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Abstract

We introduce a Wiener algebra of operators on L?(RY) which con-
tains, for example, all pseudodifferential operators in the Hormander class
OPSg,O. A discretization based on the action of the discrete Heisenberg
group associates to each operator in this algebra a band-dominated oper-
ator in a Wiener algebra of operators on (?(Z2", L?(RY)). The (general-
ized) Fredholmness of these discretized operators can be expressed by the
invertibility of their limit operators. This implies a criterion for the Fred-
holmness on L?(R") of pseudodifferential operators in OPS{, in terms of
their limit operators. Applications to Schrodinger operators with continu-
ous potential and other partial differential operators are given.

1 Introduction

In this paper, we consider pseudodifferential operators on L?(R"Y) with symbols
in Sp,. For m > 0, the Hérmander class Sg, consists of all functions a €
C®(RY x RY) satisfying

ni= Y sup |0g07a(, &) (€)™ < o0

N N
la|<r,|B|<t (B OERY xR

la

for each choice of 7, t € N. Here, a = (o, ..., ay) € NV is a multi-index, and
we write dy and J¢ for the operator 9%, applied to the functions z — a(x, €) and
& — a(x, €), respectively.

Let a € Sg%. The operator Op(a) defined on the Schwartz space S(RY) by

Op@u)(w)i= n) Y [ alw, i Ode, @€ RY 1)
RN
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is called the pseudodifferential operator with symbol a. The class of all pseudod-
ifferential operators with symbol in S is denoted by OPSg,.

The basic boundedness and compactness results for pseudodifferential opera-
tors are as follows.

Theorem 1.1 Let a € 5.
(a) The operator Op(a) is bounded on L*(RY), and

|Op(a)|lrz < Clalok,, 26, whenever 2k, > N and 2ky > N,

where C' is a constant independent of a (but depending on ki and k).
(b) The operator Op(a) is compact on L*(RY) if and only if

(w’lggma(x, £) =0.
Assertion (a) is known as the Calderon-Vaillancourt theorem. Its proof can be
found in [16], for example. More comprehensive introductions into the world of
pseudodifferential operators are [10, 12, 25, 26].

In this paper we are going to study the Fredholm properties of pseudodifferen-
tial operators in OPSS}O. By definition, a linear bounded operator A on a Banach
space X if Fredholm if both its kernel ker A and its cokernel coker A := X/(AX)
have finite dimension. The standard approach to Fredholmness of pseudodiffer-
ential operators, which makes use of the composition formulas (see, for instance,
22, 25, 10, 16]), does not work for operators in OPSg7,. So, new tools are needed,
and we would like to convince the reader that the limit operators method is very
promising among these tools.

Here is a short description of that method and of its results. We write each
vector v € Z*N as (71, 12) € ZN x Z" and set U, :=V,, F,, € L*(RY), where

(Equ)(z) := e"®%y(z) and (Vau)(z) :=u(z — B).

The operators U, are unitary. Note that these operators, together with the
scalar unitary operators €] with r running through the integers, form a non-
commutative group, the so-called discrete Heisenberg group. In particular,

Ur = ei<062,0¢1)U_m UnUs = €i<a2”81>Ua+ﬂ; (2)
U;Ug — 6i<a2’a17ﬂ1>U5,a — ei<ﬁ2,a1*51>U;7ﬂ (3)

where « := (ay, ay), 8 := (b1, fo) € ZN x ZV.

Further we denote the set of all sequences in Z?" which tend to infinity by
‘H. In accordance with the notations from [18, 19], we call an operator A;, €
L(L*(RN)) the limit operator of A € L(L*(RN)) with respect to the sequence
h e H if

s—limmﬁoo(U,’{(m)AUh(m) =A;, and s—limm%oo(U,f(m)A*Uh(m) =A;. (4

The set o,,(A) of all limit operators of A will be called the operator spectrum of
A. With these notions, we will prove the following.
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Theorem 1.2 A pseudodifferential operator A in OPS&O is Fredholm if and only
iof each of its limit operators is invertible. In particular, the essential spectrum

Oess(A) 1= o(A+ K(L*(RY))) of A is given by
Oess (A) - UAhEUDp(A)U(Ah)
where o(Ay) refers to the usual spectrum of the operator Ay,.

In many important instances, the structure of the limit operators is much simpler
than the structure of the operator itself, which allows one to obtain explicit and
effective Fredholm conditions.

Our strategy to prove Theorem 1.2 is as follows. We introduce an algebra
W(L*(RY)) of Wiener type, which consists of certain linear and bounded opera-
tors on L2(RY). This algebra contains OPS&O as its subalgebra. Similar algebras
of Wiener type were considered by Sjostrand [23, 24] and Boulkhemair [4].

A suitable discretization associates to every operator in W(L?(R")) a band-
dominated operator acting on an appropriate [*(Z*")-space. Moreover, these dis-
cretizations belong to an algebra W(I*(Z?")) of Wiener type again, the elements
of which are band-dominated operators on [?(Z*Y). Here we call an operator
band-dominated if it is the norm limit of a sequence of band operators.

It turns out that an operator in W(L?*(RY)) is Fredholm if and only if its
discretization satisfies a generalized Fredholm condition called P-Fredholmness.
The P-Fredholmness of band-dominated operators has been studied in [18, 19]
by means of the limit operators method. Basically, the result is as follows: A
band-dominated operator is P-Fredholm if and only if each of its (appropriately
defined) limit operators is invertible, and if the norms of their inverses are uni-
formly bounded.

In practice, it proves to be hard to verify the condition of uniform bounded-
ness of the inverses of the limit operators. It is one of the main results of the
present paper that this condition is redundant for band-dominated operators in
the discrete Wiener algebra W(I?(Z?Y)). That is, an operator in this algebra is
P-Fredholm if and only if each of its limit operators is invertible. Combining
these devices, we obtain the Fredholm criterion for pseudodifferential operators
stated in Theorem 1.2.

A similar strategy has been pursued for operators of convolution type on
LP(RY) in [17]. The discretization used in [17] is based on the action of the
commutative group Z". It yields that the P-Fredholmness of the discretized
operator is equivalent to some kind of generalized Fredholmness of the opera-
tor itself. Thus, one needs a further property of the operator (for example, its
local compactness) in order to guarantee that its generalized Fredholmness im-
plies its common Fredholmness. In contrast to this situation, the discretization
employed in this paper is much finer. It is based on the action of a discrete
Heisenberg group, and it leads to a simultaneous discretization with respect to



the variable in L2(RY) and to the co-variable in the Fourier image, which we call
bi-discretization.

The paper is organized as follows. We start with the introduction of the
discrete Wiener algebra W(I*(Z*")) in Section 2. In particular, we will derive
the announced criterion for operators in W(I*(Z*")) to be P-Fredholm. The bi-
discretization is described in Section 3. It is applied to the study of the Fredholm
properties of pseudodifferential operators in Section 4 (with the main result being
Theorem 4.15), and several applications to more concrete classes of pseudodif-
ferential operators are given in Section 5. Let us mention some of these classes
explicitely. In Section 5.1, we consider operators in OPSS,0 with slowly oscillating
symbols. For operators in this class, all limit operators are either operators of
multiplication by a bounded function, or operators of convolution. Thus, the in-
vertibility of these operators can be effectively checked, and this yields an explicit
description of the essential spectrum. The Fredholm theory of pseudodifferential
operators in O PST|, with symbols which are slowly oscillating with respect to the
spatial variable  has been considered by Grushin [9].

In 5.2, we consider operators in OPSj, the symbols of which are almost-
periodic with respect to x. Here we use the limit operators method to get a simple
proof of the following results: The class of these operators does not contain non-
trivial compact operators, and an operator in this class is Fredholm if and only if
it is invertible. For elliptic operators in this class, conditions for the invertibility
are given in Shubin [20, 21], Fedosov and Shubin [8] and Coburn, Moyer and
Singer [5]. These conditions are based upon the concept of the almost periodic
index.

In 5.3, we will deal with operators with semi-almost periodic symbols, and in
Sections 5.4 and 5.5 we consider operators of nonzero order. Finally, in 5.6, we
are going to apply the results of Section 5.5 to describe the essential spectrum of
some electromagnetic Schrodinger operators.

2 Operators in the discrete Wiener algebra

2.1 Band-dominated operators and their P-Fredholmness

We start this section with recalling the notions of rich band and band-dominated
operators and the criterion for P-Fredholmness from [19]. The reader should
take into account that we used the notion invertibility at infinity instead of P-
Fredholmness in [19].

Given a Banach space X, a positive integer N and a real number p > 1, we
let [P(Z", X) stand for the Banach space of all sequences x on Z" with values

in X such that
IAE == ) Jlaallx < oo,

acZN



and we write [*°(Z", X) for the Banach space of all sequences = : Z¥ — X with

1 flloo := sup ||zallx < oco.
acZN

Further, E> stands for one of the Banach spaces (P(Z", X) with 1 < p < oo,
whereas E refers to one of the spaces [P(Z", X) with 1 < p < oo.
Every function a € [*°(Z", L(X)) gives rise to a multiplication operator on
E*° on defining
(ax), == ayx,, €L

We denote this operator by al. Evidently, al € L(E*) and ||al]| = |[/a[|.
A band operator on E*® is a finite sum of the form Y a,V, where a € Z*",

(o € 1°(ZN, L(X)), and where V,, is the shift operator
(Vo) == ta—ry, € ZV.

A band-dominated operator is the norm limit of a sequence of band operators. The
band-dominated operators form a closed and symmetric subalgebra of L(E>)
which we denote by A.

Given v € Z", let S, stand for the operator on E* which sends a sequence
[ to the sequence g with g, = f, and g\ = 0 for A # . For n > 0, define P, as
the sum megn Sy, and let P stand for the family (]3")”20. The operators p,
are projections which converge strongly to the identity operator if p < oo.

Let A € L(E™®), and let h : N — Z" be a sequence which tends to infinity. We
say that the operator Ay is the limit operator of A with respect to the sequence
h if

lim | Pe(Vorm)AVimy — An)|| = Jim N(Vohn)AVigy — An)Pr|| = 0
for every k € N. Let further % denote the set of all sequences h : Z" — N which
tend to infinity, and let A% refer to the set of all operators A € A enjoying the
following property: Every sequence h € H possesses a subsequence g for which the
limit operator A, exists. We refer to the operators in A®* as rich band-dominated
operators.

Further, we have to mention the notions of generalized compactness and gen-
eralized Fredholmness. We did not use these notions explicitely in [19], but a
closer look will convince the reader that the definitions given in [19] are in full
coincidence with these notions. An operator K € L(E>) is called P-compact if

|IKP, — K|| =0 and ||P,K — K| —0 as n— oo.

By K(EAm,ﬁ) we denote the set of all ﬁ—compact operators on E*°, and by
L(E>,P) the set of all operators A € L(E*) for which both AK and KA are
P-compact whenever K is P-compact. Then L(E>,P) is a closed subalgebra
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of L(E>) which contains K(E>, P) as its closed ideal. Moreover, K(E>,P)
contains all compact operators if 1 < p < oo. An operator A € L(Em,ﬁ) is
called P-Fredholm if it is invertible modulo operators in K(E*, P). In case X
has finite dimension, this is just the usual notion of a Fredholm operator. Now
the main result of [19] can be stated as follows.

