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Abstra
t

We investigate geometri
ally exa
t generalized 
ontinua of mi
romorphi
 type in the sense of

Eringen. The two-�eld problem for the ma
rodeformation ' and the mi
rodeformation P 2 SL(3;R)

in the quasistati
, 
onservative 
ase is investigated in a variational form.

Depending on material 
onstants di�erent mathemati
al existen
e theorems in Sobolev-spa
es are

given for the resulting nonlinear boundary value problems in
luding as a spe
ial 
ase an existen
e

theorem for a geometri
ally exa
t Cosserat mi
ropolar model. These are the �rst results known to

the author for geometri
ally exa
t mi
ro
ontinuum formulations.

In order to treat external loads a new 
ondition, 
alled bounded external work, has to be in
luded,

over
oming the 
onditional 
oer
ivity of the formulation. The mathemati
al analysis heavily uses an

extended Korn's �rst inequality (Ne�, Pro
.Roy.So
.Edinb.A, 2002) dis
overed by the author re
ently.

The methods of 
hoi
e are the dire
t methods of the 
al
ulus of variations.
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1 Introdu
tion

This arti
le addresses the modelling and mathemati
al analysis of geometri
ally exa
t

1

generalized


ontinua of mi
romorphi
 type in the sense of Eringen in the elasti
 
ase. General 
ontinuum models

involving independent rotations have been introdu
ed by the Cosserat brothers [12℄ at the beginning

of the last 
entury.

Their development has been largely forgotten for de
ades only to be redis
overed in the early sixties

[44, 26, 1, 20, 18, 51, 52, 28, 38, 47, 53℄. At that time theoreti
al investigations on non-
lassi
al 
ontinuum

theories were the main motivation [36℄. Sin
e then, the Cosserat 
on
ept has been generalized in various

dire
tions, for an overview of these so 
alled mi
ro
ontinuum theories we refer to [19, 17, 6, 5, 7, 29℄.

Re
ently, in [9, 10℄, the mi
romorphi
 balan
e equations derived by Eringen have been formally

justi�ed as a more realisti
 
ontinuum model based on mole
ular dynami
s and ensemble averaging.

The mi
romorphi
 model in
ludes in a natural way size e�e
ts, i.e. small samples behave 
omparatively

sti�er than large samples. These e�e
ts have re
ently re
eived mu
h attention in 
onjun
tion with nano-

devi
es.

The mathemati
al analysis of general mi
romorphi
 solids is at present restri
ted to the in�nitesimal,

linear elasti
 models, see e.g. [31, 15, 30, 24, 25℄ for linear mi
ropolar models and [34, 32, 33℄ for linear

mi
rostret
h models. The major diÆ
ulty of the mathemati
al treatment in the �nite strain 
ase is re-

lated to the geometri
ally exa
t formulation of the theory and the appearan
e of nonlinear manifolds

ne
essary for the des
ription of the mi
rostru
ture. No general existen
e theorems for �nite mi
romorphi


models are known to the author. The simpler, geometri
ally exa
t nonlinear mi
ropolar 
ase has been

dealt with in [42℄.

This 
ontribution is organized as follows: �rst, we shortly review the basi
 
on
epts of the geomet-

ri
ally exa
t elasti
 mi
romorphi
 theories in a variational 
ontext, i.e. we formulate the quasistati



onservative 
ase as a minimization problem. We then provide the balan
e equations and investigate the

in
uen
e of material 
onstants on the ellipti
ity of the for
e balan
e equation.

More mathemati
ally in
lined readers may start dire
tly in the analyti
al se
tion 3. There, the


omplete problem statement of the geometri
ally exa
t elasti
 mi
romorphi
 
ase in a variational 
ontext

is repeated. Sin
e the two-�eld variational problem is only 
onditionally 
oer
ive we need to introdu
e

a modi�
ation for the applied loads in order to ensure �rst that the fun
tional to be minimized is bounded

below and se
ond that the 
urvature 
ontribution 
an be 
ontrolled. This modi�
ation of the loads,

herein 
alled prin
iple of "bounded external work" expresses nothing than the physi
al fa
t that by

arbitrarily moving the solid in a for
e �eld only a �nite amount of work 
an be gained. Su
h a 
ondition

is, however, unne
essary in 
lassi
al elasti
ity.

With this preparation existen
e of minimizers in Sobolev-spa
es is then established using the dire
t

methods of variations and a novel extended Korn's �rst inequality. In the appendix we introdu
e the

relevant notation and detail the formal derivation of the nonlinear balan
e equation whi
h themselves,

however, do not play a prominent role in our development. In addition we re
onsider the linearization of

the introdu
ed �nite mi
romorphi
 models.

2 A �nite elasti
 mi
romorphi
 model

Let us now motivate the �nite mi
romorphi
 approa
h.

2

For our development we 
hoose a stri
tly

Lagrangean des
ription. We �rst introdu
e an independent kinemati
al �eld of mi
rodeformations

P 2 SL(3;R) together with its polar de
omposition

P = R

p

� U

p

= polar(P ) � U

p

; (2.1)

with R

p

2 SO(3;R) and U

p

2 PSym(3;R). The mi
rodeformations P are meant to represent a substru
-

ture of the material whi
h 
an rotate, stret
h and shear. We refer to R

p

as mi
rorotations.

The mi
romorphi
 theory 
an formally be obtained by introdu
ing the multipli
ative de
omposition

of the ma
ros
opi
 deformation gradient F into independent mi
rodeformation P and the mi
ro-

morphi
, nonsymmetri
 stret
h tensor U with

F = P � U ; U 2 GL

+

(3;R); (2.2)

1

Fully frame-indi�erent.

2

Following Eringen [17, p.13℄ we distinguish the general mi
romorphi
 
ase: P 2 GL

+

(3;R) = R

+

� SL(3;R) with 9

additional degrees of freedom (dof), the mi
ro-in
ompressible mi
romorphi
 
ase: P 2 SL(3;R) with 8 dof, the

mi
rostret
h 
ase: P 2 R

+

� SO(3;R) with 4 dof and the mi
ropolar 
ase: P 2 SO(3;R) with only 3 additional dof.

3



leading altogether to a mi
ro-in
ompressible, mi
romorphi
 formulation.

3

The notion mi
romorphi
 is prone to misunderstandings: the mi
rodeformation P must be 
onsid-

ered as a ma
ros
opi
 (average) quantity as the deformation gradient and the resulting model is still

phenomenologi
al. However, geometri
al features of the real substru
ture to be modelled, determine the


hoi
e of geometri
 manifolds for P .

In the quasistati
 
ase, the mi
romorphi
 theory is now derived from a two-�eld variational prin
iple

by postulating the following 'a
tion eu
lidienne' [12, p.156℄ for the �nite ma
ros
opi
 deformation

' : [0; T ℄�
 7! R

3

and the independent mi
rodeformation P : [0; T ℄� 
 7! SL(3;R):

I('; P ) =

Z




W (F; P ;D

x

P )��

f

(')��

M

(P ) dV �

Z

�

S

�

N

(') dS�

Z

�

C

�

M




(P ) dS 7! min : w.r.t. ('; P );

P

j

�

= P

d

; '

j

�

= g

d

(t) : (2.3)

The elasti
ally stored energy density W depends on the ma
ros
opi
 deformation gradient F as usual

but in addition on the mi
rodeformation P together with their �rst order spa
e derivatives, represented

through the third order tensor D

x

P . Here 
 � R

3

is a domain with boundary �
 and � � �
 is that part

of the boundary, where Diri
hlet 
onditions g; P

d

for displa
ements and mi
rodeformations, respe
tively,


an be pres
ribed while �

S

� �
 is a part of the boundary, where tra
tion boundary 
onditions in the

form of the potential of applied surfa
e for
es �

N

are given with � \ �

S

= ;. The potential of external

applied volume for
e is �

f

and �

M

takes on the role of the potential of applied external volume 
ouples.

