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Abstract

We consider a model developed by Savage and Hutter [12], [13] which de-

scribes the flow of granular avalanches down a smoothly varying slope. The
system consists of two nonstrictly hyperbolic equations for height and momen-
tum.
The existence of entropy solutions to this model is proved using the vanishing
viscosity method, where we make extensive use of a generalised version of the
invariant region theorem in order to prove a priori estimates. Since the model
has a discontinuous source term, a new definition of entropy solution must be
introduced.

AMS classification: 35L65, 35Q72, 73Q05

1 Introduction

The problem which we study can be written in the following form: For an avalanche
down an inclined slope find the height h: Ry x R — R, the density p: R, xR — R
and the velocity v : Ry x R — R satisfying the following system of equations in the
form of conservation laws

0

0
E(Phﬂ'%(ﬂhv) =0

2(h)+2 h2+15h2 = ph S
atpv ax pU 2p _pg)

where 5 := [B(z) and g := g(v,x) are given functions. Since these two conservation
laws are not enough for an investigation of the evolution containing three variables
(p, h,v), we need an additional constitutive relation. One of the methods is to assume
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that p is a function of A and v. In this case we obtain the system of two differential
equations for two independent variables:

9 (plh,v)h) + (ol o) = 0

0 0
a(p(h7 v)hv) + e (p(h, v)hv? + %6p(h, v)hQ) = p(h,v)hg.

Since it is very difficult to examine the last system with the general constitutive relation
p = p(h,v), we will start with the very special (from the mathematical point of
view) relation p := h® with 0 < «, which will simplify our considerations very much!.
Moreover, we assume that the functions 5(z), g(v,x) are defined by

Bx) = kcos(y(x)),

9(v,x) = sin(7(x)) — sigy(v)cos(y(x)) tan dp (x),

where tan dp(z) is the dynamic friction angle at the position  and

. 0 forv=0
sigo(v) =1 o for v # 0.

[v]

Here —% < v(z) < % is an angle between the horizontal direction and the tangent
to the base curve. In general the Savage-Hutter model defined in [12], [13] allows for
a function [ with a constant k switching between two positive states depending on
whether %v is positive or negative.

The first problem is, the discontinuity of the function g at v = 0. In fact we do not need
the continuity of g, but the maximal monotonicity of —¢g with respect to the variable

v. Thus we have to extend the function g to a multifunction

9(v, ) = sin(y(x)) — sig(v)cos(v(2))dr(z),

, [ [-1,1] for v=0
sig(v) = o for v # 0.

Now we introduce a new variable H = ph = h'™® and rewrite the system (SH) as

? ?
S UH) + = (Hv) = 0

where

0 0 1 2+a
E(Hv)+%<Hv2+§ﬂHlia) € Hg(v,z).

A further problem is the flux term

Hv
F(z,H,v) =

24«

1
HU2 + 5ﬁ(.’1})H1+0‘

1Up to now this system has been examined only with the very restrictive constitutive relation
p = po where pg is constant [1], [2].



containing [ which is a function of . For future considerations we need a flux term in
homogeneous form, i.e., without z-dependence. Therefore we choose the new variable

u defined by u = (uy,up) = ((2)**H, (£)**Hv). Here the constant r = i—(l+a)1(2+a)

is introduced in consistency with the standard notation from [6], [7]. We obtain:

0 0 ~
s + %F(u) € G(u,x), (CL)
where
Uz
F u 7u = 2 24«
(e, 2) (tz) + k(ug) e
Uy
and (2 )
K)*™
é(ul Uz ZL’) = / -1 2
) ) 2 « 24 o
B1 /i) (1) +/£(u1)117a + UL g %,x
pa-t Uy Uy

It is well known that some classes of “very weak” solutions for conservation laws can
not have physical meaning, for example the class of “measure valued solutions” [4].
First we must define a proper class of solutions we are looking for. This class contains
“the weak entropy solutions” defined below.

Definition 1.1
Suppose that n = n(uy,uz), ¢ = q(u1,uz) are scalar C-functions satisfying

v(u1,u2)n(u’17 'LLQ) : v(ul,uz)F(ulv UQ) = v(ul,uz)q(uh UQ).

Such functions (n,q) are called Entropy-Fluz Pairs. If n is convex, then (n,q) is called
a Convex Entropy-Flux Pair.

