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Abstra
t. We present a new dire
t proof of a topologi
al representation theorem for

oriented matroids in the general rank 
ase. Our proof is based on an earlier rank 3 version.

It uses hyperline sequen
es and the generalized S
h�on
ies theorem. As an appli
ation,

we show that one 
an read o� oriented matroids from arrangements of embedded spheres,

even if wild spheres are involved.

Keywords: oriented matroid, pseudosphere arrangement, 
hirotope, Lawren
e representa-

tion, hyperline sequen
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h�on
ies theorem.

1. Introdu
tion

When studying ve
tor 
on�gurations or 
entral hyperplane 
on�gurations, point sets on

a sphere or great hypersphere arrangements, ve
tor spa
es or their duals, points on grass-

mannians, polytopes and their 
orresponding 
ellular de
ompositions in proje
tive spa
e,

et
., an abstra
tion of an important equivalen
e 
lass of matri
es often plays a 
entral role:

an oriented matroid. The theory of oriented matroids (see [1℄) provides us with a multitude

of de�nitions for an oriented matroid that 
an be viewed as re
e
ting the variety of obje
ts

that a matrix 
an represent.

These de�nitions via 
ir
uit or 
o
ir
uit axioms ([1℄, p. 103), sphere systems ([1℄, p. 227),

Gra�mann Pl�u
ker relations (
hirotope axioms) ([1℄, p. 126, p. 138, [13℄), hull systems ([16℄),

to mention just a few of them, di�er a lot with respe
t to their motivational aspe
ts, their

algorithmi
al eÆ
ien
y or their relation to the a
tual appli
ation. Ea
h de�nition provides

in general an additional insight for the motivating problem. In the resear
h monograph on

oriented matroids, [1℄, three 
hapters are devoted to axiomati
s 
on
erning oriented matroids

and to the topologi
al representation theorem for oriented matroids.

This 
entral theorem in the theory of oriented matroids due to Lawren
e shows the

equivalen
e of oriented matroids de�ned via sphere system axioms with oriented matroids

de�ned via, say, the 
ir
uit axioms. This remarkable result asserts that ea
h oriented matroid

has a topologi
al representation as an oriented pseudosphere arrangement, even a pie
ewise-

linear one, 
f. Edmonds and Mandel [6℄. Other authors ([1℄, [14℄) have later simpli�ed or


omplemented the original proof, but all use fundamentally the same approa
h: the fa
e

latti
e (tope) formalism for oriented matroids and a shelling order to 
arry through the


onstru
tion.

Finding a reasonably dire
t proof in rank 3, one that would rely on the stru
tural sim-

pli
ity of the planar 
ase, has been posed as an open problem in the resear
h monograph [1℄

(Exer
ise 6.3). In [3℄ su
h a proof in the rank 3 
ase was given. Unlike the previous ones, this

was based on hyperline sequen
es, an equivalent axiomatization for oriented matroids whi
h

is parti
ularly natural in rank 3. In this arti
le we generalize this proof to the arbitrary

rank 
ase. The proof is indu
tive, dire
t and uses only one advan
ed result from topology,

the generalized S
h�on
ies theorem.

The motivation for introdu
ing hyperline sequen
es in rank 3 was presented in detail in

our previous paper [3℄. Here we use the generalization to arbitrary rank, formally de�ned

in Se
tion 2. The motivation is similar. Here is a brief a

ount of it. We use an index
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set E

n

= f1; : : : ; ng with its standard total order. We 
onsider a labeled �nite point set

X := fx

1

; x

2

; : : : ; x

n

g; x

i

2 R

r�1

, ordered a

ording to their labels. We assume that

the point set X aÆnely spans R

r�1

. We endow the aÆne Eu
lidean spa
e R

r�1

with an

orientation, i.e., for any r{element subset of aÆnely independent points, we 
an tell whether

the ordering of their indi
es de�nes a positive, or a negative, oriented simplex, respe
tively.

Every (r � 1){element subset of aÆne independent points of X de�nes via the ordering

of their indi
es an oriented hyperplane, i.e., an aÆne hull of 
odimension 1 together with

an orientation. Furthermore, every (r � 2){element subset of aÆne independent points

of X de�nes via the ordering of their indi
es an oriented hyperline, i.e., an aÆne hull

of 
odimension 2 together with an orientation of it. Although this aÆne model 
an be

des
ribed further and the 
on
ept we are going to des
ribe is useful for aÆne appli
ations as

well, in what follows we prefer to use the notational advantage that o

urs when embedding

this 
on
ept in the usual way in proje
tive spa
e. First 
onsider a bije
tive map between

our former oriented (r � 1){dimensional Eu
lidean spa
e R

r�1

and a non-
entral oriented

hyperplane of the oriented spa
e R

r

. The former points x

i

then be
ome non-zero ve
tors v

i

in R

r

, i 2 E

n

, the former oriented hyperplanes be
ome oriented 
entral hyperplanes in R

r

,

and the former oriented hyperlines, de�ned via an index set B � E

n

with jBj = r�2, be
ome

oriented 
entral hyperlines (subspa
es of 
odimension 2 in R

r

together with an orientation).

For what follows we 
an also assume that we have started with an ordered set of ve
tors

V = fv

1

; v

2

; : : : ; v

n

g in our oriented spa
e R

r

that has not ne
essarily an aÆne pre-image.

The oriented 
entral hyperline with index set B is an R

r�2

, and the restri
tion of V to all

elements in that hyperline yields an arrangement Y of non-zero ve
tors in R

r�2

. We rotate an

additional 
entral oriented hyperplane in R

r

around one of our oriented 
entral hyperlines

with index set B in the well de�ned positive sense, i.e., the ordered set of ve
tors with

index set B together with two adja
ent 
onse
utive outer normal ve
tors of the hyperplane

form a positive basis of our oriented spa
e R

r

. An orthogonal proje
tion �

B

along the

oriented hyperline onto its 
orresponding two-dimensional orthogonal oriented spa
e �

B

(R

r

)

(that forms together with the oriented hyperline a positive orientation of the whole spa
e)

shows the image of the additional 
entral oriented hyperplane as a rotating (mathemati
ally

positive) 
entral oriented line in the plane. Pre
isely all ve
tors v

i

that are not in the

hyperline de�ned by B appear after the proje
tion as non-zero ve
tors �

B

(v

i

): Their indi
es

form a periodi
 
ir
ular sequen
e around the origin when we pursue the in
iden
es of the

ve
tors with the rotating line. We store the 
y
li
 order of in
iden
es in a 
y
li
 order of

sets, where we write an index i when the ve
tor v

i

is 
onsistent with the orientation of the

oriented line, and { otherwise. We refer to this notation as signed indi
es.

When an in
iden
e position, say position m, of the rotating oriented line with a ve
tor

o

urs, we write the signed indi
es of all ve
tors that are in
ident with the oriented line in

a set Z

m

. Note that the period of the 
y
li
 sequen
e is even, sin
e there are two positions

of the rotating oriented line in whi
h it is in
ident with the ve
tor �

B

(v

i

), 
orresponding to

the signed indi
es i and {. We obtain a well de�ned oriented 
ir
ular sequen
e Z

0

; : : : ; Z

2k�1

(oriented 
y
le) of sets of signed indi
es, where after half the period there is a sign reversal

for ea
h element. The 
ombinatori
s of the hyperline is en
oded in the arrangement Y with

index set B together with the oriented 
ir
ular sequen
e of in
iden
es with the rotating

line, (Y jZ

0

; : : : ; Z

2k�1

), to whi
h we also refer as a hyperline. We obtain a hyperline

sequen
e when we write down all hyperlines arising in the ve
tor arrangement.

This model 
an be generalized in two ways. The 
ombinatorial abstra
tion leads on the

one hand to oriented matroids 
hara
terized as hyperline sequen
es and on the other hand

it leads to topologi
al equivalen
e 
lasses of arrangements of pseudospheres. We give a new

proof of a one-to-one 
orresponden
e of oriented matroids and 
lasses of arrangements of

pseudospheres. We further generalize arrangements of pseudospheres, and we show that one


an still read o� a hyperline sequen
e.

The paper is organised as follows. We de�ne hyperline sequen
es as a 
ombinatorial ab-

stra
tion of ve
tor 
on�gurations in Se
tion 2. We re
all the 
hirotope 
on
ept in Se
tion 3
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and we show the equivalen
e of these two 
on
epts in Theorem 1. Furthermore, we dis
uss

the 
on
epts of deletion and 
ontra
tion for both settings. We introdu
e the topologi
al

representation of oriented matroids via arrangements of oriented pseudospheres in Se
tion 4

with the 
orresponding 
on
epts of deletion and 
ontra
tion. In the proof of Theorem 2

we use the generalized S
h�on
ies theorem to show the 
ell stru
ture of an arrangement of

oriented pseudospheres. In Theorem 3 we repla
e our two axioms for an arrangement of

oriented pseudospheres with a single one. Se
tion 5 deals with the easier part of the main

representation theorem: we obtain 
hirotopes and hyperline sequen
es from the topologi-


al representation. We 
omplete the proof of the one-to-one 
orresponden
e of hyperline

sequen
es with their topologi
al representation by indu
tion. Se
tion 6 is devoted to the

base 
ase and Se
tion 7 
ontains the essential part. We �nally dis
uss in Se
tion 8 the wild

arrangement 
ase as an easy supplement of our approa
h.

The whole proof is based heavily on the ideas that have been worked out already in [3℄

by the �rst and the last two authors in the rank 3 
ase. But the experien
e with respe
t

to topologi
al arguments of the se
ond author was de
isive to arrive at our �nal version of

the proof in the general rank 
ase. The last se
tion and many improvements of the proof


ompared with the rank 3 version are due to him. For instan
e, the uniform and non-uniform


ases form no longer separate parts within the proof.

2. Hyperline sequen
es

Our aim in this se
tion is to introdu
e the notion of hyperline sequen
es. The geometri


motivation of our de�nition 
omes from ve
tor arrangements in Eu
lidian spa
e as explained

in the introdu
tion.

Let (E;<) be a �nite totally ordered set. Let E = feje 2 Eg be a 
opy of E. The set E

of signed indi
es is de�ned as the disjoint union of E and E. By extending the map e 7! e

to e 7! e = e for e 2 E, we get an involution on E. We de�ne e

�

= e

�

= e. For X � E,

de�ne X = fxj x 2 Xg and X

�

= fx

�

j x 2 Xg.

An oriented d{simplex in E is a (d + 1){tuple � = [x

1

; : : : ; x

d+1

℄ of elements of E,

so that x

�

1

; : : : ; x

�

d+1

are pairwise distin
t. Let an equivalen
e relation � on oriented d{

simpli
es in E be generated by [x

1

; : : : ; x

d+1

℄ � [x

1

; : : : ; x

i�1

; x

i+1

; x

i

; x

i+2

; : : : ; x

d+1

℄, for

i = 1; : : : ; d. As usual, any oriented d{simplex is equivalent to one of the form [e

1

; : : : ; e

d+1

℄

or [e

1

; : : : ; e

d

; e

d+1

℄, with elements e

1

< e

2

< � � � < e

d+1

of E. De�ne �[x

1

; : : : ; x

d+1

℄ =

[x

1

; : : : ; x

d

; x

d+1

℄. If � : E! R

d

is a map with �(e) = ��(e) for all e 2 E; then �(x

1

); : : : ;

�(x

d+1

) are the verti
es of a simplex in R

d

. Note that this simplex might be degenerate.

In the following iterative de�nition of hyperline sequen
es we denote with

C

m

=

�

f0; 1; : : : ;m� 1g;+

�

the 
y
li
 group of order m.

De�nition 1 (Rank 1). A hyperline sequen
e X over E(X) � E of rank 1 is a non-

empty subset X � E(X) [E(X) so that jX j = jX

�

j and X

�

= E(X).

