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Abstra
t

A des
ription of the 
omputable prin
iples on I{minimal admissib-

le sets is given. It is shown that the redu
tion and total extension

properties do not hold and the properties of separation and existen
e

of a universal fun
tion are preserved from ideals.

1 Introdu
tion

1.1 On 
omputability and e{redu
ibility

The main results in the 
omputability theory 
an be found e.g. in [1℄. Here

we give the notions whi
h are applied in this paper.

An equality by de�nition is denoted by �. We write the set 
ontaining

all natural numbers by !.

As usual, the join A�B of subsets A;B � ! is de�ned by

f2x j x 2 Ag [ f2x+ 1 j x 2 Bg:

Let A

0

; A

1

; : : : ; A

k

, k > 0, be subsets of naturals. Then

L

i6k

A

i

� A

0

if k = 0; and

L

i6k

A

i

� (

L

i6k�1

A

i

)� A

k

, otherwise.

Given a set X, we denote the power set of X by P(X).

For any n{ary predi
ate R, Pr

k

(R), k 6 n, are the proje
tions on the


orresponding 
oordinates.

�
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Fun
tions are often identi�ed with their graphs. If ' is a partial fun
tion

then we write its domain and range as Æ' and �' respe
tively. We will denote

the graph of ' by �

'

.

By W

n

we denote the n{th 
omputably enumerable (
.e.) set in the

Post numbering. Re
all that this numbering is prin
ipal, that is, for any


omputable sequen
e fA

n

g

n2!

of 
.e. sets there is a 
omputable fun
tion su
h

that A

n

= W

f(n)

for every n 2 !. Given A � !, by W

A

n

we denote the n{th

set whi
h is 
omputably enumerable with the ora
le set A. The numbering

n 7! W

A

n

is prin
ipal for the 
lass of all the A{
omputable numberings. By

D

n

we denote the n{th �nite set de�ned as follows: D

n

� fa

1

< : : : < a

k

g

for n =

P

k

i=1

2

a

i

> 0; and D

0

� ?. Noti
e that the relation x 2 D

m

and

the fun
tion m 7! jD

m

j are 
omputable. A sequen
e fA

n

g

n2!

of �nite sets is


alled strongly 
omputable if the relation x 2 A

m

and the fun
tion m 7! jA

m

j

are 
omputable.

Let A, B be sets of naturals. We say that A is enumerably redu
ible (in

symbols, A 6

e

B) if

9n8t (t 2 A, 9m (ht;mi 2 W

n

& D

m

� B)):

De�ne enumeration operators �

n

, n 2 !, as

�

n

(S) = fx j 9m (hx;mi 2 W

n

& D

m

� S)g:

Then we 
an give another de�nition of e{redu
ibility:

A 6

e

B , 9n(�

n

(B) = A):

In this 
ase, we say �

n

is given by W

n

. The following properties of enumera-

tion operators play an important role:

monotoni
ity: A � B ) �

n

(A) � �

n

(B);


ontinuity: x 2 �

n

(A)) 9X � A (
ard (X) < ! & x 2 �

n

(X)).

We say that a 
olle
tion �

n

of enumeration operators satis�es a property

P , if a 
olle
tion A

n

of 
.e. sets giving �

n

does. E.g., �

n

is a 
omputable

sequen
e if A

n

is.

One 
an also 
onsider enumeration operators having several arguments.

Likewise we de�ne enumeration operators �

n

, n 2 !, with l set variables:

�

n

(S

0

; S

1

; : : : ; S

l�1

) =

fx j 9m

0

9m

1

: : :9m

l�1

(h

h

h

h

h

h

h

h

hx;m

0

; m

1

; : : : ; m

l�1

i

i

i

i

i

i

i

i

i 2 W

n

&

l�1

V

i=0

D

m

i

� S

i

)g:
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This operator also satis�es the 
ontinuity and monotoni
ity properties for all

the arguments. Furthermore, given a number n of su
h an operator it 
an be

e�e
tively found n

0

su
h that �

n

(S

0

; S

1

; : : : ; S

l�1

) = �

n

0

(S

0

�S

1

� : : :�S

l�1

).

6

e

is a preorder on P(!) whi
h indu
es an order on the set of e{degrees

P(!)

=

�

e

where A �

e

B , A 6

e

B&B 6

e

A. An asso
iated order is denoted

so as e{redu
ibility. Given A � !, we denote the e{degree 
ontaining A

by d

e

(A). Noti
e that the set of all e{degrees with the order 6

e

is an upper

semilatti
e with a least element (we write it as L

e

). Moreover, d

e

(A)td

e

(B) =

d

e

(A�B) where a t b is the sup of a and b. 0 is the e{degree 
onsisting of

all 
.e. sets.

A non{empty 
olle
tion I of e{degrees is 
alled an e{ideal (or, simply, an

ideal) if the following 
onditions hold:

1. a 6 b&b 2 I ) a 2 I;

2. a;b 2 I ) a t b 2 I.

The 
olle
tion of all the ideals of L

e

is denoted by J (L

e

). Given an ideal

I, we let I

+

= fS � ! j S 6= ?; d

e

(S) 2 Ig, I

�

= I

+

[ f?g.