4

In addition, �

C

� �
 is the part of the boundary where the potential of applied surfa
e 
ouples �

M




are

applied with � \ �

C

= ;. On the free boundary �
 n f� [ �

S

[ �

C

g, 
orresponding natural boundary


onditions for ' and P apply, obtained automati
ally in the variational pro
ess.

Variation of the a
tion I with respe
t to ' yields the traditional equation for balan
e of linear mo-

mentum and variation of I with respe
t to P yields balan
e of moment of momentum.

The standard 
on
lusion from frame-indi�eren
e (here: invarian
e of the free energy under superposed

rigid bodymotions (SRBM) not merely observer-invarian
e of the model [50, 4, 39℄: 8Q 2 SO(3;R) :

W (F; P ;D

x

P ) =W (QF;QP ;D

x

[QP ℄) leads to the redu
ed representation of the energy (spe
ify Q = R

p

):

W (F; P ;D

x

P ) =W (R

T

p

F;R

T

p

P;R

T

p

D

x

P ) =W (U

p

U;U

p

; R

T

p

D

x

P ) =W (U;U

p

;K) ; (2.4)

where

K := R

T

p

D

x

P =

�

R

T

p

r(P :e

1

); R

T

p

r(P :e

2

); R

T

p

r(P :e

3

)

�

2 M

3�3

� M

3�3

� M

3�3

; (2.5)


oin
ides with one spe
i�
 representation

5

of the third order right mi
ropolar 
urvature tensor (or

torsion-
urvature tensor, wryness tensor, se
ond Cosserat deformation tensor, bending-twist tensor et
.)

if P 2 SO(3;R). For a geometri
ally exa
t isotropi
 theory we assume in the following an additive split of

the total free energy density into mi
romorphi
 lo
al stret
h and mi
romorphi
 
urvature part a

ording

to

W =W

mp

(U;U

p

) +W


urv

(K) ; (2.6)

sin
e a possible 
oupling between U and K for 
entrosymmetri
 bodies 
an be ruled out [43, p.14℄.

2.1 The elasti
 mi
romorphi
 strain energy density

For a small elasti
 strain theory, whi
h should already 
over most 
ases of physi
al interest, we require

that W

mp

(U;U

p

) is a non-negative isotropi
 quadrati
 form. We assume moreover the stret
h energy

density normalized to

W

mp

(11; 11) = 0; D

U

W

mp

(U;U

p

)

j

U=11;U

p

=11

= 0 ; D

U

p

W

mp

(U;U

p

)

j

U=11;U

p

=11

= 0 : (2.7)

3

The strain measure U whi
h is indu
ed by this de�nition 
orresponds to C

T

KL

presented in (1:5:11)

1

of [17, p.15℄.

4

appearing in a non-me
hani
al 
ontext e.g. as in
uen
e of a magneti
 �eld on the polarization of a substru
ture of the

bulk.

5

Note that K

i

= R

p

T

r(P :e

i

) 62 so(3;R). Another representation of K is given by K :=

�

R

T

p

�

x

P ;R

T

p

�

y

P ;R

T

p

�

z

P

�

2

T(3). Sin
e �

x

(R

T

p

P ) = 0 for P = R

p

2 SO(3;R), it holds that K 2 so(3;R) � so(3;R) � so(3;R) in this 
ase. It

is therefore possible to base all 
onsiderations of 
urvature in the mi
ropolar 
ase on a more 
ompa
t expression like

^

K :=

�

axl(R

T

p

�

x

R

p

)j axl(R

T

p

�

y

R

p

)j axl(R

T

p

�

z

R

p

)

�

2 M

3�3

. This is the traditional mi
ropolar approa
h, see e.g. [46, 21, 27℄.

For us it is, however, not possible to use

^

K sin
e we allow for P 2 SL(3;R).

4



The most general form of W

mp


onsistent

6

with (2.7) is

W

mp

(U) = �

1

k sym(U � 11)k

2

+ �




k skew(U � 11)k

2

+ �

3

tr

�

sym(U � 11)

�

2

+ �

1

kU

p

� 11k

2

+ �

2

tr

�

U

p

� 11

�

2

; (2.8)

with material 
onstants �

1

; �




; �

3

; �

1

; �

2

su
h that �

1

; 3�

3

+ �

1

; �




� 0; �

1

; 3�

2

+ �

1

� 0 from non

negativity [17℄. By 
onsisten
y with the 
lassi
al 
ontinuum model without mi
romorphi
 behaviour

we 
an take �

1

= �; �

3

=

�

2

with �; � > 0 the 
lassi
al Lam�e 
onstants and the so 
alled Cosserat


ouple modulus �




remains for the moment unspe
i�ed but �




= 0 is physi
ally possible sin
e the

mi
romorphi
 rea
tion stress D

U

W

mp

(U;U

p

) �U

T

is not symmetri
 in general, i.e. the problem does

not de
ouple, 
f. (2.12). For 
omparison, in [17, p.111℄ for the in�nitesimal mi
ropolar 
ase, the elasti


moduli are taken to be �

1

= �+

�

2

; �




=

�

2

; �

3

=

�

2

, but in this formula, � 
annot be regarded as one of

the Lam�e 
onstants.

7 8

In [14, 48, 49, 22, 13, 16℄ the abbreviation �




is used while in [27℄ it is �




= �

and �




= G




in [35℄ for the mi
ropolar theory.

By formal similarity with the 
lassi
al formulation we may as well introdu
e �

1

= �

m

and �

2

=

�

m

2

,


alling �

m

; �

m

the mi
ros
opi
 Lam�e moduli.

2.2 The elasti
 mi
romorphi
 
urvature energy density

For the 
urvature term, to be spe
i�
, we assume the general form

W


urv

(K) = �

L

1+p




12

(1 + �

4

L

q




kKk

q

)

�

�

5

k symKk

2

+ �

6

k skewKk

2

+ �

7

tr [K℄

2

�

1+p

2

; (2.9)

where L




> 0 is setting an internal length s
ale with units of length, �

4

� 0; p > 0; q � 0 are additional

material 
onstants, the fa
tor

1

12

only for 
onvenien
e and �

5

> 0; �

6

; �

7

� 0 as a minimal requirement.

We mean tr [K℄

2

= ktr [K℄k

2

by abuse of notation. This 
hoi
e for W


urv

does not presuppose any

knowledge of the magnitude of the mi
romorphi
 
urvature in the material and is non-degenerate in the

origin kKk = 0, whi
h is, however, not essential to our subsequent mathemati
al analysis.

But 
are has to be exerted in the �nite regime: W


urv

should preferably be 
oer
ive in the sense that

we impose pointwise

9 


+

> 0 9 r > 1 : 8K 2 T(3) : W


urv

(K) � 


+

kKk

r

; (2.10)

or less demanding

9 r > 1 :

W


urv

(K)

kKk

r

!1 as kKk ! 1 ; (2.11)

whi
h implies ne
essarily �

6

> 0 in (2.10). Observe that our formulation of the mi
romorphi
 
urvature

tensor is 
onvenient in the sense that kKk = kR

T

p

D

x

Pk = kD

x

Pk provides pointwise 
ontrol of all �rst

derivatives of P independent of the values of P itself.

9

Note that the presented formulation in
ludes a �nite Cosserat mi
ropolar model as a spe
ial 
ase if

we set P = R 2 SO(3;R).

6

Mixed produ
ts like hU � 11; U

p

� 11i and tr

�

U � 11

�

� tr

�

U

p

� 11

�

are ex
luded by non-negativity.

7

A simple de�nition of the Lam�e 
onstants in mi
ropolar elasti
ity is that they should 
oin
ide with the 
lassi
al Lam�e


onstants for symmetri
 situations. Equivalently, they are obtained by the 
lassi
al formula � =

E

2(1+�)

; � =

E�

(1+�)(1�2�)

,

where E and � are uniquely determined from uniform tra
tion. Eringens nomen
lature unfortunately led to some 
onfusion.

