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Abstract

It is proved that the Stokes operator on a bounded domain, an exterior domain, or a perturbed
half-space 2 admits a bounded H*°-calculus on L,(Q) if ¢ € (1, 00).

1 Introduction

Let Ag be the Stokes operator in the Banach space L, () of all g-integrable solenoidal vector fields
on a domain 2 C R”. In this article we show that Ag admits a bounded H*°-calculus for a fairly large
class of domains 2 and for all ¢ € (1,00). For an arbitrary Banach space X, the class H*(X) of all
operators admitting a bounded H®-calculus has been studied by many authors [McI86], [CDMY96],
[Fr698], [DHPO1a]. Since it is contained in BIP(X), the class of all operators having bounded imaginary
powers, it enjoys all properties of this larger class. For further information in this direction see [PS93],
[MP97] and [DV87]. For instance, the domain of fractional powers can be determined in terms of a
complex interpolation space. Another reason is the maximal Li-regularity of the associated evolution
equation uy+ Au(t) = f(t). However, there are also useful properties which do not hold true for operators
in BIP(X) but which are valid for operators belonging to H*(X). Among those let us mention that
BIP(X) is not stable under small perturbations. In fact, there seem to be only restrictive perturbation
results known, [PS93]. However, there is a perturbation result for the class H*°(X), whose assumptions
can be verified in the particular case of the Stokes operator.

In 1981 Giga [Gig81] investigated the analyticity of the Stokes semigroup. In a subsequent paper [Gig85]
he considered domains of fractional powers of the Stokes operator and proved that the Stokes operator
on a bounded C'*°-domain has bounded imaginary powers. Consequently, it has maximal L?-regularity.
In [GS91], it has been shown, that one can also obtain global in time L? — L® estimates. The paper
in hand extends the results of [Gig85] and several ways. By checking the details in Giga’s proof one
realizes that it is possible to generalize that result to the H*°-case. This leads to a proof for the bounded
H®°-calculus for such domains. Our approach, however, is more direct and fairly self-contained, whereas
Giga’s proof makes heavy use of pseudodifferential operators and Seeley’s theory on the descripton of
fractional powers of an elliptic system [See71]. Moreover, our result includes unbounded domains which
might be of independent interest as well as domains with merely C® boundary. More precisely, exterior
domains and perturbed half-spaces can be handled.

One can also treat the problem of extending the property of having bounded imaginary powers to the
allegedly stronger property of admitting a bounded H°-calculus by purely functional analytic methods.
This has recently be carried out by Kalton and Weis [KW].

It is known that the class of all operators admitting a bounded H *°-calculus coincides with the (a priori
smaller) class of all operators admitting an R-bounded H®°-calculus if the underlying Banach space has
property (a), see [KWO01] and [CAPSWO00]. Since the space Ly ,(£2) is known to enjoy this property for
any domain Q and any ¢ € [1, 00], we can immediately conclude that Ag even admits an R-bounded H°-
calculus for the domains treated in Section 3. This is relevant for perturbations of the Stokes operator for
the following reason: The classical theorem of Dore and Venni [DV87] yields closedness of the operator
sum A 4+ B if X is a UMD space, both A and B belong to BIP(X), the resolvents of A and B commute
and the sum of the power angles is less than 7. Recently, Kalton and Weis [KW] proved an “assymetric”
version of this theorem, where A is merely assumed to be sectorial, but B admits an R-bounded H°-
calculus.

Our strategy of proving that the Stokes operator Ag admits a bounded H*-calculus in L, ,(€2) is to



apply the perturbation result for the bounded H°°-calculus to the Stokes operator on the bent half-space.
Then we localize the original problem on {2: Cover ) by finitely many balls and treat each ball separately.
Those balls which are entirely contained in {2 turn out to be easy to handle by transforming the problem
to R™. On the other hand, if a ball meets the boundary of €, it is possible to reduce the problem to
the bent half-space case. It is therefore enough to know that the Stokes operator on the bent half-space
admits a bounded H-calculus. Since it is already known [DHPO1b] that the Stokes operator on the
half-space R} admits a bounded H®°-calculus it is quite natural to introduce an invertible transformation
which maps the bent half-space onto R} . This change of coordinates leads to a transformation Az of
the corresponding Stokes operator. By choosing the radii of the aforementioned balls small enough, the
bending function is as close to zero as we please. This implies that also Ay is close to Ag= in the sense
of a recent perturbation result for H°°-calculus due to Priiss. Therefore A7 must also have a bounded
H*®°-calculus which yields the result.

The article is organized as follows. In Section 2 we fix notation and recall some auxillary tools on Stokes
operators, interpolation theory and H-calculus that will be needed in subsequent sections. Section 3
contains our main results. We start in Section 3.1 by explaining the transition from the Stokes operator
on the bent half-space to the operator A7 mentioned above. The subsequent sections contain the proof
of the bounded H*°-calculus for the Stokes operator on the bent half-space, the bounded domain and
the perturbed half-space respectively. Finally, we provide two appendices on regularity properties of the
Helmholtz projection and on the domain of fractional powers of the Stokes operator. These appendices
contain auxillary material which seems not to be contained in the standard literature.

Acknowlegments: The authors would like to thank Jan Priiss and Matthias Hieber for stimulating
discussions which helped to improve this article.

2 Preliminaries

2.1 Notation

Throughout the article we assume that n > 3. Let  C R"™ be an open set, and let m € N. By C™(Q)
we denote the space of all m-times continuously differentiable functions and by C*(Q) its subspace
consisting of all functions in C™ () which are compactly supported. Further, let C°(Q) := {u [q: u €
C*(R™)}, and denote by C;*(€2) the Banach space of all m-times continuously differentiable functions
whose derivatives up to order m are bounded. For g € [1,00], L,(£) denotes the usual Lebesgue space
of all g-integrable functions and for s € R, W*9(Q) is the Sobolev space of order s. If s = m € N and

) 1/q .
g € (1,00), the norm in W#%(Q) is given by [|ul|m 4 := (Z;.n:o Jo |Vfu|qdw) , where V7 is the vector
of all possible j-th order differentials. Moreover, W3 ?(Q) denotes the closure of C°(Q) in W*4(Q).

We shall further need the homogenous Sobolev space WLQ(Q) consisting of all functions u having finite
Dirichlet energy fQ |Vu|?dz, modulo constants. It becomes a Banach space when equipped with the norm

1/q
||u||W1v‘1(Q) = (/&'2 |Vu|qu) .

Its dual space (W4())" will occur frequently and is denoted by W17 (Q), where ¢’ is the Holder
conjugated exponent given by 1/¢+ 1/¢' = 1 and || - ||-1,4 always denotes the norm in this space. For
further properties of these spaces, in particular for the proof of the density of C°(Q) in WL‘I(Q), we
refer to [FS94]. If 0Q is smooth enough, the trace operator defined by v(u) := u [aq maps W*9(Q)
continuously into W*~1/%4(9Q). Its kernel is exactly the space W*¢(Q) N Wol’q(ﬂ). See [Ada78§], p. 215.
For u € Ly(Q) and v € Ly (Q) we use the standard notation (u,v)q := [, uvdz.

Let us remark that we will use the same notations for the corresponding spaces of vector fields on 2. For
a domain @ C R” denote by L, ,(£2) the space of all g-integrable solenoidal vector fields on Q. For the
class of domains treated in this article (see Section 2.2 for the precise definition) is well-known that there
is a compatible family (Pq,q)qe(1,00) Of continuous projections from L,(£2) onto L, »(§2) such that P o is
orthogonal. For the proofs, see [FM77], [McC81], [Miy82], [BM88], [ST98]. The operator Pq 4 is called
the Helmholtz projection. Since we restrict ourselves to those values of ¢ and ¢ remains fixed throughout
the article, we shall write Po for short. Clearly, the range G4(Q2) := (1 — Po)(L4(f2)) is also a closed



subspace of L,(2).

If X and Y are Banach spaces, the space of all bounded linear operators from X to Y is denoted by
L(X,Y), and £(X) is an abbreviation for £(X, X). For any closed operator A in X, its domain and range
are denoted by dom(A) and ran(A) respectively. Its resolvent set is denoted by p(A4) and its spectrum
by o(A).

Finally, Aq denotes the Dirichlet Laplacian in L, (), defined on Wy 4(Q) N W21(1), and Aq = —PoAq

is the Stokes operator in L, , (1), defined on Wy 4(Q) N W24(Q) N L, , (). For details on the Stokes
operator and on the Navier-Stokes equation we refer to the textbooks [Gal98] and [SohO01].

2.2 A priori estimates for the generalized Stokes resolvent problem

We will frequently make use of an inequality for the solution (u,p) of the generalized Stokes resolvent
problem

Avi—Au+Vp = f on Q
(SRP)?,g V-u = g on
yu = 0,

where € is a C3-domain which is either bounded, exterior, R", a bent half-space or a perturbed half-space.
In [FS94], Farwig and Sohr proved the following theorem.

Theorem 2.1 Let 1 < ¢ <00, 0 < 6 <m,n>268>0. Let f € Ly(N), g € WhHi(Q) N W~14(Q)
if Q is unbounded or g € WH4(Q) with fQ gdx = 0 if Q is bounded. Then there is a unique solution

(u,p) € dom(Ag) x WH(Q) of (SRP)?,g and some constant C = C(Q,q,0,0) > 0 such that

IXully + [IV2ully + [1Vplly < CUIFNlG + [1Vallg + [Agll-1.0)

and
IAullq + | = Au+ Vpllg < C([Ifllq + [1Agll-1,4)

for all A € ¥r_g := {2z € C\ {0} : |argz| < 7w — 0} with |\| > 6. Moreover, if @ =R" or Q@ =R} or Q is
bounded, then C is independent of 6.

