformal parameters (u,v) € B,
satisfies the elliptic system
AX =0 in B.

Therefore, its components x* = x*(u,v), i = 1,2,...,n, are harmonic functions in B.

L5 The differential equations

Let {N} be an orthonormal basis of the normal space. We rewrite the derivatives Ny, ,i, where
Ny € {N} for ¥ = 1,2,...,n — 2, and X,i,; for and 4,5 = 1,2 in terms of the moving frame
Xu, Xy, N1,y Ny—9. The following is discussed in more detail in [2].

1.5.1 The Weingarten equations
Due to Ny, i - Né =0, 2 = 1,2, we make the ansatz
Ny i = ad; X, +b2,;No, i=1,2.

We determine the coefficients ajE ; and bg’i as follows: From

—Ly ik = a3, ; Xy X, = as ;hijk
we conclude .

Ny i = —Lxijh?* X + b9 No .
Now, let us define the torsion coefficients

o Ny,i-Nb ifS#6
B 0 fY=0



Proposition 2: Let {N} be an orthonormal basis of the normal space. The Weingarten equations
are

Ny i = —Lgih* Xl + 09 No, i=1,2, S=1,2,...,n-2.
1.5.2 The Gauss equations

We complete the set of differential equations by

Proposition 3: Let {N} be an orthonormal basis of the normal space. The Gauss equations are

n—2
Xyii =T X + ) Ly ijNs
=1

with the Chr istoﬁel symbols
k 1 kl
I iy h (hﬂ’i + hli,j — hij,l)7 hij,k = hz’j,uk .

For the proof we make the ansatz

n—2
k
Xying = a7 Xy + E bs. ;i Nx
£=1

k,

with unknown coefficients a;]

and by, ;;. Multiplication with Ny, gives
Lyij = Xyiyi - NE =bsj, 4,5 =12
Furthermore, we calculate

X

t k t k .
wiud X’u,l = a,UXuk . X’u,l = aijhkl =: Oél‘lj .

Note the symmetry «;;; = ay;. It holds

ity = (X X2 wi — Xoti - X5

uw u

and, therefore,

ilj = hirj — ouij or hiy = oGy + auij

From the above symmetry we get
hjii + biig — hiji = i + augi + cuig + oury — Qi — i = 20

It follows, that

1
ity = afihy = 5 (Rjui & hig = hijg),

and, finally,

akf. == hkl(hﬂ,i + hiij — hijp) = F?j :



1.6 The first variation of the area functional

Minimal surfaces are critical points of the area functional:
Let o, 3, 9> € C°(B,R), ¥ =1,2,...,n — 2, and € € (—&g, +&¢). We consider the variation
» n—2
X (u,v) := X (u,v) + ea(u,v) Xy (u,v) + eB(u,v) X, (u,v) + ¢ Z > (u,v)Nx(u,v), (u,v) € B.
r=1
Taking the Gauss equations into account we calculate

X, = Xu + (g +al'}; + BThy — W Lo Ly 11) Xy + €(Bu + a3 + T3, — W p¥ Ly 19) X,

n—2

+e Z (aLs 11+ BLs2 + ) + ‘Peag,l) Ny,
=1

X, = Xy +e(ay +ally + AL — W0 Ly 1) X, + £(By + al'?y + T2 — W Ly 90) X,

n—2

+e Z (aLs,i2 + BLs2 + @5 + ‘Peagﬁ) Ny
S—1

We use conformal parameters to get

X2 = W + (20, W + oW, + W, — 20" Lz 11),
X2 = W +e(28,W + aW, + BW, — 20" Ly 2),

)"(:u . 5(:5 = 8(041] + ,Bu)W — 28(,02[/2’12 .
Thus, the following variational formula hold true:
5h11 = 2auW + OZWU + ,BWv - Q@ELZ’H,

6hia = (ay + Bu)W — 29" Ly 19,

Shas = 2B,W + aW,, + W, — 20> Ly 2.

