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Abstract

In this paper we establish a general weighted L¢-theory of the Stokes operator Ay,
in the whole space, the half space and a bounded domain for general Muckenhoupt
weights w € A;. We show weighted LY-estimates for the Stokes resolvent system
in bounded domains for general Muckenhoupt weights. These weighted resolvent es-
timates imply not only that the Stokes operator A, generates a bounded analytic
semigroup but even yield the maximal LP-regularity of A, ,, in the respective weighted
Li-spaces for arbitrary Muckenhoupt weights w € A,.

This conclusion is archived by combining a recent, characterisation of maximal LP-
regularity by R-bounded families due to L. Weis [20] with the fact that for L?-spaces
R-boundedness is implied by weighted estimates.

AMS classification: *35Q30, 35D05, *47D06, 46E25

1 Introduction

The aim of this paper is to establish a general weighted L?-theory of the Stokes operator
where the domain 2 C R*, n > 2, is the whole space, the half space or a bounded domain.
For 1 < ¢ < oo we consider weighted L?-spaces

LL(Q) = {u € Lipe(Q) = |lullf, = /Q |ulw dz < oo}

with weight functions w of Muckenhoupt class A, defined by the condition

Ag(w) := sgp (ﬁ/@wdm) (ﬁ/@wﬁ dar;)q_1 < o0

where the supremum is taken over all cubes @ C R” and |Q| denotes the Lebesgue measure

of Q.

In [11] the existence of the Helmholtz decomposition
L))" = L, - (@) © G5(Q)

is proved for 1 < ¢ < oo and all w € A,, where L, »(€) is the closure of C§%,(Q) = {u €
Ce()™ = divu = 0} in LL(2)" and GL(?) are the gradient fields in L{(2)". With the
bounded Helmholtz projection

Py LG(Q)" = Lg, »(Q)



we define the Stokes operator Ay, in L ,(Q) by
D(Age) = WHQ" N LY ,(2) N {u € WyT(Q)" « uly, =0} (1)
Aq7w = _anwA on D(A(Lw) (2)

The central result is the weighted resolvent estimate for the Stokes operator obtained
for general A, -weights. The Stokes resolvent problem was also investigated in [10] with
Ag-weights in an exterior domain, but under the additional restriction that the weights
are bounded from above and from below in a neighborhood of the boundary by positive
constants. We emphasize that our results hold for general Muckenhoupt weights without
any restriction near 9€).

Theorem 1.1 Let 1 < q < oo, w € Ay and @ C R", n > 2 be equal to R*, R} or a
bounded domain with boundary of class C%t. Then for every 0 < € < 5 the sector

Ye={AeC : AX#0, larg\| <7 —¢}

belongs to the resolvent set of — Ay . There is a constant C > 0 depending only on q,$, €
and Ag-consistently increasing on w € Ay such that

A+ Agw)  fllgw < Clifllgw (3)
for all f € L () and for all X € X..

In the case = R" Theorem 1.1 is proved by Farwig and Sohr [10] and for Q@ = R’} the
Theorem follows from Theorem 1.1 in part I [12]. Thus it remains to prove the Theorem
for a bounded C''-domain; this will be done in the present paper.

It is well known that the uniform dependence of the constant C' > 0 in (3) on A € X,
for € > 0 implies that —A, ., generates a bounded analytic semigroup. The assertion that
C' > 0 is A4-consistently increasing means that for every ¢y > 0 it can be chosen uniformly
for all w € Ay with Ay(w) < ¢y (see Definition 2.2 below). We will prove the remarkable
fact that this kind of uniform dependence of C' > 0 on the weight implies even maximal
LP-regularity:

More precisely, the validity of the resolvent estimate (3) for all Muckenhoupt weights
w € Ay with an A,-consistently increasing constant implies, in particular, that the operator
family

{s(Agw +is) ' : s € R\ {0}}

is even R-bounded (see Definition 4.1 below). This enables us to apply a recent char-
acterisation due to L.Weis [20] of maximal LP-regularity by R-bounded families, which
yields the maximal LP-regularity of the Stokes operator A, ., i.e. we obtain the following
Theorem:

Theorem 1.2 Let 1 <p < 00,1 < g <oo,w € Ay and Q CR" be the whole space, the
half space or a bounded domain with boundary of class C%'. Then the Stokes operator
Agw has mazimal LP-reqularity in X = L 5(Q), i.e., for every f € LP(Ry, LY 5(2)) the
mild solution of the instationary Stokes problem

u + Agpu=f, u(0)=0
satisfies the estimate

el (rysx) + MAgwtll ey x) < C e (rysx)-



We see that, roughly speaking, weighted resolvent estimates for all Muckenhoupt weights
imply maximal LP-regularity.

In the case without weights the assertion of Theorem 1.2 is well known and was proved
by another method, namely by showing boundedness of purely imaginary powers of the
Stokes operator (see [15]).

This paper is organized as follows: In section 2 we give a summary of some properties
of Muckenhoupt weights. Then we investigate compact embeddings for weighted Sobolev
spaces and weighted Poincaré type inequalities. A refined version of the compact embed-
ding of W2(2) into LE(£) will be proved to guarantee that the constant ¢ = C(w) in
(3) is A4-consistently increasing.

In section 3 the weighted estimates for the Stokes resolvent system in the bended half
space and in a bounded C'"!-domain are proved.

After an introduction to R-bounded families of operators we show in section 4 that, roughly
speaking, R-boundedness follows from weighted estimates. Finally this result is combined
with the weighted resolvent estimates obtained in section 3 to prove Theorem 1.2.

2 Preliminaries

2.1 Muckenhoupt weights

Definition 2.1 (Muckenhoupt weights) Let 1 < ¢ < co. A function 0 < w € L}, (R")
is called Ag-weight iff

Ag(w) = sup (ﬁ/@wdm) (ﬁ/@wﬁd:p)ql < (4)

where the supremum is taken over all cubes Q C R" and |Q)| denotes the Lebesgue measure
of Q. We call Ag(w) the Aq-constant of w. We use w(A) as an abbreviation for [, wdz.

In the sequel it will be important to choose constants C' = C'(w) in estimates depending on
the weight function w € A, uniformly whenever the A,-constant A,(w) is bounded from
above, i.e. Ay(w) < ¢ < oo. We call this property of the constant A,-consistency. More
precisely:

Definition 2.2 A mapping C : Ay — Ry is called Ay-consistently increasing, iff
Vee Ry : sup{C(w) : we Ay, Ay(w) <c} < oo.

A mapping C' : Ay — Ry s called A,-consistently decreasing, iff % is Ag-consistently
mcreasing.

We list some properties of Muckenhoupt weights. The proofs in [13] (or [18]) yield the
A -consistency of the constants appearing in properties (III) and (IV):

(I) V1<q<oo:w€Aq<:>w’::w_q+1€Aq/.

(II) Ay C Agfor 1 <p < g < oo.



(IIT) For all w € A, there exists an Ag-consistently increasing constant C' € R and an Ag,-
consistently decreasing constant €y > 0 such that the reverse Holder inequality

1+€dx 1+E<C— wdr Y0<e<e
IQI/ Q| Jo -

holds for all cubes @) C R".

(IV) For all w € Ay there is an Ag-consistently decreasing eg > 0 such that w € A,_. and
wlte e Ag for all 0 < e < gp.