The oriented simplex [x℄ is by de�nition a positively oriented base of X for x 2 X .

We de�ne �X = X .

De�nition 2 (Rank 2). Let k 2 N, k � 2. A hyperline sequen
e X of rank 2 over

E(X) � E is a map from C

2k

to hyperline sequen
es of rank one, a 7! X

a

, so that X

a+k

=

�X

a

for all a 2 C

2k

, and E(X) [ E(X) is a disjoint union of X

0

; : : : ; X

2k�1

.

We refer to X

0

; : : : ; X

2k�1

as the atoms of X and to 2k as the period length of X . We

say that e 2 E(X) is in
ident to an atom X

a

of X if e 2 (X

a

)

�

. Let x

1

; x

2

2 E(X)[E(X)

so that x

�

1

and x

�

2

are not in
ident to a single atom of X , and X indu
es the 
y
li
 order

(x

1

; x

2

; x

1

; x

2

). Then, the oriented simplex [x

1

; x

2

℄ is by de�nition a positively oriented

base of X . We de�ne the hyperline sequen
e �X over E(�X) = E(X) of rank 2 as the

map a 7! (�X)

a

= X

�a

for a 2 C

2k

.
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A hyperline sequen
e X of rank 2 is determined by the sequen
e (X

0

; : : : ; X

2k�1

) of

atoms. We de�ne that two hyperline sequen
es X

1

and X

2

of rank 2 are equal, X

1

= X

2

, if

E(X

1

) = E(X

2

), the number 2k of atoms 
oin
ides, and X

1

is obtained from X

2

by a shift,

i.e., there is an s 2 C

2k

with X

a+s

1

= X

a

2

for all a 2 C

2k

.

We prepare the axioms for hyperline sequen
es of rank r > 2 with the following de�nitions.

Let X be a set of pairs (Y jZ), where Y is a hyperline sequen
e of rank r � 2 and Z is a

hyperline sequen
e of rank 2. A positively oriented base of X in (Y jZ) 2 X is an

oriented simplex [x

1

; : : : ; x

r

℄ in E(X), where [x

1

; : : : x

r�2

℄ is a positively oriented base of Y

and [x

r�1

; x

r

℄ is a positively oriented base of Z. We de�ne �X = f(Y j � Z) j (Y jZ) 2 Xg.

The elements of X are 
alled hyperlines. An atom of X in a hyperline (Y jZ) 2 X is the

pair (Y jZ

a

), where Z

a

is an atom of Z.

De�nition 3 (Rank r > 2). Let X 6= ; be a set whose elements are pairs (Y jZ), where Y

is a hyperline sequen
e of rank r � 2 and Z is a hyperline sequen
e of rank 2. The set X is

a hyperline sequen
e of rank r > 2 over E(X) � E if it satis�es the following axioms.

(H1) E(X) is a disjoint union of E(Y ) and E(Z), for all (Y jZ) 2 X .

(H2) Let (Y

1

jZ

1

); (Y

2

jZ

2

) 2 X and let [x

1

; : : : x

r�2

℄ be a positively oriented base of Y

1

. If

fx

�

1

; : : : ; x

�

r�2

g � E(Y

2

) then (Y

1

jZ

1

) = (Y

2

jZ

2

) or (Y

1

jZ

1

) = (�Y

2

j � Z

2

).

(H3) For all positively oriented bases [x

1

; : : : ; x

r

℄ and [y

1

; : : : ; y

r

℄ of X , there is some j 2

f1; : : : ; rg so that [x

1

; : : : ; x

r�1

; y

j

℄ or [x

1

; : : : ; x

r�1

; y

j

℄ is a positively oriented base

of X .

(H4) For any positively oriented base [x

1

; : : : ; x

r

℄ of X , [x

1

; : : : ; x

r�3

; x

r�1

; x

r�2

; x

r

℄ is a

positively oriented base of X .

We 
all an oriented simplex � a negatively oriented base of a hyperline sequen
e X if ��

is a positively oriented base of X .

We 
onne
t these axioms to the geometri
 motivation exposed in the introdu
tion. Let

V = fv

1

; : : : ; v

n

g � R

r�1

be non-zero ve
tors spanning R

r

. Let H � R

r

be a hyperline,

i.e. a subspa
e of dimension r � 2 spanned by elements of V . Let H

?

be the orthogonal


omplement of H in R

r

. Then V \H is a set of non-zero ve
tors in R

r�2

, 
orresponding to

the hyperline sequen
e Y in a hyperline (Y jZ). The image of V nH under the orthogonal

proje
tion onto H

?

yields a set of non-zero ve
tors in R

2


orresponding to the term Z in

(Y jZ). Axiom (H1) simply means that V is a disjoint union of V \H and V nH . Axiom (H2)


orresponds to the fa
t that H is uniquely determined by any (r � 2){tuple of elements of

V \ H in general position. Axiom (H3) is the Steinitz{M
Lane ex
hange lemma, stating

that one 
an repla
e any ve
tor in a base by some ve
tor of any other base. Axiom (H4)

ensures that if [x

1

; : : : ; x

r

℄ is a positively oriented base of X than so is any oriented simplex

that is equivalent to [x

1

; : : : ; x

r

℄; this is a part of Theorem 1 below. Axiom (H4) is related

to the \
onsistent abstra
t sign of determinant" in [3℄. It means that if r points span an

(r � 1){simplex, then any subset of r � 2 points spans a hyperline, and the orientation of

the (r � 1){simplex does not depend on the hyperline on whi
h we 
onsider the r points.

3. Chirotopes

We re
all in this se
tion the 
hirotope axioms for oriented matroids (see [1℄, p. 126,p. 138,

[13℄). Let (E;<) be as in the pre
eding se
tion. We denote by �

d

(E) the set of all oriented

d{simpli
es in E.

De�nition 4. A 
hirotope � of rank r over E is a map �

r�1

(E) ! f�1; 0;+1g, so that

the following holds.

(C1) For any e

1

2 E, there are e

2

; e

3

; : : : ; e

r

2 E with �([e

1

; : : : ; e

r

℄) 6= 0.

(C2) For any � 2 �

r�1

(E) holds �(��) = ��(�), and if � � � then �(�) = �(�).

(C3) If �([x

1

; : : : ; x

r

℄) 6= 0 and �([y

1

; : : : ; y

r

℄) 6= 0 then there is some i 2 f1; : : : ; rg with

�([x

1

; : : : ; x

r�1

; y

i

℄) 6= 0.
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(C4) If x

1

; x

2

; : : : ; x

r

; y

1

; y

2

2 E so that

�([x

1

; : : : ; x

r�2

; y

1

; x

r

℄) � �([x

1

; : : : ; x

r�1

; y

2

℄) � 0 and

�([x

1

; : : : ; x

r�2

; y

2

; x

r

℄) � �([x

1

; : : : ; x

r�1

; y

1

℄) � 0;

then �([x

1

; : : : ; x

r

℄) � �([x

1

; : : : ; x

r�2

; y

1

; y

2

℄) � 0.

A simplex � 2 �

r�1

(E) is a positively oriented base of � if �(�) = +1. By Axiom (C2),

� is 
ompletely des
ribed by the set of its positively oriented bases.

In order to give Axioms (C1){(C4) a geometri
 meaning, we show how to 
onstru
t a


hirotope of rank r from a ve
tor 
on�guration in R

r

. Let V = fv

1

; : : : v

n

g � R

r

be a set of

non-zero ve
tors spanning R

r

. Let � : E! R

r

be de�ned by �(e) = v

e

and �(e) = �v

e

for

all e 2 E. We get a map � : �

r�1

(E)! f�1; 0;+1g by setting

� �([x

1

; : : : ; x

r

℄) = +1 if the determinant [�(x

1

); : : : ; �(x

r

)℄ is positive

(i.e. if �(x

1

); : : : ; �(x

r

) is a positive base of R

r

),

� �([x

1

; : : : ; x

r

℄) = �1 if [�(x

1

); : : : ; �(x

r

)℄ is negative, and

� �([x

1

; : : : ; x

r

℄) = 0 if �(x

1

); : : : ; �(x

r

) are linearly dependent.

We show that � is a 
hirotope. Axiom (C1) holds sin
e V spans R

r

. Axiom (C2) follows

from the symmetry of determinants. Axiom (C3) is the Steinitz{M
Lane ex
hange lemma,

as Axiom (H3) above. Axiom (C4) sais that the signs of oriented bases as de�ned by � do

not 
ontradi
t the three summand Gra�mann{Pl�u
ker relation.

Note that we do distinguish between � and ��, although this is not usual in the literature.

Our reason 
omes from geometry. We believe if one deals with oriented obje
ts (ve
tors,

oriented hyperspheres, et
.) in R

d

or S

d

, then it is 
onsequent to distinguish not only the

two di�erent orientations of any obje
t, but also the two di�erent orientations of R

d

or S

d

.

By the following theorem, the notions of 
hirotopes and hyperline sequen
es are equiv-

alent. This 
onne
ts our 
on
ept of hyperline sequen
es with other ways to look at ori-

ented matroids. The 
y
li
 stru
ture of a hyperline 
aptures many instan
es of the 3{term

Gra�mann{Pl�u
ker relations at on
e. Therefore the proof of the theorem be
omes rather

long and tedious. But we believe that this pri
e is worth to pay. Namely, it is easier to

deal with a few 
y
li
 stru
tures than with a multitude of Gra�mann{Pl�u
ker relations,

and therefore it is algorithmi
ally more 
onvenient and eÆ
ient to en
ode the stru
ture of

oriented matroids in hyperline sequen
es rather than in 
hirotopes.

Theorem 1. The set of positively oriented bases of a hyperline sequen
e of rank r over E

is the set of positively oriented bases of a 
hirotope of rank r over E, and vi
e versa.

Proof. 1. Let X be a hyperline sequen
e of rank r over E, and let [x

1

; : : : ; x

r

℄ be a positively

oriented base of X . Sin
e the 
y
li
 orders (x

r�1

; x

r

; x

r�1

; x

r

) and (x

r

; x

r�1

; x

r

; x

r�1

) are

equal up to a shift, [x

1

; : : : ; x

r�2

; x

r

; x

r�1

℄ is a positively oriented base of X as well. This

together with Axiom (H4) and an indu
tion on the rank implies that all oriented simpli
es

equivalent to [x

1

; : : : ; x

r

℄ are positively oriented bases of X , hen
e, yields Axiom (C2). Ax-

iom (C1) follows from Axiom (H1), Axiom (C2) and indu
tion on the rank. The Axioms (H3)

and (C3) are equivalent.

In the next paragraphs we dedu
e Axiom (C4) from the 
y
li
 order of hyperlines. We

use Axiom (C2), that is already proven, but we do not mention any appli
ation expli
itly.

Let x

1

; x

2

; : : : ; x

r

; y

1

; y

2

2 E satisfy the �rst two inequalities in Axiom (C4). The third

inequality is to prove. We 
an assume that x

1

; : : : ; x

r�2

de�nes some hyperline (Y jZ) 2 X

with period length 2k, sin
e otherwise Axiom (C4) is trivial. For simpli
ity, we write [a; b℄

in pla
e of �([x

1

; : : : ; x

r�2

; a; b℄).

