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Classical Hilbert—Lie groups, their extensions and their homotopy groups

Karl-Hermann Neeb

Abstract. Let H be a complex Hilbert space and D a hermitian operator on H with finite
spectrum. Then the operators for which the commutator with D is of Schatten class p form a
Banach algebra B,(H,D). In the present paper we study groups GL,(H,D) associated to this kind
of Lie algebra and also groups GL,(H,I,D) associated to the sub Lie algebras B,(H,I,D):={z€
B, (H,D):Iz*I~*=—z}, where I is an antilinear isometry with 71?c{4+1}. For p=2 we determine the
full second continuous cohomology for these Lie algebras and for the groups we compute all homotopy
groups. These results then lead to a direct description of universal central extensions of the groups
GL2(H,D),GL2(H,I,D) and some of their real forms. In particular we obtain the infinite-dimensional
metaplectic and the metagonal group as special examples. In a last section we discuss associated
complex flag manifolds and show that the unitary forms of the complex groups act transitively.

Introduction

An important feature of finite-dimensional reductive Lie algebras g is that they always possess
a positive definite bilinear form (-,-) and a so called Cartan involution 6 such that

(0.1) ([z,9],2) = —(y,[0(x), 2]) for =x,y,z€g.

Here the case 6 = idy corresponds to the case of a compact Lie algebra.

An interesting class of infinite-dimensional Lie algebras generalizing finite-dimensional real
reductive Lie algebras, in the sense that they still have the structure provided by (0.1), are the
L* -algebras. More precisely, these are Lie algebras g which are real Hilbert spaces endowed with
an isometric Lie algebra involution = +— z*, i.e.,

*%

e =z and [z,y]"=[y",2"] for =z,y€g,
such that

(02) <[x,y],z) - <y7 [:L'*,Z]> for =z,y,2€g.

Using the Closed Graph Theorem, one can derive the continuity of the Lie bracket on g from
(0.2), so that this requirement does not have to be put into the axioms of an L*-algebra. If g
is finite-dimensional real reductive, we may define x* := —6(x) for a Cartan involution 6. A
complexr L* -algebra is a real L*-algebra which is a complex Lie algebra for which the involution
* is antilinear. This easily implies that g can be turned into a complex Hilbert space by

<x,y>c = <1’7y>—l<1$,y>7 T,y €9,

such that (0.2) is satisfied for the hermitian scalar product (-,-)c . The structure theory of real
and complex L*-algebras has mostly been developed by Schue, Balachandran, de la Harpe and
Unsain, where certain key references are [Sch60], [Sch61], [Ba69], [dIH72] and [Un72]. One finds
further references in de la Harpe’s book.
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The L*-algebras of compact type, where x* = —x for all x € g, are natural generalizations
of compact Lie algebras, so that the corresponding groups G are generalizations of compact
groups. This point of view suggests that their representation theory lies at the heart of the
representation theory of infinite-dimensional Lie groups. Although we won'’t deal with represen-
tations in the present paper, it has very much been motivated by [NeOla], where we approach the
representation theory via coadjoint orbits of central extensions, or equivalently affine coadjoint
orbits of G. At many points it turns out to be important to have specific geometric and topo-
logical information on groups corresponding to simple L*-algebras of compact type and their
complexifications. It is the goal of this paper to provide such information in the concrete setting
of groups of operators on Hilbert spaces, without using the structure theory of L*-algebras.

The simple infinite-dimensional complex L*-algebras arise in three series which can be
described as follows. If H is a complex Hilbert space, we write

gly(H) :={x € B(H): tr(xz*) < oo}

for the Lie algebra of Hilbert-Schmidt operators on H (cf. Definition 1.8). If I: H — H is an
antilinear isometry with I? € {1}, we define

aly(H,I):=g(H,I)Ngly(H) and gl(H,I):={X €gl(H):X+IX*I"'=0}.

For 1?2 = —1 we also write spy(H, I) := gly(H, I) and for I? = 1 we write 02(H, I) := gly(H, I).
This notation is motivated by the observation that S(z,y) := (z,I.y) defines a complex bilinear
form on H which is symmetric for I? = 1 and skew-symmetric for 1> = —1 and which satisfies

gly(H,I) ={z € gly(H): Yv,w € H) B(x.v,w) + f(v,z.w) = 0}.

Each simple infinite-dimensional L*-algebra g is isomorphic to gly(H), spy(H,I) or o9(H, I) for
some infinite-dimensional Hilbert space H, and all these algebras are pairwise non-isomorphic
(see [Sch60] for the separable case and [CGM90], [Neh93] and [St99] for different proofs for the
general case). Since we want to treat sp,(H,I) and o2(H,I) in a uniform way, this leaves us
with the two types gl,(H) and gly(H, I). Separable real simple L*-algebras have been classified
independently by Balachandran ([Ba69]), de la Harpe ([dIH70, 71a]) and Unsain ([UnT71, 72]).

Passing from finite-dimensional semisimple complex Lie algebras to infinite-dimensional L*-
algebras, an important new feature is that these algebras have many non-trivial central extensions
and outer derivations which lead to a large family of related Banach—Lie algebras, where each
one of them has its own specific merits.

It is a general phenomenon in infinite-dimensional Lie theory that non-trivial central
extensions play an important role because geometric actions of groups on certain manifolds
M do not lift to actions on line bundles over M . One first has to enlarge the group by a central
extension. On the representation theoretic side this means that the original symmetry groups
only have projective representations in natural function spaces, and that central extensions are
required to obtain genuine representations. For a general approach to central extensions of
infinite-dimensional Lie groups and criteria for their existences in terms of topological data we
refer to [Ne0Ob).

It is related, but in general of a different nature, that infinite-dimensional Lie algebras have
many outer derivations, leading to a different kind of extension of the original Lie algebra. For
the classical L*-algebras, this kind of extension process leads in particular to the corresponding
restricted Lie algebras and groups. For g = gly(H), resp., gly(H,I) we put gy, := gl(H): = B(H),
resp., gl(H,I). Let D € g, be a hermitian element with finite spectrum. Then the Lie algebra
9(D) == g+ 34,(D) is called the restricted Lie algebra associated to g and D. For g = gl,(H)
the restricted Lie algebras gly(H, D) := g(D) has the form

k
gly(H, D) = gly(H) + Zgl(Hj) =g+3g,(D),
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where H = Hy @ --- @ Hj, is the orthogonal eigenspace decomposition for D, and j34,(D)
corresponds to the Lie algebra of all operators preserving all the spaces H;. The terminology
“restricted” comes from the fact that operator = = (x;;) € gl(H), viewed as a k x k-block matrix
with entries z,;; € B(H,, H;), is contained in gl(H, D) if and only if all its off-diagonal blocks
x;; € B(Hj, H;), i # j, are Hilbert-Schmidt, which we view as a restriction on .

Now we describe the contents of this paper in some more detail. In Section I we deal with
the central extensions of the Lie algebras related to gly(H) and gly(H, ). In particular we show
that gl(H) and gl(H, I) have no non-trivial central extension if H is infinite-dimensional. Using
this information, we calculate the continuous second Lie algebra cohomology group H2(g(D),C)
for the restricted Lie algebras g(D) which turns out to be finite-dimensional. This in turn
implies the existence of a universal central extension which we describe explicitly in Section
IV. For universality of central extensions we use results from [NeOlb], where universal central
extensions of infinite-dimensional Lie groups are studied in detail.

Sections IT and III are devoted to the homotopy groups of the corresponding groups. Here
the groups 7, k = 0,1,2, are of particular importance. For k = 0 this is obvious, the group
m1(G) is an obstruction to integrate Lie algebra homomorphisms to group homomorphisms, and
the groups m1(G) and 72(G) are closely related to obstructions for the existence of central
extensions ([Ne0Ob]).

For the full operator groups GL(H) and

GL(H,I):={g € GL(H):g" ' =Ig*T""}

one can use Kuiper’s Theorem saying that the group GL(H) is contractible for a separable
Hilbert space H over K € {R,C,H}. If H is inseparable, then there seems to be no immediate
reference for this result for real and quaternionic Hilbert spaces. As we will see in Section II,
the inseparable case has a quite elementary proof which does not depend on K. In Section II
we also compute the homotopy groups of the congruence groups GL,(H) of the Schatten ideals
B,(H) C B(H), of GL,(H,I):=GL(H,I)NGL,(H) for 1 <p < 00, and of the corresponding
direct limit groups without the restriction that H is separable. Since the homotopy groups of
the restricted groups GL,(H, D) and GL,(H,I, D) are somewhat more involved, we deal with
them separately in Section III.

Throughout this paper we never have to assume that the Hilbert spaces H under consider-
ation are separable. All statements hold for general Hilbert spaces. To obtain this generality, we
frequently have to extend results on homotopy groups of groups of operators which are known
for the separable case.

Combining the information on central extensions from Section I and on the homotopy
groups from Section ITI, we show in Section IV that the identity components GLo(H, D). and
GLy(H,I,D). of the restricted groups have a universal central extension in the category of
complex Banach-Lie groups whose central fiber is of the type (C*)¥. We extend these results
to certain real forms of these groups. If D has only two eigenvalues, this construction leads, for
GLy(H, D), to the central extension of the restricted general linear group of a polarized Hilbert
space, which plays a crucial role in the theory of loop groups (cf. [PS86]). For the real forms
SPyes(H, Q) of Spy(Hc,I,D) and Oes(H®) of Oz(Hc, I, D) (see Section IV for the notation),
we obtain as universal central extensions the metagonal and the metaplectic groups discussed
systematically by Vershik in [Ve90]. The metaplectic group has been introduced by I. Segal
and Shale ([Se59], [Sh62]) and the metagonal group by Shale/Stinespring in [ShSt65] (see also
[dIH71b] for a construction of the spin group as a two fold cover of O;(H®)T, a real form of
the identity component O1(H,I)* of O1(H,I)). These two groups are relatives of the finite-
dimensional spin and metaplectic group, which are twofold covers of SO(2n,R), resp., Sp(2n,R).
The results of Section IV on the universality of certain central extensions form the heart of the
paper. It requires essentially all the information on the homotopy groups collected in Sections
IT and IIT and also the information on Lie algebra cohomology from Section I. Our structure
theoretic approach to central extensions, as opposed to the representation theoretic one, has the
advantage that it immediately provides a good deal of structural and topological information
on the groups: their Banach—Lie group structure, their Lie algebra cocycles, and their topology.
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The representation theoretic approach usually has to face the problem to deal with, a priori,
unbounded operators on a Hilbert spaces. A general motivation is to understand the full set
of central extensions of groups like Oyes(H®) and Sp,.(H,Q) is that they act naturally as
symmetry groups of geometric objects (mostly symmetric spaces), so that the knowledge of their
central extensions is important to understand the implementation of the these symmetry groups
in natural Hilbert spaces attached to the geometric objects.

In Section V we finally discuss flag manifolds for the groups GLy(H) and GLo(H,I). For
GLy(H) we consider a flag F = (Fy, F1,. .., Fy), where

{0}=FhCF CFC...CF,=H
are closed subspaces of H. For GLy(H,I) we consider flags F of the type

(=R CRCFRC..CF,CF*°C...CF*CF,’ =H,
which means that the spaces F;, j = 1,...,k, are isotropic for the bilinear form S(z,y) =
(z,I1.y). Let P(F) C G denote the stabilizer of the flag F. Then the homogeneous space
G/P(F) has a natural manifold structure and its elements can be viewed as flags g.F of closed
subspaces of H. We will see that in all cases the action of G on G/P(F) extends naturally to
an action of the corresponding restricted group and that the unitary real form U = G N U(H)
acts transitively on G/P(F). For G = GLy(H) and F» = H this construction leads to the
restricted Grafmannians Gryes(F1). For G = GLy(H,I) and k = 2 we obtain for F; C H
maximal isotropic the restricted Gramannian of maximal isotropic subspaces and for dim F; = 1
the space of isotropic lines in H. Both are hermitian symmetric spaces modeled over Hilbert
spaces. Using some structural results from Section III, it is not hard to get basic information
on the homotopy groups and the corresponding period maps for the flag manifolds. This kind
of information is important for the quantizability of symplectic structures on these manifolds,
viewed as affine coadjoint orbits of the unitary real forms U = GNU(H). For more details on
this interpretation and on affine coadjoint actions of these groups we refer to [NeOla].

Several special classes of these flag manifolds show up at various places in the literature.
The flag manifolds for GLo(H, D) for separable H have been introduced by A. and G. Helminck
in [HH94a] and [HH94b]. They apply the representations of central extensions of the complex
group GLy(H, D) in Hilbert spaces of holomorphic sections of line bundles on the flag manifolds
to integrable systems. Moreover, they study cell decompositions of the flag manifolds and use
them to obtain a Birkhoff decomposition of the group GLy(H, D) ([HH94b, Prop. 2.4.16]).

The restricted Grafimannian Gryes(F) of a polarized Hilbert space plays a central role
for the structure of loop groups ([PS86]). The GraBmannians are particular cases of hermitian
symmetric spaces, which are dual to symmetric Hilbert domains. These manifolds and their
automorphism have been studied in [Ka75] and [DNS89], [DNS90]. A classification of hermitian
symmetric Hilbert manifolds has been obtained by W. Kaup in [Ka83].

For separable Hilbert spaces the groups GL,(H) and GL,(H,I), 1 < p < oo, and their
real forms have been studied in detail by de la Harpe in [dIH72], where one finds all kinds of
information such as the cohomology, the automorphisms, and the derivations of their Lie algebras,
which we use in Section I. De la Harpe’s book also contains a discussion of Riemannian symmetric
spaces of the real forms of these groups, where the aforementioned Gra§imannians and several
other related manifolds show up.

In this paper we do not deal with representations of the groups under consideration, al-
though this paper was motivated by and provides important information useful for the theory of
unitary representations of real L*-groups and their realization in Hilbert spaces of holomorphic
sections of holomorphic line bundles over coadjoint orbits which are Kéhler manifolds. The ge-
ometry of the “elliptic” coadjoint orbits and the corresponding unitary representations will be
studied in forthcoming papers (cf. [NeOla]). This theory includes in particular the spin represen-
tation of the metagonal group (fermionic second quantization) and the metaplectic representation
(Segal-Shale-Weil representation) of the metaplectic group (bosonic second quantization). For
a nice exposition of the construction of these representations in an ad hoc fashion, we refer



5 classic.tex March 5, 2001

to Ottesen’s book [Ot95], where it is also explained how embeddings of diffeomorphism groups
and loop groups into Sp,..(H,$) and Us(H, D) lead to interesting unitary representations of
their central extensions (see also [PS86], [CR87] and [Mi89]). The mixed cases correspond to
the infinite wedge representations of the restricted unitary group Uyes(H+, H_), which in our
terminology is Us(H, D) := U(H) N GL2(H, D), where D has only two eigenvalues (cf. [PS86]
and also [Wu98] which contains a lot of information on the physical background). The general
L*-approach to these representations provides in particular direct geometric explanations for
their intricate analytic properties such as boundedness properties of the corresponding operators
(ctf. [Ot95]).

Throughout this paper the letter I will always denote an antilinear isometry on a complex
Hilbert space H with I? € {1}. We call I a conjugation if I?> = 1 and an anticonjugation for
I =-1.

I. The second cohomology of classical Lie algebras

In this first section we discuss the second continuous Lie algebra cohomology of the Lie alge-
bras gl(H) and gl(H,I) and also for the corresponding restricted Lie algebras gly(H, D) and
gly(H, I, D). In particular we will see that H2(g(D),C) is always finite-dimensional and that it
has a universal central extension ([NeQ1b]).

The second cohomology groups of full classical Lie algebras

In this subsection we will show that for every Banach space 3, considered as a trivial module
of g € {gl(H),gl(H,I)}, the second continuous cohomology group H2(g,3) (cf. Definition 1.4)
vanishes.

If J is a set we define the set J* as the disjoint union JU — J, where —.J is a copy of the
set J whose elements are denoted —j with the convention that —(—j) = j.

Lemma I.1. Let H be a complex Hilbert space and I: H — H an antilinear isometry with 1% =
+1. If H is infinite-dimensional or of finite even-dimension, then there exists an orthonormal
basis (ej)cy+ with

[ forjed
€= te_; forje—J.

Proof.  (cf. [dIH72, App. 1) First we consider the case I? = —1. Since I and the complex
structure on H generate a finite group, H is an orthogonal direct sum of complex subspaces
on which I acts irreducibly. Let F be one of these subspaces and v € E a unit vector. The
complex bilinear form S(z,y) := (x,I.y) is skew-symmetric because

Bly,z) = (y, L.a) = (&, I "y) = —B(z,y).

Therefore {v,I.v} is an orthonormal basis of E with the required properties. Since H is an
orthogonal direct sum of copies of E, the assertion follows.

Next we consider the case 12 = 1. Then our assumptions imply that the real Hilbert space
Hg :={v € H:I.v =} has an orthonormal basis of the form (f;);cs+. We define

etj = %(fj +if ;)

and obtain a basis with the required properties. ]
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Remark I.2. (a) To obtain a more explicit description of the Lie algebra sp(H,I), we use
Lemma I.1 to obtain an orthonormal basis (e;);ec + of H with I.e; =e_; for j € J. Then the
closed subspace Hy generated by the elements e;, j € J, satisfies Hy = [?(J,C), and we obtain
a conjugation oo on this space by oo((z;)jes) = (T;)jes. If we identify H = Hy & [.Hy with
the space Hy ® Hy, the anticonjugation I is given by I.(a,b) = (—oo(b),00(a)).