Proof: (I) follows from the definition.

(IT) [13], Chapter IV, Theorem 1.14

(III) [13], Chapter IV, Lemma 2.5 or [18], Chapter IX, Theorem 3.5, Prop. 4.5 ii).

(IV) [18], Chapter IX, Prop. 4.5 or [13], Chapter IV, Theorem 2.6 und Theorem 2.7. O

Lemma 2.1 Let 1 < ¢ < 0o, w € Ay and let ¢ : R® — R" be a bijective and Lipschitz
continuous function with Lipschitz continuous inverse. Then wo1 € Ay with Ag(wo) <
cAq(w), where ¢ € R is independent of w.

Proof: Since ¢ is Lipschitz continuous, there is an R > 0 such that for every cube ()
there is a cube Q such that ¥(Q) C Q and \Q! < R|Q|. By Rademacher’s Theorem
(see [8], section 3.1.2, Theorem 2) ¢ and ¢~! are a.e. differentiable. Since the Jacobian
|detV (¢ 1)| is essentially bounded and V(v 1) (¢(2))Vy(z) = T ae. (see [8] , section
3.1.2, Corollary 1 (ii)), we have |detVi(z)] > ¢ > 0 a.e. By the change of variables
formula (see [8], section 3.3.3, Theorem 2) we get

Qéj/@wwy))dl’) <ﬁ/¢2w(¢(y))—ﬁdy)q‘l
< ciq (ﬁ/Qw(T/’(ymdetVl/J( )|dy) (|Q|/ (w(y))ﬁ|detv¢(y)|dy)q1
/

1 _1 L
w(x) dx — w(x) «1dx
¥(Q) ) > (|Q| /w(Q) ) )

‘g’ /Qw(x)—ﬁdx)q_l < EA ().
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Lemma 2.2 Let Q C R" be a bounded open set. Then there exists an ey > 0 such that
LL(9) is continuously embedded into L'T5(Q) for all 0 < ¢ < gy9. Here g9 > 0 depends
Ag-consistently decreasing on w.

Furthermore there is an r € (1,00) such that L"(Q) is continuously embedded into LL(Q).

Proof:  Because of the property (IV) of A,-weights there exists an 9 > 0 such that
__14e

w € A% and by property (I) w 1 € A(T?F)' C L} (R") for all 0 < ¢ < g. Here

g0 > 0 depends Ag-consistently increasing on w. Holder’s inequality implies

/Q’fflﬁd%‘ < (/Qw(x)ql% dm)g%(/glf’qwdx)%i‘
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To prove the second embedding note that there is an e > 0 such that w'™® € A, C L{,.(R").
Then for r = Jlgiz and f € L"(Q) we have

/Q|f|qwd:r§ (/ Hgdm |f|Td:v 1+5.

Remark: The proof of Lemma 2.2 shows that for all w € A, with
Ay(w) <C <oo and w(Q)>c¢>0, (5)

where ) denotes a cube with Q C Q, for the embedding L} (2) — L'*¢(Q) not only £ > 0,
but even the embedding constant can be chosen uniformly: Since w € A o we have

“+e
g—l—¢

(/me—fﬁ_fdw) T <AL @) QW@ <RI A L.

1+

Finally, the proof of Theorem 2.6, Chapter IV, in [13] shows that A%(w) < C.Ay(w),
where C; is Ag-consistently increasing.

Define the Hardy-Littlewood maximal operator for f € L} (R") by

M f(z) —igg@,/!f!dy

where the supremum is taken over all cubes (2 C R* that contain the point © € R”.

Theorem 2.1 (Muckenhoupt) Let 1 < ¢ < oo and w € Ay. Then the Hardy-Littlewood
mazimal operator M is bounded on LL(R™). More precisely, there is an Ay-consistently
increasing constant C' € R such that

1M fllgw < Cllfllgew (6)
for all f € LL(R™).
Proof: See [13], Chapter IV, Theorem. 2.1 and [18], Chapter IX, Theorem 2.8.
Lemma 2.3 Let o(x) be nonnegative, integrable on R™, radial and radially decreasing,

i.e., @ depends only on |z| and is monotonically decreasing in |z|. Let p¢(z) := g%(p(%)
for e > 0. Then for all measurable functions f

Sup |(f = ) (2)] < pllor ey M f(z) - Vo € R

Proof: See [4], Lemma 3.1. O



2.2 Weighted Sobolev spaces

Recall the definition of the weighted Sobolev spaces for 1 < g < 0o, w € Ay, k > 1 and a
domain 2 C R"

WEa(Q) = {f € LL(Q) : D€ LE(Q), |a < K},
WEa(Q) = {f e WENQ) : DY € LE(Q), |o] = K},

loc

the definition of their respective norms |- || . and seminorms ||[V*- ||, ., and the defintion
of their dual spaces Wo;k’q,(Q), V/\Z;,k’q’(Q) from [12].

In particular, in [12] the existence of a well defined trace operator v in the case = R’}
is shown. However, by standard methods (see e. g. [17]), it is possible to define the trace
v of functions from WX?(€) and WE4(Q) also for a bounded Lipschitz domain © C R".
The subspaces of functions u € W?(Q) and u € /W?(,}q(Q) with y(u) = 0 are denoted by
W&,’g(Q) and Wol”wq(ﬁ) respectively. By standard arguments it follows from Corollary 4.6
in [12] that for bounded Lipschitz domains C§°(2) is dense in (W&f(Q), | - Il1,q0) and in

(W22 (), IV - lg)-

The following extension theorem of Chua [4] will be used. For the definition of a (g, 00)-
domain see [4] or [12], Definition 3.1. It is well known that every bounded Lipschitz domain
is an (e, 00)-domain.

Theorem 2.2 Let 1 < g < oo and w € Ay.

i) Let Q C R be an unbounded (e,00)-domain and ki, ...,kn € Ny. Then there exists
a linear extension operator E : ﬂlj\il Wkii(Q) - ﬂlj\il WEARY) such that

IV¥ Bullgw e < CiIV¥Ulg00
holds for alli=1,... ,N and u € ni\il W\"Iqu(g)

ii) Let  C R™ be a bounded Lipschitz domain and k € N. Then there exists a lin-
ear, bounded extension operator E : WH(Q) — WEI(R") and an Ag-consistently
increasing constant C > 0 such that

| Eullk,gwre < C lullk,gwa ¢
for all u € Wu]f’q(Q)-

Proof: For i) we refer to [4], Theorem 1.5. For ii) we refer to the proof [19], Theorem
2.1.13. The estimate (7) follows from estimates for regular singular integral operators (see
[12], Theorem 2.2) and for the maximal operator (see Theorem 2.1). Hence the constant
in (7) is A4-consistently increasing. O

2.3 Compact embeddings and weighted Poincaré inequalities

Since the translation operators 73, : u — u(-+h) for h € R" in general do not map L (R")
to LL(R™), the classical compactness criterion of Kolmogorov characterising precompact
subsets of L7(Q) can not be valid for the weighted spaces L () for arbitrary w € A,.



Thus the usual proof of the compact embedding W14(Q) < LI(Q) (see e. g. [1] or
[17]) does not tranfer to the weighted case.

However an idea of [2], which uses mollifiers instead of translations, is appropriate for the
weighted situation.

