
Nonlinear Initial Boundary Value Problems of

Hyperboli{Paraboli Type

{

A General Investigation of Admissible Couplings

between Systems of Higher Order

Stefan Ebenfeld

Darmstadt University of Tehnology (Germany)

e{mail: ebenfeld�mathematik.tu{darmstadt.de

Abstrat

In this artile we investigate the nonlinear initial boundary value problems (3.4)

and (4.2). In both ases we onsider oupled systems where eah system is of higher

order and of hyperboli or paraboli type.

Our goal is to haraterize systematially all admissible ouplings be-

tween systems of higher order and di�erent type.

By an admissible oupling we mean a ondition that guarantees the existene,

uniqueness and regularity of solutions to the respetive initial boundary value prob-

lem.

In setion 2 we develop the underlying theory of linear hyperboli and paraboli

initial boundary value problems. Testing the PDEs with suitable funtions we obtain

a{priori estimates for the respetive solutions. In partiular, we make use of the

regularity theory for linear ellipti boundary value problems that was previously

developed by the author. In setion 3 we prove the loal in time existene, uniqueness

and regularity of solutions to the initial boundary value problem (3.4) using the so

alled energy method. In the above sense the regularity assumptions (A6) and

(A7) about the oeÆients and right hand sides de�ne the admissible ouplings. In

setion 4 we extend the results of the previous setion to the initial boundary value

problem (4.2). In partiular, the assumptions (B8) and (B9) about the respetive

parameters orrespond to the previous assumptions (A6) and (A7) and hene de�ne

the admissible ouplings now. In subsetion 4.3 we exploit the assumptions (B8)

and (B9) for the ase of two oupled systems.
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1 Introdution

1.1 Introdution and Notation

This artile is devoted to the theory of nonlinear initial boundary value problems. More

spei�ally, let T > 0, let 
 � R

n

be a bounded domain with a smooth boundary, and let

u

ji

j

: 
� (0; T ) �! R

N

ji

j

: (x; t) 7�! u

ji

j

(x; t) (j = 1; 2; 3 ; i

j

= 1; : : : ; I

j

): (1.1)

In setion 3 we onsider the following abstrat quasilinear initial boundary value problem:

�

2

t

u

1i

1

+

m

1i

1

X

j�j;j�j=0

(�1)

j�j

�

�

x

�

A

1i

1

;��

[u℄(x; t)�

�

x

u

1i

1

�

= f

1i

1

[u℄(x; t): (1.2a)

�

t

u

ji

j

+

m

ji

j

X

j�j;j�j=0

(�1)

j�j

�

�

x

�

A

ji

j

;��

[u℄(x; t)�

�

x

u

ji

j

�

= f

ji

j

[u℄(x; t) (j = 2; 3): (1.2b)

We presribe initial data and Dirihlet boundary data for the funtions u

ji

j

. In (1.2) the

notation �[u℄ means that � ats as a nonlinear operator on the funtions u

ji

j

. Moreover,

in setion 4 we onsider the following nonlinear initial boundary value problem:

�

2

t

u

1i

1

+

m

1i

1

X

j�j=0

(�1)

j�j

�

�

x

�

F

1i

1

;�

(U

F

1i

1

; x; t)

�

= f

1i

1

(U

f

1i

1

; x; t): (1.3a)

�

t

u

ji

j

+

m

ji

j

X

j�j=0

(�1)

j�j

�

�

x

�

F

ji

j

;�

(U

F

ji

j

; x; t)

�

= f

ji

j

(U

f

ji

j

; x; t) (j = 2; 3): (1.3b)

As above we presribe initial data and Dirihlet boundary data for the funtions u

ji

j

.

In (1.3) the U

�

ji

j

denote olletions of partial derivatives of u. In both ases, (1.2) and

(1.3), we onsider oupled systems where eah system is of higher order and of hyperboli

or paraboli type. In partiular, the paraboli systems (j = 2; 3) are distinguished by

di�erent assumptions about the oeÆients and right hand sides.

About the purpose of this artile.

Our goal is to haraterize systematially all admissible ouplings between sys-

tems of higher order and di�erent type.

By an admissible oupling we mean a ondition that guarantees the existene, uniqueness

and regularity of solutions to the respetive initial boundary value problem. For the

ase of the initial boundary value problem (1.2) the admissible ouplings are de�ned

3



by the regularity assumptions about the oeÆients and right hand sides, see (A6) and

(A7) in setion 3. Moreover, for the ase of the initial boundary value problem (1.3)

the admissible ouplings are de�ned by the orders of the partial derivatives whih our

in the U

�

ji

j

, see (B8) and (B9) in setion 4, and see also subsetion 4.3 for the ase

of two oupled systems. Now, driven by an inreasing interest in numerial simulation,

engineering and natural sienes have developed more and more ompliated mathematial

models. Taking into aount the interation of di�erent physial quantities on the one

hand often leads to oupled systems of di�erent type. Prominent examples are the theories

of thermodynami ontinua and eletromagneti interating ontinua. Taking into aount

the nonloal properties of physial quantities on the other hand often leads to systems of

higher order. A prominent example is the theory of nonloal materials. These appliations

have strongly motivated the investigations in the artile at hand. Moreover, mathematis

itself struggles more and more for general existene results. This intrinsi mathematial

interest has eaqually motivated our investigations.

Overview. In setion 2 we develop the underlying theory of linear hyperboli and

paraboli initial boundary value problems. Testing the PDEs with suitable funtions

we obtain a{priori estimates for the respetive solutions. In partiular, we make use of

the regularity theory for linear ellipti boundary value problems that was previously de-

veloped by the author. In setion 3 we prove the loal in time existene, uniqueness and

regularity of solutions to the initial boundary value problem (1.2). In the proof we make

use of the so alled energy method. This proedure an be summarized as follows:

1. De�ne a sequene (u

�

)

1

�=0

of approximate solutions to the initial boundary value

problem with the help of a linearization proedure.

2. Show that for suÆiently small T the sequene (u

�

)

1

�=0

is bounded with respet to

some high norm.

3. Show that for suÆiently small T the sequene (u

�

)

1

�=0

is ontrative (and hene

onvergent to some limit funtion u) with respet to some low norm.

4. Show that the limit funtion u is the unique solution to the initial boundary value

problem.

In setion 4 we apply the results of the previous setion to the initial boundary value

problem (1.3). In partiular, in subsetion 4.3 we study two oupled systems. We exploit

the assumptions (B8) and (B9), and hene haraterize the admissible ouplings.

Remarks.

1. We have restrited our attention to zero initial and boundary data. Formally, by

transformation this means no loss of generality. However, minimal regularity of

initial and boundary data is beyond the sope of our theory.
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2. The abstrat theory developed in setion 3 also applies to initial boundary value

problems of the form (1.3) where the onstitutive funtions F

ji

j

;�

and f

ji

j

depend

on some extra variables whih themselves are solutions to 'well behaved' problems.

In this ase we an solve the 'well behaved' problems separately and insert the

respetive solution operators into the onstitutive funtions. Prominent examples

of suh problems are the equations of visoelastiity where the internal variables

satisfy an ordinary di�erential equation, or the equations of ompressible uid ow

where the density satis�es a linear onservation law. See [9℄ for more bakground

on engineering problems.

3. The energy method has been applied suessfully to many related problems before.

Therefore, we want to mention a few referenes whih have partiularly inspired

the artile at hand. In [5℄ the authors (Dafermos and Hrusa) onsider hyperboli

systems. They �rst develop an abstrat theory and then apply it to nonlinear wave

equations of order two. In [11℄ the author (Kato) onsiders abstrat evolution equa-

tions. He �rst develops an abstrat theory and then applies it to nonlinear wave

equations of order two. In [14℄ the author (Majda) onsiders symmetri hyperboli

systems on R

n

. In partiular, he applies his theory to systems of onservation laws

and uid ow. In [10℄ the authors (Jiang and Rake) onsider the equations of ther-

moelastiity. This is a oupled nonlinear hyperboli{paraboli system of order two.

We disuss some of the similarities and di�erenes between these referenes and our

theory in the next subsetion. Moreover, there is a vast literature about nonlinear

paraboli problems. However, the authors in this �eld tend to use methods whih

do not extend to hyperboli or hyperboli{paraboli problems, suh as maximum

priniples, the perturbation theory of analyti semigroups or the Leray{Shauder

�xed point theorem.

4. Although the energy method is a well established proedure there seems to be no

existing theory that overs the initial boundary value problems (1.2) or (1.3). On

the one hand this is due to the enormous tehnial amount. Atually, dealing with

systems of di�erent type and higher order requires re�ned tehniques some of whih

we explain in the next subsetion. On the other hand previous works generally fous

their attention on systems of order two or on one partiular oupling. To the best

of my knowledge the artile at hand is the �rst general investigation of admissible

ouplings between systems of higher order and di�erent type.

Notation. Let T > 0, let V be a Hilbert spae, and let 
 � R

n

be a bounded domain

with a smooth boundary.

1. For funtions u : [0; T ℄ �! V we use the following notation:

kuk

C

0

([0;T ℄;V)

:= sup

t2[0;T ℄

ku(t)k

V

: (1.4a)
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kuk

L

p

([0;T ℄;V)

:=

8

>

<

>

:

�

R

T

0

ku(t)k

p

V

dt

�

1

p

if 1 � p <1;

essup

t2[0;T ℄

ku(t)k

V

if p =1:

(1.4b)

2. For funtions u : 
 �! R

N

we use the following notation:

kuk

H(s)

:= kuk

H

s

(
;R

N

)

: (1.5)

3. For funtions u : 
� (0; T ) �! R

N

we use the following notation:

kuk

C(T;s)

:= kuk

C

0

([0;T ℄;H

s

(
;R

N

))

: (1.6a)

kuk

X (T;k;l;�;�)

:=

l

X

l=0

k

X

k=0





�

k+l

t

u





C

0

([0;T ℄;H

�(k�k)+�

(
;R

N

))

: (1.6b)

kuk

L(T;p;s)

:= kuk

L

p

([0;T ℄;H

s

(
;R

N

))

: (1.6)

kuk

Y(T;p;k;l;�;�)

:=

l

X

l=0

k

X

k=0





�

k+l

t

u





L

p

([0;T ℄;H

�(k�k)+�

(
;R

N

))

: (1.6d)

1.2 Some Tehnial Remarks

In this subsetion we explain some of the speial features of our theory and ompare it

with other referenes.

1. First, we give a motivation for the use of the partiular funtion spaes in our linear

theory. Therefore, we onsider the following linear hyperboli model problem:

�

2

t

u+ (��)

m

u = f(x): (1.7)

We presribe zero initial and Dirihlet boundary data. Di�erentiating the PDE (1.7)

k times with respet to t and testing with �

k+1

t

u we obtain the following a{priori

estimate:

k

X

k=0





�

k

t

u





C(T;m)

+







�

k+1

t

u







C(T;0)

� C

k

X

k=0





�

k

t

f





L(T;1;0)

: (1.8)
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Moreover, with the help of (1.7) and the ellipti regularity theory for the operator

(��)

m

we obtain the following a{priori estimate:





�

k

t

u





H(s+2m)

� C

�





�

k+2

t

u





H(s)

+





�

k

t

f





H(s)

�

: (1.9)

A natural hoie for the parameter s is to make it as large as possible. This yields

the following well known a{priori estimate, f. [5℄, [12℄, [17℄ and [21℄:

kuk

X (T;k+1;0;m;0)

� C kuk

Y(T;k�1;0;m;0)

+







�

k

t

f







L(T;1;0)

: (1.10)

In (1.10) one temporal derivative orresponds to m spatial derivatives where m

is determined by the order of the system. However, studying oupled systems of

higher order and di�erent type we want that for eah system one temporal derivative

orresponds to the same number of spatial derivatives. In [10℄ the authors have to

fae a similar problem. They observe that it is possible to hoose s suÆiently

small. For the situation of the our model problem this yields the following a{priori

estimate alternative to (1.10):

kuk

X (T;k�1;0;�;2m)

+







�

k

t

u







C(T;m)

+







�

k+1

t

u







C(T;0)

� C kuk

Y(T;k�1;0;�;0)

+







�

k

t

f







L(T;1;0)

(1.11)

where 1 � � � m. In (1.11) one temporal derivative orresponds to � spatial

derivatives. Moreover, for linear paraboli problems a similar argumentation holds.

Consequently, in our linear theory we an hoose one and the same � for all systems

under onsideration.

2. Next, we note that in order to apply our linear theory to the quasilinear initial

boundary value problem (1.2) we need a regularity theory for linear ellipti systems

of higher order and with minimal regularity in the oeÆients. Suh a theory was

reently developed by the author, f. [6℄ or [7℄. In partiular, we annot refer to

the lassial results in [3℄ and [4℄, [8℄, and [16℄. In ontrast to our theory, ellipti

regularity enters the abstrat theories in [5℄ and [11℄ as an assumption about the

respetive operators. Moreover, in [10℄, [11℄, [12℄ and [15℄ the authors prove regular-

ity theorems for linear ellipti operators of seond order. Finally, in [20℄ the author

proves a regularity theorem for a linear ellipti operator of higher order de�ned on

a ompat manifold without boundary.

3. Next, we note that in order to derive the a{priori estimate (2.40) for the linear hy-

perboli initial boundary value problem (2.18) we have to make use of the following

identity, f. [5℄, [10℄, [11℄, [12℄ and [19℄:

D

�

k+1

t

u A(r; x; t)�

k

t

u

E

H(0)

=

1

2

�

t

D

�

k

t

u A(r; x; t)�

k

t

u

E

H(0)

+ remainder terms: (1.12)
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However, if the di�erential operator A(r; x; t) is of higher order and in nondiver-

gene form then the regularity of the solution u does not allow for an estimate of

the remainder terms. Consequently, for the ase of linear hyperboli initial bound-

ary value problems of higher order we have to restrit our attention to di�erential

operators in divergene form. For the sake of notational onveniene we generally

restrit our attention to di�erential operators in divergene form.

4. Next, we give a motivation for the use of the partiular linearization proedure that

we apply to the initial boundary value problem (1.2). Therefore, we onsider the

following model problem:

�

t

u

i

+A

i

[u

1

; : : : ; u

I

℄(r; x; t)u

i

= f

i

[u

1

; : : : ; u

I

℄(x; t) (i = 1; : : : ; I) (1.13)

whereA

i

[u

1

; : : : ; u

I

℄(r; x; t) denotes a di�erential operator with oeÆients depend-

ing on u

1

; : : : ; u

I

. A natural linearization proedure for (1.13) is the following:

�

t

u

�+1

i

+A

i

[u

�

1

; : : : ; u

�

I

℄(r; x; t)u

�+1

i

= f

i

[u

�

1

; : : : ; u

�

I

℄(x; t): (1.14)

It turns out that in order to prove the boundedness in the high norm for the se-

quene (u

�

)

1

�=0

of approximate solutions we generally have to dispense with the full

regularity of u

�

1

; : : : ; u

�

I

in (1.14). In [10℄ the authors have to fae a similar problem.

They observe that it is possible to solve the respetive linearized problems itera-

tively. For the situation of (1.13) this yields the following linearization proedure

alternative to (1.14):

�

t

u

�+1

i

+A

i

[u

�+1

1

; : : : ; u

�+1

i�1

; u

�

i

; : : : ; u

�

I

℄(r; x; t)u

�+1

i

= f

i

[u

�+1

1

; : : : ; u

�+1

i�1

; u

�

i

; : : : ; u

�

I

℄(x; t): (1.15)

Now, in (1.15) we an make use of the full regularity of u

�+1

1

; : : : ; u

�+1

i�1

. Consequently,

for the ase of the initial boundary value problem (1.2) we apply a linearization pro-

edure that is analogous to (1.15). Moreover, in [10℄ the authors solve the linearized

hyperboli problem �rst and the linearized paraboli problem seond. For the ase

of the initial boundary value problem (1.3) we analogously onsider the hyperboli

systems �rst without loss of generality. However, for the ase of the initial boundary

value problem (1.2) we have to allow for an arbitrary order of the systems.

5. Finally, we give a motivation for the use of the partiular limit proess that we

apply to the initial boundary value problem (1.2). Therefore, we assume that for

some nonlinear initial boundary value problem the boundedness in the high norm

and the ontration in the low norm read as follows:

ku

�

k

X (T;k;0;�;0)

� R;





u

�+2

� u

�+1





C(T;0)

�

1

2





u

�+1

� u

�





C(T;0)

(1.16)

where (u

�

)

1

�=0

denotes a sequene of approximate solutions. For this situation it

is possible to apply the Banah �xed point theorem diretly in order to show the
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existene, uniqueness and regularity of solutions. This proedure is known as Kato's

diret method, f. [11℄, and it has been applied suessfully to many nonlinear

problems before, f. [5℄, [10℄, [11℄, [12℄ and [19℄. Kato's diret method is based on

the observation that by the Banah{Alaoglu theorem the following metri spae is

omplete:

M :=

n

u

�

�

�

k

X

k=0





�

k

t

u





L(T;1;�(k�k))

� R

o

; d

M

(u; v) := ku� vk

C(T;0)

: (1.17)

With the help of (1.16) we immediately obtain that the iteration maping is a on-

tration on M and hene has a unique �xed point. We note that the funtions in

M have a presribed L

1

([0; T ℄){regularity. With the help of the Sobolev imbedding

theorem we �nd that they also have the following C

0

([0; T ℄){regularity:

kuk

X (T;k�1;0;�;0)

� CR 8 u 2 M: (1.18)

However, for the above situation it is also possible to pass to the limit 'by hand',

f. [14℄. With the help of (1.16) and the interpolation inequality of the appendix

we obtain:

ku

�

� uk

X (T;k�1;0;�;��1)

�!1

���! 0: (1.19)

Comparing (1.18) with (1.19) we see that for the seond proedure we generally have

a higher regularity of the u

�

at hand. In partiular, the two proedures oinide if

and only if � = 1. Sine for the ase of the initial boundary value problem (1.2) we

are dealing with a higher order problem, we pass to the limit 'by hand'.

