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Abstract

We investigate geometrically exact generalized continua of micromorphic type in the sense of
Eringen. The two-field problem for the macrodeformation ¢ and the microdeformation P € SL(3,R)
in the quasistatic, conservative case is investigated in a variational form.

Depending on material constants different mathematical existence theorems in Sobolev-spaces are
given for the resulting nonlinear boundary value problems including as a special case an existence
theorem for a geometrically exact Cosserat micropolar model. These are the first results known to
the author for geometrically exact microcontinuum formulations.

In order to treat external loads a new condition, called bounded external work, has to be included,
overcoming the conditional coercivity of the formulation. The mathematical analysis heavily uses an
extended Korn’s first inequality (Neff, Proc.Roy.Soc.Edinb.A, 2002) discovered by the author recently.
The methods of choice are the direct methods of the calculus of variations.
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1 Introduction

This article addresses the modelling and mathematical analysis of geometrically exact' generalized
continua of micromorphic type in the sense of Eringen in the elastic case. General continuum models
involving independent rotations have been introduced by the Cosserat brothers [12] at the beginning
of the last century.

Their development has been largely forgotten for decades only to be rediscovered in the early sixties
[44, 26, 1, 20, 18, 51, 52, 28, 38, 47, 53]. At that time theoretical investigations on non-classical continuum
theories were the main motivation [36]. Since then, the Cosserat concept has been generalized in various
directions, for an overview of these so called microcontinuum theories we refer to [19, 17, 6, 5, 7, 29].
Recently, in [9, 10], the micromorphic balance equations derived by Eringen have been formally
Jjustified as a more realistic continuum model based on molecular dynamics and ensemble averaging.
The micromorphic model includes in a natural way size effects, i.e. small samples behave comparatively
stiffer than large samples. These effects have recently received much attention in conjunction with nano-
devices.

The mathematical analysis of general micromorphic solids is at present restricted to the infinitesimal,
linear elastic models, see e.g. [31, 15, 30, 24, 25] for linear micropolar models and [34, 32, 33] for linear
microstretch models. The major difficulty of the mathematical treatment in the finite strain case is re-
lated to the geometrically exact formulation of the theory and the appearance of nonlinear manifolds
necessary for the description of the microstructure. No general existence theorems for finite micromorphic
models are known to the author. The simpler, geometrically exact nonlinear micropolar case has been
dealt with in [42].

This contribution is organized as follows: first, we shortly review the basic concepts of the geomet-
rically exact elastic micromorphic theories in a variational context, i.e. we formulate the quasistatic
conservative case as a minimization problem. We then provide the balance equations and investigate the
influence of material constants on the ellipticity of the force balance equation.

More mathematically inclined readers may start directly in the analytical section 3. There, the
complete problem statement of the geometrically exact elastic micromorphic case in a variational context
is repeated. Since the two-field variational problem is only conditionally coercive we need to introduce
a modification for the applied loads in order to ensure first that the functional to be minimized is bounded
below and second that the curvature contribution can be controlled. This modification of the loads,
herein called principle of ”bounded external work” expresses nothing than the physical fact that by
arbitrarily moving the solid in a force field only a finite amount of work can be gained. Such a condition
is, however, unnecessary in classical elasticity.

With this preparation existence of minimizers in Sobolev-spaces is then established using the direct
methods of variations and a novel extended Korn’s first inequality. In the appendix we introduce the
relevant notation and detail the formal derivation of the nonlinear balance equation which themselves,
however, do not play a prominent role in our development. In addition we reconsider the linearization of
the introduced finite micromorphic models.

2 A finite elastic micromorphic model

Let us now motivate the finite micromorphic approach.? For our development we choose a strictly
Lagrangean description. We first introduce an independent kinematical field of microdeformations
P € SL(3,R) together with its polar decomposition

P=R,-U, =polar(P)-U,, (2.1)

with R, € SO(3,R) and U, € PSym(3, R). The microdeformations P are meant to represent a substruc-
ture of the material which can rotate, stretch and shear. We refer to Ep as microrotations.

The micromorphic theory can formally be obtained by introducing the multiplicative decomposition
of the macroscopic deformation gradient F' into independent microdeformation P and the micro-
morphic, nonsymmetric stretch tensor U with

F=P-U, UeGL*(3R), (2.2)

LFully frame-indifferent.

2Following Eringen [17, p.13] we distinguish the general micromorphic case: P € GLT(3,R) = Rt - SL(3,R) with 9
additional degrees of freedom (dof), the micro-incompressible micromorphic case: P € SL(3,R) with 8 dof, the
microstretch case: P € Rt .SO(3,R) with 4 dof and the micropolar case: P € SO(3,R) with only 3 additional dof.



leading altogether to a micro-incompressible, micromorphic formulation.?

The notion micromorphic is prone to misunderstandings: the microdeformation P must be consid-
ered as a macroscopic (average) quantity as the deformation gradient and the resulting model is still
phenomenological. However, geometrical features of the real substructure to be modelled, determine the
choice of geometric manifolds for P.

In the quasistatic case, the micromorphic theory is now derived from a two-field variational principle
by postulating the following ’action euclidienne’ [12, p.156] for the finite macroscopic deformation
©:10,T] x Q — R® and the independent microdeformation P : [0,7] x € — SL(3, R):

I(p, P) :/W(F,F, Dy P) — I (p) —Mp (P)dV — [Tn(p)dS — [Hp, (P)dS = min. w.r.t. (¢, P),
Q s e

P, =Pa, ¢ =galt). (2.3)

The elastically stored energy density W depends on the macroscopic deformation gradient F' as usual
but in addition on the microdeformation P together with their first order space derivatives, represented
through the third order tensor D, P. Here Q C R? is a domain with boundary Q and I' C 99 is that part
of the boundary, where Dirichlet conditions g, P4 for displacements and microdeformations, respectively,
can be prescribed while I's C 99 is a part of the boundary, where traction boundary conditions in the
form of the potential of applied surface forces Iy are given with ' " I's = (). The potential of external
applied volume force is II; and I takes on the role of the potential of applied external volume couples.*
In addition, I'c C 012 is the part of the boundary where the potential of applied surface couples I, are
applied with T NT¢ = 0. On the free boundary 0Q \ {T UT's UT¢}, corresponding natural boundary
conditions for ¢ and P apply, obtained automatically in the variational process.

