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Flux homomorphisms and prinipal bundles

over in�nite dimensional manifolds

K.-H. Neeb, C. Vizman

Abstrat. Flux homomorphisms for losed vetor-valued di�erential forms on in�nite dimensional

manifolds are de�ned. We extend the relation between the kernel of the ux for a 2 -form ! and

Kostant's exat sequene assoiated to a prinipal bundle with urvature ! to the ontext of in�nite-

dimensional �ber and base spae. We then use these results to onstrut entral extensions of in�nite

dimensional Lie groups.

In �nite-dimensional sympleti geometry one frequently enounters ations �:G�M !M

of a onneted Lie group G by automorphism on a onneted sympleti manifold (M;!). This

means that for all vetor �elds _�(X), X 2 g , of the derived ation the 1-forms i

_�(X)

! are

losed. The ation is alled hamiltonian if all these 1-forms are exat, whih in turn is equivalent

to the existene of a moment map M ! g

�

. Passing to a entral extension

b

g of the Lie algebra g

of G , the moment map an be made equivariant. This means we have the following ommutative

diagram linking the two exat sequenes of Lie algebras:

0 ! R ! C

1

(M;R) ! X

ham

(M) ! 0

x

?

?

=

x

?

?

x

?

?

0 ! R !

b

g ! g ! 0;

where C

1

(M;R) denotes the Lie algebra of smooth funtions on M endowed with the Poisson

braket. If, in addition, (P; �) is a T-bundle over M with onnetion 1-form � and urvature

! , then X

�

(P )

�

=

C

1

(M), so the ation of the simply onneted Lie group

b

G with Lie algebra

b

g on M an be lifted to an ation on P preserving the onnetion 1-form � . In the in�nite-

dimensional setting, things beome more ompliated for several reasons, one ruial point being

that not every topologial Lie algebra belongs to a Lie group.

In this paper we study ations �:G � M ! M of in�nite-dimensional Lie groups on

in�nite-dimensional manifolds preserving a losed 2-form with values in a sequentially omplete

loally onvex spae z . If � � z is a disrete subgroup, Z := z=�, and there is a prinipal Z -

bundle P over M with urvature ! and onnetion 1-form � , then we give onditions for lifting

the ation of G on M to an ation of a entral Lie group extension

b

G of G by � -preserving

automorphisms of the Z -bundle P . All manifolds and Lie groups onsidered in this paper are

modeled over loally onvex spaes ([Mil83℄) whih are not neessarily assumed to be sequentially

omplete ([Gl01℄). The assumption of sequential ompleteness is only needed for z to ensure the

existene of integrals leading to parallel transport, loal exatness of losed di�erential forms et.

We do also not assume that the manifold M is smoothly paraompat whih is usually done to

lassify prinipal bundles over M (f. [Bry93℄).

The struture of the paper is as follows. In the �rst setion we de�ne a ux homomorphism

for a losed p-form ! on an in�nite-dimensional manifold M . Here the main point is to see

that the approah, as f.i. in Banyaga's book [Ban97℄, an also be used in the ontext of in�nite-

dimensional manifolds. Having appliations to prinipal bundles for in�nite-dimensional abelian

Lie groups in mind, we even work with vetor-valued di�erential forms, whih auses no serious

additional diÆulites. Let ! be a losed p-form on the manifold M with values in the sequentially

omplete loally onvex (s..l..) spae z and �

!

� z be the group of periods obtained by
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integration of ! over pieewise smooth yles. Let H

p�1

dR

(M; z;�

!

) denote the quotient of the

spae of losed z-valued (p � 1)-forms modulo those with periods ontained in �

!

and for a

urve  : [0; 1℄ ! D

!

(M) := f' 2 Di�(M):'

�

! = !g whih is smooth in the appropriate sense,

let Æ

l

( )(t) 2 X(M) denote its left logarithmi derivative in t . For a urve  from id

M

to '

we then de�ne the ux homomorphism assoiated to ! by

S

!

:D

!

(M)

0

! H

p�1

dR

(M; z;�

!

); S

!

(') :=

h

Z

1

0

i

Æ

l

( )(t)

! dt

i

:

Here D

!

(M)

0

denotes the group of all those ! -preserving di�eomorphisms of M whih an be

reahed from id

M

by a urve whih is smooth in a natural sense.

Let � � z be a disrete subgroup and Z := z=� the orresponding quotient Lie group. Then

the ase p = 2 of the ux homomorphism is used in Setion II to analyse whih di�eomorphisms

of M an be lifted to an automorphism of a Z -prinipal bundle over M with urvature ! 2




2

(M; z). In this ase �

!

� � is automatially disrete. The main point of Setion II is a

generalization of a result of B. Kostant from [Ko70℄, haraterizing automorphisms of (M;!)

whih an be lifted to automorphisms of (P; �) as those whih do not hange the holonomy

of losed urves in M . From that we derive further that for smooth one-parameter urves in

D

!

(M)

0

the ondition from Kostant's Theorem is equivalent to the urve lying in the kernel

of a modi�ed ux homomorphism D

!

(M)

0

! H

p�1

dR

(M; z;�). Eventually we arrive at the

result that the smooth path-omponent of the identity in Aut(P; �) is a entral Z -extension

of the kernel of the modi�ed ux homomorphism. In [RS81℄, using Sobolev tehnis, T. Ratiu

and R. Shmid obtained a similar result for ompat sympleti manifolds (M;!) whih admit

quantizing manifolds (P; �).

A similar result in the partiular ase of a ompat quantizable sympleti manifold (M;!)

was obtained by T. Ratiu and R. Shmid using Sobolev tehnis in [RS81℄.

In Setion III we onsider a prinipal Z -bundle q:P ! M on a onneted manifold M

with a onnetion 1-form � and a smooth ation �:G �M ! M of a onneted Lie group G

on M whih is hamiltonian with respet to the urvature form ! 2 


2

(M; z) of (P; �). Then

the results of Setion II implies that all maps �

g

an be lifted to automorphisms of (P; �), and

we thus obtain a entral group extension

b

G of G by Z . The main result of Setion III is that

if we endow

b

G with the manifold struture obtained from pulling bak the bundle P via orbit

maps of G on M , then

b

G is a Lie group ating smoothly by automorphisms on (P; �).

The ideas for the main onstrutions of this paper are not new (see f.i. [PS86℄ and [Bry93℄).

Our main point is that we show how they an be extended to in�nite-dimensional manifolds and

Lie groups without the burden of arti�ial assumptions suh as smooth paraompatness whih

is �rst not so easy to verify and on the other hand not even satis�ed for many Banah manifolds

([KM97℄).

I. Flux homomorphisms for in�nite-dimensional manifolds

In this setion M denotes a possibly in�nite-dimensional smooth manifold modeled over a loally

onvex spae and z a sequentially omplete loally onvex (s..l..) spae ([Gl01℄). We write




p

(M; z) for the spae of z-valued smooth p-forms on M , Z

p

(M; z) for the subspae of losed

forms, B

p

(M; z) � Z

p

(M; z) for the spae of exat forms, and H

p

dR

(M; z) := Z

p

(M; z)=B

p

(M; z)

for the orresponding de Rham ohomology spae. We do not onsider any topology on all these

spaes.
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Vetor �elds and di�erential forms

De�nition I.1. (a) We write D(M) := Di�(M) for the group of all di�eomorphisms of M

and X(M) for the Lie algebra of vetor �elds on M . For ! 2 


p

(M; z) we write

D

!

(M) := f' 2 D(M):'

�

! = !g and X

!

