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Abstra
t

We prove small-time existen
e of strong solutions of a free boundary value

problem, whi
h des
ribes the motion of an in
ompressible vis
ous �uid o

u-

pying a semi-in�nite domain bounded above by a free surfa
e. This problem

was studied by Beale [6℄ and others in L

2

-Sobolev spa
es. In 
ontrast to the

latter 
ontribution we study solutions in L

q

-Sobolev spa
es for q > n in spa
e

dimension n � 2. This approa
h has the advantage that the regularity as-

sumptions 
an be redu
ed in 
omparison to [6℄. In order to solve the linearized

system, we use the instationary redu
ed Stokes equations with a mixed bound-

ary 
onditions and the maximal regularity of the asso
iated redu
ed Stokes

operator.
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ularity
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1 Introdu
tion

In the present 
ontribution we 
onsider the time-dependent �ow of an in
ompressible,

vis
ous �uid bounded above by a free surfa
e and below by a �xed bottom under the

in�uen
e of gravity; e.g. water in an in�nite o
ean. The e�e
t of surfa
e tension is

negle
ted. This problem was studied by Beale [6℄ in the setting of anisotropi
 L

2

-

Sobolev spa
es in R

3

. He proved short time existen
e of strong solutions for arbitrary

large initial data. The large time existen
e was studied by Sylvester [17℄ and Tani

and Tanaka [19℄. Moreover, there are several works 
onsidering this problem with

the e�e
t of surfa
e taken into a

ount in three and two dimensions, 
f. Beale [7℄,

Beale and Nishiada [8℄, Tani [18℄, [19℄, and Allain [4℄. As far as the author knows,

there are no results in anisotropi
 L

q

-Sobolev spa
es for q 6= 2.
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We show short-time existen
e of strong solutions of this free boundary value

problem in the setting of anisotropi
 L

q

-Sobolev spa
es for q > n in spa
e dimension

n � 2. The approa
h is similar to Solonnikov [16℄, where the motion of an isolated

�nite volume of vis
ous in
ompressible �uid is 
onsidered. It has the advantage

that lower regularity of the data is needed sin
e W

1

q

is an algebra under pointwise

multipli
ation if q > n in 
ontrast to W

m

2

, where m >

n

2

is needed.

The motion of the �uid is des
ribed by the solution of the Navier-Stokes equations

�

t

v + (v � r)v ��v +rq = �g

0

e

n

with x 2 
(t); t 2 (0; T ); (1.1)

div v = 0 with x 2 
(t); t 2 (0; T ); (1.2)

T

+

1

(v; q) = �P

0

� with x 2 �


+

(t); t 2 (0; T ); (1.3)

vj

�


�

= 0 on �
(0)

�

� (0; T ); (1.4)

vj

t=0

= v

0

in 
(0) (1.5)

in a layer-like domain 
(t) = f(x

0

; x

n

) 2 R

n

: 


�

(x

0

; t) < x

n

< 


+

(x

0

; t)g with

�
(t)

�

= �
(0)

�

, where �


�

(t) = f(x

0

; 


�

(x

0

; t)) : x

0

2 R

n�1

g and

T

+

1

(u; p) = (� � Su� p�)j

�


+

; Su = ru+ (ru)

T

:

Here v

0

is a given initial velo
ity, 
(0) is the initial domain �lled by the �uid, g

0

> 0 is

the 
onstant due to the a

eleration of gravity, e

n

the n-th 
anoni
al unit ve
tor, � the

exterior normal, and P

0

is the atmospheri
 pressure whi
h is assumed to be 
onstant.

Moreover, the velo
ity �eld v and the domain
(t) have to satisfy a kinemati
 relation:

Let X(�; t), t > 0, be the traje
tory of the mass parti
le, i.e., X(�; t) solves

�

t

X(�; t) = v(X(�; t); t); for t > 0; X(�; 0) = �:

Then X(
(0); t) = 
(t) for t > 0.

Before we pass to Lagrangian 
oordinates, we repla
e the a
tual pressure q by the

hydrostati
 pressure ~q(x; t) = q(x; t) � P

0

+ g

0

x

n

. Then the term �g

0

e

n

disappears

in (1.1) and (1.3) has to be repla
ed by

T

+

1

(v; ~q) = �g

0

x

n

� on �
(t)

+

; t 2 (0; T ): (1.6)

Now let u(�; t) = v(X(�; t); t), p(�; t) = ~q(X(�; t); t) be the velo
ity and the pressure

of the �uid in Lagrangian 
oordinates. Then

X(�; t) = X

u

(�; t) := � +

Z

t

0

u(�; �)d�

and the system (1.1)-(1.5) is transformed to

�

t

u��

u

u+r

u

p = 0 in 


T

; (1.7)

div

u

u = 0 in 


T

; (1.8)

T

+

1;u

(u; q) = �g

0

X

u;n

�

u

on �


+

T

; (1.9)

uj

�


�

= 0 on �


�

T

; (1.10)

uj

t=0

= u

0

in 
; (1.11)

2



where, using A(u) = (D

�

X

u

)

�T

(�; t),

r

u

= A(u)r; div

u

v = r

u

� v = Tr(A(u)rv);

�

u

= div

u

r

u

; T

+

1;u

(u; p) = (�

u

� (S

u

u� p�

u

)j

�


+

;

S

u

v = r

u

v + (r

u

v)

T

; �

u

(�; t) =

A(u)�

�

j(A(u)�

�

j

;

�

�

denotes the exterior norm at � 2 �


+

, and 
 = 
(0).

THEOREM 1.1 Let n � 2, n < q < 1, and let 
(0) � R

n

be an asymptoti
ally

�at layer with C

1;1

-boundary, 
f. De�nition 2.1 below, su
h that 


+

2 W

1�

1

q

q

(R

n�1

).

Then for every u

0

2 W

2�

2

q

q

(
)

n

with div u

0

= 0, (Su

0

)

�

j

�


+

= 0 if q > 3, and

Z

T

0

Z

�


+

Z




ju

0

(y)j

q

(jx

0

� yj

2

+ t)

1+n=2

dyd�(x

0

)dt <1

if q = 3, there is a T > 0 su
h that (1.7)-(1.11) have a unique solution (u; p) 2

W

2;1

q

(


T

)

n

�W

1;0

q

(


T

) with pj

�


+

2 W

1�

1

q

;

1

2

(1�

1

q

)

q

(�


+

).

Here � denotes the tangential 
omponents.