For x € B(Hy) we define " = 0gx*0g. Then the Lie algebra sp(H,I) C B(Hy® Hy) can
be described in terms of (2 x 2)-block matrices as

sp(H, I) = { <‘CL —ZT> € gl(H):b = bT,c:cT}.

To get a similar description on the group level, we write I as a composition of (cg,0() and the
operator with the matrix

~ 0 -1

(0 ).

@ b) the relation

c d

wr 1 _ 171 (0 -1 al ¢' 0 1
ol =1g'1 _(1 0><bT ")\ -1 o

which shows that

Then we have for g = (

A
(_CT aT ) )
a b

Sp(H, I) = { (C d) € GL(H):ad" —bc' =1,ab” =ba',cd" = dcT}.

In particular we see that

GL(Hy) = { (g (aTo)l) a€ GL(HO)} C Sp(H, I).

(b) For o(H,I) and dimH = oo or dimH even we write H = Hy @ Hy with I.(a,b) =
(o0(b),00(a)), and keep the other notations from above. Then the Lie algebra o(H,I) can be
described in terms of (2 x 2)-block matrices as

b
o(H,I) = { (‘2 —aT) € gl(Hy® Ho):b=—b",c=—c'}.

(¢) If dim H = oo or dim H is odd, then we have an orthogonal decomposition H = Hy®C & Hy
with I.(a, z,b) = (0¢(b),Z,00(a)) and obtain a similar explicit description as above by (3 x 3)-
block matrices. ]

Lemma 1.3. Let H be a complex Hilbert space. The Lie algebra gl(H) is perfect if and only if
dim H = oo, and gl(H,I) is perfect if and only if not (dim H =2 and 1> = 1).

Proof. If H is of finite dimension n, then gl(H) is not perfect because tr:gl(H) — C is a
non-trivial Lie algebra homomorphism. If H is infinite-dimensional, then we use [Ha67, Cor. 2
to Probl. 186] to see that every element in gl(H) is the sum of two commutators, so that gl(H)
is in particular perfect.

Now we consider g := gl(H,I). If H is finite-dimensional, then this Lie algebra is perfect
unless I2 = 1 and dim H = 2. Suppose that H is infinite-dimensional. Then there exists a
closed subspace Hy C H such that H = Hy @ I.Hj is an orthogonal direct sum (Lemma I.1).
We consider the element

X = ((1) _01> e gl(H,I)

and define g° := 34(X). Then g = g° @ [X, g, and g° = gl(Hy) (Remark 1.2). Since the first
part of the proof implies that g° is perfect, we conclude that gl(H, I) is perfect. [
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Definition I.4. Let g a topological Lie algebra, i.e., a Lie algebra which is a topological vector
space with a continuous Lie bracket, and 3 be a topological vector space, considered as a trivial
g-module. A continuous j-valued 2-cocycle is a continuous skew-symmetric function w: gx g — 3
with
w(lz, y], 2) + w(ly, 2], ) + w([z,2],y) = 0.

It is called a coboundary if there exists a continuous linear map a: g — 3 with w(z,y) = a([z,y])
for all z,y € g. We write Z2(g,3) for the space of continuous 3-valued 2-cocycles and B2(g, 3)
for the subspace of coboundaries. We define the second continuous Lie algebra cohomology space

HZ(g.3) = Z2(9,3)/B2(8:3)-
See [Ja62, Sect. I11.10] for the basic concepts related to Lie algebra cohomology. ]

In [dIH79] it is shown that the second homology space Hs(gl(H)) vanishes (on the algebraic
level) and it is also shown that this implies that all Banach Lie algebra extensions of gl(H) with
finite-dimensional centers are trivial (cf. [dIH79, Cor. 4]). The following proposition sharpens
this result.

Proposition 1.5. If H is a complex Hilbert space, then
HZ(gl(H),3) =0

holds for all trivial Banach g-modules .
Proof. Let g:= gl(H). If dim H = n is finite, then g = gl(n,C) and therefore H?(g,3) =
H?(g,3) = 0. In fact, in view of Levi’s Theorem, each element [w] € H?(g,3) can be represented
by an sl(n,C)-invariant 3-valued cocycle. Since there is no non-zero skew-symmetric invariant
bilinear form on sl(n,C), and 3(gl(n,C)) = C is one-dimensional, it follows that H?(g,3) is
trivial.

Now we assume that H is infinite-dimensional. We consider 3 as a trivial g-module. Let
w € Z2(g,3) be a continuous 3-valued cocycle. In view of H?(g,3) = Lin(Hz(g),3) = 0 ([dIHT79)]),
there exists a linear map A:g — 3 with w(z,y) = A([z,y]) for all z,y € g. It remains to show
that A is continuous.

Let z € g. According to [Ha67, Cor. 2 to Probl. 186], there exist operators a,b,c,d € g
with z = [a,b] + [¢,d], where ||a||, ||c|]| < 2||z| and ||b]|, ||d|| < 1. We obtain

MA@ = [1A([a, 0] + [e, )| < llw(a, D)l + llw(e, D) < [lwll lall 6] + llwll el fldl < 4flw]| []].

This proves that A is continuous and therefore that H2(g,3) = 0. [ |

Next we show that the second cohomology of the Lie algebras gl(H, I) vanishes. The proof
is based on a modification of the strategy used in [dIH79].

Proposition 1.6.  If H is a complex Hilbert space, then the Lie algebra sp(H,I) satisfies
HZ(sp(H,1),3) =0

for every Banach space 3, considered as a trivial module.

Proof. If H is finite-dimensional with dim H = 2n, then g := sp(H,I) = sp(2n,C) is a
simple complex Lie algebra, and the Whitehead Lemmas ([Ja62, Lemma II1.9.6]) imply that
H2(g,3) = H*(g,3) = 0 for every Banach space ;.

Now we assume that H is infinite-dimensional. We consider the element

1 0
X'_<O _1>eg

g=9 ®g’®g",

which defines the 3-grading
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where g = kerad X = gl(Hy) (Remark 1.2) and g* = ker(ad X +2). We know from Proposition
L5 that HZ(g°3) = 0. This means that all the assumptions of Corollary II11.9 in [Ne(la]
are satisfied with 0 = g° and Dy = X, so that it suffices to consider a g"-invariant cocycle
© € Z2(g,3) satisfying (g% g) = 0. Therefore it suffices to show that every g°-invariant
bilinear form ¢:g* x g~ — 3 vanishes.
For the sake of simpler notation, we identify g with gl(Hy) by the map
gl(Ho) = ¢°, 22— (?) OT)

—x

(Remark 1.2). We further identify g* in the canonical way with Sym(Hy) := {a € B(Hp):a" =
a} and consider the natural action of gl(Hy) on Sym(Hy) given by x.a := wa + az'. This
corresponds to the action of g° on g™, and on g~ the action of g° corresponds to [z,d] =
—2".d=—x"d — dx. Therefore ¢ corresponds to a bilinear form

¢:Sym(Ho) x Sym(Ho) — 3

satisfying
o(x.a,d) — p(a,z".d) =0 forall x € gl(Hy),a,de Sym(Hy).

For x =z € gl(Hy) we have 2.1 = 21 + 1z = 2z, and therefore
1 1 1
o(a,d) = gw(a.l,d) = 5@(17a.d) = 590(1,da + ad).

It follows in particular that ¢ is symmetric and that it suffices to show that ¢(1,-) = 0. The
g°-invariance of ¢ leads for »x = —z " € gl(Hp) to

0=op(z.a,1)—p(a,z".1) = p(za+az’, 1)+ gp(a,&.}/) = p(za —ax,1) = p([z,a],1).

=0
To see that ¢ vanishes, it therefore suffices to show that
[Skew (Hy), Sym(Hy)] = Sym(Hy).

We know already that the Lie algebra gl(Hy) = Skew(Hy) @ Sym(Hy) is perfect (Lemma I1.3),
which implies that

gl(Ho) = [gl(Ho), gl(Ho)]
= ([Skew(Hy), Skew(Ho)] + [Sym(Hy), Sym(Hy)]) + [Skew(Hy), Sym(Hy)],

and this implies in particular that Sym(Hy) = [Skew(Hy), Sym(Hop)]. [ ]
Proposition 1.7. If dim H > 2, then
HZ(o(H,1),3) =0

for every Banach space 3, considered as a trivial module.

Proof. Assume first that n := dim H is finite. Then n > 2 implies that o(H,I) = o(n,C) is
a semisimple complex Lie algebra, and the assertion follows from the Whitehead Lemmas.
Now we assume that H is infinite-dimensional. Let g := o(H,I). We consider the element

1 0
X'(O 1>Eg

which defines the 3-grading g =g~ @ g° @ g™, where g = ker(ad X — 2j).
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With the same argument as in the proof of Proposition 1.6, we see that we may w.l.o.g.
assume that ¢ is g°-invariant and satisfies (g% g) = 0. As in Proposition 1.6, this leads to a
bilinear form

o: Skew(Hp) x Skew(Hp) — 3

satisfying
o(x.a,d) —p(a,z".d) =0 forall x € gl(Hy),a,d e Skew(Hy),

where z.a = za + ax ' for z € gl(Hy) and a € Skew(H,). We have to show that this implies
that ¢ = 0.

We write Hy as Hy ® Hy, where H; is endowed with an antilinear isometric involution oy
such that og(v,w) = (01.v,01.w) for v,w € Hy. From now on we write operators in gl(Hp) as
(2 x 2)-block matrices according to the decomposition of Hy into Hy & H;. Let

0 1
S = (_1 O) € Skew(H).

Then T T
2.8 = Tl %2 Tt Ty
—Typ — P22 T21 — T

shows that for each a € Skew(Hy) we have

1
~ ~ ai12 —50a11
a=aS for a:=|, 2 .
5&22 0

Therefore
ola,d) = ¢(a.S,d) = p(S,a'.d),

and it suffices to prove that ¢(S,-) = 0.
For z € gl(Hp) with 27.5 = 0 we have

0=¢(S,z.a) —p(x'.S,a) = ¢(S,z.a).

For z = <(1) _01) , which satisfies 7.8 =2 T.S + Sz = 0, we obtain in particular

. o ail —ai2
r.a =0+ ar = R
—aszi a22

showing that x.Skew(H,) = Skew(Hy). This implies that ¢(S,-) =0, and hence that ¢ =0. =

The second cohomology groups of restricted Lie algebras
In this subsection we will use the results of the preceding subsection and the general tools
developed in [NeOla] to compute the second cohomology of the restricted versions of the Lie
algebras gly(H) and gly(H, ).
Definition I.8.  (a) Let H be a Hilbert space. For 1 < p < co we define
By(H) :={X € B(H):tr (XX")?) < o0}.

For p = oo we define By (H) := K(H) (cf. [RS78]) as the ideal of compact operators on H.
More generally we define for two Hilbert spaces Hy, Ho:

Bp(Hl,HQ) = {X € B(HhHQ)ItI' ((XX*)%) < OO} and BOO(Hl,HQ) = K(Hl,HQ).
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These sets are are invariant under left and right multiplication with bounded operators and they
are Banach spaces with respect to the norms

!
Xl == tr (XX7)2)?  and || X||o = [IX]],
satisfying
XY, <[ X]-Y]l, and [ XY, <[ X[, Y]
The spaces B,(H) are called the Schatten ideals of B(H).
The congruence subgroups
GL,(H) := GL(H) N (1 + B,(H))

with respect to the Schatten ideals are Banach-Lie groups with Lie algebra gl,(H) := B,(H)
(cf. [Ne0Oa, Def. TV.20] and [Mi89]). The group GL (H) is called the Fredholm group. It is

contained in the monoid
Fred(H) := {A € B(H):dimker A, dim coker A < oo}
of Fredholm operators on H. The group
Up(H) := U(H) N (1+ By(H))
is a Lie group with Lie algebra
uy(H) :=uw(H)NB,(H)={X € B,(H): X" = -X}.
With Herm,(H) := Herm(H) N B,(H) = iu,(H) we then have
g[p(H) =u,(H) & Herm,(H) = u,(H) & iuy(H)
and the polar map
U, (H) x Herm,(H) — GL,(H), (u, X) = ue™
is a diffeomorphism ([Ne0Oa, Prop. A.4]).
(b) The restricted classical Lie algebras are defined as follows. For g = gly(H) we put gp :=
gl(H), and for g = gly(H,I) we put g := gl(H,I). Let D € g, be a hermitian element with
finite spectrum, g := 34, (D) and g° := 34(D). Then the Lie algebra
gr=0(D):==g+g
is called the restricted Lie algebra associated to g and D. For g = gl,(H) we also write

gly(H, D) :=g(D) and for g = gly(H,I) we likewise write gl,(H,I,D) :=g(D). u

Examples 1.9. (a) Let g = gl,(H) for an infinite-dimensional complex Hilbert space H
and D = D* € gl(H) diagonalizable with the eigenvalues dj,...,d; and the corresponding
eigenspaces H; := ker(D —d;1). Then H = H; & ... ® Hj, is an orthogonal decomposition, g°
consists of all elements in g preserving this decomposition, and therefore

k k
" =2 Pol(H;) and gy = Pol(H))
j=1 j=1

lead to
9l (H, D) = {X = ()i, j=1,..x: (Vi # j) z;; € Bo(Hj, H;)}.
(b) For g = gly(H,I) and D = D* € gl(H,I), we write dy,...,d; for the positive eigenvalues
of D, d_j:=—dj, and dy := 0. Then Spec(D)U{0} = {d;:j = —Fk,...,k} (cf. [NeOla, Lemma
I11.12]) and for H; := ker(D — d;1) we obtain an orthogonal decomposition
H=H.,®.. PHy®...®H_;
with I.H; = H_j, so that Hy = ker D is I-invariant, but this space might be trivial. With
Iy :=I|g, and Remark 1.2 we now obtain
k k

o° = gly(Ho, Io) ® P ola(H;)  and gy = gl(Ho, o) ® €P al(H)). u

j=1 j=1
In the following we will keep the notation of Examples 1.9 whenever we discuss specific
properties of the Lie algebras g(D) and the corresponding groups.
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Proposition 1.10.  (a) gly(H, D) is perfect if and only if dim H = co.

(b) gly(H, I, D) is perfect if not (dim H =2 and I> =1).

Proof. (a) Let g := gly(H). If If dimH < oo, then g = gl(H) is not perfect, and
[9,9] = sl(H). Suppose that dim H = oco. Then there exists at least on j for which H; is
infinite-dimensional. We consider the direct sum decomposition

9(D) = g} & € Ba(H;, Hy).
i

1

Since g(D) = g + [D,g], it suffices to show that g0 C [g(D),g(D)]. We recall that g =
@?:1 gl(H;) (Examples 1.9) and view each gl(H;) as a subalgebra of g).

The commutator algebra of gg contains the full algebra gl(H;) C gg whenever H; is
infinite-dimensional ([Ha67, Cor. 2 to Probl. 186]). If H; is finite-dimensional, then we choose
j with H; infinite-dimensional and consider elements of B(H; & H;) as (2 x 2)-block matrices.

For such matrices we have
[ 0 B 0 O } _ [ BC 0
0 0/)’'\C 0 o 0 —-CB)"

Then [g(D),g(D)] contains gl(H;) and therefore also Bo(H;, H;)B2(H;, H;) = gl(H;). Hence
[9(D), g(D)] contains gj), which shows that g(D) is perfect.

(b) Let g := gly(H,I). If H is of finite dimension n, then g(D) = g = sp(n,C) or o(n,C) is
semisimple and therefore perfect unless n =2 and I?> =1 (Lemma L.3).

Suppose that H is infinite-dimensional. We have g(D) = g) + [D, g], so that it suffices
to show that g) C [g(D),g(D)]. Using the 3 x 3-block description of gl(H,I) according to
H=H,$Hy®H_ with Hy := Z?:l H.;, we see that g(D) is adapted to this decomposition,
and we get with Dy := Dy :

a 0 0 k
9(D) 2 gly(Hy, Dy) = { 0.0 0 J:ac 9[2(H+,D+)} D) al(H)).
0 0 —a j=1

If H, is finite-dimensional, then the same holds for H_ = I.H,, so that g(D) = gl(H,I),
and the perfectness of g(D) follows from Lemma I.3.

If H, is infinite-dimensional, then gl,(H;,Dy) is perfect by (a), and each gl(H;),j =
1,...,k, is contained in this algebra, so that it remains to see that gl(Hop,Ip) C [g(D), g(D)].