2.3 An interpolation property for the domain of the Dirichlet Laplacian

We will frequently make use of the following interpolation property for the Dirichlet Laplacian in L,(2):
Ifl<g<oo,0<a<1/2gand Qis as in Section 2.2, then

[L4(92), dom(Ag)]o = W*(Q), (1)
where [, ]o denotes complex interpolation of order . This can be seen as follows: It is well-known, see
[Tri78], that [Ly (), W9 (Q)]a = Wy>1(Q) and [Ly (), W4(Q)], = W1(Q) for all a € [0,1] and all
s > 0. The obvious inclusion Wg"%(Q) C dom(Agq) C W24(Q) therefore implies

Wy t(€2) = [Lqg(Q), W (]2 C [Lg(), dom(Ag)y /s C [Ly(2), WHI(Q)]y 2 = WH(Q).

In particular, the norm in [L4(92),dom(Aq)]y /2 is equivalent to || - [|1,4. By [Tri78], Theorem 1.9.3/1 (c),
dom(Agq) is dense in [L4(2), dom(Ag)]; /2. Therefore we also have

T A Nl om v A ~lte I-1l1,q
[Lqy(Q),dom(A@)]i/2 = dom(AQ)” gt domiaaiyya _ clom(AQ)H I C Wol’q(ﬂ)
= W),
i.e., we have [L,(Q),dom(Aq)]1/2 = Wy?(Q). The reiteration property, [Tri78] Remark 1.9.3/1, gives us
[L4(©), dom(Aq)]a = [Ly (), [Lg(), dom(A)]1 2]z = [Lq (), Wy (Q)]2a = W™ (),

but W24(Q) = Wi*?(Q) by our assumption on «, see again [Tri78], Theorem 4.3.2/1 (a).



2.4 Operators with bounded H*-calculus

Recall that a closed operator A on a complex Banach space X is called sectorial, if it satisfies the following
two conditions:

(i) A is densely defined, injective and has dense range,

(ii) (—00,0) C p(A) and there is some M > 0 such that [[A(A + A) 7| < M for all A > 0.

In this case there is some ¢ € [0, 7) such that the sector
Yo g ={2€C\{0}:argz| <m— ¢}

is contained in p(—A), and sup{|A(A+ A)7!| : A € ¥4} < c0. The smallest such ¢ is called the spectral
angle of A and is denoted by ¢4. Oberserve that o(A4) \ {0} C X4,. Moreover, if A is sectorial, and
¢4 < 7, it generates a bounded and holomorphic Cop-semigroup on X. For instance, the Stokes operator
in L, »(92) generates a bounded and holomorphic semigroup for all domains treated in this article.

A special class of sectorial operators on which we will focus throughout the article is the set of operators
which admit a bounded H®°-calculus. Before we can introduce these operators we need to define for
¢ € (0,7) the space

H*®(Ey) :={h: X4 — C: h is holomorphic and bounded}

as well as its subspace HG°(X4) given by

U (S9) = {h € H=(Sg) : 1)) < C— 2L

S W for some C Z O, s> O} (2)

Let A be a sectorial operator on X with spectral angle ¢4, and let ¢ € (¢4, 7) and 6 € (¢4, ¢). The path

—te?? [t <0,
''R->0C, T ._{ te=i0 >0, (3)
stays in the resolvent set of A with the only possible exception at ¢ = 0. In view of Cauchy’s integral
formula, for h € H§(X4), we may define h(A) by the Bochner integral

h(A) = 2% | - A)~ldy, (4)

which exists according to (2). A is said to admit ¢ bounded H-calculus, if there is some C' > 0 with
[(A)z]| < CllAlloll| ()

for all h € HP(Xy) and all € X. The smallest possible ¢ for which inequality (5) holds is called the
H>*-angle of A and is denoted by ¢. Clearly, we always have ¢ > ¢4. We denote by H*(X) the
class of all sectorial operators that admit a bounded H®-calculus. If A € H*(X), we may define h(A)
for arbitrary h € H>(Z,) by the following method. Put g(z) = 2(1 + z) 2 and let

) = oo [ B e = A7) (L4 474 = () (gl ),

2
initially defined on the dense subspace dom(A)Nran(A4) of X. It is known that inequality (5) is still valid
for those h. Consequently, h(A) extends to a unique element in £(X), again denoted by h(A). Moreover,
it is easy to see that this definition of h(A) is compatible with the definition (4) in the case h € HE*(X,).

The following classes of operators are known to admit a bounded H-calculus: Bounded operators,
normal sectorial operators in Hilbert spaces (in particular self-adjoint operators) and negative generators
of positive contraction semigroups in L,-spaces. For details see the survey article [DHPO1a]. In [DHPO1b],
it has been proved that also the Stokes operator in Ly , (R} ) admits a bounded H*-calculus if 1 < ¢ < oo.



Remark 2.2 For Banach spaces X,Y, a densely defined linear operator A : dom(A) — X and a contin-
uous isomorhism J : X — Y the following easy statements are well-known. For details see e.g. [DHP01a],
Proposition 2.11.

(i) A generates a bounded holomorphic Co-semigroup on X, if and only if JAJ ! generates a bounded
holomorphic Cy-semigroup on Y.

(i) A€ H>®(X)if and only if JAJ ' € H*°(Y). In that case we also have ¢F = ¢5°, ,_..
(iii) A € H>(X) if and only if A=" € H*>°(Y). If this is true, then ¢F = ¢%,.

3 The main result

This section contains our main result which reads as follows.

Theorem 3.1 Letn > 3 and let Q C R™ be a C?-domain which is either bounded, exterior, or a perturbed
half-space. Then the Stokes operator Aq admits & bounded H™-calculus in Ly () if 1 < g < o0.

As already mentioned in the introduction, we get the following slightly stronger assertion for free, because
for 1 < ¢ < 00, Ly +(9) is a Banach space with property (a). For details on R-boundedness and Banach
spaces with property (a) we refer to [CAPSWO00] and to [DJT95].

Theorem 3.2 Under the assumptions of Theorem 3.1, Aq admits an R-bounded H -calculus in L, ()
if 1< g < oo.

We shall prove Theorem 3.1 in several steps. First of all, we may assume that ¢ < 2, the general
case follows by taking adjoints. The Stokes operator Ag, on the bent half-space H, associated with w is
introduced in Section 3.1. It is shown that Ag is similar to some perturbation Ar of the Stokes operator
Ag» on the half-space R} . In view of Remark 2.2 (ii) Ay, admits a bounded H*-calculus if this is true
for A7, which is proved in Section 3.2. In Sections 3.3 and 3.4 the general case is proved by reducing the
problem to the cases already treated before.

3.1 The Stokes operator on bent half-spaces

Given a three times continuously differentiable and compactly supported function w : R*~! — [0, o0), let

Ho = {r = (', 2,) € R 12, > w(a')}

be the bent half-space determined by w, see Fig-

H ure 1. The transformation ¢ : R® — R™ defined
® by ¢(z', x,) := (¢', z,, —w(z")) maps H, onto the
o(x) n—=1 half-space R? = {(2',z,) € R* : 2, > 0} and

‘ R satisfies det ¢'(z) = 1 for all z € R™. Therefore

we may define ®(u) := u o ¢~ for any function

Figure 1: The bent half-space determined by w defined on H,,. Clearly, ® is a continuous isomor-

phism from W#4(H,) to W#4(R" ) and also from Wy (H,) to Wy*(R% ) for s € [0,3]. In what follows,
we shall omit the subscript 2 if @ = R}, i.e. we set P = PRi’ A= AR1 and A = ARi'

Let A € C. Tt is easy to see that a pair (u,p) is a solution of the Stokes resolvent problem
A—Ap ) )u+Vp=f, V-u=0
on L,(H,) if and only if (@,p) := (uo ¢~ po d~!) solves the equations
A= (A+R))i+ (V+R)p=foop !, (V+Ry)-1=0 (6)
on L,(R"}), where Ry, Ry are given by
Ry = |V'w?02 —2(V'w,0) - (VO,) — (A'w)D,, Rs = —0,(V'w,0). (7)



Since
®(Ly(Hy)) = ®(Ly,0(Hy)) © ®(Gy(Hy))

it is natural to introduce the spaces
Coor(RY) = {ueCP(RY): (V+Ry) u=0}
n ool
L, (RY) = @(Lyo(Ho)) = O p(RY)

as well as the projection Pru = ®Py, ® ' which maps L,(R%}) continuously onto L, (R} ). In terms of
this modified Helmholtz projection equation (6) may be rephrased as the operator equation (A + Ag)d =
fo¢ !, where Ap = —Pr(A + Ry), defined on W24(RY ) N W /(RE) N LE, (RY).

One problem in comparing Ag and ARi is that these operators act in the different Banach spaces

LE (R?) and Ly, (R?). To overcome this problem we introduce the bounded linear operator T' in
Lq(RY) by Tu(z) = (¢ (z)u(z) = (I — S)u(x) with

Su=(0,...,0,(V'w,0) - u)

and I being the identity in L,(R? ). Note that 7" is invertible with 7= = I + S. Moreover, it is easy to
check that 7" maps LY (R7) continously onto L, o (R" ) as well as dom(Ag) continuously onto dom(A).