1.3 Limitations of Our Theory

In our theory we look at oupled systems of �xed type and order from the point of view of

perturbation theory. However, there are oupled systems where the oupling terms belong

to the prinipal part of the respetive operator. Suh systems are beyond the sope of our

theory. The following example shall demonstrate this. Therefore, we make the following

de�nitions:

A(r) :=

�

� �

���

2

��

2

�

; G(t) := F

�1

exp

�

tA(�i�)

�

F (1.20)

where � 2 R, A(�i�) denotes the symbol of A(r), and F denotes the Fourier transform

on L

2

(R

n

;R

2

). We onsider the following linear initial value problem on R

n

:

�

t

u = A(r)u; u

�

�

�

t=0

= v(x): (1.21)

9



Looking at (1.21) from the point of view of perturbation theory we either obtain the

existene, uniqueness and regularity of solutions for all values of the parameter � or our

ansatz fails, f. subsetion 4.3. Now, the solution of (1.21) is given by

u(x; t) = G(t)v(x) 8 v 2 F

�1

C

1

0

(R

n

;R

2

): (1.22)

Hene, the initial value problem (1.21) has a unique regular solution in the sense of our

theory if and only if the linear operator G(t) is bounded on L

2

(R

n

;R

2

). It is easy to see

that we an �nd values of the parameter � suh thatG(t) beomes bounded or unbounded

on L

2

(R

n

;R

2

). Consequently, for the ase of the initial value problem (1.21) our ansatz

fails.

2 A{priori Estimates for Linear Systems

2.1 Linear Ellipti Systems

For the proofs of the results of this subsetion see [6℄ or [7℄.

Let 
 � R

n

be a bounded domain with a smooth boundary �, and let

u : 
 �! R

N

: x 7�! u(x): (2.1)

Moreover, let m 2 N with m � 1. We onsider the following linear ellipti boundary value

problems of order 2m:

1. Systems in divergene form:

A(r; x)u :=

m

X

j�j;j�j=0

(�1)

j�j

�

�

x

�

A

��

(x)�

�

x

u

�

= f(x): (2.2a)

�

�

x

u

�

�

�

x2�

= 0 (j�j = 0; : : : ; m� 1): (2.2b)

2. Systems in nondivergene form:

A(r; x)u :=

m

X

j�j;j�j=0

(�1)

j�j

A

��

(x)�

�

x

�

�

x

u = f(x): (2.3a)

�

�

x

u

�

�

�

x2�

= 0 (j�j = 0; : : : ; m� 1): (2.3b)

10



We make the following assumptions:

(E1) Let s 2 N , and let the following regularity statements hold:

A

��

2 H

a

s;��

(
;R

N�N

) (j�j; j�j = 0; : : : ; m): (2.4a)

f 2 H

s�m

(
;R

N

): (2.4b)

In the ase of system (2.2) we assume that 9 Æ > 0:

a

s;��

� maxf

n

2

+ Æ � 2m+ j�j+ j�j; s�m+ j�j; 0g: (2.5)

In the ase of system (2.3) we assume that 9 Æ > 0:

a

s;��

� maxf

n

2

+ Æ � 2m+ j�j+ j�j; s�m; j�j+ j�j �m; 0g: (2.6)

(E2) Let  > 0, and let the following Legendre{Hadamard ondition of strong elliptiity

hold:

X

j�j;j�j=m

�

T

�

A

��

(x)�

�

�

�

�

� � j�j

2m

j�j

2

(2.7)

8 � 2 R

n

8 � 2 R

N

8 x 2 
.

Lemma 2.1 (Continuity)

Let the assumptions (E1) and (E2) hold. Then, A(r; x) is a ontinuous linear operator:

A(r; x) : H

s+m

(
;R

N

) �! H

s�m

(
;R

N

): (2.8)

Lemma 2.2 (G�arding inequality)

Let s = 0, let v 2 H

m

0

(
;R

N

), and let the assumptions (E1) and (E2) hold. Then, v

satis�es the following G�arding inequality:

kvk

2

H(m)

� C hv A(r; x)vi

H(0)

+

^

K kvk

2

H(0)

(2.9)

where

^

K := K

�

m

X

j�j;j�j=0

kA

��

k

H(a

0;��

)

+ 1

�

Q

: (2.10)

The right hand side of (2.9) is de�ned with the help of integration by parts. Moreover,

the onstants C;K;Q > 0 are independent of v and A

��

.
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Lemma 2.3 (Existene and Uniqueness)

We onsider the following modi�ed boundary value problem:

A(r; x)u+ �u = f(x): (2.11a)

�

�

x

u

�

�

�

x2�

= 0 (j�j = 0; : : : ; m� 1): (2.11b)

Let s = 0, let the assumptions (E1) and (E2) hold, and let � �

^

K where

^

K is given by

(2.10). Then, the modi�ed boundary value problem (2.11) has a unique weak solution

u 2 H

m

0

(
;R

N

): (2.12)

Lemma 2.4 (Ellipti Regularity)

Let the assumptions (E1) and (E2) hold, and let u 2 H

m

0

(
;R

N

) be a weak solution to the

boundary value problem (2.2) or (2.3) respetively. Then, u has the following additional

regularity:

u 2 H

s+m

(
;R

N

): (2.13)

In partiular, u satis�es the following a{priori estimate:

kuk

H(s+m)

�

^

C

�

kfk

H(s�m)

+ kuk

H(0)

�

(2.14)

where

^

C := C

�

m

X

j�j;j�j=0

kA

��

k

H(a

s;��

)

+ 1

�

P

: (2.15)

Moreover, the onstants C; P > 0 are independent of u, A

��

and f .

2.2 Linear Hyperboli Systems

Let T > 0, let 
 � R

n

be a bounded domain with a smooth boundary �, and let

u : 
� (0; T ) �! R

N

: (x; t) 7�! u(x; t): (2.16)

Moreover, let m 2 N with m � 1, and let

A(r; x; t)u :=

m

X

j�j;j�j=0

(�1)

j�j

�

�

x

�

A

��

(x; t)�

�

x

u

�

: (2.17)

We onsider the following linear hyperboli initial boundary value problem of order 2m:

�

2

t

u+A(r; x; t)u = f(x; t): (2.18a)
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�

�

x

u

�

�

�

x2�

= 0 (j�j = 0; : : : ; m� 1): (2.18b)

u

�

�

�

t=0

= 0; �

t

u

�

�

�

t=0

= 0: (2.18)

We make the following assumptions:

(H1) Let k 2 N with k � 1, let � 2 N with 1 � � � m, and let the following regularity

statements hold:

A

��

2

k�1

\

k=0

C

k

([0; T ℄; H

a

k;��

(
;R

N�N

)) \

k

\

k=1

W

k;1

([0; T ℄; H

b

k;��

(
;R

N�N

))

(j�j; j�j = 0; : : : ; m): (2.19a)

f 2

k�1

\

k=0

C

k

([0; T ℄; H

�(k�1�k)

(
;R

N

)) \W

k;1

([0; T ℄; L

2

(
;R

N

)): (2.19b)

Moreover, we assume that 9 Æ > 0:

a

k;��

� maxf

n

2

+ Æ � �k � 2m + j�j+ j�j; �(k� 1� k) + j�jg

(k = 0; : : : ; k � 1): (2.20a)

b

k;��

� maxf

n

2

+ Æ � �(k � 1)� 2m+ j�j+ j�j; j�jg

(k = 1 : : : ; k): (2.20b)

(H2) Let the following symmetry ondition hold:

A

��

(x; t) =

�

A

��

(x; t)

�

T

(j�j; j�j = 0; : : : ; m) (2.21)

8 (x; t) 2 (0; T )� 
.

(H3) Let  > 0, and let the following Legendre{Hadamard ondition of strong elliptiity

hold:

X

j�j;j�j=m

�

T

�

A

��

(x; t)�

�

�

�

�

� � j�j

2m

j�j

2

(2.22)

8 � 2 R

n

8 � 2 R

N

8 (x; t) 2 
� (0; T ).

13



(H4) Let the following ompatibility ondition hold:

�

k

t

f

�

�

�

t=0

= 0 (k = 0; : : : ; k � 1): (2.23)

Lemma 2.5 (Existene, Uniqueness)

Let the following regularity statements hold:

A

��

2 W

1;1

([0; T ℄; H



��

(
;R

N�N

)) (j�j; j�j = 0; : : : ; m): (2.24a)

f 2 L

1

([0; T ℄; L

2

(
;R

N

)): (2.24b)

We assume that 9 Æ > 0:



��

� maxf

n

2

+ Æ � 2m+ j�j+ j�j; 0g: (2.25)

Moreover, let the assumptions (H2) and (H3) hold. Then, the initial boundary value

problem (2.18) has a unique weak solution

u 2 C

0

([0; T ℄; H

m

0

(
;R

N

)) \ C

1

([0; T ℄; L

2

(
;R

N

)): (2.26)

In partiular, u satis�es the following a{priori estimate:

kuk

C(T;m)

+ k�

t

uk

C(T;0)

�

^

C kfk

L(T;1;0)

(2.27)

where

^

C := �

�

1

X

k=0

m

X

j�j;j�j=0





�

k

t

A

��





L(T;1;

��

)

; T

�

: (2.28)

Moreover, the ontinuous funtion �(�; �) is independent of u, A

��

and f .

Sketh of Proof

We de�ne the following energy:

E(t) :=

1

2

k�

t

uk

2

H(0)

+

1

2

hu A(r; x; t)ui

H(0)

+

^

K kuk

2

H(0)

(2.29)

where

^

K := K

�

m

X

j�j;j�j=0

kA

��

k

C(T;

��

)

+ 1

�

Q

: (2.30)

The right hand side of (2.29) is de�ned with the help of integration by parts. Moreover,

we hoose K;Q > 0 suÆiently large. With the help of lemma 2.2 (G�arding inequality)

we obtain:

k�

t

uk

2

H(0)

+ kuk

2

H(m)

� CE(t): (2.31)
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With the help of (2.18) and (2.21) we obtain:

�

t

E(t) = h�

t

u fi

H(0)

+

1

2

m

X

j�j;j�j=0




�

�

x

u �

t

A

��

�

�

x

u

�

H(0)

+ 2

^

K h�

t

u ui

H(0)

(2.32)

and further

E(t) =

Z

t

0

h�

t

u fi

H(0)

d� +

1

2

m

X

j�j;j�j=0

Z

t

0




�

�

x

u �

t

A

��

�

�

x

u

�

H(0)

d�

+ 2

^

K

Z

t

0

h�

t

u ui

H(0)

d�: (2.33)

We de�ne the following maximal energy:

E(t) := sup

0���t

E(�): (2.34)

With the help of the produt inequalities of the appendix and (2.31) we obtain:

Z

t

0

�

�

�

h�

t

u fi

H(0)

�

�

�

d� � CE(t)

1

2

kfk

L(T;1;0)

: (2.35a)

Z

t

0

�

�

�




�

�

x

u �

t

A

��

�

�

x

u

�

H(0)

�

�

�

d� �

^

C

Z

t

0

E(�) d�: (2.35b)

^

K

Z

t

0

�

�

�

h�

t

u ui

H(0)

�

�

�

d� �

^

C

Z

t

0

E(�) d�: (2.35)

With the help of (2.33) and (2.35) we obtain:

E(t) � C kfk

2

L(T;1;0)

+

^

C

Z

t

0

E(�) d�: (2.36)

With the help of (2.36) and the Gronwall inequality we obtain:

E(T ) �

^

C kfk

2

L(T;1;0)

: (2.37)

With the help of (2.31) and (2.37) we obtain:

k�

t

uk

2

C(T;0)

+ kuk

2

C(T;0)

�

^

C kfk

2

L(T;1;0)

: (2.38)

This yields the desired a{priori estimate (2.27). 2
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Lemma 2.6 (Regularity)

Let the assumptions (H1), (H2), (H3) and (H4) hold, and let u be the solution to the

initial boundary value problem (2.18). Then, u has the following additional regularity:

u 2

k�1

\

k=0

C

k

([0; T ℄; H

�(k�1�k)+2m

(
;R

N

)) \ C

k

([0; T ℄; H

m

0

(
;R

N

))

\ C

k+1

([0; T ℄; L

2

(
;R

N

)): (2.39)

In partiular, u satis�es the following a{priori estimate:

kuk

X (T;k�1;0;�;2m)

+







�

k

t

u







C(T;m)

+







�

k+1

t

u







C(T;0)

�

^

C

�

kfk

X (T;k�1;0;�;0)

+







�

k

t

f







L(T;1;0)

�

(2.40)

where

^

C := �

�

k�1

X

k=0

m

X

j�j;j�j=0





�

k

t

A

��





C(T;a

k;��

)

+

k

X

k=1

m

X

j�j;j�j=0





�

k

t

A

��





L(T;1;b

k;��

)

; T

�

: (2.41)

Moreover, the ontinuous funtion �(�; �) is independent of u, A

��

and f .

Sketh of Proof

Let 0 � k � k. We di�erentiate (2.18) formally k times with respet to t. With the help

of (2.23) we obtain:

�

2

t

(�

k

t

u) +A(r; x; t)�

k

t

u

= �

k

t

f(x; t)�

k

X

�=1

m

X

j�j;j�j=0

�

k

�

�

(�1)

j�j

�

�

x

�

�

�

t

A

��

(x; t)�

�

x

(�

k��

t

u)

�

: (2.42a)

�

�

x

(�

k

t

u)

�

�

�

x2�

= 0 (j�j = 0; : : : ; m� 1): (2.42b)

�

k

t

u

�

�

�

t=0

= 0; �

t

(�

k

t

u)

�

�

�

t=0

= 0: (2.42)

First, we exploit lemma 2.4 (ellipti regularity). Therefore, let 0 � k � k � 1. With the

help of (2.42) we obtain:





�

k

t

u





H(�(k�1�k)+2m)

�

^

C

�





�

k+2

t

u





H(�(k�1�k))

+





�

k

t

f





H(�(k�1�k))

+

k

X

�=1

m

X

j�j;j�j=0







�

�

x

�

�

�

t

A

��

�

�

x

(�

k��

t

u)

�







H(�(k�1�k))

�

: (2.43)
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With the help of the produt inequalities of the appendix we �nd " > 0:

k

X

�=1

m

X

j�j;j�j=0







�

�

x

�

�

�

t

A

��

�

�

x

(�

k��

t

u)

�







H(�(k�1�k))

�

^

C

k�1

X

�=0

k�

�

t

uk

H(�(k�1��)+2m�")

:

(2.44)

With the help of (2.43) and (2.44) we obtain:





�

k

t

u





H(�(k�1�k)+2m)

�

^

C

�





�

k+2

t

u





H(�(k�1�k))

+





�

k

t

f





H(�(k�1�k))

+

k�1

X

�=0

k�

�

t

uk

H(�(k�1��)+2m�")

�

: (2.45)

With the help of (2.45) and indution we obtain:

k�1

X

k=0





�

k

t

u





H(�(k�1�k)+2m)

�

^

C

�







�

k+1

t

u







H(0)

+







�

k

t

u







H(m)

+

k�1

X

k=0





�

k

t

f





H(�(k�1�k))

+

k�2

X

k=0





�

k

t

u





H(�(k�1�k)+2m�")

�

: (2.46)

With the help of (2.46) and interpolation we obtain:

k�1

X

k=0





�

k

t

u





H(�(k�1�k)+2m)

�

^

C

�







�

k+1

t

u







H(0)

+

k

X

k=0





�

k

t

u





H(m)

+

k�1

X

k=0





�

k

t

f





H(�(k�1�k))

�

: (2.47)

We de�ne the following energy:

E(t) :=

k

X

k=0

�

1

2





�

k+1

t

u





2

H(0)

+

1

2




�

k

t

u A(r; x; t)(�

k

t

u)

�

H(0)

+

^

K





�

k

t

u





2

H(0)

�

(2.48)

where

^

K := K

�

m

X

j�j;j�j=0

kA

��

k

C(T;a

��

)

+ 1

�

Q

: (2.49)

The right hand side of (2.48) is de�ned with the help of integration by parts. We assume

that 9 Æ > 0:

a

��

� maxf

n

2

+ Æ � 2m+ j�j+ j�j; 0g: (2.50)
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Moreover, we hoose K;Q > 0 suÆiently large. With the help of lemma 2.2 (G�arding

inequality) we obtain:







�

k+1

t

u







2

H(0)

+

k

X

k=0





�

k

t

u





2

H(m)

� CE(t): (2.51)

With the help of (2.47) and (2.51) we obtain:

k�1

X

k=0





�

k

t

u





2

H(�(k�1�k)+2m)