1.2 On admissible sets theory

We use the theory developed in in [2℄. Here we will give only de�nitions and

propositions from [3℄.

A KPU{model A in a �nite signature � � fU

1

; 2

2

; ?g is 
alled an admis-

sible set if it is well-ordered by 2. The relations U, 2 are interpreted as


olle
tion of all urelements, membership{relation respe
tively; and ? as the

empty set. Admissible sets are denoted by A , B , C . If M is an arbitrary

model then its domain is denoted by dom(M). We de�ne 
omputably enu-

merable (
omputable) sets on admissible sets as subsets being de�nable by

formulas of a spe
ial kind, | � formulas (� and � formulas simultaneously).

Computably enumerable and 
omputable subsets are 
alled � and � subsets

respe
tively. Colle
tions of all � and � subsets on an admissible stru
ture

A are denoted by �(A ) and �(A ) respe
tively.

Now we give two important redu
ibilities on admissible sets.

(Yu.L. Ershov) A modelM in some �nite relation signature fP

n

1

1

; : : : ; P

n

k

k

g

is said �{de�nable in an admissible set A (in symbols,M 6

�

A ) if there exists

a map � : dom(A )

onto

! dom(M) su
h that �

�1

(=), �

�1

(P

M

1

), : : :, �

�1

(P

M

k

)

are � predi
ates on A .
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(A.S. Morozov) We say that an admissible set B is �{redu
ible in an admissib-

le set A (in symbols, B v

�

A ) if there exists a map � : dom(A )

onto

! dom(M)

su
h that �

�1

(�(B )) � �(A ).

It follows immediately from de�nitions that B v

�

A implies B 6

�

A .

However, the 
onverse proposition doesn't hold.

An important sub
lass of admissible sets is ones of hereditarily �nite

sets. A hereditarily �nite set over M 
an be de�ned as follows: HF

0

(M) =

M [ f?g; HF

n+1

(M) = HF

n

(M) [ P

!

(HF

n

(M)); HF (M) =

S

n<!

HF

n

(M);

where P

!

(X) is 
olle
tion of all the �nite subsets of X. If M is a model

in some �nite relation signature � and � \ f?;2

2

; U

1

g = ? then it 
an

be de�ned a model H F (M) in the signature �

�

= � [ f?;2

2

; U

1

g with the

domain HF (M) and U

HF (M)

=M . The model is 
alled the hereditarily �nite

set over M.

Noti
e that ! � Ord A and ! is a � subset of A , for any admissible set

A . All the 
olle
tions having form fB � ! j B 2 �(A )g for some admissible

set A were des
ribed in [3℄.

Theorem 1.1 1. Given an arbitrary admissible set A , 
olle
tion of all �

subsets of ! � A is represented as I

�

for some e{ideal I.

2. For every e{ideal I there exists a model M in some �nite signature

su
h that I

�


oin
ides with 
olle
tion of all � subsets of ! on H F (M).

Moreover, this model 
an be 
hosen so that 
ard (M) = 
ard (I

�

).

Let A be an admissible set. By I

e

(A ) we denote fd

e

(B) j B � !; B 2 �(A )g.

A 
olle
tion S � P(dom(A )) is 
alled 
omputable on A if S [ f?g =

f�

A

[a; x℄ j a 2 Ag for some � formula �(x

0

; x

1

), possibly with parameters.

We will 
onsider 
omputable families of subsets of naturals. By S

!

(A ) we

denote 
lass of all the 
omputable on A 
olle
tions of subsets of !.

These 
lasses preserve under the redu
ibilities on admissible sets mentio-

ned above.

Proposition 1.1 1. (A.S. Morozov) If A v

�

B then S

!

(A ) � S

!

(B ). In

parti
ular, I

e

(A ) � I

e

(B ).

2. (Yu.L. Ershov; [2℄) M 6

�

A , H F (M) v

�

A .

To prove the proposition 2 of theorem 1.1 several 
lasses of models were


onstru
ted. We give only ones 
onstru
ted by author.
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Let hU;�i be a pair 
onsisting of some non{empty 
olle
tion U of non{

empty subsets of ! and some sequen
e of non{zero 
ardinals � = h�

S

j S 2

Ui. We de�ne a modelM

hU;�i

in a signature fQ

3

; s

2

; 0g as follows:

dom(M

hU;�i

) � ! [ fhS; 
i j 
 < �

S

; S 2 Ug [ fhS; 
; ni j n 2 S; 
 <

�

S

; S 2 Ug;

0

M

hU;�i

� ? 2 !; s

M

hU;�i

� fhn; n+ 1i j n 2 !g;

Q

M

hU;�i

� fhhS; 
; ni; hS; 
i; ni j n 2 S; 
 < �

S

; S 2 Ug.

Noti
e that the natural 
orresponden
e Æ between ! and Ord H F (M

hU;�i

)

is � fun
tion. It allows to identify the 
orresponding elements of these sets.