Theorem 2.1 An operator A € A% is P-Fredholm if and only if each of its limit
operators is invertible and if

sup{[|(An) | - A € app(A)} < o0, (5)

2.2 The Wiener algebra

The result of Theorem 2.1 takes a more satisfactory form for band-dominated
operators which belong to the Wiener algebra, in which case the uniform bound-
edness of the inverses of the limit operators is not required.

Let (aq)aczy be a sequence of functions in [*°(ZY, L(X)) satisfying

S a0 < oo. (6)

acZN

~

Then the series ) ;. aqVo converges in the norm of L(E*), and

Z aaf/oz < Z aallo- (7)

aezZN L(E>) aezZN

Let W stand for the set of all operators A =% .~ a,V,, with coefficient func-
tions a, satisfying (6). Provided with the usual operations and the norm

14w = > llaalle,

a€ZN

the set W becomes a Banach algebra, the so-called Wiener algebra. By (7), the
Wiener algebra is continuously embedded into L(E*, P) and, hence, into A for
all choices of E*.

Later on, we will also have to deal with Wiener algebras of operators on
L*(RY). In this setting, we will refer to the Wiener algebra ¥V on the sequence
spaces as the discrete Wiener algebra.

A basic basic property of the Wiener algebra is described in the following
theorem the proof of which can be found in [13].

Theorem 2.2 The Wiener algebra W is inverse closed in L(E>).

This means that, if A € W is invertible in L(E*), then A™! € W.



Corollary 2.3 Let A € W be invertible on one of the spaces E*. Then A is
wnvertible on all of these spaces, and the norms of the corresponding inverses are
uniformly bounded.

Indeed, if A is invertible on one of the spaces £, then A~! € W by Theorem
2.2, and from ||A™ Y|y < [[A7|lw we conclude that A™' is the inverse for A
on every of the spaces E*, and that the norm of A~! in L(E*) is bounded by
A7 Iw. =

2.3 Fredholmness of operators in the Wiener algebra

The intersection W N A® is called the rich Wiener algebra and will be denoted
by W%, It is not hard to see and will used in the following proposition that
the multiplication operators forming the diagonals of an operator A in the rich
Wiener algebra are rich operators themselves.

Here is what can be said about limit operators of rich operators in the Wiener
algebra.

Proposition 2.4 Let A € W?* and let h C ZN be a sequence tending to infinity.
Then there is a subsequence g of h such that the limit operator A, exists with
respect to all spaces E*. This limit operator belongs to W, and ||Agyllw < ||A[|w.

Proof. Let A=) _,~ (o V, With Y aczn llaal] < oco. Since all diagonals a, are
rich multiplication operators, a Cantor diagonal argument yields the existence
of a subsequence g of h such that the limit operators (a,/), exist with respect
to E* for all @. These limit operators are again operators of multiplication by
certain functions a, 4, and

||aoz,g |oo = ||(aozl)g||L(E°°) < ||aoz||007

which follows immediately from the definition of limit operators. Thus,

> llaaglls < o0,

acZN

and the operator Ay := > _,~ amgffa is correctly defined. This operator belongs
to the Wiener algebra W, and ||4,||w < [|A|w. Now it is evident that A, is
indeed the limit operator of A with respect to the sequence ¢ in each of the
spaces E*°. m

The main result of this section is the following theorem which states that, for
rich operators A in the Wiener algebra, the uniform boundedness condition from
Theorem 2.1,

sup{[|(4n) "I, An € 0(A)} < o0,

is automatically satisfied if all limit operators of A are invertible.
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Theorem 2.5 Let X be a reflexive Banach space. Then the following assertions
are equivalent for every operator A € WH:

(a) There is a space E such that A is P-Fredholm on E.
(b) There is a space E such that all limit operators of A are invertible on E.
(¢) All limit operators of A are invertible on [*°(ZN,X).

(d) All limit operators of A are invertible on [°(Z", X), and the norms of their
wnverses are uniformly bounded.

(e) All limit operators of A are invertible on E* for all spaces E*, and the norms
of their inverses are uniformly bounded.

(f) The operator A is P-Fredholm on all spaces E.

Proof. (a) = (b): This implication can be easily checked. See, for example, the
simpler part of the proof of Theorem 2.16 in [19].

(b) = (c): Let Ay be a limit operator of A with respect to the Banach space E.
If Ay, is invertible on E, then A, is in the Wiener algebra YW by Proposition 2.4
and Theorem 2.2, and A;' € L(I*(Z", X)) by Corollary 2.3.

(¢) = (d): Let x : RY — [0, 1] be a continuous function which is identically
1 in a certain neighborhood of 0 and which vanishes outside the cube [—1, 1]V.
Further, given a positive integer k, define the function x, by xx(x) := x(z/k),
and let T}, refer to the operator of multiplication by the restriction of the function
x& onto ZY. We claim that there are constants C' > 0 and k € N such that

u/|so < O (|| At||oo + [Thul|so) for all w € I®(ZV, X). (8)
The claim is evidently equivalent to the existence of constants C, k such that
1/C < ||Aul|oo + || Thtt|l s for all unit vectors u € I®(Z", X).

Assume, such constants do not exist. Then, for all C' > 0 and k£ € N, there exists
a vector uy o € [®(ZN, X) with [lug |l = 1 such that

1/C > [|Aupclloo + [Ttk

|

In particular, we can choose C' = k, i.e. for each k € N, there is a u; € [*°(Z", X)
with ||ug|lec = 1 such that

1k > [[Aug]loo + [Ttk oo- (9)

From ||ug|le = 1 and ||Tyuk||o < 1/k we conclude the existence of points ), € ZV
such that
|ue(@e)|lnxy) > 1/2 and |2y — oo.

Let h be the sequence h(m) := z,,. Since A is rich, there is a subsequence g
of h for which the limit operator A, exists. Let v, = V_ym)ug(m). Then, for
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arbitrary k, m € N,

1A Teomll < 1(Ag = Vo gimy AV Till [[om]] + 1V Vgom) AV Tivim|
< 1(Ag = Vo gamy AVym) ) T |
+ 1V gy AV Toe = TeV- g(m) AV 0|
+ 1TV gam) AVg(amyvim |
< 1A = Vo gmy AVgom) T (10)

1V gm) AVgy Tk = TiVogmy AV || + | Attgoy |-

Let £ > 0 be arbitrary. Then choose and fix k£ such that the second term on the
right hand side of estimate (10) becomes less than ¢ for all m, which can be done
due to Proposition 2.2 in [19]. Now choose m > 1/¢ so large that the first term
in (10) also becomes less than . Since ||Au,,|| < 1/m by (9), then the third term
in (10) is less than ¢, too. Thus,

Ve> 03k meN : [|A,Tyomlleo < 3¢. (11)

On the other hand, [|vy,(0)|| = |lugm)(g(m))|| > 1/2, whence ||Tjvm|l > 1/2.
Thus, by (11), and since all limit operators of A are invertible by hypothesis,

1/2 < [ Tivmlloo < [[ A, 1 AgTikvmlloo < 32 (|4, ]

whence
|4, | >1/(6¢) foralle > 0.

This is clearly impossible, and our claim (8) is proved. We will now employ (8)

to prove the uniform boundedness of the inverses of the limit operators of A on
[*(Z", X).
From (8) we conclude that, for all u € [*(Z", X), r € Nand [ € Z",

||‘A/2TTU||OO < C(HAVlTru“oo + ||ka/2Tru||00)-

Let h € H be a sequence for which the limit operator A, exists. Since every Vi
is an isometry, we get

1Trulloo < CUIV-nimy AV Trttll oo + [V homy T Visgmy Tt o) - (12)

Further, since T,u € ¢o(ZY, X) and V,h(m)Tth(m) — 0 strongly on ¢o(Z", X),
we can pass to the limit as m — oo in (12) to obtain

||Tru||oo < C”AhTruHoo (13)

for all u € [®(Z",X) and r € N. For r — oo, the left hand side of (13) goes
to ||u|lo- For the right hand side, some more care is in order. Again from
Proposition 2.2 in [19], we conclude that the right hand side of

AT ull = ITeApull | < [|ART, — T2 Ap] fJul
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tends to zero as r — oo (note that A, is band dominated if A is so). Since
T Apu|| — ||Apul| as r — oo, this estimate implies that ||A,Tu|| — [|Ayul|| as
r — oo. Thus, passage to the limit r — oo in (13) gives

ulloo < C||Apullos for all u € 1%(Z, X)

whence ||A;|| < C, i.e. the uniform boundedness of the inverses of the limit
operators.
(d) = (e): The proof of this implication is based on the possibility to associate
with every operator in the Wiener algebra a naturally defined adjoint operator.
To make this point clear we will indicate the dependence of the Wiener algebra
from the underlying Banach space X by writing Wy in place of W. For A =
Y aczy @aVo € Wx, we define its Wiener adjoint A* as ) ., ~vV_qa; I, where
a’ (x) is the usual Banach dual operator of a,(x), acting on X*. Clearly, we have
A* =3 canba Voo where by(7) = aj,(v + a). This shows that A* belongs to
the Wiener algebra Wy, and it is easy to check that the mapping A — A* is
an anti-linear isometry from Wy into Wy- which satisfies (AB)* = B*A* for all
A, B € Wx. In particular, I* = [ and, if A is invertible in WY, then A* is
invertible in Wy~ and (A*)~! = (A~1)*.

For the proof of the implication (d) = (e), let now A € W5 be an operator
with

Coo(A) == sup {|| A, | Laeo @ x)) + An € 00p(A)} < 0. (14)

The limit operators of A* are just the Wiener adjoints of the limit operators of
A. Thus, the invertibility of all limit operators of A implies the invertibility of all
limit operators of A*. So we conclude from the already established implication
(¢) = (d) that

Coo(A*) := sup {||(A}) " ngoe@n xey) : An € 0gp(A)} < 0.

Since the limit operators of A* as well as their inverses belong to the Wiener
algebra Wy (due to Proposition 2.4 and Theorem 2.2), the operators A} also act
as bounded and invertible operators on co(Z", X*), and ||(A}) " L(co(zy,x+) <
(A7) | Laso(z,x+))- This shows that

Co(A*) = Sup{H(AZ)ilHL(cO(ZN,X*)) c Ay € Uop(A)} < 0. (15)

The operator A, thought of as acting on [*(Z", X), can be identified with the
usual Banach dual operator of A* € L(cy(Z", X*)) (this is the place where we
need the reflexivity of X). Hence,

Cl(A) = Sup{HA}Zl“L(ll(ZN,X)) c Ay € Uop(A)} = Co(A*) < Q.