The proof is done with the aid of the Bana
h 
ontra
tion mapping prin
iple

using the unique solvability of the linearized system � the instationary generalized

Stokes equations. In Se
tion 3, the unique solvability of the latter system is redu
ed

to the instationary redu
ed Stokes equations similarly to the approa
h in Grubb

and Solonnikov [13℄ and other 
ontributions by these authors. Then the unique

solvability is proved using the maximal regularity of the asso
iated redu
ed Stokes

operator in asymptoti
ally �at layers studied in [2, 3℄. The maximal regularity itself

is a 
onsequen
e of the result of Dore and Venni [9℄ and the existen
e of a bounded

H

1

-
al
ulus, 
f. M
Intosh [14℄, of the redu
ed Stokes operator. Finally, the proof of

Theorem 1.1 is given in Se
tion 4.
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2 Preliminaries

2.1 Notation and Layer-Like Domains

For s 2 R we denote by [s℄ the largest integer � s, set fsg := s � [s℄ 2 [0; 1), and

de�ne [s℄

+

= maxfs; 0g.
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If M � R

n

is measurable, L

q

(M), 1 � q � 1 denotes the usual Lebesgue-spa
e

and k:k

q

its norm. Moreover, L

q

(M ;X) denotes its ve
tor-valued variant, where X

is a Bana
h spa
e. If f 2 L

q

(M), g 2 L

q

0

(M), where

1

q

+

1

q

0

= 1, then

(f; g)

M

:=

Z

M

f(x)g(x)dx:

The Bana
h spa
e of all fun
tions f : R

n

! R that are k-times di�erentiable and

have Lips
hitz 
ontinuous k-th derivatives is denoted by C

k;1

(R

n

), k 2 N

0

. Moreover,

C

�

([0; T ℄;X), � 2 (0; 1), T > 0, denotes the spa
e of Hölder 
ontinuous fun
tions

f : [0; T ℄! X.

The dual of a topologi
al ve
tor spa
e V is denoted by V

0

. If v 2 V and v

0

2 V

0

,

then hv; v

0

i := v

0

(v) denotes the duality produ
t. If A : V ! W is a 
ontinuous linear

operator, A

0

: W

0

! V

0

denotes its adjoint.

Finally, if x 2 R

n

, n � 2, then we use the de
omposition x = (x

0

; x

n

), where x

0

denotes the �rst n� 1 
omponents.

2.2 Fun
tion spa
es on Layer-Like Domains

Let 
 � R

n

be a domain. In the following W

s

q

(
), s � 0, 1 � q < 1, denotes the

usual Sobolev-Slobode
kij spa
e normed by

kuk

q

s;q

=

X

j�j�s

kD

�

uk

q

q

if s 2 N

0

;

kuk

q

s;q

=

X

j�j�[s℄

kD

�

uk

q

q

+

X

j�j=[s℄

Z




Z




jD

�

u(x)�D

�

u(y)j

q

jx� yj

n+qfsg

dxdy if s 62 N

0

:

Moreover, W

s

q

(
;X) denotes its ve
tor-valued variant, where X is a Bana
h spa
e.

Finally, W

s

q

(�
) is de�ned in the same way as above with the Lebesgue measure

repla
ed by the surfa
e measure.

De�nition 2.1 Let n � 2. If 
 = (


+

; 


�

) 2 C

1;1

(R

n�1

)

2

with 


+

(x

0

) � 


�

(x

0

) �


 > 0 for all x

0

2 R

n�1

, then


 = f(x

0

; x

n

) 2 R

n

: 


�

(x

0

) < x

n

< 


+

(x

0

)g

is 
alled a layer-like domain with C

1;1

-boundary. If additionally lim

jx

0

j!1




�

(x

0

) =




�

1

for some 
onstants 


�

1

2 R and lim

jx

0

j!1

r


�

(x

0

) = lim

jx

0

j!1

r

2




�

(x

0

) = 0,

then 





is 
alled an asymptoti
ally �at layer. Finally, �


�

(t) = f(x

0

; 


�

(x

0

; t)) : x

0

2

R

n�1

g denotes the upper and lower boundary, respe
tively.

If 
 is a layer-like domain with C

0;1

-boundary, then

0

W

1

q

(
) := fu 2 W

1

q

(
) : uj

�


+

= 0g and

0

W

�1

q

(
) := (

0

W

1

q

(
))

0

:
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Now let 
 � R

n

be a domain and T 2 (0;1℄. Then 


T

= 
 � (0; T ) de-

notes the spa
e-time 
ylinder and �


T

= �
 � (0; T ) its boundary in the spatial


oordinates. The anisotropi
 Sobolev-Slobode
kij spa
e is de�ned as W

2s;s

q

(


T

) =

L

q

(0; T ;W

2s

q

(
)) \W

s

q

(0; T ;L

q

(
)), s � 0, normed by

kuk

q

2s;s;q

= kuk

q

L

q

(0;T ;W

2s

q

(
))

+ kuk

q

W

s

q

(0;T ;L

q

(
))

:

Moreover, we de�ne W

m;0

q

(


T

) = L

q

(0; T ;W

m

q

(
)), m 2 N , and denote by k:k

m;0;q

the 
orresponding norm.

If a 2 W

1�

1

q

;

1

2

(1�

1

q

)

q

(�


+

) and u

0

2 W

2�

2

q

q

(
) with q = 3, we say that a and u

0


oin
ide at �


+

� f0g if

I[a; u

0

℄ :=

Z

T

0

Z

�


Z




ja(x; t)� u

0

(y)j

3

(jx� yj

2

+ t)

1+n=2

dyd�(x)dt <1:

Note that, if u

0

= 0, then

I[a; 0℄ � C

Z

T

0

Z

�


ja(x; t)j

3

d�(x)

dt

t

: (2.1)

The following properties are well-known for bounded domains and are easily

proved for layer-like domains.

Lemma 2.2 Let 
 � R

n

, n � 2, be a layer-like domain with C

1;1

-boundary and let

q >

3

2

. Then

1. sup

0�t�T

ku(:; t)k

W

2�

2

q

q

(
)

� Ckuk

2;1;q

.

2. kruj

�


k

1�

1

q

;

1

2

(1�

1

q

);q

� Ckuk

2;1;q

.

3. For every u

0

2 W

2�

2

q

q

(
) with u

0

j

�


�

= 0 there is a u 2 W

2;1

q

(


T

) with uj

t=0

=

u

0

, uj

�


�

= 0, and kuk

2;1;q

� Cku

0

k

2�

2

q

;q

, where C 
an be 
hosen independently

of T 2 (0;1℄.