Definition 1.2

We call w € L>=([0,T) x R; Ry x R) a Weak Entropy Solution to the system (CL) with
the initial data u® € CO(R; R, x R) uff:

1. there exists G(t,z) € G(u(t,z),z) for a.a. (t,x) € [0,T) x R with G € L2.([0,T) x
R;R?),

2. w 1s a weak solution, i.e.;

[ uta) - o) + Flutto) - oo
Rx[0,T)
+G(t,z) - (t, )] dtde = /uo(x) (0, z)dx,
R
for all test functions ¢ € C{([0,T) x R;R?),
3. the entropy inequality

[ttt 5ot + a(utt ) o0,

Rx[0,T)

+Vun(u(t,z)) - G(t, z)p(t, z)] dtde > /n(uo(a:))cﬁ(o,m)dx

R



holds for all non-negative test functions ¢ € C}([0,T) x R;R) and all convex weak
entropy-fluz pairs (n,q).

Here the family “convex weak entropy” is the class where V,n(u) € L2 ([0,T) x R; R),
n(-,-) is C*-function for (u1,us) € (0,00) x R and n(0,-) = 0.

Remark

The last definition is not standard because of the differential inclusion appearing in
the problem. More about the definition of the proper class of “convex weak entropies”
see Chapter 4, step 2 below.

Main results:

Theorem 1.1.a (Local in time existence)
Assume an initial data u® = (uf,ul) € C*(R; R?), (u? —uy,u)) € L*(R; R?) such that

1. infuf(z) >0, lim «(z) =1
z€R |z|—00

2. lim uf(x) =0
|z|—o00
where Wy is a positive constant, and 8 € C3(R) with B(z) > By > 0.
Then the equation (CL) possesses a local in time (i.e. T' = Ty, ) weak entropy solution
in sense of Definition 1.2.

Theorem 1.1.b (Global in time existence)
Assume an initial data u® = (uf,ud) € C*(R; R?), (ud — uy,u)) € L*(R; R?) such that

1. inf u¥(z) >0, lim ul(z) =mu
z€eR |z|—o0

2. lim ud(z) =0
|x|—o00
where wy s a positive constant and [ = Peonst > 0.
Then the equation (CL) possesses a global in time weak entropy solution (i.e. T = o0)
in sense of Definition 1.2.

2 The Viscous Approximation - Existence and Estimates

Our idea is to apply the vanishing viscosity method by adding a second order ellip-
tic term to the first order conservation law. For e, A > 0 let us define the viscous,

regularized system

0 0 0?
au + %F(u) = Gy\(u,x) + 5@% (VP)

with initial data
O = () .



Here we introduced a smooth function G defined by

5/<2K)a—1
W

B'(25)1 [ (ug)? 2t Us Us
« A _“ _“
g1 " + Kuy + Uy s g u T

Furthermore A is a symmetric, smooth, monotonically decreasing function for positive
arguments with A(0) = 1, A(2) = 0, and suppA’ C [-2,—1] U [1,2].

U2
G,\(Ubuzax) = A()\x)

Theorem 2.1
Assume an initial data u® = (uf,ul) € C*(R) such that

- inf uf(z) >0, lim «d(z) =1
z€R |z|—o0

2. lim ud(z) =0

|x|—o00
where W, is a positive constant. Moreover let X\,e > 0 and 8 € C3(R) with 8(z) > [y >
0.
Then the equation (VP) possesses a local in time classical solution, i.e., u €
C°([0, Troe); C*(R)), Eu € CY([0,Tipe) x R) where Tipe = Tioe(e, \); moreover for all
te [0, Tioc)

infug(t, ) >0, lm wi(t,z) =

zeR |z|—o0

2. lm wus(t,z) =0

|z|—o0

holds.

Proof
Using the Gaussian kernel

1 —z?
O(t,z) = _47T€texp ( " >

of the heat equation we rewrite (VP) in the integral form

u(t,x) = /@(x—y, dy—i—//%@ (x —y,t —7)F(u(y, 7))dy dr

K (IE)
//@x—y,t—ﬂw (v, 7). y)dy dr.

Note that

and

t
dydr < C\/:
€

O(r —y,t —71)




Defining the bounded set
U = conv{u’(z)|z € R},

and the compact set
Us = {y € R? | dist(y,U) < 0},

we can choose 0 > 0 small enough such that & C Us C (0,00) x R. The functions F
and G, are locally lipschitz on the set (0,00) x R and global lipschitz on Us.
To solve (IE) we define the sequence uV),u® | ... by

)(t, x) /@x—y, (y)dy

WD (¢, 0) = / Oz —y,1) dy*/ / %@x—y,t—T)F(u("’(y,T))dydT

—i—//@ z—y,t —7)Gr(u™ (y, 1), y)dy dr.