If gl(Hy,Ip) itself is perfect, this is trivial. If this is not the case, then dim Hy = 2 and
I? = 1 (Lemma 1.3). Then we extend Hp to a four-dimensional [-invariant subspace Hp of
H,+Hy+H_q,set Iy:= I|ﬁo’ and obtain

[9(D), g(D)] 2 [o(Ho, I), 0(Ho, Io)] = o(Ho, Iy) 2 o(Ho, Iy) = gl(Ho, o).
This implies that g(D) is perfect. u
Proposition I.11.  For ks :=|{j € {1,...,k}:dim H; = co}| we have
H*(gly(H,D),C) = C*~=1  and H?(gly(H,1,D),C) = CFe=,
Each cohomology class contains a cocycle of the form
o(2)(x +d, 2" +d) = tr([z,z]2)) = tr(z[zx,2'])  for d,d €g(D)° x 2 €g,

where z € 3(g(D)°).
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Proof. In [NeOla, Ex. II1.13] we have seen how to describe the space HZ2(g(D),C) in all
cases. Each continuous 2-cocycle on g(D) is equivalent to a cocycle ¢(z) given as follows. For
z € 3(g?) we define

o(2)(z+d, 2’ +d) = tr([z,z]2)) = tr(z[z,2']), d,d €g),z,2 €g.
This cocycle is trivial if and only if 2z € 3(g°) + C1, which for g = gly(H,I) is equivalent to
z € 3(g°). We always have 3(gl(Ho, o)) = 3(gly(Ho, Ip)), and for j > 0 we have 3(gl(H;,I;)) =

Cidy; and 3(gly(Hjy, I;)) = 0 if Hj is infinite-dimensional. We conclude that each cohomology
class can be represented by ¢(z) with z =%, H,—oc % 1dH, , and that such a cocycle is trivial

if and only if z = 0, for g = gly(H,I), or 21 = ... = 2, for g = gly(H). This implies the
assertion. [ |

Universal central extensions

Definition I1.12. (a) Let g be a topological Lie algebra over K € {R,C}, 3 a topological
vector space, and w € Z2(g,3) a continuous 3-valued 2-cocycle. Then we write g @, 3 for the
topological Lie algebra whose underlying topological vector space is the product space g x 3 and
whose Lie bracket is defined by

[(z,2), (', 2)] = ([z, 2], w(z,2")).
Then ¢:g®,3 — g, (x,2) — z is a central extension and o: g — g®, 3,z — (x,0) is a continuous
linear section of q.
(b) Let a be a topological vector space considered as a trivial g-module. We call a central
extension ¢:g = g Dy, 3 — ¢ with 3 = ker ¢ weakly a-universal if the map
da:Lin(3,a) — HZ(g.a), v+ [you]
is bijective.

We call ¢:g — g universal for a if for each central a-extension ¢1:g; :=g®ra — g of g
there exists a unique continuous homomorphism ¢:g — g; with q; o ¢ = ¢. In view of [NeOlb,
Remark 1.10(b)], the a-universality is equivalent to the weak a-universality plus Hom(g,a) = 0.

For a # {0} this implies in particular that Hom(g, K) = {0} which for a Banach-Lie
algebra g implies that g is topologically perfect. [ ]

Proposition 1.13.  Let g be a perfect K -Banach-Lie algebra for which H?(g,K) is finite-di-
mensional. Then g has up to isomorphism a unique K -universal central extension

30 =09w3 g
which, in addition, is universal for all Fréchet spaces.

Proof. The uniqueness follows from [Ne01lb, Lemma 1.13] and the existence from [Ne01lb, Cor.
I1.12]. (]

Remark I.14. The background for Definition 1.12(b) is that the central extension ¢:g =
g D, 3 — g defines for each topological vector space a an exact sequence containing d,. To
describe this exact sequence, let Z2(g,3,a) denotes the set of all continuous a-valued 2-cocycles
w € Z7(g,a) with w(3,8) = {0}. Then B2(g,a) C Z(g,5,a) because 5([g,3]) = {0} for
B € Lin(g,3), and we define
HZ (8,3, 0) = Z(3,3,0)/B2(3.3).

According to [NeOla, Th. I.4], we now have the exact sequence
(1.1) 0 — Hom(g, a)q—*> Hom(g, a)— Lin(3, a)LHCQ(g, a)q—*>Hc2(§73, a) — 0.

[

We will see in Section IV below how to realize the universal central extensions of the
restricted Lie algebras gl,(H, D) and gly(H, I, D) explicitly.
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II. Homotopy groups of classical groups

In this section we first discuss a quite elementary proof of Kuiper’s Theorem for inseparable
Hilbert spaces H over K € {R,C,H}, and then we use this result to prove that various classical
groups of operators on Hilbert spaces such as GL(H,I) are contractible. Then we turn to
the direct limit groups GL(J,K) of those invertible J x J-matrices g for which g — 1 has
only finitely many non-zero entries. We will see that for an infinite set J this group is weakly
homotopy equivalent to GL(N,K), i.e., to the direct limit of the groups GL(n,K). Combining
these insights with general results of Palais, we compute the homotopy groups of the congruence
groups GL,(H) of the Schatten ideals B,(H) C B(H) and GL,(H,I) := GL(H,I) N GL,(H)
for 1 < p < co. In the next section we deal with groups corresponding to the restricted Lie
algebras g(D).

Kuiper’s Theorem

In this subsection we explain how Kuiper’s Theorem that the group GL(H,K) of K -linear
continuous operators on an infinite-dimensional separable K -Hilbert space H is contractible
([Ku65]) can be obtained in a quite elementary way for inseparable Hilbert spaces.!

The observation is based on the following lemma, which is a refinement of [vNeu50,
Th. 14.10].

Lemma I1.1. Let H be a Hilbert space over K = R,C or H and M C B(H,K) a separable
set of operators. Then there exists an orthogonal decomposition H =2 éjeJHj into M -invariant
subspaces such that each H; is separable.

If, in addition, H 1is infinite-dimensional, then the spaces H; can be chosen in such a way
that they are all infinite-dimensional, hence isomorphic to 1*>(N,K).
Proof. Since the closed *-subalgebra of B(H) generated by M is separable, we may assume
that M is x-invariant with 1 € M, otherwise we replace it by MUM*U{1}. Now the assertion
follows by a standard application of Zorn’s Lemma. Let H;, j € J, be a maximal set of non-zero
closed M-invariant separable subspaces of H such that the sum ) jed Hj is orthogonal. Set
Hy:=3,c;Hj. Then Hg is M-invariant because M is *-invariant. Assume that Hy # H.
For 0 # v € Hg the subspace H, := span M.v is a cyclic hence separable subspace orthogonal
to all the spaces H;, contradicting the maximality of the family (H;),es. This proves the first
assertion.

To prove the second part, let us assume that H is infinite-dimensional and consider a
decomposition H =2 ®jeJHj as above. Let

I:={jeJ:dimH; < oo}.

Case 1: If I is finite, then there exists a jo € J\I. Replacing Hj, by H;,+3,.; H;, we obtain
the desired decomposition.

Case 2: If I is infinite, then |I x N| = |I| ([La93, App. 2]) implies that I can be partitioned
into infinite countable subsets I;, i € I. Then all the subspaces K; := > jel; H; are infinite-
dimensional and separable, and we have the derived orthogonal decomposition of H:

—

i = @jeJ\IHj e, M "

L The proof is based on a hint in a footnote in Kuiper’s paper but we don’t know of any direct reference in the

literature which provides the result also for real and quaternionic inseparable Hilbert spaces. For complex Hilbert
spaces it follows from results of Briining and Willgerodt on the contractibility of unit groups of von Neumann
algebras of infinite type ([BW76]).
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Theorem II.2. (Palais) For a metrizable topological manifold modeled over a sequentially
complete locally convex space the following are equivalent:
(1) m(X) =0 for all n € Ny.
(2) X is contractible.
Proof. [Pa66, Cor. to Th. 15] [
The proof of the following proposition is inspired by the setting in Mityagin’s paper [Mit70].
Proposition 11.3.  Let Y be a separable topological space and H an inseparable Hilbert space
over K =R, C or H. Then each continuous map f:Y — GL(H,K) is homotopic to a constant
map.
Proof. Since f(Y) is a separable set of operators, Lemma II.1 implies that there exists a set
J and an isomorphism H — [2(J, H) with H, :=[?(N,K) such that the operators in f(Y) are
diagonal operators on 1?(.J, Hy).
Step 1: Since H is not separable, the set J is (uncountably) infinite. First we consider
a decomposition J = J1UJy with |Ji| = |J2] = |J|. This leads to an orthogonal decomposition
H = H & H, and we consider operators on H accordingly as block 2 x 2-matrices. Let
f:Y — GL(H,K) be as above. Then

=" )

where ¢;:Y — GL(H,K) are continuous maps. We claim that f is homotopic to the map

(21) fl(y) — <gl(y)092(y) 2) .

It suffices to show that

) ily) = (92(();/) gz((y))l)

is homotopic to a constant map. This is implemented by the homotopy

0= (et D Dl D6 )

which satisfies
a 0 1 0
H(l,a)(o a1> and H(O,a)(o 1).
Step 2: In view of Step 1, we may assume that f1:Y — GL(H,K) has the form (2.1).
Next we observe that H = [?(N, H) because |J| = |N x J| ([La93, App. 2]). Therefore
H=HoP*N,H),

and we may assume that
fily) = diag(g(y), 1,1,...).

Partitioning N into odd numbers Nyqq and even numbers Ngyen, and writing accordingly
I*(N, H) 2 I?(Noaq, H) @ I*(Neven, H),

it follows from Step 1 that the constant map Y — GL(I?(N, H),K) is equivalent to the map
y > diag(g(y) ™ 9(v), 9(y) " 9(v), ).

Therefore f; is homotopic to

f2(y) = diag(g(y), 9(») ", 9(v). gy) ™", .. ).

Applying the same argument again to the decomposition
H=~H&PN,H) = 1>({0} UNeyen, H) & 1>(Noqa, H),

we see that fy is homotopic to a constant map. [ ]
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Theorem I1.4.  (Kuiper’s Theorem for general Hilbert spaces) If H is an infinite-dimensional
Hilbert space over K =R,C or H, then the group GL(H,K) is contractible.

Proof. In view of Theorem I1.2, it suffices to show that all homotopy groups of GL(H,K)
vanish. In [Ku65], this is proved for infinite-dimensional separable Hilbert spaces, and for
inseparable Hilbert spaces, this follows from Proposition II1.3 because the spheres S¥, k € Ny,
are separable. ]

Consequences of Kuiper’s Theorem
Definition II.5. (a) If H is a Hilbert space over K € {R,C,H}, then we define
U(H,K) :={g € GL(H,K):g"g = gg* = 1}
as the unitary part of this group. We also write
O(H):=U(H,R), U(H):=U(H,C) and Sp(H):=U(HH).

(b) Let H be a complex Hilbert space and I be an antilinear isometry with I? € {£1}. For
I? = 1 we then have

U(H,I):=U(H)NGL(H,I) = O(Hg) with Hg:={zr€ H:I.x =z},

and for 72 = —1 we have
U(H,I) = U(H,H) = Sp(H),

where the quaternionic structure on H is given by the subalgebra C1 + CI = H of B(H,R),
the real linear endomorphisms of H .

(¢) (Hermitian groups) Let H be a complex Hilbert space and H = H, @ H_ be an orthogonal
decomposition. Furtherlet T'=T* € B(H) with Hy = ker(T'+1). We define the corresponding
pseudo-unitary group

U(Hy,H ):={g e GL(H):Tg*T ' =g '}.
We define Q(z,y) := Im(z, y) and write H® for the real Hilbert space underlying H. Then
Sp(H, Q) := {g € GL(H® R): (Vv,w € H*) Q(g.v, g.w) = Q(v,w)}

is called the symplectic group of H . If we start with the real Hilbert space H® and consider an
isometric complex structure I on HX, then we can define

Qx,y) = —T.x,y) = (z,L.y)
and put
Sp(H®, I) := {g € GL(H®,R): (Yo,w € H*) Q(g.v, g.w) = Qv,w)}.

It is easy to see that both constructions lead to isomorphic groups Sp(H®, ) = Sp(H, Q).
Now let I be a conjugation on the complex Hilbert space H and Hy C H a subspace for
which we get an orthogonal decomposition H = H, & H_ with H_ := I.H, . Then we define

O*(H,I):=U(H,I)NU(Hy, H_). .

Theorem I1.6.  If H is an infinite-dimensional Hilbert space over K € {R,C,H}, then the
following groups are contractible:
(i) the group of K -linear automorphisms GL(H,K).
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(ii) the group of isometric K -linear automorphisms U(H,K), and in particular the groups
O(H)=U(H,R), U(H)=U(H,C) and Sp(H) =U(H,H).

(iit) the group GL(H,I) if H is complex and I an antilinear isometry with 1> € {£1}. More-
over, GL(H,I) has a smooth polar decomposition.

(iv) the hermitian groups U(H.,H_), H = Hy ® H_ an orthogonal decomposition with two
infinite-dimensional summands, Sp(H,)), and O*(H,I).

Proof. (i) is Theorem II.4.

(ii) follows from (i) and the polar decomposition GL(H,K) = U(H,K) x Herm(H,K) of the

group GL(H,K) with the unitary part U(H,K).

(iii) In view of Definition I1.5(b), the group U(H,I) is contractible, because it is one of the

groups in (ii). Hence the assertion follows from the polar decomposition of GL(H,I) which can

be obtained as follows. We consider the automorphism 7(g) := I(g*)"'1~! of GL(H) and write

7g(x) := —Iz*I~" for the corresponding antilinear automorphism of its Lie algebra gl(H). Then

GL(H,I)=GL(H)" :={g € GL(H):7(g) = g}.

Let g = ue® be the polar decomposition of g € GL(H). Then 7(g) = 7(u)e™®) is the polar
decomposition of 7(g), so that the uniqueness of this decomposition implies that 7(g) = ¢, is
equivalent to 7(u) = u and 74(z) =, i.e., u € U(H,I) and = € Herm(H, I).

(iv) For the hermitian groups we will see below that they have polar decompositions with

U(H,,H.)NU(H) = U(H,) x UH_), Sp(H,Q)NO(H®)=U(H)

and
O*"(H,)NU(H)=U(Hy),

where H = Hy @ I.H, as in Definition II1.5(c). Therefore (ii) implies that all these groups are
contractible.

To prove the polar decomposition of U(H,, H_), let g € GL(H) with polar decomposition
g=ue®, ue€ U(H) and z = z*. For T as in Definition II.5(c) we consider the automorphism
7(9) == T(g*) T~ of GL(H) and write 74(z) := —Tz*T~! for the corresponding antilinear
automorphism of its Lie algebra gl(H). Then 7(g) = 7(u)e™®) is the polar decomposition of
7(g), so that the uniqueness of this decomposition implies that 7(g) = g is equivalent to 7(u) = u
and 74(z) = . Therefore g € U(H4, H_) if and only if

weUH,H)NUH)2UHL)xUH-) and zcu(Hy H_).
To see that Sp(H, Q) is adapted to the polar decomposition, we observe that
Qz,y) = Im(z,y) = Re(z, iy) = (z, Jy),

where (-,-) := Re(-,-) denotes the real scalar product on H®. Therefore g € Sp(H,Q) is
equivalent to g' Jg = J,i.e., g =7(g9) := J(g")~'J~!. Then 7 is an involutive automorphism of
GL(H®) and 74(x) :== —Jz T J~1 is the corresponding Lie algebra automorphism. Let g = ue® be
the polar decomposition of g € GL(H®), where u € O(H®) and 2" = 2. Then 7(g) = 7(u)eTs®
is the polar decomposition of 7(g) because ue™® is the polar decomposition of g~ ' . Therefore
g € Sp(H, Q) is equivalent to 7(u) = u, i.e., u € U(H), and to Jx = —zJ, i.e., x is antilinear.
The argument for the group O*(H,I) is similar. u

Homotopy groups of direct limit groups

Definition II.7. Let (X,z9) and (Y,yo) be pointed topological spaces. A map f €
CiX,Y) :={h € C(X,Y):h(zo) = yo} is called a weak homotopy equivalence if all induced
maps 7 (f): (X, 20) = (Y, yo) are bijections.

A map f € C.(X,Y) is called a homotopy equivalence if there exists g € C,(Y, X) such
that fg, resp., gf are homotopic to idy, resp., idx in C.(Y,Y), resp., C.(X, X). [
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Theorem II.8. (a) Let X be a locally convex topological vector space and E C X a dense
subspace. We endow E with the direct limit topology with respect to the finite-dimensional
subspaces. For each open subset U C X the continuous map U NE — U is a weak homotopy
equivalence if U N E is considered as a topological subspace of E .

(b) Let X and Y be metrizable locally convex topological vector spaces and f:X — Y a

continuous linear map with dense range. For each open subset U C'Y let V := f~1(U) and
fv=flv:V =U. Then fy is a homotopy equivalence.
Proof. These are Theorems 12 and 16 in [Pa66]. [

Lemma I1.9. Let E be a real vector space endowed with the direct limit topology with respect
to its finite-dimensional subspaces. Then the following assertions hold:

(i) Fach linearly independent subset of E is closed and discrete.

(ii) Fach compact subset of E is contained a finite-dimensional subspace.

(i) For each subset U C E and up € U we have

7 (U, up) = }Lierr}_ﬂ'k(U N F,ugp),

where F denotes the directed set of all finite-dimensional subspaces F' C E containing uy .

(iv) If U C E is a subset for which the intersection with all finite-dimensional subspaces are
open, then the subspace topology on U coincides with the direct limit topology with respect
to the sets UNF, F C E a finite-dimensional subspace.

Proof. (i) (cf. [Pa66, Lemma 5.2]) Let S C E be a linearly independent subset. Then for
each finite-dimensional subspace F' C E the intersection S N F' is closed, and therefore S is
closed in E. The same argument implies that each subset of S is also closed in E. It follows in
particular that S is a discrete topological space.
(ii) (cf. [Pa66, Lemma 5.3]) Let K C E be a compact subset and S C K a maximal linearly
independent subset. Then K C spanS. In view of (i), S is closed, hence compact. On the other
hand, S is discrete and therefore finite.
(iii) Let Y be a compact space with base point yo and f:Y — U a continuous map with
f(yo) = up. Then f(Y) is a compact subset of E, hence contained in a finite-dimensional
subspace F', and we clearly have ug = f(yo) € F'.

For Y =S¥, it follows that the natural homomorphism

7 ;LIGH}-F’“(U N F,ug) = 7, (U, up)

is surjective. To see that it is also injective, suppose that f:S* — UNF is a continuous map which
in U is homotopic to the constant map S¥ — {ug}. Let H:[0,1] x S¥ — U be a homotopy with
H(0,z) = f(x) and H(1,z) = up. Then im(H) is contained in a finite-dimensional subspace
F C E, and therefore the homotopy class of f in 7, (U N F,ug) is trivial. This implies that 7 is
injective.

