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Abstrat

We onsider two-dimensional immersions of dis-type in R

n

: We fous well

known lassial onepts and study the nonlinear ellipti systems of suh map-

pings. Using an Osserman-type ondition we give a priori-estimates of the prin-

iple urvatures for ertain graphs in R

4

with presribed mean urvature.

Introdution

In 1917, S. Bernstein proved the following theorem:

If the twie ontinuously di�erentiable funtion f : R

2

! R represents a graph of a omplete

minimal surfae in R

3

; then f is linear, i.e., the minimal surfae is a plane.

This result indiates the di�erene between linear and non-linear partial di�erential equations.

Over the years muh work has been devoted in �nding new proofs and generalizations.

To exemplify, let us indiate a method whih goes bak to works of E. Heinz and F. Sauvigny, and

whih applies in the paper at hand: Using isothermal parameters, a minimal surfae X and its

unit normal mapping N satisfy the nonlinear ellipti systems

4X = 0; 4N = �2KWN:

Here, K means the Gaussian urvature and W the surfae area element of the immersion X: If

one an establish ertain bounds for the size of X and N; the gradient estimates in [3℄ ensure

upper bounds for the �rst and seond derivatives of X in terms of given a priori-data. A Harnak-

type inequality for pseudo-holomorphi funtions would give lower bounds for W: All together, we

would estimate the priniple urvatures of the immersion, namely in suh a way that if the surfae

growths to beome omplete, the priniple urvatures vanish identially.

This method generalizes to various varitional problems if the appearing di�erential systems satisfy

struture onditions of the form

j4Zj � onst jrZj

2

:

For example, the mean urvature system 4X = 2HWN and the above system for N satisfy this

assumption. Some problems arise in higher odimension.

In 1964, Osserman [5℄ proved that a omplete two-dimensional minimal surfae in R

n

is a plane if all

of its normal vetors make a ertain positive angle with a �xed axis in spae. The assumption that

all normals make an aute angle with some �xed diretion makes the di�erene to the Bernstein

theorem in R

3

where it is suÆient to assume that the normal of the immersion omits a ertain

neighbourhood of some point of the unit sphere.

Osserman's method is based essentially on results of omplex analysis due to the fat that the

omponents of a minimal surfae are harmoni funtions.
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Although it is rather diÆult to realize Osserman's ondition, it is an important fat that any

ondition of this type is neessary for urvature estimates.

In this paper we want to examine how to apply the methods developed in [3℄ and [6℄ to establish

ertain a priori-estimates for the priniple urvatures of graphs with presribed mean urvature.

In the �rst part, we onentrate on some geometri basis of two-dimensional immersion in R

n

whih are motivated from [2℄, and we will derive nonlinear ellipti di�erential systems to desribe

the surfaes analytially. The seond part ontains the mentioned estimates.

1. Surfaes in R

n

The essential priniples of the following are motivated from [1℄, [2℄, [5℄, and [7℄.

Let

B := f(u; v) 2 R

2

: u

2

+ v

2

< 1g

denote the open unit dis, B � R

2

its topologial losure. For integer n � 3 we onsider immersions

X = X(u; v) 2 C

3+�

(B;R

n

) \ C

0

(B;R

n

); � 2 (0; 1);

X(u; v) = (x

1

(u; v); x

2

(u; v); : : : ; x

n

(u; v));

with the property

rank �X(u; v) � rank

0

B

B

�

x

1

u

(u; v) x

1

v

(u; v)

.

.

.

.

.

.

x

n

u

(u; v) x

n

v

(u; v)

1

C

C

A

= 2 for all (u; v) 2 B:

This means that X

u

= X

u

(u; v) and X

v

= X

v

(u; v) are linearly independent in every point (u; v) 2

B and, therefore, span the two-dimensional tangent plane

T

X

(w) := Span fX

u

(w);X

v

(w)g at w 2 B:

There exists a normal spae N

X

(w) spanned by n�2 linearly independent vetors N

1

; N

2

; : : : ; N

n�2

whih an be assumed to satisfy the orthonormality relations

N

�

�N

t

�

= Æ

��

:=

(

1 if � = �

0 if � 6= �

for all �;� 2 f1; 2; : : : ; n� 2g:

Here, by the upper t we denote the transposed vetor.

The hoie of the normal vetors N

�

(w); � = 1; : : : ; n� 2; is not unique.

Example 1: The unit vetors

N

1

:=

1

p

1 + jr'

1

j

2

(�'

1;x

;�'

1;y

; 1; 0; : : : ; 0);

N

2

:=

1

p

1 + jr'

2

j

2

(�'

2;x

;�'

2;y

; 0; 1; : : : ; 0); : : :

are normal to the graph X(x; y) = (x; y; '

1

(x; y); : : : ; '

n

(x; y)):

Assumption: There exists an orthonormal basis N

1

(w); N

2

(w); : : : ; N

n�2

(w) of the normal spae

N

X

(w) suh that N

�

2 C

2+�

(B;S

n�1

):

In the following we will use suh regular bases.
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1..1 The �rst fundamental form

We onsider surfaes X = X(u; v) immersed into the Eulidean spae R

n

: Inserting X = X(u; v)

into the element ds

2

:= (dx

1

)

2

+ : : :+ (dx

n

)

2

yields

ds

2

= h

11

du

2

+ 2h

12

dudv + h

22

dv

2

= h

ij

du

i

du

j

(note the summation onvention in the last term) with the �rst fundamental form

I := (h

ij

)

i;j=1;2

� (X

u

i

�X

t

u

j

)

i;j=1;2

� R

2�2

:

1..2 The mean urvature

We introdue the seond fundamental form II

�

= (L

�;ij

)

i;j=1;2

w.r.t. the unit normal N

�

by

L

�;ij

:= �X

u

i
�N

t

�;u

j

= X

u

i

u

j
�N

t

�

; i; j = 1; 2:

Consider the form

(L

k

�;i

)

i;k=1;2

:= (L

�;ij

h

jk

)

i;k=1;2

2 R

2�2

with the oeÆients h

ij

of the inverse of the �rst fundamental form, i.e.

h

ij

h

jk

= Æ

k

i

:=

(

1 if i = k

0 if i 6= k

; i; k = 1; 2:

De�nition 1: The mean urvature H

�

in diretion N

�

is de�ned as

H

�

:=

1

2

trae (L

k

�;i

)

i;k=1;2

:

1..3 The priniple urvatures

Beside the mean urvature

H

�

=

1

2

trae (L

k

�;i

)

i;k=1;2

=

L

�;11

h

11

� 2L

�;12

h

12

+ L

�;22

h

22

2(h

11

h

22

� h

2

12

)

;

we introdue the Gaussian urvature w.r.t. to N

�

as

K

�

:= det (L

k

�;i

)

i;k=1;2

=

L

�;11

L

�;22

� L

2

�;12

h

11

h

22

� h

2

12

:

The priniple urvatures �

�;1

; �

�;2

w.r.t. N

�

are the eigenvalues of the form (L

k

�;i

)

i;k=1;2

; that is

H

�

=

�

�;1

+ �

�;2

2

; K

�

= �

�;1

�

�;2

:

1..4 Minimal surfaes

Minimal surfaes an be introdued analytially via the �rst Beltrami operator

r

ds

2
(X;N

�

) := h

ij

X

u

i

�N

t

�;u

j

= �h

ij

X

u

i

u

j

�N

t

�

= �h

ij

L

�;ij

= �2H

�

w.r.t. to the metri element ds

2

:
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De�nition 2: Let fNg be an orthonormal basis of the normal spae. The immersion X = X(u; v)

is alled a minimal surfae i�

r

ds

2
(X;N

�

) = 0 in B for all N

�

2 fNg:

In fat, it holds r

ds

2(X;Z) = 0 for all Z 2 N

X

with jZj = 1: Namely, let Z =

P

n�2

�=1

�

�

N

�

with

oeÆients �

�

2 R; � = 1; 2; : : : ; n� 2; then we alulate

r

ds

2
(X;Z) = h

ij

X

u

i

Z

t

u

j

= �h

ij

X

u

i

u

j

� Z

t

= �

n�2

X

�=1

�

�

(h

ij

X

u

i

u

j

�N

t

�

) = 0:

Now, we proeed as follows: Introduing onformal parameters (u; v) 2 B; there hold the onfor-

mality relations

h

11

=W = h

22

; h

12

= 0 in B

with the surfae area element W: The, from Beltrami's equation for a minimal surfae we get

4X �N

t

�

= 0 in B for all � = 1; 2; : : : ; n� 2:

Further, di�erentiation of the onformality relations jX

u

j

2

� jX

v

j

2

= 0 and X

u

�X

t

v

= 0 yields

X

u

�X

t

uu

�X

v

�X

t

uv

= 0; X

u

�X

t

vv

+X

v

�X

t

uv

= 0;

X

u

�X

t

uv

�X

v

�X

t

vv

= 0; X

u

�X

t

uv

+X

v

�X

t

uu

= 0:

Thus, there also hold

4X �X

t

u

= 0 and 4X �X

t

v

= 0 in B:

Proposition 1: A minimal surfae X = X(u; v); given in onformal parameters (u; v) 2 B;

satis�es the ellipti system

4X = 0 in B:

Therefore, its omponents x

i

= x

i

(u; v); i = 1; 2; : : : ; n; are harmoni funtions in B:

1..5 The di�erential equations

Let fNg be an orthonormal basis of the normal spae. We rewrite the derivatives N

�;u

i

; where

N

�

2 fNg for � = 1; 2; : : : ; n � 2; and X

u

i

u

j

for and i; j = 1; 2 in terms of the moving frame

X

u

;X

v

; N

1

; : : : ; N

n�2

: The following is disussed in more detail in [2℄.

1.5.1 The Weingarten equations

Due to N

�;u

i

�N

t

�

= 0; i = 1; 2; we make the ansatz

N

�;u

i

= a

j

�;i

X

u

j

+ b

�

�;i

N

�

; i = 1; 2:

We determine the oeÆients a

j

�;i

and b

�

�;i

as follows: From

�L

�;ik

= a

j

�;i

X

u

k

�X

t

u

j

= a

j

�;i

h

jk

we onlude

N

�;u

i

= �L

�;ij

h

jk

X

u

k

+ b

�

�;i

N

�

:

Now, let us de�ne the torsion oeÆients

�

�

�;i

:=

(

N

�;u

i

�N

t

�

if � 6= �

0 if � = �

:
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Proposition 2: Let fNg be an orthonormal basis of the normal spae. The Weingarten equations

are

N

�;u

i

= �L

�;ij

h

jk

X

t

u

k

+ �

�

�;i

N

�

; i = 1; 2; � = 1; 2; : : : ; n� 2:

1.5.2 The Gauss equations

We omplete the set of di�erential equations by

Proposition 3: Let fNg be an orthonormal basis of the normal spae. The Gauss equations are

X

u

i

u

j

= �

k

ij

X

u

k

+

n�2

X

�=1

L

�;ij

N

�

with the Christo�el symbols

�

k

ij

:=

1

2

h

kl

(h

jl;i

+ h

li;j

� h

ij;l

); h

ij;k

:= h

ij;u

k

:

For the proof we make the ansatz

X

u

i

u

j
= a

k

ij

X

u

k

+

n�2

X

�=1

b

�;ij

N

�

with unknown oeÆients a

k

ij

and b

�;ij

: Multipliation with N

�

gives

L

�;ij

= X

u

i

u

j

�N

t

�

= b

�;ij

; i; j = 1; 2:

Furthermore, we alulate

X

u

i

u

j

�X

t

u

l

= a

k

ij

X

u

k

�X

t

u

l

= a

k

ij

h

kl

=: �

ilj

:

Note the symmetry �

ilj

= �

jli

: It holds

�

ilj

= (X

u

i
�X

t

u

l

)

u

j
�X

u

l

u

j

�X

t

u

i

;

and, therefore,

�

ilj

= h

il;j

� �

lij

or h

il;j

= �

ilj

+ �

lij

:

From the above symmetry we get

h

jl;i

+ h

li;j

� h

ij;l

= �

jli

+ �

lji

+ �

lij

+ �

ilj

� �

ijl

� �

jil

= 2�

jli

:

It follows, that

�

ilj

= a

k

ij

h

kl

=

1

2

(h

jl;i

+ h

li;j

� h

ij;l

);

and, �nally,

a

k

ij

=

1

2

h

kl

(h

jl;i

+ h

li;j

� h

ij;l

) = �

k

ij

:
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1..6 The �rst variation of the area funtional

Minimal surfaes are ritial points of the area funtional:

Let �; �; '

�

2 C

1

0

(B;R); � = 1; 2; : : : ; n� 2; and " 2 (�"

0

;+"

0

): We onsider the variation

e

X(u; v) := X(u; v) + "�(u; v)X

u

(u; v) + "�(u; v)X

v

(u; v) + "

n�2

X

�=1

'

�

(u; v)N

�

(u; v); (u; v) 2 B:

Taking the Gauss equations into aount we alulate

e

X

u

= X

u

+ "(�

u

+ ��

1

11

+ ��

1

12

�W

�1

'

�

L

�;11

)X

u

+ "(�

u

+ ��

2

11

+ ��

2

12

�W

�1

'

�

L

�;12

)X

v

+ "

n�2

X

�=1

�

�L

�;11

+ �L

�;12

+ '

�

u

+ '

�

�

�

�;1

�

N

�

;

e

X

v

= X

v

+ "(�

v

+ ��

1

12

+ ��

1

22

�W

�1

'

�

L

�;12

)X

u

+ "(�

v

+ ��

2

12

+ ��

2

22

�W

�1

'

�

L

�;22

)X

v

+ "

n�2

X

�=1

�

�L

�;12

+ �L

�;22

+ '

�

v

+ '

�

�

�

�;2

�

N

�

:

We use onformal parameters to get

e

X

2

u

= W + "(2�

u

W + �W

u

+ �W

v

� 2'

�

L

�;11

);

e

X

2

v

= W + "(2�

v

W + �W

u

+ �W

v

� 2'

�

L

�;22

);

e

X

u

�

e

X

t

v

= "(�

v

+ �

u

)W � 2"'

�

L

�;12

:

Thus, the following variational formula hold true:

Æh

11

= 2�

u

W + �W

u

+ �W

v

� 2'

�

L

�;11

;

Æh

12

= (�

v

+ �

u

)W � 2'

�

L

�;12

;

Æh

22

= 2�

v

W + �W

u

+ �W

v

� 2'

�

L

�;22

:

From the identity

2WÆW = h

22

Æh

11

� 2h

12

Æh

12

+ h

11

Æh

22

we infer, using onformal parameters,

ÆW =

1

2

Æh

11

+

1

2

Æh

22

= div (�W; �W ) � 2'

�

H

�

W:

Consequently, the �rst variation of the area funtional

A[X℄ :=

ZZ

B

q

h

11

h

22

� h

2

12

dudv

takes the form

ÆA[X℄ =

ZZ

B

div (�W; �W ) dudv � 2

ZZ

B

'

�

H

�

W dudv = �2

ZZ

B

'

�

H

�

W dudv

beause �; � vanish on the boundary �B: The equation is independent from the tangential va-

riation. For a ritial point X

0

= X

0

(u; v) it holds ÆA[X

0

℄ = 0 for all possible test funtions

'

�

2 C

1

0

(B;R): Therefore, the mean urvature in all diretions must be zero, and a ritial point

is a minimal surfae.
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1..7 An ellipti system for X

Let (u; v) 2 B be onformal parameters. Then, there hold

�

1

11

+ �

1

22

= 0; �

2

11

+ �

2

22

= 0:

Thus, the Gauss equations from Proposition 3 yield

4X= (�

1

11

+ �

1

22

)X

u

+ (�

2

11

+ �

2

22

)X

v

+

n�2

X

�=1

(L

�;11

+ L

�;22

)N

�

= 2

n�2

X

�=1

H

�

WN

�

:

This system is alled the mean urvature system.

Let jH

1

j+ jH

2

j+ : : : + jH

n�2

j � h

0

with a real onstant h

0

2 (0;+1): We estimate

j4Xj � 2h

0

jX

u

jjX

v

j � h

0

jrXj

2

due to W =

p

h

11

h

22

= jX

u

jjX

v

j: We point out the quadrati growth of the gradient on the right

hand side. Ellipti systems with this struture are the matter of investigations in [3℄.

1..8 The Codazzi-Mainardi equations

The following integrability onditions enable us to investigate the struture of the normal system.