If [y

1

; x

r

℄ = [x

r�1

; y

2

℄ = �1 then we repla
e y

1

with x

r

, x

r

with y

1

, x

r�1

with y

2

and y

2

with x

r�1

. This 
hanges the signs of the fa
tors in the �rst inequality, whereas the other

inequalities remain un
hanged. Similarly, we 
an assume without loss of generality that

both fa
tors of the se
ond inequality and [y

1

; y

2

℄ are non-negative. Let a; b; 
; d 2 C

2k

so
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that

x

r�1

2 Z

a

; x

r

2 Z

b

; y

1

2 Z




; y

2

2 Z

d

:

By shifting the hyperline, we assume that 
 = 0. Then we have

b; d� a; b� d; a; d 2 f0; 1; : : : ; kg � C

2k

:

If [y

1

; y

2

℄ = 0 then the third inequality is satis�ed, and Axiom (C4) is proven. If [y

1

; y

2

℄ =

1 then d 2 f1; : : : ; k � 1g. Assume that [x

r�1

; x

r

℄ = �1, thus a� b 2 f1; : : : ; k � 1g. With

the natural order on 0; 1; : : : ; k we �nd 0 � b < a � d < k. This is a 
ontradi
tion to

b� d 2 f0; 1; : : : ; kg. Hen
e [x

r�1

; x

r

℄ � 0, whi
h �nishes the proof of Axiom (C4).

2. Conversely, let � be a 
hirotope of rank r over E. We wish to 
onstru
t a hyperline

sequen
e X with the same positively oriented bases. Note that in our proof we do not

mention all appli
ations of Axiom (C2) expli
itly. If � is of rank 1, then we de�ne X as the

set of all x 2 E with �([x℄) = +1. Sin
e �([x℄) = ��([x℄) and sin
e X 6= ; by Axiom (C1),

X is a hyperline sequen
e of rank 1, and it has the desired positively oriented bases by


onstru
tion.

Let � be of rank 2. Fix some element e 2 E. We iteratively de�ne a sequen
e X

0

; X

1

; : : :

of subsets of E as follows. We start with

X

0

=

�

x 2 E j �([e; x℄) = 1, and for all y 2 E

with �([e; y℄) = 1 holds �([x; y℄) � 0

	

:

For a � 0, pi
k some x

(a)

2 X

a

. De�ne

X

a+1

=

�

x 2 E j �([x

(a)

; x℄) = 1, and for all y 2 E

with �([x

(a)

; y℄) = 1 holds �([x; y℄) � 0

	

:

We prove that X

a+1

(and similarly X

0

) is not empty. Under the assumption X

a+1

= ;,

we indu
tively de�ne elements x

0

; x

1

; : : : 2 E as follows. By Axiom (C1), there is some

x

0

2 E with �([x

(a)

; x

0

℄) = 1. For i � 0, sin
e x

i

62 X

a+1

there is some x

i+1

2 E with

�([x

(a)

; x

i+1

℄) = 1 and �([x

i

; x

i+1

℄) = �1. Sin
e E is �nite, we �nd an index i � 2 so that

x

i+1

= x

k

with k < i� 1 (note that �([x

i

; x

i�1

℄) = 1). We 
hoose i minimal, whi
h implies

�([x

i�1

; x

k

℄) � 0. It follows

�([x

(a)

; x

k

℄) � �([x

i

; x

i�1

℄) = 1

�([x

(a)

; x

i

℄) � �([x

i�1

; x

k

℄) � 0

�([x

(a)

; x

i�1

℄) � �([x

i

; x

k

℄) = �1;

whi
h 
ontradi
ts Axiom (C4). Hen
e X

a+1

6= ;. Sin
e �([x

(a)

; x℄) = 1 for x 2 X

a+1

, we

have �([x

(a)

; x℄) = �1 by Axiom (C2), thus x 62 X

a+1

. In 
on
lusion, X

a+1

is a hyperline

sequen
e of rank 1.

We show that for a > 0 and for all x

1

; y

2

2 X

a

and all x

2

2 E we have �([x

1

; x

2

℄) =

�([y

2

; x

2

℄). Let y

1

= x

(a�1)

2 X

a�1

be the element that appears in the de�nition of X

a

. By

de�nition �([y

1

; x

1

℄) = �([y

1

; y

2

℄) = 1. Hen
e we have �([x

1

; y

2

℄) � 0 and �([y

2

; x

1

℄) � 0,

thus �([x

1

; y

2

℄) = 0. Assume that �([x

1

; x

2

℄) 6= �([y

2

; x

2

℄). Without loss of generality, we

assume �([x

1

; x

2

℄) = �1 and �([y

2

; x

2

℄) � 0. We obtain

�([y

1

; x

2

℄) � �([x

1

; y

2

℄) = 0

�([y

1

; x

1

℄) � �([y

2

; x

2

℄) � 0

�([y

1

; y

2

℄) � �([x

1

; x

2

℄) = �1:

This is a 
ontradi
tion to Axiom (C4), hen
e �([x

1

; x

2

℄) = �([y

2

; x

2

℄). This implies that

X

a+1

does not depend on the 
hoi
e of x

(a)

2 X

a

.

Let p 2 N be the least number so that e 2 X

p�1

. Sin
e X

a+1

is independent of the 
hoi
e

of x

(a)

2 X

a

, it follows X

a

= X

a+p

for all a 2 N. Moreover, if q 2 N is the least number

with e 2 X

q�1

, we have X

a+q

= X

a

for all a 2 N.
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In order to prove that (X

0

; X

1

; : : : ; X

p�1

) yields a hyperline sequen
e of rank 2 over E

with period length 2q = p, it remains to show that E is a disjoint union of X

0

; : : : ; X

p�1

.

By 
hoosing p minimal and by the independen
e of X

a+1

from the 
hoi
e of x

(a)

, it follows

that X

0

; : : : ; X

p

are disjoint. Let x

1

2 E. There is some x

2

2 E with �([x

1

; x

2

℄) = 1, by

Axiom (C1). Sin
e �([x

(0)

; x

(1)

℄) = 1 by de�nition, Axiom (C3) implies that �([x

1

; x

(0)

℄) or

�([x

1

; x

(1)

℄) does not vanish. Therefore and by Axiom (C2), there is a least index i so that

�([x

(i)

; x

1

℄) = 1 and �([x

(i+1)

; x

1

℄) � 0. Let y 2 E with �([x

(i)

; y℄) = 1. By de�nition of

x

(i+1)

, we have

�([y; x

(i)

℄) � �([x

(i+1)

; x

1

℄) � 0;

�([y; x

(i+1)

℄) � �([x

1

; x

(i)

℄) � 0

and �([x

(i)

; x

(i+1)

℄) = 1, and therefore �([x

1

; y℄) � 0 by Axiom (C4). But this means

x

1

2 X

(i+1)

. In 
on
lusion, E = X

0

[ � � � [ X

p

. Hen
e (X

0

; X

1

; : : : ; X

p�1

) yields a

hyperline sequen
e of rank 2 over E, and by 
onstru
tion it has the same positively oriented

bases than �.

Finally, we 
ome to the 
ase of rank r � 3. Let x

1

; : : : ; x

r�2

2 E be so that there are two

elements x

r�1

; x

r

2 E with �([x

1

; : : : ; x

r

℄) = 1. Su
h an (r�2){tuple exists by Axiom (C1).

It is easy to verify that

C(x

1

; : : : ; x

r�2

) = f[y

r�1

; y

r

℄ 2 �

1

(E)j �([x

1

; : : : ; x

r�2

; y

r�1

; y

r

℄) = 1g

is the set of positively oriented bases of a 
hirotope of rank 2 over some subset of E, thus,

of a hyperline sequen
e Z(x

1

; : : : ; x

r�2

) of rank 2. By appli
ation of Axiom (C2), one 
an

also show that

B(x

1

; : : : ; x

r�2

) = f[y

1

; : : : ; y

r�2

℄ 2 �

r�3

(E) j �([y

1

; : : : ; y

r

℄) = 1

for all [y

r�1

; y

r

℄ 2 C(x

1

; : : : ; x

r�2

)g

is the set of positively oriented bases of a 
hirotope of rank r � 2 over some subset of E,

with [x

1

; : : : ; x

r�2

℄ 2 B(x

1

; : : : ; x

r�2

). By indu
tion, it is equivalent to a hyperline sequen
e

Y (x

1

; : : : ; x

r�2

) of rank r � 2.

We 
olle
t all pairs

�

Y (x

1

; : : : ; x

r�2

)jZ(x

1

; : : : ; x

r�2

)

�

to form a set (not a multi-set) X ,

where x

1

; : : : ; x

r�2

2 E. It has the same positively oriented bases as �, by 
onstru
tion.

It remains to show that X is a hyperline sequen
e of rank r over E. The most diÆ
ult to

prove is Axiom (H1). Let Y = Y (x

1

; : : : ; x

r�2

) and Z = Z(x

1

; : : : ; x

r�2

). By de�nition,

in an oriented simplex over E any element of E o

urs at most on
e. This implies that

E(Y ) \ E(Z) = ; . Let e 2 E n E(Z). It remains to show that e 2 E(Y ), hen
e E =

E(Y )[E(Z). Let [x

1

; : : : ; x

r�2

℄ and [x

r�1

; x

r

℄ be positively oriented bases of Y and Z, thus

�([x

1

; : : : ; x

r

℄) = 1. By multiple appli
ation of Axioms (C2) and (C3), there is an index i

so that �([x

1

; : : : ; x

i�1

; e; x

i+1

; : : : ; x

r

℄) 6= 0. We have i < r � 1 sin
e e 62 E(Z).

We 
laim that for all [y

1

; y

2

℄ 2 C(x

1

; : : : ; x

r�2

) holds

�([x

1

; : : : ; x

i�1

; e; x

i+1

; : : : ; x

r�2

; y

1

; y

2

℄) = �([x

1

; : : : ; x

i�1

; e; x

i+1

; : : : ; x

r

℄):

By repla
ing e with e if ne
essary, we 
an assume that �([x

1

; : : : ; x

i�1

; e; x

i+1

; : : : ; x

r

℄) = 1.

By Axiom (C2), it suÆ
es to 
onsider the 
ase y

1

= x

r�1

. For simpli
ity, we denote [a; b℄ for

�([x

1

; : : : ; x

i�1

; a; x

i+1

; : : : ; x

r�1

; b℄). We have [x

i

; x

r

℄ = [x

i

; y

2

℄ = [e; x

r

℄ = 1, and [x

i

; e℄ = 0

sin
e e 62 E(Z). If [e; y

2

℄ = 0, then

[x

r

; y

2

℄ � [e; x

i

℄ = 0

[x

r

; x

i

℄ � [e; y

2

℄ = 0

[x

r

; e℄ � [x

i

; y

2

℄ = �1;
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in 
ontradi
tion to Axiom (C4). Hen
e [e; y

2

℄ 6= 0. Sin
e

[x

i

; y

2

℄ � [e; x

r

℄ = 1

[x

i

; e℄ � [x

r

; y

2

℄ = 0

and [x

i

; x

r

℄ = 1, it follows [e; y

2

℄ = 1 from Axiom (C4). This proves our 
laim. The 
laim

implies that e 2 E(Y ), whi
h �nishes the proof of Axiom (H1).

We 
he
k the remaining axioms. Sin
e �([x

1

; : : : ; x

r

℄) = �([x

1

; : : : ; x

r�3

; x

r�2

; x

r

; x

r�1

℄)

by Axiom (C2), we have

Y (x

1

; : : : ; x

r�3

; x

r�2

) = �Y (x

1

; : : : ; x

r�2

);

Z(x

1

; : : : ; x

r�3

; x

r�2

) = �Z(x

1

; : : : ; x

r�2

);

and this implies Axiom (H2). Axiom (H3) is Axiom (C3). Finally, Axiom (H4) is a spe
ial


ase of Axiom (C2). Thus, X is a hyperline sequen
e.

Our proof of the topologi
al representation theorem in Se
tions 6 and 7 is by indu
tion

on the rank and the number of elements of a 
hirotope or hyperline sequen
e. In the rest

of this se
tion, we expose the basi
 te
hniques for this indu
tion. Let � be a 
hirotope of

rank r over E, and let R � E. We de�ne the map � nR : �

r�1

(E nR)! f�1; 0;+1g as the

restri
tion of � to �

r�1

(E nR). We 
all � nR the deletion of R in �. In general, � nR is

not a 
hirotope. However if the rank of � is smaller than jEj, then we �nd by the following

lemma an element that 
an be deleted su
h that � n fig is a 
hirotope of the same rank.

