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Abstra
t

In this paper we establish a general weighted L

q

-theory of the Stokes operator A

q;!

in the whole spa
e, the half spa
e and a bounded domain for general Mu
kenhoupt

weights ! 2 A

q

. We show weighted L

q

-estimates for the Stokes resolvent system

in bounded domains for general Mu
kenhoupt weights. These weighted resolvent es-

timates imply not only that the Stokes operator A

q;!

generates a bounded analyti


semigroup but even yield the maximal L

p

-regularity of A

q;!

in the respe
tive weighted

L

q

-spa
es for arbitrary Mu
kenhoupt weights ! 2 A

q

.

This 
on
lusion is ar
hived by 
ombining a re
ent 
hara
terisation of maximal L

p

-

regularity by R-bounded families due to L. Weis [20℄ with the fa
t that for L

q

-spa
es

R-boundedness is implied by weighted estimates.

AMS 
lassi�
ation: *35Q30, 35D05, *47D06, 46E25

1 Introdu
tion

The aim of this paper is to establish a general weighted L

q

-theory of the Stokes operator

where the domain 
 � R

n

; n � 2; is the whole spa
e, the half spa
e or a bounded domain.

For 1 < q <1 we 
onsider weighted L

q

-spa
es

L

q

!

(
) = fu 2 L

1

lo


(
) : kuk

q

q;!

=

Z




juj

q

! dx <1g

with weight fun
tions ! of Mu
kenhoupt 
lass A

q

de�ned by the 
ondition

A

q

(!) := sup

Q

�

1

jQj

Z

Q

! dx

��

1

jQj

Z

Q

!

�

1

q�1

dx

�

q�1

<1

where the supremum is taken over all 
ubes Q � R

n

and jQj denotes the Lebesgue measure

of Q.

In [11℄ the existen
e of the Helmholtz de
omposition

L

q

!

(
)

n

= L

q

!;�

(
)�G

q

!

(
)

is proved for 1 < q < 1 and all ! 2 A

q

, where L

q

!;�

(
) is the 
losure of C

1

0;�

(
) = fu 2

C

1

0

(
)

n

: divu = 0g in L

q

!

(
)

n

and G

q

!

(
) are the gradient �elds in L

q

!

(
)

n

. With the

bounded Helmholtz proje
tion

P

q;!

: L

q

!

(
)

n

! L

q

!;�

(
)
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we de�ne the Stokes operator A

q;!

in L

q

!;�

(
) by

D(A

q;!

) :=W

2;q

!

(
)

n

\ L

q

!;�

(
) \ fu 2W

1;q

!

(
)

n

: u

�

�

�


= 0g (1)

A

q;!

:= �P

q;!

� on D(A

q;!

): (2)

The 
entral result is the weighted resolvent estimate for the Stokes operator obtained

for general A

q

-weights. The Stokes resolvent problem was also investigated in [10℄ with

A

q

-weights in an exterior domain, but under the additional restri
tion that the weights

are bounded from above and from below in a neighborhood of the boundary by positive


onstants. We emphasize that our results hold for general Mu
kenhoupt weights without

any restri
tion near �
.

Theorem 1.1 Let 1 < q < 1; ! 2 A

q

and 
 � R

n

; n � 2 be equal to R

n

; R

n

+

or a

bounded domain with boundary of 
lass C

1;1

. Then for every 0 < " <

�

2

the se
tor

�

"

= f� 2 C : � 6= 0; jarg �j < � � "g

belongs to the resolvent set of �A

q;!

. There is a 
onstant C > 0 depending only on q;
; "

and A

q

-
onsistently in
reasing on ! 2 A

q

su
h that

k�(� +A

q;!

)

�1

fk

q;!

� C kfk

q;!

(3)

for all f 2 L

q

!;�

(
) and for all � 2 �

"

.

In the 
ase 
 = R

n

Theorem 1.1 is proved by Farwig and Sohr [10℄ and for 
 = R

n

+

the

Theorem follows from Theorem 1.1 in part I [12℄. Thus it remains to prove the Theorem

for a bounded C

1;1

-domain; this will be done in the present paper.

It is well known that the uniform dependen
e of the 
onstant C > 0 in (3) on � 2 �

"

for " > 0 implies that �A

q;!

generates a bounded analyti
 semigroup. The assertion that

C > 0 is A

q

-
onsistently in
reasing means that for every 


0

> 0 it 
an be 
hosen uniformly

for all ! 2 A

q

with A

q

(!) � 


0

(see De�nition 2.2 below). We will prove the remarkable

fa
t that this kind of uniform dependen
e of C > 0 on the weight implies even maximal

L

p

-regularity:

More pre
isely, the validity of the resolvent estimate (3) for all Mu
kenhoupt weights

! 2 A

q

with an A

q

-
onsistently in
reasing 
onstant implies, in parti
ular, that the operator

family

fs (A

q;!

+ is)

�1

: s 2 R n f0gg

is even R-bounded (see De�nition 4.1 below). This enables us to apply a re
ent 
har-

a
terisation due to L.Weis [20℄ of maximal L

p

-regularity by R-bounded families, whi
h

yields the maximal L

p

-regularity of the Stokes operator A

q;!

, i.e. we obtain the following

Theorem:

Theorem 1.2 Let 1 < p < 1; 1 < q < 1; ! 2 A

q

and 
 � R

n

be the whole spa
e, the

half spa
e or a bounded domain with boundary of 
lass C

1;1

. Then the Stokes operator

A

q;!

has maximal L

p

-regularity in X = L

q

!; �

(
), i.e., for every f 2 L

p

(R

+

; L

q

!; �

(
)) the

mild solution of the instationary Stokes problem

u

t

+A

q;!

u = f; u(0) = 0

satis�es the estimate

ku

t

k

L

p

(R

+

;X)

+ kA

q;!

uk

L

p

(R

+

;X)

� C kfk

L

p

(R

+

;X)

:
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We see that, roughly speaking, weighted resolvent estimates for all Mu
kenhoupt weights

imply maximal L

p

-regularity.

In the 
ase without weights the assertion of Theorem 1.2 is well known and was proved

by another method, namely by showing boundedness of purely imaginary powers of the

Stokes operator (see [15℄).

This paper is organized as follows: In se
tion 2 we give a summary of some properties

of Mu
kenhoupt weights. Then we investigate 
ompa
t embeddings for weighted Sobolev

spa
es and weighted Poin
ar�e type inequalities. A re�ned version of the 
ompa
t embed-

ding of W

1;q

!

(
) into L

q

!

(
) will be proved to guarantee that the 
onstant C = C(!) in

(3) is A

q

-
onsistently in
reasing.

In se
tion 3 the weighted estimates for the Stokes resolvent system in the bended half

spa
e and in a bounded C

1;1

-domain are proved.

After an introdu
tion toR-bounded families of operators we show in se
tion 4 that, roughly

speaking, R-boundedness follows from weighted estimates. Finally this result is 
ombined

with the weighted resolvent estimates obtained in se
tion 3 to prove Theorem 1.2.

2 Preliminaries

2.1 Mu
kenhoupt weights

De�nition 2.1 (Mu
kenhoupt weights) Let 1 < q <1. A fun
tion 0 � ! 2 L

1

lo


(R

n

)

is 
alled A

q

-weight i�

A

q

(!) := sup

Q

�

1

jQj

Z

Q

! dx

��

1

jQj

Z

Q

!

�

1

q�1

dx

�

q�1

<1 (4)

where the supremum is taken over all 
ubes Q � R

n

and jQj denotes the Lebesgue measure

of Q. We 
all A

q

(!) the A

q

-
onstant of !. We use !(A) as an abbreviation for

R

A

! dx.

In the sequel it will be important to 
hoose 
onstants C = C(!) in estimates depending on

the weight fun
tion ! 2 A

q

uniformly whenever the A

q

-
onstant A

q

(!) is bounded from

above, i.e. A

q

(!) � 
 < 1. We 
all this property of the 
onstant A

q

-
onsisten
y. More

pre
isely:

De�nition 2.2 A mapping C : A

q

! R

+

is 
alled A

q

-
onsistently in
reasing, i�

8
 2 R

+

: sup fC(!) : ! 2 A

q

; A

q

(!) � 
 g <1:

A mapping C : A

q

! R

+

is 
alled A

q

-
onsistently de
reasing, i�

1

C

is A

q

-
onsistently

in
reasing.

We list some properties of Mu
kenhoupt weights. The proofs in [13℄ (or [18℄) yield the

A

q

-
onsisten
y of the 
onstants appearing in properties (III) and (IV):

(I) 8 1 < q <1 : ! 2 A

q

() !

0

:= !

�

1

q�1

2 A

q

0

:

(II) A

p

� A

q

for 1 < p � q <1.
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(III) For all ! 2 A

q

there exists an A

q

-
onsistently in
reasing 
onstant C 2 R and an A

q

-


onsistently de
reasing 
onstant "

0

> 0 su
h that the reverse H�older inequality

�

1

jQj

Z

Q

!

1+"

dx

�

1

1+"

� C

1

jQj

Z

Q

! dx 8 0 � " � "

0

holds for all 
ubes Q � R

n

.

(IV) For all ! 2 A

q

there is an A

q

-
onsistently de
reasing "

0

> 0 su
h that ! 2 A

q�"

and

!

1+"

2 A

q

for all 0 � " � "

0

.

Proof: (I) follows from the de�nition.

(II) [13℄, Chapter IV, Theorem 1.14

(III) [13℄, Chapter IV, Lemma 2.5 or [18℄, Chapter IX, Theorem 3.5, Prop. 4.5 ii).

(IV) [18℄, Chapter IX, Prop. 4.5 or [13℄, Chapter IV, Theorem 2.6 und Theorem 2.7. 2

Lemma 2.1 Let 1 < q < 1; ! 2 A

q

and let  : R

n

�! R

n

be a bije
tive and Lips
hitz


ontinuous fun
tion with Lips
hitz 
ontinuous inverse. Then ! Æ 2 A

q

with A

q

(! Æ ) �


A

q

(!); where 
 2 R is independent of !.