(iv) This follows from the observation that a subset V' C U is open in the subspace topology if
and only if all intersections VN F', F C FE a finite-dimensional subspace, are open, because this
already implies that V is open in FE. ]

Definition I1.10. Let J be an infinite set. We view a function m:J x J — K as a matrix
with entries m(7,7). In this sense we write M(J,K) for the set of all J x J-matrices with
at most finitely many non-zero entries in K. Then M(J,K) is a real algebra with respect to
matrix multiplication. It has a unit if and only if J is finite. We write 1 = (d;;); jes for the
identity matrix. Then 1+M(J,K) is a multiplicative monoid, and we define GL(J,K) to be its
group of units. We endow GL(J,K) with the direct limit topology with respect to the subgroups
GL(F,K) := GL(J,K)N (1 +M(F,K)), where F C J is a finite subset. It follows directly from
the constructions that the left and right multiplications in the group GL(J,K) are continuous,
but if J is uncountable, then the multiplication is not jointly continuous ([G199, Th. 7.1]). Here
we identify M(F,K) in a natural way with a subset of M(J,K) and likewise GL(F,K) with a
subset of GL(J,K). [
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Proposition II.11. Let J be an infinite set. Then for each injective map N — J the
corresponding map GL(N,K) — GL(J,K) is a weak homotopy equivalence.

Proof.  We may w.lo.g. assume that N C J. Let n:GL(N,K) — GL(J,K) be the corre-
sponding embedding of groups.

Let Y be a compact space and f:Y — GL(J,K) be a continuous map. Then there exists a
finite subset F' C J with f(Y) C GL(F,K) (Lemma I1.9(ii)). If F’ C J is finite with FNF' =0
and |F| = |F'| = n, then GL(F U F’,K) = GL(2n,K), where we identify F with {1,...,n}
and F’ with {n+1,...,2n}. Then f is a map of the form

=" 7).

where we write the elements of GL(2n,K) as block 2 x 2-matrices with entries in M(n,K), and
9:Y — GL(n,K) is a continuous map.
We consider the map H:[0,1] x GL(n,K) — GL(2n,K) given by

me) =y 1) (0 1) (el )6 1)

which satisfies
a O 1 0
H(l,a):(o a1> and H(O,a):(o 1).

H:[0,1] x Y = GL2n,K),  (t,y) = f(y)H(t, g(y))™"

Then

is continuous with H(0,y) = f(y) and

H(1,y) = (é g(y(;‘l ) '

This construction shows that every continuous map f:Y — GL(F,K) is homotopic in GL(J,K)
to a continuous map f:Y — GL(F',K).

In particular we see that for each continuous map f:Y — GL(J,K) there exists a finite
subset E C N such that f is homotopic to a continuous map ]7 Y — GL(E,K). In fact, with F
as above, we simply choose E C N such that |E| = |F| and ENF = . This argument shows
that the natural homomorphism 7y (n): 7 (GL(N,K)) — 7, (GL(J,K)) is surjective.

To see that m(n) is injective, suppose that f:Y — GL(n,K) C GL(N,K) is in GL(J,K)
homotopic to a constant map. Let H:[0,1]xY — GL(J,K) be a homotopy with H(0,y) = 1 and
H(1,y) = f(y) for all y € Y. Then there exists a finite subset F' C J with im(H) C GL(F,K).
Then we may assume that F D {1,...,n}, and since GL(|F|,K) = GL(F,K), we see that the
homotopy class of f vanishes in GL(|F|,K) C GL(N,K). In particular f is homotopic to a
constant map in GL(N,K). [

The homotopy groups for GL(N,K) and hence for all groups GL(J,K), where J is an
infinite set, are given by the following theorem.

Theorem II.12.  (Bott Periodicity Theorem) Let K € {R,C,H} and d := dimg K. Then
for k<d(n+1)—3 and q € N the maps

m(GL(n, K)) — m(GL(n + ¢, K))

are isomorphisms, so that
m(GL(N, K)) & m (GL(n, K ).

Moreover, we have the periodicity relations

Tn+2(GL(N,C)) 2 7, (GL(N,C)), m,14(GL(N,R)) = 7, (GL(N, H)),
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Tnt+4(GL(N,H)) 2 7, (GL(N,R)), 7,(GL(N,H)/GL(N,C)) & 7,41 (GL(N, H)),
7 (GL(N, C)/ GL(N,R)) == lim_,(GL(m, C)/ GL(m,R)) 2 m, 12(GL(N, H)),
7(GL(N, R)/ GL(N,C)) = lim_m,(GL(2m, R)/ GL(m, C)) = 1.1 (GL(N, R)),
7(GL(N,C)/ GL(N, H)) := lim_m,(GL(2m, C)/ GL(m, H)) = m2(GL(N, R)).

In particular the homotopy groups of GL(N,K) are determined by the following table:

GL(N, R) GL(N,C) GL(N, H)
o ZQ 0 0
T ZQ Z 0
T2 0 0 0
- 7 7 7

Proof. The first easy part is [Hu94, Th. 8.4.1] and the remaining assertions can be found in
[Bob59, pp.314ff] (cf. also [Hu94, Cor. 9.5.2]).

For the sake of completeness, we include a proof of the first part. Using the polar decompo-
sition, we may consider the corresponding maps of the unitary groups U(n,K). To understand
the effect of the inclusion maps U(n,K) — U(n+1,K) for the homotopy groups, we consider the
transitive action of U(n+1,K) on the sphere SHn+1)=1 which leads to a locally trivial principal
bundle

U(n,K) <= U(n+1,K) — sdnD-1,
The exact homotopy sequence of this bundles contains the piece
oo T (STTDTY) L (U, K )= s (U 4 1,K)) — mp(ST+D=1) 5
For k < d(n+1)—1,ie., k <d(n+1)—2 the group 74 (SX"+1)=1) vanishes (this follows by
smoothing and Sard’s Theorem), so that m(n,) is surjective. If, in addition, k < d(n+1) — 3,
then k41 < d(n + 1) — 1 implies that also 741 (SY" 1) ~1) vanishes, so that the injectivity of
k(1) follows. [

Homotopy groups of congruence subgroups for Schatten ideals

Let H be a Hilbert space over K € {R,C,H}. For z,y € H we define P, ,(v) := (v,y)x
and put P, := P, ,. Note that P, , € B1(H).

Lemma I1.13. Let H be a K -Hilbert space and (e;);cs an orthonormal basis. Then By(H) =
span{ P, c,: j,k € J} is dense in each of the spaces B,(H), 1 <p < oo.

Proof. For each p € [1, 00] we have ||z|s < ||lz||, < ||z]]1 and accordingly B1(H) C B,(H) C
K(H) = Boo(H).

Since Bo(H) and B,(H) are x-invariant, it suffices to see that each hermitian operator
in B,(H) is contained in the closure of By(H). The Spectral Theorem for Compact Hermitian
Operators directly implies that the ideal Bg,(H) of continuous maps with finite-dimensional
image is dense in B,(H), and hence that B;(H) is dense in B,(H). Therefore it suffices to see
that By(H) is dense in By(H) because ||z||, < |lz]1.

In view of the Hahn—-Banach Theorem, we have to show that each continuous linear func-
tional f € By (H)' vanishing on By(H) is zero. As Bi(H) = B(H) ([Ne99, Prop. A.1.10(vi)]),
the functional f can be written as f(X) = tr(AX) for some A € B(H). Hence

f(Pej76k) = tr(APej,ek) = tr(PA-ej,ek) = (A.ej, ex).
If f vanishes on By(H), then the matrix of A with respect to the orthonormal basis (e;);c.s

vanishes, and this means that A =0. [ ]

The following theorem is well known for the case of separable Hilbert spaces (cf. [Pa65] and
[dIHT72, p.I1.29]). The results on direct limit groups obtained in the preceding subsection easily
permit us to extend it to general Hilbert spaces.
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Theorem II.14.  Let H be an infinite-dimensional Hilbert space over K € {R,C,H} and
p € [1,00]. Then the following assertions hold:
(i) For every k € Ny we have m,(GL,(H)) = 7, (GL(N,K)) = h_n)l T (GL(n,K)).

(i) If Hs C H is an infinite-dimensional separable subspace, then the inclusion map GLy,(Hs) —
GL,(H) is a weak homotopy equivalence.
(iii) For 1 <p < g < oo the inclusion map GL,(H) — GL4(H) is a homotopy equivalence.

Proof. (i) Let e;, j € J, be an orthonormal basis of H. Then Lemma II.13 above shows
that Bo(H) = span{P,, ,:j,k € J} is dense B,(H). We endow By(H) with the direct limit
topology with respect to the directed set of finite-dimensional subspaces of Bo(H).

For the open subset U := GL,(H) — 1 C B,(H) we have

UNBy(H)=GL(J,K) — 1,

where GL(J,K) is the set of those elements g € GL(H) for which the matrix of ¢ —1 with
respect to (e;);cs has only finitely many entries, i.e., g and ¢* fix all but finitely many e;.
It easily follows from (g*)~! = (¢~ !)* that ¢! has the same property. Therefore the natural
identification of By(H) with the matrix algebra M(J,K) leads to an identification of the group
1+ (UnNBy(H)) with GL(J,K) as in Definition II.10.

Theorem I1.8 implies that if we endow GL(J,K) with the final topology with respect to
the subgroups GL(F,K), F C J a finite subset, the inclusion map GL(J,K) — GL,(H) is a
weak homotopy equivalence. Further Proposition I1.11 shows that we have a weak homotopy
equivalence GL(N,K) — GL(J,K). Composition of these two weak homotopy equivalences
yields a weak homotopy equivalence, and, in view of Lemma I1.9(iii), this proves (i).
(ii) We first choose an orthonormal basis (e, )nen of H, and then complete it to an orthonormal
basis (e;)jes of H. We consider the corresponding maps

01: GL(N,K) — GL,(H;), ¢2:GL(J,K) = GL,(H), ¢3:GL(N,K)— GL(J,K)

and
w4: GL,(H,) — GL,(H)

with @4 0 01 = o 0 3. Since p; and ¢ are weak homotopy equivalences by the first part of
the proof, and @3 is a weak homotopy equivalence by Proposition II.11, it follows that ¢, also
is a weak homotopy equivalence.

(iii) From the elementary inclusion IP(N,R) C [9(N,R) we derive that B,(H) C B,(H), and
Lemma I1.13 implies that B,(H) is a dense subspace. Therefore (iii) follows by applying Theorem
I1.8(b) to the open subset U := GL,(H)—1 C B,(H) which satisfies UNB,(H) = GL,(H)—1.m

Corollary 11.15. If H is an infinite-dimensional complex Hilbert space, 1 < p < 0o, and
GL,(H,I):=GL(H,I)NnGL,(H),

then the following assertions hold:

. ~ | m(GL(N,R)) forI*>=1

(i) m(GLy(H, 1)) = {Wk(GL(N,H)) for I? = —1.

(i) If Hy C H is an infinite-dimensional separable I -invariant subspace, then the inclusion map
GL,(Hs, Ia,) = GLy(H,I) is a weak homotopy equivalence.

(iii) For 1 <p < g < oo the inclusion map GL,(H,I) — GL4(H,I) is a homotopy equivalence.

Proof. We first observe that the polar decomposition of GL,(H) ([Ne00Oa, Prop. A.4])
implies that its intersection with GL,(H,I) also has a polar decomposition (see the proof of
Theorem 11.6), hence is homotopy equivalent to U,(H,I) := U,(H) N GL(H,I). For I* =
—1 we have U,(H,I) & U,(H,H), and for I? = 1 we get U,(H,I) = U,(Hg,R), where
Hg = {re€ H:I.x =x}. Since the group U,(H,K) is homotopy equivalent to GL,(H,K)
(Theorem II.6), the assertions on the groups GL,(H,I) follow Theorem II.14 and the existence
of polar decompositions. ]
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II1I. Homotopy groups of restricted groups

In this section we turn to the homotopy groups of the restricted groups GL,(H,D) and
GL,(H,I,D) defined below for a complex Hilbert space H, an antilinear isometry I with
I? = +1, and a hermitian operator D with finite spectrum.

The main motivation for the study of the restricted groups defined by a hermitian element
D = D* € gl(H) comes from the results in [NeOla]. There it is shown that each continuous Lie
algebra cocycle on g € {gly(H),gly,(H,I)} can be written in the form wp(x,y) = tr([D,z]y)
for an element D € g, € {gl(H),gl(H,I)}. If one considers the unitary real form gr :=
{z € g:a* = —x}, then the corresponding real cocycles are of the form wp for D* = —D.
Each of these cocycles determines an affine action of Gr := GNU(H) on gr = g (a twisted
coadjoint action) given by

gr=grg '+D—gDg ! = glx —D)g ' +D

whose orbits carry natural weak symplectic structures generalizing the Kirillov—Kostant—Souriau
structure on coadjoint orbits of compact groups. The orbit Op of 0 € gr is most naturally
attached to D, and we show in [Ne0Ola] that it is a submanifold of gg if and only if its symplectic
structure is strongly symplectic if and only if D has finite spectrum, which of course is equivalent
to the hermitian operator D having finite spectrum. In this sense the condition of having finite
spectrum shows up as a natural condition in regard of the geometry of coadjoint orbits. Now
the restricted real group Gr(D) = GrZg, (D) acts naturally on these orbits and one obtains
unitary representations of a central T-extension on Hilbert spaces of holomorphic sections of
holomorphic line bundles on the orbits. For more details we refer to [NeOla] and [Ne0Oa].

Restricted classical groups

Definition ITI.1.  (a) Let H be a K -Hilbert space with K € {R,C,H}. If H =H,®...®Hy
is the eigenspace decomposition of D = D* € B(H), then we write operators on H accordingly
as (k x k)-block matrices and consider for 1 < p < oo the space

B,(H,D) := {A € B(H): |[D, Alll, < 00} = {A = (ay;) € BUH): (Vi # j)as; € By(Hy, H)}.

This space carries the structure of a Banach algebra given by the natural composition of operators
and the norm

X[} = max{{lag;ll, 7 =1, ks lajillp, 5 7 U

It is clear that A is complete with respect to this norm. That the norm on A satisfies
IXY] < E||X]| |IY|| can be seen as follows. We have

XY )35l = 1D XanYih < IXg5 0 1Yl + D 1Kl Yislly < KIXIIY
[ 1]

because ||A]| < ||All,. We likewise obtain for j # [ the estimate

XY )jellp < X5 Yillp + X Yallp + D 1X5:Yallp
i#j,l
<X Y aallp + 1 Xl Yl + > 1 XGillp 1 Yallp < RIXIIY -
i#g,l
Since B,(H;,H;) = B(H;,H;) if and only if one of the spaces H; and Hj is finite-
dimensional, the algebra B,(H, D) coincides with B(H) if and only if at most one of the spaces
Hj is infinite-dimensional.
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(b) Next we modify the construction in (a) slightly. The space
Bi2(H, D) :={A = (ai;) € B2(H, D): (Vj) aj; € Bi(Hj)}
is a Banach algebra with respect to operator composition and the norm
X1 = max{{lag;l|s; flajill2, 7 # 1}
It is clear that A is complete with respect to this norm. We recall that
XYy < [ X2Vl < [[XIalYL for XY € By(H).

In view of this fact, we can show that the norm on B »(H) satisfies | XY|| < k| X|||Y]: For
each j we have

XY )zl =10 XYl < IX500 1Yl + D 11X l2lYagllz < KIXIHIYL
[ 1

We likewise obtain for j # [ the estimate

IXY Yitlle = 1 Yiullo + 1 X Yullo + 3 1X:allz
i£j,1
< 1X55IHIYGell2 + 12Xl Yl + ) 1XGillz 1 Yall2 < BIX] Y
i£j,1
because ||All < ||A|l2 < ||All1- .

Proposition II1.2.  In the setting of Definition II1.1 we have:

(a) For each p € [1,00] the set GL,(H, D) := GL(H) N B,(H, D) is a group.

(b) GL12(H,D) :=GL(H) N (1 + B12(H, D)) is a group.

(c) The inclusion maps GLi(H) — GL12(H, D) — GLo(H) are homotopy equivalences.

(d) For each p € [1,00] the inclusion GL,(H, D) — GLo(H, D) is a homotopy equivalence.
(e) For each p € [1,00] the the polar map

U,(H,D) x Herm,(H,D) — GL,(H, D), (u,z)+> ue”

is a diffeomorphism and the inclusion U,(H,D) — GL,(H, D) is a homotopy equivalence.

Proof. (a) Let g € GL,(H,D). We only have to show that (¢7'); € B,(H;, H;) holds for
i # 1. First we observe that

1=(g zzgzz + Z zyg]z B )iigz’i + Bp(Hi)~
J#i

We also have

gu z Zgz] B l €B (HlaHz)
J#i

Multiplying this equation with (¢g~!);;, we obtain
(97 ")igii(g™ N € Bp(Hi, Hy) N ((97 ") + Bp(Hy, Hy)).

The fact that the intersection of these two sets is not empty shows that (¢7')y € B,(H;, H;).
(b) Let g € GL(H) N (1 + B12(H, D)) C By(H, D) Then (a) implies that for j # | we have
(g7Y)j1 € B2(H,, H;). We further have for i =,1.