3.2 H-calculus for the Stokes operator on bent half-spaces
In this section we use the notation of the previous section. Our aim is to prove the following:

Theorem 3.3 Let 1 < ¢ < oo and let w : R*! — [0,00) be three times differentiable and compactly
supported. The Stokes operator Am, admits a bounded H™-calculus on Ly ,(H,) if ||wl|cr is sufficiently
small.

This result will proved in several steps. We shall use the fact that the Stokes operator AR1 admits a
bounded H®-calculus which has been proved by Desch, Hieber and Priiss, [DHPO1b], by utilizing the
symmetry of R} to obtain an explicit expression for the resolvent of AR? . We shall apply a recent
perturbation result due to Priiss [DDHT02] to show that AR1 may be perturbed by a purely second order
differential operator without destroying this property, provided the perturbation is relativly bounded with
small enough bound. The main ingredients for the treatment of the lower order terms are the inequalities
for the generalized Stokes resovent problem that have been stated in Theorem 2.1. We start by recalling
the perturbation theorem.

Theorem 3.4 (Priiss): Let X be a UMD space and let A be a linear operator in X which admits a
bounded H -calculus. Let B be a closed linear operator in X satisfying the following conditions.

(i) dom(A) C dom(B) and ||Bz|| < k||Az|| for all x € dom(A) and some constant k < 1,
(ii) there is some o € (0,1) such that B(dom(A'T?)) C dom(A%),
(iii) There is a constant C such that ||A®Bz|| < C||A*%z|| for all z € dom(A+?).

Then A+ B admits a bounded H>-calculus provided that k is small enough.

Recall that a Banach space X is a UMD space, if and only if the Hilbert transform acts boundedly in
L,(R, X) for all € (1,00) and note that every L4 () space with ¢ € (1,00) and € being an open subset
of R" has this property. In order to apply Theorem 3.4 with A being the Stokes operator in R} we
define Ar := TART~! on dom(A) as well as B := Ar — A. From Remark 2.2 (ii) we get that Agy,
admits a bounded H *°-calculus if and only if this is true for Ap. However, we can not apply Theorem 3.4
directly to A and B because the inequality ||Bu|| < k||Aul|| does not hold since Bu contains lower order
derivatives. Therefore we decompose B as B = B; + By where B is purely of second order. First note
that on dom(B)

B = TART'-4
—TPr(A+R)I+S)+T(+S)PA
= —TPRR,T™' —T(Pgr— P)A+TSPA — TPRAS.



With e, = (0,...,0,1) € R* we get for u € W»4(R")

ASu = e, A(V'w-u')

n—1n—1
= e, (V'A'w cu' +2 Z Z(ajakw)akuj +Vw- Au') (8)

j=1 k=1
and

RiT™'w = Ryu+ RiSu
= |V'wl?0iu — Awdyu — 2(V'w,0) - 9,Vu
+en (|[V'WP0iV'w-u' — AwdpV'w - u' —2(V'w,0) - 0,VV'w-u')
= |Vwl?0iu — Awdyu — 2(V'w,0) - 9, Vu
n—1
+ep, (|V'w|282V'w cu' = A'wdp,V'w-u' —2(V'w,0) - Z(V'ajw)anuj

-2 i: i(ajw)(akw)akanuj> . 9)
j=1 k=1

This yields

B =D, + B>
where
Byu = —T(Pgr—P)A+TSPA—-TPg(|V'w[?d2u+2(V'w,0)-8,Vu)
n—1ln—1
—T Pge, (V'w Ay — |V'w|PV'w - 02u' + 2 Z Z(ﬁjw)(ﬁkw)akanuj>
j=1 k=1
and

Bl Z:B—B2.

Since Bsu contains only second order derivatives of u we may write

By =-T(Py — P)A+TSPA+TPy Y anD* (10)

|o|=2
with certain matrices a, € CZ(R*~1)"*". Similarly,
By =TPr»_by0y + TPre
k=1

with by € Cp (R*™1)™*" and ¢ € C.(R*~")™*". Due to (8) and (9) we get for [|w||cs@n-1) <1

Z laalloo < Cllwllop@n-1), (11)
lo|=2
Z bkl < Cllwllczn-1), (12)
k=1

llelloo < Cllwlles@n-—1y- (13)

In what follows, we will apply the perturbation Theorem 3.4 only to B, whereas B; will be treated
directly. To estimate the first term in (10) we need the following lemma.

Lemma 3.5 It holds
I(Pr = P)ully < ClIV'wlloollully

for all u € Ly(RY).



Proof. As is well known, see [Gal98] p. 107, we have Pu=u — Vp with p € WL‘I(R’}F) being the unique
solution of the weak Neumann problem

(Vp, V) = (u, V), o€ WHI (RY), (14)
where (-, ) denotes dual pairing. Similarly, Pru = u—(V + R2)pg, where pg solves the following problem:
((V + Ra)pr, (V + Ro)p) = (u, (V + Ra)g), o € WH(RY) (15)

(observe that W14 (R} ) = {p € Ly 10c(R}) :A(V ,+ Ry)p € Ly 10c(R} )} modulo constants, since [|(V +
Ry) - ||q and ||V - || are equivalent norms on W4 (R} )). From (15) we conclude

(Vpr,Vy) = (u,(V + R2)p) — ((Repr, Vo) + (Vpr, R2¢) + (Rapr, Ra2y))
(u, Vo) + (u, Ra) — ((V + R2)pr, Ra) — (R2pr, V). (16)

Subtracting (14) from (16) yields
(Vpr = Vp, V) = (u,Rap) = ((V + R2)pr, R2) — (Rapr, V).

Since Vpgr,Vp € G, and G| = G, we get

IVpr — Vb,
= sup  |(Vpr — Vp,9)| = sup |(Vpr — Vp, V)|
PEG 1,9l =1 peEWLY ||Vl =1
< ~sup (llullgllR2llgr + IV + Ra)prllgl|R2plly + | RoprllglIVeolly)
peWLA ||Vl =1
< ~sup IV'@lloo (lellgll@neplly + 1V + R2)prllgllOnelly + 10nprIlgIVelly)
peWLA ||Vl =1
< IV'0lloo (Jullg + 1V + R2)pally + 10nprll) -
Since
10nprllq < Cl[(V + R2)prlly = Cll(1 = Pr)ully < Cllull,
we obtain the desired estimate. O

With this lemma at hand it is not difficult to verify the first condition of Theorem 3.4.

Proposition 3.6 Condition (i) of Theorem 3.4 holds true for A being the Stokes operator in L, ,(R")
and By defined by identity (10), provided that ||w||c1mn-1) is small enough.

Proof. First note that dom(B) = dom(A) by the definition of B. We will treat the three different terms
in (10) separately. Let u € dom(A). By the preceeding lemma and Proposition B.1 (b) with k£ = 2, the
first term can be estimated as follows.

1T (Pr — P)Aully < Cl[V'wllsollAully < ClIV'w]|ool| Aull,-
The corresponding inequality for the second term is trivial:
ITSPAullg < ClIV Wl Aullg-

In view of inequality (11) and Proposition B.1, the third expression in (10) has the following upper bound:
ITPr ) aaDully < C Y llaallollDully < Cllwllep mn-n) | Aully.
|a]=2 |a]=2
These inequalities together immediately prove the assertion. |

In order to verify the second and the third hypothesis of the perturbation theorem we need the following
lemma which follows easily from Sobolev’s inequality. Recall that Sobolev’s inequality states that for
n € Nand g € (1,n)

Hu”Lq*(R") < COlIVullp,@ny, u€ WHY(R"),

where ¢* is the Sobolev-conjugated exponent given by 1/¢* =1/q — 1/n.



Lemma 3.7 Letn >3, ¢ € (1,n —1). For any a € C{(R"') with compact support there is a constant
C > 0 such that
IV(aw)l|L,@r) < ClIVullL, e

for all u € WL‘I(RQI_). On the LHS, a has to be regarded as a function of n variables in the obvious way.
Proof. Since V(au) = aVu + uVa it is enough to prove that ||u8ja||Lq(R1) < C||Vu||Lq(R1). With

K = supp(a) we get

o0

[udjally @n) = lu, 20) 0500, gn—nyd2n = [ Nlu(s 20)85a0)NIL, (1) dn
o) ; SR ; (1)

C/O llu( zn)lIL, (5 dn-

Denoting by ¢* the Sobolev-conjugated exponent, the calculation continues and Sobolev’s inequality
yields

IN

IN

C/O luCrmn)llE . ydon < c/o a2l gnmry dn

||u8ja||%q(Ri)

IN

C [ IVl ez = CIT, o

For fixed A > 0 and any function u defined on R’} we set
(Jau)(z) = u(Ax).