(M) := f' 2 X(M):L

X

! = 0g;

where

L

X

:= i

X

Æ d+ d Æ i

X

:

(b) Let I � R be an interval. A urve ': I ! D(M) is alled smooth if the orresponding map

I �M !M; (t; x) 7! '(t):x is smooth. Then we obtain for eah t 2 I a vetor �eld

Æ

l

(')(t)(x) := '(t)

�1

:

d

d�

�=t

'(�):x

whih is alled the left logarithmi derivative of ' in t . Here  :v := T ( ):v refers to the ation

of D(M) on the tangent bundle T (M) of M . The orresponding right logarithmi derivative is

given by

Æ

r

(')(t)(x) :=

d

d�

�=t

'(�):('(t)

�1

:x)

and satis�es

(1:1) Æ

r

(')(t) = '(t)

�

:Æ

l

(')(t); t 2 I:

() We all ';  2 D(M) smoothly homotopi if there exists a smooth urve : [0; 1℄ ! D(M)

with (0) = ' and (1) =  . We write D(M)

0

for the normal subgroup of those di�eomorphisms

whih are smoothly homotopi to the identity and likewise D

!

(M)

0

for the normal subgroup of

those elements of D

!

(M) whih an be onneted to id

M

by a smooth urve in D

!

(M).

(d) For a smooth manifold M and a Lie group K we de�ne for a smooth funtion f 2 C

1

(M;K)

the left logarithmi derivative of f by

Æ

l

(f)(x) := d�

f(x)

�1
(f(x))df(x):T

m

(M)! k

�

=

T

e

(K):

This derivative an be viewed as a k-valued 1-form on M . We also write simply Æ

l

(f) = f

�1

:df

and observe the produt rule

Æ

l

(f

1

f

2

) = Ad(f

2

)

�1

:Æ

l

(f

1

) + Æ

l

(f

2

)

([KM97, 38.1℄).

Lemma I.2. For ! 2 


p

(M; z) and a smooth urve ': ℄� "; "[! D(M) with '(0) = id

M

and

'

0

(0) = X 2 X(M) we have

L

X

! =

d

dt

t=0

'(t)

�

!;

where the limit is onsidered pointwise on p-tuples of tangent vetors of M .

Proof. This is proved exatly as [Ne00, Lemma A.2.4℄.
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Lemma I.3. Let M and N be manifolds. If the smooth maps ';  :N ! M are smoothly

homotopi, then for eah ! 2 Z

p

(M; z) the form '

�

! �  

�

! is exat.

Proof. This an be obtained with the same arguments as Lemma 34.2 in [KM97℄. Beause

it will be instrutive for the following, we give a diret proof for the ase M = N , where

';  2 D(M) are smoothly homotopi in D(M).

First we note that for any X 2 X(M) the losedness of ! implies

L

X

! = i

X

d! + d(i

X

!) = d(i

X

!):

Now let �: [0; 1℄! D(M) be a smooth urve onneting ' to  . Then

 

�

! � '

�

! =

Z

1

0

d

d�

�=t

�(�)

�

! dt;

and Lemma I.2 implies that this integral equals

Z

1

0

L

Æ

l

(�)(t)

(�(t)

�

!) dt =

Z

1

0

d

�

i

Æ

l

(�)(t)

(�(t)

�

!)

�

dt = d

h

Z

1

0

i

Æ

l

(�)(t)

(�(t)

�

!) dt

i

:

In view of the sequential ompleteness of z , the integral

R

1

0

i

Æ

l

(�)(t)

(�(t)

�

!) dt exists as a Riemann

integral and de�nes an element of 


p�1

(M; z). This ompletes the proof.

Lemma I.4. If ': I ! D

!

(M) is a smooth urve, then for eah t 2 I the vetor �elds

Æ

l

(')(t); Æ

r

(')(t) are ontained in X

!

(M) .

Proof. In view of '(t)

�

! = !; t 2 I , Lemma I.2 shows that the left logarithmi derivative

satis�es

0 =

d

d�

�=t

'(�)

�

! = L

Æ

l

(')(t)

'(t)

�

! = L

Æ

l

(')(t)

!

and the right logarithmi derivative satis�es

0 =

d

d�

�=t

'(�)

�

! = '(t)

�

:L

Æ

r

(')(t)

!

whih implies L

Æ

r

(')(t)

! = 0.

The ux homomorphism assoiated to !

For ! 2 Z

p

(M; z) the map

:X

!

(M)! H

p�1

(M; z); X 7! [i

X

!℄

is a homomorphism of Lie algebras beause

(1:2) i

[X;Y ℄

! = [L

X

; i

Y

℄! = L

X

i

Y

! = d(i

X

i

Y

!) + i

X

d(i

Y

!) = d(i

X

i

Y

!) 2 B

p�1

(M; z):

Its kernel X

!

(M)

ex

onsists of those vetor �elds for whih i

X

! is exat. For ' 2 D

!

(M)

0

and

X 2 X

!

(M) Lemma I.3 shows that

i

'

�

X

! � i

X

! = ('

�1

)

�

(i

X

!)� i

X

!

is exat. Therefore

[i

'

�

X

!℄ = [i

X

!℄

in H

p�1

dR

(M; z). It follows in partiular from (1.2) that for a smooth urve ': I ! D

!

(M) we

have

[i

Æ

l

(')(t)

!℄ = [i

Æ

r

(')(t)

!℄:

Although the group D

!

(M) is far from having a reasonable Lie group struture if M is

in�nite-dimensional, we will see in this subsetion how the Lie algebra homomorphism  an be

\integrated" to a group homomorphism on D

!

(M)

0

.
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De�nition I.5. (a) For ! 2 


p

(M; z), N a triangulated ompat p-dimensional oriented

manifold, and �:N !M a pieewise smooth map, the integral

Z

�

! :=

Z

N

�

�

! 2 z

is de�ned beause z is sequentially omplete. The subgroup �

!

� z generated by the images of

these integrals is alled the ps-period group of ! (\ps" stands for pieewise smooth).

If M is smoothly paraompat, then de Rham's Theorem holds for M ([KM97, Thm.

34.7℄), so that

H

p

dR

(M; z)

�

=

H

p

sing

(M; z)

�

=

Hom(H

p

(M;Z); z):

Therefore eah losed p-form ! orresponds to a unique homomorphism H

p

(M;Z)! z whose

image is alled the period group of ! . It seems that this period group might be larger than the

ps-period group. For p = 1 this is not the ase beause every singular 1-yle has pieewise

smooth representatives. The fat that the one over a onneted one-dimensional manifold is

homeomorphi to the 2-dimensional dis with boundary implies that singular 2-yles an also

be represented by pieewise smooth maps N ! M , but a similar argument does not work for

higher dimensions. This motivates our de�nition of �

!

, beause this subgroup is better aessible

than the full period group of ! . It also has the advantage that our onstrutions remain valid

for manifolds whih are not smoothly paraompat, whih already inludes Banah manifolds

modeled on spaes like l

1

(N;R) ([KM97, 14.11℄).

(b) For a subgroup � � z we de�ne

B

p

(M; z;�) := f! 2 Z

p

(M; z): �

!

� �g; H

p

dR

(M;�) := B

p

(M; z;�)=B

p

(M; z)

and

H

p

dR

(M; z;�) := Z

p

(M; z)=B

p

(M; z;�)

�

=

H

p

dR

(M; z)=H

p

dR

(M;�):

For elements of the spae H

p

dR

(M; z;�) we de�ne the integral over pieewise smooth maps

�:N !M (N ompat, oriented, triangulated manifold) via

Z

�

[!℄ :=

Z

�

! + � 2 Z := z=�:

This integral has to be interpreted as an element of the quotient group Z .

Remark I.6. If � � z is a disrete subgroup and Z := z=� is the orresponding quotient

Lie group, then we an identify B

1

(M; z;�) in a natural way with Æ

l

(C

1

(M;Z)) (f. [Ne00,

Set. III℄).

We will integrate  to a group homomorphism S

!

:D

!

(M)

0

! H

p�1

(M; z;�

!

):

Lemma I.7. Let ': [a; b℄! D

!

(M) be a pieewise smooth losed urve. Then

Z

b

a

i

Æ

l

(')(t)

! dt 2 B

p�1

(M; z;�

!