Variation of the action I with respect to ¢ yields the traditional equation for balance of linear mo-
mentum and variation of I with respect to P yields balance of moment of momentum.

The standard conclusion from frame-indifference (here: invariance of the free energy under superposed
rigid body motions (SRBM) not merely observer-invariance of the model [50, 4, 39]: V@ € SO(3,R) :
W (F, P,D.P) = W(QF, QP,D¢[QP]) leads to the reduced representation of the energy (specify @ = R,):

W(F,P,D,P) = W(R, F, R, P,R,D.P) = W(U,U,T,,R,D.P) = W(T,T,, 8), (2.4)
where
R:= EZDX? = (RZV(?61),1'_%ZV(?€2),§ZV(F63)) € M3X3 X MSX3 X M3X3 5 (25)

coincides with one specific representation® of the third order right micropolar curvature tensor (or
torsion-curvature tensor, wryness tensor, second Cosserat deformation tensor, bending-twist tensor etc.)
if P € SO(3,R). For a geometrically exact isotropic theory we assume in the following an additive split of
the total free energy density into micromorphic local stretch and micromorphic curvature part according
to

W = WmP(U7UP) + WCurv(R) ’ (26)

since a possible coupling between U and £ for centrosymmetric bodies can be ruled out [43, p.14].

2.1 The elastic micromorphic strain energy density

For a small elastic strain theory, which should already cover most cases of physical interest, we require
that Wimp(U,U,) is a non-negative isotropic quadratic form. We assume moreover the stretch energy
density normalized to

Winp(1L, L) =0, DgWp(U,Up) =0, Dy Wup(U,Uy) =0. (2.7)

|U:n,ﬁp:n |U:n,ﬁp:n

3The strain measure U which is induced by this definition corresponds to €% presented in (1.5.11); of [17, p.15].
4appearing in a non-mechanical context e.g. as influence of a magnetic field on the polarization of a substructure of the
bulk.

5Note that & = R_pTV(F.ei) ¢ s0(3,R). Another representation of £ is given by & := (Efaﬁ,ﬁfay?,ﬁfazﬁ) €
%(3). Since OZ(RZf) = 0 for P = R, € SO(3,R), it holds that & € so(3,R) x s0(3,R) X s0(3,R) in this case. It
is therefore possible to base all considerations of curvature in the micropolar case on a more compact expression like
A= (axl(ﬁgazﬁpﬂ axl(ﬁgayﬁp)\ axl(ﬁzazﬁp)) € M2X3. This is the traditional micropolar approach, see e.g. [46, 21, 27].

For us it is, however, not possible to use £ since we allow for P € SL(3,R).



The most general form of Wy, consistent® with (2.7) is

Winp(U) = aq || sym(U — )|* + pe || skew(U — 1)[|* + as tr [sym(U — ]1)]2
+ BT, — L2 + Bt [T, — 1], (2.8)

with material constants aq, p¢, as, 51,32 such that ay, 3as + ap,pu. > 0, £1,3082 + f1 > 0 from non
negativity [17]. By consistency with the classical continuum model without micromorphic behaviour
A

we can take a; = p, ag = § with p, A > 0 the classical Lamé constants and the so called Cosserat

couple modulus p, remains for the moment unspecified but p. = 0 is physically possible since the
micromorphic reaction stress DWWy, (U, Up) -UT is not symmetric in general, i.e. the problem does
not decouple, cf. (2.12). For comparison, in [17, p.111] for the infinitesimal micropolar case, the elastic
moduli are taken to be ay = p+ 5, pe = §, az = %, but in this formula, x cannot be regarded as one of
the Lamé constants.” & In [14, 48, 49, 22, 13, 16] the abbreviation p. is used while in [27] it is p. = «
and p. = G, in [35] for the micropolar theory.

By formal similarity with the classical formulation we may as well introduce 8, = p™ and S, = %,
calling p™, A\™ the microscopic Lamé moduli.

2.2 The elastic micromorphic curvature energy density
For the curvature term, to be specific, we assume the general form

14+
I+p =°

L ‘ ‘
Wearv(R) = p == (1+ g LLIRIY) (a5 |sym S + ag [|skew | + ar e [8) ©, (2.9)

where L. > 0 is setting an internal length scale with units of length, g > 0,p > 0,9 > 0 are additional
material constants, the factor 11—2 only for convenience and a5 > 0, ag, a7 > 0 as a minimal requirement.

We mean tr[£]> = ||tr[f]]|2 by abuse of notation. This choice for Weyy does not presuppose any
knowledge of the magnitude of the micromorphic curvature in the material and is non-degenerate in the
origin ||R|| = 0, which is, however, not essential to our subsequent mathematical analysis.

But care has to be exerted in the finite regime: W, should preferably be coercive in the sense that
we impose pointwise

et >03r>1: VRET(3): Weurv(8) >t [|8]], (2.10)
or less demanding
dr>1: W/Trﬁriﬂsﬁ)%oo as [|R|| — oo, (2.11)

which implies necessarily ag > 0 in (2.10). Observe that our formulation of the micromorphic curvature
. . . =T 5 = . . .
tensor is convenient in the sense that [|R|| = [[/2, D« P|| = ||D<P|| provides pointwise control of all first

derivatives of P independent of the values of P itself.”
Note that the presented formulation includes a finite Cosserat micropolar model as a special case if
we set P = R € SO(3,R).

5Mixed products like (U — 1,Up — 1) and tr [U — 1] - tr [Up — 1] are excluded by non-negativity.

7A simple definition of the Lame constants in micropolar elasticity is that they should coincide with the classical Lamé
constants for symmetric situations. Equivalently, they are obtained by the classical formula y = 2(1}3_,,) A= (1+uﬁ'1,—2u) R
where E and v are uniquely determined from uniform traction. Eringens nomenclature unfortunately led to some confusion.

8Uniform traction and uniform compression do not activate rotations, hence the classical identification of the Lamé
constants is achieved independent of y.. Uniform traction alone allows already to determine the Young modulus E and
the Poisson ratio v [11, p.126]. Contrary to [23, p.411] we do not see the possibility to define a specific “micropolar Young
modulus” or “micropolar Poisson ratio”.