0 R

Obviously uV(t,z) € U for all (t,x) € R, x R. It is also easy to observe that there
exists a sufficiently small time T}, such that

Z ||U(n+1) - U(n)HCO([O,TZOC)XR) <.

Then lim u™(t,2) = u(t,z) for all (t,7) € [0, Tioe) X R, where u(t, ) is a solution to
n— oo

(IE), and thus a “mild solution” to (VP). Moreover u(t, z) € Us for all (t,z) € Ry x R.

Note that F,G, € C?*(Us). Then regularity of the solution (it means u €

C2((0, Tioe); C3(R))) will be obtained by examining difference quotients of first and

second order (see also [11]).

Remark

It is easy to observe that the norm sup |u(t, z)| + sup | Zu(t, )| + sup |8‘9—;u(t,x)| can
Tz€R T€R

blow-up at time 7' if and only if }m% mufe uy (t, :E) 0 or the norm ||uy(t)||rem®) +
—1 ze

|42 (t)loo vy Will blow-up at time 7.
The last remark gives us a hint to prove an apriori estimate of the solution w(t).

Definition 2.1
Let B :R?* 5 R, i=1,....k, and M; : [0,T) — R be smooth functions. We define the
region

k
= [ u € R*: Ry(u) < My(1)}. (IR)
i=1
Ifu:[0,T) x R — R% we call (t) a one parameter family of invariant regions for u
iff u(z,0) € £(0) implies that u(t,z) € X(t) fort > 0.

6



Lemma 2.1
Let uw:[0,T) x R — (0,00) x R be a classical solution of the system

82

0 0
i + VUF(U)%U = Gh(u,x) + €52t

and let 3(t) be defined by (IR). Suppose that the following conditions hold:
1. R;(u(0,z)) < M;(0)
2. VR;(a) is a left eigenvector of VF(a) for all a € 03,(t)
3. 3(t) is a convex set for allt € [0,T)
4. sup sup VR;(a)-Gyla,x) < M(t)

z€ER a€dX;(t)
where 0%;(t) = 0X(t) N {a € R? | R;(a) = M;(t)}.
Then Y(t) is a one parameter family of invariant regions for w.

Proof
cf. [1], [10].

Theorem 2.2.a (Local in time estimate)

Assume that u(t) is the local in time classical solution to the problem (VP) with
’LLO

ludllie ) + 5 e @) < Cr 18l () < C2 and B(z) = Bo > 0.

Then there ezists a time Ty and a function C : [0, The) — Ry depending only on

C1, Cy such that |[ur||Leom)xr) + |22 |lLee 0.1y xry < C(T') for all T' € [0, Trnaz).

1
Proof

We apply Lemma 2.1 to the so-called Riemann invariants Ry = 2 + (u1)2<1}m>,

1
Ry = =12 + (u1)*™%); moreover let

M;(0) = Ma(0) = max {sup [“%“"’) + (ug’(x»m] sup [—“3(” + (u(f(a:))mlw] } .

veR U7 (7) zeR u?(x)
Th
N ORy w1 e OR_ 1
our  (w)?  2(14a) ’ Ouy  uy
and OR 1 OR 1
2 U9 —(14+2a) 1
= 2(1+a) ekl ——
Oup  (up)? * 2(1+«) (1) 7 Ougy Uy
Hence for uy > 0
B'2r)E ] (ug)? Us —(142a)
) < — 3(T+a)
VR]_(U]_,UQ) G)\(Ul,UQ,QZ’) ~ ﬁafl i <u1)2 + 2(1 —|—Oé) (’LL1> +
B'(2k)*" [ (ug)? e :
+ = ()2 + Ru + siny((z))
/ 2 a—1T 1 —(142a)
< % rup o+ ﬁ(ul) 2 ) ] +siny((x)).




Similarly for us < 0
(2 a—1 _1 —(142a)
O |-l o 5 () F55 | —sina (@),

2(1+ )
Now can observe that the fourth condition of Lemma 2.1 can be satisfied if M(t) =
M, (t) = Ms(t) is a function such that

VR (uy,uz) - Gy(ur,ug,x) <

Here C is a positive constant depending only on ||3'||Le ), B0 and a.

Theorem 2.2.b (Global in time estimate)
Assume that u(t) is the local in time solution to the problem (VP) with ||uf||re) +

||Z—§||LN(R) < O, | sin(y) |l < Co and B(x) = Beonst.- Then there exists a constant
1
C such that ||uy||Le(o,r)xr) + ||%||Loo([07T)XR) < C(Cy + C5T), for all positive T.