):

Proof. It is easy to see that the integral

R

b

a

i

Æ

l

(')(t)

! dt de�nes an element of Z

p�1

(M; z).

One only has to use that for a smooth map [a; b℄�X ! z , X a manifold, integration over [a; b℄

yields a smooth funtion X ! z .

Let �:N ! M be pieewise smooth map, where N is a triangulated oriented (p � 1)-

dimensional manifold. Then the map

h: [a; b℄�N !M; (t; x) 7! '(t):�(x)
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is smooth and we have for v

1

; : : : ; v

p�1

2 T

x

(N):

(h

�

!)(t; x)

�

d

dt

; v

1

; : : : ; v

p�1

�

= !(h(t; x))

�

'(t):Æ

l

(')(t)(�(x)); '(t):d�(x)(v

1

; : : : ; v

p�1

)

�

= ('(t)

�

!)(�(x))

�

Æ

l

(')(t)(�(x)); d�(x)(v

1

; : : : ; v

p�1

)

�

= !(�(x))

�

Æ

l

(')(t)(�(x)); d�(x)(v

1

; : : : ; v

p�1

)

�

= (i

Æ

l

(')(t)

!)(�(x))

�

d�(x)(v

1

; : : : ; v

p�1

)

�

= �

�

(i

Æ

l

(')(t)

!)(x)(v

1

; : : : ; v

p�1

):

We thus obtain

(1:3)

Z

[a;b℄�N

h

�

! =

Z

b

a

Z

N

�

�

(i

Æ

l

(')(t)

!) dt =

Z

b

a

Z

�

i

Æ

l

(')(t)

! dt =

Z

�

�

Z

b

a

i

Æ

l

(')(t)

! dt

�

:

As ' is a losed urve, we may onsider h as a pieewise smooth map S

1

�N !M . Therefore

R

[a;b℄�N

h

�

! 2 �

!

, whih proves the lemma.

Proposition I.8. Let ' 2 D

!

(M)

0

and  : [0; 1℄ ! D

!

(M) a pieewise smooth urve with

' =  (1) and  (0) = id

M

. Then

(1:4) S

!

:D

!

(M)

0

! H

p�1

(M; z;�

!

); ' =  (1) 7!

h

Z

1

0

i

Æ

l

( )(t)

! dt

i

is a well de�ned group homomorphism.

Proof. If �: [0; 1℄ ! D

!

(M) is another smooth urve from id

M

to ' , then onatenation

yields a losed urve in D

!

(M), so that Lemma I.7 implies that

Z

1

0

i

Æ

l

( )(t)

! dt 2

Z

1

0

i

Æ

l

(�)(t)

! dt+B

p�1

(M; z;�

!

)

Therefore S

!

is well de�ned by (1.4). To see that S

!

is a group homomorphism, suppose that

�: [0; 1℄! D

!

(M) is a pieewise smooth urve onneting id

M

to ' , and that �: [0; 1℄! D

!

(M)

is a pieewise smooth urve onneting id

M

to  . Then

�: [0; 1℄! D

!

(M); �(t) :=

�

�(2t) for t 2 [0;

1

2

℄

' Æ �(2t� 1) for t 2 [

1

2

; 1℄

is a pieewise smooth urve from id

M

to ' . Then

Æ

l

(�)(t) =

�

2Æ

l

(�)(2t) for t 2 [0;

1

2

℄

2Æ

l

(�)(2t � 1) for t 2 [

1

2

; 1℄

implies

S

!

(' Æ  ) =

Z

1

0

i

Æ

l

(�)(t)

! dt =

Z

1

2

0

2i

Æ

l

(�)(2t)

! dt+

Z

1

1

2

2i

Æ

l

(�)(2t�1)

! dt

=

Z

1

0

i

Æ

l

(�)(t)

! dt+

Z

1

0

i

Æ

l

(�)(t)

! dt = S

!

(') + S

!

( ):

The homomorphism S

!

in (1.4) is alled the ux homomorphism assoiated to the losed

p-form ! 2 Z

p

(M; z).
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Remark I.9. In [Ban97, p.56℄ the ux homomorphism for a losed p-form ! 2 Z

p

(M;R) on a

�nite-dimensional manifold M is de�ned on the simply onneted overing group

e

D

!;

(M)

0

of

the identity omponent D

!;

(M)

0

of the group D

!;

(M) of ! -preserving di�eomorphisms with

ompat support as follows. An element g of this overing group is represented by a pieewise

smooth urve ': [0; 1℄! D

!;

(M) from e to the image of g in D

!;

(M)

0

. Then

e

S

!

:

e

D

!;

(M)

0

! H

p�1

dR;

(M;R);

e

S

!

(g) :=

h

Z

1

0

i

Æ

l

(')(t)

! dt

i

de�nes a group homomorphism whih desends to a group homomorphism

(1:5) S

!

: D

!;

(M)

0

! H

p�1

dR;

(M;R)=�;

where � :=

e

S

!

(�

1

(D

!;

(M))).

Applying Lemma I.7 to z = R , we see that � � H

p�1

dR

(M;�

!

). Let

� : H

p�1

dR

(M; z)=�! H

p�1

dR

(M; z)=H

p�1

dR

(M;�

!

) = H

p�1

dR

(M; z;�

!

)

denote the projetion. Then the relation between the two ux homomorphisms in (1.4) and (1.5)

is

S

!

= � Æ S

!

:

Remark I.10. Suppose that p = 2. Let  : [0; 1℄! D

!

(M) be a pieewise smooth urve with

 (0) = 1 ,  (1) = ' and `:S

1

! M a pieewise smooth loop. Then (1.3) implies that we have

in the sense of De�nition I.5

(1:6)

Z

`

S

!

(') =

Z

�

!;

where �: [0; 1℄� S

1

!M is given by �(t; s) =  (t):`(s) (f. [MDS98, p. 317℄). This means that

the ux homomorphism is the \sympleti area" of surfae swept out by a losed urve whih is

moved by a urve of sympletomorphisms, hene the name \ux homomorphism."

Group ations and the ux homomorphism

Let �:G �M ! M be a smooth left ation of the onneted Lie group G on M . We

write �(g) := �

g

:= �(g; �) for the di�eomorphism of M de�ned by the element g 2 G . The

orresponding Lie algebra homomorphism _�: g! X(M) is given by

_�(X)(p) := T�(1; p)(�X; 0):

Let ! 2 Z

p

(M; z). Then [Ne00, Lemma A.2.5℄ (see also Lemma I.4) implies that �(G) �

D

!

(M) is equivalent to _�(g) � X

!

(M). We all the ation � hamiltonian if all 1-forms i

_�(X)

! ,

X 2 g , are exat. One would like to take this as the in�nitesimal riterion for �(G) � kerS

!

,

but the situation is a bit subtle beause in general S

!

an not be viewed as a homomorphism of

Lie groups.

Proposition I.11. Let ! 2 Z

p

(M; z) be a losed p-form and �:G�M !M a smooth ation

of the onneted Lie group G on M . For the assertions

(1) �(G) � kerS

!

.

(2) All 1-forms i

_�(X)

! are exat.

we then have (2) ) (1) and the onverse holds if p = 2 and �

!

is disrete.
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Proof. Assume that �(G) � D

!

(M). Let g 2 G and  : [0; 1℄ ! G a smooth urve from 1

to g . Then '(t) := �

 (t)

is a smooth urve from 1 to �

g

in D(M). We then have

Æ

l

(')(t)(y) = '(t)

�1

:

d

d�

�=t

'(�):y = �( (t))

�1

:

d

d�

�=t

�( (�)):y

= T�(1; y)

�

 (t)

�1

:

d

d�

�=t

 (�):y

�

= T�(1; y)

�

Æ

l

( )(t); 0

�

= � _�(Æ

l

( )(t))(y):

Therefore

S

!