From the identity
2W oW = h225h11 — 2h12(5h12 + h115h22

we infer, using conformal parameters,
1 1
oW = 5 Shiy + 5 Shgo = div (aW, SW) — 20> HsW.

Consequently, the first variation of the area functional
.A[X] = // \/hnhgg — h%Q dudv
B

takes the form

SA[X] = / / div (aW, W) dudv — 2 / / ¢~ Hs W dudv = —2 / / o> Hs W dudv
B B B

because «a, [ vanish on the boundary dB. The equation is independent from the tangential va-
riation. For a critical point Xy = Xy(u,v) it holds d A[Xy] = 0 for all possible test functions
¢> € C°(B,R). Therefore, the mean curvature in all directions must be zero, and a critical point
is a minimal surface.



17 An elliptic system for X

Let (u,v) € B be conformal parameters. Then, there hold
Ti,+T5 =0, T7 +T3=0.

Thus, the Gauss equations from Proposition 3 yield

n—2 n—2
AX= (T{; +T5) Xy + (TF; +T5) X, + Z(LE,U + Lx22) Ny, = 2 Z HsW Ny, .
y=1 =1

This system is called the mean curvature system.
Let |Hy| + |Ha| + ...+ |Hp—2| < ho with a real constant hg € (0, +00). We estimate

|AX| < 2h0|Xu||Xv| < hO|V)(|2

due to W = v/hi1haa = | Xy|| Xy|. We point out the quadratic growth of the gradient on the right
hand side. Elliptic systems with this structure are the matter of investigations in [3].

L8 The Codazzi-Mainardi equations

The following integrability conditions enable us to investigate the structure of the normal system.
Again, let {N} be an orthonormal basis of the normal space. From the Gauss equations we have
n—2
Xyiy = F'LIIXU + F’?IX’U + Z LE,ilNE )
£=1
n—2
Xyiv = T Xu +Th X, + Z Ly 2N,
¥=1

for 4+ = 1,2. We evaluate the integrability conditions
Xyivy — Xyipy =0 fori=1,2.

For this, we calculate

n—2 n—2
Xuiuv = lel,vXu + Fzzl,vX’u + lelXuv + Fzlevv + Z LE,'L'I,UNE + Z LE,'L'INE,U
¥=1 ¥=1

= (lel,v + 5Ty + T3 T5) Xy + (Fzzl,v + T T, +THT5) X,

n—2 n—2 n—2
+ Z {LZ,il,v +Th Lo+ T4 Ly + Z Le,uag,g} Ny, — Z Ly Ly ath'™ XL

¥=1 e0=1 =1
as well as
Xuivu = (F'}Z,u + LT + THT )Xy + (Fzz2,u + 5T} +THTE) X,

n—2 n—2 n—2
+ Z {LZ,iQ,u + Tl +T% 0519 + Z L@,z’QUgJ} Ny, — Z Ls oLy yh!™ XL
$=1 =1 =1

Evaluating the normal directions gives



Proposition 4: The Codazzi-Mainardi equations are

n—2 n—2
1 2 b 1 2 b
Ly 10 +Tj1 L2 + 1 Ly oo + Z Le,i1iogs = Lyou + TigLs a1 + Ty Ls 12 + Z Lo,i205 1
0=1 0=1

fori=12and X =1,2,...,n—2.

Explicitely, we write

n—2 n—2
) s
Ls 110+ T Ly mo + Z Le110gs = Lsi2u + U5Ls m + Z Lo 1205
n—2 n—2
) 2
L9210 + T Ly mo + Z Le21069 = Lx22u + T95Ls m1 + Z Lo 22061
o=1 o=1

forX=1,2,...,n—2.