Proof: Sin
e  is Lips
hitz 
ontinuous, there is an R > 0 su
h that for every 
ube Q

there is a 
ube

~

Q su
h that  (Q) �

~

Q and j

~

Qj � R jQj: By Radema
her's Theorem

(see [8℄, se
tion 3.1.2, Theorem 2)  and  

�1

are a.e. di�erentiable. Sin
e the Ja
obian

jdetr( 

�1

)j is essentially bounded and r( 

�1

)( (x))r (x) = I a.e. (see [8℄ , se
tion

3.1.2, Corollary 1 (ii)), we have jdetr (x)j � 
 > 0 a.e. By the 
hange of variables

formula (see [8℄, se
tion 3.3.3, Theorem 2) we get

�

1

jQj

Z

Q

!( (y)) dy

��

1

jQj

Z

Q

!( (y))

�

1

q�1

dy

�

q�1

�

1




q

�

1

jQj

Z

Q

!( (y))jdetr (y)j dy

��

1

jQj

Z

Q

!( (y))

�

1

q�1

jdetr (y)jdy

�

q�1

�

1




q

 

1

jQj

Z

 (Q)

!(x) dx

! 

1

jQj

Z

 (Q)

!(x)

�

1

q�1

dx

!

q�1

�

1




q

�

R

j

~

Qj

Z

~

Q

!(x) dx

��

R

j

~

Qj

Z

~

Q

!(x)

�

1

q�1

dx

�

q�1

�

R

q




q

A

q

(!):

2

Lemma 2.2 Let 
 � R

n

be a bounded open set. Then there exists an "

0

> 0 su
h that

L

q

!

(
) is 
ontinuously embedded into L

1+"

(
) for all 0 � " � "

0

. Here "

0

> 0 depends

A

q

-
onsistently de
reasing on !.

Furthermore there is an r 2 (1;1) su
h that L

r

(
) is 
ontinuously embedded into L

q

!

(
).

Proof: Be
ause of the property (IV) of A

q

-weights there exists an "

0

> 0 su
h that

! 2 A

q

1+"

and by property (I) !

�

1+"

q�1�"

2 A

(

q

1+"

)

0

� L

1

lo


(R

n

) for all 0 � " � "

0

. Here

"

0

> 0 depends A

q

-
onsistently in
reasing on !. H�older's inequality implies

Z




jf j

1+"

dx �

�

Z




!(x)

�

1+"

q�1�"

dx

�

q�1�"

q

�

Z




jf j

q

! dx

�

1+"

q

:

4



To prove the se
ond embedding note that there is an " > 0 su
h that !

1+"

2 A

q

� L

1

lo


(R

n

).

Then for r =

q(1+")

"

and f 2 L

r

(
) we have

Z




jf j

q

! dx �

�

Z




!

1+"

dx

�

1

1+"

�

Z

Q

jf j

r

dx

�

"

1+"

:

2

Remark: The proof of Lemma 2.2 shows that for all ! 2 A

q

with

A

q

(!) � C <1 and !(Q) � 
 > 0; (5)

where Q denotes a 
ube with 
 � Q, for the embedding L

q

!

(
) ,! L

1+"

(
) not only " > 0;

but even the embedding 
onstant 
an be 
hosen uniformly: Sin
e ! 2 A

q

1+"

we have

�

Z

Q

!(x)

�

1+"

q�1�"

dx

�

q�1�"

1+"

� A

q

1+"

(!) jQj

q

1+"

!(Q)

�1

� 


�1

jQj

q

1+"

A

q

1+"

:

Finally, the proof of Theorem 2.6, Chapter IV, in [13℄ shows that A

q

1+"

(!) � C

"

A

q

(!);

where C

"

is A

q

-
onsistently in
reasing.

De�ne the Hardy-Littlewood maximal operator for f 2 L

1

lo


(R

n

) by

Mf(x) := sup

x2Q

1

jQj

Z

Q

jf j dy

where the supremum is taken over all 
ubes Q � R

n

that 
ontain the point x 2 R

n

.

Theorem 2.1 (Mu
kenhoupt) Let 1 < q <1 and ! 2 A

q

: Then the Hardy-Littlewood

maximal operator M is bounded on L

q

!

(R

n

): More pre
isely, there is an A

q

-
onsistently

in
reasing 
onstant C 2 R su
h that

kMfk

q;!

� C kfk

q;!

(6)

for all f 2 L

q

!

(R

n

).

Proof: See [13℄, Chapter IV, Theorem. 2.1 and [18℄, Chapter IX, Theorem 2.8.

Lemma 2.3 Let '(x) be nonnegative, integrable on R

n

, radial and radially de
reasing,

i.e., ' depends only on jxj and is monotoni
ally de
reasing in jxj. Let '

"

(x) :=

1

"

n

'(

x

"

)

for " > 0. Then for all measurable fun
tions f

sup

">0

j(f � '

"

)(x)j � k'k

L

1

(R

n

)

Mf(x) 8x 2 R

n

:

Proof: See [4℄, Lemma 3.1. 2
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2.2 Weighted Sobolev spa
es

Re
all the de�nition of the weighted Sobolev spa
es for 1 < q < 1; ! 2 A

q

; k � 1 and a

domain 
 � R

n

W

k;q

!

(
) := ff 2 L

q

!

(
) : D

�

u 2 L

q

!

(
); j�j � kg;




W

k;q

!

(
) = ff 2W

k;1

lo


(
) : D

�

u 2 L

q

!

(
); j�j = kg;

the de�nition of their respe
tive norms k�k

k;q;!

and seminorms kr

k

�k

q;!

and the de�ntion

of their dual spa
es W

�k;q

0

!

0

(
);




W

�k;q

0

!

0

(
) from [12℄.

In parti
ular, in [12℄ the existen
e of a well de�ned tra
e operator 
 in the 
ase 
 = R

n

+

is shown. However, by standard methods (see e. g. [17℄), it is possible to de�ne the tra
e


 of fun
tions from W

k;q

!

(
) and




W

k;q

!

(
) also for a bounded Lips
hitz domain 
 � R

n

.

The subspa
es of fun
tions u 2 W

1;q

!

(
) and u 2




W

1; q

!

(
) with 
(u) = 0 are denoted by

W

1;q

0;!

(
) and




W

1; q

0;!

(
) respe
tively. By standard arguments it follows from Corollary 4.6

in [12℄ that for bounded Lips
hitz domains C

1

0

(
) is dense in (W

1;q

0;!

(
); k � k

1;q;!

) and in

(




W

1; q

0;!

(
); kr � k

q;!

):

The following extension theorem of Chua [4℄ will be used. For the de�nition of a (";1)-

domain see [4℄ or [12℄, De�nition 3.1. It is well known that every bounded Lips
hitz domain

is an (";1)-domain.

Theorem 2.2 Let 1 < q <1 and ! 2 A

q

.

i) Let 
 � R

n

be an unbounded (";1)-domain and k

1

; :::; k

N

2 N

0

. Then there exists

a linear extension operator E :

T

N

i=1




W

k

i

;q

!

(
)!

T

N

i=1




W

k

i

;q

!

(R

n

) su
h that

kr

k

i

Euk

q;!;R

n

� C

i

kr

k

i

uk

q;!;


holds for all i = 1; : : : ; N and u 2

T

N

i=1




W

k

i

;q

!

(
).

ii) Let 
 � R

n

be a bounded Lips
hitz domain and k 2 N. Then there exists a lin-

ear, bounded extension operator E : W

k;q

!

(
) ! W

k;q

!

(R

n

) and an A

q

-
onsistently

in
reasing 
onstant C > 0 su
h that

kEuk

k;q;!;R

n

� C kuk

k;q;!;


(7)

for all u 2W

k;q

!

(
).

Proof: For i) we refer to [4℄, Theorem 1.5. For ii) we refer to the proof [19℄, Theorem

2.1.13. The estimate (7) follows from estimates for regular singular integral operators (see

[12℄, Theorem 2.2) and for the maximal operator (see Theorem 2.1). Hen
e the 
onstant

in (7) is A

q

-
onsistently in
reasing. 2

2.3 Compa
t embeddings and weighted Poin
ar�e inequalities

Sin
e the translation operators �

h

: u 7! u(�+h) for h 2 R

n

in general do not map L

q

!

(R

n

)

to L

q

!

(R

n

), the 
lassi
al 
ompa
tness 
riterion of Kolmogorov 
hara
terising pre
ompa
t

subsets of L

q

(
) 
an not be valid for the weighted spa
es L

q

!

(
) for arbitrary ! 2 A

q

.

6



Thus the usual proof of the 
ompa
t embedding W

1;q

(
) ,!,! L

q

(
) (see e. g. [1℄ or

[17℄) does not tranfer to the weighted 
ase.

However an idea of [2℄, whi
h uses molli�ers instead of translations, is appropriate for the

weighted situation.

Theorem 2.3 Let 
 � R

n

be a bounded Lips
hitz domain, 1 < q <1 and ! 2 A

q

. Then

the following 
ompa
t embedding holds:

W

1;q

!

(
) ,!,! L

q

!

(
):

Proof: Cf. [11℄. Let (u

k

) � W

1;q

0;!

(
) := C

1

0

(
)

W

1;q

!

(
)

su
h that u

k

* u weakly in

W

1;q

!

(
): Extend u and every u

k

by 0 to R

n

. Let � 2 C

1

0

(R

n

) be nonnegative, radial and

radially de
reasing with

R

� = 1 and let �

"

(x) = "

�n

�(

x

"

) for " > 0. We 
laim that

�

"

� (u

k

� u)! 0

for k ! 1 uniformly on R

n

for every �xed " > 0: Note that, if x

k

2 B

�

(
) and x

k

! x;

we have �

"

(x

k

� �)! �

"

(x� �) uniformly and thus also in in L

q

0

!

0

(R

n

). From this fa
t and

the weak 
onvergen
e u

k

* u in L

q

!