+







�

k

t

u







2

H(m)

+







�

k+1

t

u







2

H(0)

�

^

C

�

E(t) +

k�1

X

k=0





�

k

t

f





2

H(�(k�1�k))

�

: (2.52)

Now we show the a{priori estimate (2.40). With the help of (2.21), (2.23) and (2.42) we

obtain:

�

t

E(t) =

k

X

k=0




�

k+1

t

u �

k

t

f

�

H(0)

�

k

X

k=1

k

X

�=1

m

X

j�j;j�j=0

�

k

�

�

(�1)

j�j

D

�

k+1

t

u �

�

x

�

�

�

t

A

��

�

�

x

(�

k��

t

u)

�E

H(0)

+

1

2

k

X

k=0

m

X

j�j;j�j=0




�

�

x

(�

k

t

u) �

t

A

��

�

�

x

(�

k

t

u)

�

H(0)

+ 2

^

K

k

X

k=0




�

k+1

t

u �

k

t

u

�

H(0)

(2.53)

and further

E(t) =

k

X

k=0

Z

t

0




�

k+1

t

u �

k

t

f

�

H(0)

d�

�

k

X

k=1

k

X

�=1

m

X

j�j;j�j=0

�

k

�

�

(�1)

j�j

Z

t

0

D

�

k+1

t

u �

�

x

�

�

�

t

A

��

�

�

x

(�

k��

t

u)

�E

H(0)

d�

+

1

2

k

X

k=0

m

X

j�j;j�j=0

Z

t

0




�

�

x

(�

k

t

u) �

t

A

��

�

�

x

(�

k

t

u)

�

H(0)

d�

+ 2

^

K

k

X

k=0

Z

t

0




�

k+1

t

u �

k

t

u

�

H(0)

d�: (2.54)
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We de�ne the following maximal energy:

E(t) := sup

0���t

E(�): (2.55)

With the help of the produt inequalities of the appendix, (2.51) and (2.52) we obtain:

k

X

k=0

Z

t

0

�

�

�




�

k+1

t

u �

k

t

f

�

H(0)

�

�

�

d� � CE(t)

1

2

k

X

k=0





�

k

t

f





L(T;1;0)

: (2.56a)

k

X

k=1

k

X

�=1

m

X

j�j;j�j=0

Z

t

0

�

�

�

D

�

k+1

t

u �

�

x

�

�

�

t

A

��

�

�

x

(�

k��

t

u)

�E

H(0)

�

�

�

d�

�

^

CE(t)

1

2

kfk

Y(T;1;k�1;0;�;0)

+

^

C

Z

t

0

E(�) d�: (2.56b)

k

X

k=0

Z

t

0

�

�

�




�

�

x

(�

k

t

u) �

t

A

��

�

�

x

(�

k

t

u)

�

H(0)

�

�

�

d� �

^

C

Z

t

0

E(�) d�: (2.56)

^

K

k

X

k=0

Z

t

0

�

�

�




�

k+1

t

u �

k

t

u

�

H(0)

�

�

�

d� �

^

C

Z

t

0

E(�) d�: (2.56d)

With the help of (2.54) and (2.56) we obtain:

E(t) �

^

C

�

kfk

2

Y(T;1;k�1;0;�;0)

+







�

k

t

f







2

L(T;1;0)

�

+

^

C

Z

t

0

E(�) d�: (2.57)

With the help of (2.57) and the Gronwall inequality we obtain:

E(T ) �

^

C

�

kfk

2

Y(T;1;k�1;0;�;0)

+







�

k

t

f







2

L(T;1;0)

�

: (2.58)

With the help of (2.52) and (2.58) we obtain:

kuk

2

X (T;k�1;0;�;2m)

+







�

k

t

u







2

C(T;m)

+







�

k+1

t

u







2

C(T;0)

�

^

C

�

kfk

2

X (T;k�1;0;�;0)

+







�

k

t

f







2

L(T;1;0)

�

: (2.59)

This yields the desired a{priori estimate (2.40). 2
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2.3 Linear Paraboli Systems (I)

Let T > 0, let 
 � R

n

be a bounded domain with a smooth boundary �, and let

u : 
� (0; T ) �! R

N

: (x; t) 7�! u(x; t): (2.60)

Moreover, let m 2 N with m � 1, and let

A(r; x; t)u :=

m

X

j�j;j�j=0

(�1)

j�j

�

�

x

�

A

��

(x; t)�

�

x

u

�

: (2.61)

We onsider the following linear paraboli initial boundary value problem of order 2m:

�

t

u+A(r; x; t)u = f(x; t): (2.62a)

�

�

x

u

�

�

�

x2�

= 0 (j�j = 0; : : : ; m� 1): (2.62b)

u

�

�

�

t=0

= 0: (2.62)

We make the following assumptions:

(P1) Let k 2 N with k � 1, let � 2 N with 1 � � � 2m, let m

0

2 N with m

0

� m, and

let the following regularity statements hold:

A

��

2

k�1

\

k=0

C

k

([0; T ℄; H

a

k;��

(
;R

N�N

)) \

k

\

k=1

W

k;1

([0; T ℄; H

b

k;��

(
;R

N�N

))

(j�j; j�j = 0; : : : ; m): (2.63a)

f 2

k�1

\

k=0

C

k

([0; T ℄; H

�(k�1�k)�m+m

0

(
;R

N

)) \H

k

([0; T ℄; H

�m

(
;R

N

)): (2.63b)

Moreover, we assume that 9 Æ > 0:

a

k;��

� maxf

n

2

+ Æ � �k � 2m + j�j+ j�j; �(k� 1� k)�m +m

0

+ j�jg

(k = 0; : : : ; k � 1): (2.64a)

b

k;��

� maxf

n

2

+ Æ � �(k � 1)� 2m�m

0

+ j�j+ j�j; 0g

(k = 1; : : : ; k): (2.64b)
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(P2) Let  > 0, and let the following Legendre{Hadamard ondition of strong elliptiity

hold:

X

j�j;j�j=m

�

T

�

A

��

(x; t)�

�

�

�

�

� � j�j

2m

j�j

2

(2.65)

8 � 2 R

n

8 � 2 R

N

8 (x; t) 2 
� (0; T ).

(P3) Let the following ompatibility ondition hold:

�

k

t

f

�

�

�

t=0

= 0 (k = 0; : : : ; k � 1): (2.66)

Lemma 2.7 (Existene, Uniqueness)

Let the following regularity statements hold:

A

��

2 L

1

([0; T ℄; H



��

(
;R

N�N

)) (j�j; j�j = 0; : : : ; m): (2.67a)

f 2 L

2

([0; T ℄; H

�m

(
;R

N

)): (2.67b)

We assume that 9 Æ > 0:



��

� maxf

n

2

+ Æ � 2m+ j�j+ j�j; 0g: (2.68)

Moreover, let the assumption (P2) hold. Then, the initial boundary value problem (2.62)

has a unique distributional solution

u 2 C

0

([0; T ℄; L

2

(
;R

N

)) \ L

2

([0; T ℄; H

m

0

(
;R

N

)) \H

1

([0; T ℄; H

�m

(
;R

N

)): (2.69)

In partiular, u satis�es the following a{priori estimate:

kuk

C(T;0)

+ kuk

L(T;2;m)

+ k�

t

uk

L(T;2;�m)

�

^

C kfk

L(T;2;�m)

: (2.70)

where

^

C := �

�

m

X

j�j;j�j=0

kA

��

k

L(T;1;

��

)

; T

�

: (2.71)

Moreover, the ontinuous funtion �(�; �) is independent of u, A

��

and f .

Sketh of Proof

We de�ne:

~u(x; t) := exp(�

^

Kt)u(x; t);

~

f(x; t) := exp(�

^

Kt)f(x; t) (2.72)
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where

^

K := K

�

m

X

j�j;j�j=0

kA

��

k

L(T;1;

��

)

+ 1

�

Q

: (2.73)

Moreover, we hoose K;Q > 0 suÆiently large. With the help of (2.62) we obtain:

�

t

~u+A(r; x; t)~u+

^

K~u =

~

f(x; t): (2.74a)

�

�

x

~u

�

�

�

x2�

= 0 (j�j = 0; : : : ; m� 1): (2.74b)

~u

�

�

�

t=0

= 0: (2.74)

We de�ne the following energies:

E(t) :=

1

2

k~uk

2

H(0)

: (2.75a)

F (t) := h~u A(r; x; t)~ui

H(0)

+

^

K k~uk

2

H(0)

: (2.75b)

The right hand side of (2.75b) is de�ned with the help of integration by parts. With the

help of lemma 2.2 (G�arding inequality) we obtain:

k~uk

2

H(m)

� CF (t): (2.76)

With the help of (2.74) we obtain:

�

t

E(t) + F (t) =

D

~u

~

f

E

H(0)

(2.77)

and further

E(t) +

Z

t

0

F (�) d� =

Z

t

0

D

~u

~

f

E

H(0)

d�: (2.78)

We de�ne the following maximal energies:

E(t) := sup

0���t

E(�): (2.79a)

F(t) :=

Z

t

0

F (�) d�: (2.79b)
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With the help of the Cauhy{Shwartz inequality and (2.76) we obtain:

Z

t

0

�

�

�

D

~u

~

f

E

H(0)

�

�

�

d� � CF(t)

1

2







~

f







L(T;2;�m)

: (2.80)

With the help of (2.78) and (2.80) we obtain:

E(T ) + F(T ) � C







~

f







2

L(T;2;�m)

: (2.81)

With the help of (2.76) and (2.81) we obtain:

k~uk

2

C(T;0)

+ k~uk

2

L(T;2;m)

� C







~

f







2

L(T;2;�m)

: (2.82)

With the help of the PDE (2.74a) we obtain:

k�

t

~uk

H(�m)

�

^

C

�

m

X

j�j;j�j=0







�

�

x

�

A

��

�

�

x

~u

�







H(�m)

+ k~uk

H(�m)

+







~

f







H(�m)

�

: (2.83)

With the help of the produt inequalities of the appendix we obtain:

m

X

j�j;j�j=0







�

�

x

�

A

��

�

�

x

~u

�







H(�m)

�

^

C k~uk

H(m)

: (2.84)

With the help of (2.82), (2.83) and (2.84) we obtain:

k~uk

2

C(T;0)

+ k~uk

2

L(T;2;m)

+ k�

t

~uk

2

L(T;2;�m)

�

^

C







~

f







2

L(T;2;�m)

: (2.85)

This yields the desired a{priori estimate (2.70). 2

Lemma 2.8 (Regularity)

Let the assumptions (P1), (P2) and (P3) hold, and let u be the solution to the initial

boundary value problem (2.62). Then, u has the following additional regularity:

u 2

k�1

\

k=0

C

k

([0; T ℄; H

�(k�1�k)+m+m

0

(
;R

N

)) \ C

k

([0; T ℄; L

2

(
;R

N

))

\H

k

([0; T ℄; H

m

0

(
;R

N

)) \H

k+1

([0; T ℄; H

�m

(
;R

N

)): (2.86)

In partiular, u satis�es the following a{priori estimate:

kuk

X (T;k�1;0;�;m+m

0

)

+







�

k

t

u







C(T;0)

+







�

k

t

u







L(T;2;m)

+







�

k+1

t

u







L(T;2;�m)

�

^

C

�

kfk

X (T;k�1;0;�;�m+m

0

)

+







�

k

t

f







L(T;2;�m)

�

(2.87)
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where

^

C := �

�

k�1

X

k=0

m

X

j�j;j�j=0





�

k

t

A

��





C(T;a

k;��

)

+

m

X

j�j;j�j=0

kA

��

k

L(T;1;0)

+

k

X

k=1

m

X

j�j;j�j=0





�

k

t

A

��





L(T;1;b

k;��

)

; T

�

: (2.88)

Moreover, the ontinuous funtion �(�; �) is independent of u, A

��

and f .

Sketh of Proof

We de�ne:

~u(x; t) := exp(�

^

Kt)u(x; t);

~

f(x; t) := exp(�

^

Kt)f(x; t) (2.89)

where

^

K := K

�

m

X

j�j;j�j=0

kA

��

k

L(T;1;a

��

)

+ 1

�

Q

: (2.90)

We assume that 9 Æ > 0:

a

��

� maxf

n

2

+ Æ � 2m+ j�j+ j�j; 0g: (2.91)

Moreover, we hoose K;Q > 0 suÆiently large. With the help of (2.62) we obtain:

�

t

~u+A(r; x; t)~u+

^

K~u =

~

f(x; t): (2.92a)

�

�

x

~u

�

�

�

x2�

= 0 (j�j = 0; : : : ; m� 1): (2.92b)

~u

�

�

�

t=0

= 0: (2.92)

Let 0 � k � k. We di�erentiate (2.92) formally k times with respet to t. With the help

of (2.66) we obtain:

�

t

(�

k

t

~u) +A(r; x; t)�

k

t

~u+

^

K�

k

t

~u

= �

k

t

~

f(x; t)�

k

X

�=1

m

X

j�j;j�j=0

�

k

�

�

(�1)

j�j

�

�

x

�

�

�

t

A

��

(x; t)�

�

x

(�

k��

t

~u)

�

: (2.93a)

�

�

x

(�

k

t

~u)

�

�

�

x2�

= 0 (j�j = 0; : : : ; m� 1): (2.93b)
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�

k

t

~u

�

�

�

t=0

= 0: (2.93)

First, we exploit lemma 2.4 (ellipti regularity). Therefore, let 0 � k � k � 1. With the

help of (2.93) we obtain:





�

k

t

~u





H(�(k�1�k)+m+m

0

)

�

^

C

�





�

k+1

t

~u





H(�(k�1�k)�m+m

0

)

+





�

k

t

~u





H(�(k�1�k)�m+m

0

)

+

k

X

�=1

m

X

j�j;j�j=0







�

�

x

�

�

�

t

A

��

�

�

x

(�

k��

t

~u)

�







H(�(k�1�k)�m+m

0

)

+







�

k

t

~

f







H(�(k�1�k)�m+m

0

)

�

: (2.94)

With the help of the produt inequalities of the appendix we �nd " > 0:

k

X

�=1

m

X

j�j;j�j=0







�

�

x

�

�

�

t

A

��

�

�

x

(�

k��

t

~u)

�







H(�(k�1�k)�m+m

0

)

�

^

C

k�1

X

�=0

k�

�

t

~uk

H(�(k�1��)+m+m

0

�")

: (2.95)

With the help of (2.94) and (2.95) we obtain:





�

k

t

~u





H(�(k�1�k)+m+m

0

)

�

^

C

�





�

k+1

t

~u





H(�(k�1�k)�m+m

0

)

+





�

k

t

~u





H(�(k�1�k)�m+m

0

)

+







�

k

t

~

f







H(�(k�1�k)�m+m

0

)

+

k�1

X

�=0

k�

�

t

~uk

H(�(k�1��)+m+m

0

�")

�

: (2.96)

With the help of (2.96) and indution we obtain:

k�1

X

k=0





�

k

t

~u





H(�(k�1�k)+m+m

0

)

�

^

C

�







�

k

t

~u







H(0)

+







�

k�1

t

~u







H(0)

+

k�1

X

k=0







�

k

t

~

f







H(�(k�1�k)�m+m

0

)

+

k�2

X

k=0





�

k

t

~u





H(�(k�1��)+m+m

0

�")

�

: (2.97)

With the help of (2.97) and interpolation we obtain:

k�1

X

k=0





�

k

t

~u





H(�(k�1�k)+m+m

0

)

�

^

C

�

k

X

k=0





�

k

t

~u





H(0)

+

k�1

X

k=0







�

k

t

~

f







H(�(k�1�k)�m+m

0

)

�

:

(2.98)
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We de�ne the following energies:

E(t) :=

1

2

k

X

k=0





�

k

t

~u





2

H(0)

: (2.99a)

F (t) :=

k

X

k=0

�




�

k

t

~u A(r; x; t)�

k

t

~u

�

H(0)

+

^

K





�

k

t

~u





2

H(0)

�

: (2.99b)

The right hand side of (2.99b) is de�ned with the help of integration by parts. With the

help of (2.98) we obtain:

k�1

X

k=0





�

k

t

~u





2

H(�(k�1�k)+m+m

0

)

+







�

k

t

~u







2

H(0)

�

^

C

�

E(t) +

k�1

X

k=0







�

k

t

~

f







2

H(�(k�1�k)�m+m

0

)

�

:

(2.100)

With the help of lemma 2.2 (G�arding inequality) we obtain:

k

X

k=0





�

k

t

~u





2

H(m)

� CF (t): (2.101)

Now we show the a{priori estimate (2.87). With the help of (2.66) and (2.93) we obtain:

�

t

E(t) + F (t) =

k

X

k=0

D

�

k

t

~u �

k

t

~

f

E

H(0)

�

k

X

k=1

k

X

�=1

m

X

j�j;j�j=0

�

k

�

�

(�1)

j�j

D

�

k

t

~u �

�

x

�

�

�

t

A

��

�

�

x

(�

k��

t

~u)

�E

H(0)

(2.102)

and further

E(t) +

Z

t

0

F (�) d� =

k

X

k=0

Z

t

0

D

�

k

t

~u �

k

t

~

f

E

H(0)

d�

�

k

X

k=1

k

X

�=1

m

X

j�j;j�j=0

�

k

�

�

(�1)

j�j

Z

t

0

D

�

k

t

~u �

�

x

�

�

�

t

A

��

�

�

x

(�

k��

t

~u)

