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Introduction

Let G be a connected complex algebraic group and A an abelian connected
algebraic group, together with an algebraic action of G on A via group auto-
morphisms. The aim of this note is to study the set of isomorphism classes
Extag (G, A) of extensions of G by A in the algebraic group category. The
following is our main result (cf. Theorem 1.8).

0.1 Theorem. For G and A as above, there exists an exact sequence of abelian
groups:

0 — Hom(m ([G,G)), A) — Extaig(G, A) == H?(g, gred, &) — 0,

where A, is the unipotent radical of A, Greq is a Levi subgroup of G, gred, §, 0u
are the Lie algebras of Greqa, G, Ay respectively, and H*(g, gred, 0y) s the Lie
algebra cohomology of the pair (g, grea) with coefficients in the g-module a,,.

Our next main result is the following analogue of the Van-Est Theorem for
the algebraic group cohomology (cf. Theorem 2.2).

0.2 Theorem. Let G be a connected algebraic group and let a be a finite-
dimensional algebraic G-module. Then, for any p > 0,

Hp (Ga C() = Hp(gagl‘eda ll)-
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By an algebraic group G we mean an affine algebraic group over the field of
complex numbers C and the varieties are considered over C. The Lie algebra of
G is denoted by L(G).

1 Extensions of Algebraic Groups

1.1 Definition. Let G be an algebraic group and A an abelian algebraic group,
together with an algebraic action of G on A via group automorphisms, i.e., a



morphism of varieties p : G x A — A such that the induced map G — Aut A is
a group homomorphism. Such an A is called an algebraic group with G-action.

By Extaz(G,A) we mean the set of isomorphism classes of extensions of
G by A in the algebraic group category, i.e., quotient morphisms ¢ : G- da
with kernel isomorphic to A as an algebraic group with G-action. We obtain on
Extag (G, A) the structure of an abelian group by assigning to two extensions
qi : @i — G of G by A the fiber product extension @1 Xa @2 of G by Ax A
and then applying the group morphism my4 : A X A — A fiberwise to obtain
an A-extension of G (this is the Baer sum of two extensions). Then Extaig
assigns to a pair of an algebraic group G and an abelian algebraic group A
with G-action, an abelian group, and this assignment is contravariant in G (via
pulling back the action of G and the extension) and if G is fixed, Extag(G, ) is
a covariant functor from the category of abelian algebraic groups with G-actions
to the category of abelian groups. Here we assign to a G-equivariant morphism
v : A; = Ay of abelian algebraic groups and an extension ¢ : G — G of G by
A the extension

G = (A3 % G)[T(y) = G, [(a,9)] = alg),

where I'(7y) is the graph of y in Ay x A; and the semidirect product refers to the
action of G on A, obtained by pulling back the action of G on A, to G. In view
of the equivariance of v, its graph is a normal algebraic subgroup of A; x G, so
that we can form the quotient v.G.

We define a map

D : Extag (G, A) = Ext(L(G), L(A))
by assigning to an extension
145G 5Ha-1
of algebraic groups the corresponding extension
0— L(4) % L(@G) 2% L(G) » 0

of Lie algebras. Since ¢ is injective, di is injective. Similarly, dg is surjective.
Moreover, dim G = dim L(G) and hence the above sequence of Lie algebras is
indeed exact.

It is clear from the definition of D that it is a homomorphism of abelian
groups. If g is the Lie algebra of G and a the Lie algebra of A, then the group
Ext(g, a) is isomorphic to the second Lie algebra cohomology space HZ(g,a)
of g with coefficients in the g-module a (with respect to the derived action)
([CE]). Therefore the description of the group Ext, (G, A) depends on a good
description of kernel and cokernel of D which will be obtained below in terms
of an exact sequence involving D.

In the following G is always assumed to be connected. The following lemma
reduces the extension theory for connected algebraic groups A with G-actions
to the two cases of a torus A, and the case of a unipotent group A,,.