9Thus is not true for other possible basic invariant curvature expressions like P 'DP or P DiP or FTD.P, see [17,
1.5.4,1.5.11].



2.3 The micromorphic balance equations

For the choices we have made we note the resulting material form of the nonlinear field equations on the
reference configuration (with ag4 = 0, p = 1) which can be obtained after some algebraic manipulations

(we have gathered the influence of the external potentials in II(x, ¢, P)):

0 = Div (5'1 (F,P) +2p, P skew(ﬁilF)) + DyII(z, p(x), P)gs, force balance (2.12)
0 = skew (T, DyWiny (T, T,) T T, ) + skew (Rj Div [R) DgWeury (8)] Up) + skew (D g Weury (R) A7)
+ skew (RZDFH(%QD(@")’F)UP)W“ , balance of angular momentum,

0 = dev sym (U;lpﬁwmp(ﬁ,m) UTUZ,“) — devsym (Dﬁp Wnp (U, T,) Uf)
+ devsym (ﬁz Div [R, DgWeurv(R)] Up) + devsym (RZDﬁH(aJ, @(m),p)ﬁp) ,

remaining balance of moment of momentum,

where S; is the first Piola-Kirchhoff stress (for p. = 0) with the functional form

S((F,P)=P " [M(FTF’T YP R 21 + At [FTF’T - n} ]1] , (2.13)

similar to [41, (P3)] and DgWeyrv (R) is the material micromorphic moment tensor (or couple-stress
tensor). A similar form of the unconventional balance of angular momentum equation has been given
in [5, p.63] for the micropolar case. In our subsequent variationally based development, the balance
equations will not play a prominent role.

2.4 Constitutive consequences of the value for the Cosserat couple modulus

Looking at (2.8) with u. > 0 we see that the implication of this choice at a first glance is an inoccuous rise
in the macroscopic elastic strain energy Wi, (U,U,) if R, # polar(F) and U, = 11, but R, is generically
assumed to be independent of polar(F'). The choice p. > 0 acts like a local ’elastic spring’ between both
continuum rotations and microrotations.

Let us consider the mathematical implications of u. = 0 and 0 < p. < u, respectively, in more
detail. It is readily verified that for the elasticity tensors (differentiating the stretch energy density

me(?ilF, U,) at fixed P w.r.t. F)

1

e >0= VHEM™ . DiWuo(P 'FU,).(H,H)>2u P H|? > 2pc Aain(P P ) |H|)?

I — 1 —— —
pe=0= VYHeM>**: D2W, (P 'FU,).(H H)> 2pll5(P '‘H+ HTP )P, (2.14)

Hence the choice p. > 0 leads to uniform convexity of me(?_lF, Up) wr.t. Fif P e L*(Q,SL(3,R))
and unconditional elastic stability on the macroscopic level: regardless of what distribution of mi-
crodeformations P(z) is given, the macroscopic equation of balance of linear momentum would then
bei uniquely solvable and this equation is insensible to any deterioration of the spatial features of the
microstructure as long as P is merely essentially bounded. Uniform convexity is difficult to accept from
a constitutive point of view since it is impossible for a geometrically exact description in the framework
of a classical macroscopic continuum but clear from the above discussion: the additional elastic spring
between micro- and continuum rotation extremely rigidifies the material and completely changes the type
of the mathematical boundary value problem compared with the classical finite theory.

Fortunately, such a far reaching unsatisfactory conclusion does not hold for . = 0, in which case we

have for £,1 € R®:
9 —1 = —1 P — ——1
DiWup (P ET,) (€@ nc@n =u(IIP ¢onl?+ (P ¢annaP '¢)
— 1 2 — 1 2
=p\ [P Eonll"+(P &n) ), (2.15)
which shows the physically much more appealing inequality

. S ——T—-—1 . .
DiWup(P F,Up).(E@n,E@m) > pdmin(P P ) [IE]17 - Inll*, (2.16)



expressing nothing but uniform Legendre-Hadamard ellipticity of the acoustic-tensor with ellip-
ticity constant ,u/\min(ﬁ_T?_l) independent of P for bounded P € L*>(Q,SL(3,R)). The Legendre-
Hadamard condition has the most convincing physical basis [2, p.461] in that it implies the reality of
wave speeds and the Baker-Ericksen inequalities (stress increases with strain, [37, p.19]).1°

3 Mathematical analysis

3.1 Statement of the finite elastic micromorphic problem in variational form

Let us gather the obtained two-field problem posed in a variational form. The task is to find a pair
(p, P): Q2 C R3 — R3 x SL(3, R) of macroscopic deformation ¢ and independent microdeformation
P minimizing the functional I with

[(p,P) = / W (B V0, T,) + Weurs (B D, P) — () — My (P) AV
Q

—/HN((p) dS — [ (P)dS +— min. w.r.t. (¢, P), (3.1)
s Tc
under the constraints
U,=R,P, R,=polar(P), (3.2)
and the boundary conditions
P.=Pq= EP\F = Ry, UP\F =Upys @r =9d- (3.3)

Here, the constitutive assumptions on the densities are

_ — . — A — 2
Wi (U, Up) = || sym(U — L)||* + pec. || skew (T)]|* + o [sym(U — 1)]

— . A
+ 1 [T, - L? + 5t [T, - 1), (3.4)
Litr 2 2 2\ 3
Wearv(R) = p == (1+ au LL|8II%) (s [lsym S + as || skew R + ar tr[8)°) 7,

R= }_BZDX? = (EZV(F.Q),EZV(?.@),T%ZV(?.%)) , third order curvature tensor.

The total elastically stored energy W = Wy, + Weury depends on the deformation gradient F' = Vip and
microdeformations P together with their space derivatives. Here Q C R® is a domain with boundary
00 and I' C 99 is that part of the boundary, where Dirichlet conditions g4, Pq for displacements and
microdeformations, respectively, are prescribed while I's C 912 is a part of the boundary, where traction
boundary conditions in the form of the potential of applied surface forces Iy are given with TNTg = (.
In addition, I'c C 02 is the part of the boundary where the potential of external surface couples Iy,
are applied with TN T¢ = 0. On the free boundary 92\ {T UT's UT¢} corresponding natural boundary
conditions for (p, P) apply. The potential of external applied volume force is II ¢ and Il takes on the
role of the potential of applied external volume couples.