�E

H(0)

d�: (2.103)

We de�ne the following maximal energies:

E(t) := sup

0���t

E(�): (2.104a)
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F(t) :=

Z

t

0

F (�) d�: (2.104b)

With the help of the produt inequalities of the appendix, (2.100) and (2.101) we obtain:

k

X

k=0

Z

t

0

�

�

�

D

�

k

t

~u �

k

t

~

f

E

H(0)

�

�

�

d� � CF(t)

1

2

k

X

k=0







�

k

t

~

f







L(T;2;�m)

: (2.105a)

k

X

k=1

k

X

�=1

m

X

j�j;j�j=0

Z

t

0

�

�

�

D

�

k

t

~u �

�

x

�

�

�

t

A

��

�

�

x

(�

k��

t

~u)

�E

H(0)

�

�

�

d�

�

^

CF(t)

1

2

�

Z

t

0

E(�) d� +







~

f







2

Y(T;2;k�1;0;�;�m+m

0

)

�

1

2

: (2.105b)

With the help of (2.103) and (2.105) we obtain:

E(t) + F(t) �

^

C

�







~

f







2

Y(T;2;k�1;0;�;�m+m

0

)

+







�

k

t

~

f







2

L(T;2;�m)

�

+

^

C

Z

t

0

E(�) d�:

(2.106)

With the help of (2.106) and the Gronwall inequality we obtain:

E(T ) �

^

C

�







~

f







2

Y(T;2;k�1;0;�;�m+m

0

)

+







�

k

t

~

f







2

L(T;2;�m)

�

: (2.107)

With the help of (2.106) and (2.107) we obtain:

E(T ) + F(T ) �

^

C

�







~

f







2

Y(T;2;k�1;0;�;�m+m

0

)

+







�

k

t

~

f







2

L(T;2;�m)

�

: (2.108)

With the help of (2.100), (2.101) and (2.108) we obtain:

k~uk

2

X (T;k�1;0;�;m+m

0

)

+







�

k

t

~u







2

C(T;0)

+







�

k

t

~u







2

L(T;2;m)

�

^

C

�







~

f







2

X (T;k�1;0;�;�m+m

0

)

+







�

k

t

~

f







2

L(T;2;�m)

�

: (2.109)

With the help of the PDE (2.93a) we obtain:







�

k+1

t

~u







H(�m)

�

^

C

�

k

X

k=0

m

X

j�j;j�j=0







�

�

x

�

�

k

t

A

��

�

�

x

(�

k�k

t

~u)

�







H(�m)

+







�

k

t

~u







H(�m)

+







�

k

t

~

f







H(�m)

�

: (2.110)
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With the help of the produt inequalities of the appendix we obtain:

k

X

k=0

m

X

j�j;j�j=0







�

�

x

�

�

k

t

A

��

�

�

x

(�

k�k

t

~u)

�







H(�m)

�

^

C

�

k�1

X

k=0





�

k

t

~u





H(�(k�1�k)+m+m

0

)

+







�

k

t

~u







H(m)

�

: (2.111)

With the help of (2.109), (2.110) and (2.111) we obtain:

k~uk

2

X (T;k�1;0;�;m+m

0

)

+







�

k

t

~u







2

C(T;0)

+







�

k

t

~u







2

L(T;2;m)

+







�

k+1

t

~u







2

L(T;2;�m)

�

^

C

�







~

f







2

X (T;k�1;0;�;�m+m

0

)

+







�

k

t

~

f







2

L(T;2;�m)

�

: (2.112)

This yields the desired a{priori estimate (2.87). 2

2.4 Linear Paraboli Systems (II)

Let T > 0, let 
 � R

n

be a bounded domain with a smooth boundary �, and let

u : 
� (0; T ) �! R

N

: (x; t) 7�! u(x; t): (2.113)

Moreover, let m 2 N with m � 1, and let

A(r; x; t)u :=

m

X

j�j;j�j=0

(�1)

j�j

�

�

x

�

A

��

(x; t)�

�

x

u

�

: (2.114)

We onsider the following linear paraboli initial boundary value problem of order 2m:

�

t

u+A(r; x; t)u = f(x; t): (2.115a)

�

�

x

u

�

�

�

x2�

= 0 (j�j = 0; : : : ; m� 1): (2.115b)

u

�

�

�

t=0

= 0: (2.115)

We make the following assumptions:

(Q1) Let k 2 N with k � 1, let � 2 N with 1 � � � 2m, let m

0

2 N with m � m

0

� 2m,

and let the following regularity statements hold:

A

��

2

k�1

\

k=0

C

k

([0; T ℄; H

a

k;��

(
;R

N�N

)) \

k

\

k=1

W

k;1

([0; T ℄; H

b

k;��

(
;R

N�N

))

(j�j; j�j = 0; : : : ; m): (2.116a)

28



f 2

k�1

\

k=0

C

k

([0; T ℄; H

�(k�1�k)�m+m

0

(
;R

N

)) \H

k

([0; T ℄; L

2

(
;R

N

)): (2.116b)

Moreover, we assume that 9 Æ > 0:

a

k;��

� maxf

n

2

+ Æ � �k � 2m + j�j+ j�j; �(k� 1� k)�m +m

0

+ j�jg

(k = 0; : : : ; k � 1): (2.117a)

b

1;��

� maxf

n

2

+ Æ � 2m+ j�j+ j�j; j�jg: (2.117b)

b

k;��

� maxf

n

2

+ Æ � �(k � 1)�m�m

0

+ j�j+ j�j; j�jg

(k = 2; : : : ; k): (2.117)

(Q2) Let the following symmetry ondition hold:

A

��

(x; t) =

�

A

��

(x; t)

�

T

(j�j; j�j = 0; : : : ; m) (2.118)

8 (x; t) 2 (0; T )� 
.

(Q3) Let  > 0, and let the following Legendre{Hadamard ondition of strong elliptiity

hold:

X

j�j;j�j=m

�

T

�

A

��

(x; t)�

�

�

�

�

� � j�j

2m

j�j

2

(2.119)

8 � 2 R

n

8 � 2 R

N

8 (x; t) 2 
� (0; T ).

(Q4) Let the following ompatibility ondition hold:

�

k

t

f

�

�

�

t=0

= 0 (k = 0; : : : ; k � 1): (2.120)

Lemma 2.9 (Existene, Uniqueness)

Let the following regularity statements hold:

A

��

2

1

\

k=0

W

k;1

([0; T ℄; H



k;��

(
;R

N�N

)) (j�j; j�j = 0; : : : ; m): (2.121a)

f 2 L

2

([0; T ℄; L

2

(
;R

N

)): (2.121b)
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We assume that 9 Æ > 0:



0;��

� maxf

n

2

+ Æ � 2m + j�j+ j�j; j�jg: (2.122a)



1;��

� maxf

n

2

+ Æ � 2m + j�j+ j�j; 0g: (2.122b)

Moreover, let the assumptions (Q2) and (Q3) hold. Then, the initial boundary value

problem (2.115) has a unique distributional solution

u 2 C

0

([0; T ℄; H

m

0

(
;R

N

)) \ L

2

([0; T ℄; H

2m

(
;R

N

)) \H

1

([0; T ℄; L

2

(
;R

N

)):

(2.123)

In partiular, u satis�es the following a{priori estimate:

kuk

C(T;m)

+ kuk

L(T;2;2m)

+ k�

t

uk

L(T;2;0)

�

^

C kfk

L(T;2;0)

(2.124)

where

^

C := �

�

1

X

k=0

m

X

j�j;j�j=0





�

k

t

A

��





L(T;1;

k;��

)

; T

�

: (2.125)

Moreover, the ontinuous funtion �(�; �) is independent of u, A

��

and f .

Sketh of Proof

We de�ne:

~u(x; t) := exp(�

^

Kt)u(x; t);

~

f(x; t) := exp(�

^

Kt)f(x; t) (2.126)

where

^

K := K

�

m

X

j�j;j�j=0

kA

��

k

C(T;

1;��

)

+ 1

�

Q

: (2.127)

Moreover, we hoose K;Q > 0 suÆiently large. With the help of (2.115) we obtain:

�

t

~u+A(r; x; t)~u+

^

K~u =

~

f(x; t): (2.128a)

�

�

x

~u

�

�

�

x2�

= 0 (j�j = 0; : : : ; m� 1): (2.128b)

~u

�

�

�

t=0

= 0: (2.128)
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We de�ne the following energies:

E(t) := k�

t

~uk

2

H(0)

: (2.129a)

F (t) :=

1

2

�

h~u A(r; x; t)~ui

H(0)

+

^

K k~uk

2

H(0)

�

: (2.129b)

The right hand side of (2.129b) is de�ned with the help of integration by parts. With the

help of lemma 2.2 (G�arding inequality) we obtain:

k~uk

2

H(m)

� CF (t): (2.130)

With the help of (2.118), (2.119) and (2.128) we obtain:

E(t) + �

t

F (t) =

D

�

t

~u

~

f

E

H(0)

+

1

2

m

X

j�j;j�j=0




�

�

x

~u �

t

A

��

�

�

x

~u

�

H(0)

(2.131)

and further

Z

t

0

E(�) d� + F (t) =

Z

t

0

D

�

t

~u

~

f

E

H(0)

d� +

1

2

m

X

j�j;j�j=0

Z

t

0




�

�

x

~u �

t

A

��

�

�

x

~u

�

H(0)

d�:

(2.132)

We de�ne the following maximal energies:

E(t) :=

Z

t

0

E(�) d�: (2.133a)

F(t) := sup

0���t

F (�): (2.133b)

With the help of the produt inequalities of the appendix and (2.130) we obtain:

Z

t

0

�

�

�

D

�

t

~u

~

f

E

H(0)

�

�

�

d� � CE(t)

1

2







~

f







L(T;2;0)

: (2.134a)

m

X

j�j;j�j=0

Z

t

0

�

�

�




�

�

x

~u �

t

A

��

�

�

x

~u

�

H(0)

�

�

�

d� �

^

C

Z

t

0

F(�) d�: (2.134b)

With the help of (2.132) and (2.134) we obtain:

E(t) + F(t) �

^

C







~

f







2

L(T;2;0)

+

^

C

Z

t

0

F(�) d�: (2.135)
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With the help of (2.135) and the Gronwall inequality we obtain:

F(T ) �

^

C







~

f







2

L(T;2;0)

: (2.136)

With the help of (2.135) and (2.136) we obtain:

E(T ) + F(T ) �

^

C







~

f







2

L(T;2;0)

: (2.137)

With the help of (2.130) and (2.137) we obtain:

k~uk

2

C(T;m)

+ k�

t

~uk

2

L(T;2;0)

�

^

C







~

f







2

L(T;2;0)

: (2.138)

With the help of lemma 2.4 (ellipti regularity) and (2.128) we obtain:

k~uk

H(2m)

�

^

C

�

k�

t

~uk

H(0)

+ k~uk

H(0)

+







~

f







H(0)

�

: (2.139)

With the help of (2.138) and (2.139) we obtain:

k~uk

2

C(T;m)

+ k~uk

2

L(T;2;2m)

+ k�

t

~uk

2

L(T;2;0)

�

^

C







~

f







2

L(T;2;0)

: (2.140)

This yields the desired a{priori estimate (2.124). 2

Lemma 2.10 (Regularity)

Let the assumptions (Q1), (Q2), (Q3) and (Q4) hold, and let u be the solution to the

initial boundary value problem (2.115). Then, u has the following additional regularity:

u 2

k�1

\

k=0

C

k

([0; T ℄; H

�(k�1�k)+m+m

0

(
;R

N

)) \ C

k

([0; T ℄; H

m

0

(
;R

N

))

\H

k

([0; T ℄; H

2m

(
;R

N

)) \H

k+1

([0; T ℄; L

2

(
;R

N

)): (2.141)

In partiular, u satis�es the following a{priori estimate:

kuk

X (T;k�1;0;�;m+m

0

)

+







�

k

t

u







C(T;m)

+







�

k

t

u







L(T;2;2m)

+







�

k+1

t

u







L(T;2;0)

�

^

C

�

kfk

X (T;k�1;0;�;�m+m

0

)

+







�

k

t

f







L(T;2;0)

�

(2.142)

where

^

C := �

�

k�1

X

k=0

m

X

j�j;j�j=0





�

k

t

A

��





C(T;a

k;��

)

+

k

X

k=1

m

X

j�j;j�j=0





�

k

t

A

��





L(T;1;b

k;��

)

; T

�

: (2.143)

Moreover, the ontinuous funtion �(�; �) is independent of u, A

��

and f .
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Sketh of Proof

We de�ne:

~u(x; t) := exp(�

^

Kt)u(x; t);

~

f(x; t) := exp(�

^

Kt)f(x; t) (2.144)

where

^

K := K

�

m

X

j�j;j�j=0

kA

��

k

C(T;a

��

)

+ 1

�

Q

: (2.145)

We assume that 9 Æ > 0:

a

��

� maxf

n

2

+ Æ � 2m+ j�j+ j�j; 0g: (2.146)

Moreover, we hoose K;Q > 0 suÆiently large. With the help of (2.115) we obtain:

�

t

~u+A(r; x; t)~u+

^

K~u =

~

f(x; t): (2.147a)

�

�

x

~u

�

�

�

x2�

= 0 (j�j = 0; : : : ; m� 1): (2.147b)

~u

�

�

�

t=0

= 0: (2.147)

Let 0 � k � k. We di�erentiate (2.147) formally k times with respet to t. With the help

of (2.120) we obtain:

�

t

(�

k

t

~u) +A(r; x; t)�

k

t

~u+

^

K�

k

t

~u

= �

k

t

~

f(x; t)�

k

X

�=1

m

X

j�j;j�j=0

�

k

�

�

(�1)

j�j

�

�

x

�

�

�

t

A

��

(x; t)�

�

x

(�

k��

t

~u)

�

: (2.148a)

�

�

x

(�

k

t

~u)

�

�

�

x2�

= 0 (j�j = 0; : : : ; m� 1): (2.148b)

�

k

t

~u

�

�

�

t=0

= 0: (2.148)

First, we exploit lemma 2.4 (ellipti regularity). Therefore, let 0 � k � k � 1. With the

help of (2.148) we obtain:





�

k

t

~u





H(�(k�1�k)+m+m

0

)

�

^

C

�





�

k+1

t

~u





H(�(k�1�k)�m+m

0

)

+





�

k

t

~u





H(�(k�1�k)�m+m

0

)

+

k

X

�=1

m

X

j�j;j�j=0







�

�

x

�

�

�

t

A

��

�

�

x

(�

k��

t

~u)

�







H(�(k�1�k)�m+m

0

)

+







�

k

t

~

f







H(�(k�1�k)�m+m

0

)

�

: (2.149)
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With the help of the produt inequalities of the appendix we �nd " > 0:

k

X

�=1

m

X

j�j;j�j=0







�

�

x

�

�

�

t

A

��

�

�

x

(�

k��

t

~u)

�







H(�(k�1�k)�m+m

0

)

�

^

C

k�1

X

�=0

k�

�

t

~uk

H(�(k�1�k)+m+m

0

�")

: (2.150)

With the help of (2.149) and (2.150) we obtain:





�

k

t

~u





H(�(k�1�k)+m+m

0

)

�

^

C

�





�

k+1

t

~u





H(�(k�1�k)�m+m

0

)

+





�

k

t

~u





H(�(k�1�k)�m+m

0

)

+







�

k

t

~

f







H(�(k�1�k)�m+m

0

)

+

k�1

X

�=0

k�

�

t

~uk

H(�(k�1�k)+m+m

0

�")

�

: (2.151)

With the help of (2.151) and indution we obtain:

k�1

X

k=0





�

k

t

~u





H(�(k�1�k)+m+m

0

)

�

^

C

�







�

k

t

~u







H(m)

+







�

k�1

t

~u







H(m)

+

k�1

X

k=0







�

k

t

~

f







H(�(k�1�k)�m+m

0

)

+

k�2

X

k=0





�

k

t

~u





H(�(k�1�k)+m+m

0

�")

�

: (2.152)

With the help of (2.152) and interpolation we obtain:

k�1

X

k=0





�

k

t

~u





H(�(k�1�k)+m+m

0

)

�

^

C

�

k

X

k=0





�

k

t

~u





H(m)

+

k�1

X

k=0







�

k

t

~

f







H(�(k�1�k)�m+m

0

)

�

:

(2.153)

We de�ne the following energies:

E(t) :=

k

X

k=0





�

k+1

t

~u





2

H(0)

: (2.154a)

F (t) :=

1

2

k

X

k=0

�




�

k

t

~u A(r; x; t)�

k

t

~u

�

H(0)

+

^

K





�

k

t

~u





2

H(0)

�

: (2.154b)

The right hand side of (2.154b) is de�ned with the help of integration by parts. With the

help of lemma 2.2 (G�arding inequality) we obtain:

k

X

k=0





�

k

t

~u





2

H(m)

� CF (t): (2.155)
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With the help of (2.153) and (2.155) we obtain:

k�1

X

k=0





�

k

t

~u





2

H(�(k�1�k)+m+m

0

)

+







�

k

t

~u







2

H(m)