(�

g

) =

h

Z

1

0

i

Æ

l

(')(t)

! dt

i

= �

h

Z

1

0

i

_�(Æ

l

( )(t))

! dt

i

:

(2) ) (1): If all (p� 1)-forms i

_�(X)

! are exat, then their periods vanish. Hene all periods of

Z

1

0

i

_�(Æ

l

( )(t))

! dt

vanish, and therefore �(G) � kerS

!

.

(1) ) (2): Suppose, onversely, that �(G) � kerS

!

. Then we obtain for eah smooth urve

 : [0; 1℄! G with  (0) = 1 that

Z

T

0

i

_�(Æ

l

( )(t))

! dt 2 B

p�1

(M; z;�

!

):

If �

!

is disrete, then this implies for eah pieewise smooth map �:N ! M (N a (p � 1)-

dimensional, ompat, oriented and triangulated manifold), that

Z

T

0

Z

�

i

_�(Æ

l

( )(t))

! dt 2 �

!

for eah T 2 [0; 1℄, and therefore

Z

T

0

Z

�

i

_�(Æ

l

( )(t))

! dt = 0

beause �

!

is disrete. Taking the derivative in T = 0, we thus obtain

i

_�(Æ

l

( )(0))

! 2 B

p�1

(M; z; f0g)

and sine Æ

l

( )(0) an be any element of g , we see that

i

_�(X)

! 2 B

p�1

(M; z; f0g); X 2 g:

If, in addition, p = 2, then [Ne00, Th. III.6℄ implies that B

1

(M; z; f0g) oinides with the

spae of exat 1-forms, and we onlude that i

_�(X)

! is exat for eah X 2 g .

II. Lifting di�eomorphisms to prinipal bundles

In this setion z denotes a s..l.. spae, � � z a disrete subgroup, and Z := z=� the abelian

quotient Lie group with the exponential funtion exp

Z

(z) := z + �. Let q:P ! M be a

prinipal Z -bundle over the onneted manifold M with prinipal right ation � : P � Z ! P .

Let � 2 


1

(P; z) be a onnetion 1-form, i.e. �( _�(X)) = X for eah X 2 z and �

�

z

� = � for eah

z 2 Z . If �

Z

= Æ

l

(id

Z

) is the Maurer{Cartan form on Z , then the onnetion form ondition is

equivalent to �

�

y

� = �

Z

for eah orbit map �

y

:Z ! P; z 7! y:z . The urvature form ! 2 


2

(M; z)

is de�ned by q

�

! = d� .
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Parallel transport and holonomy

Remark II.1. (a) Although the existene of solutions of ordinary di�erential equations in

in�nite-dimensional vetor spaes is problemati if they are not Banah spaes, the assumption

of sequential ompleteness guarantees the existene of Riemann integrals. Hene there exists for

eah ontinuous urve �: [a; b℄ ! z and eah X

0

2 z a di�erentiable urve  : [a; b℄ ! z with

 (a) = X

0

and  

0

= � . Then the urve  

G

:= exp

Z

Æ satis�es Æ

l

( 

G

) :=  

�1

G

:d 

G

=  

0

= � .

(b) The remarks under (a) imply that eah pieewise di�erentiable urve �: [a; b℄ ! M an be

lifted to a urve e�: [a; b℄! P with horizontal tangent vetors, i.e., those in the kernel of � . We

then all e� a horizontal lift of � . In fat, sine this is a loal assertion, we may assume that the

bundle q:P ! M is trivial, i.e., P = M � Z with q(x; z) = x . Then �:M ! P; x 7! (x;1) is

a smooth setion and we obtain a gauge potential A := �

�

� 2 


1

(M; z) and � = q

�

A + p

�

Z

�

Z

,

where p

Z

:P ! Z is the projetion onto the seond fator. To obtain a lift of � , we have to look

for a pieewise di�erentiable funtion h: [a; b℄ ! Z for whih the urve e�(t) := (�(t); h(t)) has

horizontal tangent vetors. This means that for eah t we have

0 = �(e�(t))(e�

0

(t)) = A(�(t))(�

0

(t)) + h(t)

�1

:h

0

(t) = A(�(t))(�

0

(t)) + Æ

l

(h)(t):

Sine the di�erential equation

Æ

l

(h)(t) = �A(�(t))(�

0

(t))

has a unique solution on [a; b℄ for eah initial value in Z , the assertion follows.

() For any pieewise di�erentiable urve �: [a; b℄!M we then obtain a parallel transport map

Pt(�): q

�1

(�(a))! q

�1

(�(b))

by assigning to an element y 2 q

�1

(�(a)) the value e�(b) of the unique ontinuous horizontal

lift e�: [a; b℄ ! P of � with e�(a) = y . It is easy to see that the parallel transport maps are

Z -equivariant.

If � is a loop, then Pt(�) maps q

�1

(�(a)) into itself and ommutes with Z , hene is given

by the ation of an element h(�) 2 Z , alled the holonomy of the loop � . This means that eah

horizontal lift e� of � satis�es

e�(b) = e�(a):h(�):

(d) If  : [0; 1℄! M is a pieewise smooth path, then we write  

℄

: [0; 1℄ ! M for the pieewise

smooth path given by  

℄

(t) :=  (1� t). If �: [0; 1℄!M is another pieewise smooth path, then

we de�ne the omposition of  and � by

( � �)(t) :=

�

�(2t) for t 2 [0;

1

2

℄

 (2t� 1) for t 2 [

1

2

; 1℄.

Then it is easy to verify that

Pt( )

�1

= Pt( 

℄

) and Pt( � �) = Pt( ) Æ Pt(�):

Proposition II.2. Let �

2

:= f(x; y) 2 R

2

: 0 � x; y; x+ y � 1g ,  : ��

2

!M be a pieewise

smooth loop, and �: �

2

!M a pieewise smooth extension of  . Then

h( ) = exp

Z

�

�

Z

�

2

�

�

!

�

:

Proof. (f. [Bry93, Prop. 2.4.6℄) Using simpliial subdivisions of �

2

and observing that both

sides are the sums of the ontributions of all small smooth singular simplies, we may w.l.o.g.

assume that im(�) lies in an open set U over whih the bundle is trivial. We may therefore
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assume that P =M � Z with q(x; z) = x is a trivial bundle. Let �:M ! P; x 7! (x;1) be the

anonial global setion and A := �

�

� . Then we an write � as

� = q

�

A+ p

�

Z

�

Z

;

where p

Z

:P ! Z is the projetion. We parametrize ��

2

by a pieewise smooth map [0; 1℄ !

��

2

, so that we may onsider  as a pieewise smooth map [0; 1℄!M . Let

e

 (t) = ( (t); z(t))

be a pieewise smooth horizontal lift of  . Then z satis�es the di�erential equation

Æ

l

(z)(t) = �A( (t)): 

0

(t):

We now alulate

h( ) = z(1)z(0)

�1

= exp

Z

�

Z

1

0

Æ

l

(z)(t) dt

�

= exp

Z

�

�

Z

1

0

A( (t)): 

0

(t) dt

�

= exp

Z

�

�

Z

[0;1℄

 

�

A

�

= exp

Z

�

�

Z

 

A

�

= exp

Z

�

�

Z

�

dA

�

= exp

Z

�

�

Z

�

!

�

= exp

Z

�

�

Z

�

2

�

�

!

�

:

For smoothly paraompat manifolds the following orollary follows also from the lassi�-

ation of smooth prinipal Z -bundles by their Chern lasses. In our setting it is a more or less

diret onsequene of Proposition II.2.

Corollary II.3. Let q : P ! M be a prinipal Z = z=�-bundle with prinipal onnetion

form � . Then the group �

!

of periods of the urvature form ! is a subgroup of � .