Proof
Proof is analogues to the proof of Theorem 2.2.a.

Lemma 2.2
Assume that the equation (VP) possesses a local in time solution u € C([0, Ti,e); C*(R))
such that

1. lim ul(t $) ﬂl,
|z|—o0

2. lm wus(t,x) = 0.

|x|—o00

Moreover let us suppose that u$ — uy,uy € L?(R) and ul > §, where §,u, are positive
constants.
Then the following estimates hold

lus () = Ty [loqe) + llua(t) o) < Ci(e, Troe)  for all £ € [0, Thoe),

0
‘ —-—U S 02(&71100)'
0 |l12(013,0) <)
Proof
Define w = (wy,wy) = (u1 — Uy, uz). Therefore
0 0 0?
—w + F(w1 +U1,w2) :G)\(U)l +E1,w2,x)+8—w.

ot Ox
Multiplying by w and integrating on [0, t] x [—[, 1] we obtain

0x?

t

I I

1 0

3 lw(E)1E2 ”] //S@w wdrdr = //GA wy + Uy, wa, x) - wdrdT
0 0

2
l

0 _

— F(wy + 1y, ws) - wdxdr.
2

|
\ -

ox



Integrating by parts gives

t

2
—w ://GA<w1 + Ui, wo, ) - wdzdr
ox Lonx=tl) g 7

t 1 t

1 t
S o x| +2

0 0 :
+ //F(w1 + Ty, ws) - awdxdﬂ—/ [%w(.r,r) cw(x, )| dr
2

-l
0 0
t

- /[F (wy (@, 7) + Ty, wa(z, 7)) -w(x,T)]l_l dr.

Considering the second term of the right hand side recall that

0 0 0 2 240
F(w1 +ﬂ1,w2) W = Woe—W1 + — W2 ( <w2) + /'i('LUl +ﬂ1)1ia) .

ox ox ox w4+ U

However the term |k (w; +ﬂ1)%| can not directly be estimated by C}|w;|. But by the
boundedness of w; we obtain

0 2ta O 0

a 02 a
o + (ﬂl)“ro‘ %wg < (w1 —f—ﬂl)%%ﬂh < C’|w1] T

+ (ﬂl)m%wz.

—C'w;|

ox

Hence

w2
w1+u1

o
0
5 Lw)//‘%w‘mwxah
.

0

¢

0
//F(w1+ﬂ1,w2)-—wdxd7 < C’<||w1||Loo,
0 21

¢ b z
+ / {/{E”" wo(z, 7‘)} :
-l
0

By the properties of G, and the fact that ‘l|im (wy(z, 7),we(z, 7)) = (0,0) for all
T|—00
7 € [0, T}o.) we can pass to the limit [ — oo getting rid of the boundary terms.

We complete the proof using Gronwall’s lemma.

Lemma 2.3
Assume that uy € C°([0, Tioe); C2(R)), uz € C°([0, Tjoe); CH(R)) is a solution to the

equation

0 0 B(2k)>1 0?
aul + £U2 = A()\JZ)WUQ + 5@’&1,
moreover let inf ul(z) > 0, [[%|Le(om)xr) + sup |lui(t) — Uiy < Ci and
ek ' tE[0,Tioe)

/ Hafl
IA(A2) ZE L e ) < C.

Then there exists a constant b(e, Tjoe) such that

u(t, ) > b(e, Tipe) >0

for allt € 10, Tyoe).



Proof
The proof is similar to the proof of Theorem 5.3 from [10], cf. also [1], though we

include it for completeness. First let us define r = —1—, where the constant a will be
determined later. Then

0 o 9 0? o \° _

pri + Uz T = a—mu'r’(a +un)r =¢ (@7‘ -2 <a—xr> r 1) , (%)

To prove Lemma 2.3 we recall a technical lemma, cf. [10]:

Lemma 2.4
If ¢ : [co,00) — [0,00) is a nonincreasing function, and if for positive constants K, a
and b

d(cr) < Kcf(ea — cl)_l(b(cl)Hb for all ¢y > ¢1 > ¢,

then there ezists a ¢* < oo such that ¢(c*) = 0.
We define £ = max{0,r — ¢;} for some ¢; > ¢y large enough so that £(0,z) = 0, and
¢(c) as the measure |{(t,z) € [0,T)o.) X R : r(t,x) > c}|; observe that ¢(c) < oo for all

c < El.
Multiply (*) by &€ and integrate over [0,¢) x R for t € (0, T},.) to get

%1/5( Ydx + (a + yu) //f + &8 dxdr—l——//! )| daxdr =
_%//‘ MW—//3€+%gmr{mw

2

Let us define C' = . Considering the last integral Young’s inequality

! Loo([oleoc)XR)

yields
/ 0 / 2 2% |
_ 3, < E _ 2 e 4
//5§ u2ax§dxd7 < 4// az(ﬁ) dxdr + 450//5 dzdr
0 R 0 R 0 R
and
/ 9 iy 2
2 € 2
— R < _ R
//301§ UQawfdxdT < 4// . dxdr
0 R 0 R

+Aw>3/mm dudr.

Now choose

e 25

a:—+—0+’Mu2

4 4e Ba—l Uy

]Loo([Oleoc)XR) '
We thus derive

/é(t)dx+/t/<é4+% @)

2
) drdr < 9—C¢ (c1 g/”fHLG(R dxdr.

10



Combining Sobolev’s embedding theorem [|€]|2s ) < Cl€[[fn gy With another applica-
tion of Young’s inequality we derive

sup [ e(t)de < Lo’
R

te[ov,—TlOC]

where « is a positive constant. Furthermore, by definition of &, for ¢ > ¢; we have

sup /ﬁ(t)d:c > (cy — c1)*d(ca).

t€[0,Tioc]
R

The last two inequalities show that Lemma 2.4 can be applied to complete the proof
of Lemma 2.3.

Theorem 2.3.a
Assume an initial data u® = (u,ud) € C*(R; R?), (ud — uy,u)) € L*(R; R?) such that

1. inf u¥(z) >0, lim u{(z) =
z€R |z|—o0

2. lim ud(z) =0

|z|—o00

where Wy is a positive constant. Moreover let \,e > 0, and B € C3(R) with

B(x) > Bo > 0.

Then the equation (VP) possesses a local in time classical solution, i.e., u €
C2([0, Trpaz); C*(R)), 2u € C([0, Tinas) X R); moreover
1. infuy(t,z) >0, lim wi(t,x) =
z€R || =00

2. lm wus(t,z) =0

|z|—00
for allt € [0, Thaz)-

Proof
Apply Theorem 2.1, Theorem 2.2.a, Lemma 2.2, Lemma 2.3.

Theorem 2.3.b
Assume an initial data v® = (uf,ud) € C*(R;R?), (u} — uy,ul) € L*(R;R?) such that

1. infuf(z) >0, lim u)(z) =1
z€R || =00

2. lim ud(x) =0
|z|—o0

where uy s a positive constant. Moreover ;e > 0, and 8 = Beonst-
Then the equation (VP) possesses a global in time classical solution i.e. wu €
C%([0,7); C*(R)), gu € C[0,T) x R) for all T € [0, 00); moreover

1. inﬂgul(T, z) >0, lim uy(T,2) =1
TE

|z| =00

2. lim wuy(T,2)=0

|z|—o00

11



holds.

Proof
Apply Theorem 2.1, Theorem 2.2.b, Lemma 2.2, Lemma 2.3.

Lemma 2.5
Assume that u(t,z) is a strong solution of the equation

0 0 0?

—u+ —F(u) = Gx(u,z) + €zt

Moreover suppose that u, F(u),Gy(u,z) € L>®([0,T) x R;R?), uy > 0 and that
(n,q) is a convexr entropy-flur pair with |Vn| < C and n(-,-) is C*-function for
(u1,uz) € (0,00) x R.

Then e|Zul?, e(Zu” - V?n(u) - Zu) are bounded independently of 0 < e < 1 in the
space LY(Q) for any bounded Q relatively open in [0,00) X R.

Proof
If (1, q) is a convex entropy-flux pair (Zu” - V?n(u) - Zu > 0) with |[Vn| < C, then
multiplying (VP) by Vn gives:

0 0 ( 0? 0

9
—_— J— . 2 . —_—
prU et el o Rl U O e

Now we multiply by a non-negative test function 6§ € C§°([0, 00) x R) with 0(¢, ) = 1
and integrate over [0,00) x R. We obtain the inequality

0 0

—i—/@ndm,

R

T V2n(u) - ==

where the right hand side and consequently also the left hand side is bounded inde-
pendently of €.

