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Abstract

We prove small-time existence of strong solutions of a free boundary value
problem, which describes the motion of an incompressible viscous fluid occu-
pying a semi-infinite domain bounded above by a free surface. This problem
was studied by Beale [6] and others in L?-Sobolev spaces. In contrast to the
latter contribution we study solutions in L%-Sobolev spaces for ¢ > n in space
dimension n > 2. This approach has the advantage that the regularity as-
sumptions can be reduced in comparison to [6]. In order to solve the linearized
system, we use the instationary reduced Stokes equations with a mixed bound-
ary conditions and the maximal regularity of the associated reduced Stokes
operator.
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1 Introduction

In the present contribution we consider the time-dependent flow of an incompressible,
viscous fluid bounded above by a free surface and below by a fixed bottom under the
influence of gravity; e.g. water in an infinite ocean. The effect of surface tension is
neglected. This problem was studied by Beale [6] in the setting of anisotropic L?-
Sobolev spaces in R*. He proved short time existence of strong solutions for arbitrary
large initial data. The large time existence was studied by Sylvester [17] and Tani
and Tanaka [19]. Moreover, there are several works considering this problem with
the effect of surface taken into account in three and two dimensions, cf. Beale [7],
Beale and Nishiada [8], Tani [18], [19], and Allain [4]. As far as the author knows,
there are no results in anisotropic L?-Sobolev spaces for g # 2.



We show short-time existence of strong solutions of this free boundary value
problem in the setting of anisotropic L?-Sobolev spaces for ¢ > n in space dimension
n > 2. The approach is similar to Solonnikov [16], where the motion of an isolated
finite volume of viscous incompressible fluid is considered. It has the advantage
that lower regularity of the data is needed since qu is an algebra under pointwise
multiplication if ¢ > n in contrast to W3", where m > & is needed.

The motion of the fluid is described by the solution of the Navier-Stokes equations

o+ (v-Vv—Av+Vqg=—gee,  withzeQ(t),te (0,7), (1.1)
dive =0 with z € Q(¢),t € (0,7), (1.2)

Tt (v, q) = —Pyv with z € 907 (t),t € (0,7), (1.3)

V|ag- =0 on 0Q2(0)” x (0,7), (1.4)

Ult=0 = o in ©(0) (1.5)

in a layer-like domain Q(t) = {(z/,z,) € R* : vy~ (2',t) < z, < yT(2',¢)} with
o0 (t)~ = 992(0)~, where 90 (t) = {(a',v*(a',t)) : 2’ € R*"'} and

T (u,p) = (v Su—pv)| o+ Su = Vu+ (Vu)".
Here vy is a given initial velocity, ©2(0) is the initial domain filled by the fluid, go > 0 is
the constant due to the acceleration of gravity, e,, the n-th canonical unit vector, v the
exterior normal, and F, is the atmospheric pressure which is assumed to be constant.

Moreover, the velocity field v and the domain Q(#) have to satisfy a kinematic relation:
Let X (&,t), t > 0, be the trajectory of the mass particle, i.e., X (,t) solves

0 X (&,t) =v(X(&,1),1), for t > 0, X(&0)=¢.

Then X (Q(0),t) = Q(t) for t > 0.

Before we pass to Lagrangian coordinates, we replace the actual pressure ¢ by the
hydrostatic pressure ¢(x,t) = q(x,t) — Py + goxn. Then the term —gpe, disappears
in (1.1) and (1.3) has to be replaced by

T (v,q) = —goxny  on Q)" ,t € (0,T). (1.6)

Now let u(&,t) = v(X (&, t),t), p(&,t) = ¢(X (&, 1),t) be the velocity and the pressure
of the fluid in Lagrangian coordinates. Then

X(&t) = Xy (&,t) =&+ /Otu(f,T)dT

and the system (1.1)-(1.5) is transformed to

ou—Ayu+Vep=0 in Qr, (1.7)
divyu =0 in Qp, (1.8)

T (u,q) = —goXunvu  on 99, (1.9)

ulgn- =0 on 02, (1.10)

Wp=o = ug in Q, (1.11)



where, using A(u) = (DeX,) T (&,1),

V.= A(u)V, div,v =V, v =Tr(A(u)Vv),
A, = divy, vu; Tfu(uap) = (Vu ’ (Suu - qu)|8Q+7
A(u)ve

SU'U = VU'U + (VUU)T, l/u(f,t) = W’

ve denotes the exterior norm at £ € 9Q*, and Q2 = Q(0).

THEOREM 1.1 Let n > 2, n < q < 0o, and let Q(0) C R* be an asymptotically
flat layer with C1* boundary, ¢f. Definition 2.1 below, such that v+ € W (R”_l).
Then for every ug € W E(Q)” with divuy =0, (Sup)r|ag+ =0 if ¢ > 3, and

|u0 /
dyd dt <
/ /am/ (Ja’ —y|2+t yrnz Y olw)dt < 0o

if ¢ = 3, there is a T > 0 such that (1 7)-(1. 11) have a unique solution (u,p) €

W2 Q)" x WEO(Qy) with plogr € Wy 2 7 (90+).