The parameters u, A > 0 are the Lamé constants of classical elasticity, p. > 0 is called the Cosserat
couple modulus, ™, A™ > 0 are the Lamé constants of the substructure and L. > 0 introduces an
internal length which is characteristic for the material, e.g. related to the grain size in a polycrystal.
If not stated otherwise, we assume that as > 0,6 > 0,7 > 0. A finite Cosserat micropolar theory is
included in the formulation (3.1), (3.2),(3.4) by restricting P € SO(3,R) or setting u™ = oo, formally.

10The preferred value p. = 0 for the macroscopic case can as well be motivated by the following consideration: Consider
the Green strains FTF — 1l = (U —1)T(U — 1) + 2sym(U — 11). Therefore &||FTF —11[|? = p||sym U — 1|2 + O(||U — 1||3).
Hence pe = 0 provides the correct first order approximation to a classical St. Venant-Kirchhoff material. With py. = 0 we
exclusively recover the fact of the classical continuum theory that W isotropic implies symmetry of the Biot stress tensor:
DyW(U) € Sym. If we expand R = 1 + A+ ... with A € s0(3) and write F = 1l + Vu, then the micropolar effects
dissappear to first order for u. = 0. In this sense, u. = 0 is close to classical elasticity.



3.2 The external potentials

In the conservative, dead load case one would have traditionally for the potentials of applied loads
s (p) = (f9), Mu(P)=(M,P), ln(p)=(N,p), Mn.(P)=(M,P), (3.5)

with functions f € L2(Q,R?), M € L*(Q,M3*3), N € L*(I's,R®), M. € L*(Tc, M3*3).

For our treatment, we need to assume, however, that the external potentials, describing the config-
uration dependent applied loads are continuous with respect to the topology of L!'(Q), L'(T's), L*(T'¢),
respectively and satisfy in addition the condition

30t >0 Ve LNQ,RY), Pe LY(Q,SL(3,R) :

[0 -u@av,  [mxeas, [T @as <o, (3.6)
Q

While continuity is satisfied e.g. for dead loads II;(¢) = (f,¢) and f € L*(), the second condition
(3.6) restricts attention to “bounded external work”. If we want to describe a situation corresponding
to the classical dead load case we could take

1

s(p) =
P T T le@l - K,
for some large positive constant K+ and []+ the positive part of a scalar argument. It suffices now that

f €LY (), then [TIf(p)dV < CT, independent of ¢ € L(12).
Q

(F(z), (), (3.7)

The new condition (3.6) can be rephrased as saying that only a finite amount of work can be performed
against the external loads, regardless of the magnitude of translation and microdeformation. This is
certainly true for any real field of applied loads.!!

3.3 The different cases

We distinguish three different situations:

L pue>0,a4>0,p>1,q>0, elastic macro-stability, local first order micromorphic. Fracture
excluded.

II: pe =0, 24 >0,p>1,q>1, elastic pre-stability, nonlocal second order micromorphic, macro-
scopic specimens, in a sense close to classical elasticity, zero Cosserat couple modulus. Fracture
excluded.

IO pe =0,a4=0,0<p<1,q=0, elastic pre-stability, nonlocal second order micromorphic the-
ory, macroscopic specimens, in a sense close to classical elasticity, zero Cosserat couple modulus.
Since possibly ¢ & WH(Q,R?), due to lack of elastic coercivity, including fracture in multiaxial
situations.

We refer to 0 < p < 1, ¢ > 0 as the sub-critical case, p =1, ¢ > 0 as the critical caseandp>1,¢q > 1
as the super-critical case. We will mathematically treat the first two cases.

3.4 The coercivity inequality

The decisive analytical tool for the treatment of case II (super-critical) is the following new non-trivial
inequality establishing coercivity:

Theorem 3.1 (Extended 3D-Korn’s first inequality)

Let Q C R be a bounded Lipschitz domain and let I' C 0Q be a smooth part of the boundary with
non vanishing 2-dimensional Hausdorff measure. Define HY?(Q,T) := {¢ € H-2(Q) | ¢ = 0} and let
F,, F; e CH(Q, GL(3,R)). Moreover suppose that Curl F, € C*(Q,M?*3). Then

3T >0V e Hy* (D) 0 [[VF, (@) + F, T (2)V! [[20) 2 ¥ [18l[31.2(0) -

Hn classical finite elasticity, such a condition is not necessary since the elastic energy density is assumed a priori
to verify a coercivity condition of the type W(F) > ¢t ||F||? — C, ¢ > 1, which, together with Dirichlet conditions
and Poincarés inequality controls the L7(2) part of the deformation. Fields satisfying (3.6) are e.g. the gravity field
of a finite mass, the electric field of a finite charge etc. Remark as well that (3.6) does not exclude local, integrable
singularities. The dead load case in (3.5) must rather be interpreted as linearization of the finite external potential:
I(z, p(z)) = I(z,z + u(z)) = I(z,z) + (DyI(z,x),u) + ... = const. + (f,u) + ... with f(z) = D,II(z,z). The author is
not aware of a previous introduction of a condition similar to (3.6).



Proof. The proof has been presented in [40]. Note that for F, = VO we would only have to deal
with the classical Korn’s inequality evaluated on the transformed domain ©(2). However, in general,
F, is incompatible giving rise to a non-riemannian manifold structure. Compare to [8] for an
interpretation and the physical relevance of the volume dislocation density tensor Curl F},.

Motivated by the investigations in [40], it has been shown recently by Pompe [45] that the extended
Korn’s inequality can be viewed as a special case of a general class of coercivity inequalities for quadratic
forms. He was able to show that indeed F,, F; ' € C(©, GL(3,R)) is sufficient for (3.1) to hold without
any condition on the compatibility.

However, taking the special structure of the extended Korn’s inequality again into account, work
in progress suggests that continuity is not really necessary: instead Fp,Fp_1 € L>*(2,GL(3,R)) and
Curl F, € L*°(Q) should suffice, whereas F,,F,' € L™(Q,GL(3,R)) alone is not sufficient, see the
counterexample presented in [45]. ]

In view of the important role of the extended Korn’s first inequality let us agree in saying that an
inhomogeneous material characterized by a free energy density W : R® x M?*3 — R is elastically
pre-stable, whenever

JHeM**®*, H#0: DiW(x,F).(H,H)=0 (3.8)
3¢ >03G e GLY(3,R) VH € M**3 : DLW (x,F).(H,H) > c'||G(z)'H + H' G(x)|).