Theorem 2.3 Let Q C R" be a bounded Lipschitz domain, 1 < g < oo and w € Aq. Then
the following compact embedding holds:

Wh(Q) s LI(Q).

— wha
Proof: Cf. [11]. Let (uy) ¢ WhI(Q) == Ce(@) =
Wj’q(Q). Extend v and every uy by 0 to R”. Let ¢ € C§°(R"™) be nonnegative, radial and
radially decreasing with [ ¢ =1 and let ¢.(z) = e "$(£) for e > 0. We claim that

such that up — u weakly in

¢e * (up —u) =0

for k — oo uniformly on R" for every fixed ¢ > 0. Note that, if x; € B.(?) and x — =z,
we have ¢.(zp —-) = ¢-(x — ) uniformly and thus also in in L?,(R"). From this fact and
the weak convergence uy — u in L () we get

Ge * ug(zK) = ¢ xu(x) for k — oo
proving the uniform convergence ¢, * (ux — u) — 0. Since w(2) < oo it follows
Ve>0: | ¢e* (up —u)|lgw =0 for k — oo. (8)
Now we show that there is a constant C' > 0 such that for v = uy and v = u
¢ * v = v]lgw < C e [[V]ge. (9)

In fact, by Lemma 2.3 and Theorem 2.1

H()ZSE*{U_,U q,w

= [ st =) = v@)dnle

1
= | ¢€(h)/ Vo(z — th) - hdt dh||q.
R™ 0

IN

1
Ce| / bot (1) |V (2 — th) £ dhdt],
0 R”

1
Ce| / e+ [V0ldt] g
0

Cellsup ¢5 * [Vol [lgw
>0

IN

< Ce||M(Vul)llge < CelVollgew.

From (8) and (9) it follows uy — u in LL(Q), since (Vuyg) is bounded in LL (). So far we
proved that Wy'(Q) —— L ().



Finally, by Theorem ii) 2.2 there is a linear bounded extension operator E : Wol(Q) —
WoU(R™). Let Br(0) be an open ball containing © and 1 € C§°(Br(0) with ¢y =1 on Q
be a cut off function. Then

Y B W5I() = W S(BR(0)),
is a linear bounded extension operator. This proves the Theorem. O

To ensure in the sequel the A, -consistency of constants in estimates, which are proved by
contradiction and compactness arguments, we need a refinement of Theorem 2.3.

Theorem 2.4 Let Q C R" be a bounded Lipschitz domain. Let 1 < g < oo and (wy,) be
a sequence of Ag-weights such that

sup Ag(wp) < oo and wp(Q)=1 VmeN

m
for an open cube Q with Q C Q. Then we have:
i) If sup,, ||[uml1,qw. < 00, then there is a subsequence (um,) C (um) such that

Ve >0 Fko(e), ve € CP(Q) + |um, — Ve[| gm0 <€ V> ko(e).

In particular, the weak convergence u, — 0 in W5 (Q) for some 1 < s < oo implies

Hum q,wm,,$2 - 0'

i) If supy, [umll1,q w, < 00, then there is a subsequence (um,) C (um) such that

Ve >0 E”{Io(é?), Ve € Coo(ﬁ) : Humk _UEHQ',wink,Q <e VEk> ko(é?).

Proof: i) The proof follows from a careful analysis of the proof of Theorem 2.3: First
let w,, € W&’gm(Q) for all m € N. Since sup,,, Ag(wy) < o0 and wy,(Q) = 1, Lemma 2.2
yields the existence of some s € (1,00) such that (u,;,) C W15(Q) with

sup [[um|l1,s < C sup [[umll1,g0m < 0.
m m

Suppressing the notion of subsequences we can assume that u,, — u in W1*(Q). With the

same argumentation and notation as in the proof of Theorem 2.3 we get for every € > 0

the uniform convergence ¢, * (u, —u) — 0. Since the support of ¢, * (uy, —u) is contained

in @ for all m if € > 0 is sufficiently small, we have

|pe * (um — w)|lgwn, — 0 for m — oo (10)
because of wp,(Q)) = 1. Furthermore as in the proof of Theorem 2.3

[ * um — umllgwn < cel|M(|Vum|)llgw, < CellVum|lgw, < Ce,

where C' and C are independent of m, since sup,, Ag(wm) < oo and the constant C' in
Theorem 2.1 is Ag-consistently increasing. If € > 0 is arbitrarily given, choose § = %Cile
and m so large that ||¢s * (um — u)llgw, < 5. Then with v := (¢s * u)‘Q

~ €
|t — Ue”q,wm < g — b5 * Um”q,wm + [l ps * (um — U)Hq,wm < 0o+ 9 =c



To show part i) in the general case u,, € Wa?(),Vm, note that by Theorem 2.2 ii) and
the cut-off technique applied at the end of the proof of Theorem 2.3 there are extension
operators By, : Wad(Q) — W&’U‘J]m((’)) for all m, where O is a domain with Q@ CC O CC @,
such that

sup HEU/mHl,q,UJm,O S Csup HumH17q7UJm=Q < OO’
m m

since sup,,, Aq(wy,) < oo and the constant C' in Theorem 2.2 is A,-consistently increasing.
Using O instead of 2 in the argumentation above proves the first assertion of i).

These extension operators F,, have a common bounded extension E to a bounded exten-
sion operator from W1#(2) to Wol’S(O) (see the explicit construction in [19]). Hence the
additional assumption u,, — 0 in W*(Q) yields Eu,, — 0 in Wol’s((’)). Then in the proof
above v = 0 and therefore ve = 0, proving the last assertion in i).

ii) We first show that the assumptions on (wp,) imply the existence of some s € (1,00)
such that Lq (Q) is continuously emdedded into L*(£2) for all m € N with an embedding

constant 1ndependent of m: By Holder’s 1nequahty we obtain

7l < ([ i as) 7 ([ 117 tpas)" (1)

Since m — 1 for s — 1 we can apply the reverse Holder inequality for s > 1
sufficiently close to 1 to the first term on the right hand of (11). Note that because of
sup,,, Aq(wm) < oo both s > 1 and the constant in the reverse Holder inequality can be
chosen independently of m. Since wp,(Q) = 1Vm € N the embedding constant can be
chosen independently of m.

Hence we obtain as in the proof of i) the weak convergence of a subsequence of (u,,) to a
v in W1#(Q) and thus the uniform convergence bvarepsiton * (Um — v) — 0 for every fixed
e > 0. Since

w

m(@)17 < Ag(wm) QI win(@)H < C|Q1
for every fixed € > 0

|pe * (um — v)||q17w;n79 — 0 for m — occ.