Again, let fNg be an orthonormal basis of the normal spae. From the Gauss equations we have

X

u

i

u

= �

1

i1

X

u

+ �

2

i1

X

v

+

n�2

X

�=1

L

�;i1

N

�

;

X

u

i

v

= �

1

i2

X

u

+ �

2

i2

X

v

+

n�2

X

�=1

L

�;i2

N

�

for i = 1; 2: We evaluate the integrability onditions

X

u

i

uv

�X

u

i

vu

= 0 for i = 1; 2:

For this, we alulate

X

u

i

uv

= �

1

i1;v

X

u

+ �

2

i1;v

X

v

+ �

1

i1

X

uv

+ �

2

i1

X

vv

+

n�2

X

�=1

L

�;i1;v

N

�

+

n�2

X

�=1

L

�;i1

N

�;v

= (�

1

i1;v

+ �

1

i1

�

1

12

+ �

2

i1

�

1

22

)X

u

+ (�

2

i1;v

+ �

1

i1

�

2

12

+ �

2

i1

�

2

22

)X

v

+

n�2

X

�=1

(

L

�;i1;v

+ �

1

i1

L

�;12

+ �

2

i1

L

�;22

+

n�2

X

�=1

L

�;i1

�

�

�;2

)

N

�

�

n�2

X

�=1

L

�;i1

L

�;2l

h

lm

X

t

u

m

;

as well as

X

u

i

vu

= (�

1

i2;u

+ �

1

i2

�

1

11

+ �

2

i2

�

1

12

)X

u

+ (�

2

i2;u

+ �

1

i2

�

2

11

+ �

2

i2

�

2

12

)X

v

+

n�2

X

�=1

(

L

�;i2;u

+ �

1

i2

L

�;11

+ �

2

i2

L

�;12

+

n�2

X

�=1

L

�;i2

�

�

�;1

)

N

�

�

n�2

X

�=1

L

�;i2

L

�;1l

h

lm

X

t

u

m

:

Evaluating the normal diretions gives
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Proposition 4: The Codazzi-Mainardi equations are

L

�;i1;v

+�

1

i1

L

�;12

+ �

2

i1

L

�;22

+

n�2

X

�=1

L

�;i1

�

�

�;2

= L

�;i2;u

+ �

1

i2

L

�;11

+ �

2

i2

L

�;12

+

n�2

X

�=1

L

�;i2

�

�

�;1

for i = 1; 2 and � = 1; 2; : : : ; n� 2:

Expliitely, we write

L

�;11;v

+ �

m

11

L

�;m2

+

n�2

X

�=1

L

�;11

�

�

�;2

= L

�;12;u

+ �

m

12

L

�;m1

+

n�2

X

�=1

L

�;12

�

�

�;1

;

L

�;21;v

+ �

m

21

L

�;m2

+

n�2

X

�=1

L

�;21

�

�

�;2

= L

�;22;u

+ �

m

22

L

�;m1

+

n�2

X

�=1

L

�;22

�

�

�;1

for � = 1; 2; : : : ; n� 2:

1..9 An ellipti system for N

�

Using onformal parameters, from the Weingarten equations we have

N

�;u

= �

L

�;11

W

X

u

�

L

�;12

W

X

v

+ �

�

�;1

N

�

;

N

�;v

= �

L

�;12

W

X

u

�

L

�;22

W

X

v

+ �

�

�;2

N

�

:

Di�erentiation yields

N

�;uu

= �

�

L

�;11

W

�

u

X

u

�

�

L

�;12

W

�

u

X

v

�

L

�;11

W

X

uu

�

L

�;12

W

X

uv

+�

�

�;1;u

N

�

+ �

�

�;1

N

�;u

;

N

�;vv

= �

�

L

�;12

W

�

v

X

u

�

�

L

�;22

W

�

v

X

v

�

L

�;12

W

X

uv

�

L

�;22

W

X

vv

+�

�

�;2;v

N

�

+ �

�

�;2

N

�;v

:

These terms an be evaluated using the Codazzi-Mainardi equations to get

4N

�

= �

(

2H

u

+

1

W

n�2

X

�=1

�

�

�

�;1

L

�;22

� �

�

�;2

L

�;12

+ �

�

�;1

L

�;11

+ �

�

�;2

L

�;12

�

)

X

u

�

(

2H

v

+

1

W

n�2

X

�=1

�

�

�

�;2

L

�;11

� �

�

�;1

L

�;12

+ �

�

�;1

L

�;12

+ �

�

�;2

L

�;22

�

)

X

v

�

n�2

X

�=1

L

2

�;11

+ 2L

2

�;12

+ L

2

�;22

W

N

�

+ (�

�

�;1

�

�

�;1

+ �

�

�;2

�

�

�;2

)N

�

+ (�

�

�;1;u

+ �

�

�;2;v

)N

�

:

In ontrast to the mean urvature equation, this nonlinear system is not in diagonal form. Quadrati

growth in jrXj and jrN j on the right hand side would presuppose a priori-data on the derivatives

of the torsion.
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2. A priori-estimates for graphs in R

4

In this seond part we onsider immersions

X = X(u; v) 2 C

2+�

(B;R

4

) \ C

0

(B;R

4

); � 2 (0; 1);

X(u; v) = (x

1

(u; v); : : : ; x

4

(u; v)):

Let a funtion

H(X) : R

4

�! R

4

be given. We de�ne a salar funtion H(X;Z) : R

4

� S

3

! R by

H(X;Z) := H(X) � Z

t

for X 2 R

4

; Z 2 S

3

:

We now onsider surfaes of presribed mean urvature H = H(X;Z) in the following sense.

De�nition 3: A surfae X = X(u; v) is alled a (onformally parametrized) surfae of presribed

mean urvature H : R

4

� S

3

! R if the immersion satis�es the system

4X = 2H(X;N

1

)WN

1

+ 2H(X;N

2

)WN

2

;

jX

u

j

2

=W = jX

v

j

2

; X

u

�X

t

v

= 0 in B

for an orthonormal basis N

1

; N

2

of the normal spae.

Remarks:

1. By the de�nition of H, the above system is satis�ed for all orthonormal bases of the normal

spae if it is satis�ed for at least one orthonormal basis.