Let Code(M

hU;�i

) 
 fhS; 
i j S 2 U; 
 < �

S

g and �

M

hU;�i

a map from

Code(M

hU;�i

) to the power of ! de�ned by hS; 
i 7! S. Then � fun
tion




0

(x) =

8

>

>

>

<

>

>

>

:

x; if x 2 Code(M

hU;�i

);

hÆ(n); zi; if hx; z; ni 2 Q

M

hU;�i

;

Æ(x); if x 2 !;

h?; f


0

(z) j z 2 xgi; otherwise;

is embedding ofHF (dom(M

hU;�i

)) intoHF (Code(M

hU;�i

)). By 


�

0

we denote

the inverse of 


0

.

A sequen
e � = h�

�

S

j S 2 Ui will be 
alled apposite if �

�

S

> ! for any

S 2 U . It is showed in [?℄ that I

e

(H F (M

hI

+

;�i

)) = I for any ideal I and

every apposite sequen
e �. Given any ideal I, 
lass of models fM

hI

+

;�i

j

� is appositeg 
orresponding to the e{ideal I will be denoted by K

I

.

Theorem 1.2 [3℄ Given any admissible set A , there exists a model M

0

2

K

I

e

(A )

su
h that M

0

6

�

A .

Theorem 1.3 [3℄ Let I be an e{ideal and M

0

2 K

I

. Then S � P(!) is


omputable on H F (M

0

) i� S [ f?g = f�

n

(R;A) j n 2 !; R 2 I

�

g for some

A 2 I

�

and a 
omputable sequen
e f�

n

g

n2!

of enumeration operators.

A 
lass R of admissible sets will be 
alled I{minimal if it satis�es the

following 
onditions:

� for any admissible set A with I

e

(A ) = I there exists an admissible set

B 2 R su
h that B v

�

A ;

� B

0

� A

0

for any admissible sets B

0

, B

1

2 R.
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A sequen
e fR

I

g

I2J (L

e

)

of I{minimal 
lasses will be 
alled uniform if it

satis�es the following 
onditions:

� all the 
lasses of the sequen
e 
ontain models in the same signature;

� if I

0

, I

1

2 J (L

e

) satisfy I

0

6 I

1

then for every model A

0

2 R

I

0

there

exists A

1

2 R

I

1

su
h that A

0

6 A

1

;

� if I

0

, I

1

2 J (L

e

) satisfy I

0

6 I

1

then for every model A

1

2 R

I

1

there

exists A

0

2 R

I

0

su
h that A

0

6 A

1

.

Noti
e that the sequen
e ffH F (M) jM 2 K

I

gg

I2J (L

e

)

is uniform.

2 A des
ription of �{subsets

First we give some des
ription of �{subsets on hereditarily �nite sets over

models from K

I

. Noti
e that it 
oin
ides with the Ri
e{Shapiro des
ription

of index sets.

LetX, Y be sets. We say thatX is approximately equal to Y (in symbols,

X � Y ) if (X n Y ) [ (Y n X) is �nite. Re
all that �

M

0

is the natural map

from Code(M

0

) to the power of !.

Proposition 2.1 Let I be an e{ideal, M

0

2 K

I

and k > 0. Then the

following 
onditions are equivalent:

1. X � Code(M

0

) is de�nable in H F (M

0

) by some �{formula �(x

0

) with

parameters s

0

; : : : ; s

k�1

2 Code(M

0

);

2. X [ fs

0

; : : : ; s

k�1

g = fx 2 Code(M

0

) j 9u 2 �(�

M

0

(s

0

) � : : : �

�

M

0

(s

k�1

))(D

u

� �

M

0

(x))g[fs

0

; : : : ; s

k�1

g for some enumeration ope-

rator �.

Moreover, a number of some formula � (some enumeration operator �) 
an

be e�e
tively found by the number of enumeration operator � (formula �).

Proof. Let I and M

0

be obje
ts from the proposition. For any A 2 I

�

, we

let Y

A

= fx 2 Code(M

0

) j 9u 2 A(D

u

� �

M

0

(x))g.

(2 ) 1) Noti
e that if Y is �{subset on H F (M

0

) and X � Y then X is

too. Let A 2 I

�

and X � Y

A

. Then it follows from I

e

(H F (M

0

)) = I and

x 2 Y

A

, 9u[u 2 A ^ 8t 2 D

u

9z Q(z; x; t)℄
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that Y

A

is � subset on H F (M

0

) and hen
e X is � too.

(1 ) 2) Let X be de�nable by some � formula �(x

0

; s

0

; : : : ; s

k�1

) with

parameters s

0

; : : : ; s

k�1

, k > 0, from dom(M

0

) (we assume this list is empty

for k = 0). We 
an suppose that all the parameters are from Code(M

0

).

First we prove two lemmas.

Lemma 2.1 Let x; y 2 Code(M

0

) be su
h that x 2 X, �

M

0

(x) � �

M

0

(y)

and fx; yg \ fs

0

; : : : ; s

k�1

g = ?. Then y 2 X.