Lemma 1. Let � be a 
hirotope of rank r over E. If jEj > r then there is an i 2 E so that

� n fig is a 
hirotope of rank r over E n fig.

Proof. By Axioms (C1) and (C2), there are f

1

; : : : ; f

r

2 E with �([f

1

; : : : ; f

r

℄) 6= 0. Sin
e

jEj > r, we 
an pi
k some i 2 Enff

1

; : : : ; f

r

g. It is obvious that �nfig satis�es Axioms (C2),

(C3) and (C4).

It remains to show that � n fig satis�es Axiom (C1). Let e

1

2 E n fig. By Axiom (C1),

there are e

2

; : : : ; e

r

2 E with �([e

1

; : : : ; e

r

℄) 6= 0. If i 2 fe

2

; : : : ; e

r

g then by Axiom (C2) we


an assume that i = e

r

. Sin
e �([f

1

; : : : ; f

r

℄) 6= 0 from the pre
eding paragraph, we �nd some

f

j

so that �([e

1

; : : : ; e

r�1

; f

j

℄) 6= 0, by Axiom (C3). Sin
e [e

1

; : : : ; e

r�1

; f

j

℄ 2 �

r�1

(E n fig),

the map � n fig satis�es Axiom (C1) and is therefore a 
hirotope.

Let R = fe

1

; : : : ; e

k

g � E, with e

1

< � � � < e

k

and k < r. We de�ne E=R as the set of

all e 2 E for whi
h there exist e

k+1

; : : : e

r

2 E so that �([e

1

; : : : ; e

r�1

; e℄) 6= 0. The map

�=R : �

r�1�k

(E=R)! f�1; 0;+1g is then de�ned by �=R([e

k+1

; : : : ; e

r

℄) = �([e

1

; : : : ; e

r

℄),

for all [e

k+1

; : : : ; e

r

℄ 2 �

r�1

(E=R). It is obvious that �=R satis�es Axioms (C2), (C3)

and (C4). It satis�es Axiom (C1) by de�nition of E=R. Hen
e, �=R is a 
hirotope of rank

r � k over E=R, that is 
alled the 
ontra
tion of � on R.

Finally, let X be a hyperline sequen
e of rank r over E. Let � be the 
hirotope that


orresponds to X . For any R � E so that � n R (resp. �=R) is a 
hirotope, we de�ne

the deletion X n R of R in X (resp. the 
ontra
tion X=R of X on R) as the hyperline

sequen
e asso
iated to � nR (resp. �=R).

4. Arrangements of oriented pseudospheres

In the pre
eding se
tions, we extra
ted 
ombinatorial data from ve
tor arrangements and

turned properties of these data into axioms, yielding hyperline sequen
es and 
hirotopes. In

this se
tion, we will generalize ve
tor arrangements in a geometri
 way. The main aim of

this paper is to prove the equivalen
e of these geometri
 stru
tures with hyperline sequen
es.

The idea is as follows. Let S

r�1

� R

r

be the unit sphere, and let V � R

r

be a �nite

multiset of non-zero ve
tors. Any v 2 V yields a pair �

v

kvk

of points in S

r�1

. This is dual

to a hypersphere S

v

2 S

r�1

, namely the interse
tion of S

r�1

with the hyperplane H

v

� R

r
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that is perpendi
ular to v. We put an orientation on H

v

, so that a positive base of H

v

together with v is a positive base of R

r

. This indu
es an orientation on S

v

. In 
on
lusion,

V is dual to an arrangement of oriented hyperspheres in S

r�1

. The geometri
 idea is now to


onsider arrangements of oriented embedded spheres of 
odimension 1 in S

r�1

, interse
ting

ea
h other similarly to hyperspheres, though not being hyperspheres in general.

We formalize this idea. Let S

d

denote the d{dimensional oriented sphere

S

d

=

�

(x

1

; : : : ; x

d+1

) 2 R

d+1

j x

2

1

+ � � �+ x

2

d+1

= 1

	

;

and let

B

d

=

�

(x

1

; : : : ; x

d

) 2 R

d

jx

2

1

+ � � �+ x

2

d

� 1

	

denote the 
losed d{dimensional ball. A submanifoldN of 
odimensionm in a d{dimensional

manifold M is tame if any x 2 N has an open neighbourhood U(x) �M su
h that there is

a homeomorphism U(x)! B

d

sending U(x) \N to B

d�m

� B

d

.

An oriented pseudosphere S � S

d

is a tame embedded (d�1){dimensional sphere with

a 
hoi
e of an orientation. Obviously any oriented hypersphere is an oriented pseudosphere.

Let  : S

d�1

! S

d

be an embedding with image S, indu
ing the desired orientation of S.

By a result of M. Brown [5℄, the image of  is tame if and only if  
an be extended to an

orientation preserving embedding

~

 : S

d�1

� [�1; 1℄! S

d

with  (�) =

~

 (�; 0):

The image of an oriented pseudosphere S under a homeomorphism � : S

d

! S

d

is again an

oriented pseudosphere, sin
e the de�ning embedding � Æ  : S

d�1

! S

d


an be extended to

� Æ

~

 : S

d�1

� [�1; 1℄! S

d

. By the generalized S
h�on
ies theorem, that was also proven by

M. Brown [4℄, S

d

nS is a disjoint union of two open balls whose 
losures are 
losed balls. We


all the 
onne
ted 
omponent of S

d

nS 
ontaining

~

 (S

d�1

�f1g) (resp.

~

 (S

d�1

�f�1g)) the

positive side S

+

(resp. negative side S

�

) of S. The following de�nition of arrangements

of oriented pseudospheres is similar to [1℄, p. 227. Re
all E

n

= f1; : : : ; ng.

De�nition 5. Let S

1

; : : : ; S

n

� S

d

be not ne
essarily distin
t oriented pseudospheres, or-

dered a

ording to their indi
es. Assume that the following 
onditions hold:

(A1) S

R

= S

d

\

T

i2R

S

i

is empty or homeomorphi
 to a sphere, for all R � E

n

.

(A2) Let R � E

n

and i 2 E

n

with S

R

6� S

i

. Then S

R

\ S

i

is a pseudosphere in S

R

, and

S

R

\ S

+

i

and S

R

\ S

�

i

are both non-empty.

Then the ordered multiset fS

1

; : : : ; S

n

g is an arrangement of oriented pseudospheres

over E

n

. The arrangement is 
alled of full rank if the interse
tion of its members is empty.

We omitted Axiom (A3) from [1℄, p. 227, sin
e it follows from the other two axioms. We

remark that in [1℄, arrangements of full rank are 
alled essential. Obviously if S

1

; : : : ; S

n

are oriented hyperspheres then fS

1

; : : : ; S

n

g is an arrangement of oriented pseudospheres.

At the end of this se
tion, we will 
hara
terize arrangements of oriented pseudospheres by

a single axiom.

De�nition 6. Two ordered multisets fS

1

; : : : ; S

n

g and fS

0

1

; : : : ; S

0

n

g of oriented pseudo-

spheres in S

d

are equivalent if there is an orientation preserving homeomorphism S

d

! S

d

sending S

+

i

to (S

0

i

)

+

and S

�

i

to (S

0

i

)

�

, simultaneously for all i 2 E

n

. We do not allow

renumbering of the pseudospheres.

Sin
e the image of a pseudosphere under a homeomorphism � : S

d

! S

d

is a pseudosphere,

it is easy to observe that if fS

1

; : : : ; S

n

g is an arrangement of oriented pseudospheres, then

so is f�(S

1

); : : : ; �(S

n

)g.

Example 1. We 
onstru
t non-equivalent arrangements A(d;+);A(d;�) of d+ 1 oriented

pseudospheres S

1

; : : : ; S

d+1

� S

d

of full rank as follows. For i = 1; : : : ; d+ 1, set

S

i

=

�

(x

1

; : : : ; x

d+1

) 2 S

d

j x

i

= 0

	

:



10 J

�

URGEN BOKOWSKI SIMON KING SUSANNE MOCK ILEANA STREINU

In A(d;+), de�ne S

+

1

=

�

(x

1

; : : : ; x

d+1

) 2 S

d

j x

1

> 0

	

. In A(d;�), de�ne S

+

1

=

�

(x

1

; : : : ; x

d+1

) 2 S

d

j x

1

< 0

	

. In both A(d;+) andA(d;�), de�ne S

+

i

=

�

(x

1

; : : : ; x

d+1

) 2

S

d

j x

i

> 0

	

, for i = 2; : : : ; d+ 1.

A(d;+) and A(d;�) are of full rank. If � : S

d

! S

d

is any homeomorphism that �xes

S

+

2

; : : : ; S

+

d+1

setwise and maps

�

(x

1

; : : : ; x

d+1

) 2 S

d

j x

1

> 0

	

to

�

(x

1

; : : : ; x

d+1

) 2

S

d

j x

1

< 0

	

, then � is orientation reversing. Thus, A(d;+) is not equivalent to A(d;�).

In the pre
eding se
tion, we have de�ned deletion and 
ontra
tion of 
hirotopes and

hyperline sequen
es. There is a similar notion for arrangements of oriented pseudospheres,

as follows. Fix an arrangement A = fS

1

; : : : S

n

g of oriented pseudospheres in S

d

. For any

R � E

n

, we obtain an arrangement

A n

�

S

r

j r 2 R

	

of oriented pseudospheres over E

n

nR in S

d

(Axioms (A1) and (A2) are easy to verify). We

denote this arrangement by A nR and 
all it the deletion of R in A. In general, A n R is

not of full rank, even if A is.

It is intuitively 
lear from Axiom (A2), that for R � E

n

one gets an arrangement of ori-

ented pseudospheres on S

R

, indu
ed byA. In the following iterative de�nition of this indu
ed

arrangement, the orientation of S

R

requires some 
are. Let r 2 E

n

, and let  

r

: S

d�1

! S

d

be a tame embedding de�ning S

r

with the 
orre
t orientation. Denote S

0

i

=  

�1

r

(S

i

\ S

r

),

for i 2 E

n

. We obtain an ordered multiset

A=frg = fS

0

i

j i 2 E

n

; S

r

6� S

i

g

of oriented pseudospheres in S

d�1

, where (S

0

i

)

+

=  

�1

r

(S

+

i

\ S

r

). Axioms (A1) and (A2)

are easy to verify, thus, A=frg is an arrangement of oriented pseudospheres over a subset of

E

n

n frg.

This 
onstru
tion 
an be iterated. Let R � E

n

so that dimS

R

= d � jRj. List the

elements of R in as
ending order, r

1

< r

2

< � � � < r

jRj

. The 
ontra
tion of A in R is then

the arrangement of oriented pseudospheres

A=R =

�

: : :

�

(A=fr

1

g)

Æ

fr

2

g

�

: : :

.

fr

jRj

g

�

:

Note that (A=fr

1

g)=fr

2

g and (A=fr

2

g)=fr

1

g are related by an orientation reversing home-

omorphism S

d�2

! S

d�2

. It is easy to see that A=R is of full rank if and only if A is of full

rank.

