Nonlinear Initial Boundary Value Problems of
Hyperbolic—Parabolic Type

A General Investigation of Admissible Couplings
between Systems of Higher Order

Stefan Ebenfeld
Darmstadt University of Technology (Germany)
e—mail: ebenfeld@mathematik.tu—darmstadt.de

Abstract

In this article we investigate the nonlinear initial boundary value problems (3.4)
and (4.2). In both cases we consider coupled systems where each system is of higher
order and of hyperbolic or parabolic type.

Our goal is to characterize systematically all admissible couplings be-
tween systems of higher order and different type.

By an admissible coupling we mean a condition that guarantees the existence,
uniqueness and regularity of solutions to the respective initial boundary value prob-
lem.

In section 2 we develop the underlying theory of linear hyperbolic and parabolic
initial boundary value problems. Testing the PDEs with suitable functions we obtain
a—priori estimates for the respective solutions. In particular, we make use of the
regularity theory for linear elliptic boundary value problems that was previously
developed by the author. In section 3 we prove the local in time existence, uniqueness
and regularity of solutions to the initial boundary value problem (3.4) using the so
called energy method. In the above sense the regularity assumptions (A6) and
(A7) about the coefficients and right hand sides define the admissible couplings. In
section 4 we extend the results of the previous section to the initial boundary value
problem (4.2). In particular, the assumptions (B8) and (B9) about the respective
parameters correspond to the previous assumptions (A6) and (A7) and hence define
the admissible couplings now. In subsection 4.3 we exploit the assumptions (BS8)
and (B9) for the case of two coupled systems.
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1 Introduction

1.1 Introduction and Notation

This article is devoted to the theory of nonlinear initial boundary value problems. More
specifically, let 7' > 0, let 2 C R" be a bounded domain with a smooth boundary, and let

wji; 1 Q% (0,7) — RV (2,8) — uyjy (z,t) (j=1,2,3; i;=1,...,I;). (L1)

In section 3 we consider the following abstract quasilinear initial boundary value problem:

ml’tl

Opuriy + > (=102 (A, aslul(w, 0 wri, ) = i [, 1) (1.2a)

|ael,| B]=0

m‘”

Oy, + 3 (~)02 (Ajy aslul e, uz, ) = [l t) (7 =2.3). (L2b)
], |8]=0

We prescribe initial data and Dirichlet boundary data for the functions u;;;. In (1.2) the
notation ®[u] means that ® acts as a nonlinear operator on the functions u;;;. Moreover,
in section 4 we consider the following nonlinear initial boundary value problem:

mlll

Ouy;, + Z 1)lelge (Fm, (Uf;,, =, )) = ful(Ulfil,:c,t). (1.3a)
|| =0

Dy, + Z D02 (B oVl 2,0)) = [ (U, 2,0) (5=2,3). (1.3b)
|a|=0

As above we prescribe initial data and Dirichlet boundary data for the functions wu;.
In (1.3) the Uﬁj denote collections of partial derivatives of u. In both cases, (1.2) and
(1.3), we consider coupled systems where each system is of higher order and of hyperbolic
or parabolic type. In particular, the parabolic systems (j = 2,3) are distinguished by
different assumptions about the coefficients and right hand sides.

About the purpose of this article.

Qur goal is to characterize systematically all admissible couplings between sys-
tems of higher order and different type.

By an admissible coupling we mean a condition that guarantees the existence, uniqueness
and regularity of solutions to the respective initial boundary value problem. For the
case of the initial boundary value problem (1.2) the admissible couplings are defined
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by the regularity assumptions about the coefficients and right hand sides, see (A6) and
(A7) in section 3. Moreover, for the case of the initial boundary value problem (1.3)
the admissible couplings are defined by the orders of the partial derivatives which occur
in the Uﬁj, see (B8) and (B9) in section 4, and see also subsection 4.3 for the case
of two coupled systems. Now, driven by an increasing interest in numerical simulation,
engineering and natural sciences have developed more and more complicated mathematical
models. Taking into account the interaction of different physical quantities on the one
hand often leads to coupled systems of different type. Prominent examples are the theories
of thermodynamic continua and electromagnetic interacting continua. Taking into account
the nonlocal properties of physical quantities on the other hand often leads to systems of
higher order. A prominent example is the theory of nonlocal materials. These applications
have strongly motivated the investigations in the article at hand. Moreover, mathematics
itself struggles more and more for general existence results. This intrinsic mathematical
interest has eaqually motivated our investigations.

Overview. In section 2 we develop the underlying theory of linear hyperbolic and
parabolic initial boundary value problems. Testing the PDEs with suitable functions
we obtain a—priori estimates for the respective solutions. In particular, we make use of
the regularity theory for linear elliptic boundary value problems that was previously de-
veloped by the author. In section 3 we prove the local in time existence, uniqueness and
regularity of solutions to the initial boundary value problem (1.2). In the proof we make
use of the so called energy method. This procedure can be summarized as follows:

1. Define a sequence (u”)>°, of approximate solutions to the initial boundary value

problem with the help of a linearization procedure.

o0

2. Show that for sufficiently small T the sequence (u”)>°, is bounded with respect to
some high norm.

3. Show that for sufficiently small 7" the sequence (u”)>°, is contractive (and hence

convergent to some limit function u) with respect to some low norm.

4. Show that the limit function u is the unique solution to the initial boundary value
problem.

In section 4 we apply the results of the previous section to the initial boundary value
problem (1.3). In particular, in subsection 4.3 we study two coupled systems. We exploit
the assumptions (B8) and (B9), and hence characterize the admissible couplings.

Remarks.

1. We have restricted our attention to zero initial and boundary data. Formally, by
transformation this means no loss of generality. However, minimal regularity of
initial and boundary data is beyond the scope of our theory.



2. The abstract theory developed in section 3 also applies to initial boundary value
problems of the form (1.3) where the constitutive functions Fji. .o and fj;, depend
on some extra variables which themselves are solutions to ’well behaved’ problems.
In this case we can solve the ’well behaved’ problems separately and insert the
respective solution operators into the constitutive functions. Prominent examples
of such problems are the equations of viscoelasticity where the internal variables
satisfy an ordinary differential equation, or the equations of compressible fluid flow
where the density satisfies a linear conservation law. See [9] for more background
on engineering problems.

3. The energy method has been applied sucessfully to many related problems before.
Therefore, we want to mention a few references which have particularly inspired
the article at hand. In [5] the authors (Dafermos and Hrusa) consider hyperbolic
systems. They first develop an abstract theory and then apply it to nonlinear wave
equations of order two. In [11] the author (Kato) considers abstract evolution equa-
tions. He first develops an abstract theory and then applies it to nonlinear wave
equations of order two. In [14] the author (Majda) considers symmetric hyperbolic
systems on R”. In particular, he applies his theory to systems of conservation laws
and fluid flow. In [10] the authors (Jiang and Racke) consider the equations of ther-
moelasticity. This is a coupled nonlinear hyperbolic—parabolic system of order two.
We discuss some of the similarities and differences between these references and our
theory in the next subsection. Moreover, there is a vast literature about nonlinear
parabolic problems. However, the authors in this field tend to use methods which
do not extend to hyperbolic or hyperbolic—parabolic problems, such as maximum
principles, the perturbation theory of analytic semigroups or the Leray—Schauder
fixed point theorem.

4. Although the energy method is a well established procedure there seems to be no
existing theory that covers the initial boundary value problems (1.2) or (1.3). On
the one hand this is due to the enormous technical amount. Actually, dealing with
systems of different type and higher order requires refined techniques some of which
we explain in the next subsection. On the other hand previous works generally focus
their attention on systems of order two or on one particular coupling. To the best
of my knowledge the article at hand is the first general investigation of admissible
couplings between systems of higher order and different type.

Notation. Let 7" > 0, let V be a Hilbert space, and let 2 C R" be a bounded domain
with a smooth boundary.

1. For functions u : [0,7] — V we use the following notation:

lulleoo,rpyy = sup [lu(®)]]y, - (1.4a)
te[0,77



1

(o Iu®)lfy dt)" i1 <p< o,

u = 1.4b
H HLP([O,T],V) essup||u(t)||v 1fp: 0. ( )
t€[0,77
2. For functions u : Q@ — RN we use the following notation:
[ullays) == Null o @ mny - (1.5)
3. For functions u :  x (0,7) — RY we use the following notation:
ulleersy = llullcoqo,r,ms@rny) - (1.6a)
1 &k
- k+1
lull vz = Z Z loF™ u‘!CO([O,TLHMMHV(Q,RN)) : (1.6b)
=0 k=0
ull gep,sy = N1ll ooy, 5 ) - (1.6¢)
1 &k
- k+1
HUHJJ(T,p,EJ,u,V) T Z Z Hat u"LP([O,T],H#(E*’“HV(Q,RN)) : (1'6d)
=0 k=0

1.2 Some Technical Remarks

In this subsection we explain some of the special features of our theory and compare it
with other references.

1. First, we give a motivation for the use of the particular function spaces in our linear
theory. Therefore, we consider the following linear hyperbolic model problem:

Otu + (—A)™u = f(x). (1.7)

We prescribe zero initial and Dirichlet boundary data. Differentiating the PDE (1.7)
k times with respect to ¢ and testing with 0F"'u we obtain the following a-priori
estimate:

k
S 105wl ey + |
k=0

oF iy

k
‘C(T,O) = Ckz:; Haff“c(m,oy (1.8)



Moreover, with the help of (1.7) and the elliptic regularity theory for the operator
(—A)™ we obtain the following a—priori estimate:

19 s zmy < €Nl + 198 g )- (19)

A natural choice for the parameter s is to make it as large as possible. This yields
the following well known a-priori estimate, cf. [5], [12], [17] and [21]:

afch( . (1.10)

T,1,0)

HUHX(TEH,o,m,o) <C HUHJJ(TﬁfLO,m,O) + ‘

In (1.10) one temporal derivative corresponds to m spatial derivatives where m
is determined by the order of the system. However, studying coupled systems of
higher order and different type we want that for each system one temporal derivative
corresponds to the same number of spatial derivatives. In [10] the authors have to
face a similar problem. They observe that it is possible to choose s sufficiently
small. For the situation of the our model problem this yields the following a—priori
estimate alternative to (1.10):

: U

aqu n ‘ gFHL

HUHX(TEA,O,M,zm) + ‘ ‘C(T,o)

< Cllullyrg—10u0 + HaffHL(Tlo) (1.11)

C(T,m)

where 1 < p < m. In (1.11) one temporal derivative corresponds to p spatial
derivatives. Moreover, for linear parabolic problems a similar argumentation holds.
Consequently, in our linear theory we can choose one and the same p for all systems
under consideration.

. Next, we note that in order to apply our linear theory to the quasilinear initial
boundary value problem (1.2) we need a regularity theory for linear elliptic systems
of higher order and with minimal regularity in the coefficients. Such a theory was
recently developed by the author, cf. [6] or [7]. In particular, we cannot refer to
the classical results in [3] and [4], [8], and [16]. In contrast to our theory, elliptic
regularity enters the abstract theories in [5] and [11] as an assumption about the
respective operators. Moreover, in [10], [11], [12] and [15] the authors prove regular-
ity theorems for linear elliptic operators of second order. Finally, in [20] the author
proves a regularity theorem for a linear elliptic operator of higher order defined on
a compact manifold without boundary.

. Next, we note that in order to derive the a—priori estimate (2.40) for the linear hy-
perbolic initial boundary value problem (2.18) we have to make use of the following
identity, cf. [5], [10], [11], [12] and [19]:

<3§+IU‘A(V, X, t)6§u>m0)

1 — —
= §6t <0fu‘A(V,x, t)afu>m0) + remainder terms. (1.12)



However, if the differential operator A(V,z,t) is of higher order and in nondiver-
gence form then the regularity of the solution u does not allow for an estimate of
the remainder terms. Consequently, for the case of linear hyperbolic initial bound-
ary value problems of higher order we have to restrict our attention to differential
operators in divergence form. For the sake of notational convenience we generally
restrict our attention to differential operators in divergence form.

. Next, we give a motivation for the use of the particular linearization procedure that
we apply to the initial boundary value problem (1.2). Therefore, we consider the
following model problem:

0tul—|—Al[u1,,u[](V,x,t)uZ:fl[ul,,u[](x,t) (Zzl,,f) (113)

where A;[uy, ..., u;](V,x,t) denotes a differential operator with coefficients depend-
ing on uy,...,u;. A natural linearization procedure for (1.13) is the following:
ol + Ay, u (Vo ul T = filud, . ud] (2 t). (1.14)

It turns out that in order to prove the boundedness in the high norm for the se-
quence (u”)% of approximate solutions we generally have to dispense with the full
regularity of uY,...,u% in (1.14). In [10] the authors have to face a similar problem.
They observe that it is possible to solve the respective linearized problems itera-
tively. For the situation of (1.13) this yields the following linearization procedure
alternative to (1.14):

O+ Afuy ™l (Vs tul T
Now, in (1.15) we can make use of the full regularity of u} ™, ... u/"!. Consequently,

for the case of the initial boundary value problem (1.2) we apply a linearization pro-
cedure that is analogous to (1.15). Moreover, in [10] the authors solve the linearized
hyperbolic problem first and the linearized parabolic problem second. For the case
of the initial boundary value problem (1.3) we analogously consider the hyperbolic
systems first without loss of generality. However, for the case of the initial boundary
value problem (1.2) we have to allow for an arbitrary order of the systems.

. Finally, we give a motivation for the use of the particular limit process that we
apply to the initial boundary value problem (1.2). Therefore, we assume that for
some nonlinear initial boundary value problem the boundedness in the high norm
and the contraction in the low norm read as follows:

1
1 Ve monn < B [l =gy < 5 [l (1.16)

—u” HC(T,O)

where (u”)°, denotes a sequence of approximate solutions. For this situation it
is possible to apply the Banach fixed point theorem directly in order to show the



existence, uniqueness and regularity of solutions. This procedure is known as Kato’s
direct method, cf. [11], and it has been applied sucessfully to many nonlinear
problems before, cf. [5], [10], [11], [12] and [19]. Kato’s direct method is based on
the observation that by the Banach—Alaoglu theorem the following metric space is
complete:

k
Wt:{u‘E:HWMM@mM@M)gR} g (1, 0) 1= [Ju = gy - (1:17)
k=0

With the help of (1.16) we immediately obtain that the iteration maping is a con-
traction on M and hence has a unique fixed point. We note that the functions in
M have a prescribed L>([0, 7])-regularity. With the help of the Sobolev imbedding
theorem we find that they also have the following C°([0, T'])-regularity:

lullxrioropne < CR - Vue M. (1.18)

However, for the above situation it is also possible to pass to the limit ’by hand’,
cf. [14]. With the help of (1.16) and the interpolation inequality of the appendix
we obtain:

v v—r
|lu” — uHX(T?EfLO,u,ufl) 0. (1.19)

Comparing (1.18) with (1.19) we see that for the second procedure we generally have
a higher regularity of the u” at hand. In particular, the two procedures coincide if
and only if ;o = 1. Since for the case of the initial boundary value problem (1.2) we
are dealing with a higher order problem, we pass to the limit by hand’.

1.3 Limitations of Our Theory

In our theory we look at coupled systems of fixed type and order from the point of view of
perturbation theory. However, there are coupled systems where the coupling terms belong
to the principal part of the respective operator. Such systems are beyond the scope of our
theory. The following example shall demonstrate this. Therefore, we make the following
definitions:

A(V) = (_ﬁAQ _AN) , G(t) := F~ exp (tA(—if))F (1.20)

where o € R, A(—i€) denotes the symbol of A(V), and F' denotes the Fourier transform
on L?(R",R?). We consider the following linear initial value problem on R":

ou = A(V)u, ul  =wv(z). (1.21)



Looking at (1.21) from the point of view of perturbation theory we either obtain the
existence, uniqueness and regularity of solutions for all values of the parameter v or our
ansatz fails, cf. subsection 4.3. Now, the solution of (1.21) is given by

u(z,t) = G(t)v(x) Vv e FICR (R, R?). (1.22)

Hence, the initial value problem (1.21) has a unique regular solution in the sense of our
theory if and only if the linear operator G(t) is bounded on L*(R",R?). It is easy to see
that we can find values of the parameter « such that G(t) becomes bounded or unbounded
on L*(R",R?). Consequently, for the case of the initial value problem (1.21) our ansatz
fails.

2 A-priori Estimates for Linear Systems

2.1 Linear Elliptic Systems
For the proofs of the results of this subsection see [6] or [7].

Let €2 C R* be a bounded domain with a smooth boundary I', and let
u:Q — RY 12— u(z). (2.1)

Moreover, let m € N with m > 1. We consider the following linear elliptic boundary value
problems of order 2m:

1. Systems in divergence form:

AV, 2)u= Y (~1)lae <Aa5(x)8fu) = f(a). (2.2a)
], |B]=0
ovu EF:O (o =0,...,m —1). (2.2b)

2. Systems in nondivergence form:

A(V,z)u = zm: (=)l A, 5(2)020Pu = f(x). (2.3a)
lal,|8=0
oru r:O (o =0,...,m —1). (2.3b)

10



We make the following assumptions:

(E1) Let s € N, and let the following regularity statements hold:

Aas € Ho#(QRYN)  (|al,|8]=0,...,m). (2.42)

feH™Q,RY). (2.4b)
In the case of system (2.2) we assume that 3 6 > 0:

Gy 2 max{7 +0 = 2m + o] + 8], s — m + |a], 0}. (2.5)
In the case of system (2.3) we assume that 3 6 > 0:

n
Gs.af Z max{§ + d0—2m + ’CY‘ + ’ﬁ‘? s —m, ‘OJ’ + ‘5’ —m, O} (26)

(E2) Let ¢ > 0, and let the following Legendre-Hadamard condition of strong ellipticity
hold:

> 0" (Aas(@)€ )n = cle*nf* (2.7)

lal,|Bl=m

VEER"'YVneRY Ve

Lemma 2.1 (Continuity)
Let the assumptions (E1) and (E2) hold. Then, A(V,x) is a continuous linear operator:

AV, z): HT™(Q,RY) — H™(Q,RY). (2.8)

Lemma 2.2 (Garding inequality)
Let s = 0, let v € HI'(Q,RY), and let the assumptions (E1) and (E2) hold. Then, v
satisfies the following Garding inequality:

[0[3my < C (0] AV, 2)0)30) + K [[0]l30) (2.9)
where
. = Q
K = K( > el + 1) . (2.10)
|a],|8]=0

The right hand side of (2.9) is defined with the help of integration by parts. Moreover,
the constants C, K, Q) > 0 are independent of v and Aqg.

11



Lemma 2.3 (Existence and Uniqueness)
We consider the following modified boundary value problem:

AV, z)u+ Au = f(x). (2.11a)

osu =0 (o =0,...,m —1). (2.11b)

zel

Let s = 0, let the assumptions (E1) and (E2) hold, and let \ > K where K is given by
(2.10). Then, the modified boundary value problem (2.11) has a unique weak solution

u € H"(Q,RY). (2.12)
Lemma 2.4 (Elliptic Regularity)
Let the assumptions (E1) and (E2) hold, and let u € H"(Q,RY) be a weak solution to the

boundary value problem (2.2) or (2.3) respectively. Then, u has the following additional
reqularity:

u€ HT™(Q,RY). (2.13)

In particular, v satisfies the following a—priori estimate:

Nl my < C (1l + Nl ) (2.14)
where
. n P
C;:C( 3 ||Aa6||mas,a6>+1) . (2.15)
|exl,| B]=0

Moreover, the constants C, P > 0 are independent of u, Ays and f.

2.2 Linear Hyperbolic Systems
Let T"> 0, let 2 C R” be a bounded domain with a smooth boundary I', and let

u:Qx (0,7) — RY : (z,t) — u(m,t). (2.16)
Moreover, let m € N with m > 1, and let

A(V, 2, t)u = i (—1)ledpe (Aag(x,t)ﬁfu). (2.17)
o], |6]=0

We consider the following linear hyperbolic initial boundary value problem of order 2m:

Olu+ A(V,z,t)u = f(x,1). (2.18a)

12



oo =0 (e =0,...,m —1). (2.18b)

zel

=0, du| =0. (2.18¢)

t=0 t=0

We make the following assumptions:

(H1) Let k € N with & > 1, let € N with 1 < 2 < m, and let the following regularity
statements hold:

k-1 k
Aag € () CH([0,T], H* =5 (Q,RYM)) [ Wh([0, T, H"=9 (2, RV*V))
k=0 k=1
(lal, 18] =0,...,m). (2.19a)
k—1 B B
fe )0, 7], =R, RY ) n Wk ([0, 7], LA(Q, RY)). (2.19b)
k=0

Moreover, we assume that 3 6 > 0:

ks = (5 + 6 — s = 2m -+ o + |8l plF — 1= ) + fal)

(k=0,...,k—1). (2.20a)

brap 2 max{ 5+ = pulk = 1) = 2m + [a] +[8], o}

(k=1...,k). (2.20b)
(H2) Let the following symmetry condition hold:

Asalwt) = (Aap(@)) (ol 8= 0.....m) (2.21)

Y (z,t) € (0,T) x Q.