4. For every a

+

2 W

1�

1

q

;

1

2

(1�

1

q

)

q

(�


+

T

)

n

with a

+

j

t=0

= 0 if q > 3 and I[a

+

; 0℄ <1

if q = 3 there is an A 2 W

2;1

q

(


T

)

n

with Aj

t=0

= 0, Aj

�


�

= 0, and

(� � SA)

�

j

�


+

= a

+

�

; divAj

�


+

= a

+

�

;

where SA = rA + (rA)

T

. Moreover, kAk

2;1;q

� Cka

+

k

1�

1

q

;

1

2

(1�

1

q

);q

if q 6= 3

and kAk

2;1;q

� C

�

ka

+

k

1�

1

q

;

1

2

(1�

1

q

);q

+ I[a

+

; 0℄

1

q

�

if q = 3, where C 
an be 
hosen

independently of T 2 (0;1℄.
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Proof: With the aid of a 
oordinate transformation F : 
 ! R

n�1

� (�1; 1) and

simple 
ut-o� fun
tions the �rst three statements are easily redu
ed to 
ase of an

half-spa
e R

n

+

, whi
h are well-known, 
f. Grubb [12, Appendix℄.

In order to prove 3., let A 2 W

2;1

q

(


T

)

n

with Aj

t=0

, Aj

�


= 0, and �

�

Aj

�


+

= a

su
h that kAk

2;1;q

� Cka

+

k

1�

1

q

;

1

2

(1�

1

q

);q

with an additional term CI[a

+

; 0℄

1

q

if q = 3.

(As before, the existen
e A 
an be redu
ed to 
orresponding statement in R

n

+

.) Then

(� � SA)

�

j

�


+

= (r

�

A

�

+ �

�

A

�

)j

�


+

= a

+

�

;

divAj

�


+

= (div

�

A

�

+ �

�

A

�

)j

�


+

= a

+

�

:

The 
onstant C 
an be 
hosen independently of T sin
e we 
an extend a

+

to ~a

+

2

W

1�

1

q

;

1

2

(1�

1

q

)

q

(�


+

�(0;1))

n

with k~a

+

k

1�

1

q

;

1

2

(1�

1

q

);q

� Cka

+

k

1�

1

q

;

1

2

(1�

1

q

);q

, where C does

not depend on T , and restri
t the 
orresponding

e

A 2 W

2;1

q

(
 � (0;1))

n

to (0; T )

afterwards. The latter extension to (0;1) 
an be done by �rst extending a

+

in an

even way around t = T to a fun
tion de�ned on (0; 2T ) and then extending by zero,

whi
h yields an ~a

+

2 W

1�

1

q

;

1

2

(1�

1

q

)

q

(�


+

� (0;1))

n

sin
e ~a

+

j

t=2T

= a

+

j

t=0

= 0 if q > 3

and ~a

+


oin
ides with 0 at �


+

� f2Tg if q = 3.

A simple but useful ve
tor-valued variant of the Sobolev embedding theorem is given

in the next lemma.

Lemma 2.3 Let 1 < q < 1, 0 < T < 1, and X be a Bana
h spa
e. Then

W

1

q

(0; T ;X) ,! C

1

q

0

([0; T ℄;X) is a 
ontinuous embedding.

Proof: The lemma is a simple 
onsequen
e of the fa
t that u : (0; T ) ! X is ab-

solutely 
ontinuous, 
f. Amann [5, Chapter III, Theorem 1.2.2℄, and the Hölder

inequality.

2.3 Weak Mixed Diri
hlet-Neumann Problem

If u 2 L

q

(
)

n

with div u 2 L

q

lo


(
) \

0

W

�1

q

(
), then we de�ne the tra
e � � uj

�


�

2

W

�

1

q

q

(�


�

) as

h� � uj

�


�

; vi = (u;rV ) + (div u; V ); (2.2)

where v 2 W

1�

1

q

0

q

0

(�


�

) and V 2

0

W

1

q

0

(


0

) with V j

�


�

= v. The de�nition does not

depend on the 
hoi
e of V . Moreover, k


�

�

uk

�

1

q

;q

� C

�

kuk

q

+ k div uk

0

W

�1

q

(
)

�

:

Now let f 2 L

q

(
)

n

. Then we 
onsider the weak mixed Diri
hlet-Neumann

problem

�u = div f in 
; (2.3)

uj

�


+

= 0 on �


+

; (2.4)

�

�

uj

�


�

= � � f j

�


�

on �


�

: (2.5)
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Here �

�

uj

�


�

= � � f j

�


�

is understood as � � (ru� f)j

�


�

= 0.

Lemma 2.4 Let 1 < q < 1 and 
 � R

n

, n � 2. Then for every f 2 L

q

(
)

n

there is a unique solution u 2 W

1

q

(
) of (2.3)-(2.5), whi
h satis�es kuk

1;q

� Ckfk

q

.

Moreover, u is uniquely determined by

(ru;rv) = (f;rv) for all v 2

0

W

1

q

0

(
): (2.6)

The lemma is a 
onsequen
e of [2, Theorem 3.6℄. Finally, we note that by the Hahn-

Bana
h theorem every F 2

0

W

�1

q

(
) has a representation hF; vi = (f;rv) for all

v 2

0

W

1

q

0

(
) with f 2 L

q

(
)

n

and kfk

q

� CkFk

0

W

�1

q

.

3 Instationary Stokes Equations

In order to solve the free boundary value problem, we need the solvability of the

linearized problem, i.e., the instationary generalized Stokes equations

�

t

u��u+rp = f in 


T

; (3.1)

div u = g in 


T

; (3.2)

T

+

1

(u; p) = a

+

on �


+

T

; (3.3)

uj

�


�

= 0 on �


�

T

; (3.4)

uj

t=0

= u

0

in 
: (3.5)

The solvability of this system is 
onsidered for data

f 2 L

q

(


T

)

n

; g 2 W

1;0

q

(


T

); a

+

2 W

1�

1

q

;

1

2

(1�

1

q

)

q

(�


+

T

)

n

; and u

0

2 W

2�

2

q

q

(
)

n

;

n � 2. We restri
t ourselves to the 
ase q >

3

2

, whi
h is su�
ient for our appli
ation.

Moreover, we assume that the data satisfy the following 
ompatibility 
onditions:

1. The ve
tor-valued distributional derivative �

t

g in D

0

(0; T ;

0

W

�1

q

(
)) belongs to

L

q

(0; T ;

0

W

�1

q

(
)). and gj

t=0

= div u

0

in

0

W

�1

q

(
).

2. a

+

�

j

t=0

= (� � Su

0

)

�

j

�


+

if q > 3 and I[a

+

�

; (� � Su

0

)

�

℄ < 1 if q = 3. (In the

latter 
ase � 2 C

0;1

(�


+

) has to be extended suitably to 
.)

3. u

0

j

�


�

= 0.

Here D

0

(0; T ;

0

W

�1

q

(
)) := L(D(0; T );

0

W

�1

q

(
)), 
f. [5, Se
tion 4.1℄, and D(0; T ) is

the set of all smooth f : (0; T )! R with supp f � (0; T ).

In our appli
ation g = divR with R 2 W

2;1

q

(


T

)

n

, � � Rj

�


�

= 0, divRj

t=0

= 0.