An arrangementA = fS

1

; : : : ; S

n

g of oriented pseudospheres in S

d

yields a 
ellular de
om-

position of S

d

, as follows. For any subset I � E

n

, we 
onsider the parts of the interse
tion of

the pseudospheres with label in I that are not 
ontained in pseudospheres with other labels,

C(I;A) =

�

x 2 S

d

j x 2 S

i

() i 2 I , for all i 2 E

n

	

=

�

\

i2I

S

i

�

n

�

[

j2E

n

nI

S

j

�

:

By the next theorem, the 
onne
ted 
omponents of C(I;A) are topologi
al 
ells if A is of

full rank. Hen
e, it makes sense to refer to a 
onne
ted 
omponent of C(I;A) as a 
ell of

A with label I . The d{skeleton A

(d)

of A is the union of its 
ells of dimension � d. By

Axiom (A1),

T

i2R

S

i

is empty or a sphere, for R � E

n

. Thus, for any 0-dimensional 
ell of

A exists exa
tly one other 
ell of A with the same label, 
orresponding to the two points in

S

0

. The statement that the 
ells of an arrangement of oriented pseudospheres of full rank are

in fa
t topologi
al 
ells is essential for the proof of the Topologi
al Representation Theorem

in Se
tions 6 and 7.

Theorem 2. Let A 6= ; be an arrangement of oriented pseudospheres over E

n

. Any 
on-

ne
ted 
omponent of C(;;A) is a d{dimensional 
ell whose 
losure is a 
losed ball. If A is

of full rank, then for any I � E

n

, any 
onne
ted 
omponent of C(I;A) is an open 
ell whose


losure is a 
losed ball.
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Proof. First, we prove that the theorem holds for C(;;A), by indu
tion on the number n

of elements of A. Sin
e A 6= ;, we have n > 0. The base 
ase n = 1 is the generalized

S
h�on
ies theorem [4℄, stating that an embedded tame (d � 1){sphere in S

d

is the image

of a hypersphere under a homeomorphism S

d

! S

d

. In parti
ular, the 
omplement of a

pseudosphere is a disjoint union of two d{dimensional 
ells whose 
losures are balls.

Let n > 1, and let 
 be the 
losure of a 
onne
ted 
omponent of C(;;A n fng). By

indu
tion on n, it is a 
ell of dimension d. The 
onne
ted 
omponents of S

n

\ 
 
orrespond

to the 
losures of 
onne
ted 
omponents of C(;;A=fng). By indu
tion hypothesis, applied to

the arrangement A=fng of n� 1 pseudospheres in S

d�1

, these are 
losed balls of dimension

d � 1 whose boundary lies in �
. Sin
e S

n

is tame, S

n

\ 
 is tame in 
. Hen
e, it follows

from the generalized S
h�on
ies theorem [4℄ that the 
losure of any 
onne
ted 
omponent of


 nS

n

is a ball of dimension d. In 
on
lusion, the 
onne
ted 
omponents of C(;;A) are 
ells

of dimension d whose 
losures are balls.

It remains to prove the theorem in the full rank 
ase with I 6= ;. We 
an assume

C(I;A) 6= ;. Sin
e A is of full rank, C(E

n

;A) = ;, hen
e I 6= E

n

. By Axiom (A1), S

I

is

homeomorphi
 to some sphere S

e

. There is an R � I with jRj � d � e and S

R

= S

I

. The

set C(I;A) is mapped to C(;;A=R) by the restri
tion of a homeomorphism S

I

! S

e

. It has

already been proven that the 
losure of any 
onne
ted 
omponent of C(;;A=R) is a ball.

Thus, the 
losure of any 
onne
ted 
omponent of C(I;A) is a ball, as well.

We remark that the pre
eding theorem be
omes wrong by dropping the hypothesis that

pseudospheres are tame. In fa
t, there are wild 2-spheres in S

3

(e.g. the famous Horned

Sphere of Alexander), whose 
omplement is not a union of 
ells. We will 
onsider arrange-

ments of oriented embedded spheres (not ne
essarily tame) in Se
tion 8 and prove that these

wild arrangements have the same 
ombinatori
s than tame arrangements.

LetA = fS

1

; : : : ; S

n

g be an ordered multiset of oriented pseudospheres in S

d

. ForR � E

n

,

denote A

R

= fS

j

jj 2 Rg. In the remainder of this se
tion, we show that one 
an repla
e

Axioms (A1) and (A2) by the following single Axiom (A').

(A') Let R � E

n

so that S

R

0

6= S

R

for any proper subset R

0

of R. Then, A

R

is equivalent

to an arrangement of jRj oriented hyperspheres in S

d

.

Theorem 3. An ordered multiset A = fS

1

; : : : ; S

n

g of oriented pseudospheres in S

d

satis�es

Axiom (A') if and only if it is an arrangement of oriented pseudospheres.

Proof. First, we assume that A satis�es Axiom (A') and prove that A is an arrangement of

oriented pseudospheres. Let ; 6= R � E

n

, and assume that S

R

6= ;. Repla
ing R by a subset

if ne
essary, we 
an assume that S

R

0

6= S

R

for any proper subset R

0

of R. By Axiom (A'),

A

R

is equivalent to an arrangement of oriented hyperspheres. Thus, S

R

is homeomorphi
 to

a sphere, and Axiom (A1) holds. Let i 2 E

n

with S

R

6� S

i

; we wish to prove (A2). There is

some

~

R � R[fig with S

~

R

= S

R[fig

, so that S

R

0

6= S

~

R

for any proper subset R

0

of

~

R. Sin
e

by Axiom (A'), A

~

R

is equivalent to an arrangement of oriented hyperspheres, it follows

dimS

~

Rnfig

= dimS

R[fig

+ 1:

Sin
e both S

R

and S

R[fig

are spheres by Axiom (A1) (that has already been proven) and

sin
e S

R

6� S

i

by hypothesis, it follows

dimS

R[fig

+ 1 = dimS

~

Rnfig

� dimS

R

> dimS

R[fig

:

Thus, S

~

Rnfig

� S

R

is a pair of speres of the same dimension dimS

R[fig

+1, hen
e, S

~

Rnfig

=

S

R

. Sin
e A

~

R

is equivalent to an arrangement of oriented hyperspheres, Axiom (A2) holds

for S

~

Rnfig

= S

R

and S

i

. In 
on
lusion, A is an arrangement of oriented pseudospheres.

Se
ondly, we assume that A is an arrangement of oriented pseudospheres and prove by

indu
tion on jRj that (A') holds. If jRj = 1, then (A') is nothing but the generalized

S
h�on
ies theorem [4℄. In the general 
ase, let ; 6= R � E

n

so that S

R

0

6= S

R

for any proper

subset R

0

of R, and let i 2 R. It follows easily that S

R

0

6= S

Rnfig

for any proper subset R

0
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of R n fig. Thus, by Axiom (A') we 
an assume that A

Rnfig

is an arrangement of oriented

hyperspheres. Note that the 
onne
ted 
omponents of C(I;A

Rnfig

) are topologi
al 
ells, for

any proper subset I of R n fig.

Let H � S

d

be a hypersphere that does not 
ontain S

Rnfig

. Our aim is to transform S

i

into H , �xing A

Rnfig


ellwise, whi
h implies Axiom (A') for A

R

. By Axiom (A2) and by the

generalized S
h�on
ies theorem, S

Rnfig

\S

i


an be mapped to S

Rnfig

\H by some orientation

preserving homeomorphism S

Rnfig

! S

Rnfig

, The homeomorphism 
an be extended to a

homeomorphism S

d

! S

d

�xing all 
ells of A

Rnfig

, by the 
one 
onstru
tion [22℄.

We now pro
eed with transforming S

i

in 
ells of A

Rnfig

of higher dimension. Let R

0

be

a proper subset of R n fig. By indu
tion on jR n R

0

j, we 
an assume that S

R

0

[fjg

\ S

i

=

S

R

0

[fjg

\H , for all j 2 R n (R

0

[ fig). Let C � S

R

0

be the 
losure of a 
ell of A

Rnfig

with

dimC = dimS

R

0

. It follows from Axiom (A2) that B = S

i

\ C is a tame ball in C. As a


onsequen
e of the generalized S
h�on
ies theorem and sin
e �B � H , we 
an map C \ S

i

to C \H by an orientation preserving homeomorphism C ! C that is the identity on �C.

It 
an be extended to a homeomorphism S

d

! S

d

by the 
one 
onstru
tion, �xing all 
ells

of A

Rnfig

. Thus, we 
an transform S

R

0

\ S

i

into S

R

0

\H . Finally, when we a
hieve R

0

= ;,

we have S

R

0

\ S

i

= S

i

= H . Therefore, A

R

is equivalent to an arrangement of oriented

hyperspheres. This proves (A'), as 
laimed.

Corollary 1. If an arrangement A of oriented pseudospheres in S

d

is of full rank and

n = d+ 1, then A is equivalent to A(d;+) or A(d;�).

Proof. Let R � E

d+1

be minimal so that A

R

is of full rank. By the pre
eding theorem, A

R

is equivalent to an arrangement of oriented hyperspheres of full rank. Su
h an arrangement


onsists of at least d+ 1 hyperspheres, hen
e R = E

d+1

and A

R

= A.

Any arrangement of d + 1 oriented hyperspheres of full rank is dual to an arrangement

of d + 1 unit ve
tors in R

d+1

that span R

d+1

. Sin
e GL

d+1

(R) a
ts transitively on those

ve
tor arrangements, it follows that A is equivalent to A(d;+) or A(d;�), depending on its

orientation.

5. Chirotopes and hyperline sequen
es asso
iated to arrangements of

oriented pseudospheres

The aim of our paper is to prove a topologi
al representation theorem for hyperline

sequen
es, i.e., to establish a one-to-one 
orresponden
e between hyperline sequen
es and

equivalen
e 
lasses of arrangements of oriented pseudospheres. In this se
tion, we settle one

dire
tion of this 
orresponden
e. We asso
iate to any arrangement of oriented pseudospheres

a hyperline sequen
e, 
ompatible with deletions and 
ontra
tions.

We �rst expose the geometri
 idea. By a 
y
le of an arrangement A of oriented pseudo-

spheres in S

d

, we mean an embedded 
ir
le S

1

� S

d

that is the interse
tion of some elements

of A. Let L be a 
y
le of A with a 
hoi
e of an orientation. It 
orresponds to a hyperline

(Y jZ), as follows. The positively oriented bases of Y 
orrespond to (d� 1){tuples of pseu-

dospheres 
ontaining L so that the system of positive normal ve
tors of the pseudospheres

together with a positive tangential ve
tor of L forms a dire
t base of the oriented ve
tor

spa
e R

d

. The set of all elements of A 
ontaining L 
orresponds to E(Y ). The 0-dimensional


ells of A on L o

ur in a 
y
li
 order, 
orresponding to the 
y
li
 order of Z. Let S

e

2 A.

If in a point of L \ S

e

the 
y
le L passes from the negative side of S

e

to the positive side,

then we have an element e in the 
orresponding atom of (Y jZ) (see Figure 1). Further, in

the se
ond point of L\S

e

, the 
y
le L passes from the positive to the negative side, yielding

an element e in the atom that is opposite to the �rst atom.

The meaning of Axiom (H3) in the setting of arrangements of oriented pseudospheres

is that any two 
y
les of A have non-empty interse
tion. Figure 2 provides a visualiza-

tion of Axiom (H4) in an arrangement of three oriented pseudospheres in S

2

: If we get
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e +-

Figure 1. The atom feg on a 
y
le

 ji

k

Figure 2. Axiom (H4) in rank 3

from the pseudosphere k the 
y
li
 order

�

fig; fjg; f{g; f|g

�

, then we get the 
y
li
 order

�

fkg; fjg; fkg; f|g

�

from i and the 
y
li
 order

�

fkg; f{g; fkg; fig

�

from j.