(H3) Let ¢ > 0, and let the following Legendre-Hadamard condition of strong ellipticity
hold:

> 0" (Aasle, 067 > e nf? (2.22)
laf,|Bl=m

VEER"VneRYY (z,t) € Q x (0,7T).

13



(H4) Let the following compatibility condition hold:

ofl =0 (k=0,....k—1). (2.23)

t=0
Lemma 2.5 (Existence, Uniqueness)
Let the following reqularity statements hold:
Anp € WH([0, T, H# (Q, RV*VY) (laf, |18l = 0,...,m). (2.24a)

fe L0, T], L*(Q, RY)). (2.24b)
We assume that 3 6 > 0:
Cap zmax{g+(5—2m+\a!+\5],0}. (2.25)

Moreover, let the assumptions (H2) and (H3) hold. Then, the initial boundary value
problem (2.18) has a unique weak solution

u e C°(0,T], H* (L RY)) n ([0, T], L*(2, RY)). (2.26)
In particular, v satisfies the following a—priori estimate:
||u||C(T,m) + HatuHC(T,O) <C ||f||£(T,1,0) (2.27)
where
1 m
(kz Z ) 108 A e ,T). (2.28)

Moreover, the continuous function ®(-,-) is independent of u, Anp and f.

Sketch of Proof
We define the following energy:

1 | )
B() 1= 5 10+ 5 (0l AT 2,00} + K [l (229
where
. " Q
K::K( 3 ||Aa/3||cmca5>+1) . (2.30)
(alJ81=0

The right hand side of (2.29) is defined with the help of integration by parts. Moreover,
we choose K, Q) > 0 sufficiently large. With the help of lemma 2.2 (Garding inequality)
we obtain:

1000y + lullzgmy < CE(). (2.31)

14



With the help of (2.18) and (2.21) we obtain:
OB (t) = (D] )y +— Z (02| 0:AapO )y ) + 2K (Dl (2.32)
\al |8]=0
and further
B(t) = /0(6tu|f d7+— Z /<a [ A,
| ,8|=0

t
4K / (00 1) AT (2.33)
0

We define the following maximal energy:

&(t) := sup E(7). (2.34)

0<r<t

With the help of the product inequalities of the appendix and (2.31) we obtain:

¢
[0l Py | a7 < & 1Sl (2:350)
0
t . t
/0 <8§u‘0tAagafu>H(0) ‘ dr < C/o ¢(7) dr. (2.35Db)
t
(Opu|u)qgy (2.35¢)
With the help of (2.33) and (2.35) we obtain:
¢
() < C 0 +C | €rar (230
With the help of (2.36) and the Gronwall inequality we obtain:
E(T) < C 1 zer,1,0)- (2.37)
With the help of (2.31) and (2.37) we obtain:
Hatqu(Tp) + ||u||2(T,O) <C Hf”i(T,lp) : (2.38)
This yields the desired a—priori estimate (2.27). O
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Lemma 2.6 (Regularity)
Let the assumptions (H1), (H2), (H3) and (H4) hold, and let u be the solution to the
initial boundary value problem (2.18). Then, u has the following additional reqularity:

k-1

e [ CH([o, T), HHE-1=P+2m (0 RN ) 0 CF ([0, T, Hy (2, RY))
7m cH([0, 7], L (0, RV)). (2.39)

In particular, v satisfies the following a—priori estimate:

||U||X T, k—1,0,1,2m) t_UH )+ 6?““ ‘C(TO)
< C(I ler vom, fH o) (2.40)
where
. k-1 m k m
C=0(30 3 10 Al T 20 2 18 Al epy T)- (@241
k=0 |al,|8|=0 k=1 |al,|8|=0

Moreover, the continuous function ®(-,-) is independent of u, Anp and f.

Sketch of Proof
Let 0 < k < k. We differentiate (2.18) formally & times with respect to t. With the help
of (2.23) we obtain:

OZ(0Fu) + A(V, x,t)0Fu

Ek: Z () 'a‘aa(aﬂA(w(x t)@f(@f_“u)). (2.42a)

#=1 |al,|5]=0

o%(Fu) =0 (Ja|=0,...,m—1). (2.42D)

zel’

t=0

= 0. (2.42¢)

t=0

First, we exploit lemma 2.4 (elliptic regularity). Therefore, let 0 < k < k — 1. With the
help of (2.42) we obtain:

HaquH(u(E—l—k)-&-Qm) < é( HakﬁuHH (F-1-k)) T HaffHH(u(E—l—k))

+ZZ\

w=1 |a],|5|=0

e (a“ 0502 (3" ))H (2.43)

H(u(k—1—k)) ) '

16



With the help of the product inequalities of the appendix we find € > 0:

k-1
o (o dap0d @ w) | < CN 0 Ul sz
;a% 0‘ 6 ( H(u(F—1—k)) o || t ||’H(u(k 1—k)+2m—e)
(2.44)
With the help of (2.43) and (2.44) we obtain:
k
Hat uH?—L(u(Eflfk)Jer)
k-1
A k+2 k o
- C( Hat UHH(M(EA%)) + Hat fH”H(u(quk)) + z_% Hat UHH(M(E*PHH%*&) ) (2'45)
With the help of (2.45) and induction we obtain:
k-1 B B k—
k A kot k k
k=0 HatuH”(“(E*PkH?m) = C( O u ‘”H(o) * ‘ a'SUH?LL(m) k=0 Ha fH% (1)
k—2
k
+ fres uH?—l(u(Eflfk)JFmea) ) : (2.46)
k=0
With the help of (2.46) and interpolation we obtain:
k-1
k
Hat uH’H(u(E—l—k)—l—Qm)
k=0
a k k-1
A k1 k k
< ¢ UHH(O) + kg% (- kg% 106 L ursy ) (2.47)

We define the following energy:
k
Z( |0F o) + 5 <aku\Avxt W)y + K 0Fully ) (248)
k=0
where
. " Q
Ei= (3 Iasllegra,, +1) (2.49)
lal,|8=0

The right hand side of (2.48) is defined with the help of integration by parts. We assume
that 3 6 > 0:

g > max{g 46— 2m+ o +|8],01. (2.50)

17



Moreover, we choose K, > 0 sufficiently large. With the help of lemma 2.2 (Garding
inequality) we obtain:

Haf“uH +ZH8’%¢HH < CE(t (2.51)

With the help of (2.47) and (2.51) we obtain:

??‘I

-1
0wl
0

<C(Ew ZH@WHH oy ) (2.52)

k=0

+ |[oF

(k—1—k)+2m) + ‘

‘7—[(0)

m

ES
Il
??‘I

Now we show the a—priori estimate (2.40). With the help of (2.21), (2.23) and (2.42) we
obtain:

k=0
k k m k
— (—1)leh {91y 9% ( OF Ans 02 (OF " u)
yy 3 (H) (ot ufee (rausozot )
1 k m
+50. D (00(07u)|0Aas0 (07 u)),,
k=0 |a],|]=0
+2K ) (9 ulofu), (2.53)

uloe (aanﬁaf(affﬁu)» dr

k=1 &=1 |al,|8|=0 #(0)
1 k
50 2 / (02 (9F ) |0 Aas 0 (9F 1)) 5y
k=0 |al],|5|=0
ko
—|—2KZ/O <8k+1u‘6ku>,ﬂ T (2.54)

18



We define the following maximal energy:

&(t) := sup E(7). (2.55)

With the help of the product inequalities of the appendix, (2.51) and (2.52) we obtain:

k
% Z Hafch(m,o) : (2.56a)
k=0

<8k+1u‘8kf>%

« K B ak—k
3 uloe (at Aasd? (D) u))>H(0) ‘ dr
k=1 k=1 |al,|8|=0
t
< CO} 1 ygaz-ro +C [ €)ar (2.56b)
koo ot
Z/ x(@fu)‘atAagaf(afu»H(o) ‘dT < C'/ ¢(r)dr. (2.56¢)
k=0 "0 0
t R t
<8f+1u‘8fu>mo) /0 &(7)dr. (2.56d)
With the help of (2.54) and (2.56) we obtain:
. 9 = 12 . [t
&(t) < C (1 B 10m0) tfH,C(T,l,m) e /0 ¢(r) dr. (2.57)

With the help of (2.57) and the Gronwall inequality we obtain:

(1) < (W mnimronn + ] o)) (2.58)

With the help of (2.52) and (2.58) we obtain:

2 - 2
2 k k+1
||U||X Th—1,0,u,2m) T HatuHc + Hat UHC(TW
oF
< O rz-roen + |2 fH o) (2.59)
This yields the desired a—priori estimate (2.40). O
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2.3 Linear Parabolic Systems (I)
Let T > 0, let 2 C R" be a bounded domain with a smooth boundary I", and let

u:Qx (0,7) — RY : (z,t) — u(m, t). (2.60)
Moreover, let m € N with m > 1, and let

AV, t)u = f: (—1)llge (Aag(x,t)afu). (2.61)

lal,|8]=0

We consider the following linear parabolic initial boundary value problem of order 2m:

ou+ AV, z, t)u = f(z,1). (2.62a)
ovu r:O (o =0,...,m —1). (2.62b)
fas
ul =0 (2.62¢)
=0

We make the following assumptions:

(P1) Let k € Nwith & > 1, let u € N with 1 < p < 2m, let mg € N with my < m, and
let the following regularity statements hold:

k-1 k
Aap € [ CH([0, T], H o2 (2, RYN)) 0 () WE((0, T], H™ =2 (2, RVN))
k=0 k=1
(Jal, 18] = 0,...,m). (2.63a)
k-1 B B
f € () ck((o, 7], A+, 1Rmmtmo( RY)) 0 H*([0,T], H ™(Q,RY)). (2.63b)
k=0

Moreover, we assume that 3 6 > 0:

n —_
Ak, 08 Zmax{§+5—uk—2m+\OzH—\ﬁ],u(k—l—k)—m+m0—1—]a\}

(k=0,...,k—1). (2.64a)

brap 2 max{Z +8 — pu(k — 1) = 2m — mo + || + 8,0}

(k=1,...,%). (2.64b)

20



(P2) Let ¢ > 0, and let the following Legendre-Hadamard condition of strong ellipticity
hold:

> 0" (Aasle, 067 > e nf? (2.65)

o], Bl=mn
VEER"VneRNVY (z,t) € Q x (0,7T).

(P3) Let the following compatibility condition hold:

ofl =0 (k=0,....k—1). (2.66)

t=0
Lemma 2.7 (Existence, Uniqueness)
Let the following reqularity statements hold:

Ags € LX(0,T], H(QRVN))  (al,|8] = 0,...,m). (2.67a)

fe L*([0,7]), H ™(Q,RY)). (2.67b)
We assume that 3 6 > 0:

Cas Zmax{g+5—2m+|a|+|ﬁ|,0}. (2.68)

Moreover, let the assumption (P2) hold. Then, the initial boundary value problem (2.62)
has a unique distributional solution

u € ([0, T], L*(Q,RY)) N L*([0, T], Hy" (2, RY)) N H([0, T, H~™(2,RY)). (2.69)
In particular, v satisfies the following a—priori estimate:
HUHC(T,O) + HUHL(T,Z,m) + HatuHL(T,Z,fm) <C ||fH£(T,27fm) : (2.70)
where
Co=o( 3 Masllereeny 1) (2.71)
|al,|B8]=0
Moreover, the continuous function ®(-,-) is independent of u, Aup and f.

Sketch of Proof
We define:

A~

u(z,t) == exp(—Kt)u(z,t), f(x,t) == exp(—=Kt) f(x,1) (2.72)
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where

. " Q
K::K( S ||Aa5||£(T7m,Caﬁ)+1) . (2.73)
alJB1=0

Moreover, we choose K, @ > 0 sufficiently large. With the help of (2.62) we obtain:

i+ AV, z, t) i+ Kt = f(x,t). (2.74a)
ora| =0 (la|=0,....m 1), (2.74b)
HAS
a =0 (2.74c)
t=0

We define the following energies:

L.
B(t) = 5 |l (2750)

F(t) 1= (@l A(V, 2,00y + K lill3e) (2.75b)

The right hand side of (2.75b) is defined with the help of integration by parts. With the
help of lemma 2.2 (Garding inequality) we obtain:

[y < CF(2). (2.76)

With the help of (2.74) we obtain:

0,E(t) + F(t) = <u f>H(0) (2.77)

and further

E(t)~|—/0tF(T)dT:/0t<1l

We define the following maximal energies:

f>%(0) dr. (2.78)

(1) := Os<u1<)tE(7'). (2.79a)
3(t) = /0 'Flr)dr. (2.79D)
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With the help of the Cauchy-Schwartz inequality and (2.76) we obtain:

t <u‘f> ‘d7<03 1)}

f H : (2.80)

£L(T,2,—m)

With the help of (2.78) and (2.80) we obtain:

¢(T) + §(T <CHfH : (2.81)

L(T,2,—m)

With the help of (2.76) and (2.81) we obtain:

~[12
100y + 10022 < € |7y (2.82)

With the help of the PDE (2.74a) we obtain:

10rillymy < C( |

lal,|8/=0

o (Aaﬁaf u)

+ || ,m+H H ). s
e i 7], ) @8

With the help of the product inequalities of the appendix we obtain:

> |

laf,[B]=0

o (Aaﬁaga) HH(_m) < C Nl yymy - (2.84)

With the help of (2.82), (2.83) and (2.84) we obtain:

il

HUHC 7,0) +Hu||c T,2,m) +H8tu||£ T,2,—m) S (2.85)

L(T,2,—m)
This yields the desired a—priori estimate (2.70). O

Lemma 2.8 (Regularity)
Let the assumptions (P1), (P2) and (P3) hold, and let u be the solution to the initial
boundary value problem (2.62). Then, u has the following additional reqularity:

ue ﬁl Ck([0, 7], H**-1-ktmimo () RN Y)Y A ¢F([0, 77, LA(Q, RY))
N H ([0, T), H(Q,RY)) 0 HF1([0, T], H™(Q,RY)). (2.86)

In particular, v satisfies the following a—priori estimate:

oFtly

HUHX(T,EfLO,u,ermo) ‘L(TZ —m)

< (I Lxermormmemor + [0y ) (2.87)

HC(T,O) HE(T,Zm)
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where

k-1 m m
(Z Z Hak O‘/BHC (T\a.08) Z ||Aa5HL(T,oo,0)
k=0 |al,|8|= lee],|B]=0
k m
+ Z Z HaanﬂHL(T,oo,bk,aﬁ) ’T>' (2.88)

1 |al,|8]=0
Moreover, the continuous function ®(-,-) is independent of u, Anp and f.

Sketch of Proof

We define:

(z,t) == exp(—Kt)u(z, 1), f(x,t) = exp(—Kt) f(x,1) (2.89)
where

. s Q

K::K( S ||Aa5||£(T7m,aaﬁ)+1) . (2.90)

lal,|8]=0

We assume that 94§ > 0:
g > max{g 46— 2m+ o +|8],01. (2.91)

Moreover, we choose K, @ > 0 sufficiently large. With the help of (2.62) we obtain:

i+ A(V,z,t)u + K = f(x,1). (2.92a)
a =0 (la|=0,...,m—1). (2.92h)
zel
i =0. (2.92¢)
t=0

Let 0 < k < k. We differentiate (2.92) formally & times with respect to t. With the help
of (2.66) we obtain:

9, (0Fa) + A(V, x,t)0F i + KoFa

==Y Y (i) (—1)llge (aanﬁ(x,t)af (af*“a)). (2.93a)
K=1 Jal,/8l=0
o (0F @) =0 (Ja| =0,...,m—1). (2.93b)
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(2.93¢)
t=0

First, we exploit lemma 2.4 (elliptic regularity). Therefore, let 0 < k < k — 1. With the
help of (2.93) we obtain:

HafaHH(u(E—l—k)-&-m-l—mo)
< O (ot al,

+ZZ\

w=1|al,|5]=0

(k—1—k)— m+mo)+ HafﬁH?-l(

r (i),

w(k—1—k)—m-+mg)

wk—1—k)—m+mo)

fH pk—1-k) m+m0))' (2.94)

With the help of the product inequalities of the appendix we find € > 0:

ZZ\

aa<an 2302 (0F "4 )

H w(k—1—k)—m+mo)

||afaHH(u(E—l—m)—&-m-l-mo—e) :
k=0

(2.95)

With the help of (2.94) and (2.95) we obtain:

Hafﬁuﬂ(u@fl—kwmmo)

< é( Haf—i—lﬂHH(u(Eflfk)fermo) + HafﬁH%(u(Eflfk)fermo)

Ol ) 2.96
fH k; 1 k) —m-+mo) + ; || tuH?-[(u(kflfn)+m+mofa) ( )

With the help of (2.96) and induction we obtain:

| * |
H(0)

k—2
— fH wk—1-k) m+mo)+kz:H8kuH?—l (k— 175)+m+m075)>' (297)

Bl

-1

Hafau?-t(u(ﬁ—l—k)+m+mo) < é( ‘

i
\

0

NI

With the help of (2.97) and interpolation we obtain:

??‘I

-1

NI

(2] S — S@(ZH@’“UHH

2n

= k 1-k) m—&—mo))'
(2.98)

ES
Il

0
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We define the following energies:

E(t) == %ZH&’“ 30 (2.99a)
Fit):=Y (<afa\A(v,x,t)afa>H(0) + K |0kl 0)). (2.99b)

i

0

The right hand side of (2.99b) is defined with the help of integration by parts. With the
help of (2.98) we obtain:

k-1 k-1
ok loFal| < e (e lox7 .
pard H H?—l (k—1—k)+m+mg) |G H(0) — ( ( ) + Pt t f ?—[(M(Elk)ermo))
(2.100)
With the help of lemma 2.2 (Garding inequality) we obtain:
k
> lofaly,, < CF@®). (2.101)

k=0

Now we show the a—priori estimate (2.87). With the help of (2.66) and (2.93) we obtain:
HEMN) +F() =Y <afa

—ii i (i) (~1) (o

)

e (aanﬂaf (af*“a)) >H<0) (2.102)

kgl oo (aanﬂaf (6{“‘“@)) >H(0) dr. (2.103)

We define the following maximal energies:

¢(t) == Os<u1<>tE(T). (2.104a)
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3(t) = /0 CF(r)dr. (2.104b)

t k
> [ (ala),,, |oe < s S|t 1000

dr

o (o 4us02(0h) )

#H(0)

¢ 1
< Cg(t)%</ &( ) )Z. (2.105h)
0 y(T727k_1707u7_m+m0)
With the help of (2.103) and (2.105) we obtain:
ety 30 < (|7 o f| ¢ [ e
+3() < ( _ + ‘ ) + / .
( ) ( ) f Y(T,2,k—1,0,p,—m~+my) tf L(T,2,—m) 0 (T) 4
(2.106)
With the help of (2.106) and the Gronwall inequality we obtain:
NPATRNIE:
&(T) < C( HfH ) + Haka ) (2.107)
Y(T,2,k—1,0,u,—m~+mo) £L(T,2,—m)
With the help of (2.106) and (2.107) we obtain:
A2
¢(T) + (1) < & +| H ) 2.108
( ) + S( ) - / V(T,2,k—1,0,u,—m+mg) f L£(T,2,—m) ( )
With the help of (2.100), (2.101) and (2.108) we obtain:
Iz + [ofal
LR L0 mo) cro) 1 ecram
-2
< ). 2.109
- f X(TaE_LOaMa_m—i—mO) ﬁ(T727_m) ( )
With the help of the PDE (2.93a) we obtain:
ol < (3% 3 o (etamort o) -
k=0 |al,|5|=0
+oal| ||| ). 2.110
2 i . (2.110)
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With the help of the product inequalities of the appendix we obtain:

o (&Aaﬁaf(&fika)) HH(—m)

k=0 [a],|8]=0
k-1 B
A k~ % ~
< O( rar Hatu‘|7{(u(ﬁ—1—k)+m+mo) + HQ&UHH(m))- (2.111)
With the help of (2.109), (2.110) and (2.111) we obtain:
— 2 — 112 - 2
2 o o Rt~
HUHX(T”“’LO’“”“”O) + ‘ ot ‘C(T,O) + ‘ ot ‘ﬁ(T,Q,m) + ‘ o ‘ﬁ(T,Q,—m)
NVAIRNIE 2
([ L)
- f X(TaE_LOaMa_m—i—mO) + tf ﬁ(T727_m) ( )
This yields the desired a—priori estimate (2.87). O

2.4 Linear Parabolic Systems (1I)

Let T > 0, let 2 C R" be a bounded domain with a smooth boundary I', and let

u:Qx(0,T) — RY : (x,1) — u(z,1). (2.113)
Moreover, let m € N with m > 1, and let
AV, 2= Y (~1)oe (Aag(x,t)afu>. (2.114)
. |8|=0

We consider the following linear parabolic initial boundary value problem of order 2m:

ou+ AV, z, t)u = f(z,1). (2.115a)
oou F:() (la] =0,...,m—1). (2.115b)
TE
u =0 (2.115¢)
=0

We make the following assumptions:

(Q1) Let k € N with & > 1, let 4 € N with 1 < p < 2m, let mg € N with m < my < 2m,
and let the following regularity statements hold:

k—1 &
Aap € m Ck([OaT]v Ho%er (Q>RNXN)) A m Wk’oo([O?T]v ku’aB(Q:RNXN))
k=0 k=1
(leels 18] =0,...,m). (2.116a)
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k-1

e () ¢k (o, 7], HHF=-1=b=memo( RN)) 0 HE([0,T], L*(Q,RY)).  (2.116b)

k=0

Moreover, we assume that 3 6 > 0:

Tl/ p—
k08 Zmax{§+5—uk—2m+\OzH—\ﬁ],u(k—l—k)—m+m0—1—]a\}

(k=0,...,kE—1).

n
bias > max{z +d = 2m + |a] + [8], |}

n
blmaﬁ > max{§ +0— /J,(k' — 1) —m—my+ ‘O" + ‘5’7 ’CY‘}

(k=2,...,k).
(Q2) Let the following symmetry condition hold:
T
Aga(w,t) = (Aasle,t)) (o], |81 =0,...,m)

Y (z,t) € (0,T) x Q.