In this terminology, infinitesimal classical elasticity is pre-stable with G = 1l and the extended Korn’s
first inequality links the smoothness of G to the positive definiteness of the elastic tangent stiffness tensor.

3.5 The geometrically exact elastic micromorphic model

The following results are the first existence theorems for geometrically exact elastic micromorphic models
known to the author:!?

Theorem 3.2 (Existence for elastic micromorphic model: case 1.)

Let 2 C R?® be a bounded Lipschitz domain and assume for the boundary data gq € H'(Q,R®) and
Py € WhHhitP(Q,SL(3,R)). Moreover, let the applied external potentials satisfy (3.6). Then (3.1) with
material constants conforming to case I admits at least one minimizing solution pair (¢, P) € H (2, R®) x
WLLtp(Q, SL(3, R)).

Proof. We apply the direct methods of variations. The influence of the external potentials is gathered
in writing II(p, P). With the prescription of (gq, Pq) it is clear that I < oo for exactly this pair of
functions. Since (3.6) is assumed, it is also clear that I is bounded below for all ¢ € L'(Q,R®) and
P e L'(Q,SL(3,R)).
We may choose decreasing (infimizing) sequences of pairs (¢, ?k) € HY(Q,R®) x Wh+P(Q, SL(3, R)).
The curvature contribution is bounded independent of the number k again on account of (3.6).13
Observe now that the micromorphic curvature term £ controls P € W11*P(Q, SL(3,R)), since ||&]| =

||RZ;DX?|| = ||IDcP||, pointwise and as,as > 0. This fact, together with the appropriate boundary
conditions and Poincarés inequality yields boundedness of the sequence {ﬁk}g"zl C WhitP(Q SL(3, R)).

We may extract a subsequence again denoted by P converging strongly in L'*7(£2) to an element
P e WhHhitP(Q M3*3) since p > 0 by assumption. Moreover, a further subsequence can be found, such
that R), converges weakly to some & in L'*?(Q2). The embedding W2(Q) C L5=%(Q) for three space
dimensions is compact and shows that the subsequence P* can be chosen such _that it converges indeed
strongly in the topology of L5=9(Q) since p > 1 which implies immediately that P € W1P(Q, SL(3, R)).
Because p. > 0, we have the simple algebraic estimate

WP~ F5,T3) > e [P R — )2 = oo (P77 FF)2 = 2P R 1) + 3)

> pe (T2 - 2V +3) (3.9)

12The proposed finite results determine the macroscopic deformation ¢ € H'(2,R3) and not more. This means that
discontinuous macroscopic deformations by cavities or the formation of holes are not excluded (possible mode I failure). If
e > 0 fracture is effectively ruled out, which is unrealistic.

131f (3.6) does not hold, one might have infimizing sequences with unbounded curvature. The geometrically exact
micromorphic formulation is only conditionally coercive.



implying the boundedness of Uy = P F* in L2(Q). Moreover, by Holder’s inequality, we obtain

1 1 1
k —
F ||r2,Q’ g = E + E - (310)

——1,k -1,k

—k
IFHl, o = IPP R, o < 1PN, oIIP

Since P" is bounded in L6(Q) and P " F* is bounded in L2(€) we may choose r1 = 6, 1> = 2 to obtain
boundedness of F¥ = Vi, in L*(Q), s = % Using the boundary conditions for ¢, and the generalized
Poincaré inequality we get

lorllwr.s(ors) < Const.. (3.11)

By the boundedness of ¢* in W1#(Q,R?), we may extract a subsequence, not relabelled, such that
ok — <[7 E Whs(Q,R?). Furthermore, we may always obtain a subsequence of (p* Fk) such that

Uy = Ph converges weakly in L2(Q) to an element U on account of the boundedness of the stretch
energy and p. > 0.

We have already shown that for p > 1 the sequence Fk converges indeed strongly in L'TP(Q2) to an
element P € Whitr(Q, SL(3,R)). Thus . converges certainly weakly to PLF in L'(Q) on account
of Holder’s inequality (not sharp). The weak limit in L!(Q) must coincide with the weak limit of Uy, in
L2(2). Hence, U = PTV¢.

Since the mapping polar : GLT(3,R) ~ SO(3,R) is a bounded continuous function on invertible
matrices with positive determinant, it generates a nonlinear superposition operator

polar(-) : L*T7(Q,SL(3,R)) — L'**?(©2,S0(3,R)), (3.12)

which, moreover, is continuous [3, p.101,Th.3.7]. Thus Ry = polar(P;) — R = polar(P) strongly in
L*P(Q) and a similar argument as for Uy, shows that £ — & = polar(P)TD P in L*?(Q), weakly.

Since the total energy is convex in (U, U,, &), and the external potential II is continuous w.r.t. strong
convergence in L!(Q) on account of (3.6), we get

/me ﬁ ﬁ + Wcurv( )dV - H(@?‘Ig)
< hmmf/me UL,U ) + Weury (8) AV — (g, Pg)

= lim I(¢%,P') = inf I(p,P), (3.13)
k—)oo Q€ Ll(Q,R3)
P e L'(Q,SL(3,R))

which implies that the limit pair (@,13) is a minimizer. Note that the limit microdeformations P may
fail to be continuous if p < 2 (non-existence or limit case of Sobolev embedding). Moreover, unique-
ness cannot be ascertained, since SL(3,R) is a nonlinear manifold (and the considered problem is indeed
nonlinear), such that convex combinations in SL(3,R) may leave SL(3,R). Since the functional I is dif-
ferentiable the minimizing pair is a stationary point and therefore a solution of the field equations (2.12).
Note again that the limit microdeformations may fail to be continuously distributed in space. That
under these unfavourable circumstances a minimizing solution may nevertheless be found is entirely due
to pe > 0 and p > 1. The proof simplifies considerably in the geometrically exact Cosserat micropolar
case P € SO(3,R). [ |

We continue with the super-critical case appropriate for macroscopic situations and closer to classical
elasticity.