19 An elliptic system for Ny

Using conformal parameters, from the Weingarten equations we have

Ny, = LSVH Xu — L;/w Xy +02 1Ne ,
Ny, = L;/w Xy — L;/QQ X, +0% 2No .
Differentiation yields
Nsuu = — (%)X - (L;’,12>UXU - L;’,” Xuu — %X
+051.Noe + 0y Nou,
Ly, Ly, Ly, Ly,
Nouw = = (%)X - ( VEV”)UXU - = Xy — 5 X

+ Ug,z,vNG + Ug,zNG),v .
These terms can be evaluated using the Codazzi-Mainardi equations to get

1 n—2
ANs, = — {2Hu + W Z (Ug,lL@,QQ - Ug,zL@,m + Ug,lL@,n + Ug,gL@,m) } Xy
o=1

1 n—2
- {2H’U + W Z (Ug,gL@,n - Ug,lL@,m + UglL@,m + 08,2[/@,22) } Xy
o—1

n-2 2 1+2L 2+L222

__j{: 1

In contrast to the mean curvature equation, this nonlinear system is not in diagonal form. Quadratic
growth in |[VX| and |VN| on the right hand side would presuppose a priori-data on the derivatives
of the torsion.

e A © A e e
Ng + (051001 + 05206 2)Na + (0514 + 052,)No -



2. A priori-estimates for graphs in R

In this second part we consider immersions
X = X(u,v) € C**(B,RHYNCYB,RY), «ac(0,1),
X () = (5 (u,0), ..., 7 (1, v)).

Let a function
H(X):R' — R

be given. We define a scalar function H(X, Z) : R* x S3 — R by
H(X,Z) :=H(X)-Z" for X eR*, Z e S3.
We now consider surfaces of prescribed mean curvature H = H(X, Z) in the following sense.

Definition 3: A surface X = X (u,v) is called a (conformally parametrized) surface of prescribed
mean curvature H : R* x §2 — R if the immersion satisfies the system

AX =2H(X, Ny )W Ny 4+ 2H (X, No)WW Ny,
Xu2=W=|X,>, X, -X!=0 inB
for an orthonormal basis Ny, Ny of the normal space.
Remarks:

1. By the definition of H, the above system is satisfied for all orthonormal bases of the normal
space if it is satisfied for at least one orthonormal basis.

2. Using conformal parameters the geometric mean curvature Hx(X) = H(X,Ny) of X in
direction of the unit normal Ny, can be calculated by
(hllqu - 2h12Xuv + hQQXUU) : Ng AX - Ng
2(h11h22 — h12) 2W

Thus, by section 1.7, the geometric mean curvature Hx(X) is equal to H (X, Ny) if the the
normal basis is continuously differentiable.

Our main result is the following.

Theorem 1:

Assumptions: Let X € C?***(B,R*) N C%B,R"), a € (0,1), be a surface of prescribed mean
curvature H(X, Z) € C°(R* x S3,R) with the following properties:

(A1) The immersion X = X (u,v) is a conformal parametrization of a graph of the form
X(z,y) = (z,y, 0(z,9), ¢ (2,9), (z,9) €Q,
with an open, bounded and simply-connected domain Q C R?, and ¢, € C*T*(Q, R).
(A2) The mean curvature H = H(X, Z) satisfies

H(X,Z)| < % forall X eR', Z e S3,
as well as
|H(X1,Z1) — H(XQ,Z2)| < h1|X1 — X2|a + h2|Z1 — Z2| fOT‘ all Xl,XQ € R4 R ZI,ZQ € 53

with constants hg, hy,ha € [0, +00).



(A3) The surface represents a geodesic disc of radius r > 0 and with center X (0,0) = (0,0,0,0).

(A4) With a real constant dy > 0, the Dirichlet energy can be estimated by

D[X] := // VX (u,v)]* dudv < dor? .
B

(A5) At every point w € B, each normal vector of the immersion makes an angle of at least w > 0
with the r1-azis.