(2.117a)

(2.117D)

(2.117¢)

(2.118)

(Q3) Let ¢ > 0, and let the following Legendre-Hadamard condition of strong ellipticity

hold:

> 0" (sl €€ )0 > clg* P

o], B]l=m
VEER"'VneRVY (x,t) € Q x (0,7T).
(Q4) Let the following compatibility condition hold:

ofl =0 (k=0,....k—1).

t=0

Lemma 2.9 (Existence, Uniqueness)
Let the following reqularity statements hold:

1
Aag € (YWF([0,T], Ho=s (QLRVN))  (Jal, |8 =0,...,m).

f e L*([0,717], L*(, RY)).
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We assume that 3 6 > 0:

n
Co,08 > max{§+5—2m+ lae| + |5], || } (2.122a)

Clag > max{g + 6 —2m+ |a| + |5, 0}. (2.122b)

Moreover, let the assumptions (Q2) and (Q3) hold. Then, the initial boundary value

problem (2.115) has a unique distributional solution

u € C°([0, T), HM(Q, RN )Y N L2([0, 7], H*™(Q,RY)) N H' ([0, T], L*(£2, RY)).

In particular, v satisfies the following a—priori estimate:

||U||C(T,m) + ||u||L(T,2,2m) + ||atu||L(T,2,0) <C ||f||,c(T,2,0)
where
1 m
- .
C=(3 > [ Ausllorac T)
k=0 |al,|3|=0
Moreover, the continuous function ®(-,-) is independent of u, Anp and f.

Sketch of Proof

We define:

a(x,t) == exp(—Kt)u(z, ), f(x,t) = exp(—=Kt)f(x,t)
where

K= k(Y Masleg+1)°

lal,|8/=0

(2.123)

(2.124)

(2.125)

(2.126)

(2.127)

Moreover, we choose K, @ > 0 sufficiently large. With the help of (2.115) we obtain:

i+ AV, z, t) i+ Kt = f(x,t).

oo =0 (o =0,...,m—1).

zel’

U =0.
t=0
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We define the following energies:

E(t) := 04|30, - (2.129a)

1/, . £
F(t) = 5 ( (0 AT, 2, 8)@) ) + K [ill20) ). (2.120b)
2

The right hand side of (2.129b) is defined with the help of integration by parts. With the
help of lemma 2.2 (Garding inequality) we obtain:

1] 3,y < CF (). (2.130)

With the help of (2.118), (2.119) and (2.128) we obtain:

BE(t) + 0,F(t) = <8tu >H +— Z (0211]0, 4005 ), (2.131)

\al 161=0

and further

/Ot E(r)dr + F(t) = /Ot (o

f>%(o dT+_ Z /<aaa\at 0% u>%

| |81=0
(2.132)
We define the following maximal energies:
t
&(t) = / B(r)dr. (2.133a)
0
§(t) := sup F(71). (2.133b)
0<T<t
With the help of the product inequalities of the appendix and (2.130) we obtain:
t ~ 1
/ (0| ) E fH (2.134a)
0 #H(0) £(T,2,0)
Z / ‘ (070]0,Aap0]1) 5 ‘dT < C/ 7)dr. (2.134b)
ja,|81=0 7"
With the help of (2.132) and (2.134) we obtain:
o] <12 . [t
(1) + 3(t) < H ¢ / dr. 2.135
m+50 <, +¢ [ s (2.135)
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With the help of (2.135) and the Gronwall inequality we obtain:

2

T)<C . 2.136
S < C YAl pan (2.136)
With the help of (2.135) and (2.136) we obtain:
JTRTE:
&(T 7)< C . 2.137
m+sm =il (2.137)
With the help of (2.130) and (2.137) we obtain:
130 + 10020y < €[] (2.138)
Ulle(T,m) tUllg(r2,0) = £T20) :
With the help of lemma 2.4 (elliptic regularity) and (2.128) we obtain:
oy < C(10eley + ey + | 7., ) (2.139)
With the help of (2.138) and (2.139) we obtain:
112 12 112 | 712
HUHC(T,m) + ||UHE(T,272m) + ||atu||£(T72,0) <C|f CT20) (2.140)
This yields the desired a—priori estimate (2.124). O

Lemma 2.10 (Regularity)
Let the assumptions (Q1), (Q2), (Q3) and (Q4) hold, and let u be the solution to the
initial boundary value problem (2.115). Then, u has the following additional reqularity:

k—1
u € () Ck([0, ], HHE=I=REmEmo (O RY)) N CH([0, TT, H* (2, RY))

:m H*([0, T], H*"(Q,RY)) N H*'([0, T], L*(Q, RY)). (2.141)

In particular, v satisfies the following a—priori estimate:

_ % i k41
HUHX(T”“’LO’“”“”O) + ‘ % UHC(T,m) + ‘ % uHL(T,z,zm) + ‘ O ‘E(T,Zvo)
A k
< (N etz rmmem + |97 ) (2.142)
where
k—1 m k m
A k k
C=o(X S Pl Y D WAl 7). 2183
k=0 |al,|5|=0 k=1 |al,|8|=0

Moreover, the continuous function ®(-,-) is independent of u, A.p and f.
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Sketch of Proof

We define:

a(x,t) == exp(—Kt)u(z, 1), f(x,t) = exp(—Kt)f(x,t) (2.144)
where

. = Q

K = K( > lAaslleqra, ) + 1) . (2.145)

la],]8|=0
We assume that 94§ > 0:

g > max{g—l—é—Zm—i— o] + 18], 0}. (2.146)
Moreover, we choose K, Q) > 0 sufficiently large. With the help of (2.115) we obtain:
i+ AV, z, t) i+ Kt = f(x,t). (2.147a)
o =0 (la] =0,...,m—1). (2.147b)
zel
al =o. (2.147c¢)
t=0

Let 0 < k < k. We differentiate (2.147) formally k times with respect to . With the help
of (2.120) we obtain:

0,(OF ) + A(V, z,t)0F 0 + Kot

=0/ 1 Z ) ( ) oy (8“Aa5(x t)af(af‘“a)). (2.148a)
w=1 |al,|8l=
8?(85 ) F:O (’Q‘:O,...,m—l). (2.148b)
xe
opal,_ =0. (2.148¢)
t=0

First, we exploit lemma 2.4 (elliptic regularity). Therefore, let 0 < k < k — 1. With the
help of (2.148) we obtain:

Hafﬁuﬂ(u@fl—kwmmo)
< é(“ak—i—la“?{ (E—1—k)—m+mo) + HafaH’H(u(E—l—k)—m-ﬁ-mo)
+Z Z ‘86!(85 aﬂaﬁ(ak K )H pu(k—1—k)—m-+mo)
w=1|al,|8]=0
k
% fH pk—1—k) m+m0)>' (2.149)
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With the help of the product inequalities of the appendix we find € > 0:

ZZ\

k=1 |al,|[=0
k-1

<O N1 ) 1m0 o) - (2.150)

k=0

With the help of (2.149) and (2.150) we obtain:

aa(aﬁ 2302 (0F "4 )

H p(k—1—k)—m-+mg)

HafaHH(u(Efl—kaero)
< é( Haf—l—laHH(u(E—l—k)—m-l—mo) + HafaH’H(u(E—l—k)—m-&-mo)
k-1
T o * S s i) 2250
K=

With the help of (2.151) and induction we obtain:

?TI

~ okl

0

c(

E— o * |

i
NI
??‘I

o3

fH ((F—1—k)—m+mo) ;Hak H;Lt (h— 17k)+m+m0,5))- (2.152)

With the help of (2.152) and interpolation we obtain:

[0Fall, mHmmsé(ZHa’ﬂuHH ZH@’“fH o)

?TI

-1

?TI

k=0 k=0
(2.153)
We define the following energies:
d 2
= lloF a5y, - (2.154a)
k=0
1< i
F(t):= 2 Y ((oFa| AV, z,t)of @), + K [|oFa][, ). (2.154b)
2 (0) (0)

i

0

The right hand side of (2.154b) is defined with the help of integration by parts. With the
help of lemma 2.2 (Garding inequality) we obtain:

> HafﬂHi(m) < CF(t). (2.155)
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With the help of (2.153) and (2.155) we obtain:
-1 k-1

Wl i, <0(r0 5|
0 k=0

??‘I

HH(M(E—I—E)—m-&-mo) ) '
(2.156)

ES
Il

Now we show the a—priori estimate (2.142). With the help of (2.118), (2.120) and (2.148)
we obtain:

- 1 k - o ~ u
i oF f >H<o>+§Z Y (0508 w) |0 Aas 0 (OFT)) 00

w0 k=0 al,|81=0
Ek m k le / agk+1~| g ok 8 Ak~
_ ;; |a§|:0 (F&) (1) <at w|0; (at Aap0, (0] U)) >7—t(0) (2.157)
and further
/tE(T)dT+F(t)
0
k
:Z/Ot<8fﬂaf> dr + = Z Z /<3a3k ‘at a/B@ ak >H

o (aanﬂaf(af—“a)» dr. (2.158)

#(0)

_ii zmj (i) (_1)|a/O <afa

&(t) = / "E(r)dr. (2.1592)
S(t) = Os<u12tF(7'). (2.159b)

With the help of the product inequalities of the appendix, (2.155) and (2.156) we obtain:

k
1

a’f“ a’f ‘dT<CQ§ 5

™

fH (2.1602)

£(T,2,0)

t
(02(0F 1) |0y AapO? (afa»mo) ‘dT <C / F(r)dr. (2.160b)
0
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f:zk: Z / ak—i—l

k=1 r=1 |a|,|3|=0

o aﬂAaﬁaﬂ(a’f & ))> ‘dT

#(0)

1

2

< Ce) /3 dT—i—HfH )
(T,2,k—1,0,,—m~+mg)

With the help of (2.158) and (2.160) we obtain:

E(t) +F(t) < é( ‘f

With the help of (2.161) and the Gronwall inequality we obtain:

2 ‘

y(T727E7 170;M;*m+m0)

2
sy <c(||, | ).
Y(T,2,k—1,0,u,—m~+myg) £(T,2,0)
With the help of (2.161) and (2.162) we obtain:
NVAIRNIE
@(T)JrS(T)gC(‘ . ‘ )
V(T',2,F—1,0,18,—m+myg) £(T,2,0)
With the help of (2.156) and (2.163) we obtain:
) 2
HUHX(TE*l?O,u,ermO) c( ) E(szvo)
NVAIRNIE
<c(||7. ).
X(T'2,k—1,0,1,—m-+mo) L(T,2,0)

With the help of lemma 2.4 (elliptic regularity) and (2.148) we obtain:

o8y = OCIoF g 10 + 187

éi\

|B]=0

02 (0F Aas 0l (O ¥ )H )
With the help of the product inequalities of the appendix we obtain:
k m ‘
al,|8|=0
With the help of (2.164), (2.165) and (2.166) we obtain:

Bl

o (ot aw0i o) < EX ol

0

i

— 2 — 2
gl i I L

— 2
~ 12 k ~
||U||X(T,E—1,0,u,m+mo) + Hat UH £(T,2,0)

C(T,m)

N ~112
e )
X(T,2,k—1,0,u,—m~+mg) £(T,2,0)

This yields the desired a—priori estimate (2.142).

£(T,2,2m)
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A L(T,2,0)> —1—0/0 §(r)dr

(k—1—k)+m+mo) ’

(2.160¢)

(2.161)

(2.162)

(2.163)

(2.164)

(2.165)

(2.166)

(2.167)



2.5 Some Technical Remarks

The existence and uniqueness statements (lemma 2.5, lemma 2.7 and lemma 2.9) can be
proven rigorously with the help of a Galerkin approximation procedure. In order to give
a rigorous proof of the regularity statements (lemma 2.6, lemma 2.8 and lemma 2.10) we
can proceed as follows:

1. First, we approximate the coefficients A,s smoothly with the help of Friedrich’s
mollifiers:

Als =P x Aug. (2.168)

2. Next, we establish the higher temporal regularity of the solutions u® together with
the respective energy equalities ((2.54), (2.103) and (2.158)) with the help of a
Galerkin approximation procedure.

3. Next, we proceed as in the sketch of proof of the regularity statements in order to
establish the respective a—priori estimates ((2.40), (2.87) and (2.142)) for u®.

4. Finally, we use the a—priori estimates in order to pass to the limit ¢ — 0.

Since this is a standard argumentation we do not go into the details.

3 Local Existence, Uniqueness and Regularity of So-
lutions

3.1 Statement of the Theorem
Let T > 0, let 2 C R" be a bounded domain with a smooth boundary I', and let

Ugji; 2 x (O7T) - RNjij : (.T,t) — Uji, (Z‘,t) (31)

where j = 1,2,3 and i; = 1,...,I;. For any double indexed 1;;; we use the following
notation:

1/1 = (1[)11, .. '71/}11171/}217 .. .,1/12[2,1/@,1, e ,1[)3[3). (32)

Moreover, for any ® and v the notation ®[v] means that ® acts as a nonlinear operator
on the function v. Now, let m;; € N with mj;; > 1, and let

A [u)(V, 2, i = Y (=108 (Ajijvaﬁ[u](ﬂf,t)@fujz’j)- (3.3)
lal,|8/=0
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We consider the following abstract quasilinear initial boundary value problem:

Oy, + Ay, [u](V, 2, )y, = fu, [u](z,t). (3.4a)
Oyigi, + Ao, [u](V, 2, t)ugs, = for, [u](z,1). (3.4b)
Oyusiy + Az, [u](V, 2, t)ugs, = fai,[u](z, 1). (3.4¢)
Op Ui, = 0 (ol =0,...,my, —1). (3.4d)
U1, = 0, Oy, = 0, Ui, = 0, Usis = 0. (3.4e)

In particular, (3.4a) is a hyperbolic PDE of order 2my;, for the unknown function wy;,,
whereas (3.4b) is a parabolic PDE of order 2my;, for the unknown function wus;, and (3.4c)
is a parabolic PDE of order 2mg;, for the unknown function us;,.

We make the following assumptions:

(A1) Let k, k,1, 1, mji;0 € N, and let the following statements hold:

1<k<k. (3.5a)
1 < p < min{my;,, 2ma;,, 2ms;, } (3.5b)
M0 = MiG,, 1 < mgjyo < my;,, m3, + 1 <m0 < 2myg;,. (3.5¢)

Moreover, let ¢ > 0, let 2 < p < oo, let 1 < ¢ < 2, let 2 < r < 00, and let the
following statements hold:

1 1 2 2
__|__:]_’ — —:]_, (36)
p q p T

(A2) Let the following symmetry conditions hold V admissible functions v V j =1, 3:
T
gy el ) = (Ajyaslul(,8)) (o], 18] =0, mjq) (3.7)

V (x,t) € Q2 x(0,T).
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(A3)

(A5)

Let ¢ > 0, and let the following Legendre-Hadamard condition of strong ellipticity
hold V admissible functions w:

> " (Ajijvaﬁ[u](%f)faﬁ)n > €™ |n|? (3.8)

o, |81=m;,

VEECRY n e RYG Y (2,8) € A x (0,T).

Let the following implication hold V admissible functions v ¥ k= 0,...,k+1— 1:
Ofu, | =0, oty =0, Ofugi,| =0, Ofugiy| =0
(k=0,... k+1). (39)

—
0y fi; [U]‘ = 0. (3.10)

t=0
This is a compatibility condition.

We make the following definition:
Let o = (B,a5) : {1,...,|J|} — J have the following properties:

1. ¢ is one to one and onto.

2. For fixed j the maping «; : 871(j) — {1,...,I;} is strictly increasing.

Moreover, we define ¢; : 7 — {1,...,I;} by the following recursion scheme:

(Zjop)(l)=1. (3.12a)

fo),....omt= U {0) 1i=1....Gop)w+1)~1}.  (3.12b)

J=1,2,3
¢ fixes an order for the double indices (7, 1;).

Let the regularity assumptions (R1) of the appendix hold. In particular, we assume
that in suitable function spaces Uj; i, (T*), Aji;(T*) and Fj;, (T*) which will be
specified in (R1) an implication of the following form holds V R >0V 0<T* < T
v (j, Zj) eJ:

8fulkl —o =0 (k =0,... 7Z+Ejij,lkl) \4 (l, /fl) eJ. (313)
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ikl oy BV (LR) €T (3.14)
—
HAjijvaﬁ[u]HAjij (T%) < ®(R7 T*) (3.15a)

£, [U]Hfjij(T*) < Q(R,T). (3.15b)
This is a boundedness condition for the coefficients and right hand sides.

(A7) Let the regularity assumptions (R2) of the appendix hold. In particular, we assume
that in suitable function spaces Uji; i, (1), Uy, 1, (1), Aji; (T7) and Fy;; (1) which
will be specified in (R2) an implication of the following form holds V R >0V S > 0

VO<T*<TV (j,i;) € J:

Ofupy, =0 (=0, Atk v=12)V (LLk) € J. (3.16)

il ey S Y (k) €T (3.17)

Hulzkl - Ullleaji]-,lkl(T*) S S v (l7 kl) E j (318)
—

1453 a10%] = Ajiyaslo] 4, () < @R, T7) S, (3.192)

| fi, [w?] = fs, [Ul]Hfjij ey < PR, T7) S, (3.19b)

This is a Lipschitz condition for the coefficients and right hand sides.