We formalize this idea in the rest of this se
tion. Let A = fS

1

; : : : ; S

n

g be an arrangement

of n oriented pseudospheres of full rank in S

d

. Our aim is to asso
iate to A a hyperline

sequen
e X(A) of rank d + 1 over E

n

. By the equivalen
e of hyperline sequen
es and


hirotopes, established in Theorem 1, this also allows to asso
iate a 
hirotope �(A) to A,

with the same positively oriented bases. If d = 0 then de�ne

X(A) =

�

e 2 E

n

j S

+

e

= f+1g

	

[

�

e 2 E

n

j S

+

e

= f�1g

	

;

whi
h is obviously a hyperline sequen
e over E

n

of rank 1.

In the 
ase d = 1, the orientation of S

1

yields a 
y
li
 order p

0

; p

1

; : : : ; p

2k�1

on the points

of S

1

[ � � � [ S

n

. For a 2 f0; : : : ; 2k � 1g, we de�ne X

a

� E

n

by

1. e 2 X

a

if p

a

2 S

e

and, along the 
y
li
 orientation of S

1

, one passes in p

a

from S

�

e

to

S

+

e

, and

2. e 2 X

a

if p

a

2 S

e

and one passes in p

a

from S

+

e

to S

�

e

.

It is easy to 
he
k that (X

0

; : : : ; X

2k�1

) yields a hyperline sequen
e of rank 2 over E

n

.

In the 
ase d = 2, let 
 � S

2

be an oriented 
y
le of A. Let R � E

n

be the indi
es of

oriented pseudospheres 
ontaining 
. There is a hyperline sequen
e Y (
) of rank 1 over R,

with e 2 Y (
) (resp. e 2 Y (
)) if the orientation of S

e


oin
ides (resp. does not 
oin
ide)

with the orientation of 
. As in the pre
eding paragraph, we obtain a hyperline sequen
e

Z(
) of rank 2 over E

n

nR. We 
olle
t the pairs (Y (
); Z(
)) to form a set X(A), where 


runs over all oriented 
y
les of A. Axioms (H1) and (H2) are obvious for X(A). To prove

Axiom (H3), let [x

1

; x

2

; x

3

℄ and [y

1

; y

2

; y

3

℄ be two positively oriented bases of X(A). By

de�nition, the pseudospheres S

y

�

1

, S

y

�

2

, S

y

�

3

have no point in 
ommon. In parti
ular, one of

them, say, S

y

�

1

, does not 
ontain S

x

�

1

\S

x

�

2

. Thus S

y

�

1

interse
ts S

x

�

1

transversely in S

x

�

1

nS

x

�

2

,

hen
e [x

1

; x

2

; y

1

℄ or [x

1

; x

2

; y

1

℄ is a positively oriented base of X(A). It remains to prove

Axiom (H4). Here we use the Jordan{S
h�on
ies theorem [22℄, stating that the 
omplement

of an embedded 1{sphere in S

2

is a disjoint union of two dis
s. This holds even without the

assumption of tameness. With this in mind, Axiom (H4) 
an be read o� from Figure 2.
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In the 
ase d � 3, let 
 be an oriented 
y
le of A. Let R




= fr 2 E

n

j 
 � S

r

g. As in the

pre
eding paragraph, the 
y
li
 orientation of 
 indu
es a 
y
li
 order of the oriented points


 \

[

e2E

n

nR




S

e

;

yielding a hyperline sequen
e Z(
) of rank 2 over E

n

nR




. Sin
e A is of full rank, there are

i; j 2 E

n

so that S

i

\ S

j

is a sphere of dimension d � 2 disjoint to 
. We may assume that

Z(
) yields the 
y
li
 order (fig; fjg; f{g; f|g), by 
hanging the roles of i and j if ne
essary.

Then

A(i; j) =

�

(A=fig)

Æ

fjg

�

R




is an arrangement of oriented pseudospheres in S

d�2

of full rank over R




, and by indu
tion

it 
orresponds to a hyperline sequen
e Y (i; j) of rank d� 1 over R




.

We show that Y (i; j) does not depend on the 
hoi
e of i; j. By symmetry of i and j, it

suÆ
es to pi
k k 2 E

n

so that S

i

\ S

k

is a sphere of dimension d� 2 disjoint to 
 and Z(
)

yields the 
y
li
 order (fig; fkg; f{g; fkg), and to show that Y (i; j) = Y (i; k). We will prove

that the 
y
li
 order of signed points on oriented 
y
les of A(i; j) 
oin
ides with those of

A(i; k). It is 
lear that this implies Y (i; j) = Y (i; k).

Let R � R




so that S

R

\S

i

\S

j

is a 
y
le of A(i; j). We 
onsider the 2{sphere S = S

R

\S

i

.

Both s

j

= S \ S

j

and s

k

= S \ S

k

are embedded 1{spheres in S that are either equal or

interse
t in two points. Both s

j

and s

k

have the positive (resp. negative) point of 
 \ S on

their positive (resp. negative) side. Thus, again using the Jordan{S
h�on
ies theorem, the

situation is as in Figure 3. Let C be a 
onne
ted 
omponent of S n (s

j

[ s

k

) disjoint from 
.

−

+γ

γ

s

s

k

j

C
s sba

Figure 3. Parallel 
y
les

Let a; b 2 R




nR. Sin
e s

a

= S \ S

a

is equal to s

b

= S \ S

b

or s

a

interse
ts s

b

transversaly

in S \ 
, it follows that C \ s

a

and C \ s

b

are parallel ar
s. Hen
e, the 
y
li
 order of the

four signed points of s

j

\ (s

a

[ s

b

) 
oin
ides with the order on s

k

\ (s

a

[ s

b

). This proves our


laim Y (i; j) = Y (i; k). Sin
e Y (i; j) does not depend on the 
hoi
e of i and j, we denote

Y (
) = Y (i; j).

Now, we de�ne X(A) as the set of all pairs

�

Y (
)jZ(
)

�

, where 
 runs over all oriented


y
les of A, ea
h 
y
le o

uring in both orientations. It remains to show that X(A) is a

hyperline sequen
e of rank d + 1 over E

n

. First of all, X(A) is not empty. It remains to


he
k the four axioms. Axiom (H1) is trivial. Any sub-arrangement of d� 1 pseudospheres

de�nes a 
y
le 
 of A, up to orientation. Hen
e Axiom (H2) follows from Y (
) = �Y (�
)
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and Z(
) = �Z(�
). Axioms (H3) and (H4) follow from the 
orresponding axioms in the


ase d = 2, sin
e we 
an argue by 
ontra
tion onto a 2{sphere 
ontaining the two 
y
les of

A involved in Axioms (H3) and (H4).

In 
on
lusion, X(A) is a hyperline sequen
e. By Theorem 1, we 
an de�ne �(A) as the


hirotope that is asso
iated to the hyperline sequen
eX(A) with the same positively oriented

bases. Let R � E

n

so that A nR (resp. A=R) is an arrangement of oriented pseudospheres

of full rank. It is easy to see that �(A nR) = �(A) nR (resp. �(A=R) = �(A)=R).

6. The topologi
al representation theorem | statement and base 
ase

Theorem 4 (Topologi
al Representation Theorem). To any hyperline sequen
e X of rank

r over E

n

, there is an arrangement A(X) of n oriented pseudo hyperspheres in S

r�1

of full

rank with X = X(A(X)). The equivalen
e 
lass of A(X) is unique.

We prove Theorem 4 by indu
tion on the number of elements and the rank of X . In

this se
tion, we prove the base 
ases r � 2 and n = r. The next se
tion is devoted to the

indu
tive step.

Lemma 2. Theorem 4 holds for r = 1.

Proof. Let X be a hyperline sequen
e of rank 1 over E

n

. We will 
onstru
t an arrangement

A(X) of oriented pseudospheres in S

0

, with X(A(X)) = X .

An oriented pseudosphere S in S

0

= f+1;�1g is the empty set, together with the in-

formation whether S

+

= f+1g or S

+

= f�1g. Let A(X) = fS

1

; : : : ; S

n

g be de�ned as

follows. For i 2 E

n

, set S

+

i

= f+1g if i 2 X and S

+

i

= f�1g otherwise. It is obvious that

X(A(X)) = X and that A(X) is unique with this property.

Lemma 3. Theorem 4 holds for r = 2.

Proof. Let X be a hyperline sequen
e of rank 2 over E

n

. We will 
onstru
t an arrangement

A(X) of oriented pseudospheres in S

1

with X(A(X)) = X , and show that it is unique up

to equivalen
e.

The hyperline sequen
e X is a map from some 
y
li
 group C

2k

to non-empty subsets

of E

n

. We 
onsider C

2k

as a subgroup of S

1

. An oriented pseudosphere 
orresponds to an

embedding of S

0

= f+1;�1g into S

1

. For i 2 E

n

, let a

i

2 C

2k

so that i 2 X

a

. De�ne

 

i

(+1) = a

i

2 S

1

and  

i

(�1) = �a

i

2 S

1

. It follows easily that X(A(X)) = X and that

A(X) is essentially unique with this property.

Lemma 4. There are exa
tly two 
hirotopes of rank jEj over E, namely one with [1; : : : ; r℄

as positively oriented base, and the other with [1; : : : ; r � 1; r℄ as positively oriented base.

Proof. Set r = jEj. Without loss of generality, let � be a 
hirotope of rank r over E

r

= E.

There are exa
tly two equivalen
e 
lasses of oriented (r � 1){simpli
es in E

r

, namely those

equivalent to [1; : : : ; r℄ and those equivalent to [1; : : : ; r � 1; r℄. Thus, by Axiom (C2), � is


ompletely determined by �([1; : : : ; r℄). Axiom (C1) implies �([1; : : : ; r℄) = �1. Hen
e there

are at most two 
hirotopes of rank jEj over E. The 
onditions in Axioms (C3) and (C4) are

empty for jEj = r. Thus, there are two 
hirotopes of rank jEj over E.

Lemma 5. Theorem 4 holds for n = r.

Proof. We prove the lemma for 
hirotopes rather than hyperline sequen
es. Let � be a


hirotope of rank r over E

r

. By Lemma 4, � is determined by whether [1; : : : ; r℄ is a

positively oriented base of � or not. In the former 
ase, de�ne A(�) = A(r � 1;+), in the

latter 
ase de�ne A(�) = A(r � 1;�). We have �(A(�)) = � by 
onstru
tion, and the

uniqueness of A(�) follows from Corollary 1.
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7. The topologi
al representation theorem | general 
ase

This se
tion is devoted to the indu
tive step in the proof of Theorem 4. Let n > r > 2.

Suppose that Theorem 4 holds for all hyperline sequen
es of rank r with less than n elements

and for all hyperline sequen
es of rank less than r. Thus, for any non-empty R � E

n

if the


ontra
tion X=R (resp. the deletion X n R) is de�ned, then there is an essentially unique

arrangement A(X=R) (resp. A(X nR)) of oriented pseudospheres in S

r�1�jRj

(resp. in S

r�1

)

of full rank with X=R = X(A(X=R)) (resp. with X nR = X(A(X nR))).

By Lemma 1, there is an element of X , say, n for simpli
ity, so that X nfng is a hyperline

sequen
e of rank r. Denote fS

1

; : : : ; S

n�1

g = A(X n fng). Our aim is to 
onstru
t an

oriented pseudosphere S

n

� S

r�1

as the image of a tame embedding  : S

r�2

! S

r�1

, so

that fS

1

; : : : ; S

n

g is an arrangement of oriented pseudospheres with X(fS

1

; : : : ; S

n

g) = X .