1.2 Lemma. Let G be connected and A be a connected algebraic group with G-
action. Further, let A = A A, denote the decomposition of A into its unipotent
and reductive factors. Then A =2 A, X A as a G-module, where G acts trivially
on As and G acts on A, as a G-stable subgroup of A. Thus, we have

(1) Extalg (G, A) = Extalg (G, Ay) ® Exta, (G, As).
Proof. Decompose
(2) A=A A,

where A, is the set of semisimple elements of A and A, is the set of unipotent
elements of A. Then A, and A, are closed subgroups of A and (2) is a direct
product decomposition (see [H, Theorem 15.5]). The action of G on A clearly
keeps A and A, stable separately. Also, G acts trivially on A, since Aut(A,)
is discrete and G is connected (by assumption). Thus the action of G on A
decomposes as the product of actions on As and A, with the trivial action on
A;. Hence the isomorphism (1) follows from the functoriality of Ext.s(G,-). O

If G = Gy X Greq is a Levi decomposition of G, then G, being simply-
connected,
71 (G) = 71 (Gred),

where (G, is the unipotent radical of G, Greq is a Levi subgroup of G and
m denotes the fundamental group. The connected reductive group Gieq is
a product of its connected center Z := Z(Grea)o and its commutator group
Gloq = [Gred, Grea] which is a connected semisimple group. Thus, G.,, has an
algebraic universal covering group @;ed, with the finite abelian group m (GL.,)
as its fiber. We write Greq := Z x Gl,q which is an algebraic covering group of
G'eq; denote its kernel by Il and observe that

G = Gu el éred

is a covering of G with Ilg as its fiber. We write q¢ : G — @G for the corre-
sponding covering map.

1.3 Lemma. If G and A are tori, then Exta, (G, A) = 0.

Proof. Let g : G — G be an extension of the torus G by A. Then, as is well
known, G is again a torus (cf. [B, §11.5]). Since any character of a subtorus
of a torus extends to a character of the whole groups ([B, §8.2]), the identity
Iy : A— A extends to a morphism f : G — A. Now ker f yields a splitting of
the above extension. O

The following proposition deals with the case A = Ag.

1.4 Proposition. If A = Ag, then D =0 and we obtain an exact sequence

Hom(G, A,) 2% Hom(Ilg, As) — Extag (G, Ay),



where ® assigns to any v € Hom(Ilg, As) the extension 7*C~r’. The kernel of ®
consists of those homomorphisms vanishing on the fundamental group w1 (G\.q)
of G1.q and ® factors through an isomorphism

@' : Hom(m; (Greq)s As) ~ Extag (G, Ay).
Proof. Consider an extension
1— Ay, — GGl

Since Ay is a central torus in G , the unipotent radical Gu of G maps isomor-
phically on G. Also R
1— A; = Gred = Grea — 1

is an extension whose restriction to Z splits by the preceding lemma. On the
other hand the commutator group of Grea has the same Lie algebra as G4,
hence is a quotient of G’ ;. Thus Ghrea is a quotient of Ay X Z x G' 4> which
implies that Gisa quotient of A, x G. Hence G is obtained from A, x G via
taking its quotient by the graph of a homomorphism Il — As. Conversely, any
such extension G of @ is obtained this way. This proves that ® is surjective. In
particular, the pullback qGG of G to G always splits.

We next show that ker ® coincides with the image of the restriction map from
Hom(G, A,) to Hom(Ilg, A,). Assume that the extension G7 = ,G defined by
~v € Hom(Ilg, As) splits. Let o : G — Gv be a splitting morphism. Pulling o
back via gg, we obtain a splitting morphism

5:G = qeG, = A, xG.

Thus, there exists a morphism é§ : G — A, of algebraic groups such that o

satlsﬁes o(qa(9)) = B((g),9) for all g € G, where f : A, x G — G7 =
(A, x G)/T'(7) is the standard quotient map. For g € Il = kerqg we have
B(6(g),9) = 1, and therefore §(g) = v(g) for all g € Ilg. This shows that ¢ is
an extension of v to G. Conversely, if v extends to G, Gv is a trivial extension
of G.

That D = 0 follows from the fact that G and q&@ have the same Lie algebras,
which is a split extension of g by as.

We recall that G' = Gy, x (Z x G',). If a homomorphism v : Il — A, ex-
tends to G, then it must vanish on the subgroup (Geq) of I since, é;ed being
a semisimple group, there are no nonconstant homomorphisms from é;ed — As.
Conversely, if a homomorphism 7 : Il — A, vanishes on 7 (G}.4), then v de-
fines a homomorphism

ZnN Gred = HG/Wl( red) — As.