Theorem 3.1 (Local Existence, Uniqueness, Regularity)
Let the assumptions (A1), (A2), (A3), (A4), (Ab), (A6) and (A7) hold. Then, 30 <
T* < T such that the initial boundary value problem (3.4) has a unique solution

k-1
wiiy € (1) CTHE(0, 7], PR (O, RN )) N CHR((0, 77, Hy ™ (2, RY )
k=0

N CHETL([0, T, L2 (€, RN ), (3.20a)

k—1

g, € m Cl+k(|:07 T*]a Hu(k—lfk)erziz +m2is0 (Q, ]RNzi2 )) N ClJrk:([O7 T*]7 L2 (Q, RNziz ))
k=0
N HMR(0, 77, Hy ™ (Q,RY>2)) 1 HFH (0,77, H-™22 (0, R2)),  (3.20b)

k-1
sy € [ CH([0,77), HHE AP bmais o (@, RN )) 01 CHE([0, T7), Hy'™ (9, RYs)
k=0
N HH(0, 77, B (Q,RYs ) 0 HFFH((0, 77, LA (Q,RY)). (3.200)
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3.2 Proof of the Theorem
3.2.1 Linearization

First, we want to differentiate the initial boundary value problem (3.4) [ times with respect
to ¢. Therefore, let u be a solution to the initial boundary value problem (3.4) due to
(3.20), and let

ZNLjij (ZE,t) = 6£uji], (I,t) (321)

With the help of the compatibility condition (A4) we obtain:

t t1 72881

Moreover, we find that @ is a solution to the following initial boundary value problem:

atzﬁul + Alh[ ](V T t)alil

miiq

= 0} fui,[u] Z > () 'a‘aa(alAmﬂ[ I(z, )af(a,{—lum)). (3.23a)

=1 ]al,|8]=0

8t712i2 + A2i2[ ](V X t)aziz

m212

= 0} fo 1] Z > () 11002 (0} Agiy s 1), )05 (0] i) ) - (3.23)

=1 |al,|8|=0
Oyliziy + Asis[u](V, @ t)a3i3

= 0} fai, [u] Z mz () 'a‘aa(alAgw[ I(x, )af(a}lu?,is)). (3.23¢)

=1 ]al,|8]=0

8§@jij =0 (‘Oz’ = O, Ce ,mjij — 1) (323d)

zel

=0, Oty | =0, dgiy| =0, lg,| =0 (3.23¢)

Uiy
t=0 t=0 t=0 t=0

In particular, @ has the following regularity:

k—1
alil [ m Ck([(), T]} Hﬂ(k/‘flfk)+2m1i1 (Q} RNul )) C ([O T] Hmul (Q, RNlil ))
k=0
NCH([0, T, L2(Q, RM ). (3.24a)
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k-1

Ug;, € m Ck([(), T], HN(E_l_k)'i‘mZiz"sziZO(Q’ RNz )) N CE([O, T], LQ(Q7 RN2is ))

k=0
N HF([0,T), Hy'2 (Q, R2)) 0 HF((0, T, H ™2 (Q, RV>2 ). (3.24b)
k—1 a
i, € [ | CH([0, T, HHE - Rrbmas tmaiso (€ RN )) 0 CH([0, T, Hy™** (©, RN3ia )
k=0
N H*([0,T), H¥™is (€, RN )) 0 H*1(]0, T, L* (€, Ris)). (3.24c)

On the other hand, let u be defined by (3.22), and let @ be a solution to the initial
boundary value problem (3.23) due to (3.24). Then, with the help of the compatibility
condition (A4) we find that u is a solution to the initial boundary value problem (3.4)
due to (3.20).

Next, we want to linearize the initial boundary value problem (3.23). Therefore, we make
the following definitions V v € N:

¢t 4,
uy; () = / / . / y; (@, 4) dig. . .t diy. (3.25)
o Jo 0

v, v+1 v+1 v v+1 v+1
Ujiy »= (W0 U0 Gy o1 Wi (i) -+ UTn Uat s+ Uiy 10
v+1 v+1 14 v
u2":2(]71]) . ,U/2[2, U31 PEEECECY U3i3(J7ZJ)_1, u?’ig(],l‘]), s ey U3IS). (3.26)

We define a sequence of approximate solutions (@")%°, to the initial boundary value
problem (3.23) with the help of the following recursion scheme:

@), = 0. (3.27)

Jtj

07t TZ1+A1i1[Uﬁ1](V AV = 0 1, (UL ) (2, 1)

1’L1
Bl (1) (002 (Ahau ol S D0EEI ). (3:282)
I=1 |al,|8]=0
at 2+ +A2@2[U2u](v x t) ;jz_l aZf?ZZ[UéJZZ](x’t)
B> (1) (102 (Ohaw ol N D02 EL 1)), (3.28)
I=1 |al,|8]=0
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Oy, + AszS[U:),”Zg](V z, a5t = O faus[UF, ) (. )

_Z ”f () 1)“lag (0’A313,a5[U3@3]($ 195 (0} ’ugl:,))) (3.28¢)

=1 |a],|8|=0

v+l _ _
83: ]7,] wel =0 (‘OJ’ - 07 R mjij - 1) (328d)
,al/ﬂ*l =0 8t711j+1 =0 ,al/ﬂ*l =0 ,al/ﬂ*l =0. (3286)
121 —0 ) 121 —0 ) 212 —0 ) 3i3 —0

It is understood that the initial boundary value problems in (3.28) are considered itera-
tively for (j,7;) = (1),...,¢(|J]). With the help of (A5) we find that this procedure
yields a Collection of linear decoupled initial boundary value problems for the unknown
functions u] i) . Moreover, with the help of the symmetry condition (A2), the Legendre—
Hadamard- Condltlon (AS), the compatibility condition (A4), the regularity assumption
(A6) and the product inequalities of the appendix we find that the coefficients and right
hand sides in (3.28) satisfy the assumptions of the linear theory developed in section 2.

Consequently, the linearized initial boundary value problem (3.28) has a unique solution
@t due to (3.24).

In the remainder of this subsection we show that the initial boundary value problem (3.23)
has a unique solution @ due to (3.24) and that the sequence of approximate solutions
(@”)2, actually converges to a.

3.2.2 Boundedness in the High Norm

Lemma 3.2
The following tvmplication holdsV R >0V 0<T*<TVveN:

1. Let the following assumption hold ¥ 1, = 1,...,1;:

+ Hulh

1’L1

Hulll HX T k—1 ,0,14,2my ;) —€) ‘ H)J(T* ,p,Efl,O,p,,Zmlil)

C(T* Mg 75

<R. (3.29)

L(T*,p,0)

T4l -~
0y u1Z1

ﬁ(T* apamlzl

2. Let the following assumption hold ¥ 15 =1,...,15:

HUQZZ HX T+ ,E—I,O,[,L,TTLQQ +m2i50— E + HUIQ'LZ Hy T* p,% 1 O,M,m2¢2+m2i2o)
+oFa] 5+ 0P + ok,
L(T*,p,0) L(T*,2,m2;, —€) L(T*,2—e,mai,)
oF iy, <R. (3.30)
ﬁ(T*,Q—g,—mziz)
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3. Let the following assumption hold ¥ i3 =1,...,1I5:

5 r-5 s
3i3 X(T*,k—1,0,1,m3;5 +m3i50—¢) 3i3 V(T ,p,k—1,0,14,m3i4 +1N3i50)
k-~ v k-~ v ko~ v
+ ‘ Of Uy || + |9 Uiy | + ‘ O gy ||
L(T*,p,m3iz) L(T*,2,2m3;, —¢) L(T*,2—¢,2maq,)
+ Haf“agig <R. (3.31)
L(T* 2—¢,0)

=

1. The following statement holds ¥ 1, =1,...,1;:

~v+1 k ~v+1 k+1~v+1
s, HX(T*E—LU%?WM) + ‘ O i, C(T* maiy) * ‘ AR (T ,0)
< O(R,T™). (3.32)
2. The following statements hold ¥ 1o =1,..., I5:
~v+1 k~v+1 k-~ v+l
Hum HX(T*Efl,O,p,,mzl'z+m2i20) + ‘ 0; Uiy (T 0) + ‘ 0; Ui, (T 2mzny)
+ ‘ oF gL < ®(R,TY). 3.33
t 219 C(T*,2,7m2i2) — ( ) ( )
3. The following statements hold ¥ i3 =1,..., I3:
~y+1 E"'V—Fl E~V+1
+ ||oFrags < ®(R,T%). 3.34
FAE gy QORI (339

In particular, the continuous function ®(-,-) is independent of v and u”.

Proof
With the help of the linear theory developed in section 2 we obtain the following a—priori
estimates:

~v+1 H _
Hulil X(T* F—1,0,1,2m15, ) + ‘
mlil

1 k B
Séul(Z Y H6£+”A1i17a5[U1”i1]6f(67%_”’“_%@1)

1=1 k=0 k=0 |al,|8|=0

E"’I/+1
oru

k+1~v+1
t Uiy o

171

d

C(T*,ma;,) c(T*,0)

‘C(T*,M(E—l—k)Jral)

mii;

k
IO DT || A walUt 1020 )

‘E(T*,Ma)

(3.35a)

X(T* 7k_1707M7

) + Ha?r%fm [U1:,]

£(T*,1,0) ) '
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~I/+1H ‘ k-1 k-1

us; - + (|07 us, + |07 us

H Ziz N X(T k=1,0,1,m2i5 +m2iy0) t 720 C(T*,0) b2 L(T*,2,mz;,)
I k-1 M2i,

k+1~v+1
+ H@t ;)

k
‘E(T*,Q,—mgiZ) = 22 < Z Z

=1 k=0 k=0 |a|,|3|=0

;" Agiy 0plUs, 107 (014"

‘C(T* ik —1—k)—maiy +masy0+|al)

1k
DS [ A s lUE, 102 (G )

I=1 k=0 |al[§|=0

‘[,(T* ,277m2¢2+\a|)

+ |9t falU . + || OF s, ). (335h
tf?@z[ 2@2] X(T*,k—l,O,u,—m2i2+m2i20) t fQZz[ 2@2] ﬁ(T*aZ—mziz) ( )
~v41 k ~v+1 ko~ w41
a I k-1 maig
s O ) B I
LT 2,0) I=1 k=0 =0 |a|,|8|=0
8l+ A UY. 8ﬂ 8i—l+k—/€ v ‘
‘ t 3i3 aﬁ[ 3@3] x( t u3l3) C(T*,;J,(Eflfk:)fmgis+m3i30+\a|)
i E M3ig ~ .
35S [ s wslUs 0l @ )|
=1 =0 |al,[3]=0 T 2en
O foz |UY ‘am U2 ) 3.35
+‘ tf313[ 313] X(T*7E7170,u,7m3i3+m3i30)+ t f3Z3[ 313] £(T*,2,0) ( C)
In particular, we have:
k—1 M1
Cuiy 1= q)1i1< Z HafAlihaﬁ[Ufn]Hc(T*,alil,k,a,g)
k=0 |al,|8|=0
E mlil
3 > oA sl e ot o T) (3.36a)
k=1 |al,|8|=0
k—1 M2iy M2y
Caiy = Doy (Z Z HafA%z,aﬁ[U?Viz]Hc(T*,EQiZ,k,QB) + Z HA%z,aB[UZViz]Hg(T*,oo,o)
k=0 |al,|8|=0 lal,|8]=0
kM2,
k
+ Z Z Hat A2Z27a6[U512:| H[,(T*7OO,527;27)€7Q,5) 7T*> : (336b)
k=1 |al,|8|=0
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E m313
N . . &
Caiy 1= Payy (E : E : ‘8 Asiz 08Us;, | Hc T* G3iq k,08)
k=0 al 161=0
mM3ig

+Z Z Ha A3Z3 aﬁ 313 HLT Oob?,zgka,ﬂ) T*)' (3'36C)

k=1 |al,|8]=0

Moreover, the continuous functions ®;; (-, -) are independent of v, 4", Aqs and f. With
the help of the product inequalities of the appendix we obtain:

I k-1 &k mhl
SIS e A wlvr 0@ |
I=1 k=0 x=0 |al,|8]=0 (T nlk—1=k)+|al)
Z E*l miiq
<CR > o A aslUt e 21, oy (3.37a)

=1 k=0 |al,|B]|=0

I &k
SIS S [ A U2 )

121

“C(T*vlaa')

(=1 k=0 |a}|5|=0
1 LUSTR
Z Z Z H@HkAm,aﬁ Um H/; T b1, koas) (3.37b)
=0 k=1 |al,|8]=0
k-1 m2iy

01" Asiy s[U3, 107 (9T,

‘C(T* ik —1—k)—maiy +masy0+|al)

<CR 1007 Asiy 0sUS, 1] Tty ) (3.37¢)
I=1 k=0 [al,|8]=0

Tk mai

Hal+kAZi2,a,B[UVZ ]8 (8l I+k— k:ul/Z ) ‘

;;a%o t " "2 e 2, mmai, o)
Tk M2y

<SCRYDY T D 105 Agsy as[US, ] 1 Frans) (3.37d)
1=0 k=1 |al,|8|=0

Ot Ay a8U%;, 100 (

T

l—l+k—r v
at 3i3)

C(T* u(k—1—k)—maiy +msizo-+|e|)

S OR ‘|6£+kA3i37a6[U3V’i3] HC(T*ﬁSi?’,k,aﬂ) M (3376)
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Mm3ig

[
SN || Al 020 )

‘C(T*,%al)

(=1 k=0 |al,|3|=0
1Tk m3iy

S ZZ Z ‘!al+kA37'3 aﬁ 313 HE T+ Tb313 kad) (337f)
=0 k=1 |al,|5|=0

Now, we insert (3.37) into (3.35) and exploit the resulting inequalities iteratively for
(4,15) = ¢(1), ... ,o(]T|). With the help of (A5) and the boundedness condition (A6) we
obtain the desired statements (3.32), (3.33) and (3.34). O

Lemma 3.3 3
Let k € N with k > 1. Then, V0 < R < R* 30 < T* < T such that the following
implication holds:

1. Let the following assumptions hold ¥ i1 =1,...,I;:

My, | =0 (k=0,...,k). (3.38)

st r-i-romamy + [F0a |, [0 0] < B (339
2. Let the following assumptions hold ¥ io = 1,..., I5:
Oz, =0 (k=0,....k—1). (3.40)
HUZZZHX T k=10, pmai, +msiy0) UZD c(T*,0) ‘ ¢ Uiz L(T* 2,ma5,)
i | ) R*. (3.41)
3. Let the following assumptions hold ¥V i3 = 1,..., I3:
i, =0 k=0, k—1). (3.42)
' Hak“u&g <m (3.43)
L£(T*,2,0)
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1. The following statement holds ¥ 11 = 1,...,1:

k ~
sl 1o mes, o) + Ha N1 Dy s oz

;T4 _E)

<R. (3.44)

L(T*,p,0)

U’lzl ulll

ﬁ(T*apamlzl
2. The following statement holds ¥ 1o = 1,..., I5:

Hazi2 "X(T*,k7170,u,m2¢2+m2i2078) + ||ﬂ/2i2 Hy(T* ,p,l~c7170,u,m2i2+m2i20)

e i P
at U4, t Uiy t U2iy

‘C(T* JPJO) E(T*727m2i2 75)

<R (3.45)

‘C(T* ,2787777121'2)

L(T* ,2767777,21'2 )

k+1~
8 UQZZ

3. The following statement holds ¥ 15 =1,..., I3:

||a3l3||X T*7’~€_17Oauam3i3+m3i30_€ + ||ﬂ/3@3||y(T*apJ~€ 1 07M7m313+m3i30)

K~ ko~
+ ‘ a U3iq a U3ig

-+ Haku&?,

ﬁ(T* P3N 34g )

1~
+ H3k+ U3y

L(T*,2,2m3i3 —E ﬂ(T*,2—€,2m31‘3)

<R. (3.46)

L(T*2—€,0)

Proof
With the help of the Holder inequality, general interpolation theory and the particular
interpolation inequality of the appendix we obtain:

Hulll HX T* k 1,0,u, 2m111 ,g ulll —_ 76) + ||ﬂ/2i2 HX(T*J;Z*LO,M,mZz'z +m2i2078)
MM Liy
+ Hu?’iS||X(T*,];:7170,u,m3i3+m3¢30*5) — ,0) (R*)lip' (3473)
* aiﬁ_lN ]
Il sy + |20 Cr ) ‘ E e o)

+ ||ﬂ/3i3 ||y(T* ,p,ic—l,[),u,m?,i?) +m3i30)

- i~
+ ||u222 ||y(T*7p7’~€_1707u7m2i2 +m2i20) + Hat u2i2

L(T*,p,0)
+ ‘ il < C(T*)* R (3.47b)
; p . .
! ugl?’ ‘C(T* Jpam3i3) o
i i <C(T*)R". 3.47
‘ U/2 ? E(T*,27m2i275) ‘ U33 [,(T*,272m31'375) B ( ) ( C)
‘ u212 8k+1u2zz ‘ u?)lg
ﬁ(T*,Q—g,mgiZ) L(T*,2—e,—ma2;,) L(T*,2—e,2m3;;)
+ Ha’ﬁlu?,zg < O(T) = R, (3.47d)
L(T* 2—¢,0)
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With the help of the assumptions (3.38), (3.40) and (3.42) we obtain:

< T |0y, < T*R". (3.48)

[ HC(T*,O) HC(T*,O)

With the help of (3.47) and (3.48) we obtain the desired statements (3.44), (3.45) and
(3.46). O

With the help of lemma 3.2 and lemma 3.3 we immediately obtain the following lemma.

Lemma 3.4 (Boundedness in the High Norm)
JR>030<T*<T such that the following statements hold V v € N:

1. The following statement holds ¥V 1, =1,...,11:

<R (3.49)
e(1+,0)

k.~
||U1u||x T k—1,0,08,2m1;, ) )t Ha Uiy e mas,)

2. The following statements hold ¥ 1o =1,..., I5:

+|
(1,0)

<R (3.50)

[,(T* ,2,—m21‘2)

t U2iy

@23 | v 71,0, M2iy+M2i50) uz”

ﬁ(T* 727m2i2 )

1~
+ H3k+ Uiy

3. The following statements hold ¥ 15 =1,..., I3:

H@?,is Hx T k—1,0,48,m3i5 +mM3i50) i Usi Ui

c(T~ yM3ig ) ‘

<R. (3.51)
£(1%,2,0)

L(T* 12,2M344 )
ak+1

u?)lg

3.2.3 Contraction in the Low Norm

Lemma 3.5
Let R and T* be the constants from lemma 3.4 (boundedness in the high norm). Then,
the following implication holdsV S >0V 0 < T <T*V v e N:

1. Let the following assumption hold ¥ 1, = 1,...,1;:

~v+1 SV H ~v+1l _ ~v
Huln — Uy, X(T** k,0,p,2m 15, —€) + ‘ at (ulu um) HC(T**,mulg)
~v+1 H k( ~v+1 ~y
wt -y o la > —ay,
+ H L Liy y = Jpakaovuvzmlzl ‘ t Lig L4y ﬁ(T**7p7m1i1)
k+1 [ ~
+ o (aytt — ay, < 8S. (3.52)
" Y (e p,0)
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2. Let the following assumption hold ¥ 15 =1,...,15:

|z — a5, |
22 202 11X (T k—1,0,p4,m4, +Min0—¢)

~v+1 ~y
+ ||yt — ay;,

k(~v+1 ~v
8F<U2i2 — Uy

k[ ~v+1 ~v ki ~v+1 ~v
+ o (et - )| + o (et - )|
L(T**,2,mai,—¢) L(T**,2—e,m2;,)
E+1( ~p41 ~y
+‘at (a7 —uZ)H <s. (3.53)
L(T**,2—e,—m2;, )

3. Let the following assumption hold ¥ 13 =1,...,13:

v

s — g |
3is X(T**aE_1707ﬂ7m3i3+m3i30_5)

U3i3 u

k(~v+1 ~V
- * o (s - o)
HJ’(T Dok 1,0,10,m35 +1M3i50) LA ) e pamasy)

k([ ~v+1 ~y k[ ~v+1 ~y
+ Hat (U3i3 — Uz, ) + Hat (ng'g — Uz,

~v+1 ~V
+ ||agtt - ax;,

) HL(T**,2,2m3i3—6 ) Hﬁ(T**,2—€,2m3¢3)

+ ‘ o (att - a, <8 (3.54)

) HE(T**,Q—E,O)
—

1. The following statement holds ¥ 11 = 1,...,1:

~u4+2 ~1/+1H k(~v+2  ~v+l
Hu1i1 Ui,y X(T** ,k,0,1,2my; ) + ‘ at U4y U4y C(T**mas, )
b 11
+||oE (ar? — vt < O(R,T™) S. (3.55)
t 121 1'Ll C(T** 0) - ’

2. The following statement holds ¥ 1o = 1,..., I5:

~V+2 ~V+
Hu2i2 — Uz,

k( ~v4+2 ~v+1
o (u% — Uy,

' +
X(T**akflaovuvm%z +m2i20) C(T**J:))

k([ ~v+2 ~v+1 k+1( ~p12 ~u41
+ Hat <u2i2 — Uy, +[|0p T U, — Uy,
ﬁ(T**,Q,mgiZ) ﬂ(T**,Q,—mziz)

< ®(R,T*) S. (3.56)