Statement: Then, for orthonormal vectors Ny and No spanning the normal space at the point
X(0,0), there exists a constant © = O(hgr, hyr't, hor, dy,sinw, a) € (0, +00) such that holds

k5,1(0,0)% + i 5(0,0)% < r—g{(hor)Q +6}
for the principle curvature Kx.1 and kx o in direction N.
Proof: The proof follows the lines of [6], § 2. It holds
k5,1(0,0)? + k5.2(0,0)2 = 4Hx(0,0)* — 2Kx(0,0) < hj + 2|Kx(0,0)]
= 5 {(ory + 25 0,001}
for 3 = 1,2. The desired estimate follows from

(qu : NE)(XMJ : NE) - (Xuv : NE)2

KZ(an) = WQ ‘(0’0)

w.r.t. a normal basis { N1, N2}. Thus, our proof consists of two steps: First, we have to find a lower
bound for the surface area element, and, then, an upper bound for the second derivatives of the
immersion.

1. In the first part we will prove the estimate

W (w)

r2

>(C, forwe B%(0,0)

with a constant Cy; = Cy(hor,dp,sinw) > 0.

1.1 We fix a normal basis of the surface. Note that the vectors e3 := (0,0,1,0) and e4 :=
(0,0,0,1) are not in any tangent plane of the surface due to the fact that

1 1
T " \" ¥z, 7]-70 ) T = o
Jirwee b

are normal to the surface (in the corresponding surface point). We see that the inner
product of the first vector by e3 and the inner product of the second vector by e4 do
not vanish. Therefore, the projections

(_¢Ia _¢y7 07 ]-)

_ €3 XZ _ €3+ th}
[Xul T X

. €4 - Xﬁ
| Xu?

€4 - Xﬁ
| Xo|?

N{ :=e3 Xy, N;:=ey X, — X,
are a basis of the normal space and can be transformed into an orthonormal basis

{N1, No} of the normal space.

10



1.2

1.3

1.4

1.5

1.6

In the first part of the proof we will work with the above orthonormal basis {Ny, No}.
Using the differential equation (see Remark 1 above)

AX = 2H(X,N))WN, + 2H(X,N,)WN, in B,
Assumption (A1) yields the estimate
|AX (u,v)| < 2ho|VX (u,v)]*> in B.

The special structure of this differential inequality - the quadratic growth in the gradient
on the right hand side - allows us to apply the methods of [3].

We cite two important consequences of our assumptions.
From Assumption (A3) we conclude:

Let T'(B) denote the set of all continuous and piecewise differentiable curves v : [0, 1] —
B, such that v(0) = (0,0) and (1) € 0B. Then, it holds

1

d

inf /‘%Xoy ‘dt>r
0

For a proof we refer the reader to [6].

Assumption (A5) enables us to interpolate the surface area element W = W(u,v) in
terms of |[Vz!|? : Namely, it holds

|Vz')? > Wsin?w in B.
The proof can be extracted from [5], Lemma 1.1 (note that this result of Osserman

makes only use of the conformal representation of the surface).

Now, we estimate the surface area element. For this, we define several two-dimensional
auxiliary functions and apply Heinz’ results for elliptic systems in the plane (cp. [3]).

Let

F*(u,v) := (¢ (u,v),z*(u,v)) : B — R?
denote the plane mapping w.r.t. X = X (u,v). Then, there hold
4h0

SlIl w

(i) |AF*(w)] < [VF*(w)]?

(iD) VX (w)” < (w)]”

for all w € B.

For the proof we note that the second inequality follows from W +W = |VX|? and from
the Osserman inequality in 1.4. The differential inequality |[AX| < 2ho|VX|? = dhgW
(see 1.2) yields

IAF*| <

1|2 |VF*|2

~ sinw

Let wy € B and v € (0,1) be given such that By, (wo) := {w € B : |w—wg| < 2v} C B.
We consider the mapping

Y (w) = %{X(wo +2w) — X(wy)}, weB,

11



1.7

1.8

as well as the corresponding plane mapping

The immersion Y = Y (u, v) satisfies

42
Yal(w)[? = = W(w + 200) = [YVy(w), Ya(w) - Yo(w)' =0 in B

and
|AY (w)| < 2(hor)|VY (w)]? in B.

From inequality 1.5 and 1.6 we infer

|AF (w)] < [AY (w)] < 2(hor) VY (w)?