Consequently, by the Riess-Thorin interpolation theorem (Theorem 1 and Re-
mark 4 in Section 1.18.3 of [27]), we have for every 1 < p < oo and A4, € o(A),

4R 1 oz xy) < ||Af:1||izl}>°(ZN,X))HAEIHL(H(ZN,X)) < Coo (A7 C1(A),
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which verifies the uniform boundedness of the norms of the inverses of the limit
operators of A on all spaces IP(Z", X) with 1 < p < oo. For E® = ¢(Z", X),
this result follows in the same way as we derived (15).

Finally, the implication (e) = (f) is Theorem 2.1, and the implication (f) =
(a) is evident. m

Observe that the implication (¢) = (d) holds for arbitrary rich operators A and
arbitrary (not necessarily reflexive) Banach spaces X.

Corollary 2.6 Let X be a reflexive Banach space. Then the P-essential spec-
trum of an operator A € W?* in the space E® does not depend on E*®, and

Op_ess (A) = Uog (Ah)

where the union is taken over all limit operators Ay, of A and where the P-essential
spectrum op . (A) consists of all X € C for which the operator A — X is not

P-Fredholm.

If the space X is finite dimensional, then the P-essential spectrum is the usual
essential spectrum. The proof of the independence of the P-essential spectrum
of the underlying space follows from Theorem 2.2 and from the fact that limit
operators of operators in the Wiener algebra belong to the Wiener algebra again.

3 Bi-discretization of operators on L*(R")

3.1 Bi-discretization

Let f € Cg°(RY) be a non-negative function such f(z) = f(—=x) forallz, f(z) =1
if |z;] <2/3foralli=1,..., N and that f(zx) = 0 if |x;| > 3/4 for at least one
i. Define a non-negative function ¢ by

20N . f()
2 («T) = Zﬂesz(.T — B),

and set p,(7) := p(x — ) for @ € Z". The family (p,) forms a partition of unit
on RY in the sense that

reRY,

Z ©2(z) =1 forallz e RV, (16)

acZN

For v := (a, 8) € ZN x Z¥, we set ¢, (z, ) := pa(x)ps(E) and @, := Op(¢,).
These operators are compact by Theorem 1.1 (b), and (16) implies that

Yo ®du = Y Oples) Y ¢20p(pp)u

~ez2N BeZN acZN
= Z Op(pg)’u=F! Z <,025Fu =u
peLN BeLN
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for all u € L?(RY). Thus, the operator family (®,).cze2n forms a partition of unit

in the sense that
> @, =1 (17)

erZZN

where the series converges strongly on L?(RY). Analogously, one checks that
>, ®,@; = I. Moreover,

lullfa = > 1®ullze = D (1950l (18)
,-YGZZN erZQN
for every u € L*(RY) which follows easily from (17):
Jull7: = Z (D7 Qyu, u) = Z (Qyu, Qyu) = Z 1|7
,,/EzzN ’)’EZQN ’YEZQN

One also easily checks that ®, = U,®oU; with the unitary operators U, intro-
duced in the introduction.
We define the bi-discretization Gu of a function u € L*(RY) by

(Gu)y = ®Uju, € 7N,

i.e. we consider Gu as a vector-valued function on Z*" with values in L?(RY).
These functions form a Hilbert space 1?(Z?Y, L*(RY)) with scalar product

(f,9) =D {fr 9oy

yezN

Proposition 3.1 The operator G : L*(RN) — 12(Z*N, L*(RY)) is an isometry.
Its adjoint is given by

G'f=)Y U/,

yezN

where the series converges in L*(RY).

Proof. The isometry of G follows from (18) since

IGull = > 1@oU5ullze = Y IU,@U5ullze = Y [1@ullze = [ullz..

f)/eZZN erZZN erZZN

Further, one has

(Gu, e = > ((Gu)y, L) = D (@USu, f)1

"/EZQN "/EZQN
= > (u, Uy f)e = (u, Gy
f)/eZZN
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for every u € L*(RY) and f € [(Z*N, L*(RY)). n

Thus, G*G = I, and the operator () := GG* is an orthogonal projection on
I>(Z*N, L*(RY)). We denote its range by Im (). Then

G:L*RY) - ImQ

is a unitary operator, and every operator A € L(L?(R")) is unitarily equivalent
to the operator
AG = GAG*

We extend Ag to an operator I'(A) acting on all of [2(Z*N, L?*(R")) by setting

|ImQ'

[(A) = AgQ + 1 — Q= GAG" + 1 — Q.

Clearly,
G'T(A)G =G (GAG" + 1 — GG")G = A.

3.2 Bi-discretization and Fredholmness

We will now examine the relation between the Fredholmness of an operator on
L*(RY) and the P-Fredholmness of its discretization.

Proposition 3.2 (a) The operators P,Q and QP, are compact for every k € N.
(b) The projection @ belongs to L(I?, ﬁ)

(¢) For every A € L(L*(RY)), the operator T'(A) belongs to L(I%,P).

(d) Let K € L(I*(Z*N, L*(RY))) be a P-compact operator of the form K = QK Q.
Then G*KG 1is compact.

(e) The operator A € L(L*(RY)) is invertible (Fredholm) if and only if the oper-
ator T'(A) € L(I*(Z*N, L*(RY))) is invertible (P-Fredholm,).

Proof. (a) It is sufficient to verify the compactness of all operators S,Q and
QS,. A straightforward calculation yields

Q= T,®U;Us®;R; (19)
ﬂ€Z2N
where we wrote

R521m55—)L2(RN), (...,O, fﬂ, 0, )l—)f[g

and
T,: *RY) - ImS,, f,—(..,0,£,0,..)),

for a moment. Since, with certain constants c,g,
(I)oU:;qu)g = C’yB(I)OUj;fﬂ(I)S == C%gU,;(fﬁq)fY_gq)S =0

13



if 5 is sufficiently large, the sum (19) has only a finite number of non-vanishing
items. Each of these items is compact because ®, is compact. Thus, S, and
QS, = (5,Q)* are compact.

(b) It is easy to check that the operator @ belongs to L({%,P) if and only if, for
every k € N,

|1P.Q(I — P,)|| =0 and ||(I—P,)QP —0

as n — co. These conditions follow immediately from the compactness of P,Q
and QP and from the *-strong convergence of the P, to the identity.

(¢) As in the previous step, we have to show that, for every k € N,
|BD(A)(I = B =0 and (I = B)D(A)]| — 0
as n — 00. Let us check the first condition. We have
BI(A)I = Pa) = PQGAG* (T = P,) + Di(I = P,) = BQ(I = P).

The first and the third term in this sum tend to zero in the norm since P,Q is
compact and since the I — P, converge strongly to 0. The second term is zero
whenever n > k.

(d) If K is P-compact, then ||K (I — P,)|| — 0. Consequently,
|G*K(I — P,)G|| = |G"KGG*(I — P,)G|| = [|G"KG(I — G*P,G)|| — 0.

Since
G*P,G = Yoo oo,
a€[—n,n]2NNZ2N
and @ ®, is compact, the operator G* K G is the norm limit of compact operators
and, hence, compact.

(e) Since A and Ag are unitarily equivalent, the operator A is invertible (Fred-
holm) if and only if A is invertible (Fredholm). We claim that the latter happens
if and only if the operator I'(A) is invertible (P-Fredholm).

Let Ag be invertible on Im (), and let B be its inverse. Then, clearly, QBQ +
I — @ is the inverse of I'(A). Conversely, if C' is the inverse of I'(A), then QCQ
is the inverse of Ag, since I'(A)Q = QT'(A)Q = QT'(A).

Let now Ag be Fredholm, and let B be a regularizer of Ag, i.e. the operators
AgB — I and BAg — I are compact. Then the operators

FA(QBQ+1-Q)—1
= QAR +1-Q)(QBQ+I1-Q) -1 =QAcBQ - Q=Q(AcB - 1)Q

and (QBQ + I — Q)I'(A) — I are compact and, hence, also ﬁ—compact, whence

A

the P-Fredholmness of I'(A). Let, conversely, I'(A) be a P-Fredholm operator.

14



Thus, there are an operator B € L(I1?,P) and P-compact operators K, L such
that
D(A)B=I+K and BI(A)=1I+L.

We multiply both equalities from both sides by @. Since I'(4) commutes with
Q, we get

QI(A)QRBQ =Q+K' and QBQI(A)Q=Q+ L (20)
with P-compact operators K’ and L' satisfying
K' =QK'Q and L' =QL'Q.
Multiplying (20) by G* from the left band by G from the right hand side we find
AG'BG=1+G'K'G and G'BGA=1+G'L'G.

The operators G*K'G and G*L'G are compact by assertion (d). n

3.3 Bi-discretization and limit operators

Our next goal is to relate the limit operators of operators A on L?(RY) with the
limit operators of its discretization I'(4) on L(I2(Z*N, L?(RY))). The latter ones
are defined as in Section 2.1 (with p, N and X replaced by 2, 2n and L*(RY)).
Given v = (71, 72) € Z*N = ZN x ZV, we define a unitary operator T, on
I2(z*N, L*(RY)) by (Tvu)a = 1)y

Lemma 3.3 Let v € Z*N. Then
V.G =T,GU; and G'V,=U,G'T;
on L2(RY) and on I2(Z?N, L*(RY)), respectively.
Proof. Let f € L*(RY) and o € Z¥ x Z". Then
(VorGUf)a = (GUyf)ary = ®Usy,Usf
- ei<72’a1>®0U7f - el’("/wl)(Gf)a
= (B,Gf)a

where we used (3). Hence, V_,GU, = T,G on L*(RY), which implies the asser-
tions. [

Lemma 3.4 FEvery sequence h € H possesses a subsequence g such that the
functions .
fn i ZN ST, o efldm@ (21)

converge uniformly on Z» as m — oo.
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Proof. Set r_; := h, and let v : N — Z% be an enumeration of Z". By the
compactness of the unit circle T, there is a subsequence rqy of r_; such that

eiro(m),v0) _ f(y) €T asm — oo

and .
|ei{rotm ) — f(y)| < 2 for all m € ZY.

We proceed in this way and get, for every positive integer n, a subsequence r,, of
rn_1 such that .
eHrnmhm) _y f(n ) €T asm — 0o

and .
|BZ<rn(m),7n> —f(m)] <2™ forallme Z~.

Set g(n) := r,(n). Since g is (with exception of a finite number of entries) a
subsequence of each sequence r,, we have g € H,

eH9(m) ) _y f(ym) asm — oo

and _
|€z(g(m),7n) — f(ym)] <27 forallm e Z" and n € N.

We claim that the functions f,, converge uniformly to the function f : Z¥ — T
defined in this way. Given £ > 0, choose K € N such that 2% < ¢, and then
choose M € N such that

|efgtm:m) _ f(y )| <e forallm> M andn < K.
Then [¢¥9(m): ) — f(a)| < & for all m > M and o € ZV. -

Proposition 3.5 Let A € L(L*(RY)) be such that the limit operator Ay with
respect to the sequence h € H exists. Then there is a subsequence g of h such
that the limit operator I'(A), of T'(A) exists and that the operators I'(A), and
['(Ap) are unitarily equivalent.