1 :gu ’Ll+zgl] 1 1+Bl(H ))(gil)u“i’Bl(Hz) g (971)21+B1(Hz)7
J#i
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so that ¢g=! € 1+ By o(H, D).
(c) First we observe that the space By(H) is dense in Bj 2(H, D), so that

GL1(H) = GL(H) N (1 + By (H))

further yields
GL1(H) = GL12(H,D)N (1 + B1(H)),
and now Theorem II1.8(b) applies.

Next we note that Bjo(H,D) C By(H) is a dense subspace and that (b) implies that
GL12(H,D) = GL2(H)N (1 + By,2(H, D)). Therefore Theorem I1.8(b) applies again and shows
that the inclusion GL12(H, D) — GLo(H) is a homotopy equivalence.

(d) follows as in (c) from Theorem I1.8(b) because B,(H, D) is dense in B (H, D) with

GL,(H, D) = GL(H) N B,(H, D) = GL(H) N Bso(H, D) N B,(H, D) = GLo(H, D) N B,(H, D).

(e) (See also [HH94b, Prop. 2.1.14] for the existence of a polar decomposition). In view of (a),
GL,(H,D) = GL(H) N B,(H,D) is the unit group of the Banach algebra B,(H,D). Hence
the spectrum of an element of the Banach algebra B,(H, D) is the same as the spectrum as an
element of B(H).

Let g € GL,(H,D). Then g*g € By(H,D), and Specg (4,p)(9°9) = Spec(g*g) is
contained in ]0, oo]. Therefore [NeOOa, Lemma A.1] implies that log(g g) € B,(H, D) and that
the map GL,(H, D) — B,(H, D), g — log(g*g), is smooth. If g = ue® is the polar decomposition
of g, then we conclude that z = log(g*g) € B,(H,D), hence that ¢” € GL,(H, D) and therefore
u=ge * € U,(H,D). Moreover, the polar map

U,(H, D) x Herm,(H,D) — GL,(H, D), (u,x)+> ue”

is a diffeomorphism since its inverse is also smooth. This means that GL,(H, D) has a smooth
polar decomposition, and (e) follows. [

Definition III.3. (Restricted groups) Let g € {gly(H),gly(H,I)} and accordingly g, €
{gl(H),gl(H,I)}. We fix a hermitian element D € g, with finite spectrum.
For g = gly(H) we define

Gb = GL(H) and G = GLQ(H)
For g = gly(H, I) we likewise put Gy := GL(H,I) and G := GLo(H,I).
In both cases we define the restricted groups associated to g and D = D* € g, by
GL,(H, D) (cf. Proposition II1.2) for g = gly(H) and
GL,(H,I,D):= GL(H,I)NnGL,(H,D), 1<p<oo,
for g = gly(H, I). We likewise define
GL12(H,I,D) := GL(H,I) N GL; 2(H, D).
We also put
k
GL(H)? := GL(H, D) := Zg1,()(D) = H

and
k

GL(H,I)° := GL(H,1,D)" := Zcyr.1)(D) = GL(Ho, Ip) x [ [ GL(H
Jj=1

where the last isomorphism follows easily from Remark I.2. ]
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Remark III.4. Suppose that H is infinite-dimensional. The following remark shows that we
may often reduce considerations about the groups GL,(H, D) or GL,(H, I, D) to the case where
all spaces H; are infinite-dimensional.

Let gp € {gl(H),gl(H,I)} for g € {gly(H),gly(H,I)}. Let D,D’ be hermitian elements
of g, with finite spectrum for which D — D’ has finite rank. Then for x € B(H) the conditions
[D,z] € By(H) and [D',z] € B,(H) are equivalent because their difference has finite rank,
whence B,(H, D) = B,(H,D’) and therefore B,(H,I,D)= B,(H,I,D’).

We explain the construction for gl,(H, I, D), the other case is even simpler. If D is given,
then we construct D’ as follows. If Hj is infinite-dimensional, then we define D'|g; as D |y, . If
Hy is finite-dimensional, then it is even-dimensional and there exists a subspace HJ for which
Hy = Hy @ I.H{ is an orthogonal direct sum (cf. Remark 1.2). Pick jo > 0 such that Hj, is
infinite-dimensional. Then we define D’ on all finite-dimensional spaces H;, j > 0, and HS' in
such a way that it has the same eigenvalue d;, as D on Hj,. Likewise we define it by —d;, on
H and the finite-dimensional spaces H_;. Then D’ € g, and D — D’ has finite rank, so that
GL,(H,I,D) = GL,(H,1,D’). .

In the remainder of this section we discuss the homotopy groups of the two types of
restricted groups GL,(H,D) and GL,(H,I,D), where D = D* € g; is a hermitian element
with finite spectrum.

The homotopy groups of GL,(H, D)

In Proposition II1.2(d) we have seen that for p € [1,00] the natural inclusion maps
GL,(H,D) — GL(H, D) are homotopy equivalences. Therefore it suffices to determine the
homotopy groups of GLy(H, D) to know them for all the groups GL,(H, D).

In the following we keep the setting of Definition III.1, resp., Examples 1.9 and set
koo :={j €{1,...,k}:dim H; = co}|.

The determination of the connected components of GLo(H, D) described in the following
proposition can be found in [HH94b, Prop. 2.3.1].

Proposition IIL.5.  For each g = (gi;) € GL2(H, D) the diagonal operators g;; are Fredholm
operators, and the connected components of the group GLy(H, D) coincide with the fibers of the
continuous homomorphism

Ind: GLy(H, D) — Z"=, g+ (ind(g;;))dim H#,=o0

whose image is the set of those tuples (nj) € ZF= with >_;n; = 0. Moreover, the identity
component GLo(H, D). of GLa(H, D) is given by

ker(Ind) = GLa(H, D). = GLo(H) GL(H, D)? = GL, »(H, D) GL(H, D)%,

where GL(H, D)%, C GL(H, D) is the subgroup corresponding to the infinite-dimensional ones
among the spaces Hj, j=1,...,k, and

oo—1

70(GLa(H, D)) = {f o

Proof.  For each p € [1,00] we have GL,(H,D) C GLo(H, D), and each element g = (g;;) of
this group, written as a k x k-matrix with g;; € B(H;, H;), is a diagonal matrix modulo compact
operators and invertible as such. Therefore all diagonal entries g;; are invertible modulo compact
operators, hence contained in the monoid Fred(H;) of Fredholm operators on H;. This means
that ind(g,;) := dimker g;; — dim coker g;; is well defined. That Ind is a group homomorphism
follows from the observation that modulo compact operators we can view elements of GLy(H, D)
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as diagonal operators, so that the assertion follows from ind(ab) = ind(a) 4 ind(b) for Fredholm
operators on each space H;.
The inclusions

(3.1) GL, 2(H,D)GL(H, D)%, C GLy(H)GL(H, D)° C GLy(H, D). C ker(Ind)

follow from the connectedness of the groups GL; 2(H) and GLy(H) (Theorem II1.14, Proposition
II1.2(c)) and GL(H;) and the continuity of the index function.

For the converse, let g € ker(Ind). Since each g;; is a Fredholm operator of index 0,
we conclude that whenever dim H; = oo, there exists a finite rank operator b; € B(H;) with
kerb; = (ker g;;)* mapping ker(g;;) bijectively onto im(g;;)*. Then d; := g;; + b; € GL(H,)
satisfies

935 = 935 T b = bj € (955 + b;)(1 + B1(H;)).
For dim H; < oo we put d; := 1. Then d := diag(ds,...,dx) € GL(H, D)% satisfies d~'g €
GL;2(H, D). We thus obtain ker(Ind) C GL; o(H, D) GL(H, D)%, and hence equality in (3.1).

Since the off-diagonal entries of ¢ are compact, the invertibility of ¢ implies that
0 =ind(g) = >_;ind(g;;), hence the corresponding restriction on the image of Ind. If, con-
versely, (nj) € Z*>~ satisfies >_;n; =0, then we can write H; as 1>(J;,C) and accordingly H
as [2(J,C) with J = U;J;. Now there exists a permutation o of J for which

nj =1J; 0o (NI = [(J; na(T\ )l

We leave the easy proof to the reader. Then the isometry ¢ of H defined by o is contained in
GL2(H, D) and satisfies Ind(d) = (7;)dim H,;=co - [

Definition III.6. Let G be a Banach-Lie group with Lie algebra g = L(G) and h C g a
closed subalgebra. We call the subgroup H := (exph) generated by the exponential image of
b the corresponding analytic subgroup of G. According to [Ma62], this group has a natural Lie
group structure such that the map H — G is a morphism of Lie groups.

For a closed subgroup H C G we consider the closed Lie subalgebra

h:=L(H):={X € g:exp(RX) C H}

of g ([Ne0Oa, Cor. IV.3]) and say that H is a Lie subgroup if there exists an open 0-neighborhood
V C g such that exp |y is a diffeomorphism onto an open subset exp(V) and exp(V Nh) =
(expV)N H. Then H carries a natural Lie group structure such that the map H < G is a
homomorphism of Lie groups which is a homeomorphism onto its image (cf. [Ne00a, Prop. IV.5]).

We call a Lie subgroup H C G complemented or split if g contains a closed subspace F
complementing the closed subalgebra b. If this condition is satisfied, then H is a submanifold in
the sense of Bourbaki, and in particular the homogeneous space G/H carries a natural manifold
structure such that the canonical map 7: G — G/H is a submersion (cf. [Ne0Oa, Prop. IV.5]; see
also [Bou90, Ch. 3, §1.6, Prop. 11]). L]

The next step is the determination of all homotopy groups of the restricted group
GL,(H,D).

Theorem IIL.7. If H is infinite-dimensional, then

koo—1
i (GLa(H, D)) = (LR, €t 2 { B Jorm even

Proof. We consider the short exact sequence of groups

(3.2)  A:=GLy(H)NGL(H, D)2, « B:=GLy(H) x GL(H, D)%, — C := GLy(H, D).,
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where the surjectivity of the multiplication map B — C' follows from Proposition ITI.5. Moreover,
the assumptions of Proposition A.6 are satisfied because GLo(H) is connected and a normal
subgroup of GLy(H, D), since By(H) is an algebra ideal of B(H). Furthermore, it is clear that

A= [ GLu(H))

dim Hj=o00

is a complemented Lie subgroup of GLy(H). It follows that B has a natural Banach—Lie group
structure and that the map B — C is a locally trivial A-principal bundle.
The homotopy groups of A are given by

T (A) 2 7 (GLo(H) ) = mp (GLa (H))
(Theorem II.14). Since the group

GL(H, D)L, = ][] GL(H))

dim Hj=o00
is contractible (Theorem II.4), the homomorphisms
Xom: T (A) 22 w0 (GLo (H))*> — 7, (GLo(H)) 2 7, (B)

can be viewed as the ko -fold summation maps in the abelian group 7,,(GL2(H)). This map is
surjective with
ker X 2 7 (GLo(H))F 1.

Therefore the exact homotopy sequence of (3.2) yields for each m € Ny a short exact sequence
i 1(O) 3 T (A) X7 (B) =570 (C) -+ -,

whence
Tnt1(C) 22 ker Xy, 2 7, (GLo(H))F= L,

The remaining assertions follow from Theorem II.12 and II.14. [ ]

The groups GL,(H,I,D)

Our next step it to determine the homotopy groups of the groups GL,(H,I,D). For
that we need some preparation because the case Hy # 0 is more complicated than the case of
GL,(H, D) discussed above.

Up to a discussion of the connected components, Propositions III.9 below reduces the
general case p € [1,00] to the special case p = oo, which for GL,(H,I, D) seems to be better
accessible than the case p = 2 to determine the connected components.

Proposition III.8.  For each 1 < p < oo the groups GL,(H,D) and GL,(H,I,D) have
smooth polar decompositions. In particular, the inclusion maps

U,(H,I,D) — GL,(H,I,D)

are homotopy equivalences.

Proof. In Proposition I1.2(e) we have seen that GL,(H, D) has a smooth polar decomposition.
If ¢ = ue® is the polar decomposition of ¢ € GL,(H,I,D), then it follows from the polar
decompositions of GL(H,I) (Theorem II.6) and of GL,(H,D) that v € U,(H,D) and = €
B,(H, D). That the polar map of GL,(H,I,D) is a diffeomorphism follows by restriction from
the corresponding result for GL,(H, D). [
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Proposition II1.9. For 1 < p < g < oo the inclusion map of the identity components
GL,(H,I,D). — GL,(H,I,D).

is a weak homotopy equivalence.

Proof. In view of Remark IIL.4, we may assume that all spaces H; are infinite-dimensional.
Then the group

k
GL(H,I,D)° = GL(H,, Iy) x [ [ GL(H;)
j=1

is contractible (Theorem II.6). Since GL(H) acts smoothly by conjugation on the normal
subgroup GL,(H), the group GL(H, I, D)" acts smoothly on GL,(H,I), so that we can form
the connected Banach-Lie group G, = GL,(H,I). x GL(H,I,D)". From ol,(H,I,D) =
ol,(H,I)+gl(H, 1, D)? and Lemma A.5 we derive that the multiplication map m: G, — M, :=
GL,(H,I,D), is surjective with kernel

k
H, := GL,(H,1,D)° = GL,(Ho, Ip) x [ ] GL,(H,).

j=1

The assumptions of Proposition A.6 are satisfied, so that the map G, — M, defines a locally
trivial Hp-bundle. Since all the groups GL(H;) and GL(Hy,I) are contractible, Corollary
I1.15(iii) implies that the inclusion maps H, — H, and G, — G, are homotopy equivalences.
Now Proposition A.8 implies that the inclusion map M, — M, is a weak homotopy equivalence.m

Now we prepare the discussion of the case p = co.

Lemma II1.10. Let A be a unital C* -algebra and T a linear antiautomorphism of A com-
muting with the x-map. Then

G:={geGL(A):7(9) =g}

is adapted to the polar decomposition G(A) = U(A) exp(Herm(A)) of G(A).
Proof. First we note that G is an algebraic subgroup of G(A), hence a Lie group with Lie
algebra g = {z € A:7(z) = —z} ([NeOOa, Prop. IV.14]). Since 7 commutes with =, the group
G is *x-invariant.

Now we consider the automorphism of G(A) given by o(g) := 7(g)~!. The fact that
7 commutes with * implies that this automorphism preserves the subgroup U(A) of unitary
elements and the subset exp(Herm(A)). Let g € G(A), and let g = we® denote its polar
decomposition. Then

a(g) = o(u)o(e”) = 7(u)~te ™™

is the polar decomposition of o(g). Therefore g is fixed by o if and only if o fixes u and e*
separately. This means that v € G and 7(z) = —x, i.e., x € gN Herm(A4). We conclude that
G =(GNU(A))exp(g N Herm(A)). [

Proposition IIL.11.  Let I: H — H be an antilinear isometry with 1? € {+1}. We define
Fred(H,I) := {g € Fred(H): gIg*I "' € 1 + K(H)}.

Then
{g € Fred(H, I):ind(g) =0} = GL(H,I)(1 + K(H)) = GL(H,I) + K(H).

Proof. Tt is obvious that GL(H,I)+ K(H) C {g € Fred(H, I):ind(g) = 0}. The proof of the
converse is more involved.
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Let A := Cal(H) := B(H)/K(H), write ¢: B(H) — A for the quotient map, and observe
that the antiautomorphism a +— Ia*I~! of B(H) preserves K(H), hence induces an antiauto-
morphism 7 on A with

7(q(a)) == q(Ia*T7Y).

We consider the group
G(A)r == {g € G(A):7(9) = g7}

Since Fred(H) = ¢~ 1(G(A)), G(A). = {q(g9):ind(g9) = 0}, and q(g) € G(A), is equivalent to
q(9) € G(A) and q(gIg*I~") = q(g)7(q(9)) = 1., we see that

Fred(H,I) = ¢ *(G(A);) and ¢(Fred(H,I)) = G(A),.

The assertion of the theorem means that G(A), N G(A). = ¢(GL(H,I)).

Since G(A), is adapted to the polar decomposition of G(A) (Lemma III.10), we have
G(A); = (G(A). NU(A)) exp(L(G(A),) NHerm(A)) with

exp(L(G(A),) NHerm(A)) = q(exp(gl(H,I) NHerm(H)) C ¢(GL(H, I)).
Therefore it suffices to show that G(A), NU(A). C ¢(GL(H,I)) which in turn will follow from
Fred(H,I) NU(H) C GL(H, I) + K(H)

because ¢(U(H)) = U(A). follows from the connectedness of U(H) (Theorem II.4) and
qu(H))={a € A:a* = —a} = u(4).

First we consider an element u € Uy (H) = U(H) N GLoo (H) with Tu='I~! = 4 and the
eigenspaces H,, = ker(u — p1). Then we have for v € H, the relation

wlw=Tutw=Tmw=pulv,
showing that I.H, = H,. This implies that u = expx for some x € uo(H) = u(H) N B (H)
and IzI~' = —x because we can choose z in such a way that on H,, it is given by iNidy, ,
where e = i for some A € [—m, 7], and u € Uso(H) implies & € uoo(H). Let us(H)_ :={z €
Uoo(H): IzI™" = —z}. Then
{u € Uso(H): Tu™ T = u} = exp(us (H)_).
Now let g € Fred(H,I) N U(H) and define u := glg='I~1. Then
Iu—l[—l _ I2gI—lg—1[—l — 9121—19—1[—1 _ g[g_ll_l =,
so that the preceding paragraph shows that v = expz with = € u(H)_. We put
g = exp(—31)g

and obtain
gIg ' 17" = exp(—3a)glg ™" exp(

: o)1
= exp(—2z)ul exp(iz)I ™! = exp(}z) exp(—iz) = 1.
This means that g € U(H, ). We conclude that
g=-exp(32)g € g+ K(H) C GL(H,I) + K(H).