8

Uniform tra
tion and uniform 
ompression do not a
tivate rotations, hen
e the 
lassi
al identi�
ation of the Lam�e


onstants is a
hieved independent of �




. Uniform tra
tion alone allows already to determine the Young modulus E and

the Poisson ratio � [11, p.126℄. Contrary to [23, p.411℄ we do not see the possibility to de�ne a spe
i�
 \mi
ropolar Young

modulus" or \mi
ropolar Poisson ratio".

9

Thus is not true for other possible basi
 invariant 
urvature expressions like P

�1

D

x

P or P

T

D

x

P or F

T

D

x

P , see [17,

1.5.4,1.5.11℄.

5



2.3 The mi
romorphi
 balan
e equations

For the 
hoi
es we have made we note the resulting material form of the nonlinear �eld equations on the

referen
e 
on�guration (with �

4

= 0; p = 1) whi
h 
an be obtained after some algebrai
 manipulations

(we have gathered the in
uen
e of the external potentials in �(x; '; P )):

0 = Div

�

S

1

(F; P ) + 2�




P

�T

skew(P

�1

F )

�

+D

'

�(x; '(x); P )

R

3

; for
e balan
e (2.12)

0 = skew(U

�1

p

D

U

W

mp

(U;U

p

)U

T

U

T

p

) + skew

�

R

T

p

Div

�

R

p

D

K

W


urv

(K)

�

U

p

�

+ skew

�

D

K

W


urv

(K)K

T

�

+ skew

�

R

T

p

D

P

�(x; '(x); P )U

p

�

M

3�3

; balan
e of angular momentum ;

0 = dev sym

�

U

�1

p

D

U

W

mp

(U;U

p

)U

T

U

T

p

�

� dev sym

�

D

U

p

W

mp

(U;U

p

)U

T

p

�

+ dev sym

�

R

T

p

Div

�

R

p

D

K

W


urv

(K)

�

U

p

�

+ dev sym

�

R

T

p

D

P

�(x; '(x); P )U

p

�

;

remaining balan
e of moment of momentum ;

where S

1

is the �rst Piola-Kir
hho� stress (for �




= 0) with the fun
tional form

S

1

(F; P ) = P

�T

h

�(F

T

P

�T

+ P

�1

F � 211) + � tr

h

F

T

P

�T

� 11

i

11

i

; (2.13)

similar to [41, (P3)℄ and D

K

W


urv

(K) is the materialmi
romorphi
 moment tensor (or 
ouple-stress

tensor). A similar form of the un
onventional balan
e of angular momentum equation has been given

in [5, p.63℄ for the mi
ropolar 
ase. In our subsequent variationally based development, the balan
e

equations will not play a prominent role.

2.4 Constitutive 
onsequen
es of the value for the Cosserat 
ouple modulus

Looking at (2.8) with �




> 0 we see that the impli
ation of this 
hoi
e at a �rst glan
e is an ino

uous rise

in the ma
ros
opi
 elasti
 strain energy W

mp

(U;U

p

) if R

p

6= polar(F ) and U

p

= 11, but R

p

is generi
ally

assumed to be independent of polar(F ). The 
hoi
e �




> 0 a
ts like a lo
al 'elasti
 spring' between both


ontinuum rotations and mi
rorotations.

Let us 
onsider the mathemati
al impli
ations of �




= 0 and 0 < �




� �, respe
tively, in more

detail. It is readily veri�ed that for the elasti
ity tensors (di�erentiating the stret
h energy density

W

mp

(P

�1

F;U

p

) at �xed P w.r.t. F )

�




> 0) 8H 2 M

3�3

: D

2

F

W

mp

(P

�1

F;U

p

):(H;H) � 2�




kP

�1

Hk

2

� 2�




�

min

(P

�T

P

�1

) kHk

2

�




= 0) 8H 2 M

3�3

: D

2

F

W

mp

(P

�1

F;U

p

):(H;H) � 2� k

1

2

(P

�1

H +H

T

P

�T

)k

2

: (2.14)

Hen
e the 
hoi
e �




> 0 leads to uniform 
onvexity ofW

mp

(P

�1

F;U

p

) w.r.t. F if P 2 L

1

(
; SL(3;R))

and un
onditional elasti
 stability on the ma
ros
opi
 level: regardless of what distribution of mi-


rodeformations P (x) is given, the ma
ros
opi
 equation of balan
e of linear momentum would then

bei uniquely solvable and this equation is insensible to any deterioration of the spatial features of the

mi
rostru
ture as long as P is merely essentially bounded. Uniform 
onvexity is diÆ
ult to a

ept from

a 
onstitutive point of view sin
e it is impossible for a geometri
ally exa
t des
ription in the framework

of a 
lassi
al ma
ros
opi
 
ontinuum but 
lear from the above dis
ussion: the additional elasti
 spring

between mi
ro- and 
ontinuum rotation extremely rigidi�es the material and 
ompletely 
hanges the type

of the mathemati
al boundary value problem 
ompared with the 
lassi
al �nite theory.

Fortunately, su
h a far rea
hing unsatisfa
tory 
on
lusion does not hold for �




= 0, in whi
h 
ase we

have for �; � 2 R

3

:

D

2

F

W

mp

(P

�1

F;U

p

):(� 
 �; � 
 �) = �

�

kP

�1

� 
 �k

2

+ hP

�

� 
 �; � 
 P

�1

�i

�

= �

�

kP

�1

� 
 �k

2

+ hP

�1

�; �i

2

�

; (2.15)

whi
h shows the physi
ally mu
h more appealing inequality

D

2

F

W

mp

(P

�1

F;U

p

):(� 
 �; � 
 �) � ��

min

(P

�T

P

�1

) k�k

2

� k�k

2

; (2.16)

6



expressing nothing but uniform Legendre-Hadamard ellipti
ity of the a
ousti
-tensor with ellip-

ti
ity 
onstant ��

min

(P

�T

P

�1

) independent of P for bounded P 2 L

1

(
; SL(3;R)). The Legendre-

Hadamard 
ondition has the most 
onvin
ing physi
al basis [2, p.461℄ in that it implies the reality of

wave speeds and the Baker-Eri
ksen inequalities (stress in
reases with strain, [37, p.19℄).
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3 Mathemati
al analysis

3.1 Statement of the �nite elasti
 mi
romorphi
 problem in variational form

Let us gather the obtained two-�eld problem posed in a variational form. The task is to �nd a pair

('; P ) : 
 � R

3

7! R

3

�SL(3;R) ofma
ros
opi
 deformation ' and independent mi
rodeformation

P minimizing the fun
tional I with

I('; P ) =

Z




W

mp

(P

�1

r';U

p

) +W


urv

(R

T

p

D

x

P )��

f

(') ��

M

(P ) dV

�

Z

�

S

�

N

(') dS�

Z

�

C

�

M




(P ) dS 7! min : w.r.t. ('; P ) ; (3.1)

under the 
onstraints

U

p

= R

T

p

P; R

p

= polar(P ) ; (3.2)

and the boundary 
onditions

P

j

�

= P

d

) R

p

j

�

= R

p

d

; U

p

j

�

= U

p

d

; '

j

�

= g

d

: (3.3)

Here, the 
onstitutive assumptions on the densities are

W

mp

(U;U

p

) = � k sym(U � 11)k

2

+ �




k skew(U)k

2

+

�

2

tr

�

sym(U � 11)

�

2

+ �

m

kU

p

� 11k

2

+

�

m

2

tr

�

U

p

� 11

�

2

; (3.4)

W


urv

(K) = �

L

1+p




12

(1 + �

4

L

q




kKk

q

)

�

�

5

k symKk

2

+ �

6

k skewKk

2

+ �

7

tr [K℄

2

�

1+p

2

;

K = R

T

p

D

x

P =

�

R

T

p

r(P :e

1

); R

T

p

r(P :e

2

); R

T

p

r(P :e

3

)

�

; third order 
urvature tensor :

The total elasti
ally stored energy W =W

mp

+W


urv

depends on the deformation gradient F = r' and

mi
rodeformations P together with their spa
e derivatives. Here 
 � R

3

is a domain with boundary

�
 and � � �
 is that part of the boundary, where Diri
hlet 
onditions g

d

; P

d

for displa
ements and

mi
rodeformations, respe
tively, are pres
ribed while �

S

� �
 is a part of the boundary, where tra
tion

boundary 
onditions in the form of the potential of applied surfa
e for
es �

N

are given with �\ �

S

= ;.