Proof. Let h € H be a sequence such that the limit operator A, exists. By
the preceding lemma, there is a subsequence g of h such that the functions (21)
converge uniformly on Z*¥ to a certain function f, : Z* — T. Let the operator
T, : 12(Z*N, L*(RY)) — 1%(2*", L*(RY)) be defined by (T,u)q := fy(c1)uq. Since
all values of f, are unimodular, the operator 7 is unitary. Moreover, from the
uniform convergence of the functions (21) to f, we conclude that

T ymy — Tyll = sup [e 90 — £ (a)] =0 asm — .
a€eZ2N

Now we have, by Lemma 3.3,

~

V_gm)GAG Vym) = To(m)GU () AUg(m) G Ty(m)

16



and the right hand side of this equality converges *-strongly to T,GA,G*T}.
Hence, the limit operator (GAG*), exists, and

(GAG"), = T,GALG"T?. (22)

Choosing A = I, we see in particular that every sequence h which tends to
infinity possesses a subsequence g such that the limit operator (), of Q = GG*
exists and that this limit operator is equal to T,QT;. Of course, one can choose
the same subsequence g as in (22). Consequently, the limit operator of ['(A) =
GAG* 4+ I — @ with respect to g also exists, and

F(A)g = (GAG*)Q + ([ - Q)g
= TgGAhG*T; —|—Tg(I — Q)T_l;k = TgF(Ah)T;. (23)

This proves the assertion. [

4 Fredholmness of pseudodifferential operators

We are now going to single out a class of operators on L?(R" ) which become band-
dominated operators in the rich Wiener algebra after bi-discretization. This will
enable us to derive Fredholm criteria for these operators. Particular examples
of operators which belong to this class are provided by the pseudodifferential
operators with symbol in Sg .

4.1 A Wiener algebra on L?(RY)

We define a Wiener algebra of operators on L*(R") by imposing conditions on
the decay of the norms [|®,A®?, _||.

Definition 4.1 Let A be a linear (at this moment not necessarily bounded) op-
erator on L*(RY). We say that A belongs to W(L*(RY)) if

||A||W(L2(RN)) = Z sup ||(I)aAq)Zfry||L(L2(RN)) < 0.

+EZ2N a€Z2N

The class W(L*(RY)) contains sufficiently many interesting operators. Actu-
ally we will see that all pseudodifferential operators with symbol in 8870 belong
to W(L?*(RY)). To check this, we need some auxiliary results. The following
proposition is proved in [16], Proposition 5.5.2.

Proposition 4.2 Let A = Op(a) € OPSy,, and let (po) be a partition of unit
satisfying (16). Then, for all o, B € ZN and ky, ko > N/2,

loadosl || nz@ny < C(B — ) > |alak,, 2k, (24)

with a constant C > 0 independent of o, B and a (but depending on ki and ks).
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Proposition 4.3 Let A = Op(a) € OPSy, and a = (a1, a3), B = (B, fa2) €
ZN x ZN. Then

| PaAPs| Lir2eny) < Clalokyom, 2k+2m (01 — Br) oy — Bo) "

whenever 2k > N, m € N is large enough, and with a constant C' > 0 independent
of a and of o and § (but depending on k and m).

Proof. Applying Proposition 4.2 to the operator B := Op(¢q,)AOp(ps,), we
get

1R AR|zz2@y)) = 001 OP(ay) AOP(95,) 05,1 || 22
< Clar = Br) " |symp|om, 21

for all 2k > N. By Theorem 4.2.1 from [16], [symp|ok 2r < Cla|2ks2m,26+2m
whenever 2m > N. Thus,

| P APs|| (L2 rry) < Clan — B1) ¥ alokt2m, 26+ 2m- (25)

Similarly, writing FOp(a)F ! (with F denoting the Fourier transform on L*(RY))
as the pseudodifferential operator with double symbol a(z, y, ) := a(—¢&, y), and
estimating the right hand side of the estimate

[PaAPE|Lr2@ry = IFPaAPEE |1 12mny)
= ||Op(90a1)QOQQFAFilgO@Op((paQ)||L(L2(RN))
< ||SOOQFAF_ISO@IHL(LZ(RN))

by using Theorem 4.3.2 from [16] and the Calderon-Vaillancourt theorem, we
obtain

|Pa ARs| L(r2rry) < Clag — Bo)”*|alokt2m, 26+ 2m- (26)

for every 2k > N and for every m which is sufficiently large (recall that ¢ is an
even function by hypothesis). Multiplying (25) by (26) and taking square roots,
we get the assertion. n

Corollary 4.4 OPS{, C W(L*(R")).

Indeed, for A € OPS&O, and with v := (y1, 72) and « := (1, ay), the preceding
proposition implies

sup || @ AP, . [[Lr2@vy) < Claloksom,2rt2m Z (1) () 7,
7622N a€l?N ’YEZQN

which is finite if £ is chosen large enough. [

Here are some basic properties of W(L?*(RY)).
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Proposition 4.5 (a) W(L*(RY)) C L(L*(RY)), and
||A||L(L2(RN)) S ||A||W(L2(RN)) fO’f‘ allA € W(L2(RN))

(b) When provided with the norm A — ||A|lwemyyy and with the involution
A+ A* (= the Hilbert space adjoint of A), the set W(L?(RN)) becomes a unital
tnvolutive Banach algebra.

Proof. (a) The boundedness of A € W(L?(RY)) as well as the norm estimate
can be obtained as follows, where we employ (17) and (18) several times:

[Aul> = > 12, Aul?

n/eZZN
2
- Z P A Z P5Ps5u
yEL2N SEZ2N
2
< 3o oA ||<1>7_au||>
vyeZ2N \aeZ?2N
2
< > 1> kA(a>||<1>7_au||>
veZ?N \acz?2N
2
<Y (X kA('Y—Of)H‘I’auH)

76221\] an2N

with ka(a) := sup,czn [|@,AP% ||, Since kj is in I'(ZY),

ol

2
[ Aull® < Z ka(v) Z [Pqull” = ||A||12/V(L2(RN))||U||27

y€EZ2N aeZ?N

whence assertion (a).

(b) Let A, B € W(L*(R")). Then, clearly,

||O‘A||W(L2(RN)) = |af ||A||W(L2(RN))

and
1A+ Bllwee@yy < [[Albwee@yy) + [[Bllww@yy)-
For the product AB, one finds

IABlwz@vy = Y sup [|0,AB®; ||

YEZ2N agZ>N
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Y 0,40 ,P, yBD;

0622N

< D> ka®)ks(y—0)

Y€EZ2N 9ez,2N

= E sup
yezen @€

< [Alwee@vy [IBllwe@y))-

Further, since ||®,A®}|| = ||®,A*®}||, the operators A and A* belong to the
Wiener algebra W(L?*(R")) only simultaneously, and one has

[Alwze@vy = 14" w2y

That the identity operator belongs to W(L?*(RY)) follows from Corollary 4.4.
Finally, if (A4,) is a Cauchy sequence in W(L?(R")) then, by part (a), it is also a
Cauchy sequence in L(L?(R")), hence convergent. Let A € L(L?*(RY)) denote the
limit of this sequence. Given ¢ > 0, choose M such that ||A, — A |[w2@yy <€
for all m, n > M. Letting m go to infinity in this inequality, we get the conver-
gence of the A,, to A with respect to the norm in the Wiener algebra. n

Next we consider bi-discretizations of operators in the Wiener algebra. For nota-
tional convenience, we denote the discrete Wiener algebra W on (?(Z*", L*(RY))
introduced in Section 2.2 by W(I?(Z*")) in what follows.

Proposition 4.6 (a) Let A € W(L*(RY)). Then the operators GAG* and I'(A)
belong to the Wiener algebra W(I*(Z*")).

(b) Let B € W(I*(Z*N)). Then the operator G* BG belongs to the Wiener algebra
W(L*(RY)).

Proof. (a) Let u € I*(Z*", L*(RY)) and « € Z*. Then

(GAG™uw)e = (GA Y Uydjuy)a = QUZA Y U, Pju,

yEZ2N yEZ2N
= > QUIAUaPhtia—y = Y Ui AU @5(Vyu)a,
’)’EZQN ,,/EzzN

which shows that GAG* € W(I?(Z*")). When applied to the operator A = I
(which is in W(L?*(RY)) by Proposition 4.5), this inclusion implies in particular
that Q@ = GG* € W(I*(Z*")). Clearly, the discrete Wiener algebra W(I?(Z*"))
also contains the identity operator, whence the first assertion.

(b) Let B € W(I*(Z*")) be given by

B = Z bﬂVﬂ with ||B||W(l2(ZQN)): Z ||b5|| <0

ﬂeZ2N 6€Z2N
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with multiplication operators bg. Further, let o, v € Z*N and u € L?(RY). Then

QG BGR, u = Y DUs®y(BGL, u)s

deZ2N

== Z q)aUqu)g Z bﬂ(é)(Gq)Z_,yu)(;_g
0e72N BEZ2N

- Z PaUs® Z b5(8) PoUs_ 5 Poipna—t
6EZ2N ﬂeZ2N

= > 0.0 Y Ush(0)Us_p0s_p®l,_u
0€72N BeZ2N

whence

192G BGR, | < Y 12951 Y 10l 1®5-525 |

5€ZQN ﬂEZQN
= > lbsll Y 19a®5]][1©5-5P5, I
Bez2N 0€Z2N

We write all indices as a = (i, az) € ZY x Z" and use Proposition 4.3 to get

> 12a @3] 5@ |

dez2N
=C Z (o = 01) Man = 62) F (i + 01— a1 = B1) F(ra+ 02—y — fo) "
§EZ2N
=C Z (o = 61) " (461 — g — 1) F x
01€ZN
X Z Qg — 0) 72+52 — Qg — B2>7k
b2€ZN

If k is large enough, then the sequence = — (z) ¥ belongs to I}(Z"). Since [*(ZN)
is closed under convolution, there is a sequence f € ['(Z") such that

2o G*BGE, | < C Y lbsllf(n = B1) [z = Fo)-

BeZN

The sequence ¢ : (z1, v2) — f(z1)f(z2) belongs to ['(Z*Y). Hence, by the
convolution theorem,

12.G*BGD;, || < C Y lbsllg(y = B) = h(y)

Bez2N

with a certain function i € {'(Z?") independent of a and . This estimate implies
the assertion (b). n
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Proposition 4.7 The algebra W(L?(RY)) is inverse closed in L(L*(RY)), i.e.
if A€ W(L?(RYN)) is invertible in L(L?*(RN)), then A=t € W(L*(RY)).