Theorem 3.3 (Existence for elastic micromorphic model: case II.)
Let 2 C R® be a bounded Lipschitz domain and assume for the boundary data gq € H'(Q,R®) and

Py € Whitrte(Q, SL(3,R)). Moreover, let the applied external potentials satisfy (3.6). Then (3.1)
with material constants conforming to case II admits at least one minimizing solution pair (¢, P) €
HY(Q,R3) x Whiterta(Q SL(3,R)).

Proof. We repeat the argument of case I. However, the boundedness of infimizing sequences is not imme-
diately clear. Boundedness of the microdeformations P" holds true in the space WH1TP+a(Q SL(3,R))
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with 1 +p+ ¢ > N = 3, hence we may extract a subsequence, not relabelled, such that iz converges
strongly to P € CO(Q SL( R)) in the topology of C’O(Q SL(3,R)) on account of the Sobolev-embedding
theorem. Since P~! = det 7 Adj P we obtain as well P~! € C°(Q2,SL(3,R)).

Along such strongly convergent sequence of microdeformations, the sequence of deformations (" is
also bounded in H!(Q, R*). However, this is not due to a basically simple estimate as in case I, but only
true after integration over the domain: at face value we only control certain mixed symmetric expressions
in the deformation gradient. More precisely, we have

—k
00 > /me T, T%) + Wears (84) AV — (i, P /me Te) dV — (g, P

> /me(m,ﬁp> av - ¢

> /%uﬁ‘l’kv@k + VTP _opzav - ¢ (3.14)
Q
——1,k ——T,k =nk
> [ZIP Vu+ VP 2aV = CuIPI) el + Co
ENE T = P 4 P YV + Vul (P - P+ P PAV - © C
1 up + Vug + )l 1 [urllgr2(0) + C2

[l ~_ =~_ ——1,k .
> [ B P Vur+ Vul PT2 aV = Co [P =P o iz

~ 1 =1k
— (C1+ 2P =P o) llusll i) + Co

% ~ 1 =1k ~ 1 =1k
> (ex =GP PP o) lukll ey = (CL 4+ 2[1P7H =P 7 loo) llugll () + O

where we made use of the appropriate boundary conditions for ¢* = & 4+ u; and applied the ex-
tended Korn’s inequality (3.1) in the improved version of [45] yielding the positive constant cx for

the continuous microdeformation P~'. Since ||[P~1 =P k||oo = Adj ?kHOO =
| Adj P — Adj FICIIoo — 0 by strong convergence of Fk, we conclude the boundedness of uy in H' ().
Hence, ¢y, is bounded in H'(Q2). Now we obtain that Uy — U = 13*1V¢ by construction with the

notations as in case I. The remainder proceeds as in case I. This finishes the argument. The limit mi-
crodeformations P are indeed found to be continuous. |

. 1
det[P] Adj P — det[P"]

4 Final remarks

The presented variational micromorphic problem fits neatly in the framework of the direct methods of
variations. The coercivity part for the deformation is, however, highly nontrivial and for the value of the
Cosserat couple modulus p. = 0, additional difficulties arise which can only be circumvented by the use
of the generalized Korn’s first inequality. In both cases I/II, more realistic assumptions on the applied
external loads IT are necessary to establish a lower bound for the energy I and an independent control of
the curvature.

Altogether, the quasistatic finite micromorphic theory is established on firm mathematical grounds.
With the same methods, the geometrically exact microstretch case can also be treated.

An extension of the method to other choices of strain and curvature measures needs to be done,
however, this might be a non-trivial task.

The open case III allows in principle for discontinuous macroscopic deformations and might therefore
be a model problem allowing to describe fracture. The presented variational framework is ideally suited
for subsequent numerical treatment by the finite element method.
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6 Appendix

6.1 Notation

Let Q C R3 be a bounded domain with Lipschitz boundary dQ and let I" be a smooth subset of &Q with non-vanishing
2-dimensional Hausdorff measure. For a,b € R? we let (a, b)g3 denote the scalar product on R? with associated vector norm
HaHﬂi3 = (a,a)gs. We denote by M3%? the set of real 3x3 second order tensors, written with capital letters and by T(3) the set

of all third order tensors. The standard Euclidean scalar product on M®*3 is given by (X, Y )ysxs = tr [XY 7], and thus the
Frobenius tensor norm is || X||? = (X, X)ysxs. In the following we omit the index R®, M3%3. The identity tensor on M3X3
will be denoted by 11, so that tr [X] = (X, ). We let Sym and PSym denote the symmetric and positive definite symmetric
tensors respectively. We adopt the usual abbreviations of Lie-group theory, i.e., GL(3,R) := {X € M*3 |det[X] # 0} the
general linear group, SL(3,R) := {X € GL(3,R) |det[X] = 1}, O(3) := {X € GL(3,R) | XTX = 11}, SO(3,R) := {X ¢
GL(3,R) |XTX =1, det[X] = 1} with corresponding Lie-algebras so(3) := {X € M3*3 |XT = — X} of skew symmetric
tensors and s[(3) := {X € MP*2 |tr[X] = 0} of traceless tensors. We set sym(X) = %(XT + X) and skew(X) = %(X —XT)
such that X = sym(X) + skew(X). For X € M?*3 we set for the deviatoric part dev X = X — % tr[X]1L € sl(3) and
for vectors £€,m € R™ we have the tensor product (£ ® n);; = & nj. The operator axl : so(3,R) — R? is the canonical
identification. We write the polar decomposition in the form F = RU = polar(F) U with R = polar(F') the orthogonal part
of F. For a second order tensor X we define the third order tensor h = Dy X (z) = (V(X(x).e1), V(X (z).e2), V(X (z).e3)) =
(h1,52,53) € MPX3 x MB*3 x MB*3. For third order tensors h € T(3) we set ||h]|2 = 35_, [|h?||? together with sym(h) :=
(symb!,symb?,symh®) and tr[p] := (tr [p'],tr [%],tr [h3]) € R3. Moreover, for any second order tensor X we define
X -bh:=(Xbh',Xh2,Xb3) and b - X correspondingly. Quantities with a bar, e.g. the micropolar rotation R, represent the
micropolar replacement of the corresponding classical continuum rotation R. In general we work in the context of nonlinear,
finite elasticity. For the total deformation ¢ € C'(€2,R3) we have the deformation gradient F = Vip € C(Q,M?*3) and
we use V in general only for column-vectors in R®. Furthermore, S1(¥) and Sa(F') denote the first and second Piola
Kirchhoff stress tensors, respectively. Total time derivatives are written %X (t) = X. The first and second differential
of a scalar valued function W (F) are written DpW (F).H and DLW (F).(H, H), respectively. Sometimes we use also
Ox W (X) to denote the first derivative of W with respect to X. We employ the standard notation of Sobolev spaces, i.e.
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L2(), HL2(9), HY? (), which we use indifferently for scalar-valued functions as well as for vector-valued and tensor-valued
functions. Moreover, we set || X|[oo = sup,eq || X (@)||. For X € C1(Q,M3*3) we define Curl X(z) and DivX(z) as the
operation curl and Div applied row wise, respectively. For f € T(3) we define Divh = (Div h| Divh2?| Divh3)" e MBX3,
We define Hi*(,T) := {¢ € H-2(Q) | #|» = 0}, where ¢ = 0 is to be understood in the sense of traces and by C§°(£2)
we denote infinitely differentiable functions with compact support in 2. We use capital letters to denote possibly large
positive constants, e.g. CT, K and lower case letters to denote possibly small positive constants, e.g. ¢ct,d?. The smallest
eigenvalue of a positive definite symmetric tensor P is abbreviated by Amin(P). Finally, w.r.t. abbreviates with respect to.