Here 7 denotes the tangential components.

The proof is done with the aid of the Banach contraction mapping principle
using the unique solvability of the linearized system — the instationary generalized
Stokes equations. In Section 3, the unique solvability of the latter system is reduced
to the instationary reduced Stokes equations similarly to the approach in Grubb
and Solonnikov [13] and other contributions by these authors. Then the unique
solvability is proved using the maximal regularity of the associated reduced Stokes
operator in asymptotically flat layers studied in |2, 3]. The maximal regularity itself
is a consequence of the result of Dore and Venni [9] and the existence of a bounded
H.-calculus, cf. McIntosh [14], of the reduced Stokes operator. Finally, the proof of
Theorem 1.1 is given in Section 4.
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2 Preliminaries

2.1 Notation and Layer-Like Domains

For s € R we denote by [s]| the largest integer < s, set {s} := s — [s] € [0,1), and
define [s]; = max{s,0}.



If M C R" is measurable, LY(M), 1 < ¢ < oo denotes the usual Lebesgue-space
and .||, its norm. Moreover, LY(M;X) denotes its vector-valued variant, where X
is a Banach space. If f € LY(M), g € LY (M), where % + % =1, then

(f. ) = /Mf(x)@dx

The Banach space of all functions f: R* — R that are k-times differentiable and
have Lipschitz continuous k-th derivatives is denoted by C*!(R"), k € Ny. Moreover,
C’(0,T); X), 6 € (0,1), T > 0, denotes the space of Holder continuous functions
f:00,7] = X.

The dual of a topological vector space V' is denoted by V'. If v € V and v' € V’,
then (v, v') := v'(v) denotes the duality product. If A: V' — W is a continuous linear
operator, A": W' — V' denotes its adjoint.

Finally, if x € R*, n > 2, then we use the decomposition = = (2', x,,), where z’
denotes the first n — 1 components.

2.2 Function spaces on Layer-Like Domains

Let © C R* be a domain. In the following W/(€2), s > 0, 1 < ¢ < oo, denotes the
usual Sobolev-Slobodeckij space normed by

lullZ, =D (1Dl if s € N,
lal<s
D%y a
e N R
|la|<[s] o=

Moreover, W7(€2; X) denotes its vector-valued variant, where X is a Banach space.
Finally, W7(02) is defined in the same way as above with the Lebesgue measure
replaced by the surface measure.

Definition 2.1 Let n > 2. If v = (v",v7) € CH(R* 1)? with vt (a') — v (') >
¢ > 0 forall 2/ € R* !, then

Q={(z",2,) eR" : v~ (2) <2, <77 (')}

/

~—

m = |

is called a layer-like domain with C*'-boundary. If additionally limy| .75 (z
vE for some constants 7= € R and limy |0 VA= (2) = limjy e V2E(2!) =
then Q, is called an asymptotically flat layer. Finally, 0Q*(t) = {(«/,y*(2/, 1)) : o’
R} denotes the upper and lower boundary, respectively.

If © is a layer-like domain with C%!-boundary, then

W, (Q) :={ue W, (Q): ulpo+ =0} and (W, (Q) := ("W, (Q))".

q



Now let Q@ C R" be a domain and 7" € (0,00]. Then Qp = Q x (0,7) de-
notes the space-time cylinder and 0Qr = 0Q x (0,7) its boundary in the spatial
coordinates. The anisotropic Sobolev-Slobodeckij space is defined as WqZS’S(QT) =
L0, T W2e(2)) N W2 (0,75 L9(Q)), s > 0, normed by

||U’||2s 5, ||U’||Lq (0,T;W2s(Q2)) + ||u||q 2(0,15L9(82))

Moreover, we define Wi0(Qp) = L9(0,T; W;*(Q)), m € N, and denote by |[|.|/m.0,

the correspondmg norm.
_1 1 1 2
-

If a € Wq “ (89+) and uy € Wq ~7(Q) with ¢ = 3, we say that a and ug
coincide at 9N x {0} if

(W)’
I[a,up] := / /{m/ o= y|2 vy Hn/zdydo(x)dt < 0.

Note that, if ug = 0, then

I[a,0] < 0/0 /(‘m |a(x,t)|3da(x)%. (2.1)

The following properties are well-known for bounded domains and are easily
proved for layer-like domains.