Proof. Let A € W(L*(R")) be invertible on L*(R"). Then T'(4) belongs to
W(I?(Z*")) by Proposition 4.6 (a), and it is invertible in L(I*(Z*", L*(R"))) by
Proposition 3.2. The well known inverse closedness of the discrete Wiener algebra
([13]) implies that ['(A) "t € W(I*(Z*")). Since

G*T(A)'GA = G*'T(A)T'GAG*G = G*T(A)"'T'(A)QG = 1,
one has G*T'(4)7!'G = A~ € W(L*(R")) by Proposition 4.6 (b). C

4.2 Fredholmness of operators in W(L*(RY))

Operators on L?(RY) which possess a rich operator spectrum are defined in com-
plete analogy to the discrete setting. More precisely: We let W*(L?(RY)) stand
for the set of all operators A in the Wiener algebra W(L?*(R")) with the following
property: every sequence h € H possesses a subsequence g such that the limit
operator A, with respect to this sequence exists. It can be easily checked that
WH(L?(RY)) is a closed and unital subalgebra of W(L?*(RY)).

Proposition 4.8 Let A € W(L?(RY)). Then GAG* and T(A) belong to the
algebra WH(I2(Z*N)), and

0p(GAG") = {T,GAWG*T; : Ay € 0,(A)},
o(T(4) = {T,T(ANT : A € a(A)}.

Proof. Let k£ € ‘H. Since A has a rich operator spectrum, there is a subsequence
h of k such that A; exists. By the Proposition 3.5, there is a subsequence ¢ of
h such that the limit operators (GAG*), and I'(A), exist. Hence, GAG* and
['(A) are rich, too. The description of the corresponding operator spectra follows
immediately from (22) and (23). ]

Theorem 4.9 Let A € WH(L*(RY)). Then A is a Fredholm operator if and only
of all limit operators of A are invertible, and the essential spectrum of A is the
unton of all spectra of its limit operators.

Proof. It is easy to see that, if A is a Fredholm operator, then all limit oper-
ators of A are invertible. Let, conversely, all limit operators of A be invertible.
Then, by Propositions 4.8 and 3.2 (e), all limit operators of I'(A) are invertible.
Consequently, I'(A) is a P-Fredholm operator by Theorem 2.5. By Proposition
3.2 (e) again, A is a Fredholm operator. ]

Let A*(L2(RY)) denote the closure in L(L*(RY)) of the rich Wiener algebra
WSH(L*(RY)). Further we agree upon calling a family of operators uniformly in-
vertible if each member of the family is invertible and if the norms of their inverses
are uniformly bounded.

22



Theorem 4.10 An operator A € A¥(L*(RY)) is Fredholm on L*(RM) if and
only if all limit operators of A are uniformly invertible on L?(RY).

Proof. Let (4,) be a sequence of operators in W*(L2(R")) which converges to
A in the norm. By B we denote the smallest C*-subalgebra of L(L*(RY)) which
contains all operators A,, and the ideal K (L*(RY)) of the compact operators, and
we write Hp for the set of all sequences h in H such that the limit operator By,
exists for every operator B € B. Then the mappings

Wy A/K(L*(RY)) — L(L*(RY)), A+ K(L*RY))— 4,

are correctly defined C*-algebra homomorphisms for h € ‘Hz. Employing a Can-
tor diagonal argument is is also not hard to verify that

oop(B) = {Wi(B) : h € Hg} for every B € B.

Let now the limit operators of A be uniformly invertible. Then, by Neumann
series, all limit operators of all operators A,, are uniformly invertible if only n is
large enough. By Theorem 4.9, this implies that all operators A, with n large
enough are Fredholm or, equivalently, their cosets modulo the compact operators
are invertible. Moreover, these cosets are even uniformly invertible which follows
easily from the second assertion of 4.9 (or, likewise, from the symbol calculus
developed in [18]). Since the cosets of A,, converge to the coset of A, and since
these cosets are uniformly invertible, we obtain the invertibility of the coset of A
modulo the compact operators, i.e. the Fredholmness of A. [

Corollary 4.11 Let A € A¥(L*(RY)). Then
[Aless == |4 + K (L*(RY))|| = sup{[|Ax]| : An € 0(4)}.

There is also a local version of the latter result. Given a radius R > 0, a direction
n € SN! with SN=! referring to the unit sphere in RY, and a neighborhood
U C SN=1 of n, define

Wro =1{2 €R" :|2| > Rand 2/|z| € U}. (27)

We call Wg a neighborhood at infinity of n. If h is a sequence which tends to
infinity, then we say that h tends into the direction of n € SN-1 if, for every
neighborhood at infinity Wg of 7, there is an my such that

h(m) € Wgy  for all m > my.

Finally, we call an operator A € L(L*(R"™)) locally invertible at the infinitely

distant point n € SNV~1 if there exist a neighborhood at infinity W of n as well as
operators R, L € L(L*(RY)) such that

We denote by o,,,,(A) the set of all limit operators of A € B(L*(R")) which are
defined by sequences h = (hy, hy) : N — Z~ x Z" for which h; tends to infinity
into the direction of 7.
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Theorem 4.12 Let A € W3(L?(RY)). Then A is locally invertible at the in-
finitely distant point n € S¥=1 if and only if all limit operators Ay, € o,p,(A) are
invertible.

The proof is similar to the proof of Theorem 4.9. An analogous result (with the
invertibility of all limit operators in the local operator spectrum replaced by their
uniform invertibility) holds for operators in A% (L2(RY)).

Finally, we say that A € C belongs to the local spectrum o, (A) of the operator
A at i if A — I is not locally invertible at the infinitely distant point n € SV~
The following is a corollary of Theorem 4.12.

Theorem 4.13 Let A € WH(L*(RY)). Then
o(A)= |J o4

Ap€oop,n(A)

4.3 Fredholmness of pseudodifferential operators in the
class OPS&O

We have seen in Corollary 4.4, that every pseudodifferential operator with symbol
in Sy, belongs to the Wiener algebra. Now we will show, moreover, that these
pseudodifferential operators possess a rich operator spectrum. Thus, they become
subject to Theorem 4.9.

Theorem 4.14 OPSy, C WH(L*(RY)).
Proof. Let a € S, and A := Op(a), and let h € H. For k = (ky, ky) € ZN xZ~,
we consider the functions

a® RY x RY = R, (21, x2) — alxy + ky, Ty + ka).

Clearly, Uy, AUnm) = Op(a"™)). The sequence (a*™)),,cy € C*(RY x RY)
is bounded with respect to the supremum norm. Hence, by the Arzela-Ascoli
theorem, there exists a subsequence g of h such that the functions a9™) converge
in the topology of C*°(RY x RY) to a function a,. It is easy to see that the limit
function a, belongs to Sg, and that

|ag|k,l S |a|k,l for all k, leN

We set A, := Op(a,) and claim that A, is the limit operator of A with respect
to the sequence g, i.e., we claim that

For the first assertion of (28), choose a function ¢ € C$°(RY) which is equal to
1 in a neighborhood of the origin. Further, for R > 0, set pr(x) := ¢(x/R), and
consider the cut-off functions ¥g(z, &) := pr(7)pr(£) on RY x RY. Evidently,
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The operator Op(a)Op(¢r) is a pseudodifferential operator with symbol ¢z € Sg,
given by the oscillatory integral

cr(z, €) = 0s (2m)” // z, &+ nUr(z+y, e W dydy  (30)
RN
(see, e.g. [16], Theorem 4.2.1). By means of the Lagrange formula, we write

VYr(z+y, §) = Yr(z, &) +qr(, y, &)

where gr(z, y, €) := 31, i (@, y, £)y; and

1
(e, v, €) = /0 (00, ) + 0y, ) db.

Then we obtain (cf. [16], Corollary 2.2.2)

s (2m) // v, €+ n)e 1Ny dn = pla, €),
RN

such that (30) can be written as

cr(r, §) = alx, E)Yr(x, §) + tr(z, £)

where

N
tr(z, §) = (2m) V) / § / ir(@, y, ©)(i0,,)a(w, &+ n)e " dy dn.
o1 JRY R
Simple manipulations yield the estimates

0208 tn(@ + 91(m), € + 2m))| < Cup lons 4101202419 (1 + )

for all 2k; > N and 2k, > N, and with a constant C, g independent of a. By
the Calderon-Vaillancourt Theorem,

Op(t{™) < Claly, o (1+ B)™ (31)
whenever N; and N, are sufficiently large. Here we used the convention

9" (@, €) = tr(x + g1(m), € + g2(m)).

Let now u € L*(RY) and ¢ > 0. Due to (29) and (31), we can choose Ry > 0
such that, for all R > Ry,

€

lu = Opim)ul < g and - sup Op(t™) | <

meN Bllull
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Thus, for all m € N,
[(Ugny AUg(m) — Ag)ull

IN

1(Ugmy AUg(my — Ag)Op(vr)ul| +¢/3
10p((@™ — ag)ip)ul| + 2¢/3. (32)

Since the functions a9™) —a, tend to zero in the topology of C*°(RY x RY), the
sequence of the functions (a¥(™) — a,)1, tends uniformly to zero together with
their derivatives. Hence, by the Calderon-Vaillancourt Theorem, there exist an
mg such that, for all m > my

10p((al™) — ag)er)|| < = (33)

IN

Estimates (32) and (33) imply that, for arbitrary v € L*(R"Y) and ¢ > 0, there
exists an mg such that

[ (Ug(m) AUg(my — Ag)ul| <& for all m > my.

This settles the first assertion of (28). For the second one, notice that the symbol
of the adjoint operator is given by the oscillatory integral

sym 4. (x, &) = os (27r)_N// a(x +y, £+ n)e‘i<y’">dy dn
RN

(Theorem 4.4.2 in [16]). Since al9™) — a, in the topology of C®(RN x RY),
this implies that

sym . (@ + g1(m), £+ g2(m))
=oﬂ%>N//’mx+mmw+%g+mmw+me@W@my
RN

— o0s (2m) Y // ay(r +y, &+ n)e " dy dn.
RN

Hence, the symbols sym(Ag(m)) converge to sym . in the topology of C®°(RY xRY)

as m — oo. Repeating the above arguments, we obtain the second assertion of
(28). n

Due to Theorem 4.14, the following results are straightforward consequences of
Theorems 4.10 and 4.13 and of Corollary 4.11.

Theorem 4.15 An operator A € OPSy is Fredholm on L*(RY) if and only if
all limit operators of A are invertible on L*(RY). Thus,

Oess(A) = o(A + K(L*(R"))) = Ua, (40 (An)
and, moreover,

[Alless = A+ K(L*®RY))[[ = inf = [JA=K[= sup [Auf. (34)

KeK(L2(RN)) Ap Eoop(A)
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Theorem 4.16 An operator A € OPS&O is locally wnvertible at the infinitely
distant point n € SN7U if and only if all limit operators of A in o,p,(A) are
tnvertible. In particular,

oy (A) = UAheaop,n(A)U(Ah)-

Remark. One also considers pseudodifferential operators with double symbols
a € S0y The class S}, consists of all functions a € C*°(RY x RY x RY) such
that

laly 0= sup Y |egdid)alx, y, )T < oo

RN xRN xRN
la|<r, [B]<s, |v|<t

for each choice of r, s, t € N. For each a € Sf ,, the pseudodifferential operator
Opq(a) with double symbol a is defined by

(Opa(a) / / a(z, y, Ou(y)e* ¥ Odyde, ue S(RY).
RN JRN

The class of all operators Opy(a) with a € Sg}, is denoted by OPSgy ;. This
class seems to be much larger than the class O PS¢, but actually, both classes
coincide (Theorem 4.3.2 in [16]). Thus, the results of the previous theorems apply
to pseudodifferential operators with double symbol a € S{ , and what they yield
is the following. For k = (ky, ko) € ZV x Z", we set

a’(k)(]“J Y, 6) = CL([L‘ + kla ?J"‘ kla €+ k?)