Proof. The abelian group Z

1;pw

(M;Z) of pieewise smooth 1-yles in M onsists of formal

linear ombinations of  

1

� 

2

� : : : � 

n

with  

1

; : : : ;  

n

smooth urves in M losing to a yle.

The holonomy along pieewise smooth loops de�nes a group homomorphism

h : Z

1;pw

(M;Z)! Z:

Let � : C

2;pw

(M;Z)! Z

1;pw

(M;Z) be the boundary map for pieewise smooth 2-hains

in M . Then Proposition II.2 implies that

h(��) = exp

Z

�

�

Z

�

!

�

:

It follows that for 2-yles � 2 Z

2;pw

(M;Z) the integral

R

�

! 2 �. This proves �

!

� �.

Remark II.4. Proposition II.2. is very lose to the onstrution of a global group oyle for

a entral extension of a simply onneted Lie group G by Z ([Ne00℄).

Let ! 2 Z

2



(g; z) be a ontinuous Lie algebra oyle and 
 the orresponding left invariant

losed z-valued 2-form on G with 


1

= ! . We assume that �

!

� � and that Z := z=�.

On the Lie group G we hoose a left invariant system �

g;h

of smooth paths from g to

h . This means that �

g;h

= �

g

Æ �

1;g

�1

h

and that the paths from 1 to a group element may be

hosen freely. From the simple onnetedness of G we an then derive for eah triple (g; h; u)

of group elements the existene of a pieewise smooth map �

g;h;u

: �

2

! G with respet to a

simpliial subdivision of �

2

whose boundary values are given by the yle �

g;h

+ �

h;u

� �

g;u

.

Then the global oyle is obtained by

f(g; h) := exp

Z

�

Z

�

1;g;gh




�

:

In view of Proposition II.2, we have f(g; h) = h(��

1;g;gh

):
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Lifting di�eomorphisms to prinipal bundles

In the following we write C

1

pw

(S

1

;M) for the set of maps S

1

! M whih are pieewise

smooth with respet to a �nite subdivision of S

1

into intervals and H for the group of "holonomy

preserving" di�eomorphisms:

H := f' 2 D

!

(M): (8` 2 C

1

pw

(S

1

;M))h(' Æ `) = h(`)g:

Remark II.5. From Proposition II.2 we obtain for eah ' 2 D(M) with

(8` 2 C

1

pw

(S

1

;M)) h(' Æ `) = h(`)

and for eah pieewise smooth map �: �

2

!M the relation

Z

�

'

�

! �

Z

�

! 2 �:

Pik m 2M and let  :U !M be a hart of M with m =  (0) 2  (U) and U open and

onvex in the loally onvex spae V . For v; w 2 U and h > 0 we onsider the map

�

h

: �

2

! U; (x; y) := xhv + yhw:

Then

lim

h!0

2

h

2

Z

'Æ�

h

! = lim

h!0

2

h

2

Z

�

2

�

�

h

 

�

! = ( 

�

!)(0)(v; w)

and likewise

lim

h!0

2

h

2

Z

'Æ�

h

'

�

! = ( 

�

'

�

!)(0)(v; w):

In partiular we have

lim

h!0

Z

'Æ�

h

! = 0 and lim

h!0

Z

'Æ�

h

'

�

! = 0;

and sine � is disrete, we get

Z

 Æ�

h

'

�

! �

Z

 Æ�

h

! = 0

for h suÆiently small. Eventually this implies that  

�

! =  

�

'

�

! on U , and hene that

'

�

! = ! . Therefore we also have

H = f' 2 D(M): (8` 2 C

1

pw

(S

1

;M))h(' Æ `) = h(`)g:

For �nite dimensional manifolds M and ! real-valued, B. Kostant shows in [Ko70℄ that H

is the group of those di�eomorphisms on the basis M whih an be lifted to automorphisms of

(P; �). For ompat sympleti manifolds (M;!), T. Ratiu and R. Shmid show in [RS81℄ that

the identity omponent of H

s+1

, the group of elements in H whih are of Sobolev lass H

s+1

,

equals the kernel of the ux homomorphism, i.e. the group of Hamiltonian di�eomorphisms of

Sobolev lass H

s+1

. In this subsetion we show similar results in our in�nite dimensional setting.

For a subgroup � � �

!

let

�

�

: H

1

dR

(M; z;�

!

)!! H

1

dR

(M; z;�)

be the anonial projetion and de�ne the ux homomorphism orresponding to � by

S

�

:= �

�

Æ S

!

:D

!

(M)

0

! H

1

dR

(M; z;�):
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Proposition II.6. Let S

�

denote the ux homomorphism assoiated to � whose existene

follows from �

!

� � . Then

ker(S

�

) = f' 2 D

!

(M)

0

: (8` 2 C

1

pw

(S

1

;M))h(' Æ `) = h(`)g:

Proof. Let ': [0; 1℄! D

!

(M) be pieewise smooth with '(0) = 1 , `: [0; 1℄!M a pieewise

smooth loop in M , and de�ne a pieewise smooth map

�: [0; 1℄� [0; 1℄!M; (t; s) 7! '(t):`(s):

Then



0

: [0; 1℄!M; 

0

(t) := '(t):`(0) = '(t):`(1)

is a pieewise smooth urve. Let e

0

: [0; 1℄ ! P denote a horizontal lift of  and

e

`

t

denote the

unique horizontal lift of the urve `

t

(s) := '(t):`(s) with

e

`

t

(0) = e

0

(t). Then

e�: [0; 1℄� [0; 1℄! P; (t; s) 7!

e

`

t

(s)

is a pieewise smooth lift of � . We de�ne e

1

(t) :=

e

`

t

(1). Both urves e

0

and e

1

lie over 

0

, and

e

1

(t) = Pt(`

t

)(e

0

(t)) = e

0

(t):h(`

t

):

The ondition '(1) 2 kerS

�

is equivalent to the relation

R

`

S

!

('(1)) 2 � for all pieewise

smooth loops ` in M . Aording to formula (1.6), we have

Z

`

S

!

('(1)) =

Z

�

!:

Further

Z

�

! =

Z

e�

q

�

! =

Z

e�

d� =

Z

�e�

� =

Z

e

0

� +

Z

e

`

1

� �

Z

e

1

� �

Z

e

`

0

�

= �

Z

e

1

� = �

Z

1

0

�(e

1

(t))(e

0

1

(t)) dt

beause the urves e

0

,

e

`

0

and

e

`

1

are horizontal. We have e

1

(t) = e

0

(t):h(`

t

): Therefore

e

0

1

(t) = e

0

0

(t):h(`

t

) + _�(Æ

l

(h(`

t

)))(e

0

(t));

where

Æ

l

(h(`

t

)) := h(`

t

)

�1

:

d

dt

h(`

t

) 2 z:

Sine the vetors e

0

0

(t) are horizontal, the same holds for e

0

0

(t):h(`

t

), and we obtain

Z

�

! = �

Z

1

0

Æ(h(`

t

)) dt:

To evaluate this integral, let H : [0; 1℄! z be a lift of the urve [0; 1℄! Z; t 7! h(`

t

). Then

Z

�

! = �

Z

1

0

H

0

(t) dt = H(0)�H(1):

This integral is in � if and only if h('(1) Æ `) = h(`

1

) = h(`): This ompletes the proof.

Let

Aut(P ) := f' 2 D(P ): (8z 2 Z)' Æ �

z

= �

z

Æ 'g and Aut(P; �) := Aut(P ) \ D

�

(P ):

Then we have two group homomorphisms

q

�

: Aut(P )! D(M) and q

�

�

:= q

�

j

Aut(P;�)

: Aut(P; �)! D

!

(M)

whih are de�ned by q

�

(')Æq = qÆ' . It is easy to see that ker q

�

�

=

C

1

(M;Z); where we assoiate

to a smooth funtion f :M ! Z the di�eomorphism �

f

of P given by �

f

(y) := �

f(q(y))

(y). For

eah suh operator we have

�

�

f

� = � + q

�

Æ

l

(f):

Therefore �

f

2 Aut(P; �) is equivalent to df = 0, whih, in view of the onnetedness of M ,

means that f is onstant. Therefore ker(q

�

�

)

�

=

Z . We want to desribe the image of q

�

�

in

D

!