3. The following statement holds ¥ 15 =1,..., I3:

~y4+2 ~1/+1H ‘ k[ ~v+2 ~y+1
ust —us; . + ||0; | ug;-c — 1y,
313 3is 11X (T k—1,0,u,m3i5 +M3i50) 3i3 3i3 (T msiy)
k([ ~v42 ~y+1 k+1 [ ~p42 ~v+1
+ ‘ % (u3i3 — Uz, + 110 gy — Uy
£(T**,272m3¢3) L(T**,2,0)
< @(R, T**) S. (3.57)

In particular, the continuous function ®(-,-) is independent of v and u”.
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Proof
With the help of (3.28) we find that a};}> — @} is a solution to the following initial
boundary value problem:

0 (557 — 1) + A UR NV, 0 (5 - 34 ) = 0 (fua U37) — ralU2:))

—i %:1 () 1)y [al (Alu as[U1'] = Auy aﬁ[Um])aﬂ(al l ﬂl)}

=0 |alf,|8|=0
1 migy

Y S () oo el (o i - w)] Gasa
=1 |a|,|8]=0

o (52 — ) + A (UGN, 0) (552 — a51) = 0 (foulUBEY] = foraU5,))

1 M2y —
Y 3 (1) 0702 ol (A U] Al 1) 0200 051
=0 |al,J31=0
1 M2y _
Y S () oo el oz (o s - wi)] s
=1 |a|,|8]=0

o (52 = ) + A (U517, 0) (552 = a5t ) = 0f (fonlUSE) — foaU5,))

I oma -
_ Z Z (g) (—1)ledge [&i <A3i3,aﬂ[U3Z3 ] — Asi, aﬁ[ngg])aﬂ(ﬁl . 5;1)}
=0 |alf,|8|=0
Loy |
_ Z ([) (—1)ledge [aiASig,aﬂ[Ugls]af (ai l(ug;;1 B uszg))] (3.580)
=1 |a|,|8]=0

8a(~u+2 z]”“) —0 (Ja] =0,...,my, —1). (3.58d)
el
(a2 - )|, =00 ot —wt)| =0 (w2 -] =0
(%:;2 B aggl) . (3.58¢)
t=0

With the help of the linear theory developed in section 2 we obtain the following a—priori

o1



estimates:

<~V+2 ~v+1

Upgy — Uy, + ‘

17,1

~v+2 ~V+1
o (a? - i) |
C(T**,my4y)
k—

1 Mgy

) H X (T ,k—1,0,1,2m1;, )
k

1
k+1( ~ ~
o ()| <[>
T**O
=0 #=0 |a|,|8]=0

=0 k
(AvinaslU%H] = AviyaslUL, 1) 02 (04 ut)

o~

C(I™*,p(k—1—k)+|al)

Ik miy _
I—l+k—k
Ty O+ (A aslU) = A aslU%,)) 020 Fuiy|
1=0 k=0 |al,|8|=0 (T, 1L |af)
k-1 mi4q

[ [—l+k— 1
OF ™ Ayiy s U1, 106 (DT (! —

)> HC(T**,M(E—I—k)HQ)

k
” I—l+k—k, v
+ Z Z Hai—l—kAlil,aB U7;,]07 <at Tl - u”l)) Hﬁ(T**,l,la)

=0 |al,|8]=0

1k
l_ | UY.
t (flzl [Ulu ] fl“ [U111]> HX(T**,E—LOaHaO)

&iw(fm[UﬁTl] iUy, )H

) 3.59
£(T*,1,0) ] ( )

~y+2 ~v+1
t <u212 — Ug;,

ko ~
| o)
X(T** k—1,0,p,m2, +m2iy0) C(T**,0)

~y42 ~y+1 k+1 ~U+2 ~y+1
<u27,2 - u212 )‘ <u27,2 - u212

k-1 k M24y
0

) Hﬁ(T** ,2,—m21‘2)

‘ ﬁ(T** ,Q,TTLQl2

2

I=1 k=0 £=0 |al,|8|=0

(Asinas U] = Asiy aslUs, ) 02(0% ugt?)

‘C(T**vu(klk)mZiZ +mziyo+lal)

K
+
Ed

VS

AgiyapUsit '] — AsiyasUs

212

1)os@ar E Fugh

219

L(T**,2,—ma2iy+|al)

al+nA ) U, aﬂ(al I+k—k ul/ﬂ*l — U )H
t 2@2,&5[ ] T ( 2is 212) CT** ull—1— k)~ +1mig0+lal)

92



I—l+k—k  v+1
o (u2i2 -

|0 gt sl 102

v
i) |
212) ﬁ(T**727_m2i2+‘a|)

1k

) )|
+ H t fQZ[ 20y ] fQZ[ 212] X (T k—1,0,1, =215 +1M2i50)
I+k v+1 v
O (o lUs") = FanalU,))

+ ‘ (3.59b)

HL(T**,Q,—mziz) ] '

k( ~v+2 ~v+1 k[ ~v42 ~p41
Jor (a7 - ) | . + ok (a7 - ),
X(T aE_1707u7m3i3 +m3i30) C(T am3i3)
k([ ~v4+2 ~p+1 k+1 [ ~p42 ~p+1
+ ‘ o ( 3iz — U3y + |10 Usgy” — Usy,
ﬁ(T**,2,2m31’3) [,(T**,Q,O)

i3 3i3

O™ (Asi U] = AsigaslUS,]) 02 (0 ust 1)

‘C(T**,M(E—l—k)—mgi?, +maizo+lal)

01 (Auiy s U3 — Auiy s U3,]) 2201t

ig xr 3i3

L(T**,2,]al)

3i3

01" Ay as U 105 (00 (ut! = w5)

HC(T**,M(Elk)m3i3+m3z‘30+|a)

1k  msig )
v I—l+k—k/ v v
3o ol VSR | I
I=1 k=0 [l [3=0 2Ja
A5
-+ ‘ t f3 3[ 3is ] f3 3[ 313] X(T**;E*170,M,*m3i3+m3i30)
I+k v+1 v
+ ol (AU = £03) | e | (3.59¢)
In particular, we have:
k—1 M1
Clil = @lil (Z Z HafAthaﬁ[UlVZTl] HC(T**;Elil,k,aB)
k=0 |alf,|8|=0
kMg
k v+1 o
+ Z Z Hat Alilvaﬁ[Ulil ]Hﬂ(T**700751i17k7a5) 7T ) (360&)
k=1 [al,|8]=0
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m2iy

om0 (X3 1003

k=0 |al,|8|=0
ma;.,,
- Z HA%vaﬁ Uéj;zrl Hﬁ(T**,oo,O)
Ia\ |8]=0
TTL212
e Y 0 Al e T (3:60)
k=1 |al,|8|=0
A k—1 m3ig
=X 3 1005 e
k=0 |al,|8|=0
E mM3ig
Z Z ‘afA?)isyaﬁ[U?:Vz—:l Hﬁ(T**vooag?,iS ) 7T**) (360C)
k=1 |al,|8/=0 ’

Moreover, the continuous functions ®;; (-, -) are independent of v, 4", Aqs and f. With
the help of the product inequalities of the appendix we obtain:

|

8l+n AZQUV AzaUV )8 8l l+kn1/+1

[0 (Asi sl '] = A mslUt]) 0201 i
Z E—l mlzl

<CR ‘ (Auhaﬁ[Uﬁjl]_Am,aﬂ[Ufil])H ) . (36la)
1=0 k=0 Jal,[5]=0 iy o)

zz: > |0 (AvaslU] = AvyaslU?,]) 22085 g |

miiq

<CRZZ > ||t (Aaslvrt - Alil,aﬁ[U{’hDHuT . (3.61b)

* % 1 b )
1=0 k=0 [al,|8|=0 013 k,ap)

L(T**,1,|al)

1 k-1 Mgy
al+nA U a (al I+k—w( v+1 _ v )H

;k_oz Z_ tir,a8 U7, ] (ulf, — ufy) T 1K) +|a])
= =0 k=0 |al,|8|=

I k-1 ™

[+k

<CSs : Z 107 Aviy s [UF, ]l (T Bty 1) (3.61c)

I=1 k=0 |al,

o4



k. migy

08 A ol U107 (2 ! = )|
DI I N ] )

k=0 |al,|5|=0

—
Il —
—_

miiq

1
SZZ D 0 A a0 | crer g oy (3.61d)

I=0 k=1 |a],||=0

219

AonaslU5] - gy a[US,]) 05(0) 11 ug )

C(T** ,u(k—1—k)—maiy +mais0+|al)

m2iy

conyy Y [0 (A oltsi’) — Ao aslU]) |, . (361

T** Ao -
1=0 k=0 |al,|8]=0 iy kap)

l .
> 08 (Asisas U211 = AssaplUF,]) 05 (074 sty

£(T**,277m2i2+\a|)

gORzZ: > 1|0 (AsiwaslUs) — AsisaslUs,]) | . (3.61)

ﬁ(T**QvQZiz,k,aB)

al—l—/@A ) UI/ a <al +k—k uu+1 —u )H
H t 2@2,&5[ ] ( 20 2@2) O™ (k= 1=k) =iy +migo-lar)

1
<083 Y 10 A, s U8y (3.61g)

U a (al I+k—k/ v+1 )H
[ 212] (UQZZ /U’Q’LZ) L(T**72,_m2i2+|a‘)

Ik may
< CSZZ Z Hal—i—kAQZz,aﬂ Uz, HL sy k) (3.61h)
=0 k=1 |al,|8]=0
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I=1 k=0 £=0 |al[§|=0

al—l—/@ A — Aa: Uv. )a al +k— /@uu—l—l H
|08 (s aslU5i1] = Ay s3] 221 ]

mM3ig

SRS S [ (Aol - Aroltn]) [,
=0 k=0 |al,|3]|=0 8340 k aB
Z k M3ig
0 3 o (i) = Al 020
l:1 :0 ‘ ﬂ ) 7a

mM3ig

<C ii Z H@,ﬁk <A3i3,a6[U313 ] A3Z3,aB[U3Z3]>H . (3-61j)

L(T**,2,b,,
=0 0 |al,|B]=0 ( ’ 7—212,k,a5)

8Z+HA3' Ur. 8 <al l+k—k ul/+1 —u )H
t is,0] ] (3Z3 313) C(T** u(k—1—k)—mai, +m3zi 0-+|al)

]
<C0SY 104 Asiy 05 [U%,] (3.61k)

HC T**7a313 k aB)

Z E m313

Z > [|or Aw aallod (o M st = )|

(=L k=0 al,|3|=0

m3ig

<CSZZ D 10 Ay aslUsi | g i (3.611)

1=0 k=1 |a,|8|=0

Now, we insert (3.61) into (3.59) and exploit the resulting inequalities iteratively for
(4,15) = (1), ... ,o(|TJ]). With the help of (A5), the boundedness condition (A6) and
the Lipschitz condition (A7) we obtain the desired statements (3.55), (3.56) and (3.57).

With the help of lemma 3.3, lemma 3.4 and lemma 3.5 we immediately obtain the following
lemma.

Lemma 3.6 (Contraction in the Low Norm)
30 <T* <T such that the following implication holds V v € N:
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1. Let the following assumption hold ¥ 1, = 1,...,1;:

~v+l _ ~v k(~v+l _ ~v
Hulil Ugy HX(T*,E,O,M,Qmul) + Hat <u1i1 ulil) HC(T*MI”)
k+1( ~ ~
+ ‘ o (at -, H <8 (3.62)
C(T=,0)

2. Let the following assumption hold ¥ 15 =1,...,15:

k( ~v+1 ~y
o (s’ s, |
t 219 219 C(T*,O)

E+1( ~p4+1 ~u
0, (u2i2 — Uy,

~v+1 ~v
H“ziz — Uiy

‘ ‘ X(T*,k—1,0,u,m2i5+m2is0) + ‘

|

oF (g — s, )| | )|
¢ UQZZ Y2is L(T*,2,ma;,) * L(T™,2,—ma2;y)
s (3.63)

3. Let the following assumption hold ¥ 13 =1,...,13:

~v+l o~ H k(~v+l _ ~v
Hu&s Wis || (7% k—1,0,1,mai +1m3150) + ‘ Op | Usgy — Ui, O(T* sy
k(~v+1 ~V E+1 [ ~p+1 ~v
+ ‘ % <U3i3 - u3i3> H + ‘ o <U3i3 — Uz,
L(T*72,2m3i3) L(T*,2,0)
< 8. (3.64)

=
1. The following statement holds ¥ 11 = 1,..., I

~v+2  ~v+l k([ ~v+2 v+l
Hulll ulil HX(T* ,E,O,[,L,leil) + Hat (ulll ulil ) HC(T*,TTllil)
k+l(~v+2 ~ptl 1
+‘a (a2 — )H < =S 3.65
t 121 141 C(T*70) 2 ( )

2. The following statement holds ¥ 1o = 1,..., I5:

~ub2 ~u+1H k(gvr2 — guit
[ a5s? — s, (T k=101 +13i0) T ‘ O\ iy — Ty (1+,0)
ko vi2 il k1 ~v+2  ~ul
* ‘ 0 <u2i2 — Uy, o s — U,
L(T*,2,ma;, ) L(T~,2,—mai,)
1
<ls (3.66)

3. The following statement holds ¥ i3 =1,..., I3:

v+42 ~V+

~ . 1H k( ~v+2  ~v+l
Hu3i3 Ui || a0(T% k—1,0,1,mi5 +mi3ig0) + ‘ Oy | Usgy — Uiy, C(T* )
k( ~p4+2 ~p+1 k+1 ([ ~p42 ~p+1
+ ‘ o <U3i3 — Us;, + {|0; 3y Usiy
L(T*72,2m3i3) L(T*,2,0)
1
< 38 (3.67)

o7



3.2.4 Proof of the Theorem

With the help of lemma 3.4 (boundedness in the high norm) and the Banach-Alaoglu
theorem we find that the sequence (4")22, of approximate solutions has a subsequence
which converges weakly— to some limit function @ in the following function space:

k-1
Uy, € ﬂ V[/lc,OO([O7 T*]7 Hu(k—l—k)—&-Qmul (Q7 RNt )) N Wk,oo([(L T*], H(T)nul (Q7 RNt ))
k=0
NWEL((0,T7), L3(Q, RM0)). (3.68a)

k—1
iy € () WH([0, 7], =t meiatrmaizo (Q RN+ ))  WE ([0, T7], L2(, RY+2))
k=0

N HE([0, T, Hy'2 (Q, RY22 ) 0 HFL([0, T*], H ™22 (Q, RM2)).  (3.68b)

k-1
g, € ﬂ V[/lc,oo([o7 T*], H#k=1=k)+msi3 +msiz0 (Q7 RNsis )) N W/%OO([O’ T*]7 Hgn3i3 (Q7 RNsis ))
k=0
N HE(O, 77, B (@, RY9) 0 B9 (0, T L@ BY)). (368

With the help of lemma 3.6 (contraction in the low norm) we find that the sequence
(@”)2, actually converges to @ in the following norm:

~v ~ k(~v  ~
Hulil Uty HX(T*,E—I,O,M,Qmul) + Hat (ulil Uul)

k+1( ~v ~

HC(T*,mUl)

v—0

0. 3.69
HC(T*,O) ( 2)

5 i ot (5, )
H 2i2 2iz X(T*,E—I,O,u,mziz-&-szo) ¢ 22 2 C(T*,O)

k( ~v ~ k+1( ~p ~
o <u2i2 - U2i2> ‘ o <U2i2 - u2i2>

v—0

+| Y200, (3.69h)

+|
)

E(T*,27m2i2 H[,(T*Q,mmz)

~v ~ k(~v ~
Hu?)ig u313HX(T*7E71707u7m3i3+m3i30) + ‘ o <U3i3 U3zs>
k( ~v ~ E+1( ~p ~
0, <U3i3 - U3i3> 0, <u3i3 - U3i3)

Moreover, with the help of (3.69), lemma 3.4 (boundedness in the high norm) and the
interpolation inequality of the appendix we find that the sequence (@”)52, also converges
to @ in the following norm:

‘ ‘ C(T* M3ig )

v—0

+ ‘ 25%0. (3.69¢)

d
)

H[,(T*,272m31‘3 H[,(T*Q,O)

W .
H“m — Uty

e ~v ~ v—0
HX(T*,E—l,O,M,leil —E) + ‘ af (Ulll - ulll) H —>_} 0- (3.708,)

C(I™*,m14; —¢)
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v—0

— 0. (3.70b)

.
A o
[ t5;, — iy X (T k=1,0,,m3i, +maino—e)

v—0

2% 0. (3.70¢)

~y ~
Hu3i3 U3ig HX(T*,EfLO,u,m3¢3 +m3iz0—¢)

Now, we proceed iteratively for (j,7;) = ¢(1),...,¢(]J]). With the help of (3.68), (3.69),
(3.70), the compatibility condition (A4), (A5), the boundedness condition (A6), the Lip-
schitz condition (A7), the product inequalities of the appendix and the linear theory
developed in section 2 we find that @ is a solution to the initial boundary value problem
(3.23) and that @ has the additional regularity (3.24). Finally, let 0 be another solution
to the initial boundary value problem (3.23) due to (3.24). In analogy with lemma 3.6
(contraction in the low norm) we obtain a statement of the following form:

e — || < =la— 0. (3.71)

Consequently, v = @, i.e. the solution @ is unique. This proves theorem 3.1.

4 Applications to Hyperbolic-Parabolic Systems

4.1 Statement of the Theorem

Let T"> 0, let 2 C R” be a bounded domain with a smooth boundary I', and let

wji; 1 Q2 x (0,T) — RV (2,1) — uji, (2, ) (4.1)
where j = 1,2,3 and i; = 1,...,I;. Moreover, let m;;; € N with m;;, > 1. We consider
the following nonlinear initial boundary value problem:

miiq

82ulz1 + Z \a|aa (Flzl a(UlzN )) flll( 131> Ly t) (42&)
|er|=0
24y

Oy + > (—1)02 (FZZ»Z,Q(U;;, z t)) o (UL, 2, 1). (4.2b)

|a|=0
m3’t3

Dy + > (—1)0e (ngg N t)) Fais (UL, 2, 1). (4.2¢)

|a|=0

8?Ujij =0 (’CY‘ :0,...,mji]. — 1) (42d)

zell
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Uy, o = 0, 8tu1i1 o = 0, U4y o = 0, U3y o = 0. (426)
In (4.2) the U and Uj, /. denote collections of partial derivatives of the functions Uji; -
In particular, (4 2a) is a hyperbohc PDE of order 2my;, for the unknown function wu,;,,
whereas (4.2b) is a parabolic PDE of order 2my;, for the unknown function wus;, and (4.2¢)
is a parabolic PDE of order 2mg;, for the unknown function us;,.

It remains to give a precise definition of the U f;] and U ]flj Therefore, we make the following
definitions V ¢ = F, f:

¢ ¢ ¢ ¢ ¢ ¢ ¢
U]Z] = (Ujij,lh x Uﬂ] 11y sz'j,217 X U;zj 21y Ujij,31= R Uji]',?)[g) (4.3a)
where
¢ Mﬂ,'o,lkl Mﬁ llkl
Ujij,lkl = <U1k1> ceey Dx J ulkl, atulkl, ce ey ng (8tu1k1)) (43b)
é Mﬁ’-o,ml
lG%Jh:::(um”...JDx j znm> (1=2,3), (4.3¢)
and
, 1
M52, € NU {—o0}, M, € NU{—oo}. (4.3d)
In particular, the statement M?%° = —o0 means that U? is independent of u;,, whereas
Jigtky — Jij 1
the statement Mﬁ;lkl = —oo means that Uj}j is independent of Oyuyy,.

We make the following assumptions:

(B1) Let k,1, u, mji;0 € N, and let the following statements hold:

k>2, 1>Fk+3. (4.4a)
1 < p < min{my;,, 2ma;,, 2ms;, } (4.4b)
Mii0 = Mij,, 1 < mgiyo < my;,, Mai, + 1 < Mmizipo < 2mgi,. (4.4c)

(B2) Let the Fji; o and fj;; be smooth functions.