Then U,’;(m)AUh(m) = Op(a®™)) and the sequence h has a subsequence g such

that the functions a(9™) converge to a function a, in the topology of C®(RY x
RY x RY) as m — oo. The limit function a, belongs to S, and the limit
operator of A with respect to the sequence g exists and is equal to Op(a,). So,
these operators possess a rich operator spectrum, and Theorems 4.15 and 4.16
remain valid without changes.

5 Applications

5.1 Operators with slowly oscillating symbols

A symbol a € 5870 is called slowly oscillating with respect to x if

lim sup |0,;a(z, §)| =0 forallj=1,..., N,

T—r00 &ERN
and a is slowly oscillating with respect to £ if

hm sup [Oga(r, §)|=0 forallj=1,..., N.

£00 peRN
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Proposition 5.1 Let the function a € 58’0 be slowly oscillating with respect to
x. Then every limit operator of A := Op(a), which is defined with respect to
a sequence h = (hy, hy) : N — ZN x ZN with hy(m) — 0o as m — oo, is a
pseudodifferential operator Op(ay) with a symbol independent of x. In particular,
Op(ay) is shift invariant and, thus, a convolution operator. Similarly, if a is
slowly oscillating with respect to &, and if ho(m) — 00 as m — oo, then the limit
operator Op(ay) has a symbol independent of £ and is, thus, a multiplication
operator.

Proof. We will prove the first assertion only. Let a be slowly oscillating with
respect to . As we have seen in the proof of Theorem 4.14, the symbol ay, of the
limit operator is the C°(RY x RY)-limit of the functions

oMM RY xRY 5 R, (x, §) = alz + ha(m), € + ha(m)).
Since, for fixed 2/, 2" € RV,

|a(h(m))(x/, £) — a(h(m))(x", )|
N

1
<> - x;.'|/0 10,, ("™ (1 — t)a’ + t2”, €)|dt — 0
j=1

as m — oo, the function a, does not depend on . [

The most simple (and, perhaps, most important) pseudodifferential operators
with slowly oscillating symbols are those whose symbols are slowly oscillating
with respect to both variables simultaneously. We denote this class of symbols
by SO, and the corresponding set of pseudodifferential operators by OPSOg .
For operators in this class, all limit operators are operators of convolution or
operators of multiplication (indeed, if the sequence h = (hy, hy) tends to infinity,
then at least one of the sequences h; and hsy goes to infinity, too). For both kinds
of limit operators, their invertibility can be easily checked.

Theorem 5.2 Let a € SOJ,. Then all limit operators of Op(a) are invertible if
and only if

lim inf |a(x, > 0. 35

Jim | inf | la(e, ©)] (35)
Proof. Let condition (35) be satisfied, and let h = (hy, he) be a sequence
which defines a limit operator of Op(a). Further assume for definiteness that the
sequence h; tends to infinity (the case when hy — oo can be treated similarly).
Then, as we have seen in Proposition 5.1, the limit operator Op(a)y, is shift
invariant, i.e. there is a function ay, in S, which is independent of x such that
Op(a), = Op(ay). Moreover, the functions

alM™) () €) = a(x + by (m), €+ ha(m))

28



converge to the function (z, ) — ax(€) in the topology of C®(RY x RY) as
m — oo. Thus, for each L > 0,

lim —sup |a(x + hi(m), &+ ha(m)) — an(§)] = 0. (36)

=00 || +]¢|<L

From (35) and (36) we conclude that infe |a,(§)| > 0, i.e. the limit operator
Op(a), is invertible.

To prove the reverse statement, suppose that all limit operators of Op(a)
are invertible, but that condition (35) is not fulfilled. Then there exists a se-
quence h = (hy, hy) : N — ZY x Z" which tends to infinity and for which
a(hi(m), ho(m)) — 0. Without loss we can assume that the limit operator of
Op(a) with respect to h exists (otherwise we choose a suitable subsequence of h).
We further assume for definiteness that h;y — oo (the case when hy — oo follows
similarly). Then, as before, Op(a);, = Op(a;) with a function a; independent of
x and such that the functions a*™) converge to a; in C®°(RY x RY). It follows
from a(hy(m), he(m)) — 0 that a,(0) = 0 which contradicts the invertibility of
Op(ap)- =

Corollary 5.3 An operator Op(a) € OPSOY, is Fredholm if and only if condi-
tion (35) holds. Moreover,

10p(a)less = lim  sup a(z, £)].
0 [z +[E[>R

The proof of the first assertion follows from the previous result and from Theorem
4.15. For the second assertion, recall Corollary 4.11. [

These results admit generalizations to pseudodifferential operators with double
symbols. For, we call the double symbol a € S 0,0 Slowly oscillating and write
a € SOg if, for arbitrary compact sets K C RY,

lim  sup |00z, x4y, §)] =0
L0 (y, £)e K xRN
and
lim sup |0, a(x, y, §)| = 0.
§799 (3, y)eRN xRN
Proposition 5.4 (a) Let a € SO, and let h = (hy, hy) be a sequence with
hy — oo for which the limit operator Opy(a)y, exists. Then this limit operator is
of the form Op(ay) where ay, is the limit in the topology of C®(RY x RY) of the
functions
(z, &) = a(x + hi(m), x + hi(m), £+ ha(m))

as m — 0o. The function ay is independent of x in this case.
(b) Let a € SOp,, and let h = (hy, hy) be a sequence with hy — oo for which
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the limit operator Opg(a)y, exists. Then this limit operator is of the form Op(ay)
where ay, s the limit in the topology of C*°(RY x RN) of the functions

(z, §) = a(z + hi(m), x + hi(m), £ + ha(m))
as m — oo. The function ay is independent of & in this case.

Proof. We will check assertion (b) for example. The symbol a; of the limit
operator of Opy(a) with respect to h is defined as the limit as m — oo of the
oscillatory integral

os (2m) N // a(x + hi(m), x + hi(m) +y, &+ ha(m) + n)e " dy dn.
RN

Thus,
ap(z, ) = os (QW)N// an(x,  +y)e " dydny
RN
by Corollary 2.2.2 in [16]. ]

As in Theorem 5.2 and its Corollary 5.3, one can also prove that, if a € 50870,0,
then all limit operators of Opy(a) are invertible if and only if

lim sup |a(z, z, )| > 0. (37)
200 o +ig > R

Hence, condition (37) is necessary and sufficient for Fredholmness of Opy(a), and

O ess — li inf ) .
One(@) s = Jim int e, 5, €)

5.2 Operators with almost periodic symbols

A function a in C(RY) (= the C*-algebra of the bounded continuous functions
on RY) is called almost periodic if the set {V,a : » € RV} of all shifts of a
is relatively compact in C,(RY), i.e. if every sequence in this set has a norm
convergent subsequence. Here, V,a stands for the function x — a(x — r). The
class of all almost periodic functions will be denoted by AP(RY). Note that
AP(RY) is a C*-algebra with respect to the supremum norm. Nice references to
this class are still [14, 15].

We set AP®(RY) := AP(R") N Cy°(RY) and denote by 2J ; the closure in
Spo of the class of all functions of the form

a(w, §) =Y c;(2)b;(€) (38)

where J € N, ¢; € AP®(RY) and b; € SOJ . Pseudodifferential operators with
symbols in this class possess limit operators with respect to the shifts V,, where
the convergence is in the operator norm.
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Proposition 5.5 Let A € OP,,. Then each sequence h : N — ZN which tends
to infinity has a subsequence g such that there exists an operator A, € OPngyo
with

i [[V gy AV — Al = 0.
Proof. To start with, let A = Op(a) where a € 2], is a symbol of the form
(38), and let h € H. Since the functions ¢, are almost periodic (and by a simple

Cantor diagonal argument), there are a subsequence g of h as well as functions
cjq € AP(RY) such that

lim sup |¢;(x + g(m)) = ¢jy(2)| = 0 (39)

m—r00 xERN

for 1 < j < J. Applying the inequality

1/2
sup Z |0%(x)] < C | sup |a(x)] | sup |a(x)| + sup Z |0%a(x
laf=1 zeRN zeRN zeRN o =2
(see, for instance, [22], p. 22), one obtains that the sequence of the shifted

functions Vy(,yc; converges to ¢j, in the topology of C°(RY), which implies that
Cjg € AP (RN) Now set

A, = 0p(a,) with a4(z chg

Then it follows from (39) that indeed

Jim {JVogm) AVy(m) — Al = 0.

This settles the assertion for operators A = Op(a) where a is of the form (38).
The general case follows straightforwardly by a Cantor diagonalization procedure
and standard continuity arguments. [

One can also easily check that A, € OP2{, again and that A, is a limit operator
of A defined by the sequence h : m +— (g(m), 0) € Z¥ x Z" and with respect to
the shift operators Uy(m) (cf. Section 3.3).

Theorem 5.6 Let A € OP3,. Then the following assertions are equivalent:

(a) A is a Fredholm operator.

(b) All limit operators of A are invertible.

(c) At least one limit operator of A is invertible.
(d) A is an invertible operator.
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Proof. If A is Fredholm, then all limit operators of A are invertible. Let,
conversely, A, be an invertible limit operator of A. By Proposition 5.5, there is
a subsequence g of h such that

Lim {JVe gy AVgny — Ayl = 0.

Then A, = A, and, since the invertible operators form an open subset of L(E),
the operators V_g(,,) AV () must be invertible for all sufficiently large m. Hence,
A is invertible.

Similarly, if A is compact, then all limit operators of A are zero. Conversely, if
0 is a limit operator of A, then (again by Proposition 5.5) there is a subsequence
g of h such that ||V_gm)AVymm|| — 0. Since the operators Vj are isometries, A
must be the zero operator. [

Corollary 5.7 The smallest C*-subalgebra of L(L*(RY)) which contains O P} ,
does not contain nonzero compact operators.

We are now going to sketch briefly how these results specialize to symbols in a
subclass of %870, in which case the Fredholmness of the operator together with
its uniform ellipticity and a certain index condition yields the invertibility of the
operator.