1 2 2
= W W (wo + 2vw) = W |V X (wo + 2vw)|?
1602 (hor) 5 16v%(hor) 12 9
< ——2|VF* 2 = ————|VF
~ r2sinfw [VE" (wo + 2vw)] r2sin?w 4v? IVF(w)|
4(hor)
<~ |[VF(w)
sin” w

for all w € B. Furthermore, by the assumption that the immersion represents a graph
of the form (z,y, p(z,y),¥(x,y)), (z,y) € Q, we conclude that the plane mapping F =
F(u,v) is one-to-one and has positive Jacobian Jp(w) > 0 for all w € B. Additionally,

Assumption (A4) gives
1

DF] < DIY] < — D[X] < do
T
for the Dirichlet integrals. We now apply [3], Theorem 6, page 254, which gives the
following inner gradient estimate: There is a constant ¢; = ¢;(hor, dg,sinw) € (0, +00)
such that
|VF(u,v)| <ei(hor,dy,sinw) for all (u,v) € B1(0,0).
2

From 1.7 we infer

412
'r—2 W(’IUO + 27/’111) S

—— |VF(w)[> for w € B.
SIin” «

Thus, we arrive at the following estimate

1 1
r—2W(w) < B}

< ———5—c1(hor,dy, sinw) =: co(hor, dy, sinw, v)
412 sin” w

for all w € B, (wy), and for all wy € B such that Bs,(wy) C B. For wg € B%(0,0) and
v < % we get

1 .

2 W (w) < co(hor,dy,sinw,v) for all w € B%(0,0).

This estimate will be used in the second part of the proof.

12



1.9 The properties Jp(w) > 01in B and D[F'] < dy, as well as the structure of the differential
inequality for |AF(w)| (see 1.7) make [3], Lemma 17, page 255 applicable: There exists
a constant cg = ¢3(hor, dp,sinw) € (0, +00) such that

IVE(w)[? < e3(hor, do, sinw)|VF(0,0)[5  for all w € B1(0,0).

It follows, that (cp. 1.6)

42 1 hor, dg, si
W (wo + 20w) < —— |VF(w)]? < cahor, ZO’S‘““’) IVF(0,0)[3
r sin® w sin® w
c3(hor, dp, sinw) Y (0 0)|% _ c3(hor, dp,sinw) %W( ) 3
sin? w ’ N sin® w 72 wo

Rearranging yields the important inequality of Harnack type

[W(wo)] 5 S 875 1/% sin? w W (wp + 2vw)
3

- for all w € B, (0,0),

(hor, dp, sinw) 72

or, which is equivalent,

cq(hor, do, sinw, v) [ for all w € B, (wy)

with the constant

L 810
. 8151°sin"” w
cq(hor, dp, sinw, v) :=

0 .
c3(hor, dg, sin w)® € (0, +00)

1.10 Assumption (A4) also ensures that we can estimate the surface area element in at least one

point: There exists a w* € By_,,(0,0), vp := min(e~*"% 1) such that

W (w*) 1
r2 T 4(1 — edrdo)

=: ¢5(dp) > 0.

The constant v arises from an application of the Courant-Lebesgue lemma.

1.11 We now show an estimate of the surface area element:

We set v := 314 € (0, ] and choose an integer n = n(v) € N such that 1 —2v < 2y <1 —v.
For an arbitrary wy € B;_,,(0,0) we define the following points

Together with 1.10 we have
fwjl < % | + =g < 1= g
and therefore
Bay(wj) = By,(wj) C B.
Furthermore, we have

1 1 1 2(1 —
|wjt1 —wj| = |EW* — —wg| < E|W* —wg| < Q <v

n
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2.1

2.2

This implies
wjy1 € By(w;) forj=0,...,n—1.

We apply the Harnack inequality from 1.9 and obtain

2 n
W (wo) W (wy) i 145 W (wz) ’ 145452 4. 4571 W (wn) ’
’]"2 ZC4|:T 284 T Z...ZC4 7’2 .