�

^

C

�

F (t) +

k�1

X

k=0







�

k

t

~

f







2

H(�(k�1�k)�m+m

0

)

�

:

(2.156)

Now we show the a{priori estimate (2.142). With the help of (2.118), (2.120) and (2.148)

we obtain:

E(t) + �

t

F (t)

=

k

X

k=0

D

�

k+1

t

~u �

k

t

~

f

E

H(0)

+

1

2

k

X

k=0

m

X

j�j;j�j=0




�

�

x

(�

k

t

~u) �

t

A

��

�

�

x

(�

k

t

~u)

�

H(0)

�

k

X

k=1

k

X

�=1

m

X

j�j;j�j=0

�

k

�

�

(�1)

j�j

D

�

k+1

t

~u �

�

x

�

�

�

t

A

��

�

�

x

(�

k��

t

~u)

�E

H(0)

(2.157)

and further

Z

t

0

E(�) d� + F (t)

=

k

X

k=0

Z

t

0

D

�

k

t

~u �

k

t

~

f

E

H(0)

d� +

1

2

k

X

k=0

m

X

j�j;j�j=0

Z

t

0




�

�

x

(�

k

t

~u) �

t

A

��

�

�

x

(�

k

t

~u)

�

H(0)

d�

�

k

X

k=1

k

X

�=1

m

X

j�j;j�j=0

�

k

�

�

(�1)

j�j

Z

t

0

D

�

k

t

~u �

�

x

�

�

�

t

A

��

�

�

x

(�

k��

t

~u)

�E

H(0)

d�: (2.158)

We de�ne the following maximal energies:

E(t) :=

Z

t

0

E(�) d�: (2.159a)

F(t) := sup

0���t

F (�): (2.159b)

With the help of the produt inequalities of the appendix, (2.155) and (2.156) we obtain:

k

X

k=0

Z

t

0

�

�

�

D

�

k+1

t

~u �

k

t

~

f

E

H(0)

�

�

�

d� � CE(t)

1

2

k

X

k=0







�

k

t

~

f







L(T;2;0)

: (2.160a)

k

X

k=0

m

X

j�j;j�j=0

Z

t

0

�

�

�




�

�

x

(�

k

t

~u) �

t

A

��

�

�

x

(�

k

t

~u)

�

H(0)

�

�

�

d� �

^

C

Z

t

0

F(�) d�: (2.160b)
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k

X

k=1

k

X

�=1

m

X

j�j;j�j=0

Z

t

0

�

�

�

D

�

k+1

t

~u �

�

x

�

�

�

t

A

��

�

�

x

(�

k��

t

~u)

�E

H(0)

�

�

�

d�

�

^

CE(t)

1

2

�

Z

t

0

F(�) d� +







~

f







2

Y(T;2;k�1;0;�;�m+m

0

)

�

1

2

: (2.160)

With the help of (2.158) and (2.160) we obtain:

E(t) + F(t) �

^

C

�







~

f







2

Y(T;2;k�1;0;�;�m+m

0

)

+







�

k

t

~

f







2

L(T;2;0)

�

+

^

C

Z

t

0

F(�) d�: (2.161)

With the help of (2.161) and the Gronwall inequality we obtain:

F(T ) �

^

C

�







~

f







2

Y(T;2;k�1;0;�;�m+m

0

)

+







�

k

t

~

f







2

L(T;2;0)

�

: (2.162)

With the help of (2.161) and (2.162) we obtain:

E(T ) + F(T ) �

^

C

�







~

f







2

Y(T;2;k�1;0;�;�m+m

0

)

+







�

k

t

~

f







2

L(T;2;0)

�

: (2.163)

With the help of (2.156) and (2.163) we obtain:

k~uk

2

X (T;k�1;0;�;m+m

0

)

+







�

k

t

~u







2

C(T;m)

+







�

k+1

t

~u







2

L(T;2;0)

�

^

C

�







~

f







2

X (T;2;k�1;0;�;�m+m

0

)

+







�

k

t

~

f







2

L(T;2;0)

�

: (2.164)

With the help of lemma 2.4 (ellipti regularity) and (2.148) we obtain:







�

k

t

~u







H(2m)

�

^

C

�







�

k+1

t

~u







H(0)

+







�

k

t

~u







H(0)

+







�

k

t

~

f







H(0)

+

k

X

k=1

m

X

j�j;j�j=0







�

�

x

�

�

k

t

A

��

�

�

x

(�

k�k

t

~u)

�







H(0)

�

: (2.165)

With the help of the produt inequalities of the appendix we obtain:

k

X

k=1

m

X

j�j;j�j=0







�

�

x

�

�

k

t

A

��

�

�

x

(�

k�k

t

~u)

�







H(0)

�

^

C

k�1

X

k=0





�

k

t

~u





H(�(k�1�k)+m+m

0

)

: (2.166)

With the help of (2.164), (2.165) and (2.166) we obtain:

k~uk

2

X (T;k�1;0;�;m+m

0

)

+







�

k

t

~u







2

C(T;m)

+







�

k

t

~u







2

L(T;2;2m)

+







�

k+1

t

~u







2

L(T;2;0)

�

^

C

�







~

f







2

X (T;2;k�1;0;�;�m+m

0

)

+







�

k

t

~

f







2

L(T;2;0)

�

: (2.167)

This yields the desired a{priori estimate (2.142). 2
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2.5 Some Tehnial Remarks

The existene and uniqueness statements (lemma 2.5, lemma 2.7 and lemma 2.9) an be

proven rigorously with the help of a Galerkin approximation proedure. In order to give

a rigorous proof of the regularity statements (lemma 2.6, lemma 2.8 and lemma 2.10) we

an proeed as follows:

1. First, we approximate the oeÆients A

��

smoothly with the help of Friedrih's

molli�ers:

A

"

��

:= �

"

� A

��

: (2.168)

2. Next, we establish the higher temporal regularity of the solutions u

"

together with

the respetive energy equalities ((2.54), (2.103) and (2.158)) with the help of a

Galerkin approximation proedure.

3. Next, we proeed as in the sketh of proof of the regularity statements in order to

establish the respetive a{priori estimates ((2.40), (2.87) and (2.142)) for u

"

.

4. Finally, we use the a{priori estimates in order to pass to the limit "! 0.

Sine this is a standard argumentation we do not go into the details.

3 Loal Existene, Uniqueness and Regularity of So-

lutions

3.1 Statement of the Theorem

Let T > 0, let 
 � R

n

be a bounded domain with a smooth boundary �, and let

u

ji

j

: 
� (0; T ) �! R

N

ji

j

: (x; t) 7�! u

ji

j

(x; t) (3.1)

where j = 1; 2; 3 and i

j

= 1; : : : ; I

j

. For any double indexed  

ji

j

we use the following

notation:

 := ( 

11

; : : : ;  

1I

1

;  

21

; : : : ;  

2I

2

;  

31

; : : : ;  

3I

3

): (3.2)

Moreover, for any � and v the notation �[v℄ means that � ats as a nonlinear operator

on the funtion v. Now, let m

ji

j

2 N with m

ji

j

� 1, and let

A

ji

j

[u℄(r; x; t)u

ji

j

:=

m

ji

j

X

j�j;j�j=0

(�1)

j�j

�

�

x

�

A

ji

j

;��

[u℄(x; t)�

�

x

u

ji

j

�

: (3.3)
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We onsider the following abstrat quasilinear initial boundary value problem:

�

2

t

u

1i

1

+A

1i

1

[u℄(r; x; t)u

1i

1

= f

1i

1

[u℄(x; t): (3.4a)

�

t

u

2i

2

+A

2i

2

[u℄(r; x; t)u

2i

2

= f

2i

2

[u℄(x; t): (3.4b)

�

t

u

3i

3

+A

3i

3

[u℄(r; x; t)u

3i

3

= f

3i

3

[u℄(x; t): (3.4)

�

�

x

u

ji

j

�

�

�

x2�

= 0 (j�j = 0; : : : ; m

ji

j

� 1): (3.4d)

u

1i

1

�

�

�

t=0

= 0; �

t

u

1i

1

�

�

�

t=0

= 0; u

2i

2

�

�

�

t=0

= 0; u

3i

3

�

�

�

t=0

= 0: (3.4e)

In partiular, (3.4a) is a hyperboli PDE of order 2m

1i

1

for the unknown funtion u

1i

1

,

whereas (3.4b) is a paraboli PDE of order 2m

2i

2

for the unknown funtion u

2i

2

and (3.4)

is a paraboli PDE of order 2m

3i

3

for the unknown funtion u

3i

3

.

We make the following assumptions:

(A1) Let k; k; l; �;m

ji

j

0

2 N , and let the following statements hold:

1 � k < k: (3.5a)

1 � � � minfm

1i

1

; 2m

2i

2

; 2m

3i

3

g: (3.5b)

m

1i

1

0

= m

1i

1

; 1 � m

2i

2

0

� m

2i

2

; m

3i

3

+ 1 � m

3i

3

0

� 2m

3i

3

: (3.5)

Moreover, let " > 0, let 2 � p < 1, let 1 < q � 2, let 2 < r � 1, and let the

following statements hold:

1

p

+

1

q

= 1;

2

p

+

2

r

= 1: (3.6)

(A2) Let the following symmetry onditions hold 8 admissible funtions u 8 j = 1; 3:

A

ji

j

;��

[u℄(x; t) =

�

A

ji

j

;��

[u℄(x; t)

�

T

(j�j; j�j = 0; : : : ; m

ji

j

) (3.7)

8 (x; t) 2 
� (0; T ).
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(A3) Let  > 0, and let the following Legendre{Hadamard ondition of strong elliptiity

hold 8 admissible funtions u:

X

j�j;j�j=m

ji

j

�

T

�

A

ji

j

;��

[u℄(x; t)�

�

�

�

�

� � j�j

2m

ji

j

j�j

2

(3.8)

8 � 2 R

n

8 � 2 R

N

ji

j

8 (x; t) 2 
� (0; T ).

(A4) Let the following impliation hold 8 admissible funtions u 8 k = 0; : : : ; k + l � 1:

�

�

t

u

1i

1

�

�

�

t=0

= 0; �

�+1

t

u

1i

1

�

�

�

t=0

= 0; �

�

t

u

2i

2

�

�

�

t=0

= 0; �

�

t

u

2i

2

�

�

�

t=0

= 0

(� = 0; : : : ; k + 1): (3.9)

=)

�

k

t

f

ji

j

[u℄

�

�

�

t=0

= 0: (3.10)

This is a ompatibility ondition.

(A5) We make the following de�nition:

J := f(j; i

j

) j j = 1; 2; 3 ; i

j

= 1; : : : ; I

j

g: (3.11)

Let ' = (�; �

�

) : f1; : : : ; jJ jg �! J have the following properties:

1. ' is one to one and onto.

2. For �xed j the maping �

j

: �

�1

(j) �! f1; : : : ; I

j

g is stritly inreasing.

Moreover, we de�ne i

j

: J �! f1; : : : ; I

j

g by the following reursion sheme:

(i

j

Æ ')(1) = 1: (3.12a)

f'(1); : : : ; '(�)g =

[

j=1;2;3

f(j; i

j

) j i

j

= 1; : : : ; (i

j

Æ ')(� + 1)� 1g: (3.12b)

' �xes an order for the double indies (j; i

j

).

(A6) Let the regularity assumptions (R1) of the appendix hold. In partiular, we assume

that in suitable funtion spaes U

ji

j

;lk

l

(T

�

), A

ji

j

(T

�

) and F

ji

j

(T

�

) whih will be

spei�ed in (R1) an impliation of the following form holds 8 R > 0 8 0 < T

�

� T

8 (j; i

j

) 2 J :

�

k

t

u

lk

l

�

�

�

t=0

= 0 (k = 0; : : : ; l + k

ji

j

;lk

l

) 8 (l; k

l

) 2 J : (3.13)
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ku

lk

l

k

U

ji

j

;lk

l

(T

�

)

� R 8 (l; k

l

) 2 J : (3.14)

=)





A

ji

j

;��

[u℄





A

ji

j

(T

�

)

� �(R; T

�

): (3.15a)





f

ji

j

[u℄





F

ji

j

(T

�

)

� �(R; T

�

): (3.15b)

This is a boundedness ondition for the oeÆients and right hand sides.

(A7) Let the regularity assumptions (R2) of the appendix hold. In partiular, we assume

that in suitable funtion spaes U

ji

j

;lk

l

(T

�

), U

ji

j

;lk

l

(T

�

), A

ji

j

(T

�

) and F

ji

j

(T

�

) whih

will be spei�ed in (R2) an impliation of the following form holds 8 R > 0 8 S > 0

8 0 < T

�

� T 8 (j; i

j

) 2 J :

�

k

t

u

�

lk

l

�

�

�

t=0

= 0 (k = 0; : : : ; l + k

ji

j

;lk

l

; � = 1; 2) 8 (l; k

l

) 2 J : (3.16)





u

�

lk

l





U

ji

j

;lk

l

(T

�

)

� R 8 (l; k

l

) 2 J : (3.17)





u

2

lk

l

� u

1

lk

l





U

ji

j

;lk

l

(T

�

)

� S 8 (l; k

l

) 2 J : (3.18)

=)





A

ji

j

;��

[u

2

℄� A

ji

j

;��

[u

1

℄





A

ji

j

(T

�

)

� �(R; T

�

)S: (3.19a)





f

ji

j

[u

2

℄� f

ji

j

[u

1

℄





F

ji

j

(T

�

)

� �(R; T

�

)S: (3.19b)

This is a Lipshitz ondition for the oeÆients and right hand sides.

Theorem 3.1 (Loal Existene, Uniqueness, Regularity)

Let the assumptions (A1), (A2), (A3), (A4), (A5), (A6) and (A7) hold. Then, 9 0 <

T

�

� T suh that the initial boundary value problem (3.4) has a unique solution

u

1i

1

2

k�1

\

k=0

C

l+k

([0; T

�

℄; H

�(k�1�k)+2m

1i

1

(
;R

N

1i

1

)) \ C

l+k

([0; T

�

℄; H

m

1i

1

0

(
;R

N

1i

1

))

\ C

l+k+1

([0; T

�

℄; L

2

(
;R

N

1i

1

)); (3.20a)

u

2i

2

2

k�1

\

k=0

C

l+k

([0; T

�

℄; H

�(k�1�k)+m

2i

2

+m

2i

2

0

(
;R

N

2i

2

)) \ C

l+k

([0; T

�

℄; L

2

(
;R

N

2i

2

))

\H

l+k

([0; T

�

℄; H

m

2i

2

0

(
;R

N

2i

2

)) \H

l+k+1

([0; T

�

℄; H

�m

2i

2

(
;R

N

2i

2

)); (3.20b)

u

3i

3

2

k�1

\

k=0

C

l+k

([0; T

�

℄; H

�(k�1�k)+m

3i

3

+m

3i

3

0

(
;R

N

3i

3

)) \ C

l+k

([0; T

�

℄; H

m

3i

3

0

(
;R

N

3i

3

))

\H

l+k

([0; T

�

℄; H

2m

3i

3

(
;R

N

3i

3

)) \H

l+k+1

([0; T

�

℄; L

2

(
;R

N

3i

3

)): (3.20)
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3.2 Proof of the Theorem

3.2.1 Linearization

First, we want to di�erentiate the initial boundary value problem (3.4) l times with respet

to t. Therefore, let u be a solution to the initial boundary value problem (3.4) due to

(3.20), and let

~u

ji

j

(x; t) := �

l

t

u

ji

j

(x; t): (3.21)

With the help of the ompatibility ondition (A4) we obtain:

u

ji

j

(x; t) =

Z

t

0

Z

t

1

0

: : :

Z

t

l�1

0

~u

ji

j

(x; t

l

) dt

l

: : :dt

2

dt

1

: (3.22)

Moreover, we �nd that ~u is a solution to the following initial boundary value problem:

�

2

t

~u

1i

1

+A

1i

1

[u℄(r; x; t)~u

1i

1

= �

l

t

f

1i

1

[u℄(x; t)�

l

X

l=1

m

1i

1

X

j�j;j�j=0

�

l

l

�

(�1)

j�j

�

�

x

�

�

l

t

A

1i

1

;��

[u℄(x; t)�

�

x

(�

l�l

t

u

1i

1

)

�

: (3.23a)

�

t

~u

2i

2

+A

2i

2

[u℄(r; x; t)~u

2i

2

= �

l

t

f

2i

2

[u℄(x; t)�

l

X

l=1

m

2i

2

X

j�j;j�j=0

�

l

l

�

(�1)

j�j

�

�

x

�

�

l

t

A

2i

2

;��

[u℄(x; t)�

�

x

(�

l�l

t

u

2i

2

)

�

: (3.23b)

�

t

~u

3i

3

+A

3i

3

[u℄(r; x; t)~u

3i

3

= �

l

t

f

3i

3

[u℄(x; t)�

l

X

l=1

m

3i

3

X

j�j;j�j=0

�

l

l

�

(�1)

j�j

�

�

x

�

�

l

t

A

3i

3

;��

[u℄(x; t)�

�

x

(�

l�l

t

u

3i

3

)

�

: (3.23)

�

�

x

~u

ji

j

�

�

�

x2�

= 0 (j�j = 0; : : : ; m

ji

j

� 1): (3.23d)

~u

1i

1

�

�

�

t=0

= 0; �

t

~u

1i

1

�

�

�

t=0

= 0; ~u
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In partiular, ~u has the following regularity:
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On the other hand, let u be de�ned by (3.22), and let ~u be a solution to the initial

boundary value problem (3.23) due to (3.24). Then, with the help of the ompatibility

ondition (A4) we �nd that u is a solution to the initial boundary value problem (3.4)

due to (3.20).