We say that the function a € S§, belongs to S7 , if

jali:i= Y sup  [900Fa(x, () < o0

N N
lal+]8]<t (% ) ERT xR

for all non-negative integers /. The semi-norms |.|; define the topology of S7.
Further, we consider the class 27, which is the closure in S7; of the set of all
symbols of form (38) where the ¢; satisfy the estimates

[0%¢;(€)] < Ca, k(€)™

for all multi-indices . Finally, an operator Op(a) € OP2!  is called uniformly
elliptic if
fim ot ol €)] >0 (10
It is easy to see that an operator Op(a) € OPQl(l)’O is uniformly elliptic if and
only if all limit operators of A defined by sequences (g1, g2) : N — Z~ x Z" with
go — oo are invertible. Thus, the uniform ellipticity is a necessary condition for
the invertibility of Op(a). An analogous result holds for almost periodic operators
with matrix valued symbols, where one has to replace the value a(z, £) in (40)
by det a(z, £).
Let now A € OP]; be a uniformly elliptic operator with M x M-matrix-
valued coefficients. Then the difference between its Fredholmness and its in-
vertibility is measured by its almost periodic index k(A). This index has been
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introduced in [5] (see also [8]) by means of Breuer’s Fredholm theory for I
factors. In distinction to the usual (Fredholm) index, x(A) can be an arbitrary
real number. We will not go into the details and restrict ourselves to rephrasing
a few basic properties:

o If A, B € OP, are uniformly elliptic operators, then k(AB) = x(A)x(B).

e The almost periodic index is stable in the following sense. Given a uni-
formly elliptic operator Op(a) € OP ,, there exists an £ > 0 such that
#(Op(b)) = £(Op(a)) for all operators Op(b) € OPA], with

}%Im sup ||CL(.’L‘, 5) - b([L‘, §)||L((CM) <e.
Tz, RN, |EI>R

o If A€ OP} is invertible, then x(A) = 0.

o Let A € OP], be uniformly elliptic and x(A) = 0. Then A is invertible
if and only if
v(A) := inf [|Ap|| > 0.

llell<t

o Let A € OPQL(I’,O be a scalar uniformly elliptic operator, and let N > 1.
Then k(A) = 0. Thus, for such operators, the condition v(A) > 0 is
necessary and sufficient for invertibility of A.

The condition v(A) > 0 is satisfied if and only if the operator A has a trivial
kernel and a closed range, which holds, for example, if A is Fredholm. Hence, if
A € OP , is a scalar uniformly elliptic and Fredholm operator with x(A) =0,
then A is invertible.

5.3 Operators with semi-almost periodic symbols

The class %(1’,0 of the semi-almost periodic symbols with respect to x is defined as
the closure in the topology of S?,o of the set of all functions of the form

CL(.’L‘, 5) = ZCj(ZL‘)bj(.’L‘, 6)

7=1
where J € N, ¢; € AP®(RY) and b; € SO} 5 := SOf, N SY,.

Theorem 5.8 Let N > 1, and let a € BY . Then the operator A := Op(a) is a
Fredholm operator if and only if the following conditions are satisfied:

(a) A is uniformly elliptic, that is

li inf L&) > 0.
Rfolofp,gewrv‘,m>3|“(‘” )|

(b) For each limit operator A, of A which is defined by a sequence g = (g1, g2) :
N — ZN x ZN with g, — oo, one has v(A,) > 0.
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Proof. Let conditions (a) and (b) be satisfied. In the same way as in the proof
of Theorem 5.2, we obtain that condition (a) implies the invertibility of all limit
operators of A which correspond to sequences g = (g1, g2) with go — oo. Let
now g = (g1, g2) be a sequence with g; — oo for which the limit operator A,
exists. Then, by the definition of the class %(1’70, this limit operator belongs to
OP2A}, and, due to condition (a), the operator A, is uniformly elliptic with
k(Ay) =0 (since A is an operator with scalar-valued symbol). It follows from the
last remark in the preceding subsection that A, is invertible if the lower norm
v(A,) is positive. Thus, conditions (a) and (b) provide us with the invertibility
of all limit operators of A. By Theorem 4.15, A is a Fredholm operator.

Let, conversely, A be a Fredholm operator. Then, by Theorem 4.15 again, all
limit operators of A are invertible. The invertibility of all limit operators with
respect to sequences g = (g1, g2) with g — oo yields the uniform ellipticity of A,
that is condition (@), whereas the invertibility of all limit operators corresponding
to sequences g = (g1, g2) with g; — oo evidently implies condition (b). m

5.4 Pseudodifferential operators of nonzero order

Let a € Sfy. Then the pseudodifferential operator A := Op(a) acts as a linear
bounded operator from H*™™(RY) into H*(R") for every s € R (which is a
simple consequence of the Calderon-Vaillancourt theorem). We are going to study
the Fredholm properties of that operator by reducing it in a standard way to a
pseudodifferential operator acting on H°(RY) = L*(RY). For, let (D) refer to
the pseudodifferential operator with symbol (z, &) ~ (1 + |£|2)"/2. The operator
(D)" is an isometry from H**"(RY) onto H*(RY) for each real s. Thus,

A HT™RY) — H¥(RY)
is a Fredholm operator if and only if
B := (D)*A(D)™*™: L*(RY) — L*(R")
is a Fredholm operator. The operator B is a pseudodifferential operator in the
class to OPSp . Hence, Theorem 4.15 implies the following.

Theorem 5.9 Let a € Sgy. Then the operator A = Op(a) : H*"™(RY) —
H*(RY) is Fredholm operator if and only if all limit operators of the operator
B := (D)*A(D)=*=™: L*(RY) — L*(RY) are invertible. In particular,

Oess (A) — UBh Eoop(B)U(Bh) .

These conditions can be made more explicit for symbols which are slowly oscil-
lating in the following sense. We say that the function a is in the class SOf}, with
m € N if the function (z, &) = a(x, £)(§)™™ belongs to SO ;. Analogously, the
double symbol a is said to be in SO, , if the function (z, y, §) = a(z, y, £)(§)™"
belongs to SO g o-

34



Proposition 5.10 (a) Let A := Op(a) € OPSOg and B := Op(b) € OPSOyq}
Then AB € OPSOSBJ“mZ, and the symbol of AB is of the form sym 5z = ab+t
with t satisfying

lim  ¢(z, £)(§)™™ ™ = 0. (41)

(2,8)—00

(b) Let A := Opqy(a) € OPSOgy,,. Then A € OPSYy, and the formal symbol of
that operator is given by sym ,(x, &) := a(z, z, &) + t(z, ) where t is such that

lim t(x, £)() ™" =0.

(z,8)—00

Proof. (a) By Theorem 4.2.1 in [16], the operator AB belongs to OPSOg; ™™,
and its symbol is given by

sym  g(x, &) = os (2m)~ //RN x, £+ n)b(z +y, §)e_i(y”7>dy dn.

By Lagrange’s formula, we have

a(r, €+1n) = alz +Z%/ O¢,a(z, &+ On) db,

whence via Corollary 2.2.2 in [16],

sym (2, §) = a(z, §)b(z, ) + t(z, §),

with N
1
t(r, &) = (z, &, 0)
>
and
Lj(l‘, ga 0)

= o0s (27r)_N/ Og;a(w, § + 6n)(—i0y; )b(x + v, E)e™ "W dy dn
RN

— os(2m) " | / D,

x {{y) M 2’“85 a(z, &+ 0n)(—idy, )b(z +y, £))} e XY dy dn

for all ki, ko with 2k > N and 2ky; > N + |m,|. Taking into account the
elementary inequality

(E+m)t < 22 (mle)t forl € R,

we obtain

Lj(w, & 0) < C)™ ™ K(z, €, 0)
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where

Kj(x, €, 0)

s(2m)~ // €+ On) 7™ () ~2RetImal
RN

x \(Dy>2’” (D) 0 a(w, €+ 0n)(—i0s,)b(w +y, £)(€) )| dy dn.

The latter integral converges uniformly with respect to z, £ € RY and 6 € [0, 1].
Hence, we can pass to the limit as (x, £) — oo under this integral, which yields

lim sup Kj(z, &, 0) =0.
(z,6)=00 gelo, 1]

This implies (41). Assertion (b) can be checked in the same way. n

A consequence of this proposition is that, if A = Op(a) € OPSOg, then
B := (DY A(D)~¢*™) = Op(a,,) + Op(t)

where

am(z, €)== a(x, £){(&)™™ and lim t(x, £) =0.

(z,8)—r00
Thus, all limit operators B, of B depend on the main part a,, of the symbol of
B only. Moreover, these limit operators are pseudodifferential operators B, =
Op(by) which are invariant with respect to shifts (i.e. their symbols b, depend
on £ only), or they are operators of multiplication (i.e. their symbols are only
dependent on z). So we arrive at the following theorem.

Theorem 5.11 (a) Consider the operator A = Op(a) € OPSOy as acting from
H*T™(RN) into H*(RN). Then all limit operators of B := (D)*A(D)~s+m) .
L3(RY) — L*(RY) invertible if and only if

li inf > 0. 42

Jm inf | la(e, O (42)
The condition (42) is necessary and sufficient for the Fredholmness of A.
(b) Consider the operator A = Opq(a) € OPSOy,, as acting from H*T™(RY)
into H*(RY). Then all limit operators of B := (D)Y*A(D)~(+m) . L2(RN) —
L3(RN) are invertible if and only if

lim inf |a(z, z, (€)™ > 0. (43)

R—oo |z|+[¢|>R

Condition (43) is necessary and sufficient for the Fredholmness of A.
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5.5 Differential operators

The results of the previous section apply to study the Fredholmness of differential
operators on RY by means of their limit operators. Let

P = Z g D*

la|<m

be a differential operator of order m with coefficients a, € C{°(RY). We consider
this operator as acting from H**™(RY) into H*(RY). The function

P RY XRY =R, (2, € Z o (7)€"

|a|=m
is called the main symbol of P, and the operator P is called uniformly elliptic if

inf |pn(z, w)| >0 forallwe SN
€ERV

Let h : N — Z" be a sequence which tends to infinity. Then there exist a
subsequence g of h and functions af € Cp°(RY) such that the functions z —
ao(x + g(k)) converge to af in the topology of C{°(RY) for every a. We set

Py:= Y alD"

laj<m

consider P, as an operator from H*™™(RY) into H*(R") again, and denote by

0,p(P) the set of all operators which arise in this way.

Theorem 5.12 The differential operator P : H¥™™(RN) — H*(RY) is Fredholm
iof and only if the following conditions are satisfied:

(a) All operators P, € 0,,(P) are invertible.
(b) The operator P is uniformly elliptic.

Proof. It follows from Theorem 5.9 that P is a Fredholm operator if and only if
all limit operators of (D)*P{D) *~™ are invertible on L*(RY).