To prove the lemma we 
onstru
t an auxiliary model M

1

in the signature

f0; s

2

; Q

3

g as follows: given n 2 �

M

0

(y) n �

M

0

(x) we take z

n

62 dom(M

0

) so

that z

n

1

6= z

n

2

for n

1

6= n

2

. Now we let dom(M

1

) = dom(M

0

) [ fz

n

j n 2

�

M

0

(y) n �

M

0

(x)g, s

M

1

= s

M

0

, 0

M

1

= 0

M

0

, Q

M

1

= Q

M

0

[ fhz

n

; x; ni j n 2

�

M

0

(y) n �

M

0

(x)g. It 
an be easily veri�ed that H F (M

0

) 6

end

H F (M

1

) and

hen
e H F (M

1

) j= �(x; s

0

; : : : ; s

k�1

). Furthermore, there is an isomorphism

f : H F (M

1

) ! H F (M

0

) satisfying f(x) = y and f(s

i

) = s

i

for any i < k.

Hen
e, H F (M

0

) j= �(y; s

0

; : : : ; s

k�1

). Thus y 2 X. �

Lemma 2.2 Let x 2 X be su
h that x 62 fs

0

; : : : ; s

k�1

g. Then there is

y 2 X n fs

0

; : : : ; s

k�1

g su
h that �

M

0

(y) is �nite and �

M

0

(y) � �

M

0

(x).

Sin
e � is � formula and H F (M

0

) j= �(x; s

0

; : : : ; s

k�1

) there exists a �nitely

generated (in this 
ase, a �nite) model M

0

0

6 M

0

su
h that H F (M

0

0

) j=

�(x; s

0

; : : : ; s

k�1

). We 
an suppose that ! \ jM

0

0

j is an initial segment of

!. Let y 2 Code(M

0

) n Code(M

0

0

) be su
h that �

M

0

(y) = �

M

0

0

(x). Then

there exists an embedding f

0

: H F (M

0

0

)! H F (M

0

) satisfying f

0

(x) = y and

f

0

� (jM

0

0

j n fxg) = id

(jM

0

0

jnfxg)

. It is obvious that f

0

(H F (M

0

0

)) 6

end

H F (M

0

)

and hen
e H F (M

0

) j= �(y; s

0

; : : : ; s

k�1

). Thus y 2 X. �

Return to proof of the proposition 2.1. Consider 
olle
tion of all the �nite

modelsM

0

in the signature fQ

3

; s

2

; 0g satisfying the following 
onditions:

- ! \ jM

0

j is a proper initial segment of !;

- the symbols 0 and s are interpreted as above;

- 8x(x 2 ! $ 9z9nQ(z; n; x));

- 8x(x 62 ! $ 9z9n 2 !(Q(z; x; n) _Q(x; z; n)));

- 8x(9z9nQ(x; z; n) ! (9!z9!nQ(x; z; n) ^ 8z8n

:

Q(z; x; n))).
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It is evident that the 
olle
tion is strongly 
omputable, that is, there is a

strongly 
omputable sequen
e of domains of models with uniformly 
ompu-

table signature relations.

By S we denote the 
olle
tion of models with the e�e
tive stru
ture given

on them. Then a relation H F (M

0

) j= �(x; a

0

; : : : ; a

k�1

) will be 
omputably

enumerable in respe
t toM

0

2 S, � formula � and elements x, a

0

, : : :, a

k�1

of dom(M

0

). Now we introdu
e one more auxiliary notion. Let M, M

0

be

models in a signature � and �

0

� �. A homomorphism � :M!M

0

will be


alled �

0

{embedding if � :M � �

0

!M

0

� �

0

is embedding. We say thatM is

�

0

{embeddable intoM

0

(in symbols,M ,!

�

0

M

0

) if there exists �

0

{embedding

� :M!M

0

. Let A be

fu : 9M

0

2 S9x 2 jM

0

j[H F (M

0

) j= �(x; u

0

; : : : ; u

k�1

)^

^

k�1

V

i=0

:

(x = u

i

) ^ ((M

0

; u

0

; : : : ; u

k�1

) ,!

fsg

(M

0

; s

0

; : : : ; s

k�1

))^

^(8t 2 jM

0

j((9z 2 jM

0

jhz; x; ti 2 Q

M

0

)$ t 2 D

u

))℄g:

(1)

It 
an be easily established that (M

0

; u

0

; : : : ; u

k�1

) ,!

fsg

(M

0

; s

0

; : : : ; s

k�1

) i�

8i < k[D

u

i

� �

M

0

(s

i

)℄, so, by (1), we obtain A 6

e

�

M

0

(s

0

)� : : :��

M

0

(s

k�1

).

To prove X � Y

A

it suÆ
es for every 9{formula ' in the signature fQ; s; 0g

to �nd some 9{formula  with positive o

uren
e of Q whi
h is equivalent

to ' in respe
t ofM

0

and models from S. But it 
an be made, by indu
tion

on 
omplexity of formulas, from the following relation:

:

Q(x

0

; x

1

; x

2

) � 9x

3

9x

4

(Q(x

3

; x

0

; x

4

) _ (Q(x

3

; x

4

; x

0

) _ (Q(x

1

; x

3

; x

4

)_

(Q(x

3

; x

4

; x

1

) _ (Q(x

2

; x

3

; x

4

) _ (Q(x

3

; x

2

; x

4

)_

(Q(x

0

; x

3

; x

4

) ^ (

:

(x

1

= x

3

) _

:

(x

2

= x

4

))))))))):