Then

Z

T

0

(�

t

R(:; t);rv)




'(t)dt =

Z

T

0

(g(:; t); v)




�

t

'(t)dt
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for all ' 2 D(0; T ), v 2

0

W

1

q

0

(
). Hen
e F (t) 2

0

W

�1

q

(
), t 2 (0; T ), de�ned by

hF (t); vi = �(�

t

R(:; t);rv)




is the

0

W

�1

q

(
)-valued distributional derivative �

t

g.

Thus �

t

g 2 L

q

(0; T ;

0

W

�1

q

(
)) and k�

t

gk

L

q

(0;T ;

0

W

�1

q

(
))

� k�

t

Rk

L

q

(


T

)

: Conversely,

the following lemma holds.

Lemma 3.1 Let 1 < q < 1, 0 < T � 1 and let 
 � R

n

, n � 2, be an

asymptoti
ally �at layer with C

1;1

-boundary. Then every g 2 W

1;0

q

(


T

) with �

t

g 2

L

q

(0; T ;

0

W

�1

q

(
)) and gj

t=0

= 0 possesses a representation g = divR where R 2

W

1

q

(


T

)

n

with Rj

t=0

= 0, � �Rj

�


�

= 0, and

kRk

W

1

q

(


T

)

� C

�

kgk

1;0;q

+ k�

t

gk

L

q

(0;T ;

0

W

�1

q

(
))

�

;

where C does not depend on T .

Proof: We de�ne R = rp where p is the solution of

�p(:; t) = g(:; t) in 
;

pj

�


+

= 0 on �


+

;

�

�

pj

�


�

= 0 on �


�

:

Hen
e kpk

L

q

(0;T ;W

2

q

(
))

� Ckgk

1;0;q

be
ause of [1, Lemma 3.3℄ whi
h 
an be ex-

tended to arbitrary asymptoti
ally �at layers with C

1;1

-boundary using the same

method as in [2, Appendix℄. Be
ause of the unique solvability of (2.3)-(2.5), �

t

g 2

L

q

(0; T;

0

W

�1

q

(
)) has a representation

h�

t

g(:; t); vi




= (r~p;rv) for all v 2

0

W

1

q

0

(
)

for a.a. t 2 (0; T ), where ~p 2 L

q

(0; T ;

0

W

1

q

(
)) with kr~pk

q;


T

� Ck�

t

gk

L

q

(0;T ;

0

W

�1

q

(
))

.

Therefore we 
on
lude �

t

rp 2 L

q

(


T

) as follows: g(:; t), t 2 (0; T ), is an absolutely


ontinuous

0

W

�1

q

(
)-valued fun
tion, 
f. [5, Theorem 1.2.2℄, and

(g(:; t); v)




=

Z

t

0

h�

t

g(:; s); vi




ds = (r

Z

t

0

~p(:; s)ds;rv)

for all v 2

0

W

1

q

0

(
). On the other hand,

(g(:; t); v)




= �(rp;rv) for all v 2

0

W

1

q

0

(
)

and a.a. t 2 (0; T ). Be
ause of Lemma 2.4, we 
on
lude rp(:; t) = �r

R

t

0

~p(:; s)ds

for a.a. t 2 (0; T ).

Thus R = rp 2 W

1

q

(


T

) with rpj

t=0

= 0, �

�

pj

�


�

= 0, krpk

1;q;


T

� Ckgk

1;0;q

;

and k�

t

rpk

q;


T

� Ck�

t

gk

L

q

(0;T ;

0

W

�1

q

(
))

. Finally, it is easy to 
he
k that all 
onstants

in the proof do not depend on T .
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As in the 
ase of the generalized Stokes resolvent equations, 
f. [1℄, (3.1)-(3.5) 
an

(at least formally) be redu
ed to the instationary redu
ed Stokes equations

�

t

u��u+G

10

u = f

r

in 


T

; (3.6)

T

0

1

+

u = a

r

on �


+

T

; (3.7)

uj

�


�

= 0 on �


�

T

; (3.8)

uj

t=0

= u

0

in 
; (3.9)

where (T

0

1

+

u)

�

= (� � Su)

�

and (T

0

1

+

u)

�

= div uj

�


+

and

G

10

u = rK

01

(2�

�

uj

�


+

; � � (��r div)uj

�


�

):

HereK

01

denotes the Poisson operator to (2.3)-(2.5), i.e.,�K

01

= 0,K

01

(a

+

; a

�

)j

�


+

=

a

+

, and �

�

K

01

(a

+

; a

�

)j

�


�

= a

�

.

It is one of the main results of [3℄ that A

10

:= ��+G

10

with domain

D(A

10

) =

n

u 2 W

2

q

(
)

n

: T

0

1

+

u = 0; uj

�


�

= 0

o

admits a bounded H

1

-
al
ulus in the sense of M
Intosh [14℄. In parti
ular, A

10

possesses bounded imaginary powers and the result of Dore and Venni [9, Theorem

3.2.℄ resp. its extension by Giga and Sohr [10, Theorem 2.1℄ implies that A

10

has

maximal regularity, i.e., for every f 2 L

q

(0; T ;L

q

(
)

n

), 0 < T � 1, there is a unique

solution

u 2 W

1

q

(0; T ;L

q

(
)

n

) \ L

q

(0; T ;D(A

10

))

of the abstra
t ordinary di�erential equation

u

0

(t) + A

10

u(t) = f(t); t > 0; u(0) = 0:

Combining this result with Lemma 2.2, we obtain:

THEOREM 3.2 Let

3

2

< q < 1, 0 < T � 1, and let 
 � R

n

, n � 2,

be an asymptoti
ally �at layer with C

1;1

-boundary. Moreover, let (f

r

; a

+

r

; u

0

) 2

L

q

(


T

)

n

�W

1�

1

q

;

1

2

(1�

1

q

)

q

(


T

)

n

�W

2�

2

q

q

(
)

n

satisfy the 
ompatibility 
onditions u

0

j

�


�

=

0, T

0

1

+

u

0

= a

+

j

t=0

if q > 3, and I[a

+

�

; (� � Su

0

)

�

℄; I[a

+

�

; div u

0

℄ < 1 if q = 3. Then

there is a unique solution u 2 W

2;1

q

(


T

)

n

of (3.6)-(3.9), whi
h satis�es

kuk

2;1;q

� C

�

kf

r

k

q

+ ka

+

r

k

1�

1

q

;

1

2

(1�

1

q

);q

+ ku

0

k

2�

2

q

;q

�

with an additional I[a

+

�

; (� � Su

0

)

�

℄

1

q

+ I[a

+

�

; div u

0

℄

1

q

on the right-hand side if q = 3.

The 
onstant C 
an be 
hosen independently of T 2 (0;1).