(B3) Let the following symmetry condition hold V j =1, 3:

8Fji.a F (9] ]7,/3 F T
I (E = (—292 (pyk =0.... o). (4.
8(8fujz'j)( i &) <a(aa;aujij)( ﬂﬁx,t)) b 51= 0, ) (45)

We note that by the Poincaré lemma (4.5) is equivalent to the following assumption:

ov ;.

sz’j?a(Uﬁﬁx;t) - Wjjjj‘i_)([]ﬁj,.f,t) (’CY‘ = O, .. .,mji].). (46)
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(B4) Let ¢ > 0, and let the following Legendre-Hadamard condition of strong ellipticity
hold V admissible functions u:

OFy; y
T li1,a F a¢f 2m; . 2
—— (U, ,z,t >c 7t 4.7
P (G Um0 ) = el (47)
VECRY np e RYG VY (2,8) € 2 x (0,T).
(B5) Let the following compatibility condition hold:
k .. — — 7 7.
) (fﬂj((),x,t)> LZO 0 (k=0,...,1+F). (4.8)
(B6) We make the following definition:
J={0,4) 7=1,2,3; 1, =1,...,1;}. (4.9)
Let o = (B, a5) : {1,...,]|J|} — J have the following properties:

1. ¢ is one to one and onto.
2. For fixed j, o : B71(j) — {1,...,1;} is strictly increasing.
3. The following statement holds Vv =1,...,I:

pv) = (Lv). (4.10)
Moreover, we define ¢; : 7 — {1,...,I;} by the following recursion scheme:
(Zjop)(l)=1. (4.11a)

fe),..coomt= J {0.) lij=1....(jop)(v+1) =1}, (411b)

J=1,2,3
¢ fixes an order for the double indices (j,1;).

(B7) Let 6 > 0, and let the following statements hold VI =1,2,3V k, =1,..., I

— ’r[/ v
plk —2) > 5 + & — myp, o + max { jr?_%xy Mﬁjlkl — My, 0}. (4.12a)
207 5%
,U,(E — 2) Z —Myg, — Mik0 + gna}g <m2i2 + Mé@:lk;) (4.12b)

(B8) Let the following statements hold:

Fo F1 /50 L
Mlil,lil = Mi4y, M1i1,1i1 = =00, Mul,ul < My Mul,ul <0. (4.13a)
F,O I faO y
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(B9) Let the regularity assumptions (R3) of the appendix hold. In particular, we assume
that statements of the following form hold:

¢, ¢,
Mjij,lkl < @jijvlkl (mjij » TMji;05 Tk, Mij0)- (4.14)

Theorem 4.1 (Local Existence, Uniqueness, Regularity)
Let the assumptions (B1), (B2), (B3), (B4), (B5), (B6), (B7), (B8) and (B9) hold. Then,
30 < T* <T such that the initial boundary value problem (4.2) has a unique solution

k-1
U4, € m ClJrk:Jrl([O7 T*], Hu(kflfk)Jerul (Q, RNul )) N Cl+k+1([0, T*]7 Hgnul (97 RNMI ))
k=0

NCHE2(0, 7%, L2(Q, RN ), (4.15a)

k-1
i, € (1) CHHFFL([0,17], HPE 1R Fmaia i (O RNz )) 1 CHHERL ([0, 77], L2 (€, RY2 )
k=0
N HFL ([0, T, Hy™2(Q, RY2)) 0 HHR2([0, T%), H™i2 (Q, RY>2 ), (4.15b)

k-1
Usiy € m Cl+l<:+1([07 T*]7 JFHk—1=k)+msi;+maizo (Q, RNsis )) N Cltkt+l ([0, T*], Hgngi?’ (Q, RXVsis ))
k=0
([0, 77, F2m (0, RV )) () R0, 77, L2(Q, RY)). (1150)

4.2 Proof of the Theorem

First, we want to differentiate the initial boundary value problem (4.2) with respect to t.
Therefore, let u be a solution to the initial boundary value problem (4.2) due to (4.15),
and let

ajij (.T,t) = 8tujij (Z‘,t) (416)

With the help of the compatibility condition (B5) we obtain:

t
Ujij(l‘,t):/ Tjjij(l‘,T)dT. (417)
0
We make the following definitions:
OF ;.
Aji apli](z,t) = —T22(UE 1 t). 4.18a
sl t) = SEAE(Uf 00 (4.182)
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Jij

OF};.
= (=1)l L (pr 0, (%) — O Fii (UL 2, t)) | 4.18b
(-1) [; Sy o) 2eOs) = (B 20)]. (418b)
f]Z][ ](x t) - at(fjlj( jz 7‘T7t))‘ (418C)
Then, @ is a solution to the following initial boundary value problem:
Py, + Z D102 (Aviy s ], )0 s,
lacl,|B]=0
= > 0% (Fuaalile,t)) + fuo (. ) (1.19a)
|a|=0
atu?w + Z \a|aa (Amz aﬂ[ ](IJ)a;faQiz)
al,|8|=0
=Y o (ngw[ﬁ](x,t)) 4 fou [ (2, 1) (4.19b)
|a|=0
By, + Z 1)lelga (Agig,aﬂ[a] (:c,t)afagi?,)
al,|8|=0
=D (ngg,a[ﬂ] (i, t)) + fiol](z, 1). (4.19¢)
|a|=0
8§@jij - =0 (‘Oz’ :O,...,mjij — 1) (419d)
xe
Uy, =0, O, =0, Ui, =0, Ui =0. (4.19¢)
t=0 =0 t=0 t=0

In particular, % has the following regularity:

k-1
alil c m ClJrk:([O7 T*], Hu(kflfk)Jerul (Q} RNul )) N CHk([O, T*]: H[T)nul (Q, RNlil ))
k=0
NCHE (0,77, L2(Q. RM4)), (4.20a)
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k-1

s, € (1) CH(0, 7], HPE1=0tmas tmano (@ RN )) 01 CHE (0, T, L2(0, R )
k=0
NHYR(0, T, Hy'™ (QRY>2)) 0 B4 ([0, T7], H "> (Q, RY2)), - (4.20b)

k-1
@3i3 c m ClJrk:([O7 T*], Hﬂ(kflfk)+m3i3+m3i30 (Q, RN3¢3 )) N CHk([O, T*]v H[T)nSig, (Q, RN3i3 ))
k=0
N HFF(0, 77, B (Q, RN ) 0 HFFL([0, 77, L2, RM2)).  (4.20¢)

On the other hand, let u be defined by (4.17), and let @ be a solution to the initial
boundary value problem (4.19) due to (4.20). Then, with the help of the compatibility
condition (B5) we find that u is a solution to the initial boundary value problem (4.2)
due to (4.15).

In the remainder of this subsection we show that the initial boundary value problem (4.19)
has a unique solution % due to (4.20).

We recall that we have studied abstract quasilinear initial boundary value problems of
the form (4.19) in section 3. In order to prove our main theorem it suffices to show that
the assumptions (B1), (B2), (B3), (B4), (B5), (B6), (B7), (B8) and (B9) of this section
imply the assumptions (A1), (A2), (A3), (A4), (Ab), (A6) and (A7) of section 3 for the
following choice of the respective constants:

k=k—1, p =4, ng, r=4. (4.21a)
e=1 in terms of the form H(m — ¢). (4.21Db)
2—¢= % in terms of the form L£(7,2 — e, m). (4.21c)
Gjisop = Wk —1— k) +mji0  (k=0,....k—1). (4.22a)
bji, s = p(k — 1 — k) + myi o (k=1,...,k—1). (4.22b)
bis, Fap = Miirs bay o = 05 bss, Fap = Misis- (4.22¢)
Coighap =k —1—k)+mz0  (k=1,...,k—1). (4.22d)



C3iy T = M3 (4.22¢)

Wi joap = k=2 = k) +mj0  (=0,...,k—2). (4.22f)
bji; kap = p(k —2 —k) + M50 (k=1,....,k=2). (4.22g)
911'1,%71,04/3 = M1y QZiszfl,aﬁ =0, ng'g,Eq,aﬂ = M3i,. (4-22h)

Now, (B1), (B2), (B3), (B4), (B5) and (B6) immediately imply (A1), (A2), (A3), (A4)
and (A5). Moreover, with the help of (B7) we find that (4.22) is an admissible choice
for the constants @i, ka8, Uji; ka8 Csis kb Qs ks and jSj,k,a/a which appear in (A6) and
(A7). In order to prove theorem 4.1 it remains to show that (B7), (B8) and (B9) imply
(A6) and (AT7). This is the content of the following two lemmas.

Lemma 4.2
The following implication holdsV R >0V 0 <T* <TV (j,i;) € J:

1. Let the following assumptions hold ¥V iy =1,...,%,(j,4;) — 1:

Oty =0 (k=0,....l+k+1). (4.23)
~ o +k~ I+k+1~
Hulh !X(T*,k—l,l,u,ZmM/l) + ‘ at Uiy Ty ) + Hat Uiy c(1+,0)
<R (4.24)
2. Let the following assumptions hold ¥V i} = 41(j,4;), ..., I1:
Oty =0 (k=0,....0+Fk). (4.25)
5 o I+ky~
Hu17'1 !X(T*,k_l,l,M,leill_l) + ‘ at U/lll C(T*,mlill—l)
> o Ik I +k+1~
+ Huul Hy(T*Avk_lvlv“vali’l) * ‘ at R C(T*,47m1i’1) N ‘ at e L(T*,4,0)
<R. (4.26)
3. Let the following assumptions hold ¥V iy =1,...,45(j,1;) — 1:
Otiny| =0 (k=0,....1+k). (4.27)
=0
5 o +k> i +k>
HUQZZ !X(T*’k_l’l’u’mm{z—i—mzi{zo) + ‘ 8t U/?’Lz C(T*)O) + ‘ at U/?’Lz E(T*727m2i,)
2
+ Haﬁmla%fz <R. (4.28)

L(T*’27_m2ifz)
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4. Let the following assumptions hold ¥ i, = 15(j,45), ..., Is:

afa%tozo (k=0,....0+k—1). (4.29)
Hu% |X(T*,Eflj,p,,mzdermZi{ZOfl) + HuQi{z"y(T*74,E71J,u,m2i{2+m2i{20)
+ ‘ ai—i—kam’z + ai+k712112 + 8£+k7121/2
L£(T*,4,0) LT 2,myyy —1) L(T*,g,m%)
+ ‘ AT <R. (4.30)

L(T*,%,—m%,z)

5. Let the following assumptions hold ¥ i, = 1,...,45(j,4;) — 1:

Oftsy| =0 (k=0,....0+Fk). (4.31)

~ o o +kz~ i+k~
Hu37'3 !X(T*,k—l,laﬂamgig‘i‘mgigo) + ‘ at U/SZ3 C(T*’mSig) + ‘ at u37’3 ﬁ(T*’ZQmSig)
+ ‘ OFE Lty <R. (4.32)

£(T*,2,0)
6. Let the following assumptions hold ¥ ity = i3(j,5), ..., I3:
Oty =0 (k=0,....1+k—1). (4.33)
H@:’,zé !X(T* ,E_lja/iamgié'i'mgiéo_l) + Ha?ﬂ,g "y(T*A,E_LZaMamgié+m31’é0)
+ ‘ aZ+E'ZL3i/ + ‘ 82+E713i'
3 (T 4meyy ) 3 £(T*,2,2mg; —1)
O+Fay, ‘a”EHN ' <R. 4.34
+ ‘ b Uzl E(T*,%,ngig) + ||0; U3, ety = ( )
—
1. If j =1 then the following statements hold ¥ iy =1,...,1;:
mii; o
~ I+k ~

> (Iisasl@lgr o imy) + || At ool . ))
|exl,| B]=0 B

< ®(R,T™). (4.35a)
ml’il o

S (|Aeetal], | Rl )
|a]=0 X(T*ak_lalvuvmlil) ﬂ(T*,l,mlil)

< O(R,T™). (4.35b)

Fra, [ oF s H < O(R,T7). 4.35
Hfl“[u]HX(T*,E—LZ,M,O) * H e L] L£(T*,1,0) (£,T°) ( 2
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2. If 7 = 2 then the following statements hold ¥ io =1,...,I5:
M2,

Z ( HAziz,aB [a]HX(T*7E—17Z7M7m2i20) + ‘
lal,|8=0

< ®(R,T7). (4.36a)

OFF Ay opll]

L(T* 4,0) )

m2;

> (]

|al=

< ®(R,T"). (4.36b)

P, i) O * By, o]

d

‘X(T*,Eu%mmzo) ‘L(T*,z,o) )

aZJFEf?iz [ﬁ]

d

uldl|
X (T, k—1,l,p,—m2iy +M2iy0) L(T*,2,—mai,)

< ®(R,T7). (4.36¢)

3. If 3 = 3 then the following statements hold ¥ i3 =1,...,I5:

M3ig

> (Hsiasl@ler s iprmne) |
], B]=0
< ®(R,T™). (4.37a)

OFF Ay, il

ﬁ(T* ,4,7’77,31'3) )

M3ig ‘
|a[=0

< ®(R,T%). (4.37b)

F3i3,a [TNL] aZJFEﬁ?)is,a [ﬁ]

d

‘X(T*ngjvuvm?)igo) “C(T*vzum?)i:;) )

| sl el < @@ T, (13T

X(T* aE_lazaua_m&'g +m3i30 ﬁ(T*7270)

In particular, the continuous function ®(-,-) is independent of a.

Proof

First, we note that the highest temporal derivatives which appear in (4.35), (4.36) and
(4.37) are of order [ + k, whereas we can differentiate the arguments of the functions
Ajisaps Fji;o and fj;; at least [ — 1 times with respect to ¢ without any loss of spatial
regularity. With the help of (B1) we obtain:

(4.38)
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Next, we recall the following implication:

Finally, with the help of (4.38) we find that we have to prove implications of the following
form:

1. C([0,T*])-regularity:

(5] I
> 0t ulle o + D 9Fullegre ) < B (4.40)
k=0 k=0

—

2. L*([0,T*])-regularity:

5] !
Z HatkuHC(T*,s) + Z HatkuHL(T*,q,p) < R (4.42)
k=0 k=0
_—
65, ) < B(R T, (1.43
(T™,p,r)

In (4.40), (4.41), (4.42) and (4.43) we have r € Z, s € Nand 1 < p < ¢ < oo. With
the help of the theory of composition operators developed in the appendix we find that
it sufficies to prove the following statements:

5> g s> Irl, P> (4.44)

However, with the help of (4.39) and the Holder inequality we find that this is an imme-
diate consequence of (B7), (B8) and (B9). This proves the lemma. O

Lemma 4.3
The following implication holdsV R >0V S >0V 0<T1* <TV (j,i;) € J:

1. Let the following assumptions hold ¥V iy =1,...,%,(j,%;) —1 Vv =1,2:

Ofuly =0 (k=0,...,0+k+1). (4.45)
iy o al+k v + Hal+k+1 “
X(T*,kfl,l,,u,,Zmli ) (T~ My C(T~*,0)
< R. (4.46a)
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~2 ~1 I+k—1( ~2 ~1
Uyt — Uy, 0; (Uu’l — Uy

d

X(T* 7E72727M72m1 3 )

I+k [ ~2 ~1

lei- <

2. Let the following assumptions hold ¥ i} = 4,(7,4;),..., 11 Vv =1,2:

. _
oyl =0 (k=0,....l+k).
=0
‘ all + ‘ o+Egy,
L (T*,k—l,l,u,?m”,l—l) 1 C(T*,m“,l—l)
.
12y - .3
(T~ oo7l<:fl,l,y,,2m1 E(T*,oo,mlill)
+ Ha”k“u; <R.
L L(T* ,00,0)
| -y, + o (aty - aly) H
1 X(T*,k—?,l,u,QmU/l -1) 1 1 T ,my; 3 -1)
~9 ~1 I+k—1(~2
ULy — Uy — 0 (uu'l - Uul) H
V(T*,4,k—2,l,u, 2m1-1) L(T*,4,mq;r )
b (- atg)|, <
1 g L(T*,4,0)

3. Let the following assumptions hold ¥V iy, =1,...,45(j,1;) —1 Vv =1,2:

k~v _ _ A
Oty =0 (k=0,....1+k).
t=0
v, v al—l—ku
215 247, t 247,
X(T*, k—1 la”amzz’ +m21 0) C(T*,O) [’(T*’Q’mZi’z)
+ ‘ 8£+k+1~gi, < R.
2l c(T*,2, mZ’z)
~9 ~1 I+k—1
Ug,r U2i/ o 8 <u27, u212> H
X(T* k-2, l,u,m%/ +ma 0) c(T~,0)
A G P LA Gl
2 2 L(T*2,meyy ) & L(T*,2,—m,, 2)
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(4.46D)

(4.47)

(4.48a)

(4.48D)

(4.49)

(4.50a)

(4.50b)



4. Let the following assumptions hold ¥ i, = t3(j,4;),..., 1o Vv =1,2:

o - —

Ofityy| =0 (k=0,..1+F-1). (4.51)
Uy L + (|asy o

222 * 222 *
x(T k—l,l,u,mm/ +m2i/ o—1) Y(T* ,00,k—1,0,p,my +m2i/20)
al+k I/ al+k gl alJrchrlugZ
E(T*,oovo) 2 £(T*72,m2i{ ) 2 E(T*=277m2i(2)

< R. (4.52a)
iz, -y, + |2, —
X(I* k-2, l,u,mzi/ +m2i ro—1) 2 2

y(T* ,4,%—2,?,”,7’7121{2 +m2i'20)

oo (w2, - a3,
2 L‘(T*szﬂz—l)

o (7 - ) .,

4
T*7§7m2i’ ) 7377m2i’2)

I+k—1( ~2
9 (u2i'2 U2@2>H
o (a2, - at,)|

2 2 [,(

<S. (4.52D)

T*40)

5. Let the following assumptions hold ¥V iy, = 1,...,43(j,%;) —1 Vv =1,2:

orkus, | =0 k=0,...,1+k). 4.53
3df
314=0
al/i, o ‘8l+k I/Z ‘ ;
i3 X(T k=1L tmgs0 +migyr o) t Uil C(T™ gy ) Uy Slle(T=2,2my; )
+ Ha“rkﬂ it < R. (4.54a)
L(T%,2,0)

~2 1
Uz, — Usgy

d

—1{~2 il
A (T F=2 gy gy o) (T myy )

3 3 3 3 [,(T* 7270)

< 8. (4.54b)

L(T*,2 2m3

6. Let the following assumptions hold ¥ i = i3(4,1;),...,1I3 Vv =1,2:

Ofigy| =0 (k=0,....[+k-1). (4.55)

31t=0



I I— + a5 -
ST+, kfl,l,u,m3ig+m3v 1o—1) 3 V(T* ,00,k—1,1,pt,mmq,0 +m3i/3 )
al+k ” ‘ al+k: v, al+k+1u§Z
L(T*, 00, Mgyt 3 L(T*72,2m3ig) 31lc(T*,2,0)
< R. (4.56a)
~92 ~92 1
‘ Uz — Uggy Uz — Uggy

X(T*,E—Q,i,u,mgig +m3ig0—1 y(T*,4,E—2,i,u,m3ig +m3ig0)

(i ) o
3 3 T* 47m3v3)

9l+k 1( i’ ugz )H
3
2m3

737

< 8. (4.56b)

~1
( 3 %) |l oere 2 2mgy 1)

~1
o (s ) .
3/ 1le(r+,2,0)

13

=

1. If 3 =1 then the following statements hold¥V 1, =1,...,I1:

mii;

Z [HA“WBW ] = Aviy s ﬁ Hx T* k—21p,m1;, )
], |8]=0
_ <A1i17a6[7~ﬁ ] Alzhaﬁ )H CT 1 )} < @(R} T*) S. (4‘57a)
} 7m17,1
mi, ) i
S|Pl = Pl
|a|=0 X(T* k—2,l,p,m1i,)
[0 (Fusyali®] = Fuiali])| )} < ®(R,T")S. (4.57h)
T*,1,m,

flil [712] - flm [al]

o5 (fual®] - la']) |

X(T~* 7%7272,;1,,0) L£(T*,1,0)
< ®(R,T")S. (4.57¢)
2. If 3 = 2 then the following statements hold ¥ i =1,..., I5:

M2iq

Z |: HAQ’iz,aﬁ[ ] AQZZvaﬁ HX T* k 2 l,u,TTLQlZO)
|acl,|B]=0

O (A sl”] — Aysl']) ., | < BRI S (1.582)
L(T*2,0
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HX(T* K—2,0,40,m2i50)

O (Pasgald®) = Ppalit])|| 20)] < O(R,T") S.

~ ) ~2 . ~ ) ~1
fQZz [U, ] f?zz [U ] X (T~, To— 22/14 m212+m2120)

- (]?21'2[71] fai [t ) < &(R,T")S.