Observe that Jy is an isomorphism in each of the spaces W*4(R}), s > 0, ¢ > 1 with JA_1 = Ji/x
Moreover, it is also an isomorphism in L, , (R’ ) and in dom(A®) with o > 0 because J) commutes
with the Helmholtz projection P. For any bounded operator K in Ly(R7} ), define K\ € L£(Ly(R")) by
Ky = J;lKJ,\. Because of

VEIN=AALVE, keN,

we have for u € Wh4(R7 )
k
[Ixtllkg = A7) N[V ully. (17)
j=0
This gives us for k£ = 0 the inequality

1Exully = (173 K Iully = XK Tyully < XK g g@ny 1 Ivulle = 1K ey llullg:
By symmetry we also get [[Kull; < [[Kxllz(z,rn)llullq- Hence we even have

1B 2L @r)) = 1Kl (r,mn))- (18)

We shall further need an expression for the commutator between Jy and fractional powers of (A + p),
where p € p(—A). Commuting Jy with the Stokes operator yields

(A4 @Iy = (=PA+p)Jx = (=X PIA + p) = NN A + p),
which implies
(A+p) "= DN A+p)
By induction we deduce
(A+p* I = WA+ p)”
for all k € Z and A > 0. Since A admits a bounded H*-calculus, so does 74 for r > 0, see [DHP01a].
By this fact we obtain the same equality for 0 < a < 1:

L (n+2)"%z—A)tNhdz

A —
(A+p) %Iy 31 /.

_ L —a _ 12 —1
= 5 F(u-i—z) Ja(z = AA)"dz

= HOWA+ )



where I is the contour defined in (3). Writing s € R as s = k —«a with k£ € Z and 0 < o < 1 it follows
(A+p)*Jy=(A+ A+ p) I = LOZA+ ) (VA +p) = = (N2 A+ p)* (19)
for arbitrary s € R, A > 0 and p € p(—A).

With the aid of Lemma 3.7 we can prove the following proposition which establishes the key-estimate for
verifying the remaining assumptions of the perturbation Theorem 3.4.

Proposition 3.8 Let A > 0 be fized and let 1 < g < n — 1. Define By » := J; ' Ba.Jy on dom(A). Then
827)\(d0m(14)) C Lq’a(]Ri) and

(a) 1B2A(A+ 1) ully < CXlully, u € Ly o (RY),
(0) 1B2A(A + 1) ullig < ONlullaom(arrz), u € dom(AM/?).

The constant C' does not depend on .

Proof. We first rewrite By as

B, = —T(Pr—P)A+TSPA+TPg Y aaD*=TPr(-A+ > a,D%) +T(I + S)PA

la|=2 |a|=2

= TPp(-A+ Z aaD®) — A.

|a]=2
From the last line it can be read off that By )(dom(A)) C L, . (R7}).
(a) According to (18) we get for u € L, (R} )

B2 (A + 1) ully

I HTPr(=A + Y aaD®) — A)Ja(A+1) tul,

o =2

< WNIT PRIV ATA(A + 1)t

I T PR Y aadaJy "D IA(A + 1)l

o =2

I PINI S PATN(A + 1) T |,

< Ol ANA+D) Ml + D 1T DUIAA + 1)l
la|=2
< ON [ AA+D) Mully+ D ID*(A+1)  ull,
loe|=2

< ONfully

(b) Since g € (1,n — 1) we may apply Lemma 3.7 to obtain for u € Wh4(R%)
IVTully < [[Vullg + [[VSully < [[Vullg + ClIVully < Cl[Vullg-

The same argument applied to a, gives us

IV > aaDull, < C|VPully,  uwe WHI(RY).

o =2

Because ||(V + Rz) || and ||V - ||, are equivalent norms on W4(IR'} ), it is easy to see that the regularity,
proved for Py, in Appendix A.3, holds also true for Pr = ®Py_®~!. This implies together with the
above two inequalities

IVBox(A+ D)7 ully, = (IVITHTPr(-A+ D aaD®) — A)Jr(A+ 1) ull,

lo|=2

10



= NYATYV(IPr(-A+ Y aaD*) — A)Jr(A+ 1) ull,

loe|=2

IN

ATiHn/a <||VTPRAJA(A +1) Lu,

+HIVTPr Y aaD*IA(A+1) 1l

|a|=2
+|[VPAJN(A + 1)—1u||q>

< ONTHa3||VE I (A + 1),
= ONFY9Y V3 (A + 1)L,
= ON[V3(A+ 1) ull,

In view of Proposition B.1, we can further estimate this last expression and obtain
IVBaa(A+1) Mull, < ON|A%2(A+1) ull, = CR[A(A + 1) AV 2|, < OV A 2ul],.
This together with part (a) implies the assertion of (b). O

Proposition 3.9 Let1 <g<n-—-1andlet0 < a< %. Then conditions (ii) and (iii) of Theorem 3.4
hold true for A being the Stokes operator in L, (R} ) and B = Bs.

Proof. Since A admits a bounded H *°-calculus it obviously has bounded imaginary powers which implies
by [Tri78], Theorem 1.15.3 that

dom(A®) = [Lg,s (R} ),dom(A)]4,

where [, -], denotes complex interpolation of order a. By general properties of interpolation functors
(see [Tri78], Theorem 1.17.1.1) we have

[qua(Ri),dom(A)]a = [qua(Rﬁ_),dom(Alﬂ)]ga = [Lq(]Rf_),dom(A)]a n qua(Ri)-

1

The interpolation space on the right hand side is known to be W2®¢(R?. ) by our assumption 0 < a < 3 77

see Section 2.3. Therefore we have
dom(A%) = WQO“‘I(IR{i) NLy.(RY).
By similar arguments we see that
(L (RL), WHI(RE ) 0 Ly (R oo = WES(RE ) () Ly o (RY ) = dom(A%).

Proposition 3.8 implies that By (A + 1)7! is a bounded operator in L, ,(R%) and also from
dom(AY?) to WEI(R?) := WHI(R?) N Ly, (R?). Again, by interpolation it is also bounded from
[Lg,o(RY),dom(A"?)]q to [Lg,e (R ), WEI(RY )]2q, ie.

By A (A + 1)~ € £(dom(A%))
with

1B2A(A + 17l 2 (dom(a))

IN

1B (A + D) 7HIZ L,y 1B2a(A+ 1) 71|
CN2.

12«
£(dom(A/2),WE(R))

IN

By putting A = 1 we see that
Bs(dom(A'T)) = By 1 (dom(A'T)) = By 1 (A + 1) (dom(A%)) C dom(A4%),

proving that condition (ii) of Theorem 3.4 is satisfied. For the proof of condition (iii), we use the scaling
method introduced in [McC81] and [BM88]. For u € dom(A'**) let v = (A + 1)u. By using the fact that
II(A+1)%-||; and || - [|[gom(4=) are equivalent norms on dom(A®), see Proposition B.1, we get

A+ D*Bepull, = [(A+1)*Baa(A+1) " lly < ClIBea(A+ 1) 0lldom(as)
ON[[vllom(a=) < CX[I(A+ 1)%ly = CN?[[(A + 1) T ull,.

AN
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Next, for arbitrary w € dom(A4), define u € dom(A®) by u = J, 'w. Then

A+ X)*Bywlly = NATYITH AT A+ 1) Bow|),
Aza_"/qH(A + 1)04‘])\7132!])\!])\71“)”11
A2O4|(A + 1) Ba,aullg
O/ 2| (A + 1) |
C/\_n/q+2a+2||(A + 1)1+°‘J/\_1w||q

= CATVIReR| T AT A4 )
= CO|N*T2(\2A+ D)),

= Ol(A+ )l

IN

Passing to the limit A — 0 yields
14° Bywlly < CllA™w]l,,

i.e., condition (iii) of Theorem 3.4 is verified. O

Proposition 3.6 und 3.9 now immediately imply the following.

Corollary 3.10 Let 1 < q <n—1. The operator A+ By admits a bounded H>-calculus on L, ,(R?) if
lwllorrn-1y is sufficiently small.

Proof. (of Theorem 3.3). Of course we want to apply Corollary 3.10. Therefore we first assume
g<n-—1. Let ¢ € (¢, 7), and fix 0 € (¢4, ). By I'r g we denote the contour

T,r=1{se? :se[r,R}yU{se™™ :5¢€[rR]}
for 0 <r < R < 0. Now we write
1

2mi

/h(/\)(/\—A—B)’ld/\: 1 h(A)(A—A—B)*ldHi/ RO\ — A — B)~1dA
r ' oo

2mi Jr, 2mi

and start by examining the latter integral on the RHS which turns out be easy to handle: By the resolvent
identity we get

A=—A-B) ' '=0-A-B) '+ (\-A-B)'Bi{(A-A-B)~"

It is easily seen that Gagliardo-Nirenberg’s inequality (see [Fri69] and Appendix A.2) implies together
with Theorem 2.1 that
V(A = Ai) ey o (mo)Lo(m)) < CIATH2

Therefore
A=A = B2) ™' BiA — A = B) Mg, () 1y (110)) < CIA| 72

for all A € C\ £y, with |A| > 1. Therefore we obtain

< Cllblloollfllyn)s  F € Lo (RL), h € HZ(S,).
Ly(R7)

1 -1
/F h(A)(A — A — B) "1 fdA

2mi

1,00

This gives us

1
L / B — Ap,) " fdA < Ol e it

2w

1,00

Lq(Hes)

for all f € L, ,(H,) and all h € H>(Z,) since we may write Ay, = 1T (A + B)T®, where T and
® are isomorphisms.