Using Theorem 3.2, we are able to prove the main result of this se
tion.
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THEOREM 3.3 Let n � 2,

3

2

< q < 1, and 0 < T < 1. Then for every f 2

L

q

(


T

)

n

, g 2 W

1;0

q

(


T

) with �

t

g 2 L

q

(0; T ;

0

W

�1

q

(
)), gj

�


+

2 W

1�

1

q

;

1

2

(1�

1

q

)

q

(�


+

T

)

n

,

a

+

2 W

1�

1

q

;

1

2

(1�

1

q

)

q

(�


+

T

)

n

, and u

0

2 W

2�

2

q

q

(
)

n

satisfying the 
ompatibility 
ondi-

tion above there is a unique solution (u; p) 2 W

2;1

q

(


T

)

n

�W

1;0

q

(


T

) of (3.1)-(3.5).

Moreover,

kuk

2;1;q

+ kpk

1;0;q

+ kpj

�


+

k

1�

1

q

;

1

2

(1�

1

q

);q

(3.10)

� C

�

k(f;rg)k

q

+ k�

t

gk

L

q

(0;T ;

0

W

�1

q

(
))

+ k(gj

�


+

; a

+

)k

1�

1

q

;

1

2

(1�

1

q

);q

+ ku

0

k

2�

2

q

;q

�

;

with an additional I[a

+

�

; (� � Su

0

)

�

℄

1

q

on the right-hand side if q = 3. The 
onstant C


an be 
hosen independently of T 2 (0;1).

Proof: For every t 2 (0; T ) let p

2

(:; t) 2 W

1

q

(
) be the solution of

(rp

2

(:; t);rv) = (f +rg � �

t

R;rv) for all v 2

0

W

1

q

0

(
)

with p

2

j

�


+

= a

+

�

, 
f. Lemma 2.4, where divR is a representation of g due to Lemma

3.1. Now we de�ne f

r

= f �rp

2

. Then

kf

r

k

q

� C

�

k(f;rg; �

t

R)k

q

+ ka

+

�

k

1�

1

q

;

1

2

(1�

1

q

);q

�

with C independent of T . Moreover, let (a

+

r

)

�

= a

+

�

and (a

+

r

)

�

= gj

�


+

.

Let u 2 W

2;1

q

(


T

)

n

is the solution of the redu
ed Stokes equations with right-

hand side (f

r

; a

+

r

). Then (u; p) with rp = G

10

u+rp

2

is a solution of the generalized

Stokes equations, where it only remains to prove that div u = g. Testing (3.6) with

rv, v 2 L

q

0

(0; T ;

0

W

1

q

0

(
)), and using

(G

10

u;rv)




T

= h� � (��r div)uj

�


�

; vj

�


�

i

�


T

= ((��r div)u;rv)




T

be
ause of (2.2), we 
on
lude

(�

t

(u� R);rv)




T

+ (r(div u� divR);rv)




T

= 0 (3.11)

for all v 2 L

q

0

(0; T ;

0

W

1

q

0

(
)). Moreover, div(u� R)j

t=0

= 0 be
ause of the 
ompati-

bility 
onditions.

Now let

~

f 2 L

q

0

(


T

)

n

be arbitrary and let ~u 2 W

2;1

q

0

(


T

)

n

be a solution of the

redu
ed Stokes equations with right-hand side

~

f , a

+

= 0, and u

0

= 0. Then a similar


al
ulation as above yields

(�

t

~u;rw)




T

+ (r div ~u;rw)




T

= (

~

f;rw)




T

for all w 2 L

q

(0; T ;

0

W

1

q

(
)):

If we set v(x; t) = div ~u(x; T � t) in (3.11), we get

0 = (�

t

(u� R);r div ~u(x; T � :))




T

+ (r div(u� R);r div ~u(x; T � :))




T

= (r div(u�R); (�

t

~u)(:; T � :))




T

+ (r div(u� R); (r div ~u)(:; T � :))




T

= (

~

f(:; T � :);r div(u� R))




T

; (3.12)

where we have used:
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Proposition 3.4 Let 1 < q < 1 and let u 2 W

2;1

q

(


T

)

n

, v 2 W

2;1

q

0

(


T

)

n

su
h that

� � uj

�


�

T

= � � vj

�


�

T

= 0, div uj

�


+

T

= div vj

�


+

T

= 0, and uj

t=0

= vj

t=T

= 0. Then

(�

t

u;r div v)




T

= �(r div v; �

t

v)




T

:

Proof: The lemma is simply proved by approximating �

t

u by di�eren
e quotients

and using u 2 C

1

q

0

([0; T ℄;L

q

(
))

n

, v 2 C

1

q

([0; T ℄;L

q

0

(
))

n

due to Lemma 2.3.

Sin
e for every F 2 L

q

0

(0; T ;

0

W

�1

q

0

(
)) = (L

q

(0; T ;

0

W

1

q

(
))

0

there is an

~

f 2

L

q

0

(


T

)

n

su
h that

Z

T

0

hF (:; t); v(:; t)i

0

W

�1

q

0

(
)

dt = (

~

f(:; T � :);rv)




T

for all v 2 L

q

(0; T ;

0

W

1

q

(
));

(3.12) and the Hahn-Bana
h theorem imply div(u�R) = 0.

In order to prove uniqueness, let (u; p) be a solution with right-hand side 0. Then

rp = G

10

u sin
e �p = 0, pj

�


+

= 2�

�

u

�

, and �

�

pj

�


�

= � � (� � r div)uj

�


�

by

(3.1) and (3.3). Hen
e u solves (3.6)-(3.9) with f

r

= a

+

r

= u

0

= 0 and therefore

u = rp = 0 due to Theorem 3.2.

4 Proof of Theorem 1.1

For simpli
ity we multipliy (1.9) by jA(u)�j and repla
e it by

e

T

+

1;u

(u; p) = ((A(u)�) � S

u

u� pA(u)�)j

�


+

= �g

0

X

u;n

A(u)� (4.1)

with S

u

v = r

u

v + (r

u

v)

T

.