We outline informally the idea of the 
onstru
tion of  . We start with the arrangement

A(X=fng) in S

r�2

. We require that  maps this arrangement \
onsistently" to the ar-

rangement A(X n fng), in the sense that any 
ell in C

�

I;A(X=fng)

�

is mapped to a 
ell

in C

�

I;A(X n fng)

�

in the 
orre
t orientation. It turns out that this for
es fS

1

; : : : ; S

n

g to

be an arrangement of oriented pseudospheres. Moreover, we show that if S

n

interse
ts the


y
les of A(X n fng) in a way 
onsistent with the rank 2 
ontra
tions of X (i.e., the 
y
li


order on its hyperlines), then X(fS

1

; : : : ; S

n

g) = X . Our 
onstru
tion of  is iterative. We

start with de�ning  on 0{dimensional 
ells of A(X=fng) and show that if it is de�ned on

d{dimensional 
ells then it 
an be 
onsistently extended to (d + 1){dimensional 
ells. It

turns out that this is possible in an essentially unique way.

Let us formalize this idea. By indu
tion hypothesis, the arrangement A(X=fng) exists

and is unique up to equivalen
e. For any element i 2 E(X=fng) of X=fng, we denote by s

i

the oriented pseudosphere of A(X=fng) that 
orresponds to i. For any R � E(X=fng), set

s

R

= S

r�2

\

T

j2R

s

j

, and similarly S

R

= S

r�1

\

T

j2R

S

j

for R � E

n�1

. Re
all that the

d{dimensional skeleton A

(d)

of an arrangement A of oriented pseudospheres is the union of

its 
ells of dimension � d. For any R � E

n

, de�ne R=n = R \ E(X=fng).

De�nition 7. Let t < r. A t{admissible embedding is an embedding

 

(t)

:

�

A(X=fng)

�

(t�1)

! S

r�1

so that for any R � E

n�1

with dim s

R=n

� t� 1 holds

1.  

(t)

(s

R=n

) = S

R

or  

(t)

(s

R=n

) is a pseudosphere in S

R

,

2. if  

(t)

(s

R=n

) 6= S

R

, then any 
y
le of A(X nfng) in S

R

is either 
ontained in  

(t)

(s

R=n

)

or meets both 
onne
ted 
omponents of S

R

n  (s

R=n

), and

3. for any i 2 E(X=fng)nR holds  (s

R=n

\s

+

i

) � S

R

\S

+

i

and  (s

R=n

\s

�

i

) � S

R

\S

�

i

.

By the following two lemmas, in our request for the pseudosphere S

n

it suÆ
es to study

(r � 1){admissible embeddings.

Lemma 6. Let  : S

r�2

! S

r�1

be a tame embedding that de�nes an oriented pseudo-

sphere S

n

. If  is (r � 1){admissible then A = fS

1

; : : : ; S

n

g is an arrangement of oriented

pseudospheres.

Proof. We prove that A = fS

1

; : : : ; S

n

g satis�es Axioms (A1) and (A2).

(A1) Let R � E

n

. It is to show that S

R

is empty or homeomorphi
 to a sphere. If n 62 R

then we are done sin
e fS

1

; : : : ; S

n�1

g is an arrangement. If n 2 R then we have

S

R

=  (s

R=n

), and s

R=n

is empty or homeomorphi
 to a sphere sin
e A(X=fng) is an

arrangement.

(A2) Let R � E

n

and i 2 E

n

with S

R

6� S

i

. Sin
e  is (r � 1){admissible, S

R

\ S

i

is a

pseudosphere in S

R

. It remains to show that S

R

\S

+

i

and S

R

\S

�

i

are both non-empty.

If R[fig � E

n�1

then we are done, sin
e fS

1

; : : : ; S

n�1

g is an arrangement of oriented

pseudospheres.
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If n 2 R then S

R

=  (s

R=n

) and S

R

\ S

i

=  (s

(R[fig)=n

). Sin
e S

R

6� S

i

, we have

s

R=n

6� s

i

. Thus in this 
ase, Axiom (A2) for A follows from Axiom (A2) for A(X=fng)

applied to s

R=n

and s

i

, sin
e  (s

R=n

\ s

+

i

) � S

R

\ S

+

i

and  (s

R=n

\ s

�

i

) � S

R

\ S

�

i

.

If n = i, then R = R=n sin
e otherwise S

n

= S

i

� S

R

by de�nition of S

n

. Hen
e

S

R

\ S

n

=  (s

R

) is a pseudosphere in S

R

. Sin
e A n fng is of full rank, S

R


ontains

a 
y
le of A n fng. By the se
ond property in the de�nition of (r � 1){admissible

embeddings, applied to the empty set, this 
ir
le meets both 
onne
ted 
omponents of

S

r�1

n S

n

, whi
h implies Axiom (A2).

Thus, A is an arrangement of oriented pseudospheres.

Lemma 7. Let

~

 : S

r�2

! S

r�1

be a tame embedding that de�nes an oriented pseudosphere

~

S

n

. Assume that

~

A = fS

1

; : : : ; S

n�1

;

~

S

n

g is an arrangement of oriented pseudospheres. If

X(

~

A) = X then there is an orientation preserving homeomorphism � : S

r�2

! S

r�2

so that

~

 Æ � is (r � 1)-admissible.

Proof. The arrangement

~

A=fng of oriented pseudospheres is given by the pre-images of

S

1

; : : : ; S

n�1

under

~

 . By indu
tion hypothesis in the proof of Theorem 4, the equivalen
e


lass of A(X=fng) is uniquely determined by the property X(A(X=fng)) = X=fng. If

X(

~

A) = X , then X(

~

A=fng) = X=fng. Hen
e, the arrangement A(X=fng) is equivalent to

~

A=fng. Let � : S

r�2

! S

r�2

be the orientation preserving homeomorphism realizing this

equivalen
e. It easily follows that  Æ � is (r � 1){admissible.

A

ording to the pre
eding two lemmas, we shall 
onstru
t S

n

via a tame (r � 1){

admissible embedding. Moreover, we need to take into a

ount the rank 2 
ontra
tions

of X , as follows. Let  

(1)

be an 1{admissible embedding. Assume that for any 
ontra
tion

X=R of rank 2 with n 2 E(X=R), the oriented 0{dimensional sphere  (s

R

) extends the ar-

rangement of oriented pseudospheres on the oriented 
y
le S

R

that is indu
ed by A(X nfng)

to an arrangement equivalent to A(X=R). Then we 
all  

(1)


ompatible with X . In the

next three lemmas, we prove that there is an essentially unique (r�1){admissible embedding

whose restri
tion to the 0{skeleton of A(X=fng) is 
ompatible with X .

Lemma 8. There is a tame 1{admissible embedding  

(1)

that is 
ompatible with X. It is

unique up to 
omposition with a homeomorphism

�

A(X n fng)

�

(1)

!

�

A(X n fng)

�

(1)

that

�xes

�

A(X n fng)

�

(0)

.

Proof. Let R � E

n�1

so that X=R is of rank 2. We �rst prove the uniqueness of  

(1)

.

If s

R=n

� S

0

, then the 
y
li
 order of the signed elements of X=R uniquely determines

in whi
h 
ells of A(X n fng) on S

R

the two points of s

R

must be mapped to, provided  

(1)

is 
ompatible with X . If they are mapped to 0{dimensional 
ells of A(X n fng) then their

image is unique. If they are mapped to 1{dimensional 
ells, then their image is unique up

to a homeomorphism of these 
ells �xing the boundary.

If dim s

R=n

> 0, then R 6= R=n, and s

R=n

is a 
y
le of A(X=fng). Any 0{
ell on s

R=n

is 
ontained in some pseudosphere s

i

of A(X=fng) that interse
ts s

R=n

transversely. Then

s

R=n

\ s

i

� S

0

, and if  

(1)

is 1{admissible then  (s

R=n

\ s

i

) � S

R

\ S

i

� S

0

. Moreover,

if  

(1)

is 1{admissible then the interse
tion of s

R=n

\ s

i

with one side of a pseudosphere s

j

is mapped to the 
orresponding side of S

j

. This uniquely determines the image of the two

points of s

R=n

\ s

i

under  

(1)

.

We prove the existen
e of  

(1)

. A

ording to the pre
eding two paragraphs, for any 0{

dimensional 
ell p of A(X=fng), a 
andidate for  

(1)

(p) is given by the 
y
li
 order of the

rank 2 
ontra
tions of X . We must ensure that the 
andidate does not depend on the 
hoi
e

of the 
ontra
tion. Sin
e any two 
y
les of A(X n fng) are 
ontained in some 2{sphere that

is the interse
tion of pseudospheres in A(X n fng), we 
an assume by a 
ontra
tion that X

is of rank 3. Then, the pseudospheres S

1

; : : : ; S

n�1

are 
y
les.
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Let i; j 2 E

n�1

. If i 62 E(X=fng) then X=fig = �X=fng, hen
e, the 
y
li
 order of

signed points on S

i

is a 
opy of A(X=fng), possibly with opposite orientation. In this 
ase

(and similarly if j 62 E(X=fng)) it is easy to show that the 
andidates for  

(1)

imposed

by i and j 
oin
ide. It remains the 
ase i; j 2 E(X=fng) with s

i

\ s

j

6= ;. The positive

point p of the oriented pseudosphere s

i

shall be mapped into the 
ell C

i

of A(X nfng) on S

i

that 
orresponds to the atom of X=fig 
ontaining n. If (X=fng)

Æ

fig = (X=fng)

Æ

fjg (resp.

(X=fng)

Æ

fig = �(X=fng)

Æ

fjg), then p is the positive (resp. negative) point of s

j

, thus shall

be mapped into the 
ell C

j

on S

j

that 
orresponds to the atom of X=fjg 
ontaining n (resp.


ontaining n).

If X=fig = �X=fjg then obviously C

i

= C

j

. Otherwise, S

i

\ S

j

is a 0{sphere 
ontaining

both C

i

and C

j

. Up to symmetry, we 
an assume that (X=fig)

Æ

fng = (X=fig)

Æ

fjg, whi
h

means that the atom of X=fig 
ontaining n does also 
ontain |. Hen
e, C

i


orresponds to

the atom of X=fjg 
ontaining i. This atom also 
ontains n (resp. n) if and only if

(X=fjg)

Æ

fng = �(X=fjg)

Æ

fig = (X=fig)

Æ

fjg = X=fig)

Æ

fng

(resp. (X/fjg)

Æ

fng = - (X/fig)

Æ

fng). Thus C

i

= C

j

by 
onstru
tion of C

i

and C

j

. In


on
lusion, the 
andidates for  

(1)

(p) imposed by i and j 
oin
ide, whi
h is enough to prove

the existen
e of  

(1)

Lemma 9. Let t < r � 1, and let  

(t)

be a t{admissible embedding. For any t{dimensional


ell 
 of A(X=fng) there is a 
ell 


0

of A(X nfng) of dimension t or t+1 so that  

(t)

(�
) �

�


0

.

Proof. Let R � E

n�1

be maximal so that 
 � s

R=n

. In parti
ular, dim s

R=n

= dim 
 = t and

dimS

R

� dim s

R=n

+1 = t+1. For any 
ell b of dimension dim b = dim 
� 1 in �
 and any

j

b

2 E(X=fng) with b � s

R=n

\ s

j

b

, we have  

(t)

(b) � S

R

\ S

j

b

sin
e  

(t)

is t{admissible.

By 
onsequen
e,  

(t)

(�
) � S

R

.

Sin
e 
 is a 
ell of A(X=fng), �
 \ s

+

j

= ; or �
 \ s

�

j

= ;, for all j 2 E(X=fng). Sin
e

 

(t)

is t{admissible,  

(t)

(�
)\S

+

j

= ; or  

(t)

(�
)\S

�

j

= ;, for all j 2 E

n�1

. Thus,  

(t)

(�
)

is 
ontained in the 
losure of a 
onne
ted 
omponent 


0

of

S

R

n

[

j2E

n�1

nR

S

j

whi
h is a 
ell of A(X n fng) of dimension dimS

R

� t+ 1.

Theorem 5. There is an (r�1){admissible embedding  whose restri
tion to

�

A(X=fng)

�

0

is 
ompatible with X. It is unique, up to a homeomorphism S

r�1

! S

r�1

that �xes A(X n

fng) 
ellwise.