(
) we get

�

"

� u

k

(x

k

)! �

"

� u(x) for k !1

proving the uniform 
onvergen
e �

"

� (u

k

� u)! 0. Sin
e !(
) <1 it follows

8" > 0 : k�

"

� (u

k

� u)k

q;!

! 0 for k !1: (8)

Now we show that there is a 
onstant C > 0 su
h that for v = u

k

and v = u

k�

"

� v � vk

q;!

� C " krvk

q;!

: (9)

In fa
t, by Lemma 2.3 and Theorem 2.1

k�

"

� v � vk

q;!

= k

Z

R

n

�

"

(h)(v(x � h)� v(x))dhk

q;!

= k

Z

R

n

�

"

(h)

Z

1

0

rv(x� th) � h dt dhk

q;!

� C " k

Z

1

0

Z

R

n

�

"t

(th)jrv(x � th)jt

n

dhdtk

q;!

= C " k

Z

1

0

�

"t

� jrvjdtk

q;!

� C " k sup

Æ>0

�

Æ

� jrvj k

q;!

� C " kM(jrvj)k

q;!

� C " krvk

q;!

:

From (8) and (9) it follows u

k

! u in L

q

!

(
), sin
e (ru

k

) is bounded in L

q

!

(
). So far we

proved that W

1;q

0;!

(
) ,!,! L

q

!

(
):

7



Finally, by Theorem ii) 2.2 there is a linear bounded extension operator E : W

1;q

!

(
) !

W

1;q

!

(R

n

): Let B

R

(0) be an open ball 
ontaining 
 and  2 C

1

0

(B

R

(0) with  � 1 on 


be a 
ut o� fun
tion. Then

 E : W

1;q

!

(
)!W

1;q

0;!

(B

R

(0));

is a linear bounded extension operator. This proves the Theorem. 2

To ensure in the sequel the A

q

-
onsisten
y of 
onstants in estimates, whi
h are proved by


ontradi
tion and 
ompa
tness arguments, we need a re�nement of Theorem 2.3.

Theorem 2.4 Let 
 � R

n

be a bounded Lips
hitz domain. Let 1 < q < 1 and (!

m

) be

a sequen
e of A

q

-weights su
h that

sup

m

A

q

(!

m

) <1 and !

m

(Q) = 1 8m 2 N

for an open 
ube Q with 
 � Q. Then we have:

i) If sup

m

ku

m

k

1;q;!

m

<1; then there is a subsequen
e (u

m

k

) � (u

m

) su
h that

8" > 0 9 k

0

("); v

"

2 C

1

(
) : ku

m

k

� v

"

k

q;!

m

k

;


� " 8 k � k

0

("):

In parti
ular, the weak 
onvergen
e u

m

* 0 in W

1;s

(
) for some 1 < s <1 implies

ku

m

k

q;!

m

;


! 0:

ii) If sup

m

ku

m

k

1;q

0

;!

0

m

<1; then there is a subsequen
e (u

m

k

) � (u

m

) su
h that

8" > 0 9 k

0

("); v

"

2 C

1

(
) : ku

m

k

� v

"

k

q

0

;!

0

m

k

;


� " 8 k � k

0

("):

Proof: i) The proof follows from a 
areful analysis of the proof of Theorem 2.3: First

let u

m

2 W

1;q

0;!

m

(
) for all m 2 N: Sin
e sup

m

A

q

(!

m

) < 1 and !

m

(Q) = 1, Lemma 2.2

yields the existen
e of some s 2 (1;1) su
h that (u

m

) �W

1;s

(
) with

sup

m

ku

m

k

1;s

� C sup

m

ku

m

k

1;q;!

m

<1:

Suppressing the notion of subsequen
es we 
an assume that u

m

* u inW

1;s

(
). With the

same argumentation and notation as in the proof of Theorem 2.3 we get for every " > 0

the uniform 
onvergen
e �

"

� (u

m

�u)! 0: Sin
e the support of �

"

� (u

m

�u) is 
ontained

in Q for all m if " > 0 is suÆ
iently small, we have

k�

"

� (u

m

� u)k

q;!

m

! 0 for m!1 (10)

be
ause of !

m

(Q) = 1. Furthermore as in the proof of Theorem 2.3

k�

"

� u

m

� u

m

k

q;!

m

� 
 " kM(jru

m

j)k

q;!

m

� C " kru

m

k

q;!

m

�

~

C ";

where C and

~

C are independent of m; sin
e sup

m

A

q

(!

m

) < 1 and the 
onstant C in

Theorem 2.1 is A

q

-
onsistently in
reasing. If � > 0 is arbitrarily given, 
hoose Æ =

1

2

~

C

�1

�

and m so large that k�

Æ

� (u

m

� u)k

q;!

m

�

�

2

. Then with v

�

:= (�

Æ

� u)

�

�




ku

m

� v

�

k

q;!

m

� ku

m

� �

Æ

� u

m

k

q;!

m

+ k�

Æ

� (u

m

� u)k

q;!

m

�

~

CÆ +

�

2

= �:

8



To show part i) in the general 
ase u

m

2 W

1;q

!

m

(
);8m; note that by Theorem 2.2 ii) and

the 
ut-o� te
hnique applied at the end of the proof of Theorem 2.3 there are extension

operators E

m

:W

1;q

!

m

(
)!W

1;q

0;!

m

(O) for allm, where O is a domain with 
 �� O �� Q,

su
h that

sup

m

kEu

m

k

1;q;!

m

;O

� C sup

m

ku

m

k

1;q;!

m

;


<1;

sin
e sup

m

A

q

(!

m

) <1 and the 
onstant C in Theorem 2.2 is A

q

-
onsistently in
reasing.

Using O instead of 
 in the argumentation above proves the �rst assertion of i).

These extension operators E

m

have a 
ommon bounded extension E to a bounded exten-

sion operator from W

1;s

(
) to W

1;s

0

(O) (see the expli
it 
onstru
tion in [19℄). Hen
e the

additional assumption u

m

* 0 inW

1;s

(
) yields Eu

m

* 0 inW

1;s

0

(O). Then in the proof

above u = 0 and therefore v

�

= 0, proving the last assertion in i).

ii) We �rst show that the assumptions on (!

m

) imply the existen
e of some s 2 (1;1)

su
h that L

q

0

!

0

m

(
) is 
ontinuously emdedded into L

s

(
) for all m 2 N with an embedding


onstant independent of m: By H�older's inequality we obtain

kfk

s

�

�

Z

Q

!

s

q(1�s)+s

m

dx

�

q

0

�s

q

0

s

�

Z




jf j

q

0

!

0

m

dx

�

1

q

0

: (11)

Sin
e

s

q(1�s)+s

! 1 for s ! 1 we 
an apply the reverse H�older inequality for s > 1

suÆ
iently 
lose to 1 to the �rst term on the right hand of (11). Note that be
ause of

sup

m

A

q

(!

m

) < 1 both s > 1 and the 
onstant in the reverse H�older inequality 
an be


hosen independently of m. Sin
e !

m

(Q) = 18m 2 N the embedding 
onstant 
an be


hosen independently of m.

Hen
e we obtain as in the proof of i) the weak 
onvergen
e of a subsequen
e of (u

m

) to a

v in W

1;s

(
) and thus the uniform 
onvergen
e �

varepsilon

� (u

m

� v)! 0 for every �xed

" > 0. Sin
e

!

0

m

(Q)

q�1

� A

q

(!

m

) jQj

q

!

m

(Q)

�1

� CjQj

q

for every �xed " > 0

k�

"

� (u

m

� v)k

q

0

;!

0

m

;


! 0 for m!1:

Noting that sup

m

A

q

0

(!

0

m

) = sup

m

A

q

(!

m

) <1 the proof 
an be 
ompleted as in i). 2

Corollary 2.1 (Poin
ar�e inequality with A

q

-
onsistent 
onstant) Let 1 < q <1;

! 2 A

q

; let 
 � R

n

be a bounded Lips
hitz domain and h a 
ontinuous seminorm on

W

1;1

(
) su
h that h(
) = 0 implies 
 = 0 for 
onstant fun
tions 
. Then there is an

A

q

-
onsistently in
reasing 
onstant C 2 R su
h that

kuk

q;!

� C kruk

q;!

for all u 2W

1;q

!

(
) with h(u) = 0.

Proof: Assume the Corollary was wrong. Then there is a 
onstant 0 < 


0

< 1;

a sequen
e (!

k

) � A

q

with A

q

(!

k

) � 


0

and a sequen
e (u

k

) with u

k

2 W

1;q

!

k

(
) and

h(u

k

) = 0 for all k 2 N su
h that

ku

k

k

q;!

k

> k kru

k

k

q;!

k

8k 2 N: (12)

9



To apply Theorem 2.4 we 
hoose an open 
ube Q with 
 � Q. By multiplying !

k

with

�

k

:= !

k

(Q)

�1

we ar
hieve that e!

k

(Q) = 1 for e!

k

:= �

k

!

k

without 
hanging the A

q

-


onstant, i.e. A

q

(e!

k

) = A

q

(!

k

) � 


0

. Multipli
ation of (12) with �

1

q

k

yields

ku

k

k

q;e!

k

> k kru

k

k

q;e!

k

: (13)

W.l.o.g we may assume that

ku

k

k

q;e!

k

= 1: (14)

and 
onsequently sup

k

ku

k

k

1;q;e!

k

� 2. The properties sup

k

A

q

(e!

k

) � 


0

and f!

k

(Q) = 1

imply by Lemma 2.2 (and the remark after this Lemma) the extisten
e of some " > 0

su
h that for all k 2 N the embedding L

q

!

k

(
) ,! L

1+"

(
) holds with an embedding


onstant independent of k. Hen
e the sequen
e (u

k

) is bounded in W

1;1+"

(
): Be
ause of

the 
ompa
t embedding W

1;1+"

(
) ,!,! L

1+"

(
) we may assume that (u

k

) is a Cau
hy

sequen
e in L

1+"

(
). By (13), (14) also (ru

k

) is a Cau
hy sequen
e in L

1+"

(
). It follows

u

k

! u in W

1;1+"

(
) (15)

for some u 2 W

1;1+"

(
). Sin
e (13), (14) imply ru

k

! 0 in W

1;1+"

(
); it follows

ru = 0: Hen
e u is 
onstant. But 0 = h(u

k

) ! h(u) implies h(u) = 0 and therefore

u = 0. Inserting this information in (15) and noting (14), we 
on
lude by Theorem 2.4

that ku

k

k

q;!

k

! 0 as k !1. This is a 
ontradi
tion to (14). 2

Con
lusions: Under the assumptions of Theorem 2.3 we have:

i) 8u 2W

1;q

!