�

Corollary 2.1 Let X be de�nable in H F (M

0

) by some � formula with pa-

rameters s

0

; : : : ; s

k�1

from Code(M

0

) ha

0

; a

1

; : : : ; a

l�1

i 2 X, l > 1 where

a

i

2 Code(M

0

), 0 6 i < l; a

i

6= a

j

for 0 6 i < j < l; s

q

6= a

r

, 0 6 q < k,

0 6 r < l. Then there is a �nite F � ! su
h that hb

0

; b

1

; : : : ; b

l�1

i 2 X for

every b

i

2 Code(M

0

), 0 6 i < l, with the following properties: F � �

M

0

(b

i

),

0 6 i < l; b

i

6= b

j

for 0 6 i < j < l; s

q

6= b

r

, 0 6 q < k, 0 6 r < l.
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3 On prin
iples on I{minimal admissible sets

We say that an admissible set A satis�es the redu
tion property if for any

B;C 2 �(A ) there are distin
t B

0

; C

0

2 �(A ) with B

0

� B, C

0

� C,

B

0

[C

0

= B [C. The results 
on
erning this property 
an be seen in [2, 4℄.

Proposition 3.1 Let I be an e{ideal and M

0

2 K

I

. Then the redu
tion

prin
iple doesn't hold on H F (M

0

).

Proof. Let X

0

= fx 2 Code(M

0

) j 0 2 �

M

0

(x)g and X

1

= fx 2 Code(M

0

) j

1 2 �

M

0

(x)g. These sets are � de�nable. Let Y

i

� X

i

, i = 0; 1, be � subsets

and satisfy X

0

[X

1

= Y

0

[Y

1

. Then, by proposition 2.1, there is a 2 Y

0

\ Y

1

su
h that �

M

0

(a) = f0; 1g. �

We say that an admissible set A satis�es the total extension property if

for every partial � fun
tion ' there is a total � fun
tion f extending ', that

is, �

'

� �

f

.

Proposition 3.2 Let I be an e{ideal and M

0

2 K

I

. Then H F (M

0

) doesn't

satisfy the total extension property.

Proof. Suppose that this proposition doesn't hold for some e{ideal I. Take

M

0

2 K

I

for su
h an ideal I; 
onsider a partial �{fun
tion '(x; y) su
h

that '(x; y) = z , Q(z; y; x). Let f(x; y) be a total �{fun
tion extending

'. Noti
e that if �

M

0

(a) = A then n 62 A , 9z[

:

Q(z; a; n) ^ (f(n; a) = z)℄

so it is ne
essary that I would 
losed under the jump operation. Now let

s

0

; s

1

; : : : ; s

k�1

be parameters from Code(M

0

) being used in a de�nition �

f

.

Then we take any b 2 Code(M

0

) su
h that �

M

0

(b) 6= ! and b is not a

parameter. By 
orollary 2.1, we have n 62 ! for n 62 �

M

0

(b), 
ontradi
tory.

�

To prove further propositions we introdu
e e�e
tive en
oding of elements

of a hereditarily �nite set H F (M) by ordered pairs of form hn; gi where

n range natural ordinals and g is a �nite inje
tive fun
tion with Æg 2 !

(this value will be e�e
tively de�ned by n; see below) and �g � dom(M). A

number n is a 
ode in some bije
tive 
omputation representation of 
onstru
-

tions of elements of hereditarily �nite sets. By 
onstru
tion we mean an

arbitrary term in a signature f?;[

2

; f g

1

g without �
titious variables; its

variables range dom(M) only. Noti
e that the 
onstru
tion is independent of

9



a 
hoise of a hereditarily �nite set. We say that 
onstru
tions t

1

(u

0

; u

1

; : : : ;

u

k�1

), k > 0, and t

2

(v

0

; v

1

; : : : ; v

l�1

), l > 0, are equivalent if k = l and

t

hHF (dom(M));?;[;f gi

1

(a

0

; : : : ; a

k�1

) = t

hHF (dom(M));?;[;f gi

2

(a

�(0)

; : : : ; a

�(k�1)

)

for some permutation � of f0; 1; : : : ; k � 1g and a tuple ha

0

; a

1

; : : : ; a

k�1

i

of pairwise distin
t elements being from dom(M) (if k = 0 then assume

that the tuple of elements and the permutation are empty). Noti
e that the

equivalen
e of 
onstru
tions doesn't imply the equality of them as terms.

We de�ne Æg as a number of variables of the 
onstru
tion (obviously, it is

equal to a 
ardinal number of some term value support). Now we 
orre-

spond a pair hn; gi to x if x = t

hHF (dom(M));?;[;f gi

n

(g(0); g(1); : : : ; g(Æg � 1)):

The above reasoning allow to 
on
lude that the fun
tion Term(n; g) �

t

hHF (dom(M));?;[;f gi

n

(g(0); g(1); : : : ; g(Æg � 1)) is � de�nable. Furthermore, we


an provide that for the 
ode hn; gi of x it 
an be e�e
tively found 
olle
tion of

all the pair 
oding elements of a \set" x. To make this, it suÆ
es to 
onsider

a hereditarily �nite set H F (N) over N = h!; 0; si where s is the su

essor

fun
tion on naturals. The main sense of 
onstru
tion is that given a num-

ber it 
an be e�e
tively found the stru
ture of the 
orresponding elements.