H L(T*,2,—m2;,)

3. If 3 = 3 then the following statements hold ¥ i3 =1,..., I5:

M3y

> [ Msiseali) = Asigsli' N e 7o yumae
|al,|8|=0

Ak 1(A313 op[0°] = Asiy apt )

H T QTTL313)i|

X(T* 7E72717H7m3i30)

+ Ha?r%_l <F3i3,a[ft2] - F3i3,a[ﬂl]> H S )} < Q(R,T7)S.

f3i3 [712] - f3i3 [al]

X(T* k=2,0,11,—migi5 +msiz0)

+ [ b (Al ~ Fos) < Q(RT)S.

lecr-ao

In particular, the continuous function ®(-,-) is independent of a.

Proof
First, we recall the following statement:

)= sty = ([ 0w+ 0=t an) o -

< ®(R,T%) S.

(4.58b)

(4.58c¢)

(4.59a)

(4.59b)

(4.59c¢)

(4.60)

Next, we note that the highest temporal derivatives which appear in (4.57), (4.58) and

(4.59) are of order [ + k — 1, whereas we can differentiate the arguments of the respective
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functions at least [ — 1 times with respect to t without any loss of spatial regularity.



Finally, with the help of (4.38) we find that we have to prove implications of the following
form:

1. C([0,T*])-regularity:

2[4 I
Z (Z HanVHc(T*75) + Z “8fuy“c(T*7p)) S R. (461&)
k=0 k=0

v=1

5] !
D0 = u) oy + D108 (0 = 1) |,y <. (4.61b)
k=0 k=0
—
‘ ) (f(ul,uz) (u? — ul)) HC(T* (< AARTYS (4.62)

2. L*([0, T*])-regularity:

2 (5] !

S (1050 oy + S N0 gy ) < B (4.632)
v=1l k=0 k=0

5] I

D lloE(® = u o g+ D10 (W = wh)l g . (4.63b)
k=0 k=0

—
[ 1 2 2 1 *
ot (et ut) (w2 = ) Hmw) < ®(R,T") 5. (4.64)

In (4.61), (4.62), (4.63) and (4.64) we have r € Z, s € Nand 1 < p < ¢ < oo. With
the help of the theory of composition operators developed in the appendix we find that
it sufficies to prove the following statements:

s > g, s > |rl, p>r. (4.65)

However, with the help of (4.60) and the Holder inequality we find that this is an imme-
diate consequence of (B7), (B8) and (B9). This proves the lemma. O
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4.3 Examples

We reconsider the initial boundary value problem (4.2).

Definition

Let mj;; € N with my;; > 1, and let Mj;’]ylkl € NU {—o0}. We say that the parameters

mj;; and Mﬁ;’lkl define an admissible coupling for the PDE system (4.2a), (4.2b), (4.2¢)
iof the following statements hold:

1. (B8) holds.
2. 3 mji0 due to (4.4c) in (B1) and 3 4;(-,-) due to (B6) such that (B9) holds.

Now let the parameters m;;; and Mﬁj”lkl define an admissible coupling for the PDE system

(4.2a), (4.2b), (4.2c). Then, 3 parameters k, [ and g such that (B1) and (B7) hold.
Moreover, let the functions Fj;, o and fj;; satisfy the structural conditions (B2), (B3),
(B4) and (B5). Then, the initial boundary value problem (4.2) has a unique solution u
due to (4.15).

In the remainder of this subsection we study coupled systems consisting of two subsystems.
Thereby, we generally assume that (B8) holds. Consequently, in order to characterize the
admissible couplings we have to exploit (B9).

4.3.1 Hyperbolic—Hyperbolic Systems
We consider the case Iy = 2, I, = 0 and I3 = 0 of the PDE system (4.2a), (4.2b), (4.2¢):

mii

Puy + Y (~1)loe (Fn,a(Uﬁ,x,t)) = (UL, 2, 1), (4.66a)

|a|=0
Ofuro + Y (~1)102 (Fioa(Ufy,2,8)) = fiaUfy, 2, 8). (4.66D)

Lemma 4.4
The parameters mqy;, and Mﬁ.’f’lkl define an admissible coupling for the PDE system (4.66)
iof the following statements hold:

F0 Fl f,0 1
M11’,12 < myp — My, M11’,12 = =00, M1i,12 < Mg, M1{,12 =0. (4.67a)

F0 F1 ,0 )1
M12,11 < mpp — Mg, M12,11 = =00, MIfQ,ll < may, MIfQ,ll = 0. (4.67Db)

74



Proof
We make the following choice:

Mi4,0 = Mgy, ’il(l, 1) = 1, ’il(l, 2) = 2. (468)

This yields the desired statement. O

4.3.2 Hyperbolic—Parabolic Systems (I)
We consider the case Iy = 1, I, = 1 and I3 = 0 of the PDE system (4.2a), (4.2b), (4.2¢):

mii

Gfun + 3 (=) 102 (Fua(Uf,2,0)) = fu (U], 2,0) (4.69)
|a|=0

Oz + Y (=)0 (Fora(Uf), 2,1) ) = (U, 2, 1), (4.69b)
|a|=0

Lemma 4.5
The parameters mj and Mj’l”ll define an admissible coupling for the PDE system (4.69)
iof the following statements hold:

F,0 ,0
M11721 S mo1 — My, M1f1,21 S mot. (4703)

F0 F1l 0 1
M21,11 < myy, M21,11 =0, M2f1,11 < mypy + may, M2f1,11 = ma1. (4.70D)

Proof
We make the following choice:
mMi10 = My1, mo1p - — 1. (4713)
i1(1,1) =1, i2(1,1) :=1, 11(2,1) :=2, 12(2,1) := 1. (4.71b)
This yields the desired statement. O

4.3.3 Hyperbolic—Parabolic Systems (II)
We consider the case Iy =1, I, = 0 and I3 = 1 of the PDE system (4.2a), (4.2b), (4.2¢):

mi1

Opun + Y (~1)02 (Fiva(Uf,2,0)) = fu (U], 2, 8). (4.72a)
|a|=0

75



ms31

Ouuy + Y (=)0 (Fypa(Ufh, 2,1) ) = f (U, ). (4.72b)

la=0

Lemma 4.6

The parameters mj and Mﬁ"}l define an admissible coupling for the PDE system (4.72)

if the following statements hold:
MIFI,,%I S 2m31 — My, lelf)?;l S 2m31. (4733)

F0 Fl ,0 1
M31711 < myyp — msy, M31711 = =00, M?{l,ll < may, M?{l,ll =0. (4.73b)

Proof
We make the following choice:
mi10 = My1, msig = M3 + 1. (4743)
i1(1,1) =1, i3(1,1) =1, 11(3,1) :=2, 13(3,1) :== 1. (4.74b)
This yields the desired statement. O

4.3.4 Parabolic—Parabolic Systems (I)
We consider the case I} = 0, I, = 2 and I3 = 0 of the PDE system (4.2a), (4.2b), (4.2¢):

m21

Ouzy + 3 (=)0 (Fypa(Uf}, 2,1) ) = for (U, 1), (4.75a)
|a|=0

dus + 3 (—1)758 (FQQ,Q(U;;,M)) = foo (U, 3,1). (4.75b)
|a|=0

Lemma 4.7
The parameters mq;, and MZP° define an admissible coupling for the PDE system (4.75)

in,2k>
iof the following statements hold:
My, < mgs — 1, M5, < mgp +mgs — 1. (4.76a)
M2F2’?21 S mai, M2fZ,?21 S Mol + Masy. (476b)
Proof
We make the following choice:
Moi,0 = 1, i2(2, 1) = 1, i2(2, 2) = 2. (477)
This yields the desired statement. O
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4.3.5 Parabolic—Parabolic Systems (II)
We consider the case Iy =0, I, = 1 and I3 = 1 of the PDE system (4.2a), (4.2b), (4.2¢):

ma21

Oz + 3 (=)0 (Fov(Uf}, 2,1) ) = (U, 2, 1). (4.784)
|a|=0

Oy + Y (=)0 (Fona(UR, 2,1) ) = fur (U, 2, 1). (4.78b)
|a|=0

Lemma 4.8

a) The parameters mj and M?%°, define an admissible coupling for the PDE system
j LI
(4.78) if the following statements hold:

My < 2mg — 1, M%) < mop + 2mg; — 1. (4.79a)
M?ﬁ,,oﬂ S mo1 — M3y, Mg{?zl S mo1. (479b)

(b) Alternatively, the parameters mj; and Mﬁ’gl define an admissible coupling for the
PDE system (4.78) if the following statements hold:

My, < 2ma, M%) < may + 2ma;. (4.80a)
M?ﬁ,,oﬂ S Moy — Mg1 — ]_, M?{i?Zl S mo1 — 1. (480b)

Proof

(a) We make the following choice:

Moo = 1, M3 = M3 + 1. (481&)

5(2,1) =1,  43(2,1):=1,  ix(3,1):=2,  i3(3,1):=1.  (4.81b)

(b) Alternatively, we make the following choice:

Mo1g = ]_, ms31g ‘= M3 + 1. (4823)

2(2,1) =1,  43(2,1):=2, x(3,1):=1,  i3(3,1):=1.  (4.82b)

This yields the desired statement. O
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4.3.6 Parabolic—Parabolic Systems (III)
We consider the case I} = 0, I, = 0 and I3 = 2 of the PDE system (4.2a), (4.2b), (4.2¢):

ms31

Oy + Y (=)0 (Fona(UR, 2,1) ) = fur (U, 2, 1). (4.83a)
|a|=0

Oy + Y (=)0 (Froa(Uly, 2,1) ) = Fia( Uy 2, ). (4.83b)
|a|=0

Lemma 4.9
The parameters ms;, and M?ﬁf,?)kg define an admissible coupling for the PDE system (4.83)
iof the following statements hold:

M?i’%2 S 2m32 — ms31 — 1, M?{i?SZ S 2m32 — 1. (4843)

M;;’%l S 2m31 — Mg32, M?{Q{)?;l S 2m31. (484b)
Proof
We make the following choice:

M350 *= M3, + 1, ’1:3(3, ].) = 1, ’i3(3, 2) = 2. (485)
This yields the desired statement. O

A Appendix
A.1 Product Inequalities
Let 2 C R® be a bounded domain with a smooth boundary.

Lemma A.1
Let s; € [0,00), let u; € H(s;), and let the following statements hold:

n n
Si# 5, S1 + So + S3 2 5 (Al)
Then, (uyusuz) € LY (). In particular, the following estimate holds:
a1 0y < C oy 0y 2 - (A2

Moreover, the constant C > 0 is independent of the u;.

78



Proof
This is an immediate consequence of the Holder inequality and the Sobolev imbedding
theorem. 0

Lemma A.2
Letr € N, let s;,t; € [0,00), let u; € H(s;), letv; € H(t;), and let the following statements
hold:

n
r<s;, r <tj, si<§<tj, ZSZ_ (k—1) (A.3)
Then, (uy - ... - ugvy - ... -v) € H(r). In particular, the following estimate holds:
Jur - ugvr gy
<C ||U1||~H(sl) Tt ||Uk||~+¢(sk,) ||U1||H(t1) e ||Ul||~+¢(tl) . (A.4)

Moreover, the constant C' > 0 is independent of the u; and v;.

Proof

We prove the lemma by induction on r. Therefore, let (A.3) hold for r = 0. Moreover,
let £ = 0. Then, the estimate (A.4) is an immediate consequence of the Holder inequality
and the Sobolev imbedding theorem. Now let £ > 1. Without loss of generality we make
the following assumption:

Zs - g(k ~1). (A.5)

Then, 3 p; € [2,00) such that

n n 1 1
Pi= == —, — = —. A6
s > =5 (A.6)

With the help of (A.6), the Holder inequality and the Sobolev imbedding theorem we
obtain the estimate (A.4) for r = 0. Next, let 7 € N, let the lemma hold for r =0,...,T,
and let (A.3) hold for r =7 + 1. Then, we have:

Jwg - oo ugog - Ul||H(F+1)
n k
§C’l(||u1-...-ukvl~...-vl||H(F)+ZZ||u1~...-8Z-u,_€-...-ukvl~...~vl||H(F)
=1 k=1
n l
—1—22“111-...-ukvl-...-81»11,\-...-1)1\]%(7))
i=1 A=1
<C ||U1||~H(sl) T ||Uk||~+¢(sk,) ||U1||H(t1) et ||Ul||~+¢(tl) . (A.7)
Consequently, the estimate (A.4) holds for » =7 + 1. This proves the lemma. O
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Lemma A.3
Let s € Z, let tj € [0,00), let u € H(s), let v; € H(t;), and let the following statements
hold:

s < 1, > 5. (A.8)
Then, (uvy - ...-v) € H(s). In particular, the following estimate holds:
oy - Ul”%(s) <C ||U||~H(s) ||U1||H(t1) e ||Ul||H(tl) . (A.9)

Moreover, the constant C' > 0 is independent of u and the v;.

Proof
First, let s € N with s # . Then, the estimate (A.9) is an immediate consequence of
lemma A.2. Next, let s = § € N. With the help of lemma A.2 we obtain:

luvy - vl < 01( | A N | T | P
=1
n l
—I—ZZHUUl e Oy -...-Ul||H(s_1))
1=1 A=1
< Cllullyye lonllagery - - - Nlvillagy) - (A.10)

Consequently, the estimate (A.9) holds for s € N. Finally, let r € N with » > 1, and let
s = —r. Then, we have:

uvy -l = sup [ {ulvr )y
(= S (=r)xH(r)
H(r) ™
< Crosup ully gy lloon - illyygy
HSPHH(T)Zl
< Cllullyyp Nvrllageeyy = - lvellagee,y - (A.11)
Consequently, the estimate (A.9) holds for s € Z. This proves the lemma. O

A.2 An Interpolation Inequality

Let T > 0, and let 2 C R™ be a bounded domain with a smooth boundary. Moreover, let
s; € [0,00), let € > 0, and let the following statement hold:

S; S Si+1 — €. (A12)

For functions u :  x (0,7) — R we use the following notation:

k
HUHL{(T,k) = Z ||aquCO([O?T],HSkfn(Q)) . (A.13a)
k=0
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k—1
||u||v(T,k) = Z ||afu||(/’0([07T],Hsk—)~;_E(Q)) . (A.13b)
k=0

Lemma A.4

(a) Let the following statements hold:
k
u € () C([0,T], H*+()), Oul =0 (k=0,...,k—1). (A.14)

t=0
k=0

Then, the following interpolation inequality holds:

lullyerey < () Nullfier,oy el - (A.15)

In particular, the continuous function ®(-) and the constant 0 < p < 1 are indepen-
dent of u.

(b) Let R >0, and let the following statements hold:

k
w’ € (C5([0,T), H* (), dfu’| =0 (k=0,....,k—1). (A.16a)
t=0
k=0
u € C°([0, 1], H*(2)). (A.16Db)
HUVHZ,{(T,I@) <R, |u” — UHu(Tvo) =30 (A.16¢)
Then, the following statement holds:
k—1
we (50, T], H*+5(Q)),  dfu (=0 (h=0,.,k=1). (Al7a)
=
k=0
||u” — u||V(T7k) 27500, (A.17Db)
Proof
(a) Let 1 <k <k — 1. Then, we have:
9 t
lorule,, =2 /0 (Ol o u,,,, dr. (A.18)
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With the help of (A.18) and the Hdlder inequality we obtain:

2
Hafuuu(no) <2 HaquL(T,z,so) Haf+1uH£(T72,so) ’

With the help of integration by parts we obtain:

HWUHZTQ,SO) = <8f’1u‘8fu>m50)

With the help of (A.19) and (A.20) we obtain:

1 3
||afu||u(T,0) < O(T) Haf_luuzi(T,o) < ||afu||U(T70) T HafHuHU(TaU) ) E

With the help of (A.21) and induction we obtain:

k—1

K 1-
Z 10; UHL{(T,O) < O(T) HUHZ(T,O) ||u||u(;,k) :
k=0

With the help of interpolation we obtain:

k—1
" P 1-
ey < € (D2 10 ulleogommonn ) 1eliiche
k=0

T
tT—/O <8f’1u‘8f“u>%(50) dt.

(A.19)

(A.20)

(A.21)

(A.22)

(A.23)

With the help of (A.22) and (A.23) we obtain the desired interpolation inequality

(A.15).

With the help of (A.15) we find that (u”)2°, is a Cauchy sequence in V(7 k) and
hence convergent to some limit function v € V(7 k)y. Since V(T k) is continuously

imbedded in U(7,0), we obtain u = v.

A.3 Composition Operators

Let T > 0, and let 2 C R" be a bounded domain with a smooth boundary.

Lemma A.5 l
Letr € Z, let s € N, let u(t),...,0%u(t) € H(Q), let u(t),...,0u(t) € H'(Q), let
u(§2,t) C [a,b], let f € C'T¥(R), and let the following statements hold:

n
Wﬁsa S>§.
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Then, 0} f(u(t)) € H™(Q). In particular, the following estimate holds:

(5]
[0 )y < € 1 Nervsqany (D NOEuE iy +1) (ZH@'“ gy +1)-

(A.25)

Moreover, the constant C > 0 is independent of f and u(t).

Proof
First, let [ = 0. With the help of the Holder inequality and the Sobolev imbedding

theorem we obtain:
‘y(o) )
s k

17 (@) ey < (1) o +ZZ S @ .. 9
<O M leogumy D00 3 Ifllewiun 102 ullgspary - 105 lbgs o )

k=1 £=1 |ai|+..+|ax|=k
k=1 k=1 |aq|+...+ || =k

< Ol llesgay (Ml +1) (A.26)

Consequently, the estimate (A.25) holds for [ = 0. Now, let [ > 1. With the help of
lemma A.3 and (A.26) we obtain:

TUDINEES S ol FE IR ) I

A=1 k1+..+k\=l

I
< 022 Z Hf(A)(“(t))HH(s) Haflu(t)Hw) H(?qu(t)H%(s) e ‘ U(t)HH(S)
A=1 ky+.. k=l
kigeoosin <[4]
[5]
< Ol ey (D 0800y +1) (Z [9%(0) |y +1)- (A.27)
k=0
Consequently, the estimate (A.25) holds for [ € N. This proves the lemma. O

Lemma A.6
Letr € Z, let s € N, let 2 < s, let p,q € [1,00), let f € C'*(R), and let the following
statements hold:

3

Ir] <'s, s> —, q <p. (A.28)
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Then, the following tmplications hold:
1. C%([0, T))—regularity:

5] !
D loFullegry + d_lI0Fuller,y < B- (A.29)
k=0 o
.
Haéf(U)Hc(T,r) < N Flletsagry pryy (RS T). (A.30)

2. LP(]0,T))-regularity:

5] I
Z HatkuHC(T,s) + Z HatkuHE(T,p,r) < R. (A.31)
k=0 k=0
—
Haif(U)Hg(T,q,r) < [ fllerstagzey ey 2T (A.32)

In particular, the continuous functions ®(-,-), a(-) and b(+) are independent of u and f.

Proof
With the help of the Sobolev imbedding theorem we obtain:

u(2 x (0,7)) C [a(R),b(R)]. (A.33)
Now, the lemma is an immediate consequence of lemma A.5 and the Holder inequality. O

Lemma A.7 l

Letr € Z, let s € N, let u(t),...,0%u(t) € H*(Q), let u(t),...,0u(t) € H'(Q), let
1

w( Q1) C [a,b], let v(t),...,0% () € H¥Q), let v(t),...,00 () € H'(Q), let €

C'*3(R), and let the following statements hold:

n
Ir] <s, s >

5 (A.34)

Then, O (f(u(t))v(t)) € H"(Y). In particular, the following estimate holds:

>l+s+1

@) |, <Ol (ZH@’“ Mo *

H(r)

I [5]
x [(Z [0k u(®)]| ) +1) > 0k o @l + Z 1080(0) e | (A.35)

Moreover, the constant C' > 0 is independent of f, u(t) and v(t).
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Proof
With the help of the lemmas A.3 and A.5 we obtain:

o; (f(u(t))v(t)) HH( < Clz |08 f (u(t)0, " H?—[(r)

[5]
< G 21108 £ o) o 10800 + Z 98 £t g 198O )

—|—1

>l+8+1

< C I llersegony (ZH@’“ Moo +

x [(Z [ uOl]q, + 1) Z [0£0(6) gy + 32 000 | (as0)

This is the desired estimate (A.35). O

Lemma A.8
Letr € Z, let s € N, let 2 < s, let p,q € [1,00), let f € C'*(R), and let the following
statements hold:

| < s, 5> g q<p. (A.37)

Then, the following tmplications hold:
1. C°([0,T])-regularity:

5] !
Z HaquC(T,s) + Z HaquC(T,r) < R (A.38a)
k=0 k=0
5] !
D00l + 2 10 ulle < S (A.38D)
k=0 k=0
_
0, (f(u)v) HC(TT) < N Fllet+s agrypry BB, T)S. (A.39)

2. L*([0, T])—regularity:

(5] I
Z HaquC(T,s) + Z Hafuuﬁ(T,p,r) < R (A40a)
k=0 k=0
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5] !
Z HaquC(T,s) + Z HanHL(T,p,r) <5 (A.40Db)
k=0 k=0

Hai<f(“)”)H < 1 llerss qagry ooy R T)S. (AAL)

L(T,q,r)

In particular, the continuous functions ®(-,-), a(-) and b(-) are independent of u and f.