2. Using onformal parameters the geometri mean urvature H

�

(X) � H(X;N

�

) of X in

diretion of the unit normal N

�

an be alulated by

H

�

(X) =

(h

11

X

uu

� 2h

12

X

uv

+ h

22

X

vv

) �N

t

�

2(h

11

h

22

� h

2

12

)

=

4X �N

t

�

2W

:

Thus, by setion 1.7, the geometri mean urvature H

�

(X) is equal to H(X;N

�

) if the the

normal basis is ontinuously di�erentiable.

Our main result is the following.

Theorem 1:

Assumptions: Let X 2 C

2+�

(B;R

4

) \ C

0

(B;R

4

); � 2 (0; 1); be a surfae of presribed mean

urvature H(X;Z) 2 C

0

(R

4

� S

3

;R) with the following properties:

(A1) The immersion X = X(u; v) is a onformal parametrization of a graph of the form

X(x; y) = (x; y; '(x; y);  (x; y)); (x; y) 2 
;

with an open, bounded and simply-onneted domain 
 � R

2

; and '; 2 C

2+�

(
;R):

(A2) The mean urvature H = H(X;Z) satis�es

jH(X;Z)j �

h

0

2

for all X 2 R

4

; Z 2 S

3

;

as well as

jH(X

1

; Z

1

)�H(X

2

; Z

2

)j � h

1

jX

1

�X

2

j

�

+ h

2

jZ

1

� Z

2

j for all X

1

;X

2

2 R

4

; Z

1

; Z

2

2 S

3

with onstants h

0

; h

1

; h

2

2 [0;+1):
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(A3) The surfae represents a geodesi dis of radius r > 0 and with enter X(0; 0) = (0; 0; 0; 0):

(A4) With a real onstant d

0

> 0; the Dirihlet energy an be estimated by

D[X℄ :=

ZZ

B

jrX(u; v)j

2

dudv � d

0

r

2

:

(A5) At every point w 2 B; eah normal vetor of the immersion makes an angle of at least ! > 0

with the x

1

-axis.

Statement: Then, for orthonormal vetors N

1

and N

2

spanning the normal spae at the point

X(0; 0); there exists a onstant � = �(h

0

r; h

1

r

1+�

; h

2

r; d

0

; sin!; �) 2 (0;+1) suh that holds

�

�;1

(0; 0)

2

+ �

�;2

(0; 0)

2

�

1

r

2

n

(h

0

r)

2

+�

o

for the priniple urvature �

�;1

and �

�;2

in diretion N

�

:

Proof: The proof follows the lines of [6℄, x 2. It holds

�

�;1

(0; 0)

2

+ �

�;2

(0; 0)

2

= 4H

�

(0; 0)

2

� 2K

�

(0; 0) � h

2

0

+ 2jK

�

(0; 0)j

=

1

r

2

n

(h

0

r)

2

+ r

2

jK

�

(0; 0)j

o

for � = 1; 2: The desired estimate follows from

K

�

(0; 0) =

(X

uu

�N

�

)(X

vv

�N

�

)� (X

uv

�N

�

)

2

W

2

�

�

�

(0;0)

w.r.t. a normal basis fN

1

; N

2

g: Thus, our proof onsists of two steps: First, we have to �nd a lower

bound for the surfae area element, and, then, an upper bound for the seond derivatives of the

immersion.

1. In the �rst part we will prove the estimate

W (w)

r

2

� C

1

for w 2 B
1

2

(0; 0)

with a onstant C

1

= C

1

(h

0

r; d

0

; sin!) > 0.

1.1 We �x a normal basis of the surfae. Note that the vetors e

3

:= (0; 0; 1; 0) and e

4

:=

(0; 0; 0; 1) are not in any tangent plane of the surfae due to the fat that

1

p

1 + jr'j

2

(�'

x

;�'

y

; 1; 0);

1

p

1 + jr j

2

(� 

x

;� 

y

; 0; 1)

are normal to the surfae (in the orresponding surfae point). We see that the inner

produt of the �rst vetor by e

3

and the inner produt of the seond vetor by e

4

do

not vanish. Therefore, the projetions

N

�

1

:= e

3

�

e

3

�X

t

u

jX

u

j

2

X

u

�

e

3

�X

t

v

jX

v

j

2

X

v

; N

�

2

:= e

4

�

e

4

�X

t

u

jX

u

j

2

X

u

�

e

4

�X

t

v

jX

v

j

2

X

v

are a basis of the normal spae and an be transformed into an orthonormal basis

fN

1

; N

2

g of the normal spae.
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1.2 In the �rst part of the proof we will work with the above orthonormal basis fN

1

; N

2

g:

Using the di�erential equation (see Remark 1 above)

4X = 2H(X;N

1

)WN

1

+ 2H(X;N

2

)WN

2

in B;

Assumption (A1) yields the estimate

j4X(u; v)j � 2h

0

jrX(u; v)j

2

in B:

The speial struture of this di�erential inequality - the quadrati growth in the gradient

on the right hand side - allows us to apply the methods of [3℄.

We ite two important onsequenes of our assumptions.

1.3 From Assumption (A3) we onlude:

Let �(B) denote the set of all ontinuous and pieewise di�erentiable urves  : [0; 1℄!

B; suh that (0) = (0; 0) and (1) 2 �B: Then, it holds

inf

2�(B)

1

Z

0

�

�

�

�

d

dt

X Æ (t)

�

�

�

�

dt � r:

For a proof we refer the reader to [6℄.

1.4 Assumption (A5) enables us to interpolate the surfae area element W = W (u; v) in

terms of jrx

1

j

2

: Namely, it holds

jrx

1

j

2

�W sin

2

! in B:

The proof an be extrated from [5℄, Lemma 1.1 (note that this result of Osserman

makes only use of the onformal representation of the surfae).

Now, we estimate the surfae area element. For this, we de�ne several two-dimensional

auxiliary funtions and apply Heinz' results for ellipti systems in the plane (p. [3℄).