It is important that this en
oding is independent of a 
hoise of hereditarily

�nite set, that is, it 
an be de�ned by the same formula in all the heredi-

tarily �nite set. The 
oding is one{to{one under the �rst 
oordinate and,

in general, isn't one{to{one under the se
ond ones. E.g., fa

0

; a

1

g = fa

1

; a

0

g

has two 
odes. However, there is a bije
tive 
orresponden
e between 
ol-

le
tion of all permutations � su
h that t

hHF (dom(M));?;[;f gi

n

(a

0

; a

1

; : : : ; a

k�1

) =

t

hHF (dom(M));?;[;f gi

n

(a

�(0)

; a

�(1)

; : : : ; a

�(k�1)

) and 
olle
tion of all 
odes for every


onstru
tion having a number n. Colle
tion of all the permutations 
orres-

ponding to n (we will denote it by S

n

) is a group. Obviously, the sequen
e

fS

n

g

n2!

is strongly 
omputable.

Let M

0

2 K

I

for some e{ideal I and 


0

, 


�

0

fun
tions de�ned in se
tion

1.2. Now we introdu
e en
oding of triples hn; g

0

; g

1

i satisfying the following


onditions:

� g

0

[ g

1

is a �nite permutation with Æ(g

0

[ g

1

) 2 ! and Æg

0

2 !;

� g

0

\ g

1

= ?;

� Æg

0

< 
ard

n

where 
ard

n

is a 
ardinal number of the support of a \set"

having a number of 
onstru
tion n.

10



Here range of g

1

is a set of parameters; given a triple hn; g

0

; g

1

i we will


onstru
t an element Term(n; g) for some g satisfying g

�1

(fs

0

; : : : ; s

k�1

g) �

�g

1

where s

i

, i < k, are parameters; g

�1

(sp(g) n fs

0

; s

1

; : : : ; s

k�1

g) = �g

0

. A


ode of hn; g

0

; g

1

i is denoted by h

h

h

h

h

h

h

h

hn; g

0

; g

1

i

i

i

i

i

i

i

i

i.

Let I be an e{ideal. We say that I has an universal fun
tion (and we

write Uf(I)) if there is a 
omputable sequen
e f�

n

g

n2!

and a set A with

d

e

(A) 2 I su
h that f�

n

(R � A) j n 2 !; d

e

(R) 2 Ig 
ontains exa
tly all

the graphs of partial fun
tions f with d

e

(�

f

) 2 I.

Let A be an admissible set. A partial � fun
tion f(x; y) is 
alled universal

if ff(a; y) j a 2 dom(A )g 
ontains exa
tly all the partial � fun
tions.

Examples of admissible sets with universal � fun
tions and without ones

were 
onstru
ted in [2, 5℄.

Proposition 3.3 Let an e{ideal I is that there is an universal in I fun
tion.

Then H F (M

0

) has an universal � fun
tion for any M

0

2 K

I

.

Proof. Let f(x) be a partial � fun
tion on H F (M

0

); then 


0

ÆfÆ


�

0

is a partial

� fun
tion on H F (M

0

) mapping from HF (Code(M

0

)) to HF (Code(M

0

)).

Furthermore, we 
an assume that the last fun
tion is de�nable by some �

formula with parameters being from Code(M

0

) (via 


�

0

). First we 
onstru
t

a � fun
tion, whi
h is universal for 
lass of all the partial � fun
tions f with

Field(f) � HF (Code(M

0

)).

h1i Let f be a partial fun
tion with Field(f) � HF (Code(M

0

)), whi
h is

de�nable by some � formula with parameters s

0

; : : : ; s

k�1

being from

Code(M

0

), and f(Term(n; g)) = Term(m; g

0

). Then the following hold:

1. �g

0

� �g [ fs

0

; : : : ; s

k�1

g;

2. Term(m; � Æ g

0

) = Term(m; g

0

) for any permutation � of the set �g [

fs

0

; : : : ; s

k�1

g satisfying � � (�g n (�g

0

[ fs

0

; : : : ; s

k�1

g)) = id and

Term(n; � Æ g) = Term(n; g).

This follows immediately from 
orollary 2.1.

Now we 
orrespond to every partial � fun
tion f 
onsidered in h1i some

� predi
ate R

f

as follows: for every x 2 Æf take the least number h

h

h

h

h

h

h

h

hn; g

0

; g

1

i

i

i

i

i

i

i

i

i

su
h that x = Term(n; (�

0

[ �

1

) Æ (g

0

[ g

1

)

�1

� jsp(x)j) for �

1

: i + jsp(x) n

fs

0

; : : : ; s

k�1

gj 7! s

i

, i < k, and some inje
tive fun
tion

�

0

: jsp(x) n fs

0

; : : : ; s

k�1

gj 7! sp(x) n fs

0

; : : : ; s

k�1

g;