In addition, �

C

� �
 is the part of the boundary where the potential of external surfa
e 
ouples �

M




are applied with �\ �

C

= ;. On the free boundary �
 n f�[ �

S

[ �

C

g 
orresponding natural boundary


onditions for ('; P ) apply. The potential of external applied volume for
e is �

f

and �

M

takes on the

role of the potential of applied external volume 
ouples.

The parameters �; � > 0 are the Lam�e 
onstants of 
lassi
al elasti
ity, �




� 0 is 
alled the Cosserat


ouple modulus, �

m

; �

m

> 0 are the Lam�e 
onstants of the substru
ture and L




> 0 introdu
es an

internal length whi
h is 
hara
teristi
 for the material, e.g. related to the grain size in a poly
rystal.

If not stated otherwise, we assume that �

5

> 0; �

6

> 0; �

7

� 0. A �nite Cosserat mi
ropolar theory is

in
luded in the formulation (3.1), (3.2),(3.4) by restri
ting P 2 SO(3;R) or setting �

m

=1, formally.
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The preferred value �




= 0 for the ma
ros
opi
 
ase 
an as well be motivated by the following 
onsideration: Consider

the Green strains F

T

F �11 = (U�11)

T

(U�11)+2 sym(U�11). Therefore

�

4

kF

T

F �11k

2

= �k symU�11k

2

+O(kU�11k

3

).

Hen
e �




= 0 provides the 
orre
t �rst order approximation to a 
lassi
al St. Venant-Kir
hho� material. With �




= 0 we

ex
lusively re
over the fa
t of the 
lassi
al 
ontinuum theory that W isotropi
 implies symmetry of the Biot stress tensor:

D

U

W (U) 2 Sym. If we expand R = 11 + A + : : : with A 2 so(3) and write F = 11 + ru, then the mi
ropolar e�e
ts

dissappear to �rst order for �




= 0. In this sense, �




= 0 is 
lose to 
lassi
al elasti
ity.

7



3.2 The external potentials

In the 
onservative, dead load 
ase one would have traditionally for the potentials of applied loads

�

f

(') = hf; 'i ; �

M

(P ) = hM;P i ; �

N

(') = hN;'i ; �

M




(P ) = hM




; P i ; (3.5)

with fun
tions f 2 L

2

(
;R

3

); M 2 L

2

(
;M

3�3

); N 2 L

2

(�

S

;R

3

); M




2 L

2

(�

C

;M

3�3

).

For our treatment, we need to assume, however, that the external potentials, des
ribing the 
on�g-

uration dependent applied loads are 
ontinuous with respe
t to the topology of L

1

(
); L

1

(�

S

); L

1

(�

C

),

respe
tively and satisfy in addition the 
ondition

9C

+

> 0 8' 2 L

1

(
;R

3

); P 2 L

1

(
; SL(3;R)) :

Z




�

f

(')��

M

(P ) dV;

Z

�

S

�

N

(') dS;

Z

�

C

�

M




(P ) dS � C

+

: (3.6)

While 
ontinuity is satis�ed e.g. for dead loads �

f

(') = hf; 'i and f 2 L

1

(
), the se
ond 
ondition

(3.6) restri
ts attention to \bounded external work". If we want to des
ribe a situation 
orresponding

to the 
lassi
al dead load 
ase we 
ould take

�

f

(') =

1

1 + [k'(x)k �K

+

℄

+

hf(x); '(x)i ; (3.7)

for some large positive 
onstant K

+

and [�℄

+

the positive part of a s
alar argument. It suÆ
es now that

f 2 L

1

(
), then

R




�

f

(') dV � C

+

, independent of ' 2 L

1

(
).

The new 
ondition (3.6) 
an be rephrased as saying that only a �nite amount of work 
an be performed

against the external loads, regardless of the magnitude of translation and mi
rodeformation. This is


ertainly true for any real �eld of applied loads.
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3.3 The di�erent 
ases

We distinguish three di�erent situations:

I: �




> 0; �

4

� 0; p � 1; q � 0, elasti
 ma
ro-stability, lo
al �rst order mi
romorphi
. Fra
ture

ex
luded.

II: �




= 0; �

4

> 0; p � 1; q > 1, elasti
 pre-stability, nonlo
al se
ond order mi
romorphi
, ma
ro-

s
opi
 spe
imens, in a sense 
lose to 
lassi
al elasti
ity, zero Cosserat 
ouple modulus. Fra
ture

ex
luded.

III: �




= 0; �

4

= 0; 0 < p � 1; q = 0, elasti
 pre-stability, nonlo
al se
ond order mi
romorphi
 the-

ory, ma
ros
opi
 spe
imens, in a sense 
lose to 
lassi
al elasti
ity, zero Cosserat 
ouple modulus.

Sin
e possibly ' 62 W

1;1

(
;R

3

), due to la
k of elasti
 
oer
ivity, in
luding fra
ture in multiaxial

situations.

We refer to 0 < p < 1; q � 0 as the sub-
riti
al 
ase, p = 1; q � 0 as the 
riti
al 
ase and p � 1; q > 1

as the super-
riti
al 
ase. We will mathemati
ally treat the �rst two 
ases.

3.4 The 
oer
ivity inequality

The de
isive analyti
al tool for the treatment of 
ase II (super-
riti
al) is the following new non-trivial

inequality establishing 
oer
ivity:

Theorem 3.1 (Extended 3D-Korn's �rst inequality)

Let 
 � R

3

be a bounded Lips
hitz domain and let � � �
 be a smooth part of the boundary with

non vanishing 2-dimensional Hausdor� measure. De�ne H

1;2

Æ

(
;�) := f� 2 H

1;2

(
) j �

j

�

= 0g and let

F

p

; F

�1

p

2 C

1

(
;GL(3;R)). Moreover suppose that CurlF

p

2 C

1

(
;M

3�3

). Then

9 


+

> 0 8 � 2 H

1;2

Æ

(
;�) : kr�F

�1

p

(x) + F

�T

p

(x)r�

T

k

2

L

2

(
)

� 


+

k�k

2

H

1;2

(
)

:

11

In 
lassi
al �nite elasti
ity, su
h a 
ondition is not ne
essary sin
e the elasti
 energy density is assumed a priori

to verify a 
oer
ivity 
ondition of the type W (F ) � 


+

kFk

q

� C; q > 1, whi
h, together with Diri
hlet 
onditions

and Poin
ar�es inequality 
ontrols the L

q

(
) part of the deformation. Fields satisfying (3.6) are e.g. the gravity �eld

of a �nite mass, the ele
tri
 �eld of a �nite 
harge et
. Remark as well that (3.6) does not ex
lude lo
al, integrable

singularities. The dead load 
ase in (3.5) must rather be interpreted as linearization of the �nite external potential:

�(x;'(x)) = �(x; x+ u(x)) = �(x; x) + hD

'

�(x; x); ui+ : : : = 
onst: + hf; ui+ : : : with f(x) = D

'

�(x; x). The author is

not aware of a previous introdu
tion of a 
ondition similar to (3.6).