/
m

Noting that sup,, Ay (w;,) = sup,, A¢(wm) < oo the proof can be completed as ini). O

Corollary 2.1 (Poincaré inequality with A,-consistent constant) Let1 < g < oo,
w € Ay, let Q@ C R be a bounded Lipschitz domain and h a continuous seminorm on
WH(Q) such that h(c) = 0 implies ¢ = 0 for constant functions c. Then there is an
Ag-consistently increasing constant C' € R such that

ullgw < ClIVullgew
for all w € WH1(Q) with h(u) =

Proof:  Assume the Corollary was wrong. Then there is a constant 0 < ¢y < oo,
a sequence (wy) C A, with Ay(wg) < ¢ and a sequence (uy) with uy € W) and
h(ug) = 0 for all k € N such that

lukllgwe > K| Vurllgw Vk € N. (12)



To apply Theorem 2.4 we choose an open cube Q with Q C Q. By multiplying w;, with
o) = wp(Q)™! we archieve that wy(Q) = 1 for @y := agwy without changing the A,
1

constant, i.e. Ag(wy) = Ag(wi) < cp. Multiplication of (12) with a,g yields
lurllgz, >k I1Vurllqz,- (13)

W.l.o.g we may assume that

[ukllgz, = 1. (14)

and consequently supy ||ugll1,4z, < 2. The properties sup, Aq(wg) < ¢p and wi(Q) = 1
imply by Lemma 2.2 (and the remark after this Lemma) the extistence of some ¢ > 0
such that for all & € N the embedding L, () — L'™¢(Q2) holds with an embedding
constant independent of k. Hence the sequence (uy) is bounded in W11+¢(Q). Because of

the compact embedding W1H1+¢(Q) —— L'T¢(Q) we may assume that (uy) is a Cauchy
sequence in L€ (Q). By (13), (14) also (Vuy) is a Cauchy sequence in L' 7¢(Q). It follows

up —u  in WHTE(Q) (15)

for some u € WhH'T¢(Q). Since (13), (14) imply Vup — 0 in WHit£(Q), it follows
Vu = 0. Hence u is constant. But 0 = h(ug) — h(u) implies h(u) = 0 and therefore
u = 0. Inserting this information in (15) and noting (14), we conclude by Theorem 2.4
that |Jug||gw, — 0 as k& — oo. This is a contradiction to (14). O

Conclusions: Under the assumptions of Theorem 2.3 we have:

) Yue Wa(Q) ¢ flu—uallgw < C|Vulge with ug = & [, ude
.. 1,

i) Yu € Woﬁ(Q) D ullgw £ ClVullgw-
i) Wh(Q) = wii(Q).

Proof: i) Choose h(u) := |ug| = ]ﬁ Jo udz).

ii) Choose h(u) :=| [, udol|.

iii) Follows from i) and an approximation with smooth functions in W 9(Q) (see [12],
Corollary 4.1). O

Corollary 2.2 Let 1 < g < oo, w € Ay and let Q C R" be a bounded Lipschitz domain.
Then there is an Agy-consistently increasing constant C' such that

ull2,g < C ||V2U’|q,w
for all w € W21(Q) with y(u) = 0.
Proof: Assume the Corollary was wrong. Then there is a constant ¢y € Ry, a sequence
(wr) C Aq with Ay (wg) < ¢o and a sequence (uy,) with uy € W29(€2) and y(uy) = 0 for all
k € N such that

lurllgewe > kIVurllgw, Yk €N (16)

10



Proceeding as in the proof of Corollary 2.1 we may assume
HukHl,q,wk =1 and wk(Q) =1 (17)

for an open cube Q containing Q. By (16) it follows supy, ||ug|l2,4w, < oo. By (17) and
the remark after Lemma 2.2 there is an e > 0 such that L{, (Q) — L'™(Q) with an
embedding constant independent of k. Hence the sequence (uy) is bounded in W21¢(Q).
Because of the compact embedding W1 (Q) —s— W11T¢(Q) we conclude that for some
subsequence

up — u  in WHITE(Q). (18)

By (16) we have VZu; — 0 in L'7¢(Q). Therefore V?u = 0 and thus v is a polynomial of
first degree on Q. (18) implies 0 = y(ug) — y(u) in L'T¢(99). Hence y(u) = 0. Choose
o € Q arbirtrary; then every straight line through z intersects the boundary 0€2 at least
twice. Since y(u) = 0 this implies u = 0. Hence uj, — 0 in W21+¢(Q). Since

sup ||ugll2,gw, <00 und wup —0 in W2’1+8(Q),
k

Theorem 2.4 applied to (uy) and (Vuy) yields the convergence [|ug|1,90, — 0 as k — o0
contradicting (17). O

3 The Stokes resolvent problem

We investigate the Stokes resolvent system

AM—Au+Vp=f inQ (19a)
divu=g¢ inQ (19b)
y(u) =0 on 0. (19¢)

in weighted Sobolev spaces for a bounded domain € with boundary of class C1'.
Recall the following Theorem from [12].

Theorem 3.1 Letn>2,1<qg<oo,we€ Ay, 0<e< 5 and Q=R" or Q =R}.

i) Then for every f € LL(Q)™, g € WLUQ) N W;l’q(Q) and \ € 3. there is a unique
solution (u,p) € W2UQ)™ x W5 UQ) of the resolvent problem (19). This solution
satisfies the estimate

Mlleellg.o + 1V

gw t Vp

gw < CIfllgw +1VYllgw + [Aglli-r0),  (20)
where C' > 0 depends only on n,q,e and Ay-consistently increasing on w.

i) If for some r € (1,00) and some v € A, additionally f € L"(Q)™ and g € W, ()N
Wy B(Q), then (u,p) € W () x Wa' ().

Proof: i) The proof for the case 2 = R" can be found in [10] S.270. For 2 = R%} the
Theorem is proved in [12].

11



3.1 The bended half space

We transfer the approach of [9] to the weighted case. For a Lipschitz continuous function
o :R*! — R the bended half space H, is defined by

H, :={z=(2',2,) € R" : z, > o(z")}.

Theorem 3.2 Let n > 2,1 < ¢ < oo, w € 43,0 < ¢ < % and 0 € COYR") N

WZQO’CI(R”A). Then there is an Ag-consistently decreasing constant K = K(n,q,w,e) > 0
and an Ag-consistently increasing constant Ao = Ao(o,n,q,w,€) > 0 with the property: If
[V'o|loo < K and ||V%0 || < 00, then for every f € LE(H,)", g € Wj’q(Hg)ﬂV/\}JI’q(HO—)
and every A € X, mit |A| > Ao there exists a unique solution (u,p) € W2 (Hy)" x
Wi’q(Ha) of the Stokes resolvent problem (19) in Q = H,. This solution satisfies the

estimate:

Alullge + V*ullg + IVp

g < C(lI(f,Vg)

gw T HAQHWJLQ )
with an Ag-consistently increasing constant C = C(n,q,0,w,€) € R

Proof: We reduce the resolvent problem to a half space problem by the coordinate
transformation ¢ : H, — R} defined by = (&', 2,) = ¢(z) = (¢/,2, — o(2)). Then
¢ is a bijection with Jacobian equal to 1. For a function u on H, we define (%) :=
u(¢~1(2)), # € R%, and denote by d;, V,... the derivatives with respect to the variables
Z € R} . Then we obtain

Oiu(x) = (5Z — (aia)én)ﬁ(.%) (21)
818]u(x) = (515] - (aza)éjén - (aja)ézgn - (ajaza)én + (830)(810)5@(53), (22)
where we used that 0,0 = 0.