We 
an formulate the initial boundary value problem as an abstra
t equation:

Lv = G(v) + h , v = L

�1

G(v) + L

�1

h; (4.2)

where v = (u; p) 2 X

T

, h = (0; 0;�g

0

�

n

�; u

0

) 2 Y

T

, and

X

T

= f(u; p) : u 2 W

2;1

q

(


T

)

n

; uj

�


�

= 0; div uj

t=0

= 0; p 2 W

1;0

q

(


T

);

pj

�


+

2 W

1�

1

q

;

1

2

�

1

2q

q

(�


+

T

); (� � Suj

t=0

)

�

j

�


+

= 0g;

Y

T

= f(f; g; a

+

; u

0

) : f 2 L

q

(


T

)

n

; g 2 W

1;0

q

(


T

); �

t

g 2 L

q

(0; T ;

0

W

�1

q

(
));

gj

�


+

2 W

1�

1

q

;

1

2

�

1

2q

q

(�


+

T

); gj

t=0

= 0; a

+

2 W

1�

1

q

;

1

2

�

1

2q

q

(�


+

T

)

n

; a

+

�

j

t=0

= 0

u

0

2 W

2�

2

q

q

(
)

n

; div u

0

= 0; u

0

j

�


�

= 0; (� � Su

0

)

�

j

�


+

= 0g;

L(u; p) = ((�

t

��)u+rp; div u; T

+

1

(u; p); uj

t=0

);

G(u; p) = ((�

u

��)u+ (r�r

u

)p; (div� div

u

)u; (T

+

1

�

e

T

+

1;u

)(u; p)�

g

0

(X

u;n

A(u)� � �

n

�); 0):
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in the 
ase q > 3. If q = 3, we repla
e the 
onditions (� � Suj

t=0

)

�

j

�


+

= 0,

(� � Su

0

)

�

j

�


+

, and a

+

�

j

t=0

= 0 by I[0; (� � Suj

t=0

)

�

℄ < 1, I[0; (� � Su

0

)

�

℄ < 1, and

I[a

+

�

; 0℄ <1, respe
tively. In the 
ase q < 3, we skip the latter 
onditions. The asso-


iated norms are de�ned in the obvious way with additional terms I[0; (� �Suj

t=0

)

�

℄

1

q

,

I[0; (� � Su

0

)

�

℄

1

q

, and I[a

+

�

; 0℄

1

q

if q = 3.

In order to apply the Bana
h 
ontra
tion mapping prin
iple to (4.2), we have to

estimate G(v)�G(w) for all v; w 2 B

R

(0) for some suitable R > 0.

First of all, we note that

kfk

q

W

s

q

(0;T ;X)

= kfk

q

L

q

(0;T ;X)

+

Z

T

0

Z

t

0

k�

h

f(t)k

q

X

h

1+qs

dhdt;

where �

h

f(t) = f(t)� f(t� h).

Lemma 4.1 Let n � 2, q > n, and R > 0. Moreover, let F (u) = X

u

and Z =

W

2

q

(
)

n

or F (u) = A(u) and Z = W

1

q

(
)

n�n

. Then there is a T

0

= T

0

(R) > 0 and

a 
onstant C > 0 su
h that for all 0 < T � T

0

sup

0�t�T

kF (u)� F (v)k

Z

� CT

1

q

0

ku� vk

2;1;q

; (4.3)

sup

0�t�T

�

Z

t

0

k�

h

(F (u)� F (v))(:; t)k

q

Z

h

1+

q

2q

0

dh

�

1

q

� CT

1

2q

0

ku� vk

2;1;q

; (4.4)

�

Z

T

0

Z

t

0

k�

h

(F (u)� F (v))(:; t)k

q

Z

h

1+

q

2q

0

dhdt

�

1

q

� CT

1

q

+

1

2q

0

ku� vk

2;1;q

(4.5)

for all u; v 2 W

2;1

q

(


T

)

n

with kuk

2;1;q

; kvk

2;1;q

� R.

Proof: First of all, we observe that

kF (u)� F (v)k

W

1

q

(0;T ;Z)

� Cku� vk

2;1;q

(4.6)

for all 0 < T � T

0

if T

0

> 0 is 
hosen su�
iently small.

If F (u) = X

u

, (4.6) is a 
onsequen
e of

X

u

(�; t)�X

v

(�; t) =

Z

t

0

(u(�; �)� v(�; �))d� 2 W

1

q

(0; T ;W

2

q

(
)

n

):

Sin
e

R

t

0

ru(:; �)d� 2 W

1

q

(0; T ;W

1

q

(
)

n�n

) ,! C

1

q

0

(0; T ;W

1

q

(
)

n�n

), we have

sup

0�t�T













Z

t

0

ru(:; �)d�













1

� C sup

0�t�T













Z

t

0

ru(:; �)d�













1;q

� CT

1

q

0

R

for all u 2 B

R

(0) � W

2;1

q

(


T

). Thus we 
an �nd a T

0

> 0 su�
iently small su
h

that A(u) =

�

I +

R

t

0

ru(x; �)d�

�

�T

exists for all u 2 B

R

(0). Sin
e matrix inversion
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is a smooth mapping on GL(n), A(u) depends smoothly on M =

R

t

0

ru(x; �)d� .

Therefore A(u)� A(v) 2 W

1

q

(0; T ;W

1

q

(
)

n

) and (4.6) holds for F (u) = A(u).

Now (4.3) is a 
onsequen
e of Lemma 2.3, (4.6), and (F (u) � F (v))j

t=0

= 0.

Moreover,

k�

h

(F (u)� F (v))(:; t)k

Z

� Ch

1

q

0

ku� vk

2;1;q

and therefore

sup

0<t�T

�

Z

t

0

k�

h

(F (u)� F (v))(:; t)k

q

Z

h

1+

q

2q

0

dh

�

1

q

� C sup

0<t�T

�

Z

t

0

h

q

q

0

�1�

q

2q

0

dh

�

1

q

ku� vk

2;1;q

� CT

1

2q

0

ku� vk

2;1;q

:

Be
ause of kfk

L

q

(0;T )

� T

1

q

kfk

L

1

(0;T )

, (4.5) is a 
onsequen
e of (4.4).

Lemma 4.2 Let 1 < q < 1, T

0

> 0, and 
 � R

n

, n � 2, be a layer-like domain

with C

1;1

-boundary. Then

kruk

W

1

2

�"

q

(0;T ;L

q

(
))

� C

";T

0

kuk

2;1;q

for every u 2 W

2;1

q

(


T

), " 2 (0;

1

2

), and 0 < T � T

0

.

Proof: Be
ause of kru(:; t)k

q;


� Cku(:; t)k

1

2

q;


ku(:; t)k

1

2

2;q;


,

�

Z

T

0

Z

t

0

k(�

h

ru)(:; t)k

q

q;


h

1+(

1

2

�")q

dhdt

�

1

q

�

�

Z

T

0

Z

t

0

k�

h

u(:; t)k

q

q;


h

1+(1�")q

dhdt

�

1

2q

�

Z

T

0

Z

t

0

k�

h

u(:; t)k

q

2;q;


h

1�"q

dhdt

�

1

2q

:

Sin
e k�

h

u(:; t)k

2;q;


� 2ku(:; t)k

2;q;


, the se
ond term 
an be estimated by C

";T

0

kuk

1

2

2;1;q

.