The case |A| < 1is more involved. Here we reduce the bent half-space problem to problems on a half-space
and a bounded domain through a localization. Let R > 0 such that H, \ Bg(0) = R} \ Bg(0). We choose
a cut-off function ny € C°(R™) satistying 0 < g < 1, o = 1 on Bgr(0) and supp(ny) C B2r(0) and set
n := 1 —1p. Further, we put ; := R} and choose a bounded domain Q C H,, with Bog(0) N H,, C
and such that 89 is C®. See Figure 2 for an illustration of this construction. For f € L, ,(H,), let

12



R™

Figure 2: Resolution of the unity subordinate g, €2y

(u,p) € dom(Ag,) x WH4(H,,) be the unique solution of the Stokes resolvent problem (SRP)?S. It is

easy to see that the pair (nju,n;p) solves the generalized Stokes resolvent problem (SRP) S where
fi =n;f —2Vu-Vn; —uln; +pVn; and g; = uVn;. In order to apply previous results on ‘the Stokes
operator Aq, we have to split the solutions (uj,p;) of the above problems in the following way:

(nju,nip) = (vj,pj) + (w;,p}),

with (vj,p}), (wj,p}’) being the unique solutions of (SRP)P 15,0 and (SRP) respectively.

(I—Pa;)fi95°
Since (I — Pq;)f; € G4(£;), it can be written as the gradient of a function ¢ € leq(Qj), ie.

(I = Po;)fj = V.

Hence, w; can also be regarded as the unique flow of the problem (SRP)&J_ with pressure p} — ¢;. For
this reason we have to look at the two integrals on the right hand side of

Mnudd = [ hNodd+ [ a(Nw;d\,  §=0,1. (20)
Fo,1 Fo,1 Lo

We begin with the case j = 0. Clearly, fo satisfies the estimate
lfollL,00) < C (IfllL, oy + VUl (o) + ully o) + 1Pl Ly (00)) -
Since u € W' (H,), it follows from Sobolev’s inequality
lullz,(20) < CllullL,. ) < Cllullz,. ) < ClIVullL,(a.,)

and by Poincaré’s inequality
PNz, 20y < ClIVPI L, 00

because we may assume fQo p(x)de = 0. In view of Theorem 2.1 we get the estimate

1follLy(2o) < C (I llLycann) + IVullz, ) + 1VPlL ) < C (2+ \/W) Nl g

for all A € C\ ¥4, with |A| < 1. Hence, having in mind that 0 € p(Ag, ), we know that ||(A — Ag,) ]| <
C/(1+ |A]). Therefore we obtain for the first integral in (20)

I h(MvodA|lL, 0 = |l h(A) (A = Aqy) ™ Pa, fodAll L, ()
I'on T'o1 ) ,
< Ol [ gy Mol ds
o
< Cllle | e (1 72 ) @5l
<l
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forall f € Ly ,(H,) and all h € H>°(X,). For wo we have according to Theorem 2.1 and again Sobolev’s
inequality the estimate

C
lwollLy20) < Cllgoll-1,4 < Cllgollz,(20) < Cllullz,. () < ClIVullL, ) < \/—|7|||f||Lq(Hw)- (21)

This implies for the second integral in (20)

| g h(NwodAl|L, o) < CllblleollFllL, s
0,1

for all f € Ly ,(H,) and all h € H>(Xy).

In the second case, j = 1, we have to treat the terms of f; separately. For each ¢ € (1,00) there exists
a € (0,1) and g1 € (1,q) satistying

1 1 2 1 2c 1
—=a|l——=)4+(1l-a)—=—-——+—.
q q1 n q1 n q1

Therefore we may apply Gagliardo-Nirenberg’s inequality, see [Fri69], Theorem 9.3 for the R™ case and
Appendix A.2 for the half-space case. Using the fact that P is bounded in each L,(R} ), 1 <r < oo, we
obtain

1A = AT P(Vu- Vi), ey
<OV = AT P(Vu- Vi), @)l = A7 P(Vu- Vi)l e
< CAI*HVu- Vlle,, ®e)-
Because of suppVn; C Q¢ we further get
IVu- Ve, @y < ClVullz,, @0 < ClIVullL,. 90 < ClIVullL, ). (22)

Consequently,
1A = A P(Vu- Vi), < CIN ISl ) (23)

for all A € C\ ¥,, with |\] < 1. For the terms (A — A)™' P(uAmn), (A — A)~'P(pVmn) one gets in a
completely analogous way an inequality like (23). This time, instead of (22), one has to use

|z, @) < Cllullz,..m) < CIVUllL,. ) < ClIVullp,r), (24)
which we can get by applying Sobolev’s inequality on H,, (see Appendix A.1) and
Pl L, (20) < CIIVDIIL,(92)

respectively. With these preparations we obtain

I hedN e = I BV~ 4) P AN, )
FO,I FO,I

< [ B0 AP
0,1

+ | h(A)(\ — A)_1P(2VU -V + ulAn + me)d/\||Lq(R1)
Ton

1
< c@wmwmwm+wwmﬁsawﬂm%w@)
< ClllolFlloa)

for all f € Ly ,(H,) and all h € H>°(X4). The estimate of the wq-term is completely analogous to the
case j = 0.

Summarizing, we obtain

I g RN = A )T M, @y = |l g h(NudAl| L, (a.)
0,1 0,1

h(AN)njudA|| L, (m,)

IA
|'M
—

IN

Cllalloo I f 1]z (1)
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forall f € Ly ,(H,) and all h € H*°(X,). This proves the assertion for ¢ € (1,2). The case ¢ = 2 is clear
because Ag,, is self-adjoint in Ly ,(H, ). The general case follows from the case ¢ < 2 by taking adjoints.
(|

3.3 H>-calculus for the Stokes operator on bounded domains

Let © be a bounded C3?-domain. It is well known that in this case 0 € p(Agq), which immediately implies

1
15—

57 RA)A = Aa) 7 ANl 2z, . (2)) < Clihlloo (25)
e Ton

for all h € HF(Xy) and some ¢ € (0,7/2). Hence it suffices to consider the case |A] > 1 to which we
want to apply the following localization method which is described in more detail in [SS]. For some ¢ > 0
to be fixed later, consider the open covering of 92 consisting of all open balls Bs(z) of radius d, centered
at z € Jf). By assumption, 0f) is compact, so we have

N

o0 C U Bg(.%‘j)

j=1

for some N = N(0) € N and certain z1,...,zx € 9. Choose an open subset Qq of {2 such that Qo C
and Q C Qo UYL, Bs(x;). Put Q; := Bas(z;)NQ, j =1,...,N, and let n; € C2(R"), j = 1,...,N,
be such that n; =1 on Bs(x;) and supp(n;) C Bas(x;) as well as g = 1 on Qg and supp(ny) C Q. Next,

w(x)

X

Figure 3: The localization method

for given f € L, ,(Q), let (u,p) € dom(Ag) x WH4(Q) be the unique solution of the Stokes resolvent
problem (SRP)?,O. We get the localized equations

. /\nju — Anju + anp = fj on Qj,
(SRP);! Venju = g; on
ymju = 0,

j=0,...,N, where f; =n;f —2Vu-Vn; —uAn; + pVn; and g; = uVn;, which shall be reduced either
to the bent half-space case (j = 1,...,N) or to the R* case (j = 0). To do so we have to rotate and
translate the localized problems. However, it is easy to see that such transformations lead to an equivalent
Stokes resolvent problem. For example, if U and P solve the Stokes resolvent problem (SRP)%G on
some open subset ) C R® and z := Vi := OF + z, where O is an orthogonal transformation, then

U(%) := O'U(VE) and P(&) := P(VE) solve the equivalent Stokes resolvent problem (SRP);};Q on

V—1Q where F(&) := O'F(V#) and G(%) := G(VZ). Thus, for simplicity, we shall omit this kind of
transformations in the sequel.
Since 9 € C? we can, by choosing § small enough, for each j = 1,..., N find a function w; € C3(R*~!)
such that (with H; = H,,;)

Qj CHj, BQg(SL’j)ﬂ@QC@Hj
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and ||lwj|lcr < k with k£ as in Theorem 3.3. Thus, by extending the localized functions by 0 we can
regard every localized equation as Stokes resolvent problem on H;, where Hy := R". We cannot apply
Theorem 3.3 directly, because divn;u = g; # 0 in general. Therefore let L be the solution operator of
the problem

1-Aw+Vp?Y = 0 on H,
V.-w = ¢g on H, (26)
yw = 0,

where H may be any domain in R™ satisfying the assumptions of Theorem 2.1. According to [FS94]
Corollary 1.5 the operator

L: W S(H)YNWY(H) - W1(H) N W, (H)
if H is unbounded or with Ly o(H) := {u € Ly(H) : [, udx = 0}
L:Lyo(H)NWY(H) = W(H) N W, ' (H)
if H is bounded is continuous and satisfies in any case both of the following estimates:
ILglly < Cllgll-ry  and  [IZgllay < Cllgl-14 + V9]l (27)
for all g € dom(L). Now we set w; := Lg; and v; := nju — wj, i.e., we write n;u as
nju = v; + w;j, j=1,...,N.
The v;’s satisfy the equations

()\—A)vj—i—V(njp—pwj) = f] ( )wJ
= Pu,;(fi + 1= Nw;) + (I = Pu;)(f; + (1 = Nw;).