Note that by Lemma 2.1 for w € A, also @ € A, with Aj-constant A,(@) < cAy(w). For
u € W3(Hy) we have with a constant ¢ > 0 depending only on n

ullgw,m, = l]lq.ern

IVullgwn, <c(l+[V'o])|Va

g0 ,R™
19201, < e (1+ V0]l )2V
vty < (14 [ Vo) [ 9%

2 <.
gy +cll(V70) 0l g0,k -

Since HWHQ,@,M < (L4 IV'0lloo) IVl o, and [y gde = [p §¢di for all p €
Tl

W7 (H,) we obtain for g € WA9(H,) N W5 9(H,) that

w
”gHW;l’q(Ha) <c HgHngvq(Ri)-
To apply a perturbation argument we consider the following Banach spaces

X = (W29(H,) "Wl (H,))" x W I(H,y),  I(w,p)llx = [l (M, V20, VD)l 15 (11,
Y = LY(H,)" x (WE(H,) N Wh(H,)),
1My = 1 Vo)lgortts + IMgllg5 0,

12



and the operator
S;‘)w X —Y, S;‘,w(u,p) = (Au — Au + Vp, —divu).

Further we define X, Y, S’a\@ by replacing H,,u,w,V etc. by R, 4, w, V etc. Using (21),
(22) we get

S p)(@) = 834(5,5)(F) + Ry (3, )(2),
where the remainder R,z on X is given by

Rq,&)(ﬂaﬁ) = (_’V,J‘ngﬂ + 2(V,0a 0) ’ 6éna
Ontt).

+(A,J)5nﬁ - (V’U, O)énﬁa (V’U, 0) - Oy (23)
Then R, (i, p) can be estimated in the norm of ¥ as follows
IRoc (@)l <31V 0loo( + IV 0lloc) 20, + 190 oo 1Bullg,z
+ 20|V 0 oo | Onill gz, + N 1(V'0,0) - Onill -1 - (24)

For the estimate of the term Hvﬂauoo”énﬂuq,&nﬂ%i use Corollary 5.3 from [12] to get for
5 €(0,1)

2 5 - V2ol - =0
920 ol Bz < O (7 e+ 192 )
= C16 (Nolldllgzry + IV allgoms ), (25)
if \g = ||[V"?0]|%2,072. The constant C; depends Ag-consistently increasing on @. Since

Ag(@) < cAy(R2) by Lemma 2.1, Cy depends Ag-consistently increasing on w.
To estimate [|(V'0,0) - Ontil|j55-1.0 We note that ygn (@) = 0 and 0,(V'0,0) = 0 and get by
an integration by parts ([12], Theorem 3.2) that

J

for ¢ € C§°(RY). Since C§°(R?) is dense in Wiiq, (R%) (see [11], Corollary 4.1)

(V'0,0) 0,0 ¢ dic = — / (V'0,0) @0, ¢ di

n n
+ R%

IALI(V',0) - 34 < [V'ollso 1Al g.- (26)

|51
W3

Inserting (25) and (26) into (24) we get

1Ry (@, B)l5 < 3V 0lloo (1 + V' 0llo) V2@l g0 + V0 lloo |00l
+C16( Mollallgzrn + I1V:allgar ) + 1V 0llooll Az
< C(|V'0lloo(1 + IV'0lloo) + C16) |G — At + Vilgzmn
< k11590 (@,)lly

on X with an Ag-consistently increasing constant C = C(n,q,w,e). Here k < 1, if
IV'io|loo < K = K(n,q,w,e) and K > 0 as well as § > 0 are sufficiently small. Since

13



the constants C' and C7 in the above estimate depend Ag,-consistently increasing on w,
we can choose K = K(n,q,w,e) > 0 and 6 > 0 Aj-consistently decreasing. Hence
Ao = ||[V'"%0]|2,02 can be chosen Ag-consistently increasing.

Since by Theorem 3.1 the operator 5’(3\@ : X — Y is an isomorphism it follows that (see
[16], chapter IV, Theorem 1.16 ) 5"}\7@ + Ry is an isomorphism from X to Y. Hence S;‘,w
is an isomorphism from X to Y. Summarizing we get

I(w,p)llx < e1ll(@,p)ll ¢ < e2llSpa (@)l
< esll(S35 + Re) (@)l < eallSgu(u.p)lly

for all A € ¥, with |A] > Xg, where the constants ci,cz,c3 und cs4 are Ag-consistently
increasing on w. 0O

3.2 The bounded domain

Let 1 < ¢ < 00, w € A; and let @ C R* be a bounded domain with boundary of class
CH!. Since by Lemma 2.2 ii) there are exponents 1 < r, s < oo such that the continuous
embeddings

L"(2) — LL(Q) — L*(Q) (27)

hold, it is easy to transfer uniqueness and partially also existence results from the case
without weights to the weighted case.
Consider for A € X, U {0}, 0 < e < §, the operator
Spw : D(Sp) — LL(Q)" x (W) nW;h(Q))
D(8y,,) = (W4(2) N Wyl()" x Wy 4(9)
(u,p) = (Au — Au+ Vp, —divu)

In [9] it is shown for arbitrary 1 < ¢ < oo and for w = 1 that this operator is an
isomorphism.

Lemma 3.1 Let 1 < ¢ < 00 and w € Ay, @ C R* a bounded domain with boundary of
class CH' and let A € . U{0}, 0 <e < Z. Then:

i) Sy, is injective.
it) The range R(S;‘,w) of Sr}\,w is dense in LL(Q)" x (WE1(Q) x WJl’q(Q)).

Proof: i) We choose 1 < s < oo such that LL(92) € L*(Q). By [9] the operator S (with
w = 1) is injective. Since Sj, is equal to the restriction of S3 to D(Sy,,), the assertion i)
is clear.

ii) Choose 1 < 7 < oo such that L" () C LL (). By [9] the operator S} is surjective and
LT (Q)" x (WL (Q) N W L7 (Q)) is dense in LL(Q)" x (WL1(Q) n W5 9()). O

It remains to show the resolvent estimate. First, we show the following weaker estimate:

14



Lemma 3.2 Under the assumptions of Lemma 3.1 let (u,p) € D(S,;‘,w) and (f,—g) =

Sgw(u,p). Then there is an Ag4-consistently increasing constant C = C(n,q,w,,2) € R
such that

Ml + 1Vl + 1VPlgw < C (10, V9) g + Mg l535, 1.0 0
+ lull1,gw + IPllgew + H)‘uH(Wl’q,(Q))')

w!

for all X € ¥, U{0}. Here ||V?ul||q. may be replaced by ||ull2,q.w-

The proof rests on the well known localisation method, which reduces the problem to R"
and H,:

Since € is a bounded C1'-domain there is a covering of Q by a finite number of balls
By,...,By C R" and nonnegative cut-off functions 1, ... , 19, € C{°(R") with support
suppv; C B; and Z;n:l ¥j =1 on Q. Since 92 € CL! for every j with B; NI # ¢ there
exists a function o; € CHH(R"™!) such that (after a suitable translation and rotation of
the coordinate system)

BjﬁQ CHUJ. and Bjﬁ(?Q - 8H(,j.

We can choose a sufficiently large number m of sufficiently small balls B; such that o;
satisfies the assumptions of Theorem 3.2 for all j € {1,... ,m} . Since the constant K > 0
of Theorem 3.2 depends A,-consistently decreasing on w € A, the number m can be chosen
Ag-consistently, i.e., for every ¢ € Ry one can choose the same partition of unity {¢; };”:1
for all w € A, with A4(w) < c.