For the �rst term we use k�

h

u(:; t)k

q

q

� h

q

q

0

R

t

t�h

k�

t

u(:; �)k

q

q

d� , and obtain

�

Z

T

0

Z

t

0

k�

h

u(:; t)k

q

q

h

1+(1�")q

dhdt

�

1

q

�

�

Z

T

0

Z

T

h

Z

t

t�h

k�

t

u(:; �)k

q

q

h

�2+"q

d�dtdh

�

1

q

�

 

Z

T

0

Z

T

0

Z

minf�+h;Tg

maxfh;�g

dtk�

t

u(:; �)k

q

q

h

�2+"q

d�dh

!

1

q

�

�

Z

T

0

h

�1+"q

dh

�

1

q

k�

t

uk

q;


T

� C

";T

0

kuk

2;1;q

:
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Lemma 4.3 Let n � 2, q > n, and � > 0 and let 
 be an asymptoti
ally �at layer

with C

1;1

-boundary su
h that 


+

2 W

1�

1

q

q

(R

n�1

), and let G : X

T

! Y

T

, T > 0, be

de�ned as above. Then for every R > 0 there is a T

0

> 0 su
h that

kG(u)�G(v)k

Y

T

� �ku� vk

X

T

(4.7)

for all u; v 2 B

R

(0) � X

T

.

Proof: The operator G : X

T

! Y

T


an be written as G(u; p) = H(u)(u; p) �

H(0)(u; p) + F (u)� F (0), where

H(u)(f; p) = (�

u

f �r

u

p;� div

u

f;�

~

T

+

1;u

(f; p); 0);

F (u) = (0; 0; g

0

X

u;n

A(u)

T

�j

�


+

; 0);

and H(u)(f; p) is a linear operator in (f; p) depending on u. Hen
e

G(u; p

1

)�G(v; p

2

) = (H(u)�H(v))(u; p

1

) + (H(v)�H(0))(u� v; p

1

� p

2

)

+F (u)� F (v):

Therefore it is su�
ient to prove

k(H(u)�H(v))(f; p)k

Y

T

� C'(T )ku� vk

2;1;q

k(f; p)k

X

T

; (4.8)

kF (u)� F (v)k

Y

T

� C'(T )ku� vk

2;1;q

(4.9)

for a fun
tion '(T ) su
h that lim

T!0

'(T ) = 0 and (u; 0); (v; 0); (f; p) 2 X

T

with

ku; vk

2;1;q

; k(f; p)k

X

T

� R.

Using (4.3) and W

1

q

(
) ,! L

1

(
), it is easy to prove that

k(r

u

�r

v

)pk

q;


T

� CT

1

q

0

ku� vk

2;1;q

kpk

1;0;q

;

k(div

u

� div

v

)fk

1;0;q

� CT

1

q

0

ku� vk

2;1;q

kfk

2;0;q

;

k(�

u

��

v

)fk

q;


T

� CT

1

q

0

(T

1

q

0

R + 1)ku� vk

2;1;q

kfk

2;0;q

;

k(S

u

� S

v

)f j

�


+

k

1�

1

q

;0;q

� CT

1

q

0

ku� vk

2;1;q

kfk

2;0;q

:

Sin
e �

+

2 C

0;1

(�


+

) and sin
e W

1�

1

q

q

(�


+

) is an algebra under pointwise multipli-


ation,

k(A(u)

T

�) � S

u

f j

�


+

� (A(v)

T

�) � S

v

f j

�


+

k

1�

1

q

;0;q

� C

�

sup

0�t�T

k(A(u)� A(v))

T

�j

�


+

k

1�

1

q

;q

�

kS

u

f j

�


+

k

1�

1

q

;0;q

+C

�

sup

0�t�T

kA(v)

T

�j

�


+

k

1�

1

q

;q

�

k(S

u

� S

v

)f j

�


+

k

1�

1

q

;0;q

� CT

1

q

0

(k(u; v)k

2;1;q

+ 1)ku� vk

2;1;q

kfk

2;0;q

:
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Furthermore,

k(A(u)� A(v))

T

�pj

�


+

k

1�

1

q

;0;q

� CT

1

q

0

ku� vk

2;1;q

kpk

1;0;q

;

k(div

u

� div

v

)f j

�


+

k

1�

1

q

;0;q

� CT

1

q

0

ku� vk

2;1;q

kfk

2;0;q

:

Hen
e

k(

e

T

+

u

�

e

T

+

v

)(f; p)k

1�

1

q

;0;q

� CT

1

q

0

ku� vk

2;1;q

(kfk

2;0;q

+ kpk

1;0;q

):

In the same way we get

k


+

0

(X

u;n

A(u)

T

�X

v;n

A(v)

T

)�k

1�

1

q

;0;q

� CT

1

q

0

ku� vk

2;1;q

+ CkX

u;n

�X

v;n

k

1;0;q

� CT

1

q

0

ku� vk

2;1;q

be
ause of (4.3). But it remains to estimate the semi-norm

kak

�;0;

1

2q

0

;q

:=

�

Z

T

0

Z

t

0

k(�

h

a)(:; t)k

q

q;�


+

h

�1�

q

2q

0

dhdt

�

1

q

for the boundary terms. Be
ause of (4.4) and

�

h

(fg)(t) = (�

h

f)(t)g(t� h) + f(t)(�

h

g)(t);

we 
on
lude

k(A(u)� A(v))j

�


+

a

+

k

�;0;

1

2q

0

;q

� C

�

sup

0�t�T

kA(u)� A(v)k

1;


ka

+

k

�;0;

1

2q

0

;q

+ sup

0�t�T

�

Z

t

0

k�

h

A(u� v)k

q

1;


h

�1�

q

2q

0

dh

�

1

q

ka

+

k

q;�


+

T

!

� CT

1

2q

0

ku� vk

2;1;q

ka

+

k

W

1

2q

0

q

(0;T ;L

q

(�


+

))

: (4.10)

This implies

k(

e

T

+

u

�

e

T

+

v

)(f; p)k

�;0;

1

2q

0

;q

� CT

1

2q

0

ku� vk

2;1;q

(kfk

2;1;q

+ kpj

�


+

k

1�

1

q

;

1

2

(1�

1

q

);q

);

k(div

u

� div

v

)f j

�


+

k

�;0;

1

2q

0

;q

� CT

1

2q

0

ku� vk

2;1;q

kfk

2;1;q

due to Lemma 2.2.2. Be
ause of (4.5) and kX

u

�X

v

k

q;�


+

T

� Tk(u� v)j

�


+

k

q;�


+

T

�

CTku� vk

2;1;q

, we have

k(X

u;n

�X

v;n

)j

�


+

k

B

1

2q

0

q

(0;T ;L

q

(�


+

))

� CT

1

q

+

1

2q

0

ku� vk

2;1;q

:
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Thus (4.10) and the latter estimate imply

k(X

u;n

� �

n

)A(u)