Now (I — Py, )(fj + (1 — AM)wj) is a gradient field, so it can be written in the form
(L = Pr;)(f5 + (1 = Nw;) = Vg;

for some ¢; € Whi(H i), 7 =1,...,N. Thus v; can also be regarded as the Stokes flow of the unique
solution (v;,n;p — p*7 — g¢;) of the generahzed Stokes resolvent problem (SRP) o (34 (1 \w;),0 . Conse-
quently
vj = (A, + N7 P (f + (1= Nwy)
The identity
/\(AHJ. + A)_lijwj = PH].U)]- — AH]. (AH]. + A)_lijwj

gives us the following formula for n;u
nju = vj +wj

= ()\ + AHj)_lijfj + ()\ + AHj)_lij’LUj + AHj ()\ + AHj)_lij’LUj + (]. - PHj)wj,
(28)

j=1,...,N. We treat these four addends separately and begin with the second one. Since Vun; is
compactly supported, we get by (27) and Poincaré’s inequality

lwille, ;) = [1Lgjlly < Cllgill-1.0 = Cllu-Vnll 1,4
= sup / uVn;¢ de
YEWLA' (H;),|| V|| =1 |/ supp(n;)NQ
< ¢ sup [ellzg @) 1L (supp(ni)ne
$EW LT (H; ), |Vl =1
< Cllullp,@) < CINTHIf L@

This implies

- 1 1
I+ Ay ™ Prywjllg ) < CWIIPijJ'IILq<Hj>SCWIijlqu< 1fll,

|>\|2
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for A € ¥4, |A| > 1. Hence

1
5=

o h(A)(A — AHj)_lijwjd’\HLq(Hj)

'

1 -
2 g hN((=X) + Am,) ™ PrywidN| 1, ;)

CllplloollfllL (2 (29)

IN

for all h € HP(Zy), j=1,...,N.

The remaining three addends are more involved. For the first one of (28) we need the following prepa-
rations. For a bounded domain G C R" we use the following identification of the homogenous Sobolev
space

WhI(G) = WH(G) N Leo(G).

We want to remark that for an arbitrary 2 C R™ and G C Q for every p € WLQ(Q) it is always possible
to choose a constant ¢ = ¢(G, p) such that pg = p + ¢ € Ly 0(G). The next lemma states an extra decay
in A of the pressure of the Stokes resolvent problem.

Lemma 3.11 Letf € (7/2,7), 1 < ¢ < 00, @ CR" as in Theorem 2.1 and (u,p) € dom(Ag) x Wh4 the
unique solution of the Stokes resolvent problem (SRP)?,O, where f € L, (). Then, for each o € (0, 217)
and for every bounded domain G C Q of class C'** we have

lpclle, oy < CINTfllLy.. ) AEXy, [A>1

with some constant C' = C(G,a) > 0 independent of A and f.

Proof. It is easy to see that (Ly0(G))" = Ly o(G). We estimate (pa, ) := [, pay for an arbitrary
¢ € Ly o(G). According to [Bog79], [Bog80] or [Gal98], for every ¢ € Ly o(G) there is a solution

@€ Wol’q, (G) of the divergence problem

V-¢ = ¢ onGG,
¢ = 0 onddG,
with
18l (@) < Clielle, (@ (30)

Since ¢ € W, "?(G) we may regard ¢ also as an element in W4(Q). Using
Vpa(z) = (I — Po)Au(x), z € 1,

which can be obtained by recalling Vpg = Vp and applying (I — Pg) to the first line of (SRP)?,O, we
may calculate

(pG7(10)G = (pG7 V- ¢)G = _(va7 ¢)G’ = _(va7 ¢)Q
—((I = Pa)Aqu, ¢)o = (—Aqu, (I — Po)g)a-

Since —Ag has bounded imarinary powers, (see e.g. [PS93]) we get by the interpolation property proved
in Section 2.3 that
dom((—Ag)?) = [L,(82), dom(~Ag)]s = W221(0)

for ¢ € (1,00) and a € [0, 5-). Since Po € LW (1)), see [Fra00], we have
(I — Po)p e WhHe' () € W27 (Q) = dom((—Aq)®).
Hence, the above calculation yields together with inequality (30)

lpa, el = 1((—Aa)' "%u, (—Aa)*(I — Pa)d)al

< (=Ae) YUl @ I(=A0)*( = Pa)¢llL,, )
< Oll(=2) " ull @ I = Po)llwre o

< Cl(=Ae)' ullz @ l1ollwre q)

< Oll(=2a) " ull @ llellL, 4@
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To estimate the term (—Aq)!™%u we write u in the form u = (A — Ag)"!(f — Vpg) and obtain by a
simple interpolation argument and Theorem 2.1

1(=Aa) " ullp, ) = [(=Aa) (A = Aa) ™' (f = Vp&)llL @) < CIA*IfllL, @)
for all A € Xy, |A| > 1. This gives us

|(pa, P)al < CIAT I fllz @ llell, o)

for all ¢ € Ly o(G). Consequently,

ba,
L 0(G) = SUP 7“ SO)

< O[Sz,
@EL i 5(G),0#0 ||<P||L 7o

and the lemma is proved. |

With the above lemma it is easy to verify the desired estimate for the first addend of (28). We have
()\ — AHj)ilij fj = ()\ — AHj)ilij (Ujf —2Vu - an — uAnj +pV77j).

We may set p = pg since p € WL‘I(Q), where G C Q shall be a bounded domain of class C? satisfying
Qnsupp(Vy;) C G for all j =0,...,N (in the situation here we can choose G = ). By using the
bounded H*°-calculus of Ag;, j =0,...,N, Theorem 2.1 and Lemma 3.11 we may estimate

57 [ PO = Am) ™ Pa, Ny

1
< llgrs [ PO = Am) Py N

27 Il

1
gy [ O = i) P (<2Vu- V= ua + V)AL,
*1/1 1

< CPlsoll £z ) + 1Plloo s stas ™t I fllz,(c)ds
< Clhllooll flloye (31)

for all h € HP(Zy), j =0,..., N, and any fixed a € (0, 5 57)-

For the third addend of (28) we write w; as
w; = LMVUJ.’LL

where My, u := Vn; - u. The estimate for the operator K; := LMy, stated in the next lemma will be
useful.

Lemma 3.12 Let 1 < ¢ < o0, Hj, K; and G C () defined as above. Then for some constant C = C(G)
it holds
1K ullwracay) < Cllullz,c

for allu € Ly(G) and all j =0,...,N

Proof. Set G; := QN suppVy,. For ¢ € WH4(H;) N CX(H;) with ij dxz = 0 we have by Poincaré’s
inequality

IVnillwraa,y < ClIVYlL, ;) < CIVYIL, ;) (32)
This yields

| S, (w0 Vm')wdwl
sup

YeC (Hy) ||V¢||L

— sw | Jou- Vﬁﬂb Olﬂc| ||V77ﬂﬁ||wlq
vecsy) IVitllwiae  IIVYllL,m

||Manu||W71,q(Hj)

IN

Cllull(wr.aayy
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for all uw € WH4(G) C (WL‘I(G))’, j=0,...,N. Together with (27) this leads to

||Kj“||Lq(Hj) ||LMV77ju||Lq(Hj) < CHMV"J'UHW*L‘?(HJ')

IN

CHUH(WLQ(G))’
and
C (15wl .01y, + IV M ull, 1))

C (lullwra(ayy + IV(Vn; - wllp, ;)
Cllullwra(a)

14 ullwz.a ()

ININ TN

for all w € WH4(G), 5 =0,...,N. Since WH4(G) is a dense subspace of (WLq(G))’ the first inequality

above implies that K; can be extended to a bounded operator from (Wl’q(G))' to Ly(H;). From the
second one we get that K; is also bounded from W4(G) to W>4(H;). By interpolation, K; is also

bounded from Ly (G) = [(WUI(G))’ , Wl’q(G)} g O W) = [Lo(Hy), W (H)layz forj =0, N,
which yields the assertion. O
Using the fact that Py, € L(W?(H;)) and again the identity

. 1
dom(Afy) = [Laq (H),dom( A, o = W2 (H,), o€ [0,5)

(see also, [Tri78] and [Fra00]), we deduce, if we set o := 41—q, say,

Pryw; € WH(Hy) € W?9(Hj) = dom(A%, ).
By a simple interpolation argument and Lemma 3.12 we get

|Am,; (A — AHj)flijijLq(H]—)

1A%, (N = Awy) "t AGy, Prywyl| )

< O A, Paywillz ) < CIN | Prjw;llweeaa ;)
< O Pa;willwracayy < CIATwillwiaca;)
= CINTYKullwram;) < CINTullp, @)
< CINTI Mg
for |A] > 1. It follows
”2%' /F WAy (A = Awy) ™ Pry i, ;) < Clibllool fll g 0 (33)

1,00

for all h € HE(Xy), j=1,...,N.

The estimate for the fourth addend of (28) will follow from Lemma 3.13 below. Because we will need a
similar estimate in the next section, we state this lemma, just as we did with Lemma 3.11, in a more
general form as is needed here. Let 2 C R" be a domain which fulfills the assumptions of Theorem 2.1.
For f € L; (), let (u,p) the unique solution of (SRP)%O which exists according to this theorem.
Further, let ¢ : R* — R be a smooth function such that V¢ has compact support, suppVe N Q # @, and
let @ C R™ be a (possibly unbounded) domain such that  NsuppVe C Q and Q2 NsuppVy C 9Q).

Lemma 3.13 Let L be the solution operator of problem (26) on the domain Q. Then, for the trivial
extension of u -V on Q (also denoted by u - Vi) we have u -V € dom(L) and
1
5 [ BVL o)A z,(0) < Clhllel o
™ Jp
for all h € HE°(X,) with some constant C that may depend on ¢ but not on f.