Proof. Let  

(t)

denote the restri
tion of  to

�

A(X=fng)

�

(t�1)

, for t = 1; : : : ; r � 1. We

start with indu
tively proving the uniqueness of  . An 1{admissible embedding  

(1)

that

is 
ompatible with X is essentially unique, by Lemma 8. For t < r � 1, assume that  

(t)

is unique, up to a homeomorphism S

r�1

! S

r�1

that �xes A(X n fng) 
ellwise. Let 
 be

a t{dimensional 
ell of A(X=fng), and let R � E

n�1

be maximal so that �
 � s

R=n

. If  

is (r � 1){admissible, then  (
) � S

R

. Let 


0

� S

R

be the 
ell of A(X n fng) 
ontaining

 (
). Sin
e A(X n fng) is of full rank, the 
ell 


0

is uniquely determined by  (�
). If

dim 


0

= dim 
 then the (r � 1){admissibility of  imposes 


0

=  (
). Otherwise, it is a


onsequen
e of the generalized S
h�on
ies theorem [4℄ that  (
) � 


0

, being a tame ball of


odimension 1, is unique up to a homeomorphism 


0

! 


0

that �xes �


0

pointwise. This


an be extended to a homeomorphism S

r�1

! S

r�1

�xing all 
ells of A(X n fng), by the

so-
alled 
one 
onstru
tion [22℄. In 
on
lusion,  

(t+1)

is essentially uniquely determined by

 

(t)

, whi
h 
ompletes the proof of the uniqueness of  .

Se
ondly, we expose an iterative 
onstru
tion of  . An 1{admissible embedding  

(1)

that

is 
ompatible with X exists, by Lemma 8. For t < r � 1, assume that  

(t)

is a t{admissible
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embedding, and let 
 be a t{dimensional 
ell of A(X=fng). If there is a t{dimensional 
ell




0

of A(X n fng) so that �


0

=  

(t)

(�
) then we de�ne  

(t+1)

(
) = 


0

. Otherwise, by the

pre
eding lemma there is a (t+1){dimensional 
ell 


0

of A(X n fng) so that  

(t)

(�
) � �


0

.

Sin
e  

(t)

(�
) is a tame union of tame 
ells of 
odimension one in �


0

, it follows from [15℄

that  

(t)

(�
) is a pseudosphere in �


0

. Therefore  

(t)

(�
) bounds a tame 
ell 


00

� 


0

. We

de�ne  

(t+1)

(
) = 


00

.

We show that we 
an do this 
onstru
tion so that  

(t+1)

is an embedding. Let 	

(t)

denote the image of  

(t)

, and let 


0

be a (t+1){dimensional 
ell of A(X n fng). If  

(t)

is an

embedding, then 	

(t)

\ �


0

is a disjoint union of t{dimensional spheres. If t > 1 then these

spheres bound a system of disjoint (t+ 1){dimensional 
ells in 


0

. If t = 1 then a priori the

spheres might be linked, as depi
ted in Figure 4. The thi
k dots indi
ate the images under

 of four 0{dimensional 
ells on a 
y
le of A(X=fng), whose 
y
li
 order 
orresponds to the

numbering. It is shown in [3℄ that this 
ase does not o

ur. In 
on
lusion, our 
onstru
tion

1

2

2

1

Figure 4. Two linked 0{spheres in S

1

of  

(t+1)

produ
es an embedding.

It remains to show that  

(t+1)

is (t+ 1){admissible. Let R � E

n�1

with dim s

R=n

� t.

1. Either  

(t+1)

(s

R=n

) is equal to S

R

or it is 
omposed by tame 
ells of 
odimension one

in S

R

. In the latter 
ase,  

(t+1)

(s

R=n

) is a pseudosphere (i.e., tame) by [15℄.

2. Let  

(t+1)

(s

R=n

) 6= S

R

, and let 
 � S

R

be a 
y
le of A(X n fng) that is not 
ontained

in  

(t+1)

(s

R=n

). Chose a subset T � E

n�1

with 
 = S

T

and jT j = r � 2. The


ontra
tion X=T is a hyperline sequen
e of rank 2. Sin
e  

(1)

is 
ompatible with X ,

 

(t+1)

(s

R=n

)\ 
 
omprizes exa
tly two points x; y, 
orresponding to the elements n; n

in X=T .

There is some x 2 E(X=T ) n fng, so that X=T indu
es the 
y
li
 order (n; x; n; x).

Let j = x

�

. Sin
e  

(t)

is t{admissible, it follows from Lemma 6 that A(X n fng) and

 

(t+1)

(s

R=n

) indu
e on S

R[fjg

an arrangement of oriented pseudospheres. If 
 does

not meet both 
onne
ted 
omponents of S

R

n 

(t+1)

(s

R=n

), then the two points of 
\S

j

are 
ontained in a single 
omponent of S

R[fjg

n  

(t+1)

(s

R=n

), whi
h is impossible for

arrangements of oriented pseudospheres. Hen
e,  

(t+1)

satis�es the se
ond property

in the de�nition of (t+ 1){admissible embeddings.

3. We observe that an open 
ell is 
ontained in the positive side of an oriented pseudo-

sphere if and only if some point in its boundary is 
ontained in the positive side of

the oriented pseudosphere. Thus, if 
 is a t{dimensional 
ell of A(X=fng) and 
 � s

+

i

,

then �
 \ s

+

i

6= ;. Sin
e  

(t)

maps s

+

i

into S

+

i

, it follows

 

(t)

(�
) \ S

+

i

=  

(t+1)

(�
) \ S

+

i

6= ;;

and therefore  

(t+1)

(
) � S

+

i

. Similarly, if 
 � S

�

i

then  

(t+1)

(
) � S

�

i

.

Therefore  

(t+1)

is (t+ 1){admissible, whi
h �nishes the proof of Theorem 5.

In the remainder of this se
tion, we �nish the proof of Theorem 4. Let  : S

r�2

! S

r�1

be

a (r�1){admissible embedding whose restri
tion to the 1{skeleton ofA(X=fng) is 
ompatible
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with X . By Theorem 5,  exists. Let S

n

=  (S

r�2

) be the oriented pseudosphere de�ned by

 , and set A = fS

1

; : : : ; S

n

g. By Lemma 6, A is an arrangement of oriented pseudospheres.

We show that X(A) = X , hen
e, that the hyperlines (Y jZ) 2 X 
oin
ide with those of

X(A). If n 62 E(Y ) then (Y jZ) 2 X(A), sin
e Z is a rank 2 
ontra
tion of X and  

(1)

is

1-admissible and 
ompatible with X . If n 2 E(Y ), then let R = E(Y ) n fng. Sin
e  is

(r � 1){admissible, we have S

R

� S

n

, thus, S

R


orresponds to the 
y
le s

R=n

� S

r�2

of

A(X=fng). Sin
e X

�

A(X=fng)

�

= X=fng, the 
y
li
 order of points on this 
y
le 
oin
ides

with Z. If i; j 2 E(Z) so that Z indu
es the 
y
li
 order (i; j; {; |), then X=fi; jg = Y . We

have X(A=fi; jg) = X=fi; jg, sin
e the Topologi
al Representation Theorem 4 holds in rank

r � 2 by indu
tion hypothesis. Therefore, (Y jZ) = (X(A=fi; jg)jZ) 2 X(A).

It remains to prove the uniqueness of A stated in the Topologi
al Representation Theo-

rem 4. Let f

~

S

1

; : : : ;

~

S

n

g be an arrangement of oriented pseudospheres withX(f

~

S

1

; : : : ;

~

S

n

g) =

X . By indu
tion hypothesis, we may use the uniqueness of A(X n fng) and 
an as-

sume that f

~

S

1

; : : : ;

~

S

n�1

g = fS

1

; : : : ; S

n�1

g. Let

~

S

n

be the image of a tame embedding

~

 : S

r�2

! S

r�1

. Then,

~

 is (r � 1){admissible by Lemma 7, and it is obvious that its

restri
tion to the 1-skeleton of A(X=fng) is 
ompatible with X . Thus by Theorem 5,

~

 


oin
ides with  up to a homeomorphism S

r�1

! S

r�1

that �xes fS

1

; : : : ; S

n�1

g 
ellwise.

Hen
e, A is equivalent to f

~

S

1

; : : : ;

~

S

n

g. This �nishes the proof of the Topologi
al Represen-

tation Theorem 4.

8. Wild arrangements

This se
tion is an appendix to Se
tion 5. We show here that one 
an get a hyperline

sequen
e from an arrangement of oriented pseudospheres, even if one allows pseudospheres

to be not tame.

Let S

1

; : : : ; S

n

� S

d

be embedded (d � 1){dimensional spheres with a 
hoi
e of an ori-

entation. We 
all the ordered multiset A = fS

1

; : : : ; S

n

g an arrangement of oriented

topologi
al spheres over E

n

if it satis�es Axioms (A1) and (A2), where the word \pseu-

dosphere" is repla
ed by \embedded sphere of 
odimension one".

An embedded sphere S � S

d

of 
odimension one is wild, if there is no homeomorphism

S

d

! S

d

mapping S to S

d�1

� S

d

. Sin
e there are in�nitely many wild spheres in S

d

for

all d � 3 (see [21℄), we are no longer allowed to use the generalized S
h�on
ies theorem [4℄.

However, S

d

n S has exa
tly two 
onne
ted 
omponents, even if S is wild.

Similarly to Se
tion 4, we say that two arrangements fS

1

; : : : ; S

n

g and f

~

S

1

; : : : ;

~

S

n

g of

oriented topologi
al spheres in S

d

are equivalent if there is an orientation preserving home-

omorphism � : S

d

! S

d

with �(S

i

) =

~

S

i

in the 
orre
t orientation, for i = 1; : : : ; n. For

R � E

n

, the de�nition of the 
ontra
tion A=R and the deletion A n R is identi
 to the


orresponding de�nition for arrangements of oriented pseudospheres.

We wish to de�ne a hyperline sequen
e X(A) asso
iated to an arrangement A of oriented

topologi
al spheres. By Se
tion 5, we know how to pro
eed if all spheres in A are tame. Both

in the 
onstru
tion of X(A) in Se
tion 5 and in the proof that X(A) is indeed a hyperline

sequen
e, we were using indu
tion on the 
ontra
tions of A, based on 
ontra
tions of rank

1 and 2. The only topologi
al argument in the indu
tion step was the use of the Jordan{

S
h�on
ies theorem, that holds also without the assumption of tameness though, in the step

from rank 2 to rank 3. It remains to remove the tameness 
ondition in the base 
ases. Rank

1 is trivial. For rank 2, observe that any two di�erent points x; y 2 S

1


an be separated by

small intervalls around x and y. Thus, any embedded sphere S

0

in S

1

is tame. Therefore,

even if A is not equivalent to an arrangement of pseudospheres, any rank 2 
ontra
tion

A=R a
tually is an arrangement of pseudospheres, and we 
an read o� a hyperline sequen
e

X(A=R). As in Se
tion 5, these 
ontra
tions yield a hyperline sequen
e X(A).

In 
on
lusion, although arrangements of oriented topologi
al spheres are very 
ompli
ated

from a topologi
al point of view, their 
ombinatori
s is simple enough to read o� ordinary

hyperline sequen
es. Nevertheless, there are \more" arrangements of oriented topologi
al
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spheres than hyperline sequen
es, in the sense that there are non-equivalent arrangements

A

1

and A

2

of oriented topologi
al spheres (for instan
e, a tame arrangement and a wild

arrangement) with X(A

1

) = X(A

2

). Hen
e, there is no analogue of the Topologi
al Repre-

sentation Theorem 4 in the setting of arrangements of oriented topologi
al spheres.
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