T

�j

�


+

� (X

v;n

� �

n

)A(v)

T

�j

�


+

k

�;0;

1

2q

0

;q

� CT

1

2q

0

ku� vk

2;1;q

:

Sin
e �

n

j

�


+

= 


+

2 W

1�

1

q

q

, (4.10) yields

k(A(u)

T

� A(v)

T

)��

n

j

�


+

k

�;0;

1

2q

0

;q

� CT

1

2q

0

ku� vk

2;1;q

;

whi
h implies

kX

u;n

A(u)

T

�j

�


+

�X

v;n

A(v)

T

�j

�


+

k

�;0;

1

2q

0

;q

� CT

1

2q

0

ku� vk

2;1;q

:

In order to estimate I[

e

T

u

(f; p) �

e

T

v

(f; p); 0℄

1

q

in the 
ase q = 3 and n = 2, we use

(2.1). Then

Z

T

0

Z

�


j

e

T

u

(f; p)�

e

T

v

(f; p)j

3

t

�1

d�dt

� C (kfk

2;1;3

+ kpk

1;0;3

)

3

sup

0�t�T

t

�1

k(A(u)� A(v))(:; t)k

3

1;3

;

where k(A(u)� A(v))(:; t)k

1;3

� Ct

2

3

ku� vk

2;1;q

be
ause of (4.3). Hen
e

I[

e

T

u

(f; p)�

e

T

v

(f; p); 0℄

1

q

� CT

1

3

(kfk

2;1;3

+ kpk

1;0;3

) ku� vk

2;1;q

:

Similarly, using

(X

u;n

A(u)

T

�X

v;n

A(v)

T

)j

�


+

2 W

1

q

(0; T ;W

1�

1

q

q

(�


+

)) ,! C

2

3

(0; T ;W

1�

1

q

q

(�


+

))

(X

u;n

A(u)

T

�X

v;n

A(v)

T

)j

t=0

= 0, and (2.1), we 
on
lude

I[(X

u;n

A(u)

T

�X

v;n

A(v)

T

)j

�


+

; 0℄

1

q

� CT

1

3

ku� vk

2;1;q

:

Finally, we estimate the L

q

(0; T ;

0

W

�1

q

(
))-norm of �

t

(div

u

� div

v

)f . Be
ause of

the de�nition of the

0

W

�1

q

(
)-valued distributional derivate �

t

,

�hh�

t

(div

u

� div

v

)f; 'i

(0;T )

; wi




=

Z




T

(div

u

� div

v

)f(x; t)�

t

'(t)w(x)d(x; t)

= �

Z




T

f(x; t)�

t

'(t)r

�

(A(u)� A(v))

T

w(x)

�

d(x; t)

=

Z




T

�

t

f'r

�

(A(u)� A(v))

T

w

�

d(x; t)�

Z




T

div f'�

t

(A(u)

T

� A

T

(v))wd(x; t)
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for all ' 2 D(0; T ), w 2

0

W

1

q

0

(
), and u; v 2 W

2;1

q

(


T

) su
h that (u; 0); (v; 0); (f; 0) 2

X

T

. Firstly,

�

�

�

�

Z




Z

T

0

�

t

f'r

�

(A(u)� A(v))

T

w

�

dtdx

�

�

�

�

� k�

t

fk

q;


T

k'k

q

0

;(0;T )

sup

0�t�T







r[(A(u)� A(v))

T

(t; :)w℄







q

0

;


:

Using Sobolev inequalities, we have kwk

r

� kwk

1;q

0

for all

1

q

0

�

1

r

�

1

q

0

�

1

n

. Therefore

kvwk

q

0

� kvk

q

kwk

r

� Ckvk

q

kwk

1;q

0

with

1

r

=

1

q

0

�

1

q

>

1

q

0

�

1

n

. Hen
e

sup

0�t�T







r

�

(A(u)� A(v))

T

(:; t)w

�







q

0

;


� sup

0�t�T

[kr(A(u)� A(v))k

q;


kwk

r;


+ kA(u)� A(v)k

1;


krwk

q

0

;


℄

� C sup

0�t�T

k(A(u)� A(v))(:; t)k

1;q;


kwk

1;q

0

;


� CT

1

q

0

ku� vk

2;1;q

kwk

1;q

0

;


by (4.3). Se
ondly,

�

�

�

�

Z




Z

T

0

div f�

t

(A(u)� A(v))

T

'wdtdx

�

�

�

�

� sup

0�t�T

k div f(:; t)k

q;


k'k

q

0

;(0;T )

k�

t

(A(u)� A(v))(:; t)k

L

q

(0;T ;L

1

(
))

kwk

L

q

0

(
)

� C

"

T

1

2

�

1

q

�"

kfk

2;1;q

k'k

q

0

;(0;T )

kwk

1;q

0

;


ku� vk

2;1;q

:

Here we have used (4.6) and sup

0�t�T

k div f(:; t)k

q;


� C

"

T

1

2

�

1

q

�"

kfk

2;1;q

for " 2

(0;

1

2

�

1

q

) sin
e div f j

t=0

= 0 and

div f 2 B

1

2

�"

q

(0; T ;L

q

(
)) ,! C

1

2

�

1

q

�"

(0; T ;L

q

(
))

be
ause of Lemma 4.2 and Simon [15, Corollary 26℄.

Proof of Theorem 1.1: Let R > 0 be 
hosen so large that kL

�1

hk

X

T

�

R

2

for h = (0; 0; g

0

�

n

�; u

0

) for some T > 0. Then, be
ause of Lemma 4.3, there is a

0 < T

0

� T su
h that L

�1

G : B

R

(0)j

X

T

0

! B

R

(0)j

X

T

0

is a 
ontra
tion with Lips
hitz


onstant � =

1

2

. Now let F (v) := L

�1

G(v)+L

�1

h, v 2 X

T

0

. Then kF (v)k

X

T

0

� R for

v 2 B

R

(0)j

X

T

0

sin
e kL

�1

hk

X

T

0

� kL

�1

hk

X

T

�

R

2

and kL

�1

G(v)k

X

T

0

= kL

�1

G(v)�

L

�1

G(0)k

X

T

0

�

R

2

. Hen
e the Bana
h 
ontra
tion mapping prin
iple implies the

existen
e of a unique solution in B

R

(0).

Finally, if v 2 X

T

is an arbitrary solution, we 
hoose R > 0 in the 
onstru
tion

above a priori so large that R � kvk

X

T

. Then v 
oin
ides with the solution u obtained

by the Bana
h �xed point theorem for some 0 < T

0

� T . Sin
e this argument 
an be

repeated with initial data vj

t=T

0

, the solution is unique as long as the solution exists.
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