This completes the proof. ]
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Lemma II1.12. For g € GLo(H,I,D) and dim H = oo the following assertions hold:
(i) For each j we have gj; € Fred(H;) with ind(g;;) = ind(g—; ;).
(i) We consider the map

Ind: GL(X)(H, I, D) — 7 X ka’, Ind(g) = (ind(goo), ind(gjj)lgjgk,dim Hj:oo) .
Then Ind is a continuous group homomorphism,
GLoo(H, I, D)1nq = ker(Ind) = GLo (H,I) GL(H, I,D)° = GLo(H,I)GL(H,I,D)%,

where GL(H,I,D)% C GL(H,I,D)° is the subgroup corresponding to the infinite-dimen-
sional ones among the spaces Hj, j =0,...,k. Moreover

(Ind) — {(nj):no+220<jnj:0}%Zk°° for dim Hy = oo
im(Ind) = {(n)ing =0=3_,;n;} ZZF="" for dim Hy < oc.

Proof. (i) The operator g has an inverse g~' in B (H,I, D), which means that all off-
diagonal blocks of ¢! are compact. Therefore the diagonal block g;; € B(H;) is invertible
modulo K(H;), and this means that g;; € Fred(H;).

In view of Ig*I~' =g~! and I.H; = H_;, we have (¢~ ');; = Ig*; ;1" and therefore

—ind(gj;) = ind(gZ; _;) = —ind(g—;,—;)-

(ii) That Ind is a group homomorphism follows from Proposition III1.5. We may w.l.o.g. assume
that the spaces H; are infinite-dimensional for 1 < j < ko, and finite-dimensional for j > ko .
In view of (i), for each g € GLy(H, I, D) we have

k
0 = ind g = ind(ggo) + 2 Z ind(g;;)-

j=1

Therefore a necessary condition for n = (n;) € im(Ind) is ny + 2 Z?:l n; =0.
For tuples with ng = 0 this leads to the requirement »_ ;g =0, and Proposition II1.5
shows that all these tuples can be obtained from the subgroup

GLOO(H+ @ I'H+7I7D) = GLOO(H+aD+)a

where H; = Z?Zl H; (Remark 1.2). Therefore we may assume that no = ... = ngx_ = 0.
Considering only those operators which act non-trivially on the subspaces Hi; and Hgy, we may
even assume that k = ko, = 1, and that H; and H{ are infinite-dimensional and separable.
Then we identify H with (?(Z*,C) (in the notation of Lemma I.1), where

Hiy =1*(+Z+0,C) and Hy=1*(+Z<,,C)

and I.e; = e_; for j € Z. We consider the operator S € U(H) given by S.ex; 1= ei(j11).
Since this is a unitary operator commuting with I, it is an element of U(H,I). Moreover,
its off-diagonal terms in the (3 x 3)-block decomposition are of finite rank. This implies that
S € GL,(H,I,D) for p € [1,00]. The operator Si; is a unilateral right shift operator, so
that ind(S11) = —1, and Spp is a (2 x 2)-block diagonal operator, where both components are
unilateral left shift operators, so that ind(Spp) = 2. Therefore (2, —1) € im(Ind), and from that
the description of im(Ind) follows.
It is clear that GL.(H,I)GL(H,I,D)? C ker(Ind). For the converse, assume that

Ind(g) = 0. Then each g;; is a Fredholm operator of index 0, so that we find d; € GL(H;),
j=1,...,k, such that d;lgjj €1+ By(H;) C1+ K(H;). For j =0 the relation gIg*I~' =1
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implies that goo € Fred(Hy, Iy), so that Proposition II1.11 yields an element dy € GL(Hy, Iy)
with dy 'goo € 1+ K(Hy). Then
diag(d;',...,dy " do, Id; 1Y, ... IdiI™") € GL(H,1,D)°,

so that we may w.l.o.g. assume that ¢;; € 1+ B (H;) holds for j =1,...,k and goo € 14+ K (H).
Then for j > 0 the relation
(97155955 € 1+ Bi(H;)
implies that (¢7');; € 1+ B1(H;), and therefore g~ = I¢*I~! leads to g_;_; € 1+ B1(H_;).
Therefore g € GLoo(H, I).
If dim H; < oo, we may put d; = 1, so that we get the sharper assertion that

ker(Ind) = GLoo (H, 1) GL(H, I, D)",. .
We will see below that the group GLoo(H, I, D)1 is not always connected.

Corollary II1.13. For 1 <p < g < oo the inclusion map GL,(H,I,D) — GL,(H,I,D) is a
weak homotopy equivalence.

Proof. In view of Proposition II1.9, it remains to show that the induced homomorphism

p.gi 70 GLy(H, 1, D)) — 0 ( GLy(H, 1, D))

is bijective. For this we may assume that ¢ = oo because if we can show the assertion in this
case, the corollary follows from ;o = tg,000p q-

The proof of Lemma I11.12 shows in particular that Ind|qr,(m,7,p) has the same range for
each p € [1,00]. Moreover, GL(H,I,D)° C GL,(H, I, D) implies that

GL,(H,I,D)ina = kerInd N GL,(H, I, D) = GL,(H, 1) GL(H, 1, D)°,.
Modulo connected components, the inclusion
GL,(H,I,D)ina — GLoo(H, I, D)
therefore corresponds to the inclusion map GL,(H,I) — GLo(H,I) which is a homotopy
equivalence (Corollary I1.15). This completes the proof. [ ]
Theorem II1.14. (Homotopy groups of GL,(H,I,D)) If H is an infinite-dimensional
complex Hilbert space and koo = |{j € {1,...,k} : dim H; = oo}, then

Zy fordimHy < oo and I? =1

Wo(GLp(H’ I, D)Ind) = { 0 otherwise

Ty X ZF==1" for dim Hy < 0o and I> =1
7o(GLy(H, I, D)) = § ZFe—1 for dim Hy < co and I? = -1
Tk for dim Hy = oo,
m1(GL,(H,1,D)) =0, and m(GL,(H,I, D))= 7=,
The higher homotopy groups are 8-periodic, i.e., mn+s(GLy(H,I,D)) = m,(GL,(H,I,D)),
n € Ny, and therefore determined by the following table.

dim Hy = o0 dimHy < 00,12 =1 dim Hy < 00, I? = —1
m 0 0 0
To ZFoe ZFeo 7o
T3 0 0 Lo
Ty ZFoe 2 Zo ® ZF>
s 0 0 0
T ZFoe ZFe ZFe
7 0 ZQ 0
Ts ZF> Lo ® ZF="1 ZF=—1
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Proof. First we use Remark II1.4 to see that we may assume that all spaces H; are infinite-
dimensional and Corollary II1.13 to see that we may assume that p = co.
In view of Lemma III.12(b), we have a surjective homomorphism

©:GLoo(H, I) x GL(H,I,D)" = GLoo(H, I, D)ng
whose kernel is isomorphic to

k
A= GLoo(H, 1) N GL(H, 1, D) { [y Gl (Hy) for Hy =0
GLoo(Hy, Ip) % H].:1 GLo(Hj;) for Hy # 0.
Let B:= GLu(H,I) x GL(H,I,D)° and C := GLu(H, I, D)1ma. To see that the map B —» C
defines a locally trivial A-principal bundle, we first observe that, although the group GL(H,I)
need not be connected, the group GL(H,I < D)° acts smoothly on it since it acts smoothly on
the Banach algebra K (H), hence on GLo(H), and GL, (H,I) is a complemented Lie subgroup
invariant under this action. In view of Remark A.7, and since all assumptions of Proposition A.6
are easily verified, the multiplication map B — C is a locally trivial A-principal bundle.
The exact homotopy sequence of the principal bundle A — B —» C yields a long exact
sequence of homotopy groups

(3.3) o = 1 (C) = m(A) = m(B) = i (C) = m—1(A) — ...
ending as an exact sequence in
<o = m(C) = m(A) = mo(B) = m(C) — 0.
Since the groups GL (H;) are all connected, we have

To(A) = {WO(GLOO(HO,IO)) ~7, for Hy#0and I2 =1
0 otherwise

(Theorem I1.14). The contractibility of the group GL(H,I,D)? (Theorem IL.6) further leads to

Zo forI?=1
B) = 19(GLy (H, I)) = 2
mo(B) & mo(GLeo (H, 1)) {0 for 12 = —1.
Here the homomorphism mo(A4) — m(B) is the identity if mo(A) is non-trivial because the
inclusions

O(N,C) < GLy(Hg, Ip) — GL(H,I)
are weak homotopy equivalences (cf. Corollary I1.15). This leads directly to

Wo(O)g{Z2 fOI'H():O&I’ldlzzl
0 otherwise.

Now we turn to the higher homotopy groups m,, m > 1. We observe that in all cases
the contractibility of GL(H, I, D)® shows that B is homotopy equivalent to GLs (H,I). First
we deal with the simpler case Hy # 0. Then the inclusion map GLo(Ho, Ip) — GLoo(H, I) is
a weak homotopy equivalence (cf. Corollary I1.15). Hence for each m € Ny the homomorphism
Xm: Tm(A) = 7, (B) is surjective. Therefore the exact homotopy sequence of A — B —» C
leads to for each m € N to

o~

Tm (C) = ker Xm—1 Tm—1(GLoo (Hj;))

—.

I
-

J

k:OO
>~ 1 (GL(N, C))Fe = {% igi z EZQdH



32 Classical Hilbert—Lie groups, their extensions and their homotopy groups March 5, 2001

Now we turn to the case where Hy = 0. Here we will need results from Bott’s paper
[Bo59]. Since the first two homotopy groups will be particularly important in the following, it
is instructive to determine them directly. For that we note that in all cases the homomorphism
mo(A) — mo(B) is injective, so that the homomorphism m(B) — m1(C) is surjective by the
exactness of (3.3). Furthermore m(A) = 0 and m(B) = 0 (Theorems II.6, 11.14, Corollary
I1.15), so that m2(C) = ker x; and 71(C) = coker x1. To determine these groups, we observe
that

1 (A) = {Zi x Z* for dim Ho = 0o and I? = 1
ZF>= otherwise

and ,
Zy forI*=1
B) = GLoo(H, I)) = ¢ 2 .
m(B) 7T1( ( )) {0 for I? = —1 }
For I? = —1 the homomorphism y; is trivial, so that m2(C) = 7 (A) 2 Z* and 71 (C) =
1 (B) =0.
For the case I? = 1 we first observe that the block diagonal map

GL(n,C) — O(2n,C), gr—><g (gTO)l)

induces a surjective map

Z forn=1

m1(GL(n,C)) 2 Z — 71(0(2n,C)) = {Zg for n > 1

because the generator of w1 (O(2n,C)) can be obtained with the natural embedding of SO(2,R) &
T. The homomorphism x; is therefore given by

xiim(A) 228 - m(B) 2 Zs, xal((ng) =Y [ngl,
J

where [n] € Zy = Z/27 denotes the congruence class modulo 2 of n € Z. Since H is infinite-
dimensional, we have k > 0, showing that x; is surjective, so that m(C) = 0. Since ker x; is a
subgroup of Z* of index 2, we obtain 73(C) = ker y; = ZF.

~ k :

= J[;-, GLoo(H;) is
homotopy equivalent to GL(N,C)*. In particular we have 7o, 1(A) = Z* and m,(A4) = 0
for all n € N (Theorem I1.12). Therefore the exact homotopy sequence of A — B —» C contains
the exact pieces

We finally turn to the higher homotopy groups. The group A

Ton(B) < T2 (C) = Tap_1(A)— 79, _1(B) = T2n_1(C).

Since every subgroup of ma,, _1(A) = ZF is free, hence projective, we can apply this to ker ya, 1 C
mon—1(A) to obtain

(3.4) Ton(C) = 7o, (B) @ ker xan,—1  and  ma,—1(C) = coker xo,—1.
We are thus left with the determination of kernel and cokernel of x2,_1. Let
fim: GL(C™) = GL(C2™, 1), g+ (9 T0_1>
0 (g9)
and n: GL(N,C) — GL(2N,C, I) := h_II}l GL(C?™, 1) be the corresponding limit map. Then the

homomorphism x2,_1 is equivalent to

Wgnfl(A) = Wgnfl(GL(N,C))k — 7T2n,1(B) = Wgnfl(GL(QN,C,I)),

k
(3.5) (@1, k) = Y mano1(n)(25).
j=1
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We conclude in particular that
coker xa,—1 = coker ma,,—1(7).
Next we use polar decompositions to see that for I2 = 1 we have a homotopy equivalence

GL(2N,C,I) ~ lim O(2m,C) ~ lim O(2m,R) ~ GL(N,R)
— —

and for I = —1 we get
GL(2N,C, I) ~ lim Sp(2m,C) ~ lim U(H™,H) ~ GL(N, H).
The natural embedding GL(N,C) — GL(2N,C, I) correspond then to the natural inclusions
GL(N,C) < GL(2N,R) = GL(N,R) and GL(N,C) < GL(N, H).

Information on the effect of these maps on the level of the homotopy groups comes from Theorem
11.12, where we find
(3.6)

7u(GL(N, R)/ GL(N, C)) & 71 (GL(N,R)), 7, (GL(N, H)/ GL(N, C)) 2 7,041 (GL(N, H)).

We first consider the case I? = 1 in detail. For each m € N we obtain with (3.6) an exact
sequence
Tom (GL(N, C)) = 0 — 72, (GL(N,R)) < may,+1(GL(N, R))
= Tam_1(GL(N, C)) 221, o L (GL(N, R)) — 7am (GL(N, R))
— Tom—2(GL(N,C)) = 0.

In view of the Bott periodicity, it suffices to consider m = 1,2, 3,4, which lead to

0<—>Z—>ZW1—(M>Z2—»O

0%0—>ZL(”)>Z—»O

1
2
3: 0(—>Z%Zw5—(n)>0—»0
4

Ty s Ty = T—""" 7 7.

3 33 3
|

Using (3.4) and (3.5), this information leads to the following table:

m Tn(B) ker xpn_1 coker xn, 7 (C)

1 Lo — 0 0

2 0 ZF — ZF

3 Z — 0 0

4 0 Zkfl o Zkfl

5 0 — 0 0

6 0 ZF — Vi

7 7 — Zs Zs

8 Zo 7F-1 — Zo D 7k 1

From (3.4) and Bott periodicity we further derive that the homotopy groups of C are
8-periodic, so that the table above contains all the information.

For I? = —1, Bott periodicity implies that we obtain a similar picture shifted by 4,
therefore the entries for 12 = —1 in the table can simply be obtained from them for I? = 1 by
a 4-shift. ]
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Proposition II1.15.  The inclusion maps
GLi(H,I) = GL12(H,I,D) — GLy(H,I)

are weak homotopy equivalences.

Proof. Since the subgroup G° := GLy(H,I,D)? C G := GLy(H,I) acts smoothly on
G1.2;= GL12(H, I, D) by conjugation, the semidirect product group B := G1,2xG" has a natural
Banach-Lie group structure. Moreover, the fact hat gly(H,I,D) = gly o(H, I, D) + gly(H,I)°
implies that the multiplication map m: B — G has an open image which therefore is a union
of connected components. Since the inclusion map G; := GLy(H,I) — G is a weak homotopy
equivalence (Corollary I11.13), the map m is surjective.

Using Proposition A.6, we see that G = B/A, where

k
A GLQ n GO = G(l) = GLl(Ho,Io) X H GLl(Hj).

j=1
We consider the exact homotopy sequence of the A-principal bundle B:
cee Wk(A) — ﬂk(B) = ﬁk(GLz) X Wk(Gg) — ﬂ'k(G) — Wk_l(A) — ...

Since the inclusion map 4 = GY — GY is a weak homotopy equivalence, the homomorphism
7k(A) = 7 (G12) X m(GY) corresponds to the inclusion of the second factor. In particular, it
is injective, so that the exactness of the sequence implies that the maps

m(G12) = me(G), k€N,
are isomorphisms. ]

Problems III. It is natural to ask for the range of the index map ind on the monoid Fred(H, I).
If I? = 1, then Fred(H,I) contains in particular all operators g on the real space Hy := {z €
H:I.x = z} for which gg* — 1 is compact. Since this includes unilateral shift operators on
separable subspaces, it follows that im(ind) = Z in this case.

For I? = —1, we may consider H as a quaternionic Hilbert space and obtain, with similar
arguments as above, that im(ind) contains all even numbers, because an unilateral shift operator
on [*(N,H) has index 2. It is an interesting question if for I? = —1 there exists an element
g € Fred(H,I) with ind(g) = 1. It is clear that this cannot be realized as an H -linear operator,
because all these operator have even index.

In both cases we see that im(ind) = Z, so that we get mo(G(A),) = Z with the notation
from the proof of Proposition III.11. ]

IV. Universal central extensions of restricted groups

In this section we will draw the results from the preceding section together to describe universal
central extensions G, of the identity components G, of the restricted groups GLo(H, D) and
GL2(H, I, D) in the category of complex Banach—Lie groups. Extending the results to real forms
of these groups leads in particular to the metagonal and the metaplectic groups, of which we
show that they are universal central extensions of restricted versions of the real groups O(HR®)
and Sp(H,Q) in the category of real Banach—Lie groups. This section is the heart of the
paper because the proof of the universality of the central extensions requires the results on
Lie algebra cohomology from Section I and also the detailed knowledge on the homotopy groups
from Section III, which in turn uses Section II. All statements concerning the universality of the
considered group extensions are new.

Throughout this section H is assumed to be an infinite-dimensional complex Hilbert space.



35 classic.tex March 5, 2001

Central extensions of complex restricted groups

First we deal with the groups G, := GLo(H, D).. We start with a few preparations.