1.5 Let

F

�

(u; v) := (x

1

(u; v); x

2

(u; v)) : B �! R

2

denote the plane mapping w.r.t. X = X(u; v): Then, there hold

(i) j4F

�

(w)j �

4h

0

sin

2

!

jrF

�

(w)j

2

(ii) jrX(w)j

2

�

2

sin

2

!

jrF

�

(w)j

2

for all w 2 B:

For the proof we note that the seond inequality follows fromW +W = jrXj

2

and from

the Osserman inequality in 1.4. The di�erential inequality j4Xj � 2h

0

jrXj

2

= 4h

0

W

(see 1.2) yields

j4F

�

j � j4Xj � 4h

0

W �

4h

0

sin

2

!

jrx

1

j

2

�

4h

0

sin

2

!

jrF

�

j

2

:

1.6 Let w

0

2 B and � 2 (0; 1) be given suh that B

2�

(w

0

) := fw 2 B : jw�w

0

j < 2�g � B:

We onsider the mapping

Y (w) :=

1

r

fX(w

0

+ 2�w) �X(w

0

)g; w 2 B;

11



as well as the orresponding plane mapping

F (w) := (y

1

(w); y

2

(w)) : B �! R

2

:

The immersion Y = Y (u; v) satis�es

jY

u

(w)j

2

=

4�

2

r

2

W (w

0

+ 2�w) = jY

v

(w)j

2

; Y

u

(w) � Y

v

(w)

t

= 0 in B

and

j4Y (w)j � 2(h

0

r)jrY (w)j

2

in B:

1.7 From inequality 1.5 and 1.6 we infer

j4F (w)j � j4Y (w)j � 2(h

0

r)jrY (w)j

2

=

16�

2

(h

0

r)

r

2

W (w

0

+ 2�w) =

8�

2

(h

0

r)

r

2

jrX(w

0

+ 2�w)j

2

�

16�

2

(h

0

r)

r

2

sin

2

!

jrF

�

(w

0

+ 2�w)j

2

=

16�

2

(h

0

r)

r

2

sin

2

!

r

2

4�

2

jrF (w)j

2

�

4(h

0

r)

sin

2

!

jrF (w)j

2

for all w 2 B: Furthermore, by the assumption that the immersion represents a graph

of the form (x; y; '(x; y);  (x; y)); (x; y) 2 
; we onlude that the plane mapping F =

F (u; v) is one-to-one and has positive Jaobian J

F

(w) > 0 for all w 2 B: Additionally,

Assumption (A4) gives

D[F ℄ � D[Y ℄ �

1

r

2

D[X℄ � d

0

for the Dirihlet integrals. We now apply [3℄, Theorem 6, page 254, whih gives the

following inner gradient estimate: There is a onstant 

1

= 

1

(h

0

r; d

0

; sin!) 2 (0;+1)

suh that

jrF (u; v)j � 

1

(h

0

r; d

0

; sin!) for all (u; v) 2 B
1

2

(0; 0):

1.8 From 1.7 we infer

4�

2

r

2

W (w

0

+ 2�w) �

1

sin

2

�

jrF (w)j

2

for w 2 B:

Thus, we arrive at the following estimate

1

r

2

W (w) �

1

4�

2

sin

2

!



1

(h

0

r; d

0

; sin!) =: 

2

(h

0

r; d

0

; sin!; �)

for all w 2 B

�

(w

0

); and for all w

0

2 B suh that B

2�

(w

0

) � B: For w

0

2 B
1

2

(0; 0) and

� �

1

4

we get

1

r

2

W (w) � 

2

(h

0

r; d

0

; sin!; �) for all w 2 B
1

2

(0; 0):

This estimate will be used in the seond part of the proof.
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1.9 The properties J

F

(w) > 0 in B and D[F ℄ � d

0

; as well as the struture of the di�erential

inequality for j4F (w)j (see 1.7) make [3℄, Lemma 17, page 255 appliable: There exists

a onstant 

3

= 

3

(h

0

r; d

0

; sin!) 2 (0;+1) suh that

jrF (w)j

2

� 

3

(h

0

r; d

0

; sin!)jrF (0; 0)j

2

5

for all w 2 B
1

2

(0; 0):

It follows, that (p. 1.6)

4�

2

r

2

W (w

0

+ 2�w) �

1

sin

2

!

jrF (w)j

2

�



3

(h

0

r; d

0

; sin!)

sin

2

!

jrF (0; 0)j

2

5

�



3

(h

0

r; d

0

; sin!)

sin

2

!

jrY (0; 0)j

2

5

=



3

(h

0

r; d

0

; sin!)

sin

2

!

�

8�

2

r

2

W (w

0

)

�

1

5

:

Rearranging yields the important inequality of Harnak type

�

W (w

0

)

r

2

�

1

5

�

8

17

15

�

8

5

sin

2

!



3

(h

0

r; d

0

; sin!)

W (w

0

+ 2�w)

r

2

for all w 2 B
1

2

(0; 0);

or, whih is equivalent,



4

(h

0

r; d

0

; sin!; �)

�

W (w)

r

2

�

5

�

W (w

0

)

r

2

for all w 2 B

�

(w

0

)

with the onstant



4

(h

0

r; d

0

; sin!; �) :=

8

7

15

�

8

sin

10

!



3

(h

0

r; d

0

; sin!)

5

2 (0;+1):

1.10 Assumption (A4) also ensures that we an estimate the surfae area element in at least one

point: There exists a w

�

2 B

1��

0

(0; 0); �

0

:= min(e

�4�d

0

;

1

2

) suh that

W (w

�

)

r

2

�

1

4(1� e

�4�d

0

)

=: 

5

(d

0

) > 0 :

The onstant �

0

arises from an appliation of the Courant-Lebesgue lemma.