Lemma 2.2 Let Q C R*, n > 2, be a layer-like domain with CY'-boundary and let
q> % Then

1. sup |lu(,t)]] .2 < Clullz1,-
Wq

0<t<T ()

2- ||VU’|8Q||1—%,%(1—$),(] — »4,q

9_2
3. For every ug € Wy () with ug|oo- = 0 there is a u € W2 (Qp) with ul—o =
ug, ulga- =0, and ||ul|2,14 < Cllwolly_2 ,, where C can be chosen independently

of T € (0, 00].

q7

4. For every a™ € Wq el (89;)” with a*|i—o =0 if ¢ > 3 and I[a™,0] < o0
if ¢ =3 there is an A € W2 (Qp)" with Al =0, Alpq- =0, and

(l/ . SA)T|QQ+ = af, div A|ag+ == aj,

where SA = VA + (VA)'. Moreover, ||All21q < Clla™||;_ Liny, if @ # 3

0 <C (la*lho1y

q’ 2

mdependently of T € (0, oo]

“hgt I[a™, 0]41) if ¢ = 3, where C' can be chosen



Proof: With the aid of a coordinate transformation F: Q — R* ! x (—1,1) and
simple cut-off functions the first three statements are easily reduced to case of an
half-space R}, which are well-known, cf. Grubb [12, Appendix]|.
In order to prove 3., let A € W>'(Qg)" with Al—p, Alse = 0, and 0, Ao+ = a
such that [|A]|21,, < Clla™; 1 1(1-1y,, With an additional term Cllat, O]é if ¢ = 3.
q’ q”’

(As before, the existence A can be reduced to corresponding statement in R .) Then

(V : SA)T|6§2+ = (VTAII + aIIAT)|8Q+ = a’ia

div A|go+ = (div, A, + 0, A,) s+ = a} .
The constant C' can be chosen independently of T' since we can extend a™ to a® €
111
Wy 00 x(0,00)" with 1]y g 11 < Clla*lli-g 1oty Wheve O does
q’2 q”? q’2 q”’

not depend on T, and restrict the corresponding A € WA x (0,00))" to (0,T)
afterwards. The latter extension to (0,00) can be done by first extending ¢™ in an
even way around ¢t = T to a function defined on (0,27") and then extending by zero,

_11(_1
which yields an at € qu 0200 q)(89+ x (0,00))" since a*|j—or = a*|—g = 0if ¢ > 3

and a*t coincides with 0 at 90Q% x {27} if ¢ = 3. u
A simple but useful vector-valued variant of the Sobolev embedding theorem is given
in the next lemma.

Lemma 2.3 Let 1 < ¢ < 00, 0 < T < o0, and X be a Banach space. Then
WH0,T;X) = Cv([0,T]; X) is a continuous embedding.

Proof: The lemma is a simple consequence of the fact that w: (0,7) — X is ab-
solutely continuous, c¢f. Amann [5, Chapter III, Theorem 1.2.2|, and the Holder
inequality. [

2.3 Weak Mixed Dirichlet-Neumann Problem
If w € LY(Q)™ with divu € L (Q) N°W, (), then we define the trace v - ulpo- €
1
Wy 7(09Q7) as
<V ) U|GQ*JU> = (U,, VV) + (le u, V), (22)
1
where v € qu, 7 (097) and V € "W () with V|po- = v. The definition does not

depend on the choice of V. Moreover, ||'y,ju||7$,q <C <||u||q + || div u||0Wq_1(Q)) :

Now let f € L%(2)™. Then we consider the weak mixed Dirichlet-Neumann
problem

Au = div f in €, (2.3)
U|39+ =0 on 69+, (24)
Oyulon- = v+ flag- on 0. (2.5)



Here 0,ulsn- = v - floa- is understood as v - (Vu — f)|gn- = 0.

Lemma 2.4 Let 1 < ¢ < 0o and Q@ C R*, n > 2. Then for every f € L1(Q)"

there is a unique solution u € W (Q) of (2.8)-(2.5), which satisfies ||ull1.q < C|f|l,.
Moreover, u is uniquely determined by
(Vu, Vo) = (f,Vv)  forall v e "W} (9Q). (2.6)

The lemma is a consequence of [2, Theorem 3.6]. Finally, we note that by the Hahn-
Banach theorem every F € (W, (Q) has a representation (F,v) = (f, Vv) for all
v € "Wy () with f € L1(Q)" and [|f]ly < CIIF ||y

3 Instationary Stokes Equations

In order to solve the free boundary value problem, we need the solvability of the
linearized problem, i.e., the instationary generalized Stokes equations

ou—Au+Vp=f in Q, (3.1)
divu =g in Qr, (3.2)

T (u,p) = a* on 97, (3.3)

ulpn- =0 on 02, (3.4)

Uli—o = ug in €. (3.5)

The solvability of this system is considered for data

Q=

7%(1_%) 2

fe L Q)" g € WH(Qr),at € W, (095)", and uo € W, *(Q)",

n > 2. We restrict ourselves to the case ¢ > %, which is sufficient for our application.
Moreover, we assume that the data satisfy the following compatibility conditions:

1. The vector-valued distributional derivative d,g in D'(0,T’; (W, ' (€2)) belongs to
L9(0,T;0W, (). and gli—o = divug in oW, (Q).