11



further, if f(x) = y and x is given by h

h

h

h

h

h

h

h

hn; g

0

; g

1

i

i

i

i

i

i

i

i

i then for y take the least num-

ber h

h

h

h

h

h

h

h

hm;?; g

0

1

i

i

i

i

i

i

i

i

i su
h that y = Term(m; (�

0

[�

1

)Æg

0

1

�1

� jsp(y)j), Æ(g

0

[g

1

) = Æg

0

1

for �

0

, �

1

from de�nition of h

h

h

h

h

h

h

h

hn; g

0

; g

1

i

i

i

i

i

i

i

i

i. In this 
ase, hh

h

h

h

h

h

h

h

hn; g

0

; g

1

i

i

i

i

i

i

i

i

i;h

h

h

h

h

h

h

h

hm;?; g

0

1

i

i

i

i

i

i

i

i

ii 2

R

f

. Noti
e that x; x

0

2 Æf have the same 
ode i� their 
onstru
tions over the

parameters s

0

; : : : ; s

k�1


oinside. Furthermore, hx; yi; hx

0

; y

0

i 2 �

f

have the

same pair of 
odes i� their 
onstru
tions over the parameters s

0

; : : : ; s

k�1


oinside. It follows from properties of the 
onstru
tions that R

f

is a �{

predi
ate.

h2i R

f

is graph of some number �{fun
tion. Assume that it doesn't hold.

Then it follows from the des
ription that there are found hx; yi; hx

0

; y

0

i 2 �

f

su
h that x, x

0

have the same 
onstru
tion over parameters s

0

; : : : ; s

k�1

but

the 
onstru
tions hx; yi; hx

0

; y

0

i over parameters s

0

; : : : ; s

k�1

are di�erent. Let

a be that the 
onstru
tions of a, x over parameters s

0

; : : : ; s

k�1


oinside and

�

M

0

(u) = ! for every u 2 sp(a)nfs

0

; : : : ; s

k�1

g. Then it follows from 2.1 that

there exist b, b

0

su
h that ha; bi; ha; b

0

i 2 �

f

and the 
onstru
tions of ha; bi,

hx; yi and ha; b

0

i, hx; y

0

i over parameters s

0

; : : : ; s

k�1


oinside respe
tively,

but this 
ontradi
ts to f being a fun
tion.

Further, let R � Ord H F (M

0

) be a �{subset on H F (M

0

). By G

R

[s

0

;

s

1

; : : : ; s

k�1

℄ where s

0

; s

1

; : : : ; s

k�1

are from Code(M

0

) (they will play a role

of parameters) we denote a �{predi
ate de�ned as follows:

let hh

h

h

h

h

h

h

h

hn; g

0

; g

1

i

i

i

i

i

i

i

i

i;h

h

h

h

h

h

h

h

hm;?; g

0

1

i

i

i

i

i

i

i

i

ii 2 R, satisfy the following 
onditions:

1. jÆg

1

j = k, Æ(g

0

[ g

1

) = Æg

0

1

;

2. Term(m; (g

0

1

)

�1

� 
ard

m

) = Term(m; ((g

0

1

)

�1

Æ �) � 
ard

m

) for every

permutation � : Æg

0

1

! Æg

0

1

satisfying the 
onditions � � ((Æg

0

n fm j

g

0

1

(m) < 
ard

m

g) [ Æg

1

) = id (here 
ard

m

is the 
ardinal number of

support of element with 
onstru
tion number m) and Term(n; (g

0

[

g

1

)

�1

� 
ard

n

) = Term(n; ((g

0

[ g

1

)

�1

Æ �) � 
ard

n

);

3. h

h

h

h

h

h

h

h

hn; g

0

; g

1

i

i

i

i

i

i

i

i

i, h

h

h

h

h

h

h

h

hm;?; g

0

1

i

i

i

i

i

i

i

i

i are the least numbers among giving Term(n; (g

0

[

g

1

)

�1

� 
ard

n

) and Term(n; (g

0

1

)

�1

� 
ard

m

) respe
tively;

then we put to G

R

[s

0

; s

1

; : : : ; s

k�1

℄ all pairs hx; yi su
h that x = Term(n; (�

0

[

�

1

) Æ (g

0

[ g

1

)

�1

), y = Term(m; (�

0

[ �

1

) Æ (g

0

1

)

�1

) where �

1

: Æg

0

+ i 7! s

i

,

i < k; Æ(�

0

[ �

1

) = Æg

0

1

and �

0

[ �

1

is inje
tive.

h3i If a partial fun
tion f : HF (Code(M

0

)) ! HF (Code(M

0

)) is de�-

nable by some � formula with parameters s

0

; s

1

; : : : ; s

k�1

being from

Code(M

0

), then �

f

� G

R

f

[s

0

; s

1

; : : : ; s

k�1

℄. It follows immediately from the

des
riptions.
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h4i If R � Ord H F (M

0

) is graph of some � fun
tion, then so G

R

[s

0

; : : : ;

s

k�1

℄ is for any s

0

; : : : ; s

k�1

being from Code(M

0

). First noti
e that if R is

graph of some � fun
tion, then the set of pairs of R satisfying 1 { 3, is too,

so assume that all elements of R satisfy 1 { 3. However, these 
onditions

provide the desired property.