(
) : ku� u




k

q;!

� C kruk

q;!

with u




=

1

j
j

R




udx

ii) 8u 2W

1;q

0;!

(
) : kuk

q;!

� C kruk

q;!

:

iii)




W

1; q

!

(
) =W

1;q

!

(
):

Proof: i) Choose h(u) := ju




j = j

1

j
j

R




udxj.

ii) Choose h(u) := j

R

�


ud�j.

iii) Follows from i) and an approximation with smooth fun
tions in




W

1;q

!

(
) (see [12℄,

Corollary 4.1). 2

Corollary 2.2 Let 1 < q < 1; ! 2 A

q

and let 
 � R

n

be a bounded Lips
hitz domain.

Then there is an A

q

-
onsistently in
reasing 
onstant C su
h that

kuk

2;q;!

� C kr

2

uk

q;!

for all u 2W

2;q

!

(
) with 
(u) = 0.

Proof: Assume the Corollary was wrong. Then there is a 
onstant 


0

2 R

+

; a sequen
e

(!

k

) � A

q

with A

q

(!

k

) � 


0

and a sequen
e (u

k

) with u

k

2W

2;q

!

k

(
) and 
(u

k

) = 0 for all

k 2 N su
h that

ku

k

k

1;q;!

k

> kkr

2

u

k

k

q;!

k

8k 2 N: (16)
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Pro
eeding as in the proof of Corollary 2.1 we may assume

ku

k

k

1;q;!

k

= 1 and !

k

(Q) = 1 (17)

for an open 
ube Q 
ontaining 
. By (16) it follows sup

k

ku

k

k

2;q;!

k

< 1: By (17) and

the remark after Lemma 2.2 there is an " > 0 su
h that L

q

!

k

(
) ,! L

1+"

(
) with an

embedding 
onstant independent of k. Hen
e the sequen
e (u

k

) is bounded in W

2;1+"

(
).

Be
ause of the 
ompa
t embeddingW

2;1+"

(
) ,!,!W

1;1+"

(
) we 
on
lude that for some

subsequen
e

u

k

! u in W

1;1+"

(
): (18)

By (16) we have r

2

u

k

! 0 in L

1+"

(
): Therefore r

2

u = 0 and thus u is a polynomial of

�rst degree on 
. (18) implies 0 = 
(u

k

) ! 
(u) in L

1+"

(�
). Hen
e 
(u) = 0. Choose

x

0

2 
 arbirtrary; then every straight line through x

0

interse
ts the boundary �
 at least

twi
e. Sin
e 
(u) = 0 this implies u = 0. Hen
e u

k

! 0 in W

2;1+"

(
). Sin
e

sup

k

ku

k

k

2;q;!

k

<1 und u

k

! 0 in W

2;1+"

(
);

Theorem 2.4 applied to (u

k

) and (ru

k

) yields the 
onvergen
e ku

k

k

1;q;!

k

! 0 as k ! 1


ontradi
ting (17). 2

3 The Stokes resolvent problem

We investigate the Stokes resolvent system

�u��u+rp = f in 
 (19a)

div u = g in 
 (19b)


(u) = 0 on �
: (19
)

in weighted Sobolev spa
es for a bounded domain 
 with boundary of 
lass C

1;1

.

Re
all the following Theorem from [12℄.

Theorem 3.1 Let n � 2; 1 < q <1; ! 2 A

q

; 0 < " <

�

2

and 
 = R

n

or 
 = R

n

+

.

i) Then for every f 2 L

q

!

(
)

n

; g 2W

1;q

!

(
) \




W

�1; q

!

(
) and � 2 �

"

there is a unique

solution (u; p) 2 W

2;q

!

(
)

n

�




W

1; q

!

(
) of the resolvent problem (19). This solution

satis�es the estimate

j�jkuk

q;!

+ kr

2

uk

q;!

+ krpk

q;!

� C ( kfk

q;!

+ krgk

q;!

+ k�gk




W

�1; q

!

); (20)

where C > 0 depends only on n; q; " and A

q

-
onsistently in
reasing on !.

ii) If for some r 2 (1;1) and some v 2 A

r

additionally f 2 L

r

v

(
)

n

and g 2W

1;r

v

(
)\




W

�1;r

v

(
); then (u; p) 2W

2;r

v

(
)�




W

1;r

v

(
):

Proof: i) The proof for the 
ase 
 = R

n


an be found in [10℄ S.270. For 
 = R

n

+

the

Theorem is proved in [12℄.

11



3.1 The bended half spa
e

We transfer the approa
h of [9℄ to the weighted 
ase. For a Lips
hitz 
ontinuous fun
tion

� : R

n�1

! R the bended half spa
e H

�

is de�ned by

H

�

:= fx = (x

0

; x

n

) 2 R

n

: x

n

> �(x

0

)g:

Theorem 3.2 Let n � 2; 1 < q < 1; ! 2 A

q

; 0 < " <

�

2

and � 2 C

0;1

(R

n�1

) \

W

2;1

lo


(R

n�1

): Then there is an A

q

-
onsistently de
reasing 
onstant K = K(n; q; !; ") > 0

and an A

q

-
onsistently in
reasing 
onstant �

0

= �

0

(�; n; q; !; ") > 0 with the property: If

kr

0

�k

1

� K and kr

2

�k

1

<1, then for every f 2 L

q

!

(H

�

)

n

; g 2W

1;q

!

(H

�

)\




W

�1; q

!

(H

�

)

and every � 2 �

"

mit j�j � �

0

there exists a unique solution (u; p) 2 W

2;q

!

(H

�

)

n

�




W

1; q

!

(H

�

) of the Stokes resolvent problem (19) in 
 = H

�

. This solution satis�es the

estimate:

j�jkuk

q;!

+ kr

2

uk

q;!

+ krpk

q;!

� C ( k(f;rg)k

q;!

+ k�gk




W

�1; q

!

)

with an A

q

-
onsistently in
reasing 
onstant C = C(n; q; �; !; ") 2 R.

Proof: We redu
e the resolvent problem to a half spa
e problem by the 
oordinate

transformation � : H

�

! R

n

+

de�ned by ~x = (~x

0

; ~x

n

) = �(x) = (x

0

; x

n

� �(x

0

)). Then

� is a bije
tion with Ja
obian equal to 1. For a fun
tion u on H

�

we de�ne ~u(~x) :=

u(�

�1

(~x)); ~x 2 R

n

+

; and denote by

~

�

i

;

~

r; : : : the derivatives with respe
t to the variables

~x 2 R

n

+

: Then we obtain

�

i

u(x) = (

~

�

i

� (�

i

�)

~

�

n

)~u(~x) (21)

�

i

�

j

u(x) = (

~

�

i

~

�

j

� (�

i

�)

~

�

j

~

�

n

� (�

j

�)

~

�

i

~

�

n

� (�

j

�

i

�)

~

�

n

+ (�

j

�)(�

i

�)

~

�

n

~u(~x); (22)

where we used that �

n

� = 0.

Note that by Lemma 2.1 for ! 2 A

q

also ~! 2 A

q

with A

q

-
onstant A

q

(~!) � 
A

q

(!). For

u 2W

2;q

!

(H

�

) we have with a 
onstant 
 > 0 depending only on n

kuk

q;!;H

�

= k~uk

q;~!;R

n

+

kruk

q;!;H

�

� 
 (1 + kr

0

�k

1

)k

~

r~uk

q;~!;R

n

+

kr

2

uk

q;!;H

�

� 
 (1 + kr

0

�k

1

)

2

k

~

r

2

~uk

q;~!;R

n

+

+ 
 k(r

0

2

�)

~

�

n

~uk

q;~!;R

n

+

:

Sin
e k

~

r ~'k

q

0

;

~

!

0

;R

n

+

� 
 (1 + kr

0

�k

1

)kr'k

q

0

;!

0

;H

�

and

R

H

�

g ' dx =

R

R

n

+

~g ~' d~x for all ' 2




W

1;q

0

!

0

(H

�

) we obtain for g 2W

1;q

!

(H

�

) \




W

�1; q

!

(H

�

) that

kgk




W

�1; q

!

(H

�

)

� 
 k~gk




W

�1;q

~!

(R

n

+

)

:

To apply a perturbation argument we 
onsider the following Bana
h spa
es

X =

�

W

2;q

!

(H

�

) \W

1;q

0;!

(H

�

)

�

n

�




W

1; q

!

(H

�

); k(u; p)k

X

= k(�u;r

2

u;rp)k

L

q

!

(H

�

)

Y = L

q

!

(H

�

)

n

�

�

W

1;q

!

(H

�

) \




W

1; q

!

(H

�

)

�

;

k(f; g)k

Y

= k(f;rg)k

q;!;H

�

+ k�gk




W

�1; q

!

(H

�

)
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and the operator

S

�

q;!

: X �! Y; S

�

q;!

(u; p) = (�u��u+rp;�divu):

Further we de�ne

~

X;

~

Y ;

~

S

�

q;~!

by repla
ing H

�

; u; !;r et
. by R

n

+

; ~u; ~!;

~

r et
. Using (21),

(22) we get

S

�

q;!

(u; p)(x) =

~

S

�

q;~!

(~u; ~p)(~x) +R

q;~!

(~u; ~p)(~x);

where the remainder R

q;~!

on

~

X is given by

R

q;~!