But A being a torus, this extends to a morphism f: Z — A ([B, §8.2]) which
in turn can be pulled back via Z = G/(G, x G'.4) to a morphism f : G — A,



extending . This proves that the image of Hom(G,AS) under the restriction
map in Hom(Ilg, A,) is the annihilator of 71 (G}.4), so that

® : Hom(Ilge, As) = Extag (G, Ay)
factors through an isomorphism
@' : Hom(m (Greq), As) ~ Extag (G, Ay).
O

1.5 Remark. A unipotent group A4, over C has no non-trivial finite subgroups,
so that
HOII’I(’]Tl (Gied)a AS) = HOHI(’/Tl (G;ed)a A)

Now we turn to the study of extensions by unipotent groups. In contrast to
the situation for tori, we shall see that these extensions are faithfully represented
by the corresponding Lie algebra extensions.

1.6 Lemma. The canonical restriction map
H?(g, Gred, 0u) — H*(g,0,)
1§ injective.

Proof. Let w € Z?(g,a,) be a Lie algebra cocycle representing an element of
H?(g, gred, 0,) and suppose that the class [w] € H?(g, a,) vanishes, so that the
extension

gi=a,Puoog—g (a,2)—>ua

with the bracket [(a, ), (¢’,2')] = (z.d' — z'.a + w(x, "), [z, z']) splits. We have
to find a greq-module map f : g — a, vanishing on greq with

w(z,2') = (dgf)(@,2') = w.f(a') = &' f(2) = f([2,2"]), w,2'€g.

Since the space C*(g, a,) of linear maps g — a, is a semisimple gyeq-module (a,
being a G-module, in particular, a Greq-module), we have

C'(g,au) = C" (g, a4)*** & grea-C" (g, )

and similarly for the space Z2(g, a,,) of 2-cocycles. As the Lie algebra differential
dg : C(g,a,) = Z%(g, ay) is a grea-module map, each greq-invariant coboundary
is the image of a greq-invariant cochain in C*(g, a,). We conclude, in particular,
that w = dgh for some greq-module map h : g — a,. For & € greq and ' € g it
follows that

0 = w(z,z')=uxn()—z"hz)—h(z,z)
= h(=z,2']) — 2’ .h(z) — h([z,2']) = —z'.h(z),



showing that h(grea) C af, which in turn leads to [gred,grea] C kerh. As
3(grea) N [g,9] = {0}, the map hly,.,) extends to a linear map f : g — af
vanishing on [g, g]. Moreover, since f vanishes on [g, g, f is clearly a g-module
map, in particular, a greg-module map. Then dgf = 0, so that dg(h — f) = w,

and h — f vanishes on greq- O

1.7 Proposition. For A = A, the map D : Extay (G, A,) — H*(g,ay) induces
a bijection
D EXtalg(Ga Au) — Hz(gagreda au)-

Proof. In view of the preceding lemma, we may identify H2(g, greq, 0,) with a
subspace of H?(g, a,). First we claim that im(D) is contained in this subspace.
For any extension

(3) 154, >G> G 1,

we choose a Levi subgroup @red cG mapping to Greq under the above map
G — G. Then

~

Grea N Ay = {1}.

Moreover, @red — Geq 18 surjective and hence an isomorphism. This shows that
the extension (3) restricted to Greq is trivial and that g, contains a greq-invariant
complement to a,. Therefore g can be described by a cocycle w € Z%(g, gred, ),
in particular, w vanishes on g X greq. This shows that Im D C H?(g, gred, 0w)-

If the image of the extension (3) under D vanishes, then the extension a, —
Ju — Gu splits, which implies that the corresponding extension of unipotent
groups A, — G, —» G, splits. Moreover, the splitting map can be chosen
to be Greg-equivariant, since w is Greq-invariant. This means that we have a
morphism Gy, X Greq = G = G, X Geq splitting the extension (3). This proves
that D is injective.

To see that D is surjective, let w € Z2(g, gred, ). Let ¢:g:=a, D, g — ¢
denote the corresponding Lie algebra extension. Since a, is a nilpotent module
of gy, the subalgebra g, := a, @, g, of g is nilpotent, hence corresponds to
a unipotent algebraic group G, which is an extension of G, by A,. Further,
the Greq-invariance of the decomposition g = a, ® g implies that Greq acts
algebraically on 9. and hence on Gy, so that we can form the semidirect product
G := Gy % Greq which is an extension of G by A, mapped by D onto g. O

1.8 Theorem. For a connected algebraic group G and a connected abelian
algebraic group A with G-action, there exists an exact sequence of abelian groups:

0 — Hom(m ([G,G]), A) = Extalg(G,A) — H*(g, gred, 0u) = 0,

where a = L(A), Greq is a Levi subgroup of G, gred = L(Greq), 8 = L(G) and
a, = L(A,).