6.2 Derivation of the geometrically exact micromorphic balance equations

The derivation of the force balance equation is straight forward. Since we can write P = Rp-Up and R,,Up can be
prescribed arbitrarily, we may realize the variation of P through independent variation of the orthogonal and stretch part:

_ d— d = = |d=
P=R, - Uy=> —P= Up+Rp | —Up| . 6.1
p Uy SP= SR U, 4+ 7, |50 (6.1
Now take either %ﬁp =0or %Ep = 0. In the first case, we have the variation
d— d—= | = I _
—P=|—Rp| Up=ARpyUp=AP, Ac€so(3,R), (6.2)
dt dt
and in the second case we have
d d— B —
dt =Ry {a Up} =RpTUp, TE€EsI3,R)NSym(3). (6.3)

For the first case, we consider simultaneously in each space point a one parameter group of microdeformations %f’(m, t) =
A(z,t) - P(z,t), P(3,0) = P(z), Ae C5°(9,5[(3,R)). The corresponding stationarity condition is obtained from
%lhol(g@, P(x,t)) = 0. This yields three terms: the derivatives involving Wip(F, P) and II(P) are straightforward, using
the definition of the one parameter group, and yield

%|_0H(P (,1)) = (DEI(P(z,), - P(e, 1)) = (DETI(P(z, ), Ale, 1) - Pla, ) = (DFI(PYPT, Az, 1) (6.4)
— (DI(P)T, Ry, A(,1)) = (RpRy DI(P)T, Ry, A, 1)) = (R, skew (Ef DFH(?)ﬁp) Ry, A, 1)),
and
d (F, P(x,t)) = (DWmp(U,Tp) gU) (D7Winp(TU,TUp) i[f’_lF])*(D—W (U,T,), [d PRy
dt |,—o ’ L A R R —TuTme dt
= (D Warp(0,Ty), ~ B[ PIPF) = —~(DiWanp(T,T,), P PIT)
= ~(DgWap(U,Uyp), P1 A, 1) - P(2,0)T) = ~(DgyWanp (U, Up)U ", P~ A(w, 1) - P(x, 1))
= (P T DgWap(U,Up)U" PT, A(w, 1)) = —(RpU,,  DpWanp(U,Up)U " UpR,, , Az, 1)) (6.5)

— (R, skew (U DWinp (T, Up)UTUp) Ry, A, t)) = —(Rp skew (ﬁ;lDﬁWmP(U,ﬁp)ﬁTﬁf) Ry, A, 1)

Here, (-,-) means additionally integration w.r.t. z. For the term containing the curvature part, we note

3
d . — — _ _
T /erv(ﬁ(a:,t)) AV = 3" (O Weury (81, 82, 82), FL V(AP.e5) + (ARp) TV (Peti)), 5o
t=0

i=1

M3X3

3
= (Rp Ogs Weure (8Y, 82, 82), V(AP .€:))ypaxs + (Bp Ogi Weur (], 82, 82) 85T R, AT)
=1
3

3
> " —(Div [Rp 0gi Weurv (8, 82, 8%)] , AP.€i)p 5 + (Rp (Z dgi Wcurv(ﬁl,ﬁ%ﬁ?')ﬁ”) R, ,AT)
i=1 i=1

3
—(Div [Rp DaWeurv(R)] , AP)y 33 + (R (Z Dgi Weurv (8L, 82, 8HRT R ) AT)
i=1

3
= —(Div [Rp DaWeur(8)] P, A) + (Rp (Z Ogi Wcurv(ﬁl,RQ,ﬁg’)ﬁi’T) R, ,AT)
i=1
= 5T = =T - & ; =T
= —(Rp R, Div [Rp DgWeurv(8)] UpR,, , A) — (R), skew (Z (aﬁi Wcurv(ﬁl,ﬁ2,ﬁ3)ﬁl’T)> R,,A) (6.7)

i=1

— =T .. 5 =\ =T — =T
—(R, skew (Rp Div [Rp DgWeurv(R)] Up) Ry, A) — (Rp skew (DRWCMV(R)RT) Ry, A).
Since A € C§°(Q2,50(3,R)) is arbitrary, equation (2.12)2 follows. In order to obtain the remaining five equations for the five
independent components of Up € SL(3,R) N PSym(3) we consider the second possible independent variation of P. With

d— _
TP =R TUp, T € sl(3,R) N Sym(3), (6.8)

we consider simultaneously in each space point a one parameter group of microdeformations - P( ) R,TT,, P(w, 0) =

P(z), T € C°(9,5(3,R)). The corresponding stationarity condition is obtained from di t)) = 0. This yields

te=0 (
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again three terms: the derivatives involving Wmp(F, P) and TI(P) are straightforward, using the definition of the one
parameter group, and yield