(~u; ~p) = (�jr

0

�j

2

~

�

2

n

~u+ 2(r

0

�; 0) �

~

r

~

�

n

~u

+(�

0

�)

~

�

n

~u� (r

0

�; 0)

~

�

n

~p; (r

0

�; 0) �

~

�

n

~u): (23)

Then R

q;~!

(~u; ~p) 
an be estimated in the norm of

~

Y as follows

kR

q;~!

(~u)k

~

Y

� 3kr

0

�k

1

(1 + kr

0

�k

1

)k

~

r

2

~uk

q;~!;R

n

+

+ kr

0

�k

1

k

~

�

n

~pk

q;~!;R

n

+

+ 2kr

0

2

�k

1

k

~

�

n

~uk

q;~!;R

n

+

+ j�jk(r

0

�; 0) �

~

�

n

~uk




W

�1;q

~!

(R

n

+

)

: (24)

For the estimate of the term kr

0

2

�k

1

k

~

�

n

~uk

q;~!;R

n

+

use Corollary 5.3 from [12℄ to get for

Æ 2 (0; 1)

kr

0

2

�k

1

k

~

�

n

~uk

q;~!;R

n

+

� C

1

�

kr

0

2

�k

2

1

Æ

k~uk

q;~!;R

n

+

+ Æk

~

r

2

~uk

q;~!;R

n

+

�

= C

1

Æ

�

�

0

k~uk

q;~!;R

n

+

+ kr

2

~uk

q;~!;R

n

+

�

; (25)

if �

0

= kr

0

2

�k

2

1

Æ

�2

. The 
onstant C

1

depends A

q

-
onsistently in
reasing on ~!. Sin
e

A

q

(~!) � 
A

q

(
) by Lemma 2.1 , C

1

depends A

q

-
onsistently in
reasing on !.

To estimate k(r

0

�; 0) �

~

�

n

~uk




W

�1;q

~!

we note that 


R

n

+

(~u) = 0 and

~

�

n

(r

0

�; 0) = 0 and get by

an integration by parts ([12℄, Theorem 3.2) that

Z

R

n

+

(r

0

�; 0)

~

�

n

~u ~' d~x = �

Z

R

n

+

(r

0

�; 0) ~u

~

�

n

~'d~x

for ' 2 C

1

0

(R

n

+

). Sin
e C

1

0

(R

n

+

) is dense in




W

1;q

0

!

0

(R

n

+

) (see [11℄, Corollary 4.1)

j�j k(r

0

�; 0) �

~

�

n

~uk




W

�1;q

~!

� kr

0

�k

1

k�~uk

q;~!

: (26)

Inserting (25) and (26) into (24) we get

kR

q;~!

(~u; ~p)k

~

Y

� 3kr

0

�k

1

(1 + kr

0

�k

1

)k

~

r

2

~uk

q;~!;R

n

+

+ kr

0

�k

1

k

~

�

n

~pk

q;~!;R

n

+

+ C

1

Æ

�

�

0

k~uk

q;~!;R

n

+

+ kr

2

~uk

q;~!;R

n

+

�

+ kr

0

�k

1

k�~uk

q;~!

� C (kr

0

�k

1

(1 + kr

0

�k

1

) + C

1

Æ) k�~u �

~

�~u+

~

r~pk

q;~!;R

n

+

� k k

~

S

�

q;~!

(~u; ~p)k

~

Y

on

~

X with an A

q

-
onsistently in
reasing 
onstant C = C(n; q; !; "): Here k < 1, if

kr

0

�k

1

� K = K(n; q; !; ") and K > 0 as well as Æ > 0 are suÆ
iently small. Sin
e

13



the 
onstants C and C

1

in the above estimate depend A

q

-
onsistently in
reasing on !,

we 
an 
hoose K = K(n; q; !; ") > 0 and Æ > 0 A

q

-
onsistently de
reasing. Hen
e

�

0

= kr

0

2

�k

2

1

Æ

�2


an be 
hosen A

q

-
onsistently in
reasing.

Sin
e by Theorem 3.1 the operator

~

S

�

q;~!

:

~

X �!

~

Y is an isomorphism it follows that (see

[16℄, 
hapter IV, Theorem 1.16 )

~

S

�

q;~!

+R

q;~!

is an isomorphism from

~

X to

~

Y . Hen
e S

�

q;!

is an isomorphism from X to Y . Summarizing we get

k(u; p)k

X

� 


1

k(~u; ~p)k

~

X

� 


2

k

~

S

�

q;~!

(~u; ~p)k

~

Y

� 


3

k(

~

S

�

q;~!

+R

q;~!

)(~u; ~p)k

~

Y

� 


4

kS

�

q;!

(u; p)k

Y

for all � 2 �

"

with j�j � �

0

; where the 
onstants 


1

; 


2

; 


3

und 


4

are A

q

-
onsistently

in
reasing on !. 2

3.2 The bounded domain

Let 1 < q < 1; ! 2 A

q

and let 
 � R

n

be a bounded domain with boundary of 
lass

C

1;1

. Sin
e by Lemma 2.2 ii) there are exponents 1 < r; s <1 su
h that the 
ontinuous

embeddings

L

r

(
) ,! L

q

!

(
) ,! L

s

(
) (27)

hold, it is easy to transfer uniqueness and partially also existen
e results from the 
ase

without weights to the weighted 
ase.

Consider for � 2 �

"

[ f0g; 0 < " <

�

2

; the operator

S

�

q;!

: D(S

�

q;!

) �! L

q

!

(
)

n

� (W

1;q

!

(
) \




W

�1; q

!

(
))

D(S

�

q;!

) := (W

2;q

!

(
) \W

1;q

0;!

(
))

n

�




W

1; q

!

(
)

(u; p) 7! (�u��u+rp; �divu)

In [9℄ it is shown for arbitrary 1 < q < 1 and for ! � 1 that this operator is an

isomorphism.

Lemma 3.1 Let 1 < q < 1 and ! 2 A

q

; 
 � R

n

a bounded domain with boundary of


lass C

1;1

and let � 2 �

"

[ f0g; 0 < " <

�

2

. Then:

i) S

�

q;!

is inje
tive.

ii) The range R(S

�

q;!

) of S

�

q;!

is dense in L

q

!

(
)

n

� (W

1;q

!

(
)�




W

�1; q

!

(
)).

Proof: i) We 
hoose 1 < s <1 su
h that L

q

!

(
) � L

s

(
). By [9℄ the operator S

�

s

(with

! � 1) is inje
tive. Sin
e S

�

q;!

is equal to the restri
tion of S

�

s

to D(S

�

q;!

), the assertion i)

is 
lear.

ii) Choose 1 < r <1 su
h that L

r

(
) � L

q

!

(
). By [9℄ the operator S

�

r

is surje
tive and

L

r

(
)

n

� (W

1;r

(
) \




W

�1;r

(
)) is dense in L

q

!

(
)

n

� (W

1;q

!

(
) \




W

�1; q

!

(
)). 2

It remains to show the resolvent estimate. First, we show the following weaker estimate:

14



Lemma 3.2 Under the assumptions of Lemma 3.1 let (u; p) 2 D(S

�

q;!

) and (f;�g) =

S

�

q;!

(u; p). Then there is an A

q

-
onsistently in
reasing 
onstant C = C(n; q; !; ";
) 2 R

su
h that

j�jkuk

q;!

+ kr

2

uk

q;!

+ krpk

q;!

�C

�

k(f;rg)k

q;!

+ k�gk




W

�1; q

!

(
)

+ kuk

1;q;!

+ kpk

q;!

+ k�uk

(W

1;q

0

!

0

(
))

0

�

for all � 2 �

"

[ f0g: Here kr

2

uk

q;!

may be repla
ed by kuk

2;q;!

.

The proof rests on the well known lo
alisation method, whi
h redu
es the problem to R

n

and H

�

:

Sin
e 
 is a bounded C

1;1

-domain there is a 
overing of 
 by a �nite number of balls

B

1

; : : : ; B

m

� R

n

and nonnegative 
ut-o� fun
tions  

1

; : : : ;  

m

2 C

1

0

(R

n

) with support

supp 

j

� B

j

and

P

m

j=1

 

j

= 1 on 
. Sin
e �
 2 C

1;1

for every j with B

j

\ �
 6= � there

exists a fun
tion �

j

2 C

1;1

(R

n�1

) su
h that (after a suitable translation and rotation of

the 
oordinate system)

B

j

\ 
 � H

�

j

and B

j

\ �
 � �H

�

j

:

We 
an 
hoose a suÆ
iently large number m of suÆ
iently small balls B

j

su
h that �

j

satis�es the assumptions of Theorem 3.2 for all j 2 f1; : : : ;mg . Sin
e the 
onstant K > 0

of Theorem 3.2 depends A

q

-
onsistently de
reasing on ! 2 A

q

the numberm 
an be 
hosen

A

q

-
onsistently, i.e., for every 
 2 R

+

one 
an 
hoose the same partition of unity f 

j

g

m

j=1

for all ! 2 A

q

with A

q

(!) � 
.

Further note that the translation and rotation a

j

of the 
oordinate system yields the new

weight !

j

:= ! Æ a

j

2 A

q

with an A

q

-
onstant A

q

(!

j

), whi
h is 
omparable to A

q

(!),

i.e., there are 
onstants 


1

; 


2

> 0 independent of ! su
h that 


1

A

q

(!) � A

q

(!

j

) �




2

A

q

(!) for j = 1; : : : ;m (see Lemma 2.1). Sin
e the 
onstant C in Theorem 3.2 is A

q

-


onsistently in
reasing, the mapping a

j

will not disturb the A

q

-
onsisten
y of 
onstants

in the estimates. Furthermore, note that kv Æ a

j

k

q;!

j

;R

n

= kvk

q;!;R

n

; kr(v Æ a

j

)k

q;!

j

;R

n

�

krvk

q;!;R

n

; : : : . Thus we 
an suppress the transformation a

j

in the following.