Lemma IV.1. For z € 3(gl(H, D)°) the functional x — tr(zx) on g1, := gly o(H, D) vanishes
on the commutator algebra if and only if all z; are equal.

Proof. = We have [g12,01,2] C [glo(H),gl,(H)| = sl(H), so that the condition that all z; are
equal is sufficient.
On the other hand we have for ¢ # j and A € By(H;,H;), B € Bo(H;, H;):

[A, B] = ABE;; — BAE;
in terms of (k x k)-block matrices. Therefore
tr(z[A, B]) = z;tr(AB) — zj tr(BA) = (2; — 2;) tr(AB).

Now B, (H;, H;)By(H;, H;) = B1(H;) implies that z; = z; is also necessary for tr(z[gi2,91,2])
to vanish. -

Lemma IV.2. The continuous Lie algebra homomorphism tr: gly 5 (H,D) — C integrates to a
continuous group homomorphism det: GL; o(H, D) — C*.

Proof. (cf. [HH94b] for a similar construction) Since the inclusion map
GLl(H) — GLLQ(H, D)

is a homotopy equivalence (Proposition I11.2(c)), we obtain a homomorphism ¢ GLi(H) —
GL1,2(D) which induces a surjective homomorphism

7T1(GL1(H)) =7 — 7T1(GL172(H,D)> = 7.

If we compose the unique homomorphism det: G"\]/-_ll’Q(D) — C* satisfying L(&&) = tr with ¢,
then we obtain a lift of the determinant map det: GL;(H) — C*. We conclude that

m1(GLy 2(H, D)) C ker det,
and this implies the assertion. ]
Definition IV.3.  We define the group
SL(H, D) := ker(det: GLy 2(H, D) — C™).

Let v € H; for some infinite-dimensional space H; be a unit vector and define the holomorphic
homomorphism ~v:C* — GL1(H;) € GL12(H, D) by v(z).v = zv and v(z).w = w for wlv.
Then det oy =id¢x , and we conclude that the map

GLi1,2(H, D) = SL(H, D) x C*, g+ (gy(detg)~", det(g))
is a diffeomorphism. On the Lie algebra level we have a corresponding semidirect decomposition
gly o(H,D) = sl(H,D) x C. [

The idea for the direct construction of the central extension in Definition IV.4 is a slight
modification of the construction used in [HH94a,b]. Different constructions for the special case
k = 2 can be found in [PS86] and [Mi89]. These central extensions could also be obtained
more indirectly with the general methods described in [Ne0Ob], which requires to calculate the
corresponding period maps (cf. Proposition IV.9), but in any case it is more convenient to have
a concrete realization of the central extension.
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Definition IV.4.  Let G = GLy(H) and G, := GLy(H, D).. Since G := GL(H, D)3, (cf.
Lemma II1.1) acts smoothly on the Banach algebra Bj o(H, D), it acts smoothly by conjugation
on Gy = GL12(H,D), so that we can form the semidirect product Banach-Lie group
Gy % Gg’oo, and the multiplication map G 2 Gg’oo —» G, induces an isomorphism

(G12x Gy )/N =Gy, (a,d)N > ad, where N=GionGy .= [[ GLi(H))

dim Hj=o00

(cf. Proposition A.6 and Remark A.7). Here we use that Gp 2 and Ggm are connected (Propo-
sition II1.2(c) and Theorem IIL.6).

In view of Definition IV.3, S := SL(H,D) C G,z is a Lie subgroup which also satisfies
G, = Sngow so that

G, = (SxGY.)/Ns with Ng:i=Nn(SxGY.).
The group Ng has a natural holomorphic homomorphism
A:Ng — (Cx)kxy (gagil) = (det(gj))dimHj=°0'

With
Z = A(Ng) = {(zj) e (@9)=:]]%= 1}

0
b0

the subgroup ker A is a normal Lie subgroup in S x Ggoo, and it is complemented because Ng
is complemented in S. Therefore we can form the quotient group

we then have Ng = ker A x Z. Since A is invariant under conjugation with elements of G

G = (SxGY )/ ker A

whose elements we write as [(a,d)] := (a,d) ker A (cf. Definition II1.6). This group has a natural
homomorphism

~

¢:Gr = Gy, q([(a,d)]) :=ad with kerq = Ng/ker A = Z.

We thus obtain a central extension Z < G,—+G,. On the subgroup G2 = Sy(C*) C G,
(in the notation of Definition IV.3), this central extension has a natural splitting given by the
homomorphism

01:G12 = Sv(C*) = GE, 01(97(2) == [(9.7(2))]- .

Remark IV.5. On the Lie algebra level the construction in Definition IV .4 leads, for g =
gly(H) and g, := gl,(H, D), to a surjective homomorphism

5 X gg,oo :=sl(H, D) x gl(H,D)°, —» g, := gly(H,D), (z,y)+ x+y,

(cf. Definition TI1.1(b)), and g} ., = gl(H, D)3, is a closed Lie subalgebra of g,. We have the
central extension
3=CH"l oG, g,

To describe this central extension by a continuous cocycle, we need a continuous splitting map
o:gr — gr- This can be obtained by from the decomposition g, = g2 @ [D, g], where [D,g] C s
denotes the closed subspace corresponding to the off-diagonal blocks. Writing elements x € g,
as ¢ = xg + x1 according to this decomposition, we define

o(xo + x1) := [(x1, 0, 0)].
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It is clear that this is a continuous linear splitting map. The corresponding cocycle is given by
w(zo + 1,50 + Y1) = [o(x0 + 21),0(yo + y1)] — o([¥0 + 21,50 + 11])
= [([zo, y1] + [z1, y0] + [z1, y1], [z0, Yo], 0)]
— o ([wo, yo] + [z1,y1]o, [T1, y1]1 + [To, y1] + [T1,%0])
= [([w0, 1] + [z1, 0] + [z1,91], [0, 90], 0)]
= [([z1, 1)1 + [wo, 91] + [21, 90], [x0, yo] + [21,y1]0, 0)]
= [([z1, y1]o, —[21, 1]0, 0)]
= [(0,0,dA([z1,91)0))] = dA([z1, y1]o)-

If E:= [z1,11]0 denotes the block diagonal part of [x1,41], then E is of trace class with trace
0 because [Bo(H),B2(H)] C B1(H) consists of matrices with vanishing trace. Now
dA(E) = (tr(Ej))aim Hy=cc €3 = {(Zj) € Che: ZZJ' = 0}. ]

J
Remark IV.6. It is interesting to compare the group ér with the group constructed in
[HH94b]. As in Definition IV.4, we write G, as a quotient (G12 % G )/N, and consider

the homomorphism Ay: N — (C*)*> given by the same formula as in Definition IV.4. We now
obtain a central extension

G} = (G2 x Ggm)/ker Ay

by the same arguments. It is clear that we may view ér as a subgroup of G¥ which we now
describe as a kernel of a homomorphism to C*.
Since the homomorphism det: Gy 2 := GLj 2(H, D) — C* is invariant under the action of
the group Gg,m = GL(H, D)?_, it extends to a holomorphic homomorphism
Gl,g X Gg,oo — (CX

which obviously vanishes on the normal subgroup ker Ay, so that we obtain a holomorphic
homomorphism
D: G = (G12 x Gy )/ ker Ay — C*

which on Z*# := N/ker Ay = (C )k restricts to the multiplication map (z;) — [I; 2. From
that we conclude that R R

kerD=G, and GF=@G,xC*,
where the complementary factor can be chosen as the first factor in Z = (C*)k~. Our

construction further implies that the section : G2 — G, g~ [(g,1)] satisfies Doo = det. m

Definition IV.7.  For g = gl,(H,I) and g, = gly(H, I, D) we have a surjective homomor-
phism
aly o(H,1,D) x gl(H,1,D)% —» g, := gly(H,I, D),

where gl 5(H, I, D) := gly(H,I) N By 2(H, D) (cf. Definition II1.1(b)). On the group level, we
obtain for G = GLa(H,I) as in Definition IV.4 an isomorphism

(G12 % GYo)/N = Gy, (a,d)N + ad,
where G, := GLy(H,I,D)., G} ., := GL(H,I,D)%,, Gy := GLy1 2(H,I, D)., and

~ ) GLl(Ho,Io) for dim HO =0
N= a4 HH o GLa(Hj) x {0 for dim Hy < oo
im H;j=00,j

(cf. Definition II1.3). The group N has a natural holomorphic homomorphism
AN — ZF = (C)F>=, g (det(g;))aim H;=o00,j>0
with N =2 ker A x Z*. As in Definition IV.4, we now obtain a central extension
7} G = (G @ Gg’oo)/kerA — G

which splits on the subgroup G o (cf. Remark IV.6). If g, denotes the Lie algebra of G% and ;
the Lie algebra of Z¥, then we obtain a central Lie algebra extension 3 < g, —» g,. ]
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Proposition IV.8. For g, = gly(H,D) let g, be as in Definition 1IV.4 and for g, =

gly(H,I,D) as in Definition IV.7. Then the following assertions hold:

(i) The central extension 3 — g, — g, is Banach universal over C .

(ii) Ewery real form j3r < (g,)r —» grr of this central extension is a Banach universal central
extension of the real form g,.r of gr.

Proof. (i) First we assume that g, = gl,(H, D). Let w;, dim H; = co, denote the components
of the cocycle w from Remark IV.5. Then Zj w; = 0, and Proposition .11 shows that this is
the only non-trivial relation between the cohomology classes [w;] € H2(g,,C). Hence we obtain

an isomorphism
6c:3 =Lin(3,C) — H%(g,,C), aw [aow]

so that the central extension g, — g, with kernel 3 is C-universal by Proposition 1.13 because
g, is perfect (Proposition 1.10). Moreover, Proposition 1.13 implies that g, is a Banach universal
central extension of g, .

For g, = gl,(H, I, D) Proposition I.11 shows that the components w; with dim H; = oo
of the corresponding Lie algebra cocycle w (Remark IV.5) yield a basis [w;] of HZ2(g,,C), so
that g, is a universal central extension of g, by Proposition 1.13.

(ii) is an immediate consequence of (i) and Remark I1.10(c) in [Ne01b]. |

Before we can turn to the universality assertions on the group level, we have to compute
some homotopy groups of G, and G%. For any central extension Z < G —» G of a connected
Banach—Lie group G with an abelian Banach-Lie group Z, which is a locally trivial Z-bundle,
the vanishing of m,,(Z), m > 2, in view of the exact homotopy sequence of the Z-bundle implies
that the maps m,,(G) = mp, (CAv') are isomorphisms for m > 3, and we have an exact sequence

o~ ~

0 = m2(G) = m(G)—m1(Z) = m(G) = 11 (G) = m0(Z) — 0

which describes the relations between 7, and me of G and G . Here the period map §:m2(G) —

~

m1(Z) plays a key role because it determines m3(G) = kerd and imd is the kernel of the map
wl(é) — m1(G). If G is simply connected, we obtain in particular wl(é) = coker .

Next we will analyze the period map for the central extensions @,. — G, and G‘i — G,
explicitly in terms of the description of the group m2(G,.) given in Theorems II1.6 and I11.14. We
will see that in both cases d is injective, but that it is not surjective for G%. Since G, is simply
connected, this leads to

71(G%) 2 coker d.

Proposition IV.9.

(i) For G, = GL2(H, D). the period map §:m2(G,) — m1(Z) is an isomorphism. The group
ér is simply connected, and Wz(ér) =0.

(ii) For G, = GLo(H, I, D). the period map § is always injective. If I> = —1, then it is also
surjective, and for I> = 1 we have coker§ = Zy. The group G% satisfies 71(GE) = Zo and
Uy (GE») =0.

Proof. (i) In our direct construction of @T in Definition IV.4, we used the description of G,
as (S x Gy ,)/Ns and a homomorphism A: Ng — Z with

G2 (SxG))/ker A and NskerA x Z.
The exact homotopy sequence of the Ng-principal bundle S x Gg - contains a piece
Or
. '7T2(G112 X Gg,oo) — ’/TQ(GT)—)’JTl(NS) — 7T1(G112 X Gg,oo) —

and since m3(G12 X Gy ) = 0 (Theorems I1.6, I1.14, and Proposition I11.2(c)), the connecting
map 0,: m2(Gy) = m1(Ng) is injective. The Z-bundle @T — @, is associated to the Ng-bundle
Gi12 % GY _ — G, via the homomorphism A:Ng — Z, so that the corresponding connecting

b,00
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map ¢ satisfies § = 71 (A) o §,. Therefore we simply have to identify the image of §, in 71 (Ng)
and the homomorphism 71 (A): 71 (Ng) — m1(Z), restricted to this subgroup.
We have

Ng = {d =diag(dj) € [ GLi(H;):detd =[] det(d;) = 1},

dim Hj=o00 7

ker A = [T4im Hj=oo SL(H;), and Z = (C*)k>=~1. From the proof of Theorem IIL.7 we derive
that

im(3,) = { (ny) € 1Y "n; = 0} = m(N) =2 Zk~ ",

and that the map m;(A): 7 (N) — 7 (Z) = ZF~~! is an isomorphism. Therefore §:mo(G,) —
m1(Z) is an isomorphism. The remaining assertions follows from the exact homotopy sequence
of the Z-principal bundle Z < G, — G, because m1(G,) = 0 (Theorem II1.7) implies that
71(G,) = coker§ = 0 and m5(G,) 2 ker§ = 0.

(ii) For ¢:G% — G, = GLy(H,I,D). the situation is slightly different. Here we have N =2
HdimHj:OO GLi(H;) with N = ker A x Z, where ker A = HdimHj:OO SL(H,) is simply con-
nected. Therefore the map 7 (A):m(N) — 71 (Z) is an isomorphism, and again we have a
factorization ¢ = m1(A) o d, with 0,:m2(G,) — m1(N). Here the vanishing of m3(Gp 2 X Ggm)
follows from the contractibility of Gg,oo (Theorem I1.6), Proposition I11.15, and Corollary II.15.
We conclude that 6, is injective.

In view of 71(G,) = 0 (Theorem II.14), the exactness of

o mo(Gr) 2 (N) = m1(Grg @ GY o) = 1 (Gr) = 0

implies that
cokeréT = 7T1(G1,2 Dal Ggpc) = 771(G172).

Using again Proposition II1.15 and Corollary I1.15, we obtain

~ 2y for =1
m(Gl’Z):{OQ for 12 — 1

As in (i), we now obtain mo(G%) = 0 and 7 (G%) = coker § = coker 6. [

From the topological information contained in Proposition IV.9 and the universality of the
Lie algebra extensions o — g, we will now derive the description of a universal central group
extension G, — G, in the category of complex Banach-Lie groups. For I 2 =1 it turns out that
we will have to a twofold covering group G, of G¥, which corresponds to the usual passage from
orthogonal groups to spin groups.

Theorem IV.10. If H is infinite-dimensional, then for G, = GLo(H,D). the central
extension R
7 o (Cx)kwfl SN Gr q Gr

and for G, = GLa(H, I, D). the universal covering group
Z — @T = ég#GT

is universal for all abelian complex Banach—Lie groups in the following sense: For each central
extension qu: H — G, which is a locally trivial A-principal bundle for an abelian Banach-Lie
group A, there exists a unique morphism ¢: G, — H with qg op =q.

Proof. We have seen in Proposition IV.9 that for G, = GLy(H,I,D). the period map
is not always surjective onto m1(Z). Let ¢: G, — G* denote the universal covering map for
G, = Oy(Hc,I, D) := GLy(He,1,D).. For Z := q~1(Z%) C G, we then have G, = G,/Z,



40 Classical Hilbert—Lie groups, their extensions and their homotopy groups March 5, 2001

and since G, is simply connected, the group Z is connected; otherwise @T /Z. would be a non-
trivial connected covering group of G,. Therefore Z = exXpg 3 is central in @T, and we see
that g: ér — @, is in fact a central extension of g,. Furthermore, Proposition IV.9 implies that
ma(Gr) = my(Gh) = 0.
For G, = GL2(H, D). we directly get from Proposition IV.9 that WQ(@T) =m (@T) =0.
Therefore in both cases G, is simply connected (Theorem II1.7, Theorem I11.14), G, is

simply connected, and @, is Banach universal (Proposition IV.8). Now the assertion follows from
[NeOla, Th. IV.14]. [

Remark IV.11. If w € Z2(g,,C) is represented by diag(\;) € Py, Hy=o00 C idH, (Proposi-
tion 1.11), then Proposition IV.9 implies that the corresponding period map per,: mo(G,) — C
factors through

m2(Gr) = m(Z) < 3——C,

where the linear functional a:3 — C is given by a((z;)) = >_; Aj2;. Then
per,,((nj)) = Y Ajny.
J

For g = gly(H, I) this leads to
im(per,,) = ZZ)\j cC
J

and for g = gly(H) to

im(per,) = {an/\j:z:nj = O} = ZZ()\]- —A;) CC. [

itk

The metaplectic and the metagonal group

In this subsection H denotes a complex infinite-dimensional Hilbert space and J its complex
structure given by Jov = iv, v € H. We write H® for the underlying real Hilbert space.
The complexification He := (H®)c decomposes into the +i-eigenspaces H(é: for the complex
extension of J which we also denote by J. In the following we will consider H¢ as a space
with this decomposition, so that J.(z,y) = (iz, —iy) in these “coordinates.” We write I for
the complex conjugation on H¢ with H® = {z € Hc:I.x = z} and note that IJ = JI on
H¢ because J preserves the subspace HX. The +i-eigenvectors of J can be written v F iJv,
v € H® and the antilinearity of I implies that I(v ¥ iJv) = v £4Jv. To obtain a convenient
setting, we identify the i-eigenspace H(é' of J with H via the mapping v — %(v —iJv) which
is a complex linear isometry. From IJ = IJ and the antilinearity of I, we get I .Hg = H: .
Since each orthonormal basis of Hg is mapped by I into an orthonormal basis of H , we see
that we may identify H with H in such a way that there exists an antilinear involution o of
H (fixing the elements of a given orthonormal basis) such that I is given by product coordinates
on Hc = H @ H by the formula I.(x,y) = (o(y),o(x)) (cf. Remark 1.2).