Proof
This is an immediate consequence of lemma A.7, (A.33) and the Hélder inequality. O

A.4 Regularity Assumptions

In this subsection we give a precise statement of the assumptions (A6) and (A7) in section
3, and of the assumption (B9) in section 4. We note that each of the assumptions (A6)
and (A7) contains a collection of implications labeled (j,%;) where each of the implications
contains a collection of premises labeled (I, k;). Now, writing the premises for (I, k;) we
have to distinguish the cases [ = 1,2, 3 corresponding to the different types of systems.
Moreover, due to the particular linearization procedure in the proof of theorem 3.1 we also
have to distinguish the cases k; < 9,(j,1;) or k; > ¢,(j, i;) corresponding to the order of the
double indices fixed by ¢, see (A5). This yields six different classes of premises. Moreover,
writing the conclusions for (j, ¢;) we have to distinguish the cases j = 1,2, 3 corresponding
to the different types of systems. This yields three different classes of conclusions. Finally,
we note that the assumption (B9) contains a collection of inequalities labeled (j,;,(, k).
As above we have to distinguish the cases j = 1,2,3, [ = 1,2,3, and k; < %,(j,4;) or
ki > 4,(j,¢;). However, due to (4.10) in (B6) the case k; < ¢;(1,4;) does not occur. This
yields fifteen different classes of inequalities.

For the case of the abstract initial boundary value problem (3.4) we make the following
assumptions:

(R1) Let the following implication hold V R >0V 0 <T* < TV (j,i;) € J:

1. Let the following assumptions hold V ky =1,...,4,(j,¢;) — 1:

OMug,| =0 (k=0,....[+k+1). (A.42)
Ik Ik

ok ller fpnom,) + ‘ Oy (T mugy) - ‘ 0 g, c(1+,0)

<R (A.43)
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2. Let the following assumptions hold V ky = %1(J,%;), ..., Ii:

WWM:ZZO (k=0,...,1+k). (A.44)

||U1k1||X(T*,E—1,Z,M,2m1kl—e) + ‘ 6?%“1/61 C(T* myn, —2)

Fllkllye pr1pnom,) ‘ 0 M, L(T p,mygy ) * ‘ o, L(T* p,0)

< R. (A.45)
3. Let the following assumptions hold V k; = 1,...,%2(j,%;) — 1

eﬁmbzzzo (k=0,....,1+k). (A.46)

V)

d

||u2k2||X(T*,Eflj,p,,mzk2+m2k20) + ‘

C(T*,0)
<R. (A.47)

ﬁ(T* 727_m2k’2)

L(T* 727m2k’2 )

[+k+1

4. Let the following assumptions hold V ky = 22(j, %), . . ., I

thtozo (k=0,...,14+k—1). (A.48)

||U/2kz || X(T* =E_17Z7Mam2k’2 +m2k20_€) + | |u2k2 | |y(T* ap7E_17i7u7m2k2 +m2k’20)

[k [k
-+ 8t u2k2 -+ 8t U2k2

L(T*,p,0)

I+k+1

_.I_
‘C(T* 727m2k2 78)

< R. (A.49)

‘C(T* 727877m2k2)

‘C(T* ,2787777,2]92 )

5. Let the following assumptions hold V ks = 1,...,%3(j,4;) — 1

=0 (k=0,...,1+k). (A.50)

0ku3k
t 3 =0

[k [k
8t U3k3 8t U3k3

+|

||U3k;3 ||X(T* ,Eq,i,u,mgkg +m3k,0) + ‘ C(T™ maky)

<R (A.51)

£(T*,2,0)

‘C(T* 7272m3k3 )

+ ‘6¢+k+1

U3k,
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6. Let the following assumptions hold V ks = ¢5(j, ), ..., Is:

=

=0 (k=0,....+k—1).

k
8t U3k

||U/3k3 || X(T* aE_lazauamSk’?, +m3k30_€) + | |u3k3 | |y(T* ap7E_17i7u7m3k3 +m3k’30)

[+k I+k
+ ‘ 815 U3ks at U3ks

d
)

‘C(T* Py M3kg £(T*7272m3k378)

O R ug,, itk+ly, < R.
t 3 t

3ks <
L(T~,2—¢,0)

|

d
)

L(T*,2—e,2mzp,

1. If j = 1 then the following statements hold V i; = 1,..., I;:

1 migy

I k-
Z Z HaéJrkAlil,aﬁ[u]HC(T*,Eu‘l,k,aﬁ)
1=0 k=0 |a|,|8|=0

k Mgy
k
+ § E H@t Alil,aﬁ [u] Hﬁ(T*,oo,Eul,k,aB)

Ik
+ Z Z HaéJrkAMl’aﬂ[u]HL(T*,q,Elil,k,aﬁ) < CI)(Ra T*)

I=1 k=1 |al,|3]=0

mii,

A" fui, [u]H < ®(R,TY).

Vi [ L 120 | .

In particular, we assume that 4 6 > O:

(A.52)

(A.53)

(A.54a)

(A.54b)

_ n —
Ty 2 max{y +8 — ak = 2mus, + o] + 8, p(F — 1~ k) + o}

(k=0,...,k—1).

— n
b1y ka8 = max{§ +0 — M(k - 1) = 2my;, + ‘04’ + W‘» ‘04’}

(k=1,....%).
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2. If j = 2 then the following statements hold V i, = 1,..., I5:

k—1 "M2iy M2y

D A 1 S Sy I A 1 [

0 k=0 |a,|8|=0 |exl,| B]=0

MN.

!
m27,2

t Azis (Ul £ oo 5
Z Hat Az aplu] L(T*,00,535y j,08)
\al |8]=0

mZ’LZ

Z Z |0l+kA212,a/3 HL T*r, (7212 )

=1 k=1 |«|,|8|=0
(R T*). (A.56a)

_|_

=~ |l MNI

sl i m g + | ol

< ®(R,TT). (A.56b)
In particular, we assume that 3 6 > 0:

62712,]@&6 Z max{g + o — /J'k - 2m2i2 + ‘OJ’ + ‘5’7
/L(E—l—k)—mziz—szizo—i—’@‘} (k:O,...,E—l). (A57a)

by kap > maX{g + 8 — p(k — 1) = 2ma;, — Moo + |af + (5], 0}
(k=1,...,k). (A.57b)

3. If j = 3 then the following statements hold V i3 =1,..., I5:

k—1 ™m3ig

I
Z Z Haé+kA3i3,Oé5 [u] HC(T*,Esig,,k,aB)

1=0 k=0 |al,|5]=0

Z Z Hang’i:’”aﬁHﬁ(T*,OO,Egi?),k,QB)

k=1 \al 181=0

l m313

ZZ > 0 Asiy sl ez, oy S BRTY). (A.58a)
=

k=1 lal,|8]=0

+
_|_

E m3i3
1

' [u] Hc(T*,zvo)
< O(R,T"). (A.58b)

||f313 [U] ||X(T* ,E*l,Lu?fmgis +m3i30)
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In particular, we assume that 4 6 > 0:

63713,]@&6 Z max{g + o — /J'k - 2m3i3 + ‘OJ’ + ‘5’7
pwk —1—k) —mai, + maigo + o} (k=0,...,k—1). (A.59a)

- n
b3is 1,08 > max{§ + 0 = 2myy, + |af + |B], |al}. (A.59b)

— n
b3is kap > max{§ + 0 — p(k — 1) — mgi, — maip0 + || + 5], || }
(k=2,...,k). (A.59c¢)

C3ig k,af = max{g +0 — p(k — 1) — maiy; — Maigo + | + [B], o]}
(k=1,...,k). (A.59d)
Moreover, we assume that the continuous function ®(-,-) is independent of w.
(R2) Let the following implication hold V R >0V S>0V 0 <T* <TV (j,i;) € J:
1. Let the following assumptions hold V ky = 1,...,4:(j,7;) —1 Vv =1,2:

Fufy| =0 (k=0,...,l+k+1). (A.60)
t=0

[ PCETRPSIRRN G Y it .

< R (A.61a)

I+
at+_ (u%kj - u%kj) H
C(T*amlk’l)

l+k+1<u%k1 — U%kl) HC(T* ) <S. (A.61D)

2 1 H ~
e, = | v go1mmee,) ‘

2. Let the following assumptions hold V ki = %1(j,4;),..., 1 Vv =1,2:

8ku1k1 =0 (k=0,...,1+k). (A.62)

H—k
Huikl HX(T*,E_IJ7M72m1k1 —€) ‘ at 1k1 C(T*amlk’l —€)
+ Hul{kl Hy T+ oo,Efljvu,Zmlk ulkl L(T*00,myp, )
b b 1
S AR <R A.63a
el o) = (A.632)
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+|

I+k
6%4%_>(1L%k1 - ZI’%kj) H
C(T*vmlkl 78)

th th ['(T*vpvmlkl)

S O A | (A.63b)

L(T*p,0)

2 1 H ~
Hulkl ulkl X(T*7E_17l7u72mlk’1_€)

2 1 H .
+ Hul’“l Wik, V(T ,p,k—1,Lp,2m )

3. Let the following assumptions hold V k; = 1,...,%5(j,4;) —1 Vv =1,2:

k
Of sy, t

=0 (k=0,....,1+k). (A.64)

14
[ ‘ Fu ‘ Uy
k2 ILX(T* k— 1,1 pymagy, +miagg0) 7leere ) 2k L(T™ 2,mapy)

plthtLyy <R. (A.65a)

Ugy
k2 ﬁ(T* 727_m2k’2)

Hu2 — g, ;
2k2 2k2 X(T*7E_17l7u7m2k2+m2k20)

u —Uu u U
2k 2k 2k 2k
2 2 ['(T*vzumZkz ? ? T 72,7777,2]92)

<S. (A.65b)

I+k( 2
o (0, = b ) |
t
2ky 2ky c(r 0)

l+k:+1 <

4. Let the following assumptions hold V k; = %3(j,4;),..., Lo Vv =1,2:

Ay uly, =0 (k=0,....,1+k—1). (A.66)

v 14
HUQkZ ‘|X(T*7E_17Z7u7m2kz+m2k20_€ + Hu?kZ Hy(T*,OO E_l Zauam2k2 +m2k20)
al+ku;k2 al+ku2k2 al+k+1u2k2
ﬂ(T*,O0,0) L(T*727m2k’2) ﬁ(T*727_m2k’2)
<R (A.67a)

20~ U, | - e, = g, | -
Hu2k2 Y2k, X(T*7E717l7“7m2k2+m2k2078)+ Yaky ™ U2k, V(T ,p:k—1,l,p,mak, +Ma2ky0)

I+k( 2 1 I+k( 2 1
ot ) ),
ko ko ﬁ(T*,p,O) t 2ko 2ko T 2m2k2—€)
)y, [ )]
t 2 2
k2 k2 L(T*72_€7m2k’2) ka ka T*Q €,— m2k2)
<. (A.67b)
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5. Let the following assumptions hold V k3 = 1,...,43(j,7;) —1 Vv =1,2:

OF uly, =0 (k=0,...,1+k). (A.68)

Z+E v
[, | - + ||ortFu + ||
3k
s INX(T k= 1,1 p;mgp s+ 0) & T3k C(T*,m3py) 3ks L(T*,2,2m3p,)
+ ‘ Ol <R. (A.69a)
E(T*7270)

2 1 l+k 2 1

u — U H H — U
H 3k3 3k3 X(T* k—1,l,p,mak +m3k40) ( U3k, 31473) HC(T*;mMS)
I+k+1
o +k+

O (uh, = )| (18, = )|
Uz, — U A Uz, — U
s T )l £ 2 2may) Sha ks )| £re 2,0)

<. (A.69b)

d

6. Let the following assumptions hold V k5 = ¢5(j,%;),...,ls Vv =1,2:

=0 (k=0,....01+k—-1). (A.70)

k
0, u3k3 i

v
Hu3k3 HX T* E—l,i,u,mgk?)-i—mgk?)o €) + Hu3/€3 Hy(T*,oo,E lf,u,m3k3+m3k3o)

al+k al+k al+k+1

3k3 3k3 3k3

['(T*,Ooﬂngks ['(T*szzm?)kg ‘C(T*szo)

<R. (A.71a)

2 1 H ~
+ HU’3]§3 U’3]§3 y(T*apaE_17l7u7m3k3+m3k’30)

Us, 3k
’ ’ £(T*72,2m3k378)

45, = ws | -
3k3 3ks X(T*,E—l,l,u,TTL3k3+m3k3o €)

l+l<: 2 1
( Uggy — U3k3> ‘

o

['(T* 7p7m3k3

l+k 2 1 l+k+1 1
< Usks u3k3) HL(T*,ZE,ngk <u3k3 B u3k3> L(T*,2—¢,0)
<S. (A.71Db)
—
1. If j = 1 then the following statements hold V i; = 1,..., I;:
Z E—l mlzl

> ‘ o, (Aul,aﬂ[ ?] = Aty aplu ) H
[=0 k=0 |af,|8|=0 1" 8iy g

Tk mu
+Y > > Hafrk (Aul,aﬂ[ ] = Aty aplu )H

1=0 k=0 |al,|8]=0 L(T*1b14) ko)
< ®(R,T) S. (A.72a)
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[ fra[u®] = Fraa 6| e o170y + ‘ 0Z*E(ful[u2] — fia [UlD HL(T*,LO)
< ®(R,T) S. (A.72Db)
In particular, we assume that 3 6 > 0:
Qi oo = max{g +6 —p(k —k+k)—2my, + |a|+ 18],
wlk—1—k)+lal} (k=0,....k—1). (A.73a)

n —
Qlil,k,a/} > max{§ +60—plk—k—14+k)—2my, + o]+ 18], ||}
(k=0,...,k). (A.73Db)
2. If j = 2 then the following statements hold V i, = 1,..., I5:

(A%z,aﬂ[ ?] = Agiy aplu )

1=0 k=0 |al,|8|=0 H €T L2iy )
Tk may
+3030 S [ (Assaslet] - v sl
L(T*,2,b )
1=0 k=0 |af,|B|=0 02y k08
< ®(R,T*) S. (A 74a)

Hfm — Jais | 1]‘!X(T*,E—17Z7M7—m2i2+m2i20)
aﬁﬁ(fm [w?] = fau[u']) | < QR TS, (A.74b)

L(T*727_m2i2)
In particular, we assume that 3 6 > 0:

oty s 2 max{5 + 8 — (k= &+ k) = 2ma, +|a] + ],
/L(E—l—k)—mziz—szizo—i—’CY‘} (k:O,...,E—l). (A75a)

boiy k0 = max{g +0 — p(k —k— 1+ k) — 2ma;, — mai + |af +8],0}
(k=0,...,k). (A.75Db)
3. If j = 3 then the following statements hold V i3 =1,..., I5:

ot (A?»ig,a/i [0°] = Asiy s [UID H

C(T* ,a,;
1=0 k=0 |al,|8|=0 (T 8314 ,ap)
1

2.2 i Ha§+k<f43i3,aﬂ[ 2] — Agig aplu
0

> Moo,
< ®(R,T%) S. (A.762)
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2 1
H f3i3 [u ] B f3i3 [u ] HX(T*vﬁflj,u?fmg,is +m3is0)

v \ aZ*E( Foia 2] = fon, [ul]) < ®(R,T") S. (A.76D)

HL(T*,Q,O)

In particular, we assume that 4 6 > 0:

Asiy hap > max{g + 8 —plk —k+ k) —2ms;, + |a| + 8],
plk =1 = k) = maj, + maipo + ||} (k=0,...,k—1). (A.77a)

n _
b3y kg = max{§ +0 —p(k —k— 14 k) —mg, —maip0 + || + 5], |o|}
(k=0,... k). (A.77b)

Moreover, we assume that the continuous function ®(-,-) is independent of w.

For the case of the initial boundary value problem (4.2) we make the following assump-
tions:

(R3) 1. Let the following statements hold V iy = 1,..., I:
(i) Let the following statements hold V ky = 1,..., I} with k; # i;:
Mllj';[,)lkl S —Mag + mik,, Mﬂilkl = —0Q, lei,glk1 S Mk,
M, <o0. (A.78)
(ii) Let the following statements hold V ky = 1,. .., I3

F0 f,0
Mlh,?kz S —M14 + Mok, , Mlh,?kz < mag, - (A79)

(iii) Let the following statements hold V k3 =1,..., I;:

F,0 /50
M1i1,3k3 S —mlil + 2m3k3, M1i1,3k3 < 2m3k3. (A80)

2. Let the following statements hold V 1o = 1,..., I5:
(i) Let the following statements hold V ky = 1,..., I:

Mzi’zo,ml < Mg, + min{ —maz,0 + mag,, 0} (A.81a)
MQIE;l,ml < min{—ma;,0 + M1k, 0}. (A.81b)
M2fz'720,1k1 < Mg, + Mg, + min{—mo;,0 + mqg,, 0}. (A.81c)
M2fi721,1k1 < my;, + min{—ma;0 + Mg, , 0}. (A.81d)
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(ii) Let the following statements hold V ky = 1,...,29(2,42) — 1:

lej';o,zb < Mgk, + Min{ —ma;,0 + Mak,0, 0} (A.82a)

M2fi720,2k2 < Mo, + Mok, + min{—m%o + M2ky0, 0} (A82b)
(iii) Let the following statements hold ¥V ky = 15(2,4s), ..., > with ko # io:

MZIZ';O,Zkz S Mok, — 1+ min{—mgizo -+ M2ks0, 0} (A83a)

MinZO,ka S Mo, + mog, — 1+ min{—mzizo + mMak,0, O} (A83b)
(iv) Let the following statements hold ¥ k3 = 1,...,43(2,iy) — 1:

]\42};’20,3,€3 < 2m3k3 + min{—m2i20 — M3k, + M3k,0, O} (A84a)

M2fi720,3k3 < Mo, + 2m3k3 + min{—mzizo — M3ky + M3ks0, O} (A84b)
(v) Let the following statements hold V k3 = 25(2,4s), ..., I3:

MZIE;O,Skg < 2m3k3 + min{—m2i20 — M3k, + M3k,0, O} — 1. (A85a)

f70 3
M2i2,3k3 S Mo, + 2m3k3 + mln{—m%o — M3k, + mM3k50, 0} — 1.

(A.85Db)
3. Let the following statements hold V i3 = 1,..., I3:
(i) Let the following statements hold V &y = 1,..., I:
M?i';o,lkl S — N34 + mig, + min{m3i3 — MN3450 + Mk, 0} (A86&)
Myt = —oc. (A.86b)
M?fif,lkl < mqg, + min{m3i3 — M350 + M1k, 0} (A86C)
M?fzjgl,lkl < min{m3i3 — M3i50 + M1k, 0} (A86d)
(ii) Let the following statements hold V ko = 1,...,42(3,i3) — 1
M;;;)O,ka < — M3 + Mok, + min{m3i3 — TN3450 + mM2k50, 0} (A87a)
M£§,2k2 < Mmag, + min{mgis — M350 + M2k,0, 0} (A87b)
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(iii) Let the following statements hold V ky = 25(3,143), ..., l2:

M;;’SO,%Z < —mg;, + Mo, — 1 4+ min{ms;, — Ms4,0 + Mak,0, 0}
(A.88a)
M£§,2k2 < mgp, — 1+ min{mgig — M350 + Mag,0, O} (A88b)
(iv) Let the following statements hold ¥ k3 = 1,...,43(3,i3) — 1:
F0
M3y sy < —Migig + 2,
+ min{mg,is — M350 — M3kg + mM3k50, 0} (A89a)

M£7§,3k3 < 2m3k3 + min{m3i3 — MN3450 — T3k, + mM3ks0, 0} (A89b)
(v) Let the following statements hold V k3 = 45(3,13), ..., I3 with kg # i3:
M?Z';O,Skg < —Mmgi, + 2m3k3 —1
—+ min{m3i3 — m3i30 — m3k3 + m3k30, 0} (A90a)

f,0
Msj s, < 2mig, — 1

-+ min{mgis — M3js0 — M3k, + M3k50, 0} (AQOb)
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