In the 
ase B

j

\ �
 = � let even B

j

� 
. Then there are two kinds of 
ut-o� fun
tions

 

j

; j 2 f1; : : : ;mg :

type R

n

:  

j

if B

j

� 


typeH

�

:  

j

if B

j

\ �
 6= �:

For (u; p) 2 D(S

�

q;!

) und (f;�g) = S

�

q;!

(u; p) it holds for j = 1; : : : ;m

�( 

j

u)��( 

j

u) +r( 

j

p) = f

j

; div( 

j

u) = g

j

(28)

in 
 with

f

j

=  

j

f � 2(r 

j

)ru� (� 

j

)u+ (r 

j

)p (29)

g

j

=  

j

g + (r 

j

) � u: (30)

Depending on the type of  

j

we 
an interpret these equations as problems in R

n

or H

�

j

,

where we suppress the transformation of the 
oordinate system.

15



Proof of Lemma 3.2: Let (u; p) 2 D(S

�

q;!

) and (f;�g) = S

�

q;!

(u; p). As explained

above we 
hoose a partition of unity f 

j

: j = 1; : : : ;mg and 
onsider a 
ut-o� fun
tion

 

j

of type H

�

(for a 
ut o� fun
tion  

j

of type R

n

the proof is analogous if we use Theorem

3.1 instead of Theorem 3.2). Adding �

0

 

j

u on both sides of the equation (28) we obtain

(�+ �

0

)( 

j

u)��( 

j

u) +r( 

j

p) = f

j

+ �

0

 

j

u

div( 

j

u) = g

j

:

We 
hoose �

0

> 0 so large that Theorem 3.2 
an be applied. By Theorem 3.2 �

0


an be


hosen A

q

-
onsistently in
reasing. Thus we get the estimate

k(�+ �

0

) 

j

uk

q;!

+ kr

2

( 

j

u)k

q;!

+ kr( 

j

p)k

q;!

� C(kf

j

k

q;!

+ k�

0

 

j

uk

q;!

+ krg

j

k

q;!

+ k(�+ �

0

)g

j

k




W

�1; q

!

(H

�

j

)

):

From (29), (30) and the weighted Poin
ar�e inequality Corollary 2.1 (g 2




W

�1; q

!

(
) implies

R




g = 0) it follows

kf

j

k

q;!

� C( 

j

)(kfk

q;!

+ kuk

1;q;!

+ kpk

q;!

);

krg

j

k

q;!

� C( 

j

)(krgk

q;!

+ kuk

1;q;!

):

To estimate g

j

in




W

�1; q

!

(H

�

j

) let ' 2 C

1

0

(H

�

j

) and let ~' = ' �

1

jG

j

j

R

G

j

'dx with G

j

=

suppr 

j

. Sin
e

R

G

j

~'dx = 0 the weighted Poin
ar�e inequality yields kr( 

j

~')k

q

0

;!

0

;


�




1

kr'k

q

0

;!

0

;H

�

j

and k(r 

j

) ~'k

W

1;q

0

!

0

(
)

� 


2

kr'k

q

0

;!

0

;H

�

j

with A

q

-
onsistently in
reasing


onstants 


1

; 


2

> 0 (see Corollary 2.1). Sin
e

(g

j

; ') = (div(u 

j

); ') = �(u 

j

;r ~') = �(u;r( 

j

~') + (u; (r 

j

) ~')

it follows that

kg

j

k




W

�1; q

!

(H

�

j

)

= sup

06='2C

1

0

(H

�

j

)

j(g

j

; ')j

kr'k

q

0

;!

0

;


� 


1

sup

06=v2




W

1;q

0

!

0

(
)

j(u;rv)j

krvk

q

0

;!

0

;


+ 


2

kuk

[W

1;q

0

!

0

(
)℄

0

= 


1

kgk




W

�1; q

!

(
)

+ 


2

kuk

[W

1;q

0

!

0

(
)℄

0

:

Hen
e k�g

j

k




W

�1; q

!

(H

�

j

)

� 
(k�gk




W

�1; q

!

(
)

+ k�uk

[W

1;q

0

!

0

(
)℄

0

). Moreover, sin
e

R




g = 0,

we obtain by applying the weighted Poin
ar�e inequality twi
e kgk




W

�1; q

!

(
)

� 
krgk

q;!

,

when
e k�

0

g

j

k




W

�1; q

!

(H

�

j

)

� C(krgk

q;!

+ kuk

[W

1;q

0

!

0

(
)℄

0

). Summing up the inequalities

obtained above for j = 1; : : : m yields the desired estimate of Lemma3.2. Sin
e 
(u) = 0

by Corollary 2.2 also the additional remark is 
lear. 2

Lemma 3.3 Under the assumptions of Lemma 3.1 let (u; p) 2 D(S

�

q;!

) and (f;�g) =

S

�

q;!

(u; p). Then there is an A

q

-
onsistently in
reasing 
onstant C = C(
; q; !; ") 2 R

su
h that

j�jkuk

q;!

+ kuk

2;q;!

+ krpk

q;!

� C ( k(f;rg)k

q;!

+ k�gk




W

�1; q

!

(
)

): (31)
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Proof: Assumme the Lemma was wrong. Then there is a 


0

2 R

+

; a sequen
e (!

j

) � A

q

with sup

j

A

q

(!

j

) � 


0

; sequen
es (u

j

; p

j

) 2 (W

2;q

!

j

(
) \W

1;q

0;!

j

(
))

n

�




W

1;q

!

j

(
) and (�

j

) �

�

"

[ f0g su
h that

k�

j

u

j

k

q;!

j

+ ku

j

k

2;q;!

j

+ krp

j

k

q;!

j

> j (k(f

j

;rg

j

)k

q;!

j

+ k�

j

g

j

k




W

�1;q

!

j

(
)

) (32)

for all j 2 N; where (f

j

;�g

j

) = S

�

j

q;!

j

(u

j

; p

j

). We may assume w. l. o. g. that

R




p

j

dx = 0

for all j 2 N and that (�

j

) 
onverges to some � 2 �

"

[ f1g.

Let Q be an open 
ube 
ontaining 
. Then for e!

j

:= !

j

(Q)

�1

!

j

it holds both e!

j

(Q) = 1

and A

q

(e!

j

) = A

q

(!

j

) � 


0

for all j 2 N. Multipling (32) by !

j

(Q)

�

1

q

yields the same

inequality with !

j

repla
ed by e!

j

: We suppress the notation f!

j

and write again !

j

. Then

we 
an assume w. l. o. g. that

k�

j

u

j

k

q;!

j

+ ku

j

k

2;q;!

j

+ krp

j

k

q;!

j

= 1 8j 2 N (33)

k(f

j

;rg

j

)k

q;!

j

+ k�

j

g

j

k




W

�1;q

!

j

(
)

! 0 f�ur j !1: (34)

By Lemma 2.2 ii) and the remark after this Lemma there is an � > 0; su
h that L

q

!

j

(
)

is 
ontinuously embedded into L

1+�

(
) with an embedding 
onstant is independent of

j 2 N. Hen
e the sequen
es (�

j

u

j

); (u

j

) and (rp

j

) are bounded in L

1+�

(
)

n

; W

2;1+�

(
)

n

and L

1+�

(
)

n

respe
tively. Suppressing the notion of subsequen
es we get the weak 
on-

vergen
es

�

j

u

j

* v; u

j

* u; rp

j

* rp (35)

in L

1+�

(
)

n

; W

2;1+�

(
)

n

resp. L

1+�

(
)

n

, where p 2 W

1;1+�

(
) is 
hosen in su
h a way

that

R




p dx = 0. Sin
e �

j

u

j

* v weakly in L

1+�

(
)

n

and div(�

j

u

j

) = �

j

g

j

! 0 in




W

�1;1+�

(
) and therefore also in D

0

(
), it follows div v = 0: Hen
e the tra
e 


N

(v) :=


(v � N) 2 [T

1;(1+�)

0

(�
)℄

0

= W

�

�

1+�

;1+�

(�
) of v in dire
tion of the outer unit ve
tor N

on �
 is well de�ned. Be
ause of 
(u

j

) = 0 we get

< 


N

(v); � >=

Z




vr� dx = lim

j!1

Z




�

j

u

j

r� dx

= � lim

j!1

Z




�

j

g

j

� dx = 0

for every � 2 T

1;(1+�)

0

(�
) and every extension � 2 W

1;(1+�)

0

(
) su
h that 
(�) = �.

Hen
e

v ��u+rp = 0; rdivu = 0; div v = 0 in 
; (36)




N

(v) = 0 auf �
:

From (35) it follows by the 
ompa
t embedding that u

j

! u inW

1;1+�

(
). Sin
e 
(u

j

) = 0

also 
(u) = 0: Hen
e

R




divu = 0 und be
ause of (36) we 
on
lude divu = 0:

We now distinguish the 
ases � 6=1 and � =1:

Let �

j

! � 6= 1. The weak 
onvergen
es (35) imply �u = v. Therefore S

�

1+�

(u; p) = 0

be
ause of (36) and sin
e S

�

1+�

is inje
tive, it follows u = 0 and rp = 0. But sin
e

R




p dx = 0; even p = 0. Inserting this into (35) we get

u

j

* 0; rp

j

* 0; �

j

u

j

* 0 (37)
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in W

2;1+�

(
)

n

; L

1+�

(
)

n

resp. L

1+�

(
)

n

. The �rst 
onvergen
e, (33), the properties of

the sequen
e (!

j

) and Theorem 2.4 yield

ku

j

k

1;q;!

j

! 0 f�ur j !1: (38)

Be
ause of the se
ond 
onvergen
e in (37),

R




p

j

dx = 0 and be
ause of Poin
ar�e's inequal-

ity we 
an assume that (p

j

) 
onverges weakly in W

1;1+�

(
) to 0. By Theorem 2.4 we

obtain

kp

j

k

L

q

!

j

(
)

! 0 f�ur j !1: (39)

Finally we 
laim that

k�

j

u

j

k

[W

1;q

0

!

0

j

(
)℄

0

! 0: (40)

Choose a sequen
e v

j

2W

1;q

0

!