(Observe that, by the following proof, the fundamental group m ([G,G]) is a
finite group.)



Proof. In view of the Levi decomposition of the commutator [G, G| = [G, G, X
reds» We have 11 ([G,G]) = m1(Glq). Now we only have to use Lemma 1.2 to
combine the preceding results Propositions 1.4 and 1.7 on extensions by A, and

A, to complete the proof. O

2 Analogue of Van-Est Theorem for algebraic
group cohomology

2.1 Definition. Let G be an algebraic group and A an abelian algebraic group
with G-action. For any n > 0, let C;‘lg (G, A) be the abelian group consisting of
all the variety morphisms f : G — A under the pointwise addition. Define the
differential

01 Cag(G,A) — cntl (G, A) by

alg
0F)(gos-+ sgn) = go- (g1, 1 gn) + (=1)"" f(go, -+ , gn—1)

n—1
+ Z(_l)lJrl f(goagla 5 0igi41, ;gn)
=0

Then, as is well known (and easy to see),
(4) 52 =0.

The algebraic group cohomology H;‘lg(G,A) of G with coefficients in A is
defined as the cohomology of the complex
0 OO, (G, 4) 2 CL (G, 4) 5 -+

We have the following analogue of the Van-Est Theorem [V] for the algebraic
group cohomology.

2.2 Theorem. Let G be a connected algebraic group and let a be a finite-
dimensional algebraic G-module. Then, for any p > 0,
Hglg(Ga Cl) = Hp(ga Gred, (1),

where g is the Lie algebra of G and greq is the Lie algebra of a Levi subgroup
Greq of G as in Section 1.

Proof. Consider the homogeneous affine variety X := G/Greq and let Q4(X, a)
denote the complex vector space of algebraic de Rham forms on X with values in
the vector space a. Since X is a G-variety under the left multiplication of G and
a is a G-module, Q7 has a natural locally-finite algebraic G-module structure.
Define a double cochain complex A = @p,qZO AP-1 where

pq . P
Apa = cn

(G, Q(X, a))



and C’;’lg(G,Qq(X, a)) consists of all the maps f : GP — Q79(X,a) such that
im f C My, for some finite-dimensional G-stable subspace My C (X, a) and,
moreover, the map f : GP — M; is algebraic. Let § : AP? — APTLe e
the group cohomology differential as in Section 2.1 and let d : AP? — AP.atl
be induced from the standard de Rham differential Q¢(X,a) — Q¢T1(X,a),
which is a G-module map. It is easy to see that dd — dd = 0 and, of course,
d* = §% = 0. Thus, (4, d,d) is a double cochain complex. This gives rise to two
spectral sequences both converging to the cohomology of the associated single

complex (C,§ + d) with their E;-terms given as follows:

(5) \EP? = Hj(AP*),  and
W\ X
(6) EP? = HE(A™P).
We now determine \E1 and \\El more explicitly in our case.

Since X is a contractible variety, by the algebraic de Rham theorem [GH,
Chap. 3, §5], the algebraic deRham cohomology

~a, ifg=0
H! (X,a ’
dR( ) {: 0, otherwise.
Thus,
\Ep7q = Cglg(G: a), ifg=0
L Y=o, otherwise.
Therefore,
. HY (G,a), ifqg=0
. EPY — HP(HY(A)) = alg (e8]
(7) 2 5 (Hy(A)) {0, otherwise.

In particular, the spectral sequence \E* collapses at \Eg. From this we see that
there is a canonical isomorphism

(8) H”,(G,0a) ~ H?(C,4 +d).

We next determine \\El and \\Ez. But first we need the following two lem-
mas.
2.3 Lemma. For anyp > 0,
Q°(X,a)%, ifq=0

0, otherwise,

Hglg(Ga Qp(Xa Cl)) = {

where QP (X, a) denotes the subspace of G-invariants in QP(X,a).



Proof. The assertion for ¢ = 0 follows from the general properties of group
cohomology. So we need to consider the case ¢ > 0 now.
Since L := Gyeq is reductive, any algebraic L-module M is completely re-
ducible. Let
MM — M-

be the unique L-module projection onto the space of L-module invariants M’
of M. Taking M to be the ring of regular functions C[L] on L under the left
regular representation, i.e., under the action

(k- f)(K') = f(k"'k'), for f € C[L],k, k' € L,

we get the L-module projection 7 = 7% : C[L] — C. Thus, for any complex
vextor space V', we get the projection 7 ® Iy : C[L] ® V' — V, which we abbre-
viate simply by 7, where Iy is the identity map of V. We define a ‘homotopy
operator’ H, for any ¢ > 0,
H:C%YG,07(X,a)) = CY

alg alg

(G, 9°(X,0))

by
(@ 09)

for f € C4HN(G,Q7(X,a)) and gy, - - - , g, € G, where @(g ..