Similarly if (7, ¢) is an strictly convex entropy-flux pair (Zu” - V?n(u)- Zu > K|Zu|?
K > 0), for example ng defined in Chapter 4 step 2, then

2 < /9 dx+// 00020 ovy- Y dwar
Y "82 9" " o 75 ‘

3 Young Measure Limits

First we recall two important theorems:

Theorem (convergence in the sense of Young measures)
Assume that the sequence {ug} is bounded in 1L°°(Q; K), where Q C [0,T) x R, K is a

12



compact, convez set in R?.
Then there exists a subsequence {uy, } C {ux} and for a.e. (t,x) € Q a Borel probability
measure [iz) on K such that for each F € C(R x K;R?) we have

klim F(m,ukj(t,x))go(t,x)dxdt:/.F(t,x)go(t,x)dmdt Vi € LYQ,R?),
j—)OO 9] 9]
where
Fo) = | Fa)dien()
K
for a.e. (t,x) € Q.

Proof
The main idea is to use the Banach-Alaoglu Theorem and the fact that L2°(Q; M(K)), is
the dual of the separable space .}(Q; C°(K)) cf. [17], and for F without z-dependence
[3],09].

Remark
By Lemma 2.2 we have |32

+ |uy| < C(T) and uy > 0. For such (uy, us) the flux term

F' is continuous.

Theorem (Div-Curl lemma)

Assume that (qi,m;) and (¢, —ni) are bounded sequences in L*(2;R?) such that
(245, Zni) (for i=1,2) lies in a compact subset of W~12(Q;R?). Suppose further that
(qr>me) = (@ 0%), (g, =) — (g%, —n") in L2(R?).

Then
(i — Me)p dadt — /(qln2 —n'¢*)pdwdt Yy € CF(Q,R).
Q 0
Proof
For a similar statement see [9]. Note that (%, a%) -(g,m) is the two-dimensional diver-

0

9. —L2)(¢,n) is the two-dimensional curl operator.

gence operator and (

Now we prove the existence of a so-called “measure valued solution” defined in [4] by
R. DiPerna to our problem (CL). We also show the very important property that for
a.e. (t,z) the measures reduce to Dirac measures concentrated in points.

Let us divide our analysis into three steps:

Step 1
First we fix A = ¢ and write the approximate system in the weak form

5 a 5 a € — a € a
[ e g Lo et o] ais = o [ L Dodaa
[

[0,T)xR 0,7)xR

+/u0(:x) (0, x) do

R

13



for all test functions ¢ € C}([0,T) x R;R?). Defining the new variable 2° by 2¢ =
(25,25) = (Z—é,ui‘) we obtain

o 9
/ {le) D () - o Hy () 1/1} didi —
0.T) xR
5 / %ua : %1# dtdx + /uo(:x) (0, x)dx

[0,T)xR R
for all test functions ¢ € C}([0,T) x R; R?), where

13 € €
25 c1%2

’H £ £ — H I3 £ —
17, %) 2125 |7 (1, 22) (25)%25 + /-@(zg)%

and

Bt
T gam1 A%

o 1
(G025 4+ xH2) + 4 (2 ) o eis5.0)

1

Hg(Zi,Z;,I) :A(&'L‘) 6/(2,€)Oé*1

Boc—l

Note that )¢, 1., 1 are elements from the space IL* ([0, T') x R; R?). Then for the sequence
of solutions z° of the approximate problems (for example setting ¢ = %, k € N) we
can pass to the limit in the sense of Young measures. Since %%uk — 0 strongly in
L?([0,T) x R;R?) by Lemma 2.5 and hence the first term on the right hand side of

(VP) goes to zero, we obtain:

| [t + Falaiutt.n) + Haltmuie, o) dide = [ wo(0.2)d
[0,T)xR R
(ME)
here by the characterisation of Young measures we know that

Hl(tax):/ Hi(y1, y2)dpiee.z) (Y1, y2),
K

%wwzfﬂmmmmmmm>
K

for a.e (t,z) € Q and that p,) is the Young measure generated by a subsequence
{(21, 22)%7}. However we can not characterise the “weak-star” limits of H§ in the same
way. We know only that the limit function H3 € L=(R x R ;R?).

In the standard theory (ME) defines a weak solution if and only if Young measures
fi(t,z) are Dirac measures. Here the characterisation of the limit H§ poses an additional
difficulty.