Proof. We have u- Vo € W=14(Q) N WL4(Q) if Q is unbounded, since u - Vi has compact support.
Assume for the moment that f € dom(Ag). Then we may write for h € H§®(Z,)

1
21

_ o, L AN
/Fh(A)u-chd/\—ch-h(AQ)f—Vap- 2m,/rlﬂ(x Ao)LdA(1 + Ag)f.
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By this representation it is easy to see that we also have

* h(Nu - Vd € W54(Q) N WhH(Q).
N

21

If @ is bounded we use
u-Vo=V-up

to get in view of up [sg= 0 and the Gauss Theorem that
1
u- Ve, 2—7”/ h(A)u - Vdh € WH(Q) N Ly o(Q).
r
The continuity of L implies together with (27) that

||2m/ hNL(u-Ve)dM, @ = [1L(Ve-h(Aa)f)lls < ClIVe - h(AQ) fll-1.4-

To estimate the norm on the right hand side recall that supp(u - Vo) C Q. By (1) and the identity

) a
dom((—Aq)®) = [Ly (), dom(—Aq)]e = W24 (), a € (0, 5 5, we get for 1 € C°(Q)

(Vo hafvlg = (Ve (+doizs [ R0 -a0ans)

_ ((1_%)%/ RN 4 1d/\f,PQwV<p>

1+ A Q
L [ AN 1 -1
= — | —=(1-A *A—-A dAf, (1 — Aqg)* K~
(557 [ 1050 80 0= 40) a7 (1 - a0 P )
Completely analogous to (32) we get
Vel < CIVEllL, @
Thus, as in the proof of Lemma 3.11 we obtain
(1= A)*PoyVellL, @) < CllvVellwie ) < CIVYL, @
and
(1= A)" "X = A0) " fll, @ < CINTNfllL, @)
This yields
(Ve h(Aa)f,¥)g| < Clihlleo / T ) @ dsI Vel
< Clrflscllf @ IVl 2
for all h € H(X,). Consequently,
357 [ HVLG VoL@ < ClIVe- a1,
| (Vo - h(Aa)f,¥)g |
= sup
PECE (@), V£0 IV, @)
< COllhllsoll fllz g0
for all h € HF(E4) and the assertion follows. O
Similar to (21) we obtain the estimate
IL(w-Vni)llL, o) < —=I1fllLy@
’ V |>\|

20



Thus, setting H; = @ and n; = ¢, j € {0,..., N} we obtain by Lemma 3.13 for the fourth addend of
(28)

1
||_/ h(M(I = Puy )widA| L, a;) <
N

271 L
1 1

< C ||% Fh()\)L(U'VUj)d)\||Lq(Hj)+||2—m. . h(A)L(u - Vn;)dA|| L, m;)
1

< C (HhHoon”Lq(Q) + ||h||oo/0 ||L(U'V77j)||Lq(Hj)d8)
|

< C||h|so hllso — d

< (|| ool fl L) + [l /0 \/g”f”Lq(Q) 8)

< Clhlleoll fll Ly (34)

for all h € HF(Ey). Combining (29), (33), (31) and (34) we get

1 _ 1
Igmg [, MO A0 o) = g [ KO
N
1
< ZHQ_ﬂ'i/F h(MnjudA||L, o)
]:0 1,00
N
1
< ZH%/F h(M)njudA| L, ;)
j=0 1,00

< COlpflsollfll L, )

for all h € HFP (). In view of (25) we thus have proved the following theorem.

Theorem 3.14 Let 1 < g < oo and Q C R be a bounded domain whose boundary is of class C*. Then
the Stokes operator Aq admits a bounded H™ -calculus in Ly ().

3.4 H"™-calculus for the Stokes operator on exterior domains and on per-
turbed half-spaces

In this section we consider the Stokes operator Ag, where @ C R" is either an exterior domain, i.e.
the complement of a compact set, or a perturbed half-space by which we mean that there is a compact
set K in R™ such that R} \ K = Q\ K, see Figure 4. We will show that the Stokes operator Aq on
such a domain also admits a bounded H*°-calculus. This is more or less a consequence of the results in
Subsections 3.1 and 3.3. Using the same localization as in the proof of Theorem 3.3 we can reduce the
perturbed half-space problem to the case of a bounded domain and the half-space. If 2 is exterior we
can reduce the problem to the bounded domain case and to R™. Instead of repeating large parts of the
proofs of Theorem 3.3 and Theorem 3.14, we only explain the essential steps that differ in this situation.

Theorem 3.15 Let 1 < g < 00 and Q@ C R™ be an exterior domain or a perturbed half-space whose
boundary is of class C®. Then the Stokes operator Aq admits a bounded H>-calculus in L, ,(Q).

Proof. Let Bg(0) a ball such that Q\ Bg(0) = R} \ Br(0) if Q is a perturbed half-space or 1\ Bg(0) =
R™ \ Br(0) if © is an exterior domain. In both of the two cases we can use the same construction
of Qo,Q1,70,m as in the proof of Theorem 3.3 with the only difference that we set Qo = B2g(0) and
Q; = R” if Q is an exterior domain. As before, we split the H> integral into the two parts |A| < 1 and
|A] > 1. For the treatment of the former integral we only have to modify inequality (24) since we applied
Sobolev’s inequality for H, at this point. The remaining parts of the proof can be copied verbatim,
because nowhere else we have used the special structure of H, again. To obtain an estimate like (24) if
Q is a perturbed half-space or an exterior domain we will apply the following generalization of Poincaré’s
inequality on Q. If @ C R" is a bounded Lipschitz domain and V is a closed subspace of W17(Q), then
there are equivalent:

(i) There is some ug € V and some constant Cy > 0 such that ug + £ € V implies [£| < Cp for £ € R™.
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R 2R R

Figure 4: Resolution of the identity for the perturbed half-space

(ii) There is a constant C' > 0 such that

lullL,@) < ClIVullL,@), uweV.

A proof of that result can be found e.g. in [Alt99]. If S C OQ is not a null set with respect to the
boundary measure it is easy to see, that Wolg(Q) = {u € WH4(Q) : yu [s= 0} is a closed subspace of
W14(Q), which satisfies condition (i) of the above equivalence. Thus, if we set S := 9Q¢ NN, we deduce
the validity of Poincaré’s inequality on W0177Sq(Qo). This gives us for the Stokes flow u € dom(Ag) of the
solution (u,p) of (SRP)$,, where f € L, (),

luAm |1, (1) < CllullL, o) < ClIVUllL, o) (35)

with g; as in Theorem 3.3. To see that we may estimate the last term again by Poincaré’s inequality we
have to verify (i) for the subspace

Vi=v [W(};g(m) N W“(QO)] - {w ;v € Wid(Qo) N W“(QO)} .

of W14(Qyp). Clearly, (i) follows if we can show that there is no non-trivial constant function in V. If
w = Vv € V is constant for some v € W&’g(ﬂo) NW24(Qy), then v(x) = Mz + b, where M € R**" and
b € R™. Hence, the set of zeros for v is an affine subspace of R”. But the only affine subspace that contains
S is R", since we may assume that 912 is not an affine subspace of R” (otherwise we are in the half-space
case). This implies v = 0 which in turn implies w = 0. It remains to show that V is closed in W4(Qy).
This can be seen by direct calculation or by the following argument: We set X := W&’g(ﬂo) NW24(Qp)
and
T:X = Wh(Qq), Tu:=Vu.

Since T is injective its inverse is well-defined on ran(7") = V. The boundedness of T implies the closedness
of T~!. We will show that T~! is continuous, which immediately yields the closedness of its domain V.
By Poincaré’s inequality on Woly’g(Qo) we obtain

177 ullx = 1T ullzg < C (1T ully + VT ullyg)
< C(IVT ully + VT ull1g)
= Clully + llull,qg) < Cllully,g = Cllullv

A

for all u € V proving the continuity of T—!. Consequently, Poincaré’s inequality is valid on V which gives
us together with (35)

ludmllL, @) < ClIVullz, o) < ClIVullLy @) < ClIVZullL,@)-
So, replacing (24) by the above line the proof for |A| < 1 is finished.

For |A| > 1 we can transfer the proof in Theorem 3.14 for that A’s. Instead of the localization used there
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which reduces the problem on 2 to problems on H, and R™, we take the above localization and reduce it
to problems on the bounded domain €y and the unbounded domain €; (which is either R* or R ). The
localized equations remain unchanged as well as formula (28) for the localized functions n;u, j = 0, 1.
This allows us to copy the proof of Theorem 3.14 without any further change. Applying Theorem 3.14
to Aq, and using the bounded H°-calculus of AR? and Ar-~ complete the proof of Theorem 3.15. O

A Regularity of the Helmholtz projection

Lemma A.1 Let w € CHY(R™™1) and let H,, be the bent half-space associated with w as introduced in
Section 3.1. Further, let 1 < q,q* < oo with q% = % — % Then the Sobolev inequality is valid for H,,
i.e. there is a C' > 0 such that

lullg- < Cl[Vully
for all w e WH1(H,,).