Further, by Uf(I), there exists a � predi
ate Q, whi
h is universal for


lass of graphs of all number � fun
tions. Let Q

a

be a set with a 
ode a

in Q. By S we denote a � predi
ate, whi
h is universal for 
lass of all �

subsets on H F (M

0

) and by S

b

a set with a 
ode b in S. Then a � predi
ate

T 
 fhha; b; si; 
i j s 2 Code(M

0

)

<!

; a; b 2 HF (M

0

); 
 2 S

b

\ G

Q

a

[s℄g is

universal for 
lass of graphs of all partial � fun
tions f with Field(f) �

HF (Code(M

0

)).

Finally, if g(x; y) is a � fun
tion, whi
h is universal for 
lass of all unary �

fun
tions f with Field(f) � HF (Code(M

0

)), then g

�

(x; y) 
 


�

0

g(x; 


0

(y))

is an universal � fun
tion. �

Let I be an e{ideal. We say that I satis�es the separation property

(in symbols, Separation(I)) if for all distin
t sets B, C with d

e

(B) 2 I,

d

e

(C) 2 I there exists D with d

e

(D �D) 2 I su
h that B � D � ! n C.

Let A be an admissible set. We say that A satis�es the separation property

if for all distin
t sets B, C 2 �(A ) there exists D 2 �(A ) su
h that B �

D � dom(A ) n C.

First examples of admissible sets with the separation property were 
on-

stru
ted by V.Rudnev [6℄.

Proposition 3.4 Let I be an e{ideal satisfying the separation property.

Then the separation prin
iple holds in H F (M

0

) for any M

0

2 K

I

.

Proof. Let I and H F (M

0

) be from the proposition. Take distin
t � subsets

A and B and 
onstru
t a � subset C su
h that A � C � HF (M

0

) nB.

We set A

0

= 


0

(A), B

0

= 


0

(B). Noti
e that A

0

\ B

0

= ?. First we


onstru
t a � subset C

0

� HF (Code(M

0

)) su
h that A

0

� C

0

� HF (M

0

) n

B

0

. To obtain it we introdu
e two set operators.

Given a subset D � HF (Code(M

0

)), whi
h is de�nable by some � for-

mula with parameters s

0

; s

1

; : : : ; s

k�1

being from Code(M

0

), we �nd a � sub-

set S

D

� Ord H F (M

0

) by the following rules: for every x 2 D take the least

number h

h

h

h

h

h

h

h

hn; g

0

; g

1

i

i

i

i

i

i

i

i

i su
h that x = Term(n; (�

0

[�

1

)Æ(g

0

[g

1

)

�1

� jsp(x)j) where

�

1

: i+ jsp(x) n fs

0

; : : : ; s

k�1

gj 7! s

i

, i < k, and �

0

: jsp(x) n fs

0

; : : : ; s

k�1

gj 7!

sp(x)nfs

0

; : : : ; s

k�1

g is some inje
tive fun
tion; then we put h

h

h

h

h

h

h

h

hn; g

0

; g

1

i

i

i

i

i

i

i

i

i to S

D

.
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Further, given a � subset H � Ord H F (M

0

) we 
onstru
t some � subset

V

H

[s

0

; : : : ; s

k�1

℄ � HF (Code(M

0

)) where s

0

; : : : ; s

k�1

are from Code(M

0

)

and play a role of parameters: let h

h

h

h

h

h

h

h

hn; g

0

; g

1

i

i

i

i

i

i

i

i

i 2 H satisfy the following 
onditi-

ons:

1. jÆg

1

j = k;

2. h

h

h

h

h

h

h

h

hn; g

0

; g

1

i

i

i

i

i

i

i

i

i is the least number giving Term(n; (g

0

[ g

1

)

�1

� 
ard

n

);

then we put Term(n; (�

0

[ �

1

) Æ (g

0

[ g

1

)

�1

) to V

H

[s

0

; : : : ; s

k�1

℄ where �

1

:

Æg

0

+ i 7! s

i

, i < k, Æ(�

0

[ �

1

) = Æ(g

0

[ g

1

) and �

0

[ �

1

is inje
tive.

Return to proof of the proposition. We 
an assume that A

0

, B

0

are de�n-

able by some � formulas with the same parameters s

0

; s

1

; : : : ; s

k�1

being from

Code(M

0

). By 
orollary 2.1, S

A

0

\ S

B

0

= ?. Then there exists a � subset

R � Ord H F (M

0

) su
h that S

A

0

� R � ! n S

B

0

, be
ause of Separation(I).

Therefore,

A

0

� V

S

A

0

[s

0

; : : : ; s

k�1

℄ � V

R

[s

0

; : : : ; s

k�1

℄

and

B

0

� V

S

B

0

[s

0

; : : : ; s

k�1

℄ � V

R

[s

0

; : : : ; s

k�1

℄:

Furthermore, it follows from the des
ription that

V

R

[s

0

; : : : ; s

k�1

℄ \ V

R

[s

0

; : : : ; s

k�1

℄ = ?;

V

R

[s

0

; : : : ; s

k�1

℄ [ V

R

[s

0

; : : : ; s

k�1

℄ = HF (Code(M

0

)) � 


0

(HF (M

0

)):

To 
omplete proof we set C

0

= V

R

[s

0

; : : : ; s

k�1

℄, C = 


�

0

(C

0

). �
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