14



Step 2
To prove that i) is a Dirac measure we apply the Div-Curl Lemma to the family of
entropies. Multiplying the equation (VP) by V,n(u*) we obtain

2

SV un() + 2PV () = G, 2)Vun(e) + L b b,

ot ox k 0%x
and by a simple calculation
9 9 ok _ k o, 1[0 k O ot w2k Ok
(EE)

We want to prove that the right hand side lies in a compact subset of W~1r(); R?)
for all bounded, relatively open sets Q in [0,7) x R and p € (1,00). It is well known
that any “weak entropy” defined by R. DiPerna [4] can be expressed in the form of a

convolution:
ofunces) = [ 0 (6= 2 e
R

24+4a

where

x(a,b) = (aﬁ — b2>

+

A fore>0
o2 =

and

0 for ¢ < 0.
Now rewrite the convolution as

1

7](U1,U2) _ ul/f ( +§ 2(1+a)) (1 +§2)i—‘r4ad§

~1
Differentiation yields
5 1

a—mn(ul,ug) = /f (u —|—£ 2(1+0<)) (1 + 52)i+4ad€

-1

1
1 2(11(1) U2 / 2(1+a) 2244
- _ 2 1 d
+/<2(1+a) “ u1>f Uy +§ (14 &),

-1

and

a 21+a «Q
B (u1,usg) /f ( ( )> (1+&*)73Hede.

Obviously the assumption || f||lwr.e(r) < oo implies that ||Vun(u®)||Leorz) < C.
We can also show (see [4],[10]) that if || f||c2@) < 0o, then

r" - 2n(F) - r] < C(Iflle2) " VEng(uh) -1 for all r € R?
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and that (-, -) is a C*-function for (uy,us) € (0,00) x R. Here ng denotes the mechan-
ical energy obtained for f(§) = % and is given by

2

np(a,b) = 5+ (1 + )bt

Thus for each entropy generated by f € C3°(R):

1. {Gr(uf, )V n(uk)}22, is bounded in L>°(2;R?) and therefore precompact in
W=h2(0; R?),

2. {1(ZuM)T - Vin(u*) - Zuk}e, is bounded in L'(€;R?) and consequently in
M(€; R?). Hence this set is precompact in W=1P(Q; R?) for p < 2,

3. ,igxn(u ) = \/%Vun(uk)\/gaaxuk — 0 in L2(Q;R?); thus {ka2 n(u )},‘f:l is a

precompact set in W—12(Q; R?),
4. the left hand side of equation (EE) is bounded W—1°°(Q; R?).
Then by Murat’s Lemma [9] the left hand side of (EE) is precompact in W~12(Q; R?).

Step 3
We apply the Div-Curl lemma to all two entropy-flux pairs (!, ¢'), (7%, ¢*) generated
by f1, f* € C5°(R). This is the starting point to the analysis from [6], [7]. In the end
this will imply that in the (2, z)-coordinates the measure i) has the form
L — (521(t,x)a 5z2(t,x)) if ZQ(t, .CE) >
(t7x) (V(t,x)a 522(15,3?)) lf ZQ(t, jj) = O’

where supp{v .} C [hmmf(zQ(t 7), limsup(25(¢,2)]. It follows that in (uy,us)-
k—o0
coordinates the measure is concentrated in one point.

4 Strong [L” Convergence and Existence of Weak Entropy So-
lutions

To prove that our solution is a weak entropy solution to problem (CL) we need that
the limit function G(t, z) satisfies G(t,z) € G(z(t,x),x) for a.e. (t,z) € €2, and that
the entropy inequality is satisfied for all weak entropies.

First we prove u* — v in the strong topology of LP(Q;R?) for 1 < p < oo.

Note that by the Radon-Riesz theorem the assumption f*¥ — f weakly in I” and
Il f¥llLe — [|f|lLe imply that f* — f strongly in IL” (for each p € (1, 00)).

Thus we must check that ||u®i||» — ||u/|L». By the convergence in the sense of Young
measures and by the fact that these measures are Dirac measures

/ |u® [Pdtdx — / /|u|Pd5u(t,x)dtdx: / |u|Pdtdz.
K

Rx[0,7) Rx[0,T) Rx[0,7T)
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We can also prove the strong LP-convergence for the terms (ugj (ulfj)*“)b, (u’fj)b and

(u) 2V, m(uhi) for all 0 < a < 1 and 0 < b. Just observe that (u;)*V,n(u) is a
continuous bounded function, if |V,n(u)|| < C, n(-,-) is a C'-function for (uy,uy) €
(0,00) x R and 7n(0,-) = 0.