Recalling w, = w*, 1.10 gives
W ()

2 > Ci+5+52+"'+5n7105(d0)5n =: Cl (ho’r, dg,sinw) >0

for all wy € B1_,,(0,0). From vy < % we now conclude

W (w)
r
This ends the first part of the proof.

> C1(hor,dpy,sinw) for all w € B% (0,0).

. In the second part of the proof we have to estimate the second derivatives of X using the

differential equation
AX =2H(X, Ny )W Ny 4+ 2H(X, No)WW Ny .

To do so, we have to give Holder estimates of the right hand side of this equation. Especially,
we have to construct an orthonormal basis { N1, Na} of the normal space at each point, whose
Hoélder norm can be estimated.

We define the auxiliary function

Z(u,v) = %{X(u,v) — X(0,0)} = %X(u,v), (u,v) € B.
Denoting by W the surface area element of Z, we have
|Zu> =Wz = |Zy|*, Zu-Z,=0 inB.
It holds r?W,; = Wx with Wy := |X,|? = | X,|?. We calculate
N7 = %’H(X, N1)Wx Ny + %’H(X, No)Wx Ny
= 2rH(rZ, N\)WyzNy + 2rH(rZ, No)W, N> .
Due to 1.8 we have the estimate
|AZ(w)| < 4(rhgy)ca(hor, dy,sinw)  for all w € B%(O, 0).

Furthermore, we get

1 ~
|Z (u,v)| = |Z(u,v) — Z(0,0)] < 2 |\VZ(w)| < \/CQ(hOT,d[],SiDCU) in B%(0,0).

Now, by potential theoretic estimates, there exists a constant cg(hor, dy,sinw, @) such that
the Holder estimate

| Zi (w1) — Z,i(w2)| < cg(hor, do, sinw, a)|wy — we|®  for wy,wy € Bi(0,0), 1=1,2
holds true. Therefore, for the surface area element it holds
Wz (wn) — Wz(ws)| < er(hor, do, sinw, a)|w; —we|*  for all wy,ws € Bi(0,0)

with the constant ¢7 := 4./cs cs.
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2.3

2.4

Using the mean value theorem we have the Lipschitz estimate

|Z(w1) — Z(w3)| < \/ea(hor, dg,sina) |wy — ws|  for wy,wy € B%(0,0).

In a certain neighborhood of the origin, we now construct an orthonormal basis { Ny, Na} of
the normal space whose Holder norm can be estimated.

First we choose vectors N1, Ny € R* such that

N;-Z, (0,00 =0, N;-N;=6;,
i.e. {N1, N3} form a orthonormal basis of the normal space at the point Z(0,0). Due to the

Gram-Schmidt orthonormalization, for £ = 1,2 we define vectors

N Wk - 2y, (w)

Ni(w) := Nk__|Zu(’UJ)|2 N Zuloo)

ADE Zy(w) in B.

u(w) —

These vectors both belong to the normal space at Z(w) but they may not be linearly inde-
pendent. At first, we determine a vy = vy (hgor,dp, sinw, @) > 0 such that

Ni - Zu(w)? [Ny Zo(w))?
Wz (w) Wz (w)

INj(w)? =1 — [ > — in B,,(0,0).

1
2
This is possible because, first, we calculate

[Nk - Zye(w)]> = [Ny - {Zye (w) = Z,e (0,00} < | Zye (w) — Z,e (0,0)]
< cg(hor, do, sin w, a)?|w|**
by 2.2, and next, by 1.11, we have the lower bound

Wz (w) > Cy(hor,dp,sinw) in B%(0,0).