Proof. First recall that R} is a so-called (e,00) domain, i.e. there is some € > 0 with the following
property: For all z,y € R there is a rectifiable arc v, joining x to y and satisfying L(y) < 1|z —y| as
well as

|z — 2|ly — 2|

|z -y

d(z) > €

’ ZGFY?

where L(y) denotes the length of v and d(z) = z, is the distance from z
to the boundary of R} . This can be easily seen by taking for v the upper
half of the circle with diameter being the segment connecting z and y, see
Figure 5. It is known, see [Jon81] for details, that unbounded (e, co) domains
are extension domains for the Dirichlet energy space, i.e. there is a bounded
operator E : WH(R?) — W(R") with Ef [gn= f for all f € Wh(RY).
Since ¢(z', ) = (¢', 2, —w(x)) is a C'-diffeomorphism mapping H,, to R,

Figure 5: The half-space is the assertion follows.
an (g,00) domain

O

Remark A.2 Actually, it can be shown that one has more general extension operators for unbounded
(g,00) domains: If Q is a domain of this type, N € N, and go,...,qn € (1,00), there is an extension
operator

N N
E: (\Wii5(Q) - () WH%(R")  with IV? Bullw, @) < ClIV7ullz, (o)

j=0 j=0

forall j =1,...,N and all u € ﬂ;.\;o W34 (). For details concerning extension operators in Sobolev
spaces, see [Chu92]. As an easy consequence, Gagliardo-Nirenberg’s inequality extends to (g, 00) domains.
In particular, it holds true for R} and the bent half-space H,, with w as in Lemma A.1.

Let Q be either a bounded domain or = R} . It is well-known that the solution of the Neumann
problem on {2 associated to the Helmholtz projection admits higher regularity. This implies immediately
the regularity of P, i.e. Po € L(IWF4(Q)) for 1 < ¢ < oo and k € NU {0}. The next proposition shows
that this also holds true for } = H,,,.

Proposition A.3 Let 1 < ¢ < oo and k € NU {0}. Then the Helmholtz projection Pg, is a bounded
operator in Wo4(H,,). In particular, if 1 < q <n, then

IV* P ully < ClIVEully,  we WHI(H,).

Proof. Let 19,11, Q0,1 as in Theorem 3.3. The case k = 0 is well-known, so we only prove the assertion
for £ = 1. The general case then follows by induction. We consider the localized Neumann-Problems

(NP>{ A(mjp) = njdivu +2Vn; - Vp+pAn; = f; on
88_1/(77jp> = (un; +pVn;) -v =:g; on 0%
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for j = 0,1. From well-known regularity properties for the Neumann problem on R" (see [Fra00]) we get

IV2mplle,@) < C (Il + Il ason) )

IN

C (IVullya) + IPIwracony + et + PV llasrmagony) ) -

where W1=1/99(9€)) is the trace Sobolev space, treated in detail e.g. in [Gal98]. By [Gal98], Theo-
rem II 8.2, we can estimate the latter term on the right hand side which yields

IN

IV2mplle,0) < C(IVulle, i) + IPlwra@o) + llum + 290 llra,))

IN

C (IVullz () + lullz o) + IPllwras)) -

By using regularity properties for the Neumann problem on bounded domains, we can treat the case
j =0 in a similar way which gives us

||V2770P||Lq(90) < C(IVullpy ) + lullpy o) + 1Pllwray)) -

It is always possible to choose p such that fQo p(z)dxz = 0. From Poincaré’s inequality and Py, €
L(L4(H,)) we therefore obtain

Ipllz,20) < NIVDlL, @0 S NVPlL, ) < NullL, -

Hence, the above two estimates imply

IV2mpll L) + IV 100l Ly (20)

||U||W1,4(Hw)7

IV?pll, a.)

which gives us
| Pr, lwacm,) < llullwiaqm,)-

Assume now 1 < g < n. With Lemma A.1 and the boundedness of 0y we may conclude

lullLy0) < CllullL,.(20) < Cllullr,. .,y < ClIVullL, )

The Helmholtz-Projection Pg,, does not depend on ¢ and is continuous for all 1 < ¢ < co. Together with
Lemma A.1 this leads to

Ipllwaee) < WIVPllL,0) < ClIVDIL,.#,) < CllullL,. @) < ClIVullL, @)
The above two estimates for V2n;p and V2nop now imply

IVPu,ullp,my < IVullp,) + 11Vl ) < ClIVullp, )

for u € WH4(H,,). O

B Sobolev estimates for powers of the Stokes operator on R

Proposition B.1 Let 1 < ¢ < oo and let A be the Stokes operator in Ly ,(R7 ). Then

(a) For each 0 < s <1, the norms [|[(A +1)° - ||, and || - |laom(as) are equivalent,

(b) for each k € N, the norms ||A*/? .||, and ||V* - ||, are equivalent.

Proof. To prove (a), note that for r < 0, (4 4 1)" is a bounded operator in Ly ,(R?} ). From Re-
mark 2.2 (iii) we know that A~ € H>(L,,(R%)) with the same H*-angle which immediately implies
that also (A~! 4+ 1)" is bounded on Ly ,(R}) for r < 0. From

(A+1) =A""+1)r4m,
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valid for all r € R, we can therefore conclude

lully + [|A%ull,
A+ 1) (A+ 1Dullg + (A7 + 1) 7° (A + 1)%ull,
Cll(A+1)%ul|,

| |u| |dom(AS)

IN

for all u € dom(A*). The converse inequality can be proved by the same arguments:

A+ D)%ully, = [I(A+1)(A+1)° Tull
< C([JAMA+ 1) ullg + 1(A+ 1) ully)
< C (AP A+ 1) Al + [fullg)

C (1A + )" A%ully + [lully)

C||U||d0m(,4s)-

IN

To verify (b) we first establish the estimates
lulleg < CINA+1)*ully < Clullig (36)

for each k € N and all u € dom(A¥/?). The equivalence of the norms in question is then obtained from
these estimates by the scaling method which was already used in the proof of Proposition 3.9. Since
Il - [laom(a) and || - ||2,4 are equivalent norms on dom(A), the resolvent (A + 1)~" is a bounded operator
from (Lg,o (R} ), || - |l¢) to (dom(A), || - ||2,¢)- This implies for u € dom(A)

Jullz.g = (A + D)7 (A + Dullz,g < ClIA + Dully < Cllullaom(a) < Cllullz,q- (37)
Since A € H™°(Lg,o(R})) we know from [Tri78] and [BM8S] that

dom(AY?) = [L,.(RY), dom(A)]1 2 = [Le(R?}),dom(A)]y 2 N Ly,o (R} )
= Wol(R}) N Ly (RY).

In particular, the norms || - ||gom(at/2) and || - [|1,4 are equivalent on dom(A'/?). By (a), the norm
Il - [laom(a1/2) is also equivalent to [|(A + 1)Y/2 .|, This yields

lull,g < CNA+ 1) 2ully < Cllully,g (38)

for all u € dom(A'/?). Consider the Stokes equations on the half-space:

u—Au+Vp = f on R7Y,
V-u = 0 on RY, (39)
yu = 0.

For f € Lq,(R?) this equation has the unique solution u = (A +1)~' f € dom(A4) which satisfies

[ell2,q < C[fllg, (40)

(see e.g. [FS94] or [Sol77]). Moreover, for k € NU {0} and g € W*4(R?) we get from [Gal98] Theo-
rem IV.3.2, that for any solution v of the stationary equation

. —-Av+Vp = g on R},
(SSE)gO V.o = 0 on R},
yw = 0,
which satisfies V2v € L, (R ) we have
IV*+20l, < Cllglli. (41)

Next, let f € WH(R? ) N Lq7 (R%), u be the solution of (39) and put g = f —u € WH4(R?). Trivially,
u is a solution of (SSE) & with V?u € Ly (R} ). Hence by (40) and (41) we get that V3u € L (R} ) with

IV2ully < Cllgllg < CUIf g + llullig) < Cllfllig-
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By induction over k we obtain that for every k € N and each f € W*4(R? )N Ly, (R7) the solution u of
(39) satisfies

lullk+2.q < CllFllk.q-
Since u = (A+1)"!f, this implies in view of the regularity of the Helmholtz projection (Proposition A.3)
that
lullkt2.g < Cllfllrg = ClIA+ Dullr,g < Cllullet2,q (42)

for all u € dom(A) N W4 (R ). We will prove (36) by induction: The inequalities (38) and (37) yield
(36) for k = 1 and k = 2 respectively. Suppose now u € dom(A%*+2)/2) and that (36) holds true for all
j < k+1€N This implies (4 + 1)u € dom(A¥/2) C Wk4(R?) and with (42) we obtain

lulleszg < ClA+Dulleg < ClIA+ DA+ Dull,

= ClI(A+ D)2y,
Conversely, the calculation

I(A+DE 2] = [[(A+ D2 (A + Dull,
ClI(A+ Dullg,g < Cllulle+2,q

AN

shows that (36) is valid for all kK € N.

Now let w € dom(A4%/2) and A > 0. As in the proof of Proposition 3.9 we set u = J;'w = w(y ) €
dom(AF/?). By equality (19) we get

1A+ A2 20, = No=n/1) (A + D24,
Moreover, by (17) we have

k
A g = AT ol = DA [V ]l

j=0
The above two inequalities imply together with (36) that
D N IVIwlly < ClIA+ X)) 2w, < C YNV w|,
j=0 j=0

for all w € dom(A*/?) and all A > 0 (note that J, is an automorphism of this space). Passing to the
limit A — 0 yields the assertion. O
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