8



Proof. The proof has been presented in [40℄. Note that for F

p

= r� we would only have to deal

with the 
lassi
al Korn's inequality evaluated on the transformed domain �(
). However, in general,

F

p

is in
ompatible giving rise to a non-riemannian manifold stru
ture. Compare to [8℄ for an

interpretation and the physi
al relevan
e of the volume dislo
ation density tensor CurlF

p

.

Motivated by the investigations in [40℄, it has been shown re
ently by Pompe [45℄ that the extended

Korn's inequality 
an be viewed as a spe
ial 
ase of a general 
lass of 
oer
ivity inequalities for quadrati


forms. He was able to show that indeed F

p

; F

�1

p

2 C(
;GL(3;R)) is suÆ
ient for (3.1) to hold without

any 
ondition on the 
ompatibility.

However, taking the spe
ial stru
ture of the extended Korn's inequality again into a

ount, work

in progress suggests that 
ontinuity is not really ne
essary: instead F

p

; F

�1

p

2 L

1

(
;GL(3;R)) and

CurlF

p

2 L

3+Æ

(
) should suÆ
e, whereas F

p

; F

�1

p

2 L

1

(
;GL(3;R)) alone is not suÆ
ient, see the


ounterexample presented in [45℄. �

In view of the important role of the extended Korn's �rst inequality let us agree in saying that an

inhomogeneous material 
hara
terized by a free energy density W : R

3

� M

3�3

7! R is elasti
ally

pre-stable, whenever

9H 2 M

3�3

; H 6= 0 : D

2

F

W (x; F ):(H;H) = 0 (3.8)

9 


+

> 0 9 G 2 GL

+

(3;R) 8H 2 M

3�3

: D

2

F

W (x; F ):(H;H) � 


+

kG(x)

T

H +H

T

G(x)k

2

:

In this terminology, in�nitesimal 
lassi
al elasti
ity is pre-stable with G = 11 and the extended Korn's

�rst inequality links the smoothness of G to the positive de�niteness of the elasti
 tangent sti�ness tensor.

3.5 The geometri
ally exa
t elasti
 mi
romorphi
 model

The following results are the �rst existen
e theorems for geometri
ally exa
t elasti
 mi
romorphi
 models

known to the author:

12

Theorem 3.2 (Existen
e for elasti
 mi
romorphi
 model: 
ase I.)

Let 
 � R

3

be a bounded Lips
hitz domain and assume for the boundary data g

d

2 H

1

(
;R

3

) and

P

d

2 W

1;1+p

(
; SL(3;R)). Moreover, let the applied external potentials satisfy (3.6). Then (3.1) with

material 
onstants 
onforming to 
ase I admits at least one minimizing solution pair ('; P ) 2 H

1

(
;R

3

)�

W

1;1+p

(
; SL(3;R)).

Proof. We apply the dire
t methods of variations. The in
uen
e of the external potentials is gathered

in writing �('; P ). With the pres
ription of (g

d

; P

d

) it is 
lear that I < 1 for exa
tly this pair of

fun
tions. Sin
e (3.6) is assumed, it is also 
lear that I is bounded below for all ' 2 L

1

(
;R

3

) and

P 2 L

1

(
; SL(3;R)).

We may 
hoose de
reasing (in�mizing) sequen
es of pairs ('

k

; P

k

) 2 H

1

(
;R

3

)�W

1;1+p

(
; SL(3;R)).

The 
urvature 
ontribution is bounded independent of the number k again on a

ount of (3.6).

13

Observe now that the mi
romorphi
 
urvature term K 
ontrols P 2 W

1;1+p

(
; SL(3;R)), sin
e kKk =

kR

T

p

D

x

Pk = kD

x

Pk, pointwise and �

5

; �

6

> 0. This fa
t, together with the appropriate boundary


onditions and Poin
ar�es inequality yields boundedness of the sequen
e fP

k

g

1

k=1

�W

1;1+p

(
; SL(3;R)).

We may extra
t a subsequen
e again denoted by P

k


onverging strongly in L

1+p

(
) to an element

b

P 2 W

1;1+p

(
;M

3�3

) sin
e p > 0 by assumption. Moreover, a further subsequen
e 
an be found, su
h

that K

k


onverges weakly to some

b

K in L

1+p

(
). The embedding W

1;2

(
) � L

6�Æ

(
) for three spa
e

dimensions is 
ompa
t and shows that the subsequen
e P

k


an be 
hosen su
h that it 
onverges indeed

strongly in the topology of L

6�Æ

(
) sin
e p � 1 whi
h implies immediately that

b

P 2 W

1;1+p

(
; SL(3;R)).

Be
ause �




> 0, we have the simple algebrai
 estimate

W

mp

(P

�1;k

F

k

; U

k

p

) � �




kP

�1;k

F

k

� 11k

2

= �




�

kP

�1;k

F

k

k

2

� 2hP

�1;k

F

k

; 11i+ 3

�

� �




�

kU

k

k

2

� 2

p

3kU

k

k+ 3

�

; (3.9)

12

The proposed �nite results determine the ma
ros
opi
 deformation ' 2 H

1

(
;R

3

) and not more. This means that

dis
ontinuous ma
ros
opi
 deformations by 
avities or the formation of holes are not ex
luded (possible mode I failure). If

�




> 0 fra
ture is e�e
tively ruled out, whi
h is unrealisti
.

13

If (3.6) does not hold, one might have in�mizing sequen
es with unbounded 
urvature. The geometri
ally exa
t

mi
romorphi
 formulation is only 
onditionally 
oer
ive.

9



implying the boundedness of U

k

= P

�1;k

F

k

in L

2

(
). Moreover, by H�older's inequality, we obtain

kF

k

k

s;


= kP

k

P

�1;k

F

k

k

s;


� kP

k

k

r

1

;


kP

�1;k

F

k

k

r

2

;


;

1

s

=

1

r

1

+

1

r

2

: (3.10)

Sin
e P

k

is bounded in L

6

(
) and P

�1;k

F

k

is bounded in L

2

(
) we may 
hoose r

1

= 6; r

2

= 2 to obtain

boundedness of F

k

= r'

k

in L

s

(
); s =

3

2

. Using the boundary 
onditions for '

k

and the generalized

Poin
ar�e inequality we get

k'

k

k

W

1;s

(
;R

3

)

� Const: : (3.11)

By the boundedness of '

k

in W

1;s

(
;R

3

), we may extra
t a subsequen
e, not relabelled, su
h that

'

k

* '̂ 2 W

1;s

(
;R

3

). Furthermore, we may always obtain a subsequen
e of ('

k

; P

k

) su
h that

U

k

= P

k;T

F

k


onverges weakly in L

2

(
) to an element

b

U on a

ount of the boundedness of the stret
h

energy and �




> 0.

We have already shown that for p � 1 the sequen
e P

k


onverges indeed strongly in L

1+p

(
) to an

element

b

P 2 W

1;1+p

(
; SL(3;R)). Thus P

k;T

F

k


onverges 
ertainly weakly to

b

P

T

F in L

1

(
) on a

ount

of H�older's inequality (not sharp). The weak limit in L

1

(
) must 
oin
ide with the weak limit of U

k

in

L

2

(
). Hen
e,

b

U =

b

P

T

r'̂.

Sin
e the mapping polar : GL

+

(3;R) 7! SO(3;R) is a bounded 
ontinuous fun
tion on invertible

matri
es with positive determinant, it generates a nonlinear superposition operator

polar(�) : L

1+p

(
; SL(3;R)) 7! L

1+p

(
; SO(3;R)) ; (3.12)

whi
h, moreover, is 
ontinuous [3, p.101,Th.3.7℄. Thus R

k

= polar(P

k

) !

b

R = polar(

b

P ) strongly in

L

1+p

(
) and a similar argument as for U

k

shows that K

k

*

b

K = polar(

b

P )

T

D

x

b

P in L

1+p

(
), weakly.