Further note that the translation and rotation a; of the coordinate system yields the new
weight w; := woa; € Ay with an Ag-constant A,(w;), which is comparable to A,(w),
i.e., there are constants ci,co > 0 independent of w such that c;A4,(w) < Ag(w;) <
c2Ay(w) for j =1,...,m (see Lemma 2.1). Since the constant C' in Theorem 3.2 is A,-
consistently increasing, the mapping a; will not disturb the Ag-consistency of constants
in the estimates. Furthermore, note that [|v o a;|l¢w; ke = |[vllgwrr, V(00 aj)llgw; ke ~
|Vv||gwrn, ... Thus we can suppress the transformation a; in the following.

In the case B; N 02 = ¢ let even B_j C 2. Then there are two kinds of cut-off functions

Tﬁj,je{l,... M}

type R : 4p; if B; C Q
type H, : ij lfB]ﬂaQ?é¢

For (u,p) € D(Sg"w) und (f, —g) = Sg"w(u,p) it holds for j =1,... ,m

A(pju) — A(ju) + V(sp) = f5,  div(u) = g; (28)

in  with
fi =i f = 2(V9;)Vu — (AYj)u + (Vipy)p (29)
g; = ¥ig + (V;) - u. (30)

Depending on the type of 1; we can interpret these equations as problems in R" or H,,,
where we suppress the transformation of the coordinate system.
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Proof of Lemma 3.2: Let (u,p) € D(S,;‘,w) and (f,—g) = S;‘,w(u,p). As explained
above we choose a partition of unity {+; : 7 =1,... ,m} and consider a cut-off function
1 of type H, (for a cut off function ; of type R” the proof is analogous if we use Theorem
3.1 instead of Theorem 3.2). Adding Agt;u on both sides of the equation (28) we obtain

(A + o) (ju) — A(pju) + V(ip) = fj + Aotju
div(yju) = g;.

We choose Ay > 0 so large that Theorem 3.2 can be applied. By Theorem 3.2 A\g can be
chosen A,-consistently increasing. Thus we get the estimate

1N+ Xo)ullge + 1V (W50) g + IV (850) g
< Cllfillgw + 1Mot sullgw + 1V gjllgw + 1A+ A0)gjllzs 10, )-

From (29), (30) and the weighted Poincaré inequality Corollary 2.1 (g € Wa L9(Q) implies
Jo 9 =0) it follows

1fllg0 < C&j) I fllgew + [[ulligw + Pllgw),
IVgillgw < CWi)IVYllgw + llulligw)-

To estimate g; in V/\Z;l’q(ng) let ¢ € C§°(Hy;) and let ¢ = ¢ — ﬁ Jo. pdz with G; =
J J
supp V¢y;. Since [, ¢dz = 0 the weighted Poincaré inequality yields ||V (4;@)|l¢ w0
J

A

clHVgqu/,w/,Haj and H(V%)(,EHWI;QI(Q) < CZHV‘PHq’,w’,HUj with Ag-consistently increasing

constants ¢y, co > 0 (see Corollary 2.1). Since

(95, ) = (div(uyyj), o) = —(uypj, V@) = —(u, V(1;8) + (u, (Vh;)9)
it follows that

‘(gjv (,0)‘
ngHA*lyq = sup _ NP FI
We (Haj) 075896030(Tc]-) HV(qu’,w’,Q
|(u, V)|
S (&) sup — "ty HUH Lo ,
ozt @ V0o 0 i @)

=a HQHW;L‘I(Q) +e2 HUH[WLQ'(Q)]/'

Hence H)\ngW;Lq(HUj) < C(HAQHWJL‘?(Q) + H)\UH[Wl;q/(Q)},). Moreover, since [, g = 0,

o < dlVyg
whence HA[)ngW\;l,q(Haj) < C([|Vyllgw + ||uH[W1;q/(Q)],). Summing up the inequalities

we obtain by applying the weighted Poincaré inequality twice [|g|;5-1.« (

q,w

obtained above for j = 1,...m yields the desired estimate of Lemma3.2. Since y(u) = 0
by Corollary 2.2 also the additional remark is clear. O

Lemma 3.3 Under the assumptions of Lemma 3.1 let (u,p) € D(Sé\,w) and (f,—g) =

Sg"w(u,p). Then there is an Ag-consistently increasing constant C = C(Q,q,w,e) € R
such that

RYI

200 T [VPllgw < CI(f; V9)

o+ v+ Pallgporagy) (D)
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Proof: Assumme the Lemma was wrong. Then there is a ¢y € Ry, a sequence (w;) C A,
with sup; Aq(w;) < co, sequences (uj,p;) € (ij’q(Q) N WOI,ZIJ(Q))” X Wjj’q(Q) and (\;) C
Y. U {0} such that

[ Aju;

aw; F1Wgllzg; + IVPillaw; > 7 (1055 Voilllaw; + 1Xigillgisra)  (32)
for all j € N, where (fj, —g;) = Sg‘f@j (uj,pj). We may assume w. 1. 0. g. that Jqpjde =0
for all j € N and that ()\;) converges to some A € X, U {oo}.

Let @ be an open cube containing . Then for @, := w;(Q) ™ w; it holds both @;(Q) = 1
1

and A4(wj) = Ag(wj) < ¢ for all j € N. Multipling (32) by w;(Q) ¢ yields the same
inequality with w; replaced by w;. We suppress the notation w; and write again w;. Then
we can assume w. 1. o. g. that

1Ajullgw; + l[ujllzgw; +1VPjllgw, =1 Vi eN (33)

H(fj7vgj)Hq;wj + HAjngW\;jl’q(Q) — 0 fur j — oo. (34)

By Lemma 2.2 ii) and the remark after this Lemma there is an € > 0, such that L ()
is continuously embedded into L'*¢(Q) with an embedding constant is independent of
j € N. Hence the sequences (Aju;), (uj) and (Vp;) are bounded in L1T¢(Q)", W2te(Q)m
and L'T¢(Q)" respectively. Suppressing the notion of subsequences we get the weak con-
vergences

Ajuj = v, uj —u, Vpj—Vp (35)
in L1Te(Q)n, W2He(Q)" resp. L'T(Q)", where p € WHT€(Q) is chosen in such a way
that Jopdz = 0. Since A\ju; = v weakly in L'¢(Q)" and div(\ju;) = Xjg; — 0 in
WLH¢(Q) and therefore also in D'(£2), it follows dive = 0. Hence the trace yy(v) :=

v(v - N) € [THH) (9Q)] = W T+ T43) of v in direction of the outer unit vector N
on 0N is well defined. Because of y(uj) = 0 we get

< yn(v), ¢ >= / oVOdr = lim [ A\u;Vedx
Q I J0

=—lim [ Ajgj®dz =0

j—}OO 0

for every ¢ € TH(1+9'(9Q) and every extension ® € WH+9'(Q) such that v(®) = ¢.
Hence

v—Au+Vp=0, Vdivu=0, divv=0 in$Q, (36)
v (v) =0 auf 09Q.

From (35) it follows by the compact embedding that u; — u in WHT¢(2). Since y(u;) =0
also y(u) = 0. Hence [, divu = 0 und because of (36) we conclude divu = 0.