0

j

(
); j = 1; 2; : : : su
h that kv

j

k

1;q

0

;!

0

j

= 1 and

k�

j

u

j

k

[W

1;q

0

!

0

j

(
)℄

0

�

1

j

+ j(�

j

u

j

; v

j

)j:

By Theorem 2.4 ii) for arbitrary Æ > 0 there exists a j

0

(Æ) and a v

Æ

2 C

1

(
), su
h that

kv

j

� v

Æ

k

q

0

;!

0

j

;


� Æ for all j � j

0

(Æ): Be
ause of

j(�

j

u

j

; v

j

)j � j(�

j

u

j

; v

Æ

)j+ k�

j

u

j

k

q;!

j

;


kv

j

� v

Æ

k

q

0

;!

0

j

;


;

(33) and (37), the 
laim (40) is 
lear.

By Lemma 3.2

j�

j

jku

j

k

q;!

j

+ ku

j

k

2;q;!

j

+ krp

j

k

q;!

j

� C

�

k(f

j

;rg

j

)k

q;!

j

+ k�

j

g

j

k




W

�1;q

!

j

(
)

+ ku

j

k

1;q;!

j

+ kp

j

k

q;!

j

+ k�u

j

k

[W

1;q

0

!

0

j

(
)℄

0

�

;

where C is independent of j 2 N be
ause of the A

q

-
onsisten
e of the 
onstant in Lemma

3.2 and A

q

(!

j

) � 


0

. Using (34),(33), (38), (39), (40), we get the 
ontradi
tion 1 � 0 for

j !1.

In the 
ase �

j

!1 (33) yields the 
onvergen
e

ku

j

k

q;!

j

;


! 0;

whi
h implies the 
onvergen
e of (u

j

) to 0 in L

1+�

(
)

n

. Thus u = 0. Then (36) is the

unique Helmholtz de
omposition in L

1+�

(
)

n

of the zero ve
tor�eld. It follows v = rp = 0.

By analogous argumentation as in the previous 
ase we obtain the same 
ontradi
tion. 2

Corollary 3.1 Under the assumptions of Lemma 3.1 the operator S

�

q;!

is surje
tive.

Proof: By Lemma 3.1 the range of S

�

q;!

is dense. The estimate in Lemma 3.3 implies

that the range of S

�

q;!

is 
losed. 2

Summing up we obtain the following result:
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Theorem 3.3 Let n � 2; 1 < q < 1; ! 2 A

q

; 0 < " <

�

2

; � 2 �

"

[ f0g and let 
 � R

n

be a bounded domain with boundary of 
lass C

1;1

.

i) Then the operator S

�

q;!

is an isomorphism. More pre
isely: For all f 2 L

q

!

(
)

n

; g 2

W

1;q

!

(
) \




W

�1; q

!

(
) there exists a unique solution (u; p) 2 W

2;q

!

(
)

n

�




W

1; q

!

(
) of

the Stokes resolvent problem (19). This solution satis�es with an A

q

-
onsistently

in
reasing 
onstant C = C(
; q; !; ") 2 R the estimate

j�jkuk

q;!

+ kuk

2;q;!

+ krpk

q;!

� C ( kfk

q;!

+ krgk

q;!

+ k�gk




W

�1; q

!

):

ii) If additionally (f; g) 2 L

r

v

(
)

n

�(W

1;r

v

(
) \




W

�1;r

v

(
)) for some r 2 (1;1) and some

v 2 A

r

, then the solution (u; p) from i) is also 
ontained in W

2;r

v

(
)

n

�




W

1;r

v

(
):

The regularity assertion ii) follows immediately from the fa
t that there exists an s 2 (1;1)

su
h that L

q

!

(
) + L

r

v

(
) � L

s

(
) and the uniqueness assertion from part i) of the above

Theorem applied to the 
ase ! � 1 and q := s 2 (1;1):

4 The Stokes operator

Let 1 < q < 1; ! 2 A

q

and 
 = R

n

;R

n

+

or a bounded domain with boundary of 
lass

C

1;1

. In [11℄ the Helmholtz de
omposition of L

q

!

(
)

n

is proved:

The spa
e L

q

!

(
)

n

has an algebrai
 and topologi
al de
omposition

L

q

!

(
)

n

= L

q

!; �

(
)�r




W

1;q

!

(
)

where L

q

!; �

(
) is the 
losure of fu 2 C

1

0

(
)

n

: divu = 0g in L

q

!

(
)

n

. In parti
ular, the

proje
tion operator P

q;!

: L

q

!

(
)

n

! L

q

!; �

(
) with null spa
e r




W

1;q

!

(
) is bounded.

Moreover the operator norm of P

q;!

in L(L

q

!

(
)

n

); where L(X) means the spa
e of bounded

linear operators on a Bana
h spa
e X, is A

q

-
onsistently in
reasing: This follows for


 = R

n

from the weighted version of Mi
hlins multiplier theorem (see [12℄, Theorem 2.1).

By the same argumentation as in [12℄ for 
 = R

n

+

and as in the present paper for a

bounded domain we see that the re
e
tion arguments and 
ut o� te
hniques used to prove

the result on R

n

+

and bounded domains do not disturb the A

q

-
onsisten
e.

Re
all the de�nition (1), (2) of the Stokes operator A

q;!

: Then Theorem 3.1 and Theorem

3.3 yield the following result:

Theorem 4.1 Let 1 < q <1; ! 2 A

q

and 
 = R

n

; R

n

+

or a bounded C

1;1

-domain.

i) The Stokes operator A

q;!

: D(A

q;!

) � L

q

!; �

(
) �! L

q

!; �

(
) is densely de�ned and


losed.

ii) For every f 2 L

q

!; �

(
) and � 2 �

"

; 0 < " <

�

2

the resolvent problem

�u+A

q;!

u = f (41)

has a unique solution u 2 D(A

q;!

). This solution satis�es the estimate

j�jkuk

q;!

+ kA

q;!

uk

q;!

� C

"

kfk

q;!

: (42)
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where C

"

= C

"

(!) is A

q

-
onsistently in
reasing. Moreover

(�+A

q;!

)

�1

f = (�+A

p;v

)

�1

f (43)

for 1 < p <1; v 2 A

p

and f 2 L

q

!; �

(
) \ L

p

v;�

(
):

If 
 is a bounded C

1;1

-domain, then A

q;!

is invertible.

iii) The Stokes operator �A

q;!

generates a bounded analyti
 semigroup in L

q

!; �

(
).

4.1 R-bounded families

De�nition 4.1 Let X be Bana
h spa
e. A subset T � L(X) is 
alled R-bounded, if there

exists a 
onstant C 2 R su
h that

Z

1

0










N

X

j=1

r

j

(u)T

j

x

j










X

du � C

Z

1

0










N

X

j=1

r

j

(u)x

j










X

du (44)

for all T

1

; : : : ; T

N

2 T ; x

1

; : : : ; x

N

2 X and N 2 N, where (r

j

) is a sequen
e of indepen-

dent, symmetri
 distributed, f�1; 1g-valued random variables de�ned on [0; 1℄, e. g. the

Radema
her fun
tions. The smallest 
onstant C su
h that (44) holds is 
alled R-bound of

T and is denoted by R(T ).

For 1 � p <1 one 
an repla
e the 
ondition (44) in De�nition 4.1 by

Z

1

0










N

X

j=1

r

j

(u)T

j

(x

j

)










p

X

du � C

Z

1

0










N

X

j=1

r

j

(u)x

j










p

X

du: (45)

be
ause of Kahane's inequality (see [6℄ Theorem 11.1). 2

Using (45) with p = 2 it is easy to see that for every Hilbert spa
e X a family T � L(X)

is R-bounded if and only if T is bounded in L(X).

Lemma 4.1 ( Khin
hin's inequality ) Let 1 � p < 1 and (r

j

) as in De�nition 4.1.

Then there is a 
onstant 0 < C

p

<1 su
h that

C

�1

p

�

N

X

j=1

ja

j

j

2

�

1

2

�

�

Z

1

0

�

�

�

N

X

j=1

r

j

(u) a

j

�

�

�

p

du

�

1

p

� C

p

�

N

X

j=1

ja

j

j

2

�

1

2

for all a

1

; : : : ; a

N

2 C and N 2 N.

Proof: See [6℄, Theorem 1.10. 2

The following lemma is well known; we give its proof for the 
onvenien
e of the reader.

Lemma 4.2 Let (
; �; �) be a measure spa
e, 1 < q < 1 and X = L

q

(
; �). Then

T � L(X) is R-bounded, if and only if there is a 
onstant C 2 R, su
h that










�

N

X

j=1

jT

j

f

j

j

2

�

1

2










L

q

(
;�)

� C










�

N

X

j=1

jf

j

j

2

�

1

2










L

q

(
;�)

(46)

for all T

1

; : : : ; T

N

2 T ; f

1

; : : : ; f

N

2 X and N 2 N.
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Proof: Assume that (46) holds. We show (45) with p := q, whi
h implies the R-

boundedness. By the Theorem of Fubini and Khin
hin's inequality we see that

Z

1

0










N

X

j=1

r

j

(u)T

j

f

j










q

L

q

(
;�)

du =

Z




Z

1

0

�

�

�

N

X

j=1

r

j

(u)T

j

f

j

)

�

�

�

q

du d�

� C

q










�

N

X

j=1

jT

j

f

j

j

2

�

1

2










q

L

q

(
;�)

� C

q

C










�

N

X

j=1

jf

j

j

2

�

1

2










q

L

q

(
;�)

� C

2

q

C

Z




Z

1

0

�

�

�

N

X

j=1

r

j

(u)f

j

�

�

�

q

du d� = C

2

q

C

Z

1

0










N

X

j=1

r

j

(u)f

j










q

L

q

(
;�)

du:

The inverse impli
ation is proved analogously. 2

Lemma 4.3 Let 1 < p < q < 1;

1

s

= 1 �

p

q

and ! 2 A

q

. Then for every fun
tion

0 � u 2 L

s

!