Next, we want to linearize the initial boundary value problem (3.23). Therefore, we make

the following de�nitions 8 � 2 N :
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We de�ne a sequene of approximate solutions (~u

�

)
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�=0

to the initial boundary value

problem (3.23) with the help of the following reursion sheme:
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It is understood that the initial boundary value problems in (3.28) are onsidered itera-

tively for (j; i

j

) = '(1); : : : ; '(jJ j). With the help of (A5) we �nd that this proedure

yields a olletion of linear deoupled initial boundary value problems for the unknown

funtions ~u

�+1

ji

j

. Moreover, with the help of the symmetry ondition (A2), the Legendre{

Hadamard{ondition (A3), the ompatibility ondition (A4), the regularity assumption

(A6) and the produt inequalities of the appendix we �nd that the oeÆients and right

hand sides in (3.28) satisfy the assumptions of the linear theory developed in setion 2.

Consequently, the linearized initial boundary value problem (3.28) has a unique solution

~u

�+1

due to (3.24).

In the remainder of this subsetion we show that the initial boundary value problem (3.23)

has a unique solution ~u due to (3.24) and that the sequene of approximate solutions
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)
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�=0

atually onverges to ~u.

3.2.2 Boundedness in the High Norm
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In partiular, the ontinuous funtion �(�; �) is independent of � and u

�

.

Proof

With the help of the linear theory developed in setion 2 we obtain the following a{priori

estimates:
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In partiular, we have:
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Moreover, the ontinuous funtions �
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and f . With

the help of the produt inequalities of the appendix we obtain:
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Now, we insert (3.37) into (3.35) and exploit the resulting inequalities iteratively for

(j; i

j

) = '(1), : : : ,'(jJ j). With the help of (A5) and the boundedness ondition (A6) we

obtain the desired statements (3.32), (3.33) and (3.34). 2
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Proof

With the help of the H�older inequality, general interpolation theory and the partiular

interpolation inequality of the appendix we obtain:
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With the help of the assumptions (3.38), (3.40) and (3.42) we obtain:
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With the help of (3.47) and (3.48) we obtain the desired statements (3.44), (3.45) and

(3.46). 2

With the help of lemma 3.2 and lemma 3.3 we immediately obtain the following lemma.
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3. The following statements hold 8 i

3

= 1; : : : ; I

3

:

k~u

3i

3

k

X (T

�

;k�1;0;�;m

3i

3

+m

3i

3

0

)

+







�

k

t

~u

3i

3







C(T

�

;m

3i

3

)

+







�

k

t

~u

3i

3







L(T

�

;2;2m

3i

3

)

+







�

k+1

t

~u

3i

3







L(T

�

;2;0)

� R: (3.51)

3.2.3 Contration in the Low Norm
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In partiular, the ontinuous funtion �(�; �) is independent of � and u

�

.
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Proof
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With the help of the linear theory developed in setion 2 we obtain the following a{priori
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In partiular, we have:
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Now, we insert (3.61) into (3.59) and exploit the resulting inequalities iteratively for

(j; i

j

) = '(1), : : : ,'(jJ j). With the help of (A5), the boundedness ondition (A6) and

the Lipshitz ondition (A7) we obtain the desired statements (3.55), (3.56) and (3.57).

2

With the help of lemma 3.3, lemma 3.4 and lemma 3.5 we immediately obtain the following

lemma.

Lemma 3.6 (Contration in the Low Norm)

9 0 < T

�

� T suh that the following impliation holds 8 � 2 N :

56



1. Let the following assumption hold 8 i

1

= 1; : : : ; I

1

:





~u

�+1

1i

1

� ~u

�

1i

1





X (T

�

;k;0;�;2m

1i

1

)

+







�

k

t

�

~u

�+1

1i

1

� ~u

�

1i

1

�







C(T

�

;m

1i

1

)

+







�

k+1

t

�

~u

�+1

1i

1

� ~u

�

1i

1

�







C(T

�

;0)

� S: (3.62)

2. Let the following assumption hold 8 i

2

= 1; : : : ; I

2

:





~u

�+1

2i

2

� ~u

�

2i

2





X (T

�

;k�1;0;�;m

2i

2

+m

2i

2

0

)

+







�

k

t

�

~u

�+1

2i

2

� ~u

�

2i

2

�







C(T

�

;0)

+







�

k

t

�

~u

�+1

2i

2

� ~u

�

2i

2

�







L(T

�

;2;m

2i

2

)

+







�

k+1

t

�

~u

�+1

2i

2

� ~u

�

2i

2

�







L(T

�

;2;�m

2i

2

)

� S: (3.63)

3. Let the following assumption hold 8 i

3

= 1; : : : ; I

3

:





~u

�+1

3i

3

� ~u

�

3i

3





X (T

�

;k�1;0;�;m

3i

3

+m

3i

3

0

)

+







�

k

t

�

~u

�+1

3i

3

� ~u

�

3i

3

�







C(T

�

;m

3i

3

)

+







�

k

t

�

~u

�+1

3i

3

� ~u

�

3i

3

�







L(T

�

;2;2m

3i

3

)

+







�

k+1

t

�

~u

�+1

3i

3

� ~u

�

3i

3

�







L(T

�

;2;0)

� S: (3.64)

=)

1. The following statement holds 8 i

1

= 1; : : : ; I

1

:





~u

�+2

1i

1

� ~u

�+1

1i

1





X (T

�

;k;0;�;2m

1i

1

)

+







�

k

t

�

~u

�+2

1i

1

� ~u

�+1

1i

1

�







C(T

�

;m

1i

1

)

+







�

k+1

t

�

~u

�+2

1i

1

� ~u

�+1

1i

1

�







C(T

�

;0)

�

1

2

S: (3.65)

2. The following statement holds 8 i

2

= 1; : : : ; I

2

:





~u

�+2

2i

2

� ~u

�+1

2i

2





X (T

�

;k�1;0;�;m

2i

2

+m

2i

2

0

)

+







�

k

t

�

~u

�+2

2i

2

� ~u

�+1

2i

2

�







C(T

�

;0)

+







�

k

t

�

~u

�+2

2i

2

� ~u

�+1

2i

2

�







L(T

�

;2;m

2i

2

)

+







�

k+1

t

�

~u

�+2

2i

2

� ~u

�+1

2i

2

�







L(T

�

;2;�m

2i

2

)

�

1

2

S: (3.66)

3. The following statement holds 8 i

3

= 1; : : : ; I

3

:





~u

�+2

3i

3

� ~u

�+1

3i

3





X (T

�

;k�1;0;�;m

3i

3

+m

3i

3

0

)

+







�

k

t

�

~u

�+2

3i

3

� ~u

�+1

3i

3

�







C(T

�

;m

3i

3

)

+







�

k

t

�

~u

�+2

3i

3

� ~u

�+1

3i

3

�







L(T

�

;2;2m

3i

3

)

+







�

k+1

t

�

~u

�+2

3i

3

� ~u

�+1

3i

3

�







L(T

�

;2;0)

�

1

2

S: (3.67)

57



3.2.4 Proof of the Theorem

With the help of lemma 3.4 (boundedness in the high norm) and the Banah{Alaoglu

theorem we �nd that the sequene (~u
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With the help of lemma 3.6 (ontration in the low norm) we �nd that the sequene
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Moreover, with the help of (3.69), lemma 3.4 (boundedness in the high norm) and the

interpolation inequality of the appendix we �nd that the sequene (~u
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�=0

also onverges

to ~u in the following norm:
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Now, we proeed iteratively for (j; i

j

) = '(1); : : : ; '(jJ j). With the help of (3.68), (3.69),

(3.70), the ompatibility ondition (A4), (A5), the boundedness ondition (A6), the Lip-

shitz ondition (A7), the produt inequalities of the appendix and the linear theory

developed in setion 2 we �nd that ~u is a solution to the initial boundary value problem

(3.23) and that ~u has the additional regularity (3.24). Finally, let ~v be another solution

to the initial boundary value problem (3.23) due to (3.24). In analogy with lemma 3.6

(ontration in the low norm) we obtain a statement of the following form:

k~u� ~vk �

1

2

k~u� ~vk : (3.71)

Consequently, ~v = ~u, i.e. the solution ~u is unique. This proves theorem 3.1.

4 Appliations to Hyperboli{Paraboli Systems

4.1 Statement of the Theorem

Let T > 0, let 
 � R

n

be a bounded domain with a smooth boundary �, and let

u

ji

j

: 
� (0; T ) �! R

N

ji

j

: (x; t) 7�! u

ji

j

(x; t) (4.1)

where j = 1; 2; 3 and i

j

= 1; : : : ; I

j

. Moreover, let m

ji

j

2 N with m

ji

j

� 1. We onsider
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; x; t): (4.2b)

�

t

u

3i

3

+

m

3i

3

X

j�j=0

(�1)

j�j

�

�

x

�

F

3i

3

;�

(U

F

3i

3

; x; t)

�

= f

3i

3

(U

f

3i

3

; x; t): (4.2)

�

�

x

u

ji

j

�

�

�

x2�

= 0 (j�j = 0; : : : ; m

ji

j

� 1): (4.2d)
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u

1i

1

�

�

�

t=0

= 0; �

t

u

1i

1

�

�

�

t=0

= 0; u

2i

2

�

�

�

t=0

= 0; u

3i

3

�

�

�

t=0

= 0: (4.2e)

In (4.2) the U

F

ji

j

and U

f

ji

j

denote olletions of partial derivatives of the funtions u

ji

j

.

In partiular, (4.2a) is a hyperboli PDE of order 2m

1i

1

for the unknown funtion u

1i

1

,

whereas (4.2b) is a paraboli PDE of order 2m

2i

2

for the unknown funtion u

2i

2

and (4.2)

is a paraboli PDE of order 2m

3i

3

for the unknown funtion u

3i

3

.

It remains to give a preise de�nition of the U

F

ji

j

and U

f

ji

j

. Therefore, we make the following

de�nitions 8 � = F; f :

U

�

ji

j

:= (U

�

ji

j

;11

; : : : ; U

�

ji

j

;1I

1

; U

�

ji

j

;21

; : : : ; U

�

ji

j

;2I

2

; U

�

ji

j

;31

; : : : ; U

�

ji

j

;3I

3

) (4.3a)

where

U

�

ji

j

;1k

1

:=

�

u

1k

1

; : : : ;D

M

�;0

ji

j

;1k

1

x

u

1k

1

; �

t

u

1k

1

; : : : ;D

M

�;1

ji

j

;1k

1

x

(�

t

u

1k

1

)

�

; (4.3b)

U

�

ji

j

;lk

l

:=

�

u

lk

l

; : : : ;D

M

�;0

ji

j

;lk

l

x

u

lk

l

�

(l = 2; 3); (4.3)

and

M

�;0

ji

j

;lk

l

2 N [ f�1g; M

�;1

ji

j

;1k

1

2 N [ f�1g: (4.3d)

In partiular, the statementM

�;0

ji

j

;lk

l

= �1 means that U

�

ji

j

is independent of u

lk

l

, whereas

the statement M

�;1

ji

j

;1k

1

= �1 means that U

�

ji

j

is independent of �

t

u

1k

1

.

We make the following assumptions:

(B1) Let k; l; �;m

ji

j

0

2 N , and let the following statements hold:

k � 2; l � k + 3: (4.4a)

1 � � � minfm

1i

1

; 2m

2i

2

; 2m

3i

3

g: (4.4b)

m

1i

1

0

= m

1i

1

; 1 � m

2i

2

0

� m

2i

2

; m

3i

3

+ 1 � m

3i

3

0

� 2m

3i

3

: (4.4)

(B2) Let the F

ji

j

;�

and f

ji

j

be smooth funtions.

(B3) Let the following symmetry ondition hold 8 j = 1; 3:

�F

ji

j

;�

�(�

�

x

u

ji

j

)

(U

F

ji

j

; x; t) =

�

�F

ji

j

;�

�(�

�

x

u

ji

j

)

(U

F

ji

j

; x; t)

�

T

(j�j; j�j = 0; : : : ; m

ji

j

): (4.5)

We note that by the Poinar�e lemma (4.5) is equivalent to the following assumption:

F

ji

j

;�

(U

F

ji

j

; x; t) =

�	

ji

j

�(�

�

x

u

ji

j

)

(U

F

ji

j

; x; t) (j�j = 0; : : : ; m

ji

j

): (4.6)
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(B4) Let  > 0, and let the following Legendre{Hadamard ondition of strong elliptiity

hold 8 admissible funtions u:

X

j�j;j�j=m

ji

j

�

T

�

�F

1i

1

;�

�(�

�

x

u

ji

j

)

(U

F

ji

j

; x; t)�

�

�

�

�

� � j�j

2m

ji

j

j�j

2

(4.7)

8 � 2 R

n

8 � 2 R

N

ji

j

8 (x; t) 2 
� (0; T ).

(B5) Let the following ompatibility ondition hold:

�

k

t

�

f

ji

j

(0; x; t)

�

�

�

�

t=0

= 0 (k = 0; : : : ; l + k): (4.8)

(B6) We make the following de�nition:

J := f(j; i

j

) j j = 1; 2; 3 ; i

j

= 1; : : : ; I

j

g: (4.9)

Let ' = (�; �

�

) : f1; : : : ; jJ jg �! J have the following properties:

1. ' is one to one and onto.

2. For �xed j, �

j

: �

�1

(j) �! f1; : : : ; I

j

g is stritly inreasing.

3. The following statement holds 8 � = 1; : : : ; I

1

:

'(�) = (1; �): (4.10)

Moreover, we de�ne i

j

: J �! f1; : : : ; I

j

g by the following reursion sheme:

(i

j

Æ ')(1) = 1: (4.11a)

f'(1); : : : ; '(�)g =

[

j=1;2;3

f(j; i

j

) j i

j

= 1; : : : ; (i

j

Æ ')(� + 1)� 1g: (4.11b)

' �xes an order for the double indies (j; i

j

).

(B7) Let Æ > 0, and let the following statements hold 8 l = 1; 2; 3 8 k

l

= 1; : : : ; I

l

:

�(k � 2) �

n

2

+ Æ �m

lk

l

0

+max

n

max

j;i

j

;�;�

M

�;�

ji

j

;lk

l

�m

lk

l

; 0

o

: (4.12a)

�(k � 2) � �m

lk

l

�m

lk

l

0

+max

i

2

;�;�

�

m

2i

2

+M

�;�

2i

2

;lk

l

�

: (4.12b)

(B8) Let the following statements hold:

M

F;0

1i

1

;1i

1

= m

1i

1

; M

F;1

1i

1

;1i

1

= �1; M

f;0

1i

1

;1i

1

� m

1i

1

; M

f;1

1i

1

;1i

1

� 0: (4.13a)

M

F;0

ji

j

;ji

j

= m

ji

j

; M

f;0

2i

2

;2i

2

� 2m

ji

j

� 1 (j = 2; 3): (4.13b)
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(B9) Let the regularity assumptions (R3) of the appendix hold. In partiular, we assume

that statements of the following form hold:

M

�;�

ji

j

;lk

l

� �

�;�

ji

j

;lk

l

(m

ji

j

; m

ji

j

0

; m

lk

l

; m

lk

l

0

): (4.14)

Theorem 4.1 (Loal Existene, Uniqueness, Regularity)

Let the assumptions (B1), (B2), (B3), (B4), (B5), (B6), (B7), (B8) and (B9) hold. Then,

9 0 < T

�

� T suh that the initial boundary value problem (4.2) has a unique solution

u

1i

1

2

k�1

\

k=0

C

l+k+1

([0; T

�

℄; H

�(k�1�k)+2m

1i

1

(
;R

N

1i

1

)) \ C

l+k+1

([0; T

�

℄; H

m

1i

1

0

(
;R

N

1i

1

))

\ C

l+k+2

([0; T

�

℄; L

2

(
;R

N

1i

1

)); (4.15a)

u

2i

2

2

k�1

\

k=0

C

l+k+1

([0; T

�

℄; H

�(k�1�k)+m

2i

2

+m

2i

2

0

(
;R

N

2i

2

)) \ C

l+k+1

([0; T

�

℄; L

2

(
;R

N

2i

2

))

\H

l+k+1

([0; T

�

℄; H

m

2i

2

0

(
;R

N

2i

2

)) \H

l+k+2

([0; T

�

℄; H

�m

2i

2

(
;R

N

2i

2

)); (4.15b)

u

3i

3

2

k�1

\

k=0

C

l+k+1

([0; T

�

℄; H

�(k�1�k)+m

3i

3

+m

3i

3

0

(
;R

N

3i

3

)) \ C

l+k+1

([0; T

�

℄; H

m

3i

3

0

(
;R

N

3i

3

))

\H

l+k+1

([0; T

�

℄; H

2m

3i

3

(
;R

N

3i

3

)) \H

l+k+2

([0; T

�

℄; L

2

(
;R

N

3i

3

)): (4.15)

4.2 Proof of the Theorem

First, we want to di�erentiate the initial boundary value problem (4.2) with respet to t.