To complete the proof of the existence of a weak entropy solution we need that there
exists G(t,z) € G(u(t,x),x) for a.a. (t,z) € [0,00) x R such that

1. Gy, (ub) = G in LP(Q; R?),
2. Gi,(uM)Vyn(ub) = GV,n(u) in LP(Q; R?)
for all 1 < p < 0o. Now we prove the following lemma:

Lemma 4.1

Assume u* — w in the strong topology LP(Q;R) for 1 < p < oo, sig, — sig uniformly
in R —[=2, 1] for alln € N and |sig,| < 1.

Then there exists a function S € LP(€;R) and a subsequence k; such that

1. sigk]_(ukj) — S in the weak topology of LP(; R)
2. S €sig(u) a.e. in Q
holds.

Proof

We prove only S € sig(u) a.e. in €. Let us observe |S(t,z)] < 1 a.e. in Q. Then we
divide €2 into three sets:

Q- ={(t,x) € Q| us(t,x) <0},

Qo ={(t,x) € Q| us(t,x) = 0},

Qp ={(t,x) € Q| us(t,z) > 0}.

It is obvious that S € sig(u) a.e. in {2y. Now we can assume that k; is a subsequence
with u® — u a.e. in . Thus sigkj(ukj) — 1 for a.a. (t,2) € Q4 and sigkj(ukf) — —1
for a.a. (t,z) € Q_. This completes the proof of the lemma.

By applying Lemma 4.1 we end the proof of the existence of a weak entropy solution
to our problem (CL).

5 Acknowledgements

The author would like to express his gratitude to K. Chelminski and R. Farwig for
remarks to this paper.

References

[1] R. Balean: “Granular avalanche flow down a smoothly varying slope: the existence
of entropy solutions”, Preprint TU Darmstadt no. 2044 (1999)

[2] R. Balean: “The existence of entropy solution to a one-dimensional model for
granular avalanches”, Preprint TU Darmstadt no. 1951 (1997)

17



3]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

J. M. Ball: “A version of the fundamental theorem for Young measures”, in:
PDE’s and Continuum Models of Phase Transitions, M. Rascle, D. Serre and M.
Slemrod (eds.), Lecture Notes in Phys. 334 Springer, Berlin 1989

R. J. DiPerna: “Measure-Valued Solutions to Conservation Laws”, Arch. Rational
Mech. Anal. 88 (1985), no. 3, 223-227

R. J. DiPerna: “Convergence of the viscosity method for isentropic gas dynamics”,
Commun. Math. Phys. 91 (1983), 1-30

P. L. Lions, B. Perthame, E. Tadmor: “Kinetic Formulation of the Isentropic Gas
Dynamics and p-System”, Commun. in Math. Phys. 163, 415-431, (1994)

P. L. Lions, B. Perthame, and P. Souganidis: “Existence and stability of entropy
solution for the hyperbolic systems of isentropic gas dynamics in Eulerian and
Lagrangian coordinates”, Commun. Pure Appl. Math. 49 (1996), no. 6, 599-638

C. M. Dafermos: “Hyperbolic Conservation Laws in Continuum Physics”,
Springer-Verlag Berlin Heidelberg 2000

L. C. Evans “Weak Convergence Methods for Nonlinear Partial Differential Equa-
tions”, AMS 1990

W. Fang, K. Ito: “On the inhomogeneous system of isentropic gas dynamics by
the viscosity method”, Proc. R. Soc. Edinb., Sect. A 127 (1995)

L. Hormander: “Lectures on Nonlinear Hyperbolic Differential Equations”,
Springer-Verlag Berlin Heidelberg 1997

S. Savage, K. Hutter: “The motion of a finite mass of granular material down a
rough incline”, J. Fluid Mech. 199 (1989)

S. Savage, K. Hutter: “The dynamics of avalanches of granular materials from
initiation to runout I: Analysis.”, Acta Mech. (1991)

T. Koch, R. Greve, K Hutter: “Unconfined flow of granular avalanches along a

partly curved surface. II: Experiments and numerical computations.”, Proc. R.
Soc. Lond., Ser. A 445 (1994)

J.M.N.T. Gray, Y.C. Tai: “On the inclusion of the velocity dependent basal drag
in avalanche models”, Ann. Glac. (1998)

J.M.N.T. Gray, M. Wieland, K, Hutter: “Gravity-driven free surface flow of gran-
ular avalanches over complex basal topography”, Proc. R. Soc. Lond., Ser. A 445
(1999)

S. Miiller: “Variational models for microstructure and phase transitions” in: Cal-
culus of variations and geometric evolution problems. S. Hildebrandt, M. Struwe
Lectures Notes in Mathematics 1713 Springer-Verlag Berlin Heidelberg 1999

18