2. atli=o = (v - Sug),loa+ if ¢ > 3 and Ifa}, (v - Sug),] < oo if ¢ = 3. (In the
latter case v € C%1(9Q") has to be extended suitably to 2.)

3. U0|3Q— = 0.

Here D'(0,T; W, () := L(D(0,T), W, *(2)), cf. [5, Section 4.1], and D(0,T) is
the set of all smooth f: (0,7)) — R with supp f C (0,7).

In our application g = div R with R € W2'(Qp)", v - Rlag- = 0, div R|;—o = 0.
Then

/0 (OR(,1), Vo)ap(t)dt = /0 (90 1), v)aduo(t)dt

7



for all ¢ € D(0,T), v € "Wy (Q). Hence F(t) € (W, (), t € (0,T), defined by
(F(t),v) = —(0R(.,1),Vv)q is the (W '(€)-valued distributional derivative dyg.
Thus d,g € LU0, T;0W, () and ||l Lagorowi()) < N10:R]|aoy). Conversely,
the following lemma holds.

Lemma 3.1 Let 1 < ¢ < 00, 0 < T < o0 and let Q@ C R*, n > 2, be an
asymptotically flat layer with C*'-boundary. Then every g € W;’O(QT) with 0,g €
L9(0,T;0W, 1 (Q)) and gli—o = 0 possesses a representation g = div R where R €
WH(Qq)" with Rli—g =0, v- Rlaq- =0, and

|Rllwzon < C (1900 + 10l oo 2o )

where C' does not depend on T.
Proof: We define R = Vp where p is the solution of

Ap(.,t) =g(., 1) in Q,
p|ag+ =0 on aQ+,
Ouploa- =0 on 90"

Hence |[|pllLoorwz@) < Cllgllio,g because of [1, Lemma 3.3] which can be ex-
tended to arbitrary asymptotically flat layers with C'“'-boundary using the same
method as in [2, Appendix]. Because of the unique solvability of (2.3)-(2.5), d;g €
L9(0,T, oW, *(2)) has a representation

(Og(., 1), )0 = (Vp, V) for all v € "W, ()

fora.a. t € (0,T), where p € L4(0,T; "W, (Q)) with [|Vp[|g0, < Cll0:ll Lao,rsw;1(0))-
Therefore we conclude 9,Vp € Li(Qr) as follows: g(.,t), t € (0,7, is an absolutely
continuous °W,(€2)-valued function, cf. |5, Theorem 1.2.2|, and

t t
(91 0)a = [ @gles),vhads = (V [ 5l..5)ds, 7o)
0 0
for all v € W (€2). On the other hand,
(g(.,1),v)0 = —(Vp, Vv) for all v € "W, (Q)

and a.a. t € (0,T). Because of Lemma 2.4, we conclude Vp(.,t) = =V fotﬁ(.,s)ds
for a.a. t € (0,7).

Thus R = Vp € W, (Qr) with Vpli—o = 0, d,plaa- = 0, Vo140, < Cllgllioe
and (|0, Vg0, < CllOgll Lo w1 (- Finally, it is easy to check that all constants
in the proof do not depend on 7. [ |



As in the case of the generalized Stokes resolvent equations, cf. [1], (3.1)-(3.5) can
(at least formally) be reduced to the instationary reduced Stokes equations

ou — Au + Grou = f, in Qr, (3.6)
T = a, on 0O, (3.7)
ulgn- =0 on 0, (3.8)
Uli—p = Up in Q, (3.9)

where (T'*u), = (v - Su), and (T!"u), = div u|so+ and
GwU == VK[)l (28VU|3Q+, v- (A — leV)U|3Q—)

Here Ky denotes the Poisson operator to (2.3)-(2.5),1.e., AKy = 0, Ko (at, a7 )|s+ =
a®, and 0,Kgi(a™,a )|sn- = a".
It is one of the main results of [3] that Ay ;= —A + Gy with domain

D(Aw) = {“ e WHQ)" : T{ u =0, ulpq- = 0}

admits a bounded H.-calculus in the sense of MclIntosh [14|. In particular, Aj
possesses bounded imaginary powers and the result of Dore and Venni |9, Theorem
3.2.] resp. its extension by Giga and Sohr [10, Theorem 2.1| implies that A;y has
mazximal reqularity, i.e., for every f € L1(0,T; LY(2)"), 0 < T < oo, there is a unique
solution

uwe W (0,T; LY(Q)") N LU0, T; D(Ay))

of the abstract ordinary differential equation
u'(t) + Apu(t) = f(t), t>0, u(0)=0.
Combining this result with Lemma 2.2, we obtain:

THEOREM32Let < qg < o0, 0<T < o0, and let Q@ C R*, n > 2,

be an asymptotically ﬂat layer wzth Cll-boundary. Moreover, let (f,,af ug) €
1—1 Ll 1 2
LUQp)"x Wy ¢ & (QT) ><Wq K (Q)™ satisfy the compatibility conditions up|sa- =

0, T ug = at|imo if ¢ > 3, and Iat, (v - Sup),], Ila;},divue] < oo if ¢ = 3. Then
there is a unique solution u € W2 (Qr)™ of (3.6)-(3.9), which satisfies

ull21q < C (I1fllg + el by Flwolle-z
q

Lo
with an additional Ifat, (v - Sug), ]q + Ifa}, div ug]q on the right-hand side if ¢ = 3.
The constant C can be chosen mdependently of T € (0, 00).

Using Theorem 3.2, we are able to prove the main result of this section.



THEOREM 3.3 Letn > 2, 3 < ¢ < o0, and 0 < T < oco. Then for every f €

2
11

LUQ)", g € W“’(QT) with 9ig € L0, o1V HQ)), glaor € Wo 2 000,
11 ]

at € W ey (89+) , and ug € W q(Q)” satisfying the compatibility condi-

tion above there is a unique solution (u,p) € W2 (Qp)" x W1(Qyr) of (8.1)-(3.5).

Moreover,

fullzsa + P00 + Iplonsll 230 10, (3.10)
< C (I V9 lg + 109 ooizsows ) + 1L, Vit sty + sz ) -
with an additional I[at, (v - SuO)T]% on the right-hand side if ¢ = 3. The constant C
can be chosen independently of T € (0, 00).
Proof: For every t € (0,T) let py(.,t) € W, () be the solution of
(Vpa(., 1), Vo) = (f + Vg — R, Vv)  forall v e "W ()

with po|ag+ = af, cf. Lemma 2.4, where div R is a representation of g due to Lemma
3.1. Now we deﬁne fr = f — Vps. Then

Wl < (10 V0 R+ laf s -1

with C' independent of T'. Moreover, let (a), = af and (a;), = glsa+-

Let u € W2 (Qg)" is the solution of the reduced Stokes equations with right-
hand side (f;, a;f). Then (u,p) with Vp = Gipu+ Vps is a solution of the generalized
Stokes equations, where it only remains to prove that divu = g. Testing (3.6) with
Vo, v e L7(0,T;°W}(Q)), and using

(Grou, Vv)q, = (v - (A — V div)u|sg-, v|aa-)oar = (A — Vdiv)u, Vv)aq,
because of (2.2), we conclude
(Oy(u— R),Vv)a, + (V(divu — div R), Vv)q, =0 (3.11)

for all v € L7 (0, T;°W,(€2)). Moreover, div(u — R)|—o = 0 because of the compati-
bility conditions.
Now let f € L7 ()" be arbitrary and let @ € W;,’I(QT)” be a solution of the

reduced Stokes equations with right-hand side f, a™ =0, and vy = 0. Then a similar
calculation as above yields

(Ovt, V), + (Vdiv i, Vo), = (f, Vw)a, for all w € LU0, T; "W, (Q)).
If we set v(z,t) = diva(x,T —t) in (3.11), we get
0 = (O(u—R),Vdivu(z, T —.))q, + (Vdiv(u — R),Vdiva(z,T — .))a,
= (Y div(u — R), (0,a)(.,T — .))a, + (Vdiv(u — R), (Vdiva) (., T —.))a,
(f(., T —=.),Vdiv(u — R))a,, (3.12)

where we have used:

10



Proposition 3.4 Let 1 < ¢ < oo and let u € W2 ()", v € W;,’I(QT)" such that
Ve tlggs =V 0]gg- =0, divulygr = divulser =0, and ufi—o = v|e=r = 0. Then

(Oyu, Vdivw)g, = —(Vdive, 0w)q,.

Proof: The lemma is simply proved by approximating 0,u by difference quotients
1 1 /
and using u € C'v ([0, T]; LY(Q2))", v € Ca([0,T]; LY (£2))"™ due to Lemma 2.3. |

Since for every F € L7(0,T; oW, '(Q)) = (L9(0,T; "W} (€2))" there is an fe
LY (Qr)™ such that

/T(F(.,t),v(.,t))OW_,l(Q)dt — (f(,T =), Vo)a, forall v € LU0, T;"W}(Q)),
0 q

(3.12) and the Hahn-Banach theorem imply div(u — R) = 0.