Therefore, let u be a solution to the initial boundary value problem (4.2) due to (4.15),

and let

~u

ji

j

(x; t) := �

t

u

ji

j

(x; t): (4.16)

With the help of the ompatibility ondition (B5) we obtain:

u

ji

j

(x; t) =

Z

t

0

~u

ji

j

(x; �) d�: (4.17)

We make the following de�nitions:

A

ji

j

;��

[~u℄(x; t) :=

�F

ji

j

;�

�(�

�

x

u

ji

j

)

(U

F

ji

j

; x; t): (4.18a)
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~

F

ji

j

;�

[~u℄(x; t)

:= (�1)

j�j

h

m

ji

j

X

j�j=0

�F

ji

j

;�

�(�

�

x

u

ji

j

)

(U

F

ji

j

; x; t) �

t

(�

�

x

u

ji

j

)� �

t

�

F

ji

j

;�

(U

F

ji

j

; x; t)

�i

: (4.18b)

~

f

ji

j

[~u℄(x; t) := �

t

�

f

ji

j

(U

f

ji

j

; x; t)

�

: (4.18)

Then, ~u is a solution to the following initial boundary value problem:

�

2

t

~u

1i

1

+

m

1i

1

X

j�j;j�j=0

(�1)

j�j

�

�

x

�

A

1i

1

;��

[~u℄(x; t)�

�

x

~u

1i

1

�

=

m

1i

1

X

j�j=0

�

�

x

�

~

F

1i

1

;�

[~u℄(x; t)

�

+

~

f

1i

1

[~u℄(x; t): (4.19a)

�

t

~u

2i

2

+

m

2i

2

X

j�j;j�j=0

(�1)

j�j

�

�

x

�

A

2i

2

;��

[~u℄(x; t)�

�

x

~u

2i

2

�

=

m

2i

2

X

j�j=0

�

�

x

�

~

F

2i

2

;�

[~u℄(x; t)

�

+

~

f

2i

2

[~u℄(x; t): (4.19b)

�

t

~u

3i

3

+

m

3i

3

X

j�j;j�j=0

(�1)

j�j

�

�

x

�

A

3i

3

;��

[~u℄(x; t)�

�

x

~u

3i

3

�

=

m

3i

3

X

j�j=0

�

�

x

�

~

F

3i

3

;�

[~u℄(x; t)

�

+

~

f

3i

3

[~u℄(x; t): (4.19)

�

�

x

~u

ji

j

�

�

�

x2�

= 0 (j�j = 0; : : : ; m

ji

j

� 1): (4.19d)

~u

1i

1

�

�

�

t=0

= 0; �

t

~u

1i

1

�

�

�

t=0

= 0; ~u

2i

2

�

�

�

t=0

= 0; ~u

3i

3

�

�

�

t=0

= 0: (4.19e)

In partiular, ~u has the following regularity:

~u

1i

1

2

k�1

\

k=0

C

l+k

([0; T

�

℄; H

�(k�1�k)+2m

1i

1

(
;R

N

1i

1

)) \ C

l+k

([0; T

�

℄; H

m

1i

1

0

(
;R

N

1i

1

))

\ C

l+k+1

([0; T

�

℄; L

2

(
;R

N

1i

1

)); (4.20a)
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~u

2i

2

2

k�1

\

k=0

C

l+k

([0; T

�

℄; H

�(k�1�k)+m

2i

2

+m

2i

2

0

(
;R

N

2i

2

)) \ C

l+k

([0; T

�

℄; L

2

(
;R

N

2i

2

))

\H

l+k

([0; T

�

℄; H

m

2i

2

0

(
;R

N

2i

2

)) \H

l+k+1

([0; T

�

℄; H

�m

2i

2

(
;R

N

2i

2

)); (4.20b)

~u

3i

3

2

k�1

\

k=0

C

l+k

([0; T

�

℄; H

�(k�1�k)+m

3i

3

+m

3i

3

0

(
;R

N

3i

3

)) \ C

l+k

([0; T

�

℄; H

m

3i

3

0

(
;R

N

3i

3

))

\H

l+k

([0; T

�

℄; H

2m

3i

3

(
;R

N

3i

3

)) \H

l+k+1

([0; T

�

℄; L

2

(
;R

N

3i

3

)): (4.20)

On the other hand, let u be de�ned by (4.17), and let ~u be a solution to the initial

boundary value problem (4.19) due to (4.20). Then, with the help of the ompatibility

ondition (B5) we �nd that u is a solution to the initial boundary value problem (4.2)

due to (4.15).

In the remainder of this subsetion we show that the initial boundary value problem (4.19)

has a unique solution ~u due to (4.20).

We reall that we have studied abstrat quasilinear initial boundary value problems of

the form (4.19) in setion 3. In order to prove our main theorem it suÆes to show that

the assumptions (B1), (B2), (B3), (B4), (B5), (B6), (B7), (B8) and (B9) of this setion

imply the assumptions (A1), (A2), (A3), (A4), (A5), (A6) and (A7) of setion 3 for the

following hoie of the respetive onstants:

k = k � 1; p = 4; q =

4

3

; r = 4: (4.21a)

" = 1 in terms of the form H(m� "): (4.21b)

2� " =

4

3

in terms of the form L(T; 2� ";m): (4.21)

a

ji

j

;k;��

= �(k � 1� k) +m

ji

j

0

(k = 0; : : : ; k � 1): (4.22a)

b

ji

j

;k;��

= �(k � 1� k) +m

ji

j

0

(k = 1; : : : ; k � 1): (4.22b)

b

1i

1

;k;��

= m

1i

1

; b

2i

2

;k;��

= 0; b

3i

3

;k;��

= m

3i

3

: (4.22)



3i

3

;k;��

= �(k � 1� k) +m

3i

3

0

(k = 1; : : : ; k � 1): (4.22d)
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3i

3

;k;��

= m

3i

3

: (4.22e)

a

ji

j

;k;��

= �(k � 2� k) +m

ji

j

0

(k = 0; : : : ; k � 2): (4.22f)

b

ji

j

;k;��

= �(k � 2� k) +m

ji

j

0

(k = 1; : : : ; k � 2): (4.22g)

b

1i

1

;k�1;��

= m

1i

1

; b

2i

2

;k�1;��

= 0; b

3i

3

;k�1;��

= m

3i

3

: (4.22h)

Now, (B1), (B2), (B3), (B4), (B5) and (B6) immediately imply (A1), (A2), (A3), (A4)

and (A5). Moreover, with the help of (B7) we �nd that (4.22) is an admissible hoie

for the onstants a

ji

j

;k;��

, b

ji

j

;k;��

, 

3i

3

;k;��

, a

ji

j

;k;��

and b

ji

j

;k;��

whih appear in (A6) and

(A7). In order to prove theorem 4.1 it remains to show that (B7), (B8) and (B9) imply

(A6) and (A7). This is the ontent of the following two lemmas.

Lemma 4.2

The following impliation holds 8 R > 0 8 0 < T

�

� T 8 (j; i

j

) 2 J :

1. Let the following assumptions hold 8 i

0

1

= 1; : : : ; i

1

(j; i

j

)� 1:

�

k

t

~u

1i

0

1

�

�

�

t=0

= 0 (k = 0; : : : ; l + k + 1): (4.23)





~u

1i

0

1





X (T

�

;k�1;l;�;2m

1i

0

1

)

+







�

l+k

t

~u

1i

0

1







C(T

�

;m

1i

0

1

)

+







�

l+k+1

t

~u

1i

0

1







C(T

�

;0)

� R: (4.24)

2. Let the following assumptions hold 8 i

0

1

= i

1

(j; i

j

); : : : ; I

1

:

�

k

t

~u

1i

0

1

�

�

�

t=0

= 0 (k = 0; : : : ; l + k): (4.25)





~u

1i

0

1





X (T

�

;k�1;l;�;2m

1i

0

1

�1)

+







�

l+k

t

~u

1i

0

1







C(T

�

;m

1i

0

1

�1)

+





~u

1i

0

1





Y(T

�

;4;k�1;l;�;2m

1i

0

1

)

+







�

l+k

t

~u

1i

0

1







L(T

�

;4;m

1i

0

1

)

+







�

l+k+1

t

~u

1i

0

1







L(T

�

;4;0)

� R: (4.26)

3. Let the following assumptions hold 8 i

0

2

= 1; : : : ; i

2

(j; i

j

)� 1:

�

k

t

~u

2i

0

2

�

�

�

t=0

= 0 (k = 0; : : : ; l + k): (4.27)
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In partiular, the ontinuous funtion �(�; �) is independent of ~u.

Proof

First, we note that the highest temporal derivatives whih appear in (4.35), (4.36) and
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In (4.40), (4.41), (4.42) and (4.43) we have r 2 Z, s 2 N and 1 � p � q < 1. With

the help of the theory of omposition operators developed in the appendix we �nd that
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;2;0)

� R: (4.56a)
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�
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3i

0

3

�







L(T

�

;4;m

3i

0

3

)

+







�

l+k�1

t

�
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�
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� ~u
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3i
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3

�







L(T

�

;

4

3

;2m
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3

)
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t

�

~u

2

3i

0

3

� ~u

1

3i

0

3
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L(T

�

;

4

3

;0)

� S: (4.56b)

=)

1. If j = 1 then the following statements hold 8 i

1

= 1; : : : ; I

1

:

m

1i

1

X

j�j;j�j=0

h





A

1i

1

;��

[~u

2

℄� A

1i

1

;��

[~u

1

℄





X (T

�

;k�2;l;�;m

1i

1

)

+







�

l+k�1

t

�

A

1i

1

;��

[~u

2

℄� A

1i

1

;��

[~u

1

℄

�







L(T

�

;1;m

1i

1

)

i

� �(R; T

�

)S: (4.57a)

m
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X
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~

F

1i

1
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[~u
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~
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[~u

1

℄







X (T
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)

+







�

l+k�1

t

�

~

F

1i

1

;�

[~u
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℄�

~

F

1i

1

;�

[~u

1

℄

�







L(T

�

;1;m

1i

1

)

i

� �(R; T

�

)S: (4.57b)







~

f

1i
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[~u
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℄�

~

f

1i

1

[~u

1

℄







X (T

�

;k�2;l;�;0)
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�

l+k�1

t

�

~

f

1i

1

[~u

2

℄�

~

f

1i

1

[~u

1

℄
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L(T

�

;1;0)

� �(R; T

�

)S: (4.57)

2. If j = 2 then the following statements hold 8 i

2

= 1; : : : ; I

2

:

m

2i

2

X

j�j;j�j=0

h





A

2i

2

;��

[~u

2

℄� A

2i

2

;��

[~u

1

℄





X (T

�

;k�2;l;�;m

2i

2

0

)

+







�

l+k�1

t

�

A

2i

2

;��

[~u

2

℄� A

2i

2

;��

[~u

1

℄

�







L(T

�

;2;0)

i

� �(R; T

�

)S: (4.58a)
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m

2i

2

X

j�j=0

h







~

F

2i

2

;�

[~u

2

℄�

~

F

2i
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℄
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�

;k�2;l;�;m
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)
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�
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~
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2i
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[~u

2

℄�

~

F

2i

2
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[~u

1

℄

�







L(T

�

;2;0)

i

� �(R; T

�

)S: (4.58b)
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2
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℄�

~
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℄
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)
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~
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2
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℄�

~
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℄
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L(T

�
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2

)

� �(R; T

�

)S: (4.58)

3. If j = 3 then the following statements hold 8 i

3

= 1; : : : ; I

3

:

m

3i

3

X

j�j;j�j=0

h





A

3i

3

;��

[~u

2

℄� A

3i

3
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[~u

1

℄





X (T
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3

0

)
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�
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3
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℄
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L(T

�
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3

)

i

� �(R; T

�

)S: (4.59a)
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~

F

3i

3

;�

[~u

1

℄
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)
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�
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t

�

~
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3
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[~u

2

℄�

~

F

3i

3

;�

[~u

1

℄

�







L(T

�
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3

)

i
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�

)S: (4.59b)
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℄�

~
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3

[~u

1

℄







X (T
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;k�2;l;�;�m

3i

3

+m
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3

0

)

+







�
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t

�

~

f
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3

[~u

2
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~

f

3i

3

[~u

1

℄
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�
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� �(R; T

�

)S: (4.59)

In partiular, the ontinuous funtion �(�; �) is independent of ~u.

Proof

First, we reall the following statement:

f(u

2

)� f(u

1

) =

�

Z

1

0

f

0

(�u

2

+ (1� �)u

1

) d�

�

(u

2

� u

1

): (4.60)

Next, we note that the highest temporal derivatives whih appear in (4.57), (4.58) and

(4.59) are of order l+ k� 1, whereas we an di�erentiate the arguments of the respetive

funtions at least l � 1 times with respet to t without any loss of spatial regularity.
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Finally, with the help of (4.38) we �nd that we have to prove impliations of the following

form:

1. C

0

([0; T

�

℄){regularity:

2

X

�=1

�

[

l

2

℄

X

k=0





�

k

t

u

�





C(T

�

;s)

+

l

X

k=0





�

k

t

u

�





C(T

�

;�)

�

� R: (4.61a)

[

l
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℄

X
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k
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1
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�
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+

l

X

k=0





�

k

t

(u

2

� u

1
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C(T

�

;�)

� S: (4.61b)

=)







�

l

t

�
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1
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2

) (u
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� u

1

)
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C(T

�
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� �(R; T

�

)S: (4.62)

2. L

p

([0; T

�

℄){regularity:

2
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�
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℄
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t

u
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C(T
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;s)
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l

X
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�

k

t

u
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� R: (4.63a)

[
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+

l
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�

k

t

(u

2
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L(T
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� S: (4.63b)
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�

l

t

�

f(u

1

; u

2

) (u

2

� u

1

)
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L(T

�

;p;r)

� �(R; T

�

)S: (4.64)

In (4.61), (4.62), (4.63) and (4.64) we have r 2 Z, s 2 N and 1 � p � q < 1. With

the help of the theory of omposition operators developed in the appendix we �nd that

it suÆies to prove the following statements:

s >

n

2

; s � jrj; � � r: (4.65)

However, with the help of (4.60) and the H�older inequality we �nd that this is an imme-

diate onsequene of (B7), (B8) and (B9). This proves the lemma. 2
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4.3 Examples

We reonsider the initial boundary value problem (4.2).

De�nition

Let m

ji

j

2 N with m

ji

j

� 1, and let M

�;�

ji

j

;lk

l

2 N [ f�1g. We say that the parameters

m

ji

j

and M

�;�

ji

j

;lk

l

de�ne an admissible oupling for the PDE system (4.2a), (4.2b), (4.2)

if the following statements hold:

1. (B8) holds.

2. 9 m

ji

j

0

due to (4.4) in (B1) and 9 i

j

(�; �) due to (B6) suh that (B9) holds.

Now let the parametersm

ji

j

andM

�;�

ji

j

;lk

l

de�ne an admissible oupling for the PDE system

(4.2a), (4.2b), (4.2). Then, 9 parameters k, l and � suh that (B1) and (B7) hold.

Moreover, let the funtions F

ji

j

;�

and f

ji

j

satisfy the strutural onditions (B2), (B3),

(B4) and (B5). Then, the initial boundary value problem (4.2) has a unique solution u

due to (4.15).

In the remainder of this subsetion we study oupled systems onsisting of two subsystems.

Thereby, we generally assume that (B8) holds. Consequently, in order to haraterize the

admissible ouplings we have to exploit (B9).