1.11 We now show an estimate of the surfae area element:

We set � :=

1

2

�

0

2 (0;

1

4

℄ and hoose an integer n = n(�) 2 N suh that 1� 2� �

n

2

� � 1� �:

For an arbitrary w

0

2 B

1��

0

(0; 0) we de�ne the following points

w

j

:=

j

n

w

�

+

n� j

n

w

0

for j = 0; : : : ; n :

Together with 1.10 we have

jw

j

j �

j

n

jw

�

j+

n� j

n

jw

0

j < 1� �

0

and therefore

B

2�

(w

j

) = B

�

0

(w

j

) � B :

Furthermore, we have

jw

j+1

� w

j

j = j

1

n

w

�

�

1

n

w

0

j �

1

n

jw

�

� w

0

j �

2(1 � �

0

)

n

� �:
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This implies

w

j+1

2 B

�

(w

j

) for j = 0; : : : ; n� 1 :

We apply the Harnak inequality from 1.9 and obtain

W (w

0

)

r

2

� 

4

�

W (w

1

)

r

2

�

5

� 

1+5

4

�

W (w

2

)

r

2

�

5

2

� : : : � 

1+5+5

2

+:::+5

n�1

4

�

W (w

n

)

r

2

�

5

n

:

Realling w

n

= w

�

, 1.10 gives

W (w

0

)

r

2

� 

1+5+5

2

+:::+5

n�1

4



5

(d

0

)

5

n

=: C

1

(h

0

r; d

0

; sin!) > 0

for all w

0

2 B

1��

0

(0; 0). From �

0

�

1

2

we now onlude

W (w)

r

2

� C

1

(h

0

r; d

0

; sin!) for all w 2 B
1

2

(0; 0) :

This ends the �rst part of the proof.

2. In the seond part of the proof we have to estimate the seond derivatives of X using the

di�erential equation

4X = 2H(X;N

1

)WN

1

+ 2H(X;N

2

)WN

2

:

To do so, we have to give H

�

older estimates of the right hand side of this equation. Espeially,

we have to onstrut an orthonormal basis fN

1

; N

2

g of the normal spae at eah point, whose

H

�

older norm an be estimated.

2.1 We de�ne the auxiliary funtion

Z(u; v) =

1

r

fX(u; v) �X(0; 0)g =

1

r

X(u; v); (u; v) 2 B :

Denoting by W

Z

the surfae area element of Z; we have

jZ

u

j

2

=W

Z

= jZ

v

j

2

; Z

u

� Z

t

v

= 0 in B:

It holds r

2

W

Z

=W

X

with W

X

:= jX

u

j

2

= jX

v

j

2

: We alulate

4Z =

2

r

H(X;N

1

)W

X

N

1

+

2

r

H(X;N

2

)W

X

N

2

= 2rH(rZ;N

1

)W

Z

N

1

+ 2rH(rZ;N

2

)W

Z

N

2

:

2.2 Due to 1.8 we have the estimate

j4Z(w)j � 4(rh

0

)

2

(h

0

r; d

0

; sin!) for all w 2 B
1

2

(0; 0):

Furthermore, we get

jZ(u; v)j = jZ(u; v) � Z(0; 0)j �

1

2

jrZ( ew)j �

p



2

(h

0

r; d

0

; sin!) in B
1

2

(0; 0):

Now, by potential theoreti estimates, there exists a onstant 

6

(h

0

r; d

0

; sin!; �) suh that

the H

�

older estimate

jZ

u

i

(w

1

)� Z

u

i

(w

2

)j � 

6

(h

0

r; d

0

; sin!; �)jw

1

�w

2

j

�

for w

1

; w

2

2 B
1

4

(0; 0); i = 1; 2

holds true. Therefore, for the surfae area element it holds

jW

Z

(w

1

)�W

Z

(w

2

)j � 

7

(h

0

r; d

0

; sin!; �)jw

1

� w

2

j

�

for all w

1

; w

2

2 B
1

4

(0; 0)

with the onstant 

7

:= 4

p



2



6

:
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2.3 Using the mean value theorem we have the Lipshitz estimate

jZ(w

1

)� Z(w

2

)j �

p



2

(h

0

r; d

0

; sin�) jw

1

� w

2

j for w

1

; w

2

2 B
1

2

(0; 0):

In a ertain neighborhood of the origin, we now onstrut an orthonormal basis fN

1

; N

2

g of

the normal spae whose H

�

older norm an be estimated.

First we hoose vetors N

1

; N

2

2 R

4

suh that

N

i

� Z

u

j

(0; 0)

t

= 0; N

i

�N

t

j

= Æ

ij

;

i.e. fN

1

; N

2

g form a orthonormal basis of the normal spae at the point Z(0; 0). Due to the

Gram-Shmidt orthonormalization, for k = 1; 2 we de�ne vetors

N

�

k

(w) := N

k

�

N

k

� Z

u

(w)

jZ

u

(w)j

2

Z

u

(w)�

N

k

� Z

v

(w)

jZ

v

(w)j

2

Z

v

(w) in B :

These vetors both belong to the normal spae at Z(w) but they may not be linearly inde-

pendent. At �rst, we determine a �

1

= �

1

(h

0

r; d

0

; sin!; �) > 0 suh that

jN

�

k

(w)j

2

= 1�

[N

k

� Z

u

(w)℄

2

W

Z

(w)

�

[N

k

� Z

v

(w)℄

2

W

Z

(w)

�

1

2

in B

�

1

(0; 0):

This is possible beause, �rst, we alulate

jN

k

� Z

u

`

(w)j

2

= jN

k

� fZ

u

`

(w)� Z

u

`

(0; 0)gj

2

� jZ

u

`

(w) � Z

u

`

(0; 0)j

2

� 

6

(h

0

r; d

0

; sin!; �)

2

jwj

2�

by 2.2, and next, by 1.11, we have the lower bound

W

Z

(w) � C

1

(h

0

r; d

0

; sin!) in B
1

2

(0; 0):