(R

n

) there is a fun
tion 0 � v 2 L

s

!

(R

n

) su
h that

a) u � v a. e. in R

n

,

b) kvk

s;!

� 
 kuk

s;!

with an absolute 
onstant 
,


) v! 2 A

p

with A

p

-
onstant depending only on the A

q

-
onstant of ! - but not on u

and v.

Proof: See [13℄, Chapter IV, Lemma 5.18. 2

Theorem 4.2 ( Extrapolation ) Let 1 � p < 1; 1 < q < 1: Let T be a family of

linear operators with the property that for all w 2 A

p

there is 
onstant C = C(A

p

(w)) 2 R

depending only on the A

p

-
onstant of w su
h that

kTfk

p;w

� C kfk

p;w

for all f 2 L

p

w

(R

n

) and all T 2 T . Then every T 2 T 
an be extended to a linear bounded

Operator on L

q

!

(R

n

) for all ! 2 A

q

. More pre
isely, for all ! 2 A

q

there is a 
onstant

C 2 R depending only on the A

q

-
onstant of ! su
h that

kTfk

q;!

� C kfk

q;!

for all f 2 L

q

!

(R

n

) and all T 2 T .

Proof: See [13℄, Chapter IV, Proof of Theorem 5.19. 2

The next Theorem is a generalisation of Theorem 6.4 in 
hapter V of [13℄.

Theorem 4.3 Let 1 < p; q < 1; ! 2 A

q

and 
 � R

n

an open set. Moreover let T �

L(L

q

!

(
)) be a familiy of linear operators with the property that for all w 2 A

p

there is a


onstant C = C(A

p

(w)) 2 R depending only on the A

p

-
onstant of w su
h that

kTfk

L

p

w

(
)

� C kfk

L

p

w

(
)

(47)

for all f 2 L

q

!

(
) \ L

p

w

(
) and all T 2 T : Then T is R-bounded in L(L

q

!

(
)).
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Proof: First, we prove the Theorem for 
 = R

n

. By the Extrapolation Theorem 4.2 we


an assume that p = 2. To verify the 
ondition (46) in Lemma 4.2 we distinguish between

the 
ases q > 2; q < 2 and q = 2 :

Let q > 2. Then we 
hoose s 2 (1;1) with

1

s

= 1 �

2

q

. Thus s

0

=

q

2

> 1 and we have for

all T

1

; : : : ; T

N

2 T ; f

1

; : : : f

N

2 L

q

!

(R

n

) and N 2 N










�

N

X

j=1

jT

j

f

j

j

2

�

1

2










q;!

=










N

X

j=1

jT

j

f

j

j

2










1

2

s

0

;!

: (48)

By the Theorem of Hahn-Bana
h there is a 0 � u 2 L

s

!

(R

n

) with norm equal to 1 su
h

that the right hand side of (48) is equal to

�

N

X

j=1

Z

R

n

jT

j

f

j

j

2

u! dx

�

1

2

: (49)

By Lemma 4.3 there is a fun
tion 0 � v 2 L

s

!

(R

n

) with the properties a), b) and 
) of

that Lemma for p = 2. Therefore and sin
e (47) holds with p = 2 and with a 
onstant

depending only on the A

2

-
onstant of w 2 A

2

, we 
an estimate (49) from above by

�

N

X

j=1

Z

R

n

jT

j

f

j

j

2

v ! dx

�

1

2

� C

�

N

X

j=1

Z

R

n

jf

j

j

2

v ! dx

�

1

2

� C










N

X

j=1

jf

j

j

2










1

2

s

0

;!

kvk

1

2

s;!

�

p


 C










(

N

X

j=1

jf

j

j

2

)

1

2










q;!

where C = C(n; q;T ; !) 2 R.

In the 
ase q < 2 we use a duality argument: Again let T

1

; : : : ; T

N

2 T ; f

1

; : : : f

N

2 L

q

!

(R

n

)

andN 2 N be arbitrary. Then by the Theorem of Hahn-Bana
h there is g = (g

1

; : : : ; g

N

) 2

L

q

0

!

0

(R

n

)

N

with norm










(

P

N

j=1

jg

j

j

2

)

1

2










q

0

;!

0

= 1; su
h that be
ause of q

0

> 2 the previous


ase implies that










�

N

X

j=1

jT

j

f

j

j

2

�

1

2










q;!

=

N

X

j=1

Z

R

n

T

j

f

j

g

j

dx =

Z

R

n

N

X

j=1

f

j

(T

j

)

0

g

j

dx

�










�

N

X

j=1

jf

j

j

2

�

1

2










q;!










�

N

X

j=1

j(T

j

)

0

g

j

j

2

�

1

2










q

0

;!

0

� C(!)










�

N

X

j=1

jf

j

j

2

�

1

2










q;!

:

The 
ase q = 2 is trivial: In this 
ase L

2

!

(
) is a Hilbert spa
e. Thus the R-boundedness

of the family T follows from the uniform boundedness in L(L

2

!

(
)):

Thus by Lemma 4.2 the Theorem is proved 
ompletely for 
 = R

n

.

Now, let 
 � R

n

be an arbitrary open set. Let E : L

q

!

(
)! L

q

!

(R

n

) by the extension by

0 to R

n

and R : L

q

!

(R

n

) ! L

q

!

(
) be the restri
tion operator. Then for T2 T we de�ne

~

T := E T R 2 L(L

q

!

(R

n

)): Be
ause of (47) the estimate

k

~

Tfk

p;w;R

n

= kT Rfk

p;w;


� C kfk

L

p

w

(R

n

)
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holds for all w 2 A

p

and f 2 L

q

!

(R

n

)\L

p

w

(R

n

), where C only depends on the A

p

-
onstant

of w. For arbitrary T

1

; : : : ; T

N

2 T ; f

1

; : : : f

N

2 L

q

!

(
) and N 2 N it follows with the

estimate already proved in the 
ase 
 = R

n

that










�

N

X

j=1

jT

j

f

j

j

2

�

1

2










q;!;


=










�

N

X

j=1

j

~

T

j

Ef

j

j

2

�

1

2










q;!;R

n

� C










�

N

X

j=1

jEf

j

j

2

�

1

2










q;!;R

n

= C










�

N

X

j=1

jf

j

j

2

�

1

2










q;!;


;

where C depends only on n; q; T and !. Thus the Theorem is 
ompletely proved. 2

4.2 Maximal L

p

-Regularity

Let A be the generator of a bounded analyti
 semigroup in the Bana
h spa
e X. We


onsider the abstra
t Cau
hy problem

u

t

�Au = f; u(0) = 0: (50)

For f 2 L

1

lo


([0;1);X) the mild solution on J = R

+

is given by

u(t) =

Z

t

0

e

(t�s)A

f(s)ds:

De�nition 4.2 Let 1 < p < 1; J = [0;1) and f 2 L

p

(J;X). Then A has maximal

L

p

-regularity, if for all f 2 L

p

(J;X) the mild solution u of (50) is di�erentiable a.e. in

X, has values in D(A) a.e. and if there is a 
onstant C 2 R su
h that the estimate

ku

t

k

L

p

(0;T ;X)

+ kAuk

L

p

(0;T ;X)

� C kfk

L

p

(0;T ;X)

(51)

holds for all 0 < T � 1.

The de�nition of maximal L

p

-regularity is independent of 1 < p < 1, i.e. the maximal

L

p

-regularity for one p 2 (1;1) implies the maximal L

r

-regularity for all p 2 (1;1) (see

[7℄).

De�nition 4.3 A Bana
h spa
e X is 
alled UMD spa
e if the Hilbert transform

Hf(t) = PV �

Z

R

1

t� s

f(s) ds; f 2 S(R; X);

extends to a bounded linear operator in L

p

(R;X) for 1 < p <1.

It is well known that all 
losed subspa
es of L

q

(
; �) for 1 < q <1 are UMD spa
es (see

e.g. [3℄).

We apply the following Theorem due to L. Weis [20℄.

Theorem 4.4 Let A be the generator of a bounded analyti
 semigroup in the UMD spa
e

X. Then A has maximal L

p

-regularity i� the operator family

f� (��A)

�1

: � 2 iR; � 6= 0g

is R-bounded.
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Proof: See [20℄ Theorem 4.2 3) and Corollary 4.4 i) or [21℄.

Theorem 4.5 Let 1 < q < 1; ! 2 A

q

and 
 = R

n

; R

n

+

or a bounded domain with

boundary of 
lass C

1;1

. Then the Stokes operator �A

q;!

has maximal L

p

-regularity in

L

q

!; �

(
).

Proof: By Theorem 4.1 ii) and by the fa
t that the operator norm of the Helmholtz

proje
tion P

q;v

is A

q

-
onsistently in
reasing, there is an A

q

-
onsistently in
reasing 
onstant

C = C(v) 2 R su
h that

k�(A

q;v

+ �)

�1

P

q;v

fk

q;v

� C kfk

q;v

for all v 2 A

q

; f 2 L

q

v

(
) and � 2 iRnf0g. Sin
e the 
onstant C = C(v) is A

q

-
onsistently

in
reasing this 
onstant 
an be 
hosen in su
h a way that it depends only on the A

q

-


onstant of v , i. e. C = C(A

q

(v)).

Hen
e by Theorem 4.3 and by (43) the family

f� (A

q;!

+ �)

�1

P

q;!

: � 2 iRnf0gg

is R-bounded in L

q

!

(
)

n

. Sin
e f = P

q;!

f for f 2 L

q

!; �

(
) it follows that

f�(A

q;!

+ �)

�1

: � 2 iRnf0gg (52)

is R-bounded in L

q

!; �

(
).

Note that the spa
e L

q

!; �

(
) is a 
losed subspa
e of L

q

!

(
)

n

and therefore a UMD spa
e

(see [3℄). By Theorem 4.4, Theorem 4.1 iv) and the R-boundedness of the family (52) the

maximal L

p

-regularity of the Stokes operator �A

q;!

in L

q

!; �

(
) is 
ompletely proved. 2
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