We remark that the vectors Ny (w), k = 1,2, are Holder continuous in B, (0,0) and the
Holder estimate

|Ni(w1) — Ni (w2)| < eg(hor, dp, sinw, a)|wy —ws|*,  wi,ws € By, (0,0),

holds true with a constant cg(hor, do,sinw, @) coming from the Holder estimate for Z,, and
the lower bound of W. Now, for k = 1,2 we define

N (w)

N(w) = ()]

in By, (0,0).
These vectors are well defined because of | N} (w)|?> > % in B,,(0,0), but they are not ortho-
gonal. Note that

NToNp = (N1 Z})(N2-Z)  (N1-Z}) (N2 Zy) ,

WZ WZ
and, therefore, due to 2.3
AT [N7 - N3 | 2 = LN t N tIN t deg |
N - No|=——""2<—(|N1-Z,||No- Z Ny-Z)||INy-Z]) < = @,
[N1 - No| NN S 6 (IN1- Zy|[N2 - Zy| + N1+ Zy|[N2 - Z) < C |wl
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2.5

Thus we can find a vy = vy (hor, do, sinw, @) with 0 < 15 < vy such that
-~ 1.
|N1-N2| S 5 1mn BU2(0,0).

We now define the vectors

ﬁg(w) — (N1 . ﬁQ)Nl

Mifw) = Mifw), Matw) = =R

in By, (0,0).

N> is well defined because for its denominator we have

- - 3
1—(N1-N2)2=1—(N1-N2)221.

The vectors Ni(w), No(w) are an orthonormal basis of the normal space at each point Z(w)
for w € B,,(0,0). Furthermore, the Holder estimate

|Ni(w1) — Ng(we)| < cg(hor, do, sinw, a)|wy — we|®  for wy,wy € By, (0,0)

holds true with a constant cg(hor, doy,sinw, @) which can be calculated directly using the
Holder estimate for IV;.

We now use the differential equation (recall Remark 1 to Definition 3)
N7 =2rH(rZ,N1)WzNy + 2rH(rZ, No)W; Ny in B,,(0,0).
We already showed the estimate
|AZ(w)| < 4(hor)ca(hor, do,sinw) in By, (0,0).
Using the assumptions on ‘H we obtain the Holder estimate

[H(rZ(w:), N(w1)) — H(rZ(w2), Ni(w2))|
< hir®Z(wy) — Z(w2)|* + ha|Ng(w) — Ny (ws)]

< hlro‘(JQ‘% |lwi — wa|® + hacglwy — wa|®.
Thus we can find a constant c19 = cig(hor, h1r'T®, hor, dg, sinw, «) such that
|AZ(w1) — AZ(w3)] < epplwy — wa|®  for wy,we € B,,(0,0).
Setting v3 := %UQ, the interior Schauder estimates give a constant Cy € (0, +00) such that
| Zo (W), | Zo (W), | Zw (w) | < Co(hor, hyr' T, hor, do, sinw, &) in B, (0,0).

From the beginning of the proof we recall

1 Zw (0, 0)|| Zu (0, 0)| + | Zusoy (0, 0
"71,2(070)2+52,Z(0a0)2§ﬁ {(ho’r‘)2+| U/IL( )|| U’U( )| | u’u( )|}

WZ(07 0)2

. . 202 .
Setting ©(hor, h1r'*®, hor, dy,sinw, a) := =2 we arrive at

F
1
£1.5(0,0)7 + 2,5(0,0)? < —{ (hor)? + ©}.
This proves the statement. O
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Remarks:
1. Assumption (A4) is basically needed to establish the inequality

4hg

sin? w

|AF* (w)] < [V F* (w)[?

for the plane mapping F*. This is the difference to estimates for surfaces in R, where
|AF*(w)] < 4ho |VF* (w)|?
holds due to the conformal representation (note |X3|? < |X}[2 + | X2|?).

2. The proof does not make use of the special dimension n = 4. Thus, it can be carried over to
the more general case of dimenion n > 4.

In the case of minimal surfaces, i.e. H = 0, the proof yields a result of Bernstein type since the a
priori constant © does not depend on r any more. For r — oo we obtain the

Corollary 1: A complete minimal graph X (z,y) = (z,y, o(z,y),¢(z,y)) which satisfies assump-
tions (A4) and (A5) is an affine plane.
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