We now distinguish the cases A # oo and A = oo:

Let Aj — A # oo. The weak convergences (35) imply Au = v. Therefore S7, (u,p) =0
because of (36) and since Si\+e is injective, it follows u = 0 and Vp = 0. But since
Jopdz =0, even p = 0. Inserting this into (35) we get

U; — 0, ij — 0, )\ju]' -0 (37)
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in Wae(Q)n, L1T€(Q)" resp. L'T€(Q)". The first convergence, (33), the properties of
the sequence (w;) and Theorem 2.4 yield

wjll1,gw; — 0 fiir j — oo. (38)

Because of the second convergence in (37), fQ pj dz = 0 and because of Poincaré’s inequal-
ity we can assume that (p;) converges weakly in WH1T¢(Q) to 0. By Theorem 2.4 we
obtain

||pj||ng @ — 0 firj— oo (39)
Finally we claim that
HAJU’]H[Wi;q' Q) — 0. (40)
J
Choose a sequence v; € Wi{q'(Q),j =1,2,... such that ijHl’q/’w; =1 and

J

1
HAJUJH[Wi,Q'(Q)}/ < ; + |(>\]Uj,’l)])|
J
By Theorem 2.4 ii) for arbitrary ¢ > 0 there exists a jo(6) and a vs € C*®(2), such that
loj = 03l 1,0 < 6 for all j > jo(6). Because of

|(Ajug,vi)] < [(Ajug,vs)| + [|Ajuy

a5, 2llv5 = vsllgr w0

(33) and (37), the claim (40) is clear.
By Lemma 3.2

RV

awo; +1llzg; + VP lgw, < C (1055 Vo lgw, +1A91lli3510(0)

05 s + 1 s+ 10001 )
J
where C is independent of 7 € N because of the A,-consistence of the constant in Lemma
3.2 and Ay(wj;) < ¢o. Using (34),(33), (38), (39), (40), we get the contradiction 1 < 0 for
J — oo.
In the case A\; — oo (33) yields the convergence

Hu.] qijJQ - 07

which implies the convergence of (u;) to 0 in L ¢(Q)". Thus u = 0. Then (36) is the
unique Helmholtz decomposition in L'*¢()™ of the zero vectorfield. It follows v = Vp = 0.
By analogous argumentation as in the previous case we obtain the same contradiction. O

Corollary 3.1 Under the assumptions of Lemma 3.1 the operator Sé\,w 18 surjective.

Proof: By Lemma 3.1 the range of Sg:w is dense. The estimate in Lemma 3.3 implies

that the range of S;‘,w is closed. O

Summing up we obtain the following result:
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Theorem 3.3 Letn >2,1<qg<oo,w€ Ay, 0<e<F, A€ X U{0} and let Q CR"
be a bounded domain with boundary of class C1'.

i) Then the operator S is an isomorphism. More precisely: For all f € LL(Q)", g €

q?w
W) N W, 29(Q) there exists a unique solution (u,p) € WFT(Q)™ x WH9(Q) of
the Stokes resolvent problem (19). This solution satisfies with an Ag-consistently
increasing constant C = C(Q,q,w,€) € R the estimate

RYI

gw T 1ullzg0 + [VPllgw < C (1 fllgw + 1Vellgw + IAgll5552.4)-
i) If additionally (f,g) € LT ()" x (W, (2) N V/\ZTLT(Q)) for somer € (1,00) and some

v € Ay, then the solution (u,p) from i) is also contained in Wi ()" x V/\Z}’T(Q)

The regularity assertion ii) follows immediately from the fact that there exists an s € (1, 00)
such that LL(Q) + L7 (Q) C L¥(2) and the uniqueness assertion from part i) of the above
Theorem applied to the case w =1 and ¢ := s € (1,00).

4 The Stokes operator

Let 1 < g < oo, w € A; and Q@ = R", R} or a bounded domain with boundary of class
C11. In [11] the Helmholtz decomposition of LE(Q)" is proved:
The space LL(£2)™ has an algebraic and topological decomposition

L))" = LY, ,(Q) & VIV2(Q)

where L{, ,(Q) is the closure of {u € C§*(Q)" : divu = 0} in L(2)™. In particular, the
projection operator P, : LL(2)" — L% 5(€) with null space VIV.2(Q) is bounded.
Moreover the operator norm of P, , in £(L%(2)™), where £(X) means the space of bounded
linear operators on a Banach space X, is Agj-consistently increasing: This follows for
1 = R" from the weighted version of Michlins multiplier theorem (see [12], Theorem 2.1).
By the same argumentation as in [12] for & = R’ and as in the present paper for a
bounded domain we see that the reflection arguments and cut off techniques used to prove
the result on R’} and bounded domains do not disturb the Ag-consistence.

Recall the definition (1), (2) of the Stokes operator A, . Then Theorem 3.1 and Theorem
3.3 yield the following result:

Theorem 4.1 Let 1 < g <oo,w € Ay and Q@ =R", R} or a bounded CYHl-domain.

i) The Stokes operator Ay, : D(Aqw) C L, +(Q) — L, 5(Q) is densely defined and
closed.

i) For every f € LL () and X € Z,, 0 < e < 5 the resolvent problem
Au+ Agou=f (41)
has a unique solution u € D(Ag,). This solution satisfies the estimate

Alllellgew + Il Agwu

gw < Ccl|fllgw- (42)
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where C. = C.(w) is Ag-consistently increasing. Moreover

for 1 <p<oo,ve€Aand f € LL ()N LY ().
If Q is a bounded CY'-domain, then Aqg. s invertible.

iti) The Stokes operator — A, generates a bounded analytic semigroup in LE 5(€2).

4.1 R-bounded families

Definition 4.1 Let X be Banach space. A subset T C L(X) is called R-bounded, if there
exists a constant C' € R such that

1 N , N
/o szlrj(U)Tj:erXdug(J/o szl’rj(’u)l'jHXdu (44)

for all Ty,... , Ty € T, z1,... ,2ny € X and N € N, where (rj) is a sequence of indepen-
dent, symmetric distributed, {—1,1}-valued random variables defined on [0,1], e. g. the
Rademacher functions. The smallest constant C' such that (44) holds is called R-bound of
T and is denoted by R(T).

For 1 < p < oo one can replace the condition (44) in Definition 4.1 by

/Hzm (25) du<C/ HZTJ | )

because of Kahane’s inequality (see [6] Theorem 11.1). O

Using (45) with p = 2 it is easy to see that for every Hilbert space X a family 7 C £(X)
is R-bounded if and only if 7 is bounded in £(X).

Lemma 4.1 ( Khinchin’s inequality ) Let 1 < p < oo and (r;) as in Definition 4.1.
Then there is a constant 0 < C, < oo such that

(Z’%‘ /‘ZTJ a]‘ du) <C(Z’“J‘)

forallay,... ,an € C and N € N.

Proof: See [6], Theorem 1.10. O

The following lemma is well known; we give its proof for the convenience of the reader.

Lemma 4.2 Let (2, X, u) be a measure space, 1 < q < oo and X = L9(Q,p). Then
T C L(X) is R-bounded, if and only if there is a constant C € R, such that

(S8, = NS 157)°

forallTy,... , TN €T, fi,...,fn€X and N € N.

46
L (46)
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Proof:  Assume that (46) holds. We show (45) with p := ¢, which implies the R-
boundedness. By the Theorem of Fubini and Khinchin’s inequality we see that

/01 H jilrj(u)ijj‘ {;(Qvu) du /Q/Ol ‘irj(u)ijj)‘qudu
gch(firijjyz)% L O OH(Z!J} )

J=1

SCgCAAl‘érj(u)fj‘qudﬂ = C‘?C/o “;Tj(u)fj‘q

L9(Q,p)

IN

La(Q,p)

The inverse implication is proved analogously. O

Lemma 4.3 Let 1 < p < q < o0, ; =1-L2 and w € A;. Then for every function

0 <we L (R") there is a function 0 < v € L? E}R" such that
a) u<wva e inR,

b) [|v]lsw < c|lullsw with an absolute constant c,

¢) vw € A, with A,-constant depending only on the A,-constant of w - but not on u
and v.