In order to prove uniqueness, let (u,p) be a solution with right-hand side 0. Then
Vp = Gyu since Ap = 0, plag+ = 20,u,, and 0,ploa- = v - (A — Vdiv)u|gq- by
(3.1) and (3.3). Hence u solves (3.6)-(3.9) with f, = a = uy = 0 and therefore
u = Vp =0 due to Theorem 3.2. [ |

4 Proof of Theorem 1.1

For simplicity we multipliy (1.9) by |A(u)v| and replace it by

Tf,ru(u,p) = ((A(u)v) - Syu — pA(u)v)|sa+ = —go XunA(u)v (4.1)

with S,v = Vv + (V,0)7.
We can formulate the initial boundary value problem as an abstract equation:

Lv = Gw)+h <&ov=L"G{w)+L"h, (4.2)
where v = (u,p) € X, h = (0,0, —go&nv, ug) € Yy, and

XT = {(U,p) RS Wq271(QT)n7U|8Q* = O,diVU|t:0 = 07p S W(}’O(QT)a

1-1,2 ﬁ
Ploa+ € Wy (097), (v - Suli=o)rlaa+ = 0},
Yr = {(f,9,a"up): f € LYQ)", g € W) (Qr), g € LU0, T;0W, (),

11

-1 1L 1—1 1 L
g|39+ - Wq 2 2 (69;),g|t:o - 0,a+ c Wq e’z 2 (69;)”,aj|t:0 - 0
2

uy € W;ia(Q)”,diV up = 0, uplag- = 0, (v - Sug).|ag+ = 0},
L(u,p) = ((0y — A)u+ Vp,divu, T} (u,p), u|i—o),
Glu,p) = ((Au—=A)u+ (V= Vu)p, (div—divy)u, (1,7 = T7%,) (u,p) —
Go(XunA(u)y — &,1),0).
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in the case ¢ > 3. If ¢ = 3, we replace the conditions (v - Suli—g),|oa+ = O,
(v - Sup)r|oa+, and af|;—g = 0 by I[0, (v - Suli—),] < oo, I]0, (v - Sup),] < 0o, and
I[al, 0] < oo, respectively. In the case ¢ < 3, we skip the latter conditions. The asso-
ciated norms are defined in the obvious way with additional terms I]0, (v - Su|t:0)T]%,
I10, (v - SuO)T]é, and I[a}, O]é if ¢ = 3.

In order to apply the Banach contraction mapping principle to (4.2), we have to
estimate G(v) — G(w) for all v, w € Bg(0) for some suitable R > 0.

First of all, we note that

Q0T
e L R e

where A, f(t) = f(t) — f(t — h).

Lemma 4.1 Let n > 2, ¢ > n, and R > 0. Moreover, let F(u) = X, and Z =
W2(Q)" or F(u) = A(u) and Z = W (Q)™*™. Then there is a Ty = To(R) > 0 and
a constant C > 0 such that for all 0 < T < Ty

1
CT‘J, ||U — ’U||271,q, (43)

n

o
T
3
S

|

~

A

1
CT2 [Ju = vff2,1,4,

,_.
+
-Q
A
v
~—
—
i
N_
U
=
N——
Q|-
AN
—~
=~
=~
~—

( / [AR(F
sup
0<t<T

1
AR (F ( ))( t)|17 ‘ Lyl
</ / ek “dhdt < CTet | tg  (4D)
for all u,v € W2H(Qp)™ with ||ull2,1,q, ||v]|2,14 < R.
Proof: First of all, we observe that
1F(u) = F()llwpomz) < Cllu = vll214 (4.6)

for all 0 < T < Ty if Ty > 0 is chosen sufficiently small.
If F(u) = X,, (4.6) is a consequence of

t
Xo(6.0) = Xu(6.0) = [ (uler) = ulem)r € W O.T W@,
Since [! Vu(., 7)dr € W20, T; WH(Q)"™") — C7 (0,T; W(2)""), we have

/Ot Vu(.,7)dr /Ot Vu(.,7)dr

for all u € Bg(0) C W>'(Qr). Thus we can find a Ty > 0 sufficiently small such

< CT7R

1,

sup
0<t<T

< C sup
o 0<t<T

-7
that A(u) = (I + fot Vu(x,T)dT) exists for all u € Bg(0). Since matrix inversion
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is a smooth mapping on GL(n), A(u) depends smoothly on M = fot Vu(z,)dr.
Therefore A(u) — A(v) € W} (0,T; W} (Q)") and (4.6) holds for F(u) = A(u).

Now (4.3) is a consequence of Lemma 2.3, (4.6), and (F'(u) — F(v))|=0 = 0.
Moreover,

|AWE () = F@))(1)]|z < Che [|u— ]|,

and therefore

sup (/ AL (F 7( ))(.,t)||qzdh>%

1
< C sup (/ X Wdh) |lu —vll2,1,4 <
0<t<T \Jo

Because of || f||ze0,1) < T%“‘f”Loo(O’T), (4.5) is a consequence of (4.4). |

g

Lemma 4.2 Let 1 < ¢ < o0, Ty > 0, and Q2 C R*, n > 2, be a layer-like domain
with CY'-boundary. Then

IVl 3 oy < Ceolliles

for every u € W2(Qr), € € (0,3), and 0 < T < Tp.