(M).
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Theorem II.7. For eah prinipal Z -bundle q:P ! M with onnetion 1-form � and

urvature ! 2 


2

(M; z) we have a short exat sequene of groups

1! Z ,! Aut(P; �)!! H ! 1:

Sine Z is entral in Aut(P; �) , this sequene de�nes a entral extension of H by Z .

Proof. It remains to be shown that im(q

�

�

) = H .

First we show that im(q

�

�

) � H . So let `: [0; 1℄ ! M be a pieewise smooth loop and

e

`: [0; 1℄! P a horizontal lift. Let e' 2 Aut(P; �) and ' = q

�

(e'). Then e' Æ

e

` is a horizontal lift

of ' Æ ` , and therefore

e'(

e

`(0)):h(' Æ `) = e'(

e

`(1)) = e'(

e

`(0):h(`)) = e'(

e

`(0)):h(`)

implies that h(' Æ `) = h(`).

Now we assume ' 2 H and onstrut  2 Aut(P; �) with q

�

�

( ) = ' . Let x

0

2 M . We

start with a Z -equivariant isomorphism

 

x

0

: q

�1

(x

0

)! q

�1

('(x

0

)):

Let y 2 P and x := q(y). For a pieewise smooth path : [0; 1℄!M from x

0

to x we de�ne

 (y) := Pt(' Æ ) Æ  

x

0

Æ Pt()

�1

(y) 2 q

�1

('(x)):

We laim that  



is independent of  . So let �: [0; 1℄ ! M be another pieewise smooth path

from x

0

to x . Then 

�1

� � is a loop in x

0

. Our laim is equivalent to the relation

Pt(' Æ ) Æ  

x

0

Æ Pt()

�1

= Pt(' Æ �) Æ  

x

0

Æ Pt(�)

�1

on q

�1

(x), whih follows from

Pt(' Æ (

�1

� �)) Æ  

x

0

Æ Pt(

�1

� �)

�1

= �

h('Æ(

�1

��))

Æ  

x

0

Æ �

�1

h(

�1

��)

= �

h('Æ(

�1

��))

Æ �

�1

h(

�1

��)

Æ  

x

0

= �

h(

�1

��)

Æ �

�1

h(

�1

��)

Æ  

x

0

=  

x

0

:

We now obtain a well de�ned map

 :P ! P;  (y) :=  



(y) for (1) = q(y):

Now we investigate the properties of  . Eventually we will show that  2 Aut(P; �) with

q

�

�

( ) = ' .

(1) We obviously have q Æ  = ' Æ q beause  



maps q

�1

(x) to q

�1

('(x)).

(2)  ommutes with the ation of Z on P beause this is true for  

x

0

and all parallel transport

maps.

(3)  intertwines parallel transport maps in the sense that

 Æ Pt(�) = Pt(' Æ �) Æ  :

In fat, suppose that �: [0; 1℄! M is a pieewise smooth path from x

1

to x

2

. Then we hoose

a path  from x

0

to x

1

, so that � �  onnets x

0

to x

2

. Therefore we have on q

�1

(x

1

)

 ÆPt(�) =  

��

Æ Pt(�) = Pt(' Æ (� � )) Æ  

x

0

Æ Pt(� � )

�1

Æ Pt(�)

= Pt(' Æ �) Pt(' Æ ) Æ  

x

0

Æ Pt()

�1

= Pt(' Æ �) 



= Pt(' Æ �) :

(4)  is a smooth map. Let U be a neighborhood of x 2M whih is di�eomorphi to an open

onvex subset of a loally onvex spae, so that we may view U as suh a set. Then we have



14 Flux homomorphisms and prinipal bundles 19.04.2002

for eah x

1

2 U a anonial path from x to x

1

given by �

x

1

(t) := x + t(x

1

� x). From the

disussion in Remark II.1() it then follows easily that the parallel transport map

U � q

�1

(x)! q

�1

(U); (x

1

; z) 7! Pt(�

x

1

):z

is smooth, and similarly, its inverse map

q

�1

(U)! U � q

�1

(x); y 7! Pt(�

q(y)

)

�1

:y

is smooth.

To see that  is smooth, we now hoose a �xed path  from x

0

to x , so that we have on

q

�1

(x

1

), x

1

2 U , the relation

 = Pt(' Æ �

x

1

) Pt(' Æ ) 

x

0

Pt()

�1

Pt(�

x

1

)

�1

:

Therefore the preeding remarks imply that  is smooth on q

�1

(U), and sine x was arbitrary,

the smoothness of  follows. We likewise see that  

�1

is smooth.

(5) Next we show that  2 Aut(P; �). It remains to see that  

�

� = � . Let v 2 T

y

(P )

be a horizontal tangent vetor. Then there exists a path : [0; 1℄ ! M and a horizontal lift

e: [0; 1℄! P with e

0

(0) = v . For eah t 2 [0; 1℄ we now have

e(t) = Pt( j

[0;t℄

)e(0);

and hene

 (e(t)) = Pt(' Æ  j

[0;t℄

) (e(0));

showing that  Æ e is a horizontal lift of the path ' Æ  . Taking derivatives in t = 0, we see that

d (y):v = ( Æ e)

0

(0)

is horizontal. Moreover, (2) implies that  Æ �

z

= �

z

Æ  for all z 2 Z , so that

 

�

_�(X) = _�(X); X 2 z:

For X 2 z we now obtain

( 

�

�)(y)(v + _�(X)(y)) = �( (y))(d (y):v + d (y): _�(X)(y)) = �( (y)): _�(X)( (y))

= X = �(y)(v + _�(X)(y)):

This proves that  

�

� = � , and the proof is omplete.

In the following orollary the onneted omponent G

0

of a subgroup G � D(M) is

onsidered with respet to pieewise smooth urves in G (f. De�nition I.1).

Corollary II.8. For eah prinipal Z -bundle q:P ! M with onnetion 1-form � and

urvature ! 2 


2

(M; z) we have a short exat sequene of groups

1! Z ,! Aut(P; �)

0

!! (kerS

�

)

0

! 1;

where S

�

:D

!

(M)

0

! H

1

dR

(M; z;�) is the ux homomorphism for the subgroup � of �

!

.

Proof. Let ('

t

)

0�t�1

be a smooth urve in H with '

0

= id

M

and '

1

= ' . We �x a point

x

0

2M . Then we have a smooth urve �: [0; 1℄!M; t 7! '

t

(x

0

). We de�ne the maps

 

t;x

0

:= Pt(� j

[0;t℄

): q

�1

(x

0

)! q

�1

�

'

t

(x

0

)

�

and write  

t

for the unique extension of  

t;x

0

to an element of Aut(P; �) satisfying qÆ 

t

= '

t

Æq

(Theorem II.7). It remains to see that ( 

t

)

0�t�1

is a smooth urve of di�eomorphisms of P in

the sense of De�nition I.1.
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We proeed as in Step (4) of the proof of Theorem II.7. Let x 2 M and U be a

neighborhood of x whih is di�eomorphi to an open onvex subset of a loally onvex spae, so

that we may view U as suh a set. Then we have for eah x

1

2 U a anonial path from x to

x

1

given by �

x

1

(t) := x + t(x

1

� x). To see that (t; x

1

) 7!  

t

(x

1

) is smooth, we now hoose a

�xed path  from x

0

to x , so that we have on q

�1

(x

1

), x

1

2 U , the relation

 

t

= Pt('

t

Æ �

x

1

) Pt('

t

Æ ) 

t;x

0

Pt()

�1

Pt(�

x

1

)

�1

:

Here the produt of the rightmost two fators does not depend on t , and its smoothness follows

as in the proof of Theorem II.7. Therefore it remains to onsider the map

[0; 1℄� q

�1

(x

0

)! P; (t; z) 7! Pt('

t

Æ �

x

1

) Pt('

t

Æ ) 

t;x

0

:z;

whose smoothness follows from the observation that if a urve depends smoothly on one pa-

rameter, then the parallel transport along that urve depends smoothly on that parameter, too.