Proof: See [13], Chapter IV, Lemma 5.18. O

Theorem 4.2 ( Extrapolation ) Let 1 < p < 00,1 < ¢ < o0. Let T be a family of
linear operators with the property that for all w € A, there is constant C = C(Ay(w)) € R
depending only on the Ay,-constant of w such that

T Fllpsw < CNfllp,w

for all f € LE,(R™) and all T € T. Then every T € T can be extended to a linear bounded
Operator on LL(R™) for all w € A,. More precisely, for all w € Ay there is a constant
C € R depending only on the Ay-constant of w such that

1T llgw < Cllfllgw
for all f € LL(R™) and all T € T .

Proof: See [13], Chapter IV, Proof of Theorem 5.19. O

The next Theorem is a generalisation of Theorem 6.4 in chapter V of [13].

Theorem 4.3 Let 1 < p,q < oo, w € Ay and Q@ C R" an open set. Moreover let T C
L(LL(Q)) be a familiy of linear operators with the property that for all w € A, there is a
constant C' = C(Ap(w)) € R depending only on the Ap-constant of w such that

ITfllze0) < Ol ez @ (47)

for all f € LE(Q)NLL(Q) and all T € T. Then T is R-bounded in L(LE(2)).
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Proof: First, we prove the Theorem for 2 = R". By the Extrapolation Theorem 4.2 we
can assume that p = 2. To verify the condition (46) in Lemma 4.2 we distinguish between
the cases ¢ > 2, g<2and g=2:

Let ¢ > 2. Then we choose s € (1,00) with 1 =1 — %. Thus s' = 2 > 1 and we have for

allTy, ..., Ty €T, fl,...fNeLfL(IRi”) and N ¢ N

H( 'Tfﬂ> w:Him‘fﬂ”
j=1

s’ w
By the Theorem of Hahn-Banach there is a 0 < u € LS (R") with norm equal to 1 such
that the right hand side of (48) is equal to

N 1
(;/}R T3 fF wwd) . (49)

By Lemma 4.3 there is a function 0 < v € L? (R™) with the properties a), b) and c) of
that Lemma for p = 2. Therefore and since (47) holds with p = 2 and with a constant
depending only on the As-constant of w € Ag, we can estimate (49) from above by

al 1 N 1
S e <5 oo
SOH%!JZ‘!Z

=1

where C = C(n,q,T,w) € R
In the case ¢ < 2 we use a duality argument: Againlet T,..., Ty € T, f1,... fnv € LEL(RY)
and N € N be arbitrary. Then by the Theorem of Hahn-Banach there is g = (g1,... ,gn) €

LY (R with norm |[(2L lg,1%)2

case implies that

(48)

1
82, HUst<\/_CHZ‘f] %

= 1, such that because of ¢’ > 2 the previous

!l
q?w

H< 11F) ).

Z/ Tf]g]d:v—/ Zf] g]d:v
<510 IS o)
()’

The case ¢ = 2 is trivial: In this case L2 () is a Hilbert space. Thus the R-boundedness
of the family 7 follows from the uniform boundedness in £(L2(Q)).

Thus by Lemma 4.2 the Theorem is proved completely for 2 = R™.

Now, let 2 C R" be an arbitrary open set. Let F : LL(Q) — LL(R"™) by the extension by
0 to R® and R : LL(R™) — LL(Q) be the restriction operator. Then for T'€ T we define
T := ET R € L(LL(R™)). Because of (47) the estimate

HTf pawkn = [T Bf{lpwn < C HfHLfU(Rn)

Do
M

!
70.)

q)w

22



holds for all w € A, and f € LL(R")N LY, (R™), where C only depends on the A,-constant
of w. For arbitrary T1,...,Tn € T, f1,...fnv € LL(Q) and N € N it follows with the
estimate already proved in the case 2 = R" that

N
IS, = I 25 oo

SCH(;\Efjlz)% ZCH(;!JZ’!Z)%

where C depends only on n, ¢, T and w. Thus the Theorem is completely proved. |

)
q,w,R™ RBRY

4.2 Maximal LP-Regularity

Let A be the generator of a bounded analytic semigroup in the Banach space X. We
consider the abstract Cauchy problem

— Au = f, u(0) = 0. (50)

For f € L} .([0,00); X) the mild solution on J = Ry is given by

u(t) :/0 =41 (5)ds

Definition 4.2 Let 1 < p < o0, J = [0,00) and f € LP(J,X). Then A has mazimal
LP-regularity, if for all f € LP(J,X) the mild solution u of (50) is differentiable a.e. in
X, has values in D(A) a.e. and if there is a constant C € R such that the estimate

el e o,rx) + AUl Lo 0,1,x) < C I f e 0,7:x) (51)
holds for all 0 < T < 0.

The definition of maximal LP-regularity is independent of 1 < p < oo, i.e. the maximal
LP-regularity for one p € (1,00) implies the maximal L"-regularity for all p € (1,00) (see
[7)-

Definition 4.3 A Banach space X is called UMD space if the Hilbert transform

1

)

Hf(t):PV_/Rt f(s)ds, feSR X),

extends to a bounded linear operator in LP(R, X) for 1 < p < 0.

It is well known that all closed subspaces of L4(£2, ) for 1 < g < oo are UMD spaces (see

e.g. [3]).
We apply the following Theorem due to L. Weis [20].

Theorem 4.4 Let A be the generator of a bounded analytic semigroup in the UMD space
X. Then A has maximal LP-reqularity iff the operator family

A=A XNeiR A#£0}
18 R-bounded.
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Proof: See [20] Theorem 4.2 3) and Corollary 4.4 i) or [21].

Theorem 4.5 Let 1 < q < oo, w € Ay and Q@ = R*", R} or a bounded domain with

boundary of class C1'. Then the Stokes operator —Ayw has mazimal LP-regularity in
L +(9).

Proof: By Theorem 4.1 ii) and by the fact that the operator norm of the Helmholtz
projection P , is A,-consistently increasing, there is an Ag-consistently increasing constant
C' = C(v) € R such that

IMAgw + 2 Profllge < C Il fllge

for allv € A,, f € L{(Q) and X € iR\{0}. Since the constant C = C(v) is A,-consistently
increasing this constant can be chosen in such a way that it depends only on the A,-
constant of v , 1. e. C' = C(44(v)).

Hence by Theorem 4.3 and by (43) the family

{AM(Agw + N7 Py = A€ dR\{0}}
is R-bounded in L% (Q)™. Since f = P, f for f € LY () it follows that
{AMAgw +A) 71 - A edR\{0}} (52)

is R-bounded in L, ,(9).

Note that the space L »(2) is a closed subspace of L{(Q)" and therefore a UMD space
(see [3]). By Theorem 4.4, Theorem 4.1 iv) and the R-boundedness of the family (52) the
maximal LP-regularity of the Stokes operator —A,,, in L, +(Q) is completely proved. O
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