1 1
Proof: Because of ||Vu(.,t)||,.0 < C’||u(.,t)||;79||u(.,t)||§’q’9,

AV
</ t|(A V) >||quhdt>
h1+77
|1Anu(., )| 1Au(, B2, o 2
(// pEx(me dhdt) (// e dhdt) .

1
Since [|Apu(., t)||2,4,0 < 2|lu(., t)||2,,0, the second term can be estimated by C. g, [|ul|3; .
For the first term we use ||Apu(.,t)|¢ < h ftt_h |0yu(., 7)||2d7, and obtain

1
Tt Al 9 Tt ‘
7dhdt < oul(., T qh_2+5qd7'dtdh,>
([ [ Seseloa)’ < ([ [ oucon
min{7+h,T}
( / / / dt||8tu(.,T)||gh2+€qd7dh>
ax{hT}

. ( / . 1+5‘1dh> 10cllgnr < Cozylltllzsa.
0

Q=

[N
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Lemma 4.3 Letn > 2, ¢ > n, and k > 0 and let 2 be an asymptotically flat layer

1
with CYt-boundary such that v+ € qu “(R*1), and let G: X7 — Yr, T > 0, be
defined as above. Then for every R > 0 there is a Ty > 0 such that

1G(w) = G(V)[lyr < &llu = vllxr (4.7)

for all u,v € Bg(0) C Xr.

Proof: The operator G: Xr — Yrp can be written as G(u,p) = H(u)(u,p) —
H(0)(u,p) + F(u) — F(0), where

F(u) = (0,0,90XyunA(w)"v|s0+,0),

and H(u)(f,p) is a linear operator in (f,p) depending on u. Hence

G(u,p1) — G(v,p2) = (H(u) = H(v))(u,p1) + (H(v) — H(0))(u — v,p1 — p2)
+F(u) — F(v).

Therefore it is sufficient to prove

I(H (u) = H(0))(f, )]z
1F(u) = F(v)]lyz

for a function ¢(7T') such that limy_0o(T) = 0 and (u,0), (v,0),(f,p) € X with

||u7 U||2,1,qa ||(f7p)||XT < R.
Using (4.3) and W () < L*°(Q), it is easy to prove that

Co(T)[lu = vllz1qll(f, Pl x, (4.8)

<
< Cp(D)llu = vll24 (4.9)

IV = Voplloar < OTT |fu—vllonglpllioq

I(divy — dive) fliog < CT7 [lu—vllangllfllz0

1Ay = A fllgor < CT# (T4 R+ 1)|[u— 0ll14l| |00
1S = So)floar 10 < CTY u=vlanqlflls00

1-1
Since vt € C%1(90Q) and since W, ¢(9Q") is an algebra under pointwise multipli-
cation,

1(A()"v) - Sufloar = (A)'V) - Suflaa+lli-10,

< € ( sup 16400 = A0 Vs 11, ) 1SS0

0<t<T

c ( sup ||A(U)TV|89+||1_l,q> 1S = 0) Flos s o,
0<t<T a a

< CT7(||(u,v) I/

2,1, + 1) |[w = v]|2,1,4] fll2,0-
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Furthermore,

1(A(w) = A@) wplaa+lh -1 04

1
[(divy —divy) floatlli-104 < CT7[lu=vll2 10/l fll204-

1
CT [[u = v[2,1,4llP[1,04,

IN

Hence

(TS =Tt < CT lu—vll24(1f

2,0,9 + ||p l,qu)'

In the same way we get
||7;(Xu,nA(“)T - va”A(U)T)VHPé,U,q
1 1
< CT7Ju = vz, + Ol Xun = Xonlliog < CT [Ju— v][214

because of (4.3). But it remains to estimate the semi-norm

1
T pt 7
lall. o, 4 == (/0 /0||(Aha)(.,t)||gm+h1wm)

for the boundary terms. Because of (4.4) and

An(fe) (@) = (Anf)(8)g(t = h) + f(1)(Ang)(D),

we conclude

I(Aw) — A@Dloara* Lo,
e ( sup A@) — A@)soalla o,
0<t<T 2
t 1 q a
+ sup ( [ o oh wh) a1l o0
0<t<T \Jo
< CT |[u—vll14lla . (4.10)

Tl
w24 (0,15L9(59F))

This implies

(T = TH(2)o

1
B 727qlaq

1
< OT Ju = vllo1q(ll fllog +Ploat -2 10-1)4)s
f

due to Lemma 2.2.2. Because of (4.5) and || Xy — Xol|, g0t < T'|(v — v)|oa+ [l,005 <
CT||lu — v||2,1,4, we have