Sin
e the total energy is 
onvex in (U;U

p

;K), and the external potential � is 
ontinuous w.r.t. strong


onvergen
e in L

1

(
) on a

ount of (3.6), we get

I('̂;

b

P ) =

Z




W

mp

(

b

U;

b

U

p

) +W


urv

(

b

K) dV ��('̂;

b

P )

� lim inf

k!1

Z




W

mp

(U

k

; U

k

p

) +W


urv

(K

k

) dV ��('

k

; P

k

)

= lim

k!1

I('

k

; P

k

) = inf

' 2 L

1

(
;R

3

)

P 2 L

1

(
; SL(3;R))

I('; P ) ; (3.13)

whi
h implies that the limit pair ('̂;

b

P ) is a minimizer. Note that the limit mi
rodeformations

b

P may

fail to be 
ontinuous if p � 2 (non-existen
e or limit 
ase of Sobolev embedding). Moreover, unique-

ness 
annot be as
ertained, sin
e SL(3;R) is a nonlinear manifold (and the 
onsidered problem is indeed

nonlinear), su
h that 
onvex 
ombinations in SL(3;R) may leave SL(3;R). Sin
e the fun
tional I is dif-

ferentiable the minimizing pair is a stationary point and therefore a solution of the �eld equations (2.12).

Note again that the limit mi
rodeformations may fail to be 
ontinuously distributed in spa
e. That

under these unfavourable 
ir
umstan
es a minimizing solution may nevertheless be found is entirely due

to �




> 0 and p � 1. The proof simpli�es 
onsiderably in the geometri
ally exa
t Cosserat mi
ropolar


ase P 2 SO(3;R). �

We 
ontinue with the super-
riti
al 
ase appropriate for ma
ros
opi
 situations and 
loser to 
lassi
al

elasti
ity.

Theorem 3.3 (Existen
e for elasti
 mi
romorphi
 model: 
ase II.)

Let 
 � R

3

be a bounded Lips
hitz domain and assume for the boundary data g

d

2 H

1

(
;R

3

) and

P

d

2 W

1;1+p+q

(
; SL(3;R)). Moreover, let the applied external potentials satisfy (3.6). Then (3.1)

with material 
onstants 
onforming to 
ase II admits at least one minimizing solution pair ('; P ) 2

H

1

(
;R

3

)�W

1;1+p+q

(
; SL(3;R)).

Proof. We repeat the argument of 
ase I. However, the boundedness of in�mizing sequen
es is not imme-

diately 
lear. Boundedness of the mi
rodeformations P

k

holds true in the spa
e W

1;1+p+q

(
; SL(3;R))

10



with 1 + p + q > N = 3, hen
e we may extra
t a subsequen
e, not relabelled, su
h that P

k


onverges

strongly to

b

P 2 C

0

(
; SL(3;R)) in the topology of C

0

(
; SL(3;R)) on a

ount of the Sobolev-embedding

theorem. Sin
e

b

P

�1

=

1

det[

b

P ℄

Adj

b

P we obtain as well

b

P

�1

2 C

0

(
; SL(3;R)).

Along su
h strongly 
onvergent sequen
e of mi
rodeformations, the sequen
e of deformations '

k

is

also bounded in H

1

(
;R

3

). However, this is not due to a basi
ally simple estimate as in 
ase I, but only

true after integration over the domain: at fa
e value we only 
ontrol 
ertain mixed symmetri
 expressions

in the deformation gradient. More pre
isely, we have

1 >

Z




W

mp

(U

k

; U

k

p

) +W


urv

(K

k

) dV ��('

k

; P

k

) �

Z




W

mp

(U

k

) dV ��('

k

; P

k

)

�

Z




W

mp

(U

k

; U

k

p

) dV � C

�

Z




�

4

kP

�1;k

r'

k

+r'

T

k

P

�T;k

� 211k

2

dV � C (3.14)

�

Z




�

4

kP

�1;k

ru

k

+ru

T

k

P

�T;k

k

2

dV � C

1

(kPk

k

1

) ku

k

k

H

1;2

(
)

+ C

2

=

Z




�

4

k(P

�1;k

�

b

P

�1

+

b

P

�1

)ru

k

+ru

T

k

(P

�1;k

�

b

P

�1

+

b

P

�1

)

T

k

2

dV � C

1

ku

k

k

H

1;2

(
)

+ C

2

�

Z




�

4

k

b

P

�1

ru

k

+ru

T

k

b

P

�T

k

2

| {z }


ombinations of derivatives

dV � C

3

k

b

P

�1

� P

�1;k

k

1

ku

k

k

2

H

1;2

(
)

� (C

1

+ 2 k

b

P

�1

� P

�1;k

k

1

) ku

k

k

H

1;2

(
)

+ C

2

� (

�

4




K

� C

3

k

b

P

�1

� P

�1;k

k

1

) ku

k

k

2

H

1;2

(
)

� (C

1

+ 2 k

b

P

�1

� P

�1;k

k

1

) ku

k

k

H

1;2

(
)

+ C

2

;

where we made use of the appropriate boundary 
onditions for '

k

= x + u

k

and applied the ex-

tended Korn's inequality (3.1) in the improved version of [45℄ yielding the positive 
onstant 


K

for

the 
ontinuous mi
rodeformation

b

P

�1

. Sin
e k

b

P

�1

� P

�1;k

k

1

= k

1

det[

b

P ℄

Adj

b

P �

1

det[P

k

℄

AdjP

k

k

1

=

kAdj

b

P � AdjP

k

k

1

! 0 by strong 
onvergen
e of P

k

, we 
on
lude the boundedness of u

k

in H

1

(
).

Hen
e, '

k

is bounded in H

1

(
). Now we obtain that U

k

*

b

U =

b

P

�1

r'̂ by 
onstru
tion with the

notations as in 
ase I. The remainder pro
eeds as in 
ase I. This �nishes the argument. The limit mi-


rodeformations

b

P are indeed found to be 
ontinuous. �

4 Final remarks

The presented variational mi
romorphi
 problem �ts neatly in the framework of the dire
t methods of

variations. The 
oer
ivity part for the deformation is, however, highly nontrivial and for the value of the

Cosserat 
ouple modulus �




= 0, additional diÆ
ulties arise whi
h 
an only be 
ir
umvented by the use

of the generalized Korn's �rst inequality. In both 
ases I/II, more realisti
 assumptions on the applied

external loads � are ne
essary to establish a lower bound for the energy I and an independent 
ontrol of

the 
urvature.

Altogether, the quasistati
 �nite mi
romorphi
 theory is established on �rm mathemati
al grounds.

With the same methods, the geometri
ally exa
t mi
rostret
h 
ase 
an also be treated.

An extension of the method to other 
hoi
es of strain and 
urvature measures needs to be done,

however, this might be a non-trivial task.