This in turn follows from the disussion in Remark II.1 and the orresponding statement on the

smooth dependene of integrals of smooth funtions on parameters.

III. Appliation to entral extensions of Lie groups

Let q:P ! M be a prinipal Z -bundle with onnetion 1-form � and urvature ! . Further

let G be a onneted Lie group and �:G �M ! M be a smooth Lie group ation whih is

hamiltonian, whih is equivalent to

�(G) � kerS

!

� D

!

(M)

beause the period group of ! is ontained in � by Corollary II.3, hene disrete.

As we have seen in Corollary II.8, the bundle P de�nes a entral Z -extension of the group

H � (kerS

!

)

0

. Viewing � as a homomorphism G! H , we an pull bak this entral extension

to a entral Z -extension

b

G of G . The main result of this setion will be the observation that

b

G

is a Lie group, that the natural projetion q

G

:

b

G! G is a Z -prinipal bundle, and that

b

G ats

smoothly on P by automorphisms of (P; �).

We start by de�ning the abstrat group

b

G as the pull bak

b

G := f(g;  ) 2 G�Aut(P; �): q

�

�

( ) = �

g

g and q

G

:

b

G! G; (g;  ) 7! g:

In view of Theorem II.7, �(G) � H implies that q

G

:

b

G! G is a surjetive group homomorphism.

Its kernel is isomorphi to Z

�

=

ker q

�

�

(Corollary II.8), and this is a entral subgroup of

b

G .

Therefore q

G

de�nes a entral Z -extension of G .

Proposition III.1. Let q:P ! M be a prinipal Z -bundle with onnetion form � , N

2

a

onneted manifold, N

1

a manifold and

':N

1

�N

2

!M

a smooth map. Let '

t

(x) := '(x; t) . Then all the bundles P

t

:= '

�

t

P ! N

1

are isomorphi as

prinipal Z -bundles.

Proof. Sine N

2

is onneted, it suÆes to prove the assertion for N

2

= [0; 1℄ and a family

of maps '

t

:= '(�; t):N := N

1

! M whih is smooth in the sense that the orresponding map

N � [0; 1℄!M is smooth.

To obtain a bundle isomorphism  :P

0

! P

1

; we onsider P

t

:= '

�

t

P as the manifold

P

t

:= f(x; y) 2 N � P :'

t

(x) = q(y)g

with the bundle projetion q

P

t

(x; y) = x . Then we de�ne the map

 :P

0

! P

1

;  (x; y) := (x;Pt(

x

):y); 

x

: [0; 1℄!M;

x

(t) := '

t

(x):

It is easy to see that  is a smooth bundle isomorphism.
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Lemma III.2. For m

o

2 M let '

m

o

:G ! M; g 7! g:m

o

be the orbit map and P

m

o

:= '

�

m

o

P

the orresponding pullbak Z -bundle over G . Pik an element y

o

2 P with q(y

o

) = m

o

. Then

�:

b

G! P

m

o

� G� P; (g;  ) 7! (g;  :y

o

)

is a bijetion. We thus obtain on

b

G a smooth manifold struture. If M is onneted, this

manifold struture does not depend on the hoie of m .

Proof. If �(g;  

1

) = �(g;  

2

), then  

1

:y

o

=  

2

:y

o

and

�(g) Æ q = q Æ  

2

= q Æ  

1

leads to  

2

=  

1

. Hene � is injetive.

To see that � is surjetive, let (g; y) 2 P

m

o

. Then q(y) = g:m

o

. Let (g;  ) 2

b

G . Then

q( :y

o

) = g:m

o

and sine (g;  Z) �

b

G , there also exists a z 2 Z with y

o

:z = y . Therefore

� is surjetive. We now transport the manifold struture from P

m

o

to

b

G to obtain a natural

manifold struture on the group

b

G , suh that the quotient homomorphism q

G

:

b

G ! G de�nes

on

b

G the struture of a prinipal Z -bundle. The independene of the di�erentiable struture on

b

G

�

=

P

m

o

from m

o

follows from Proposition III.1.

Lemma III.3. Let G be a group endowed with the struture of a onneted manifold suh that

(1) all left multipliation maps �

g

:G! G; x 7! gx are smooth, and

(2) multipliation and inversion are smooth on identity neighborhoods.

Then G is a Lie group.

Proof. We have to show that the map �:G � G ! G; (x; y) 7! xy

�1

is smooth. That

it is smooth in an identity neighborhood follows from (2). Moreover, (2) implies that there

exists an open symmetri identity neighborhood V suh that for all elements g 2 V the right

multipliation map �

g

(x) = xg is smooth in an identity neighborhood. Now �

g

�

h

= �

h

�

g

for

g; h 2 G , together with (1) implies that the maps �

g

, g 2 V , are smooth on all of G . Sine

all left multipliations on G are smooth, all sets aV , a 2 G , are open, whih implies that

H :=

S

n

V

n

is an open subgroup of G . Its other osets gH are also open, so that H is losed,

and the onnetedness of G implies that H = G . Therefore all right multipliations �

g

, g 2 G ,

are smooth.

Fix (g; h) 2 G�G . We then have

� Æ (�

g

� �

h

)(x; y) = �(gx; hy) = gxy

�1

h

�1

= (�

g

Æ �

h

�1
Æ �)(x; y);

showing that � is smooth in a neighborhood of (g; h). As g and h were arbitrary, the smoothness

of � follows.

In view of Lemma III.2, we obtain for eah m

o

2 M on the group

b

G a natural manifold

struture. We have to show that the group multipliation on

b

G is smooth with respet to this

manifold struture.

Theorem III.4. Let q:P ! M be a prinipal Z -bundle with onnetion 1-form � and

urvature ! 2 Z

2

(M; z) . Further let �:G�M !M be a hamiltonian ation on (M;!) . Then

there exists a entral Lie group extension q

G

:

b

G ! G and a smooth ation b� of

b

G on P by

automorphisms of (P; �) suh that q Æ b� = � Æ (id

G

�q) .

Proof. Let

b

G be the pull bak of the entral Z -extension Aut(P; �) ! H by the homomor-

phism �:G! H � D

!

(M). We onsider the ation

b�:

b

G� P ! P; ((g;  ); y) 7!  (y)

of

b

G on P . Sine all elements of Aut(P; �) are smooth, the group

b

G ats on P by smooth maps.

Therefore it remains to endow

b

G with a Lie group struture for whih q

G

:

b

G ! G is a entral
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Lie group extension and to show that for this manifold struture on G the map b� is smooth in

a neighborhood of eah pair (1; y

o

) 2

b

G� P .

To this end, we �rst give a loal desription of the ation. Let U �M be an open subset

of M on whih the bundle P j

U

is trivial. Let �

U

:U ! P be a smooth setion of this bundle,

and A

U

:= �

�

� the orresponding loal gauge potential. We identify q

�1

(U) with U�Z in suh

a way that �(x) = (x;1) for x 2 U .

Let x

o

2 U and y

o

:= �(x

o

). In view of the ontinuity of the ation of G on M , there exists

an open identity neighborhood V

G

in G and an open neighborhood V

M

of x

o

with V

G

:V

M

� U .

Here we may w.l.o.g. assume that V

M

is di�eomorphi to an open onvex subset of a loally

onvex spae.