4.3.1 Hyperboli{Hyperboli Systems

We onsider the ase I

1

= 2, I

2

= 0 and I

3

= 0 of the PDE system (4.2a), (4.2b), (4.2):

�
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t

u

11
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X
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j�j

�

�

x

�

F

11;�

(U

F
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; x; t)

�
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(U

f
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; x; t): (4.66a)

�

2

t

u
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+
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X
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(�1)
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�

�

x

�

F

12;�

(U

F

12

; x; t)

�

= f

12

(U

f

12

; x; t): (4.66b)

Lemma 4.4

The parameters m

1i

1

andM

�;�

1i

1

;1k

1

de�ne an admissible oupling for the PDE system (4.66)

if the following statements hold:

M

F;0

11;12

� m

12

�m

11

; M

F;1

11;12

= �1; M

f;0

11;12

� m

12

; M

f;1

11;12

= 0: (4.67a)

M

F;0

12;11

� m

11

�m

12

; M

F;1

12;11

= �1; M

f;0

12;11

� m

11

; M

f;1

12;11

= 0: (4.67b)
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Proof

We make the following hoie:

m

1i

1

0

:= m

1i

1

; i

1

(1; 1) := 1; i

1

(1; 2) := 2: (4.68)

This yields the desired statement. 2

4.3.2 Hyperboli{Paraboli Systems (I)

We onsider the ase I

1

= 1, I

2

= 1 and I

3

= 0 of the PDE system (4.2a), (4.2b), (4.2):

�

2

t

u

11

+

m

11

X

j�j=0

(�1)

j�j

�

�

x

�

F
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; x; t): (4.69a)
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�

= f

21

(U

f

21

; x; t): (4.69b)

Lemma 4.5

The parameters m

j1

and M

�;�

j1;l1

de�ne an admissible oupling for the PDE system (4.69)

if the following statements hold:

M

F;0

11;21

� m

21

�m

11

; M

f;0

11;21

� m

21

: (4.70a)

M

F;0

21;11

� m

11

; M

F;1

21;11

= 0; M

f;0

21;11

� m

11

+m

21

; M

f;1

21;11

= m

21

: (4.70b)

Proof

We make the following hoie:

m

110

:= m

11

; m

210

:= 1: (4.71a)

i

1

(1; 1) := 1; i

2

(1; 1) := 1; i

1

(2; 1) := 2; i

2

(2; 1) := 1: (4.71b)

This yields the desired statement. 2

4.3.3 Hyperboli{Paraboli Systems (II)

We onsider the ase I

1

= 1, I

2

= 0 and I

3

= 1 of the PDE system (4.2a), (4.2b), (4.2):

�

2

t

u

11

+

m

11

X
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j�j
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�

x
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F
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; x; t): (4.72a)
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x
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F

31;�
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F

31

; x; t)

�

= f

31

(U

f

31

; x; t): (4.72b)

Lemma 4.6

The parameters m

j1

and M

�;�

j1;l1

de�ne an admissible oupling for the PDE system (4.72)

if the following statements hold:

M

F;0

11;31

� 2m

31

�m

11

; M

f;0

11;31

� 2m

31

: (4.73a)

M

F;0

31;11

� m

11

�m

31

; M

F;1

31;11

= �1; M

f;0

31;11

� m

11

; M

f;1

31;11

= 0: (4.73b)

Proof

We make the following hoie:

m

110

:= m

11

; m

310

:= m

31

+ 1: (4.74a)

i

1

(1; 1) := 1; i

3

(1; 1) := 1; i

1

(3; 1) := 2; i

3

(3; 1) := 1: (4.74b)

This yields the desired statement. 2

4.3.4 Paraboli{Paraboli Systems (I)

We onsider the ase I

1

= 0, I

2

= 2 and I

3

= 0 of the PDE system (4.2a), (4.2b), (4.2):

�

t

u

21

+

m

21

X

j�j=0

(�1)

j�j

�

�

x

�

F

21;�

(U

F
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; x; t)

�

= f

21

(U

f
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; x; t): (4.75a)
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t

u
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m
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X

j�j=0

(�1)

j�j

�

�

x

�

F

22;�

(U

F
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; x; t)

�

= f

22

(U

f

22

; x; t): (4.75b)

Lemma 4.7

The parameters m

2i

2

andM

�;0

2i

2

;2k

2

de�ne an admissible oupling for the PDE system (4.75)

if the following statements hold:

M

F;0

21;22

� m

22

� 1; M

f;0

21;22

� m

21

+m

22

� 1: (4.76a)

M

F;0

22;21

� m

21

; M

f;0

22;21

� m

21

+m

22

: (4.76b)

Proof

We make the following hoie:

m

2i

2

0

:= 1; i

2

(2; 1) := 1; i

2

(2; 2) := 2: (4.77)

This yields the desired statement. 2
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4.3.5 Paraboli{Paraboli Systems (II)

We onsider the ase I

1

= 0, I

2

= 1 and I

3

= 1 of the PDE system (4.2a), (4.2b), (4.2):

�

t

u

21

+

m

21

X

j�j=0

(�1)

j�j

�

�

x

�

F

21;�

(U

F

21

; x; t)

�

= f

21

(U

f

21

; x; t): (4.78a)

�

t

u

31

+

m

31

X

j�j=0

(�1)

j�j

�

�

x

�

F

31;�

(U

F

31

; x; t)

�

= f

31

(U

f

31

; x; t): (4.78b)

Lemma 4.8

(a) The parameters m

j1

and M

�;0

j1;l1

de�ne an admissible oupling for the PDE system

(4.78) if the following statements hold:

M

F;0

21;31

� 2m

31

� 1; M

f;0

21;31

� m

21

+ 2m

31

� 1: (4.79a)

M

F;0

31;21

� m

21

�m

31

; M

f;0

31;21

� m

21

: (4.79b)

(b) Alternatively, the parameters m

j1

and M

�;0

j1;l1

de�ne an admissible oupling for the

PDE system (4.78) if the following statements hold:

M

F;0

21;31

� 2m

31

; M

f;0

21;31

� m

21

+ 2m

31

: (4.80a)

M

F;0

31;21

� m

21

�m

31

� 1; M

f;0

31;21

� m

21

� 1: (4.80b)

Proof

(a) We make the following hoie:

m

210

:= 1; m

310

:= m

31

+ 1: (4.81a)

i

2

(2; 1) := 1; i

3

(2; 1) := 1; i

2

(3; 1) := 2; i

3

(3; 1) := 1: (4.81b)

(b) Alternatively, we make the following hoie:

m

210

:= 1; m

310

:= m

31

+ 1: (4.82a)

i

2

(2; 1) := 1; i

3

(2; 1) := 2; i

2

(3; 1) := 1; i

3

(3; 1) := 1: (4.82b)

This yields the desired statement. 2
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4.3.6 Paraboli{Paraboli Systems (III)

We onsider the ase I

1

= 0, I

2

= 0 and I

3

= 2 of the PDE system (4.2a), (4.2b), (4.2):

�

t

u

31

+

m

31

X

j�j=0

(�1)

j�j

�

�

x

�

F

31;�

(U

F

31

; x; t)

�

= f

31

(U

f

31

; x; t): (4.83a)

�

t

u
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+

m
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X

j�j=0

(�1)

j�j

�

�

x

�

F

32;�

(U

F

32

; x; t)

�

= f

32

(U

f

32

; x; t): (4.83b)

Lemma 4.9

The parameters m

3i

3

andM

�;0

3i

3

;3k

3

de�ne an admissible oupling for the PDE system (4.83)

if the following statements hold:

M

F;0

31;32

� 2m

32

�m

31

� 1; M

f;0

31;32

� 2m

32

� 1: (4.84a)

M

F;0

32;31

� 2m

31

�m

32

; M

f;0

32;31

� 2m

31

: (4.84b)

Proof

We make the following hoie:

m

3i

3

0

:= m

3i

3

+ 1; i

3

(3; 1) := 1; i

3

(3; 2) := 2: (4.85)

This yields the desired statement. 2

A Appendix

A.1 Produt Inequalities

Let 
 � R

n

be a bounded domain with a smooth boundary.

Lemma A.1

Let s

i

2 [0;1), let u

i

2 H(s

i

), and let the following statements hold:

s

i

6=

n

2

; s

1

+ s

2

+ s

3

�

n

2

: (A.1)

Then, (u

1

u

2

u

3

) 2 L

1

(
). In partiular, the following estimate holds:

ku

1

u

2

u

3

k

L

1

(
)

� C ku

1

k

H(s

1

)

ku

2

k

H(s

2

)

ku

2

k

H(s

3

)

: (A.2)

Moreover, the onstant C > 0 is independent of the u

i

.

78



Proof

This is an immediate onsequene of the H�older inequality and the Sobolev imbedding

theorem. 2

Lemma A.2

Let r 2 N, let s

i

; t

j

2 [0;1), let u

i

2 H(s

i

), let v

j

2 H(t

j

), and let the following statements

hold:

r � s

i

; r � t

j

; s

i

<

n

2

< t

j

;

k

X

i=1

s

i

�

n

2

(k � 1) + r: (A.3)

Then, (u

1

� : : : � u

k

v

1

� : : : � v

l

) 2 H(r). In partiular, the following estimate holds:

ku

1

� : : : � u

k

v

1

� : : : � v

l

k

H(r)

� C ku

1

k

H(s

1

)

� : : : � ku

k

k

H(s

k

)

kv

1

k

H(t

1

)

� : : : � kv

l

k

H(t

l

)

: (A.4)

Moreover, the onstant C > 0 is independent of the u

i

and v

j

.

Proof

We prove the lemma by indution on r. Therefore, let (A.3) hold for r = 0. Moreover,

let k = 0. Then, the estimate (A.4) is an immediate onsequene of the H�older inequality

and the Sobolev imbedding theorem. Now let k � 1. Without loss of generality we make

the following assumption:

k

X

i=1

s

i

=

n

2

(k � 1): (A.5)

Then, 9 p

i

2 [2;1) suh that

s

i

=

n

2

�

n

p

i

;

k

X

i=1

1

p

i

=

1

2

: (A.6)

With the help of (A.6), the H�older inequality and the Sobolev imbedding theorem we

obtain the estimate (A.4) for r = 0. Next, let r 2 N , let the lemma hold for r = 0; : : : ; r,

and let (A.3) hold for r = r + 1. Then, we have:

ku

1

� : : : � u

k

v

1

� : : : � v

l
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1

�
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1
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k
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1
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H(r)
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�=1
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1
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k
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1
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l

k

H(r)

+
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i=1

l

X

�=1
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1

� : : : � u

k

v

1

� : : : � �

i

v

�

� : : : � v

l

k

H(r)

�

� C ku

1

k

H(s

1

)

� : : : � ku

k

k

H(s

k

)

kv

1

k

H(t

1

)

� : : : � kv

l

k

H(t

l

)

: (A.7)

Consequently, the estimate (A.4) holds for r = r + 1. This proves the lemma. 2

79



Lemma A.3

Let s 2 Z, let t

j

2 [0;1), let u 2 H(s), let v

j

2 H(t

j

), and let the following statements

hold:

jsj � t

j

; t

j

>

n

2

: (A.8)

Then, (uv

1

� : : : � v

l

) 2 H(s). In partiular, the following estimate holds:

kuv
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� : : : � v

l

k
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� C kuk

H(s)
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1

k

H(t

1

)

� : : : � kv

l

k

H(t

l

)

: (A.9)

Moreover, the onstant C > 0 is independent of u and the v

j

.

Proof

First, let s 2 N with s 6=

n

2

. Then, the estimate (A.9) is an immediate onsequene of

lemma A.2. Next, let s =

n

2

2 N . With the help of lemma A.2 we obtain:
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i
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l

k
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l
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i
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�
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l

k
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1

k

H(t

1

)

� : : : � kv

l

k

H(t

l

)

: (A.10)

Consequently, the estimate (A.9) holds for s 2 N . Finally, let r 2 N with r � 1, and let

s = �r. Then, we have:
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� : : : � v

l

k
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H(r)
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i
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� C kuk
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k

H(t

1

)

� : : : � kv

l

k

H(t

l

)

: (A.11)

Consequently, the estimate (A.9) holds for s 2 Z. This proves the lemma. 2

A.2 An Interpolation Inequality

Let T > 0, and let 
 � R

n

be a bounded domain with a smooth boundary. Moreover, let

s

i

2 [0;1), let " > 0, and let the following statement hold:

s

i

� s

i+1

� ": (A.12)

For funtions u : 
� (0; T ) �! R we use the following notation:

kuk

U(T;k)

:=

k

X

�=0

k�

�

t

uk

C

0

([0;T ℄;H

s

k��

(
))

: (A.13a)
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kuk

V(T;k)

:=

k�1

X

�=0

k�

�

t

uk

C

0

([0;T ℄;H

s

k��

�"

(
))

: (A.13b)

Lemma A.4

(a) Let the following statements hold:

u 2

k

\

�=0

C

�

([0; T ℄; H

s

k��

(
)); �

�

t

u

�

�

�

t=0

= 0 (� = 0; : : : ; k � 1): (A.14)

Then, the following interpolation inequality holds:

kuk

V(T;k)

� �(T ) kuk

�

U(T;0)

kuk

1��

U(T;k)

: (A.15)

In partiular, the ontinuous funtion �(�) and the onstant 0 < � < 1 are indepen-

dent of u.

(b) Let R > 0, and let the following statements hold:

u

�

2

k

\

�=0

C

�

([0; T ℄; H

s

k��

(
)); �

�

t

u

�

�

�

�

t=0

= 0 (� = 0; : : : ; k � 1): (A.16a)

u 2 C

0

([0; T ℄; H

s

0

(
)): (A.16b)
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�

k

U(T;k)

� R; ku

�

� uk

U(T;0)

�!1

���! 0: (A.16)

Then, the following statement holds:

u 2

k�1

\

�=0

C

�

([0; T ℄; H

s

k��
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(
)); �

�

t

u

�

�

�

t=0

= 0 (� = 0; : : : ; k � 1): (A.17a)

ku

�

� uk

V(T;k)

�!1

���! 0: (A.17b)

Proof

(a) Let 1 � � � k � 1. Then, we have:
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�

t

uk

2

H(s

0

)

= 2

Z

t

0




�

�

t

u �

�+1

t

u

�

H(s

0

)

d�: (A.18)
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With the help of (A.18) and the H�older inequality we obtain:
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L(T;2;s
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�

�+1

t

u





L(T;2;s

0

)

: (A.19)

With the help of integration by parts we obtain:
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)
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�
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�
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��1
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�

H(s

0

)

dt: (A.20)

With the help of (A.19) and (A.20) we obtain:
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�
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: (A.21)

With the help of (A.21) and indution we obtain:
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t
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: (A.22)

With the help of interpolation we obtain:
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: (A.23)

With the help of (A.22) and (A.23) we obtain the desired interpolation inequality

(A.15).

(b) With the help of (A.15) we �nd that (u

�

)

1

�=0

is a Cauhy sequene in V(T; k) and

hene onvergent to some limit funtion v 2 V(T; k)

0

. Sine V(T; k) is ontinuously

imbedded in U(T; 0), we obtain u = v.

2

A.3 Composition Operators

Let T > 0, and let 
 � R

n

be a bounded domain with a smooth boundary.

Lemma A.5

Let r 2 Z, let s 2 N, let u(t); : : : ; �

[

l

2

℄

t

u(t) 2 H

s

(
), let u(t); : : : ; �

l

t

u(t) 2 H

r

(
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u(
; t) � [a; b℄, let f 2 C
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(R), and let the following statements hold:

jrj � s; s >

n

2

: (A.24)
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Then, �

l

t

f(u(t)) 2 H
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(
). In partiular, the following estimate holds:
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(A.25)

Moreover, the onstant C > 0 is independent of f and u(t).

Proof

First, let l = 0. With the help of the H�older inequality and the Sobolev imbedding

theorem we obtain:
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Consequently, the estimate (A.25) holds for l = 0. Now, let l � 1. With the help of

lemma A.3 and (A.26) we obtain:
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: (A.27)

Consequently, the estimate (A.25) holds for l 2 N . This proves the lemma. 2

Lemma A.6

Let r 2 Z, let s 2 N, let

n

2

< s, let p; q 2 [1;1), let f 2 C

l+s

(R), and let the following

statements hold:

jrj � s; s >

n

2

; q � p: (A.28)
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Then, the following impliations hold:

1. C

0

([0; T ℄){regularity:
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([0; T ℄){regularity:
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In partiular, the ontinuous funtions �(�; �), a(�) and b(�) are independent of u and f .

Proof

With the help of the Sobolev imbedding theorem we obtain:

u(
� (0; T )) � [a(R); b(R)℄: (A.33)

Now, the lemma is an immediate onsequene of lemma A.5 and the H�older inequality. 2
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l

t

�

f(u(t))v(t)

�

2 H

r

(
). In partiular, the following estimate holds:
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Moreover, the onstant C > 0 is independent of f , u(t) and v(t).
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Proof

With the help of the lemmas A.3 and A.5 we obtain:
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This is the desired estimate (A.35). 2

Lemma A.8

Let r 2 Z, let s 2 N, let
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2

< s, let p; q 2 [1;1), let f 2 C

l+s

(R), and let the following

statements hold:
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; q � p: (A.37)

Then, the following impliations hold:
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In partiular, the ontinuous funtions �(�; �), a(�) and b(�) are independent of u and f .

Proof

This is an immediate onsequene of lemma A.7, (A.33) and the H�older inequality. 2

A.4 Regularity Assumptions

In this subsetion we give a preise statement of the assumptions (A6) and (A7) in setion

3, and of the assumption (B9) in setion 4. We note that eah of the assumptions (A6)

and (A7) ontains a olletion of impliations labeled (j; i

j

) where eah of the impliations

ontains a olletion of premises labeled (l; k

l

). Now, writing the premises for (l; k

l

) we

have to distinguish the ases l = 1; 2; 3 orresponding to the di�erent types of systems.

Moreover, due to the partiular linearization proedure in the proof of theorem 3.1 we also

have to distinguish the ases k

l

< i

l

(j; i
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) or k

l

� i

l

(j; i

j

) orresponding to the order of the

double indies �xed by ', see (A5). This yields six di�erent lasses of premises. Moreover,

writing the onlusions for (j; i

j

) we have to distinguish the ases j = 1; 2; 3 orresponding

to the di�erent types of systems. This yields three di�erent lasses of onlusions. Finally,

we note that the assumption (B9) ontains a olletion of inequalities labeled (j; i

j

; l; k

l

).

As above we have to distinguish the ases j = 1; 2; 3, l = 1; 2; 3, and k
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(1; i
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) does not our. This

yields �fteen di�erent lasses of inequalities.

For the ase of the abstrat initial boundary value problem (3.4) we make the following

assumptions:
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6. Let the following assumptions hold 8 k
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In partiular, we assume that 9 Æ > 0:
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Moreover, we assume that the ontinuous funtion �(�; �) is independent of u.
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Moreover, we assume that the ontinuous funtion �(�; �) is independent of u.

For the ase of the initial boundary value problem (4.2) we make the following assump-
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