%lhon(ﬁ(a:,t)) = (D5I(P(x,t), %P(m)) = (DpI(P(,t), RpT (x,t) - Up(x,t)) = (R, DHIL(P)Up, T (w,t))
= (devsym (EZDFH(?)UP) ,T(x,t)), (6.9)
and
A o (B, P(2,0)) = (D Wanp (U, )y ST + (Do Wanp (T, U ), )
dt|t:0 mp\- ’ - U ''mp ’ p,dt Up mp ’ p,dt g

o id A - _
= —(Dﬁme(U,Up),P l[aP]U> + (DﬁmeP(Uz UP)aT(mat)UP>

==\ H-1T - = — = 7T
= —(DgWump(U,Up), P Ry T(w,1) - UpU) + (Dg Wanp(U,Up)U,, , T (x, 1))

— — =T ——1 — — — =T
= _(DﬁWmP(UaUP)U 7Up T(mat)UP> + (DﬁPWmP(Uz UP)Up aT(xzt» (6'10)

——1 — — —T— — — =T
_(Up DﬁWmP(Uz UP)U UpzT(xzt» + (Dﬁp me(U, UP)Up ,T(SC, t)>
—=—1 = = —=T+= = = =T
= (devsym (Up DgWanp (T, T,)T Up) ,T(z,t)) + (devsym (DUP Wonp (T, Up)Up) ,T(z,1)) .

For the term containing the curvature part, we note

d 3 —T =  — d — —

i@, /Wcurv(ﬁ(az,t)) dV = (95 Weurv (R, 82, 8%), R, V(RpTU ;) + (aRp)TV(P.ei» (6.11)

t=0
Q

3xX3
i=1 M

3
=3 (Rp 0gi Weurv (RY, 82, 82), V(TTUp.e;))ysxs = —(devsym (Eg Div [Rp DgWeurv (R)] ﬁp) ).
i=1

Since T' € C§°(9,sl(3,R)) is arbitrary, equation (2.12)3 follows. By splitting the possible variations of P € SL(3,R), we
have implicitly used the Cartan Lie-algebra decomposition: sl(3,R) = so(3,R) @ p, p = {T € sym(3) |tr [T] = 0}.

6.3 The infinitesimal micromorphic elastic solid

Starting with the finite formulation (3.1) we may obtain a linear, infinitesimal microincompressible, micromorphic model
by expanding all appearing variables to first order and keeping quadratic terms in the energy expression. Thus we write
F=1+Vu, P=1+p, tr[p] = 0 and the model turns into the problem of finding a pair (u,p) : @ C R® — R? x sl(3,R)
of displacement u and independent, infinitesimal microdeformation p satisfying

/me(g, symP) + Weurs (€) — (f,u) — (M, p) dV — /(N,u) s — /(MC,@ dS — min. w.r.t. (u,p),
Q Is Te

€=Vu-p, ﬁ‘l" =DPq €D, Plr = 9d (612)
f(x) = Dplly(z,x), M(x)= DFHM(QZ,]I), N(z) = Dol (z,2), Mc(z)= DFHMC(x,]l)

A .
2 tr [sym p)>

A .
Wanp(2,P) = p || sym||* + pe || skew 2| + S [syme]” + u™ || symp||* +

m ||

A
= il sym Vu —sympl|? + e [| skew(Vu = B)||* + Z tr [sym Vu]? + ™ || sym ||

2

L .
Weurv(t) = ul—; (as | sym €))% + g || skew €| + ar tr [E]Z) R

t=Dip=(V(p.e1),V(p.e2),V(p.e3)), third order, infinitesimal curvature tensor.

If g, g™ > 0 and pe, A\, A™ > 0 it is an easy matter to show existence and uniqueness without any modification of the
classical situation for the external loads. The energy functional can be easily shown to be bounded below as soon as we
assume that f, M € L%(Q), N, M. € L%(0Q).

6.4 The infinitesimal microstretch elastic solid

Such a model is obtained by assuming P = ¢* R,a € R, R € SO(3,R) with independent variables @, R and independent
curvature parts 8 = ETDXE and Va(z,y, z). Inserting this assumption'? into (3.1) and expanding e¥ =1+a+..., R =

14This is not the most general infinitesimal microstretch formulation.
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NT+A+... yields to first order the three-field problem

/me(g,a) + Wcurv(k, VE) — <f,’lL> — (M,Z+a . ]1>dV
/(Nu )yds — /MC,A+a 1)dS — min. w.r.t. (u, A, @),

E=Vu—-A—-a- 1, A|F = Ad € s0(3,R), E|F 7ad‘r, Plr = 9d

T,=\P" f\/mfea I=Q1Q+a+...)-I=0+a-0+...

_ .y _ A _ _ amo
Wanp(&, 24,0) = | symel? + pe | skew 2l + 2 trfsym el + ™ fla - 0P + 2 “rfar- 2
— 2 ANV12 A — 2 362 m m
= pl|sym Vu — @ll||* + pc || skew(Vu — A)|| +§tr[symVufa~]l] +—2 (2p™ 4+ 3A™)

L? . . .
Weury (8, V) = |5 (s |[symE” + ag || skew E|]* + a7 tr 8 + as|[Val|”)

t=DcA = (V(A.e1),V(A.e2),V(A.e3)), third order, infinitesimal curvature tensor.

6.5 The infinitesimal micropolar elastic solid
Such a model is obtained by setting @ = 0 in (6.13). We are left with the two-field problem
/me(g) + Weurv (8) — (f,u) — (M, A)dV f/(N,u> ds — /(MC,Z> dS + min. w.r.t. (u, A),
I's r'c
E=Vu—A, AL =A44¢€50(3,R), ¢.=gd

A
Winp(2) = i | sym=|® + pc | skew=]|? + 5 b sym =)

. —2 A
= p||sym Vu|]® + e || skew(Vu — A)|]? + 5 tr [sym Vu)?

L2 .
Weare(8) = n72 (a5 || sym€||? + ag || skew €2 + oy tr [e}z) ,

t=DcA = (V(A.e1),V(A.e2),V(A.e3)), third order, infinitesimal curvature tensor.

16

(6.13)

(6.14)