We endow

b

G with the manifold struture obtained from Lemma III.2. Pulling bak the

smooth setion �

U

to a smooth loal setion of the bundle q

G

:

b

G! G , we obtain a smooth loal

setion

�

G

:V

G

� '

�1

x

o

(U)!

b

G; g 7! (g;  

g

) with  

g

:y

o

= �

U

(g:x

o

)

(see the proof of Lemma III.2). Now the ation map

b�:

b

G� P ! P; ((g;  ); y) 7!  (y)

restrits to a map

(V

G

� Z)� (V

M

� Z)! U � Z; ((g; z); (x; z

0

)) 7! (g:x; f(g; x)zz

0

);

where f :V

G

�V

M

! Z is a funtion for whih all the partial maps f

g

:= f(g; �) are smooth with

f

g

(x

o

) = 1 and f

1

= 1 . This means that

 

g

(x; z

0

) = (g:x; f

g

(x)z

0

); g 2 V

G

; x 2 V

M

; z

0

2 Z:

In produt oordinates the onnetion 1-form � an be written as

� = q

�

A

U

+ p

�

Z

�

Z

;

where p

Z

:U � Z ! Z is the Z -projetion. Therefore

� =  

�

g

� = q

�

�

�

g

A

U

+ q

�

Æ

l

(f

g

) + p

�

Z

�

Z

leads to

A

U

= �

�

g

A

U

+ Æ

l

(f

g

):

From dA

U

= ! we derive that the 1-form A

U

� �

�

g

A

U

on V

M

is losed, hene exat by

the assumption that V

M

is di�eomorphi to a onvex set and the Poinar�e Lemma (f. [Ne00,

Lemma III.3℄). Now there exists a unique smooth funtion

f

z

g

:V

M

! z with f

z

g

(x

o

) = 0; df

z

g

= (A

U

� �

�

g

A

U

) j

V

M

:

Moreover, the expliit formula in the Poiar�e-Lemma implies that the funtion

f

z

:V

G

� V

M

! z; (g; x) 7! f

z

g

(x)

is smooth. Let f

Z

:= exp

Z

Æf

z

. Then

f

Z

:V

G

� V

M

! Z

is a smooth funtion, and the funtions f

Z

g

:= f

Z

(g; �) satisfy f

Z

g

(x

o

) = 1 and Æ

l

(f

Z

g

) =

(A

U

� �

�

g

A

U

) j

V

M

. We onlude that f

g

= f

Z

g

for eah g 2 V

G

. It follows in partiular that the

ation map b� is smooth on (V

G

� Z)� (V

M

� Z).
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If

b

G arries a Lie group struture for whih the natural map V

G

� Z ,!

b

G is a loal

di�eomorphism, the fat that

b

G ats by smooth maps on P implies that b� is a smooth ation

beause x

o

2M was arbitrary.

It therefore remains to see that

b

G is a Lie group. Let us assume, in addition, that V

G

is

symmetri with V

2

G

:V

M

� U . We then have

�

G

(g

1

)�

G

(g

2

) = (g

1

g

2

;  

g

1

 

g

2

)

and

 

g

1

 

g

2

:(x

0

;1) =  

g

1

(g

2

:x

o

;1) = (g

1

g

2

:x

o

; f(g

1

; g

2

:x

0

)):

Therefore

 

g

1

 

g

2

=  

g

1

g

2

f(g

1

; g

2

:x

o

):

Hene the loal group oyle orresponding to the setion �

G

is given by

f

�

G

(g

1

; g

2

) = f(g

1

; g

2

:x

o

):

The smoothness of this funtion V

G

� V

G

! Z implies that multipliation and inversion on

b

G

are smooth in an identity neighborhood. That the left multipliations are also smooth follows

from the fat that

b

G ats by smooth maps on the bundle P , hene on the pull bak bundles

obtained from orbit maps G!M; g 7! g:x

o

, and therefore also on

b

G . Now Lemma III.3 implies

that

b

G is a Lie group.

Remark III.5. To obtain the Lie algebra oyle orresponding to the Lie group struture on

b

G obtained from the point x

o

2 M , we use a bundle hart on an open neighborhood U of x

o

.

With the notation from above, we then have

�

�

g

A

U

�A

U

= f

�1

g

:df

g

on V

M

. For the left invariant 2-form 
 := '

�

x

o

! on G and the loal 1-form �

U

:= '

�

x

o

A

U

we

then have d�

U

= 
, and the loal funtions f

G

g

:= f

g

Æ '

x

o

de�ning the loal group oyle of

b

G satisfy

�

�

g

�

U

� �

U

= Æ

l

(f

Z

g

) = df

z

g

:

The ondition �

U

(x

o

) = 0 means that the image of the di�erential of the loal setion in x

o

is the horizontal spae, and this an be assumed, as an be seen from Step 4 in Theorem II.7.

We therefore see with [Ne00, Th. II.7℄ that the Lie algebra oyle orresponding to the entral

extension

b

G of G is given by




1

(X;Y ) = !

x

o

(d'

x

o

(1)(X); d'

x

o

(1)(Y )) = !

x

o

( _�(X)(x

o

); _�(Y )(x

o

)):

As all loal group oyles obtained by the onstrution in the proof of Theorem III.4

orrespond to equivalent entral Lie group extensions Z ,!

b

G !! G , the group oyles are

equivalent, whih implies in partiular that the orresponding Lie algebra oyles are equivalent

beause M is assumed to be onneted.

A diret argument for that an be given as follows. Let x

0

; x

1

2 M and  a urve in M

joining x

0

and x

1

. Then � : g! R given by

�(X) =

Z



i

_�(X)

!

has the property that 


x

0

1

� 


x

1

1

= d� . Indeed, formula (1.2) implies that

��([X;Y ℄) = �

Z



i

_�([X;Y ℄)

! =

Z



d

�

!( _�(X); _�(Y ))

�

= !( _�(X); _�(Y ))(x

1

)� !( _�(X); _�(Y ))(x

0

):

In [Bry93, 2.4.8℄ and [PS86℄ one also �nds a onstrution of a \Lie group"

b

G via the

pullbak of the group extension Aut(P; �)! D

!

(M), but no argument is given for the Lie group

struture on

b

G and the independene of the point one uses to pull bak the bundle P ! M to

a Z -bundle over G .
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Remark III.6. If the ation of G on M has a �xed point x

0

, then the entral Lie group

extension

b

G ! G is trivial (f. [Bry93, Th. 2.4.12℄). In fat, we have a natural lift e�:G !

b

G

given by e�(g) j

q

�1

(x

0

)

= id

q

�1

(x

0

)

given by taking  

x

0

= id

q

�1

(x

0

)

in the proof of Theorem II.7.

The onstrution above shows that we thus obtain a smooth setion G !

b

G whih is group

homomorphism.

Remark III.7. In [Bry93℄ and [We89℄ one also �nds a disussion of the situation for C =�-

bundles over M , where � � C is a ountable subgroup whih need not be disrete. This should

generalize to the ase where � � z is an arbitrary subgroup.

The bundles onsidered in this setion should be onstruted as follows. Let Z := z=�. On

M we onsider the sheaf S

z

with S

z

(U) = C

1

(U; z), the onstant sheaf S

�

, and the quotient

sheaf S

Z

:= S

z

=S

�

.

Suppose that M is smoothly paraompat. Then the sheaf ohomologies

H

1

(M;S

z

) and H

2

(M;S

z

)

vanish, and the long exat sequene in sheaf ohomology yields an isomorphism

H

1

(M;S

Z

)

�

=

H

2

(M;S

�

):

As the group H

2

(M;S

�

) is isomorphi to the

�

Ceh ohomolgy group

�

H

2

(M;�), we see in

partiular that if � is disrete and Z

�

=

K(1;�) is a CW-omplex, then H

1

(M;S

Z

) lassi�es

the Z -bundles over M . Nevertheless, the group H

1

(M;S

Z

) is de�ned in all ases.

For relations to Souriau's onept of di�eologial groups, we refer to [So85℄ and [DI85℄.
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