. . L
[(div, — dIVU)f|3Q+||,70,$,q < COT2 ||lu—vll214]| fll21,4

||(Xun_Xvn)|8Q+|| L < CT%JF%LIIHU_U“?l(I‘
’ ’ B29 (0,1;L9(00+)) ”

15



Thus (4.10) and the latter estimate imply

1(Xun = &) AW V]onr = (Xon = &) AW) Visarll o, < CT [Ju—= vl

1

Since &, lgo+ =T € quia, (4.10) yields
I(A@)" = A@))vnloarll. 0,2, 4 < CT> [lu = vll21,
which implies

1
IXunA() Vioar = XonA©) Vioarlon, < CT* u—0ll21,

In order to estimate I[Tvu(f,p) - Tvv(f,p),()]% in the case ¢ = 3 and n = 2, we use
(2.1). Then

T ~ ~
/ |Tu(f7p) _Tv(fap)|3t_1d0'dt
0 o0

< C(IIflzs + IPll03)” sup ¢ HI(A(w) — A)) (-, DI} 5,
0<t<T

where |[(A(u) — A(v))(.,t 13§C’t§ u — vl|la.1.4 because of (4.3). Hence
> »1,q

ITTu(f,p) = To(£,0), 000 < CT (|| fllans + [pllos) 1w — vlloa
Similarly, using
(KunA(W)T = Xy A0) ) ons € WHO, T3 Wy #(00%)) < CH(0, T3 W, ¥ (924))
(XunA(w)! = Xy nA(0))]i=o = 0, and (2.1), we conclude
T[(XunAW)T = XonA®) ) |p0s,0]7 < CT ||t — |24

Finally, we estimate the L?(0, T; oW, ' (€2))-norm of d;(div, — div,)f. Because of
the definition of the (W, ' (Q)-valued distributional derivate d;,

—((0y(div,, —divy) f, 90>(0,T), w)g
= /Q (divy, — divy) f(x, t)Oyp(t)w(x)d(x, t)

= — [ {0000V [(A@w) ~ A@w) w(z)] (.1

Qr

= O f oV [(A(u) — A(v))Tw] d(z,t) — / div fody(A(u)" — AT (v))wd(z, t)

Qr Qr
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for all o € D(0,T), w € "W (), and u,v € W (Qr) such that (u,0), (v,0), (f,0) €
Xp. Firstly,

Q/O O f oV [(A(u) — A(v))Tw] dtdx

< 1 lasas el o) sup [[VIA) = A@) (¢ Ju]

q,.Q°

Using Sobolev inequalities, we have ||w]|, < ||w]]1q q for all l, 2 % > 1 — L. Therefore

Jowlly < [ollgllwllr < Cllvflgllwlh,y with + =5 —2> 5 =2 - Hence
sup HV [(A(u) — A(v))T(.,t)w] |q,7Q
0<t<T
< sup [[[V(A(w) — A(W))[lgellwlla + |A(w) — A(v)||oall Vg ol
0<t<T
1
< C sup [[(A(u) = AW) (- D)gellwllig.e < CT |lu—vll214llwllg 0
0<t<T

by (4.3). Secondly,

' div f0,(A(u) — A(v))T pwdtdz

< swp [[div £ D)llgell¢lle.onllo(Alw) = AN Dlori=@ylw]ie o)

11
< G| fllzallelly om lwlhue alle = vll2-

Here we have used (4.6) and supg,or || div f(.,?)[|g0 < C T““€||f||21q for e €
(0,1 — —) since div f|;=o = 0 and

div f € B2 °(0,T; LY(Q)) < CF575(0, T; LY(Q))

because of Lemma 4.2 and Simon [15, Corollary 26]. |

Proof of Theorem 1.1: Let R > 0 be chosen so large that |[L7'hx, < &
for h = (0,0, go&,v, ug) for some T' > 0. Then, because of Lemma 4.3, there is a

0<Ty <T such that L~'G: Bg(0) )N xg, — Br(0) )|XT is a contraction with Lipschitz
constant k = . Now let F'(v) := L~ 1G( )+L"'h, v € Xg,. Then [|[F(v)|x,, < R for

v € Bg(0) )IXT since ||Lhlx,, < 1L hllx, < § and [|[L7G(0)]|x,, = IL7'G(v) —

L'G(0)| Xp, < g. Hence the Banach contraction mapping principle implies the

existence of a unique solution in Bg(0).

Finally, if v € Xp is an arbitrary solution, we choose R > 0 in the construction
above a priori so large that R > ||v||x,.. Then v coincides with the solution u obtained
by the Banach fixed point theorem for some 0 < Ty < 7T'. Since this argument can be
repeated with initial data v|,—r,, the solution is unique as long as the solution exists. m
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