— f
on = (O ).

alg :L— QP (X u)goL

is defined by

9a)

f _ . -1 -1 e
6(907...79(1)(]{;) - ((gok) f(k 9o 191,92, 7gq))goL7

for k € L. (Here QP(X,a),,r denotes the fiber at goL of the vector bundle of
p-forms in X with values in a and, for a form w, wy,; denotes the value of the
form w at goL.) It is easy to see that on C’glg(G, O?(X,a)), for any ¢ > 1,

9) H§+6H = 1.

To prove this, take any f € Cglg(G, O?(X,a)) and go,--- ,94 € G. Then,

ﬂ'(@“

(591 1 90) (0, 00))

goL
(f(gl; "5 Yq )!JOL
(0 (((gok) - £ g5 0.+ g41),,)

—1
Z H_l ( gOkJ) 'f(k_lg(;lygla"' y9igi4+1, """ 7gq))goL)

=

(10) —w(((gok) kg g, g0, ’gq))goL)’

+

»Q

_|_



where ((gok)-f(kflgo_l,gl, ‘e ,gq,l))gOL means the function from L to QP (X, a) 4,1,
defined as k — ((gok) - f(k™ go ", 1, ,gq,l))goL. Similarly,

(GH o190 41, = (90 (HD 21 9))

+ (=1 ((H) 915 1 94-1)) 1
qg—1

+ ((Hf) 91,"',!]i9i+1,"',gq))goL
1:1

(91 (Hf)(g2,--- ;gq)))goL

+ (—1)q7r(((gok) . f(k719617917 ot 7gq71))g0L)
(11) +Z(—1)"7r(((gok) ST e g g ,gq))goL).

i=1

From the definition of the G-action on QP(X, a), it is easy to see that

(12) 7(((90k) - FE g5 00,92 90)) 4o ) = (90 (HS) (g2, ,gq)))goL.
Combining (10)-(12), we clearly get (9).

From the above identity (9), we see, of course, that any cocycle in Calg(G, 07 (X, a))
(for any g > 1) is a coboundary, proving the lemma. O

2.4 Lemma. The restriction map v : QP(X,a)¥ — CP(g, gred, a) (defined be-
low in the proof) is an isomorphism for all p > 0, where C*(g, gred, a) is the
standard cochain complex for the Lie algebra pair (g, grea) with coefficient in
the g-module a. Moreover, v commutes with differentials. Thus, v induces an
isomorphism in cohomology

H*(Q(X,0)%) = H*(g, gred, 1)

Proof. For any w € QP(X,a)%, define y(w) as the value of w at eL. Since G
acts transitively on X, and w is G-invariant, v is injective.

Since any w, € CP(g, gred, ) can be extended (uniquely) to a G-invariant
form on X with values in a, v is surjective. Further, from the definition of

differentials on the two sides, it is easy to see that v commutes with differentials.
O

2.5 Continuation of the proof of Theorem 2.2.
We now determine ‘E. First of all, by (6) of (2.2),
“EPT = HI(A™P) = HY (G, QF (X, a)).
Thus, by Lemma 2.3,

\
E{LO alg(G ar ( )) = QP(X, a)Ga

10



and N
EPT =0, if ¢ >0.

Moreover, under the above equality, the differential of the spectral sequence
dy : “EP® - “EPTLO can be identified with the restriction of the deRham
differential

QF(X,0)% = QPHH(X,a)9.

Thus, by Lemma 2.4,

H?P red, @), if g =
(13) \\Eg,q _ { (gag ed a) g 0

0, otherwise.

In particular, the spectral sequence “E as well degenerates at the W Es-term.
Moreover, we have a canonical isomorphism

(14) H?(g, greqa, ) ~ HP(C, 6 + d).

Comparing the above isomorphism with the isomorphism (8) of §2.2, we get a
canonical isomorphism:

Hp (Ga a) = Hp(gagl‘eda a)'

alg
This proves Theorem 2.2. O

2.5 Remark. Even though we took the field C as our base field, all the results
of this paper hold (by the same proofs) over any algebraically closed field of
char. 0, if we replace the fundamental group m; by the algebraic fundamental

group.
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