2.4 We remark that the vetors N

�

k

(w); k = 1; 2; are H

�

older ontinuous in B

�

1

(0; 0) and the

H

�

older estimate

jN

�

k

(w

1

)�N

�

k

(w

2

)j � 

8

(h

0

r; d

0

; sin!; �)jw

1

� w

2

j

�

; w

1

; w

2

2 B

�

1

(0; 0);

holds true with a onstant 

8

(h

0

r; d

0

; sin!; �) oming from the H

�

older estimate for Z

u

j

and

the lower bound of W

Z

: Now, for k = 1; 2 we de�ne

e

N

k

(w) :=

N

�

k

(w)

jN

�

k

(w)j

in B

�

1

(0; 0):

These vetors are well de�ned beause of jN

�

k

(w)j

2

�

1

2

in B

�

1

(0; 0); but they are not ortho-

gonal. Note that

N

�

1

�N

�

2

= �

(N

1

� Z

t

u

)(N

2

� Z

t

u

)

W

Z

�

(N

1

� Z

t

v

)(N

2

� Z

t

v

)

W

Z

;

and, therefore, due to 2.3

j

e

N

1

�

e

N

2

j =

jN

�

1

�N

�

2

j

jN

�

1

jjN

�

2

j

�

2

C

1

(jN

1

� Z

t

u

jjN

2

� Z

t

u

j+ jN

1

� Z

t

v

jjN

2

� Z

t

v

j) �

4

2

6

C

1

jwj

2�

:
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Thus we an �nd a �

2

= �

2

(h

0

r; d

0

; sin!; �) with 0 < �

2

� �

1

suh that

j

e

N

1

�

e

N

2

j �

1

2

in B

�

2

(0; 0) :

We now de�ne the vetors

N

1

(w) :=

e

N

1

(w); N

2

(w) :=

e

N

2

(w)� (N

1

�

e

N

2

)N

1

1� (N

1

�

e

N

2

)

2

in B

�

2

(0; 0) :

N

2

is well de�ned beause for its denominator we have

1� (N

1

�

e

N

2

)

2

= 1� (

e

N

1

�

e

N

2

)

2

�

3

4

:

The vetors N

1

(w); N

2

(w) are an orthonormal basis of the normal spae at eah point Z(w)

for w 2 B

�

2

(0; 0). Furthermore, the H

�

older estimate

jN

k

(w

1

)�N

k

(w

2

)j � 

9

(h

0

r; d

0

; sin!; �)jw

1

� w

2

j

�

for w

1

; w

2

2 B

�

2

(0; 0)

holds true with a onstant 

9

(h

0

r; d

0

; sin!; �) whih an be alulated diretly using the

H

�

older estimate for N

�

k

.

2.5 We now use the di�erential equation (reall Remark 1 to De�nition 3)

4Z = 2rH(rZ;N

1

)W

Z

N

1

+ 2rH(rZ;N

2

)W

Z

N

2

in B

�

2

(0; 0) :

We already showed the estimate

j4Z(w)j � 4(h

0

r)

2

(h

0

r; d

0

; sin!) in B

�

2

(0; 0) :

Using the assumptions on H we obtain the H

�

older estimate

jH(rZ(w

1

); N

k

(w

1

))�H(rZ(w

2

); N

k

(w

2

))j

� h

1

r

�

jZ(w

1

)� Z(w

2

)j

�

+ h

2

jN

k

(w

1

)�N

k

(w

2

)j

� h

1

r

�



�

2

2

jw

1

� w

2

j

�

+ h

2



9

jw

1

�w

2

j

�

:

Thus we an �nd a onstant 

10

= 

10

(h

0

r; h

1

r

1+�

; h

2

r; d

0

; sin!; �) suh that

j4Z(w

1

)�4Z(w

2

)j � 

10

jw

1

�w

2

j

�

for w

1

; w

2

2 B

�

2

(0; 0) :

Setting �

3

:=

1

2

�

2

, the interior Shauder estimates give a onstant C

2

2 (0;+1) suh that

jZ

uu

(w)j; jZ

uv

(w)j; jZ

vv

(w)j � C

2

(h

0

r; h

1

r

1+�

; h

2

r; d

0

; sin!; �) in B

�

3

(0; 0):

From the beginning of the proof we reall

�

1;�

(0; 0)

2

+ �

2;�

(0; 0)

2

�

1

r

2

�

(h

0

r)

2

+

jZ

uu

(0; 0)jjZ

vv

(0; 0)j + jZ

uv

(0; 0)j

W

Z

(0; 0)

2

�

:

Setting �(h

0

r; h

1

r

1+�

; h

2

r; d

0

; sin!; �) :=

2C

2

2

C

2

1

we arrive at

�

1;�

(0; 0)

2

+ �

2;�

(0; 0)

2

�

1

r

2

n

(h

0

r)

2

+�

o

:

This proves the statement. �
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Remarks:

1. Assumption (A4) is basially needed to establish the inequality

j4F

�

(w)j �

4h

0

sin

2

!

jrF

�

(w)j

2

for the plane mapping F

�

. This is the di�erene to estimates for surfaes in R

3

; where

j4F

�

(w)j � 4h

0

jrF

�

(w)j

2

holds due to the onformal representation (note jX

3

u

j

2

� jX

1

v

j

2

+ jX

2

v

j

2

).

2. The proof does not make use of the speial dimension n = 4. Thus, it an be arried over to

the more general ase of dimenion n � 4.

In the ase of minimal surfaes, i.e. H � 0, the proof yields a result of Bernstein type sine the a

priori onstant � does not depend on r any more. For r !1 we obtain the

Corollary 1: A omplete minimal graph X(x; y) = (x; y; '(x; y);  (x; y)) whih satis�es assump-

tions (A4) and (A5) is an aÆne plane.
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