Let h = (hy, ho) : N — ZN x Z" be a sequence such that h; — oo but hy
is bounded. Then there exists a subsequence ¢ = (g1, g2) of h such that, for
every «, the functions « — a,(x + ¢1(k)) converge to certain functions a?' in the
topology of C°(RY) and that the sequence g is constant, say go(k) = 7o € Z~
for all k. In this case, it is easy to see that
s-limy, 00Uy ) (D) PAD) """ Uyry = E,(D)° Py, (D)™ E,,
with (E,u)(x) := "% u(z). Thus, the limit operators of (D)*P(D)~*~™ which
are defined be sequences of this kind are invertible if and only if condition (a)
holds.
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Now consider limit operators of (D)* P(D)*~™ which are defined by sequences
g = (g1, g2) such that g» — oo and g, is constant, say g;(k) = v, € Z". Suppose
for definiteness that go tends to infinity into the direction of the infinitely distant
point w € SN¥~1. Then

s—limk%mEJQ(k) <D>SP<D>7simEg2(k) = pm( . (,U)I

whence
s-limy oo Uy (DY P(D) " "Uyy = Y al. = 71)w"T.

|a|=m

Hence, all limit operators defined by these sequences are operators of multiplica-
tion by the functions

Pm,g : (T, w) — Z a(. — y)w?.
|a|=m

Finally, if both ¢g; and g, go to infinity, and if ¢; and g5 are chosen such that the
functions z — a,(z + ¢1(k)) converge to certain functions ag' in the topology of
C>®(RY) and that g, tends to infinity into the direction of the infinitely distant
point w € SN¥=1, then

s-limy oo Uy (D) P(D) ™ "Uyy = Y afiw”I.
|a|=m

Thus, we get multiplication operators again, this time by the functions

Pm,g - (T, w) — Z adl (z)w*.

lal=m

Evidently, if the operator is uniformly elliptic, then in all cases
nf [pm,g(x, w)| > 0.

Hence, the limit operators Op(pn, 4)I are invertible on L?(RY), and condition
(b) implies the invertibility of all limit operators defined by sequences g with
g2 — o0. Conversely, choosing sequences g = (g1, g2) with g;(k) = 0 for all &
and with g, tending to infinity into the direction of w € S¥~!, we obtain that
the invertibility of all associated limit operators implies condition (b). m

Corollary 5.13 Let P : H™(RY) — L*(RY) be a uniformly elliptic differential
operator of order m. Then

Uess(P) = UPgEUDlp(P)O—(Pg)'
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Proof. By Theorem 5.9, the operator P — Al : H™(RY) — L?(RY) is Fredholm
if and only if all limit operators

P,— A : H"RY) = L*(RY), P, ed.(P),

are invertible and if P — Al is uniformly elliptic. Since the uniform ellipticity of
a differential operator depends on its main symbol only, the uniform ellipticity
of P — AI follows from the conditions of the corollary. [

We denote by SO*®(RY) the class of the smooth slowly oscillating functions on
RY, that is the class of all functions a € C°(RY) with

lim 0p,a(z) =0 forallj=1,..., N.

T—r00

Let the coefficients a, of the differential operator P belong to SO*®(RY). Then
all limit operators Py, € o,,(P) are of the form

Py =0p(p,) = Y afi D"
a]<m
with constant coefficients af!. The operator P, is invertible if and only if
inf |p,(E)[(€)" = inf | > aff€" ()" >0.

ERN ERN
¢ R jaf<m

Hence, if P is a differential operator with smooth slowly oscillating coefficients,

then
Uess(P) - U {pg(i) : 6 S RN}

PgEzrolp(P)

Remark. A differential operator P of order m can be considered as an un-
bounded operator on the Hilbert space L?(R"Y) with domain H™(RY). If P is
uniformly elliptic, then P is a closed operator. An unbounded operator P is
called a Fredholm operator if its range is closed in L?(RY) and if ker A and ker A*
are finite dimensional spaces, and the essential spectrum o.ss(A) of A consists of
all A € C for which A — A is not a Fredholm operator.

It is well known that, if P is uniformly elliptic, then P is a Fredholm operator
in this sense (i.e. as an unbounded operator) if and only if P : H™(RY) — L*(RY)
is a Fredholm operator in the common sense (i.e. as a bounded operator). Hence,
if P is a uniformly elliptic differential operator, then

Uess(P) - UPgEUDlp(P)O—(Pg)7

where now both the essential spectrum on the left hand side and the spectra on
the right hand side are understood in the unbounded operator sense. [

39



5.6 Schrodinger operators

Here we are going to specialize the results of the previous section to operators of
the form

N
H= Z (10, + a 1) g"™ (i0s,, + amI) +wl
l,m=1
where g™ a; and w are real-valued functions in C{°(RY). This operator can be
viewed of as the electro-magnetic Schrodinger operator on the Riemann space
RY provided with the metric tensor (gim),—; which is the tensor inverse of
(9") Y1~ Schrédinger operators of this form arise in multi-particle problems
after separating the mass center of the system (see, for instance, [6], pp. 29 — 33
and [11], pp. 172 — 176). Throughout this section, we will suppose that

N
inf Z Gim (Z)mnm > 0.

z€RN pesN-1
[,m=1

Let h : N — Z% be a sequence which tends to infinity. Then there exists a
subsequence k of h such that the functions

= ¢"™(x+k(n)), e aqlr+kn) and z— w(z+ kn))

converge in the topology of C2°(RY) to certain functions ¢gi™, af and w*, respec-
tively. In particular, these limit functions belong to C£°(RY) again. If k is chosen
in this way, then the limit operator Hy of H with respect to k exists, and

N

H, = Z (104, + ay 1) g™ (i0,,, + ak I) + w*I.

Il,m=1

We consider H as an unbounded operator on L*(RY) with domain H?(RY).
Note that A € C is a point in the discrete spectrum of the unbounded operator
H if and only if A\ belongs to the discrete spectrum of the bounded operator
H : H*(RY) — L*([RY). Hence, the essential spectrum of H, considered as
an unbounded operator, coincides with the essential spectrum of the bounded
operator H : H*(RY) — L*(RY). With Corollary 5.13, we find

vess(H) = |J o(Hy). (44)
HkEUolp(H)
Here are a few instances where the structure of the limit operators is sufficiently

simple such that their invertibility can be effectively checked.

Example A. Let the functions ¢, q; and w be in SO®(RY). Then each limit
operator of H is a differential operator with constant coefficients, i.e.

N
H, = Z (10, + af 1) g™ (i0,,, + ak I) + w*I.

l,m=1
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with real numbers gi™ af and wF. Set a* := (af, ..., a%) and (E,u)(z) =

el @y (z) for a € RY. Then

N
EuHE, == " g1"0,,0,,, +w'l.

[,m=1

Thus,

N
U(Hk) = { Z gfcmflfm +wk : (517 Tt gN) € RN} = [wka +OO]7

[,m=1

and the essential spectrum of H is
Tess(H) = | [w", +00] = [y, +00]

where my,, := inf w* = lim inf, v w(z). n
Example B. We let v;, v, and v12 be C™-functions on R?® with

lim vy (y) = lim vy(y) = lim vy5(y) =0,

y—r00 y—ro0 Y=o
define functions wy, ws, wis on R* x R® by
wi(x) = v (D), wa(z) = v2(2?),  wia(x) := via(z™ — 2?)
where z = (zM, ) € R® x R®, and consider the Hamiltonian on L?(R? x R?),
H:=—-A,0) — Ao —wil —wyl —wpsl.

Hamiltonians of this special structure arise in nuclear physics (but, usually, with
non-smooth functions vy, v and vy, which moreover will have singularities at 0;
see, for instance, [7], p. 163, and [6], p. 29).

We will describe the essential spectrum of H by means of its limit operators.
Let the sequence h := (hy, hy) : N — Z3* x Z3 tend to infinity. After passing
to suitable subsequences of h, if necessary, we have to distinguish between four
cases.

[A] We have h; — oo, and hy is a constant sequence, say hy(k) = v, € Z" for
all k. Then the limit operator of H with respect to h exists, and

(Hyu)(2) = —(Au)(@) = (Ageu) (@) — wa(2® + y2)u(z).
The operator Hj, is unitarily equivalent to the operator

I‘I1 = _Az(l) — Am(z) - wgl.
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[B] If hy — oo, and if hy(k) = v, € Z" for all k, then the limit operator of H
with respect to h exists, and it is unitarily equivalent to the operator

I‘I2 = _Ax(l) - Ax(z) - wll.

[C] If both h; and hy tend to infinity, and if also h; — hy — oo, then the limit
operator of H is equal to the Laplacian

3 ._
H = _Ax(l) — Ax(g).

[D] If, finally, h; and hy tend to infinity, and if the difference hy — hy is a
constant sequence, then the limit operator of H with respect to h exists,
and it is unitarily equivalent to the operator

4.
H® = _Ax(l) - Ax(z) - w12l.

Let j = 1, 2. Applying the Fourier transform with respect to 2\9), we obtain that
the operator H’ is unitarily equivalent to the operator of multiplication by the
operator-valued function

H R — LLAR* x R*)), € [€]> — Ayeos —ws_ 1.

It is well-known that the essential spectrum of the operator A; := —A_ s —

ws_;I is the interval [0, co) and that its discrete spectrum consists of finitely
(4)
min

many points in (—oo, 0). Let Az < 0 be the minimal eigenvalue of A;. Then,

(4)

since |£]? varies over [0, 00), the spectrum of HY is the interval [\ | c0).

Now consider the operator H*. After a change of variables

the operator H* becomes
—2(A,0 +Aye) — wip]

(12)

with 12(y) := v12(y?). The spectrum of this operator is the interval [\\ > oc)

where )\&23 < 0 is the minimal eigenvalue of —2A, ) — wio1.
Summarizing, we get
Oess(H) = [Amin, 00)  where Ay, = min{)\(l) A2 )\(12)}.

min’ “‘min’ “‘min
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5.7 Partial differential-difference operators

Finally, we consider differential-difference operators of the form

Pi= Y anD"Vp,

la] <m, j<N

where (Vau)(z) = u(z — ) for § € RY and where the coefficients a,; belong to
SO>®(RY). The operator P is a pseudodifferential operator in the class OP 7o
with symbol
pa = Y anleeod.
lee|<m, j<N

Hence, P : H™(RY) — L*({R") is a Fredholm operator if and only if all limit
operators of the operator R := P(D)™™ : L*(R") — L*(R") are invertible.

Let h = (hy, h) : N — Z~ xZ" be a sequence tending to infinity which defines
a limit operator of R. We distinguish between three cases for the sequence h.

[A] Let hy — oo, and let hy tend to infinity into the direction of the infinitely
distant point n € SN¥~1. Then the limit operator of R is a difference operator
with constant coefficients the form

— E h «
Rh T a’ajn V/Baja
lal=m, j<N

i.e. with numbers agj € C. It is evident that Rj, is invariant with respect
to shifts, and this operator is invertible if and only if

. h y i
glelﬂlgfl‘v Z aoé]fr]oéel(ﬂ J £> > 0.
laj=m, j<N

[B] Let hy — oo, and let hy be a constant sequence. Then the limit operator
Ry, is unitarily equivalent to the pseudodifferential operator with symbol

Th§ > Z ah~—5 ei{Paj>€)

aj m
le|<m, j<N <€>
Clearly, this operator is invertible if and only if
inf {|r, ()| : £ € RN} > 0.
[C] Finally, let hy tend to infinity into the direction of the infinitely distant point

n € SN~ and let h; be a constant sequence. Then the limit operator R,
is unitarily equivalent to the difference operator with variable coefficients,

[0
E AT Vﬂaj-
la|=m, j<N

Effective sufficient conditions for the invertibility of difference operators
with variable coefficients can be found in the monographs [1, 2, 3].
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