The open 
ase III allows in prin
iple for dis
ontinuous ma
ros
opi
 deformations and might therefore

be a model problem allowing to des
ribe fra
ture. The presented variational framework is ideally suited

for subsequent numeri
al treatment by the �nite element method.
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6 Appendix

6.1 Notation

Let 
 � R

3

be a bounded domain with Lips
hitz boundary �
 and let � be a smooth subset of �
 with non-vanishing

2-dimensional Hausdor� measure. For a; b 2 R

3

we let ha; bi

R

3

denote the s
alar produ
t on R

3

with asso
iated ve
tor norm

kak

2

R

3

= ha; ai

R

3

. We denote by M

3�3

the set of real 3�3 se
ond order tensors, written with 
apital letters and by T(3) the set

of all third order tensors. The standard Eu
lidean s
alar produ
t on M

3�3

is given by hX;Y i

M

3�3

= tr

�

XY

T

�

, and thus the

Frobenius tensor norm is kXk

2

= hX;Xi

M

3�3

. In the following we omit the index R

3

;M

3�3

. The identity tensor on M

3�3

will be denoted by 11, so that tr [X℄ = hX; 11i. We let Sym and PSym denote the symmetri
 and positive de�nite symmetri


tensors respe
tively. We adopt the usual abbreviations of Lie-group theory, i.e., GL(3;R) := fX 2 M

3�3

jdet[X℄ 6= 0g the

general linear group, SL(3;R) := fX 2 GL(3;R) jdet[X℄ = 1g; O(3) := fX 2 GL(3;R) j X

T

X = 11g; SO(3;R) := fX 2

GL(3;R) jX

T

X = 11; det[X℄ = 1g with 
orresponding Lie-algebras so(3) := fX 2 M

3�3

jX

T

= �Xg of skew symmetri


tensors and sl(3) := fX 2 M

3�3

jtr [X℄ = 0g of tra
eless tensors. We set sym(X) =

1

2

(X

T

+X) and skew(X) =

1

2

(X�X

T

)

su
h that X = sym(X) + skew(X). For X 2 M

3�3

we set for the deviatori
 part devX = X �

1

3

tr [X℄ 11 2 sl(3) and

for ve
tors �; � 2 R

n

we have the tensor produ
t (� 
 �)

ij

= �

i

�

j

. The operator axl : so(3;R) 7! R

3

is the 
anoni
al

identi�
ation. We write the polar de
omposition in the form F = RU = polar(F )U with R = polar(F ) the orthogonal part

of F . For a se
ond order tensor X we de�ne the third order tensor h = D

x

X(x) = (r(X(x):e

1

);r(X(x):e

2

);r(X(x):e

3

)) =

(h

1

; h

2

; h

3

) 2 M

3�3

� M

3�3

� M

3�3

. For third order tensors h 2 T(3) we set khk

2

=

P

3

i=1

kh

i

k

2

together with sym(h) :=

(sym h

1

; sym h

2

; sym h

3

) and tr [h℄ := (tr

�

h

1

�

; tr

�

h

2

�

; tr

�

h

3

�

) 2 R

3

. Moreover, for any se
ond order tensor X we de�ne

X � h := (Xh

1

;Xh

2

;Xh

3

) and h �X 
orrespondingly. Quantities with a bar, e.g. the mi
ropolar rotation R

p

, represent the

mi
ropolar repla
ement of the 
orresponding 
lassi
al 
ontinuum rotation R. In general we work in the 
ontext of nonlinear,

�nite elasti
ity. For the total deformation ' 2 C

1

(
;R

3

) we have the deformation gradient F = r' 2 C(
;M

3�3

) and

we use r in general only for 
olumn-ve
tors in R

3

. Furthermore, S

1

(F ) and S

2

(F ) denote the �rst and se
ond Piola

Kir
hho� stress tensors, respe
tively. Total time derivatives are written

d

dt

X(t) =

_

X. The �rst and se
ond di�erential

of a s
alar valued fun
tion W (F ) are written D

F

W (F ):H and D

2

F

W (F ):(H;H), respe
tively. Sometimes we use also

�

X

W (X) to denote the �rst derivative of W with respe
t to X. We employ the standard notation of Sobolev spa
es, i.e.
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L

2

(
); H

1;2

(
); H

1;2

Æ

(
), whi
h we use indi�erently for s
alar-valued fun
tions as well as for ve
tor-valued and tensor-valued

fun
tions. Moreover, we set kXk

1

= sup

x2


kX(x)k. For X 2 C

1

(
;M

3�3

) we de�ne CurlX(x) and DivX(x) as the

operation 
url and Div applied row wise, respe
tively. For h 2 T(3) we de�ne Div h =

�

Div h

1

jDiv h

2

jDiv h

3

�

T

2 M

3�3

.

We de�ne H

1;2

Æ

(
;�) := f� 2 H

1;2

(
) j �

j

�

= 0g, where �

j

�

= 0 is to be understood in the sense of tra
es and by C

1

0

(
)

we denote in�nitely di�erentiable fun
tions with 
ompa
t support in 
. We use 
apital letters to denote possibly large

positive 
onstants, e.g. C

+

;K and lower 
ase letters to denote possibly small positive 
onstants, e.g. 


+

; d

+

. The smallest

eigenvalue of a positive de�nite symmetri
 tensor P is abbreviated by �

min

(P ). Finally, w.r.t. abbreviates with respe
t to.

6.2 Derivation of the geometri
ally exa
t mi
romorphi
 balan
e equations

The derivation of the for
e balan
e equation is straight forward. Sin
e we 
an write P = R

p

� U

p

and R

p

; U

p


an be

pres
ribed arbitrarily, we may realize the variation of P through independent variation of the orthogonal and stret
h part:

P = R

p

� U

p

)

d

dt

P =

�

d

dt

R

p

�

U

p

+ R

p

�

d

dt

U

p

�

: (6.1)

Now take either

d

dt

U

p

= 0 or

d

dt

R

p

= 0. In the �rst 
ase, we have the variation

d

dt

P =

�

d

dt

R

p

�

U

p

= AR

p

U

p

= AP; A 2 so(3;R) ; (6.2)

and in the se
ond 
ase we have

d

dt

P = R

p

�

d

dt

U

p

�

= R

p

T U

p

; T 2 sl(3;R) \ Sym(3) : (6.3)

For the �rst 
ase, we 
onsider simultaneously in ea
h spa
e point a one parameter group of mi
rodeformations

d

dt

^

P (x; t) =

A(x; t) �

^

P (x; t);

^

P (x; 0) = P (x); A 2 C

1

0

(
; sl(3;R)). The 
orresponding stationarity 
ondition is obtained from

d

dt

j

t=0

I(';

^

P (x; t)) = 0. This yields three terms: the derivatives involving W

mp

(F; P ) and �(P ) are straightforward, using

the de�nition of the one parameter group, and yield

d

dt

j

t=0

�(

^

P (x; t)) = hD

P

�(

^

P (x; t);

d

dt

^

P (x; t)i = hD

P

�(

^

P (x; t); A(x; t) �

^

P (x; t)i = hD

P

�(P )P

T

; A(x; t)i (6.4)

= hD

P

�(P )U

p

R

T

p

; A(x; t)i = hR

p

R

T

p

D

P

�(P )U

p

R

T

p

; A(x; t)i = hR

p

skew

�

R

T

p

D

P

�(P )U

p

�

R

T

p

; A(x; t)i ;

and

d

dt

j

t=0

W

mp

(F;

^

P (x; t)) = hD

U

W

mp

(U;U

p

);

d

dt

Ui = hD

U

W

mp

(U;U

p

);

d

dt

[

^

P

�1

F ℄i = hD

U

W

mp

(U;U

p

); [

d

dt

^

P

�1

℄F i

= hD

U

W

mp

(U;U

p

);�

^

P

�1

[

d

dt

^

P ℄

^

P

�1

F i = �hD

U

W

mp

(U;U

p

);

^

P

�1

[

d

dt

^

P ℄Ui

= �hD

U

W

mp

(U;U

p

);

^

P

�1

A(x; t) �

^

P (x; t)Ui = �hD

U

W

mp

(U;U

p

)U

T

;

^

P

�1

A(x; t) �

^

P (x; t)i

= �h

^

P

�T

D

U

W

mp

(U;U

p

)U

T

^

P

T

; A(x; t)i = �hR

p

U

�1

p

D

U

W

mp

(U;U

p

)U

T

U

p

R

T

p

; A(x; t)i (6.5)

= �hR

p

skew

�

U

�1

p

D

U

W

mp

(U;U

p

)U

T

U

p

�

R

T

p

; A(x; t)i = �hR

p

skew

�

U

�1

p

D

U

W

mp

(U;U

p

)U

T

U

T

p

�

R

T

p

; A(x; t)i

Here, h�; �i means additionally integration w.r.t. x. For the term 
ontaining the 
urvature part, we note

d

dt

j

t=0

Z




W


urv

(K(x; t)) dV =

3

X

i=1

h�

K

i

W


urv

(K

1

;K

2

;K

3

); R

T

p

r(AP:e

i

) + (AR

p

)

T

r(P :e

i

)i

M

3�3

=

3

X

i=1

hR

p

�

K

i

W


urv

(K

1

;K

2

;K

3

);r(AP:e

i

)i

M

3�3

+ hR

p

�

K

i
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urv

(K

1
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;K
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)K

i;T
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; A
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(6.6)

=

3

X

i=1

�hDiv

�

R

p

�

K

i

W


urv

(K

1

;K

2

;K

3

)

�

; AP:e

i

i

R

3

+ hR
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X
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�

K

i
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!
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; A
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i

= �hDiv
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p

D
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(K)

�
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+ hR
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�
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p

!

; A
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i

= �hDiv

�

R

p

D
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(K)

�

P

T

; Ai+ hR
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�
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;K
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;K

3
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!

R

T

p

; A
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i

= �hR

p

R

T

p

Div

�

R

p

D

K

W


urv

(K)

�
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p

R

T

p

; Ai � hR

p
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3

X

i=1

�

�
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i

W


urv
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1

;K

2

;K

3

)K

i;T
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!

R

T

p

; Ai (6.7)

= �hR

p

skew

�

R

T

p

Div

�

R

p

D

K

W


urv

(K)

�

U

p

�

R

T

p

; Ai � hR

p

skew

�

D

K

W


urv

(K)K

T

�

R

T

p

; Ai :

Sin
e A 2 C

1

0

(
; so(3;R)) is arbitrary, equation (2.12)

2

follows. In order to obtain the remaining �ve equations for the �ve

independent 
omponents of U

p

2 SL(3;R) \ PSym(3) we 
onsider the se
ond possible independent variation of P . With

d

dt

P = R

p

T U

p

; T 2 sl(3;R) \ Sym(3) ; (6.8)

we 
onsider simultaneously in ea
h spa
e point a one parameter group of mi
rodeformations

d

dt

^

P (x; t) = R

p

T U

p

;

^

P (x; 0) =

P (x); T 2 C

1

0

(
; sl(3;R)). The 
orresponding stationarity 
ondition is obtained from

d

dt

j

t=0

I(';

^

P (x; t)) = 0. This yields
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again three terms: the derivatives involving W

mp

(F; P ) and �(P ) are straightforward, using the de�nition of the one

parameter group, and yield

d

dt

j

t=0

�(

^

P (x; t)) = hD

P

�(

^

P (x; t);

d

dt

^

P (x; t)i = hD

P

�(

^

P (x; t); R

p

T (x; t) � U

p

(x; t)i = hR

T

p

D

P

�(P )U

p

; T (x; t)i

= hdev sym

�

R

T

p

D

P

�(P )U

p

�

; T (x; t)i ; (6.9)

and

d

dt

j

t=0

W

mp

(F;

^

P (x; t)) = hD

U

W

mp

(U;U

p

);

d

dt

Ui+ hD

U

p

W

mp

(U;U

p

);

d

dt

U

p

i

= �hD

U

W

mp

(U;U

p

);

^

P

�1

[

d

dt

^

P ℄Ui+ hD

U

p

W

mp

(U;U

p

); T (x; t)U

p

i

= �hD

U

W

mp

(U;U

p

);

^

P

�1

R

p

T (x; t) � U

p

Ui+ hD

U

p

W

mp

(U;U

p

)U

T

p

; T (x; t)i

= �hD

U

W

mp

(U;U

p

)U

T

; U

�1

p

T (x; t)U

p

i+ hD

U

p

W

mp

(U;U

p

)U

T

p

; T (x; t)i (6.10)

= �hU

�1

p

D

U

W

mp

(U;U

p

)U

T

U

p

; T (x; t)i + hD

U

p

W

mp

(U;U

p

)U

T

p

; T (x; t)i

= �hdev sym

�

U

�1

p

D

U

W

mp

(U;U

p

)U

T

U

p

�

; T (x; t)i + hdev sym

�

D

U

p

W

mp

(U;U

p

)U

T

p

�

; T (x; t)i :

For the term 
ontaining the 
urvature part, we note

d

dt

j

t=0

Z




W


urv

(K(x; t)) dV =

3

X

i=1

h�

K

i
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urv

(K

1

;K

2

;K

3

); R

T

p

r(R

p
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p
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) + (

d
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R

p

)

T

r(P:e
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3�3

(6.11)

=

3
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hR

p

�
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i
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(K
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;K

2

;K
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);r(TU

p

:e

i

)i
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3�3

= �hdev sym

�

R

T

p

Div

�

R

p

D

K
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urv

(K)

�

U

p

�

; T i :

Sin
e T 2 C

1

0

(
; sl(3;R)) is arbitrary, equation (2.12)

3

follows. By splitting the possible variations of P 2 SL(3;R), we

have impli
itly used the Cartan Lie-algebra de
omposition: sl(3;R) = so(3;R)� p; p = fT 2 sym(3) j tr [T ℄ = 0g.

6.3 The in�nitesimal mi
romorphi
 elasti
 solid

Starting with the �nite formulation (3.1) we may obtain a linear, in�nitesimal mi
roin
ompressible, mi
romorphi
 model

by expanding all appearing variables to �rst order and keeping quadrati
 terms in the energy expression. Thus we write

F = 11 +ru; P = 11 + p; tr [p℄ = 0 and the model turns into the problem of �nding a pair (u; p) : 
 � R

3

7! R

3

� sl(3;R)

of displa
ement u and independent, in�nitesimal mi
rodeformation p satisfying

Z




W

mp

("; symp) +W


urv

(k)� hf; ui � hM;pi dV �

Z

�

S

hN; ui dS�

Z

�

C
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; pi dS 7! min : w.r.t. (u; p);

" = ru� p; p

j

�

= p

d

2 p; '

j

�

= g

d

(6.12)

f(x) = D

'

�

f

(x; x); M(x) = D

P

�

M

(x; 11); N(x) = D

'

�

N

(x; x); M




(x) = D

P

�

M




(x; 11)
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("; p) = � k sym "k
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+ �
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2
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= � k symru� sym pk
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+ �
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tr [symru℄
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+ �
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(k) = �
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;

k = D

x

p = (r(p:e

1

);r(p:e

2

);r(p:e

3

)) ; third order, in�nitesimal 
urvature tensor :

If �; �

m

> 0 and �




; �; �

m

� 0 it is an easy matter to show existen
e and uniqueness without any modi�
ation of the


lassi
al situation for the external loads. The energy fun
tional 
an be easily shown to be bounded below as soon as we

assume that f;M 2 L

2

(
); N;M




2 L

2

(�
).

6.4 The in�nitesimal mi
rostret
h elasti
 solid

Su
h a model is obtained by assuming P = e

�

R;� 2 R; R 2 SO(3;R) with independent variables �;R and independent


urvature parts K = R

T

D

x

R and r�(x; y; z). Inserting this assumption

14

into (3.1) and expanding e

�

= 1 + �+ : : : ; R =

14

This is not the most general in�nitesimal mi
rostret
h formulation.
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11 +A+ : : : yields to �rst order the three-�eld problem
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= �
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(6.13)
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=

q

P

T
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q
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2�

R

T

R = e

�

� 11 = (1 + �+ : : : ) � 11 = 11 + � � 11 + : : :
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; third order, in�nitesimal 
urvature tensor :

6.5 The in�nitesimal mi
ropolar elasti
 solid

Su
h a model is obtained by setting � � 0 in (6.13). We are left with the two-�eld problem
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(6.14)
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; third order, in�nitesimal 
urvature tensor :
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