Definition IV.12.  (a) We define the restricted real linear group of H by
GLyos(H®) := {g € GL(H®): gJg~! — J € By(H®)}.

The condition gJg~! —J € By(H®) is equivalent to [g,.J] € Bo(H®). The elements of the group
GL,es(H®) are called almost linear automorphisms of the complex Hilbert space H .

(b) It is clear that GL(H) is a subgroup of GLs(H®). We also define the corresponding
restricted orthogonal and symplectic group

Ores(H®) := O(H®) N GLyes(H®)  and  Sp,. (H,Q) := Sp(H, Q) N GLys(H®). n
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Lemma IV.13. The operator D := —iJ is a hermitian involution on Hc , and the following

assertions hold:

(i) GLyes(H®) = {9 € GLy(Hc,D):Ig = gI} = GLy(Hc,D) N GL(H®) and the group
GLyes(H®) has a smooth polar decomposition with GLyes(Hg) NU(Hc ) = Ores(HR).

(i) O(Hc,I)NU(Hc) = O(He, )NGL(H®) = O(H®) and O(Hc, I)NUy(He, D) = O (H®).

(iii) The operator I:=4iJI is an antilinear isometry with I2=—1 and

Sp(H,Q) ={g € Sp(Hc,I):Ig=gl} and Sp,(H,Q)={gc¢€ SpQ(Hc,f,D):Ig =gl}.

In particular Sp(H,Q) is a real form of Spy(Hc,I) and Sp..(H,Q) is a real form of
Sp(Hc, I, D). The group Sp,.(H,Q) has a polar decomposition with Sp,..(H®)NU(H®) =
U(H), and it is contractible.
Proof. First we note that D is a hermitian operator on H¢ with spectrum {£1}, because in
product coordinates on Hg it is given by D(z,y) = (—z,y).

(i) The condition g € GL,es(H™) means that if we write its complex linear extension, also denoted
g, to He according to the decomposition of H¢ as a matrix

=(00).
[J,g}=[<é i)(i Z>}:i<—%c 206)’

so that g € GLy,es(H®) is equivalent to g € GLo(Hc, D) and gI = Ig.

That the group GLy(Hc, D) has a polar decomposition has been shown in Proposition II1.7.
Let g € GLa(Hc,D) and g = ue® be its polar decomposition, where v € U(H¢) and z =
x* € Herm(Hc). We then have Igl—! = Tul~Ye!*I ™" which is the polar decomposition of
IgI—!'. Therefore the uniqueness of the polar decomposition and the first part of the proof imply
that g € GLyes(Hg) if and only if u € GLyes(Hg) N U(Hg) =2 Opes(H®) and Izl ! = z, ie.,
x € Herm(Hc) N gl o (H®).
(ii) It is clear that the group O(H®) acts unitarily on Hc . For g € O(H®) we therefore have
Ig*I7! = g*II7! = g* = g~ which implies that g € O(Hc,I). If, conversely, g € O(Hc,I),
then glg* = I, so that g € O(H®) holds if and only if g commutes with I if and only if g is
unitary. This is the first assertion. With (i) and the first part we get

then

O(He,I)NUy(He, D) = O(He,I) NU(He) N GLy(He, D) = O(H®) N GLy(He, D)
= O(H®) N GL(H®) N GLy(Hc, D) = O(H®) N GLyes(H®) = Ores(H®).

(iii) Tts definition implies that I = iJI is isometric and antilinear. Further 12 = iJIiJI =
—i2JIJI = J2I? = —1. For g € Sp(H,Q) C GL(H®) we have Ig*I ™1 = Jg*J ' = g1,
showing that g € Sp(HC,f). If, conversely, g € Sp(HC,T), then Igl—' = J(g*)~*J~ 1, so that
Ig = gI is equivalent to g = J(g*)"1J~!. We further get with (i):

Spres(H7 Q) = Sp(H7 Q) N GLFES(HR) = Sp(H’ Q) N GL2(H(C 5 D)
= GL(H®) N Spy(He,I,D) = {g € Spy(He, I,D): Ig = gI}.

To obtain the polar decomposition of Sp,..(H,2), we can argue as in (i), and we get
SPyes (H, Q) NO(H®) = {g € O(H®): Jg~'J = Jg*J " =g~ '} = U(H).

The contractibility of U(H) (Theorem II.6) implies that Sp,..(H,2) is contractible. [
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Remark IV.14. From Lemma IV.13(ii) we get O(H®) = O(Hc,I) N GL(H®) and therefore
Oves(H®) = O(Hec, 1) N GLyes(H®) = Oz(He, I, D) N GL(H"),
showing that O,es(H®) is a real form of Oz(Hc, I, D). Moreover
Oyes(H®) = Oa(He, 1, D) N U(Hc)
by Lemma IV.13(ii), so that the polar decomposition of Oy(Hc,I, D) implies that the inclusion

map
Oses(H®) < Oy (He, I, D)

is a homotopy equivalence. Therefore Theorem III1.14 leads to

Zo for k=0
ﬂ-k(OrCS(HR)) = {0 fork=1
Z for k=2.

To see elements of Ores(H®) \ Ores(H®)T, we recall from Lemma I11.12 that
Oo(He,I,D) = On(He,I)O(He, I, D)2,

where the group O(Hc,I,D)% = O(H) is contractible. Moreover, the inclusion map
O1(Hc,I) = Ox(Hc,I) is a homotopy equivalence by Corollary II1.9. Therefore Oy (Hg,I)™ =
{g € O1(Hc,I):det g = —1} is not contained in the identity component of Oy (Hc,I, D), and
hence

Ores(H®)™ D Oy (He, I)™. "

The terminology for the groups defined below is taken from Vershik [Ve90], where these
groups are also discussed. Here the main new point is that we can show their universality as
central extensions of the corresponding restricted groups.

Definition IV.15.  (Metaplectic and metagonal group) (a) Let D := —iJ as above. Then
w(z+d, 2’ +d') := tr(D[x,2’]) is the universal cocycle for g, := sp,(Hc, I, D) (Proposition .11,
Remark IV.5). For the antilinear involution (x) = IzI~! we have (D) = —IiJI = ilJI =
iJ = —D. Therefore

(.w)(x+d, 2" +d)=1tr(D[0.x,0.2']) = tr(DO.|x, x’])
=tr((0.D)[z,2']) = —tr(D[x,2']) = —w(z + d, 2’ + d').

We conclude that

o~

9(1’, Z) = (0(%), 72)

defines a complex conjugation of QJQ(HC,T,D) := @, whose real form is the metaplectic Lie
algebra N
mp(H, Q) := {(z,2) € spy(Hc, I, D): x € s5p,os(H,Q), 2 € iR}.

It is a universal central extension of the real Banach-Lie algebra sp,.(H,Q) (Proposition
IV.3(iii)).

The involution ) integrates to an antiholomorphic involution é\g of the simply connected
complex group Spy(Hc,I, D) := G, (Proposition IV.9), and we define the metaplectic group

Mp(H, Q) := {g € Spy(He,1,D):0c(g) = g}.

Then Mp(H, Q) is a real Lie subgroup of gl\)Q(HC 1, D) with Lie algebra mp(H, Q). This group
is a central extension of Sp,. (H,Q) by T={2€ C*:z=2"1}.
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(b) The universal cocycle w(z+d, ' +d') := tr(Dlz,2']) of g, := 02(Hc, I, D) satisfies 0.w = —w
for O(x) = oxo~!. Therefore

o~

9(1’, Z) = (G(x), 72)

defines a complex conjugation of 05(Hc, D) := g, whose real form is the metagonal Lie algebra
mo(H®) := {(2,2) € 02(He, D): x € 0,05(HY), 2 € iR}

which is a universal central extension of the real Banach-Lie algebra o,.s(H®) (Proposition
IV.8(iii)).

The involution 0 integrates to an antiholomorphic involution 5@ of the simply connected
complex group Os(Hc,I,D)" := G, (Theorem IV.10), and we define the connected metagonal

group N ~
MO(H®)* := {g € O2(Hc, 1, D)*:05(9) = g}.

Then MO(H®)T is a real Lie subgroup of O5(He,I,D)* with Lie algebra mo(H®) which is
a central extension of the identity component O,e(H®)* by Zgr = T. Its connectedness now
follows from the connectedness of Zg and of Oyes(H™)T.

Let » € O(H®)™ be a simple reflection, i.e., r — 1 has one-dimensional range, which is
J-antilinear (cf. Remark IV.14). Then

Ores(H®) 22 O (H®)F 3 {1,7}.

The relation rDr~! = —D implies that w(rzr=t,ryr~!) = —w(x,y), so that r acts as an
involutive automorphism on the Lie algebra mo(H®) by 74.(z,2) := (rar~!, —2).

Anticipating the result that MO(H®)* is simply connected (Theorem IV.18), it follows
that 74 integrates to an involution 7 on this group. We let the group Z, := Z/47Z act on
MO(H®)™ in such a way that [n] := n+4Z acts as 7%. Then we define the full metagonal group

MO(H"™) := (MO(H™)* x Z4)/{1,(~1,[2])},

where —1 denotes the unique non-trivial involution in the central circle Zg € MO(H®)*. Using
reflections s in Hr with dim(im(s — 1)) = 2, we obtain, as in the finite-dimensional case,
elements 3 € MO(H®)* with 3% = —1, and we may even assume that 7 and s commute. Then
(3,[1])2 = (=1, [2]) implies that the group MO(H®) can also be written as a semidirect product
MO(H®)* % Zsy. The full metagonal group is a natural analog of the groups Pin(2n,R). ]

Theorem IV.16.  The metaplectic group Mp(H, Q) satisfies

mo(Mp(H, ) 2 (m) = {5 77

Its universal covering group ME(H,Q) 18 contractible, the identity component of its center is
isomorphic to R, and it is a universal central extension of the real Banach—Lie group Sp,..(H, ).

Proof. Since Mp(H, Q) is a central T-extension of the contractible group Sp,..(H,), it is
connected, and the exact homotopy sequence of the locally trivial principal bundle

T — Mp(H, Q) - SpreS(H, Q)

yields the assertion on the homotopy groups of Mp(H,?). Therefore all homotopy groups of
the universal covering group K/I\E(H ,Q) are trivial, which implies that it is contractible (Theo-
rem I1.2). Tt is easy to see that the center of Sp . (H, ) consists of {1}, so that the identity
component of the center of K/I\B(H, Q) is the universal covering group of T = Z(Mp(H, 2))., hence
isomorphic to R. Finally the fact that mp(H, Q) is a universal central extension of the Banach—
Lie algebra sp,.(H, ) (Proposition IV.8(ii)), and the simple connectedness of K/I\B(H, Q) and
SPres(H, ), imply the universality of MB(H, 1) as a central extension of Sp,..(H,2) ([NeOla,
Th. TV.14]). [
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Remark IV.17. (a) Since the group Sp,.(H,) is contractible, the central extension
Mp(H, Q) is a trivial principal bundle, hence has a continuous global section. There is no general
reason for this to imply that there is a smooth global section because we do not know whether
there exists a contraction which is a smooth map. For a discussion of the existence of smooth
global sections of central extensions we refer to Section V in [NeOOb]. The polar decomposition of
Spres(H, ) implies that it is diffeomorphic to a product of U(H) and a Hilbert space. Since the
space C([0,1],R) embeds isometrically into u(H) and has no smooth functions with arbitrarily
small support (cf. [KM97]), the same holds for U(H), showing that U(H) and therefore also
SPres(H, €2) is not smoothly paracompact.

Nevertheless, one can also show directly as follows that Mp(H,2) has a smooth global
section. First we observe that the the invariance of sp, . (H, ) under the involution z +— z*
leads to the decomposition

g:=5p(H,Q)=tdp with t=uH)={recgz*=—-a}, p={recgaz” =z}
Writing elements « € g accordingly as « = x¢ + x;,, the universal cocycle satisfies
w(z,a') = tr(Dlx,a']) = tr(Dl[zy, 2,])
because [D,xz¢] = 0. Therefore the inverse image
¥T=t®iRCg=go,iR
of ¢ is a direct Lie algebra sum ¢ @ iR. Moreover, 0= to p has the structure of a symmetric
Lie algebra because [¢,p] C p and [p,p] C t. Now the use the methods from [Ne0Oc] to see
that Mp(H, ) has a polar decomposition K exp(p). That the assumptions of [Ne0Oc, Th.
IV.1] are satisfied follows from the fact that for each = € p the operator (adz)? [p:p — p is
positive hermitian ([Ne0Oc, Prop. IT1.16]). We then conclude that that simply connected covering
group Mp(H, 2) has a polar decomposition (U(H) X iR) expp because U(H) x iR is the simply
connected group with Lie algebra t. From that it follows directly that Mp(H, ) has a polar
decomposition K expp with K = U(H) x T. Now we get a smooth section

0:SPyes(H, Q) = U(H) expp — Mp(H, Q) = (U(H) x T)expp, wuexpzx+— (u,1)expz

for u e U(H) and x € p.
(b) In the finite-dimensional case H = C" we have m1(Sp(H,Q)) = m1(Sp(2n,R)) & Z, and
the Lie algebra sp(H, Q) is centrally closed. Hence the central T-extensions of Sp(H,) are
classified by

Hom(m (Sp(2, H)), T) = Hom(Z,T) = T,

and the metaplectic group (which in this case is also called Mp.(H,)) is defined by the
homomorphism Z — T mapping 1 to —1. The corresponding Lie algebra extension is trivial, but
the commutator group of Mp,(H, Q) is a twofold covering of Sp(H,2) (which is also frequently
called metaplectic group). ]

Theorem IV.18.  The inclusion map
MO(HR)Jr — 62(H(C ; Ia D)+

is a weak homotopy equivalence. In particular the group MO(H®)T is simply connected. More-
over, it is a universal central extension of the real Banach—Lie group Ores(H%)T.

Proof. Since O2(Hc,I, D)™ has a polar decomposition with unitary part O,es(Hg)™ (Remark
IV.14), the inclusion map Oyes(Hg)t — O2(Hc, I, D)™ is a homotopy equivalence. Further the
inclusion map Zg & T < Z =2 C* is a homotopy equivalence. Therefore Proposition A.8 implies
that the inclusion R

MO(H®)T < Oq(Hc,I,D)*

is a weak homotopy equivalence. We conclude in particular that MO(H®)7 is simply connected.
Therefore the fact that mo(H®) is a universal central extension of the real Banach-Lie algebra
ores(H®) implies the universality of MO(H®)* as a central extension of the simply connected
group Oyes(H®)* ([NeOla, Th. IV.14]). n
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Remark IV.19. If H =2 C" is finite-dimensional and n > 1, then m1(O(2n,R)) = Z,, and
there exists a natural T-extension of O(2n,R)T = SO(2n,R) corresponding to the inclusion
homomorphism 71 (0(2n,R)) & Zs — T. This central extension would be a natural analog of
MO(H®). Its commutator subgroup is the universal covering group Spin(2n,R) of SO(2n,R) .=

V. Infinite-dimensional flag manifolds

In this section we discuss analogs of complex flag manifolds for the groups
G e {GLQ(H), GLQ(H, I)}

We define these manifolds as the orbits of certain flags F = (Fp, F1,...,Fx) in H under G.
Let P(F) C G denote the stabilizer of such a flag. Then the homogeneous space G/P(F) is a
complex manifold, called a flag manifold. We also show that the unitary real form U := GNU(H)
acts transitively on G/P(F). Similar results hold for the restricted groups G, .

Definition V.1. (a) We consider a flag F = (Fo, F1, ..., Fy), where
(=R CFRCFRC..CF=H

are closed subspaces of H. Let
Py(F) :={g € GL(H): (Vj)g.F; = F}}

denote the stabilizer of this flag. To get a better description of this group, we define closed
subspaces H; := F; N Fj{ ; for 5 = 1,...,k and thus obtain an orthogonal decomposition
H = Hi1 & ... ® Hy. Accordingly we view operators on H as matrices (x;;); j=1,. % With
x;; € B(Hj,H;). Then

Py(F)={g € GL(H): (Vi > j)gi;j =0} = N(F) x M(F),

where

k
M(F) = {g € GL(H): (Vj)g.H; = H;} = {g € GL(H): (Vi # j)gi; = 0} = [ [ GL(H;)

j=1

and
N(F)={g € GL(H):(Vj)(g — 1).H; C Hj_1} = {g € Py(F):(V4) gj; = 1}.

(b) For G = GLy(H) we now define P := P(F) := P,(F)NG. In this case the description in (a)
implies immediately that P(F) is a complemented Lie subgroup of G, so that the homogeneous
space G/P(F) has a natural structure of a complex Banach manifold (cf. Definition II1.6) which
we call a flag manifold associated to G.

(¢) For G = GLy(H,I) we now consider a chain of closed subspaces

{0}=RCFC..CF

which are isotropic, i.e., that all spaces F} are isotropic for the bilinear form B(z,y) = (z,1.y),
which in turn is equivalent to I.F; LF;. We extend this chain of subspaces to the flag F defined
by

(=R CRCRC..ChRCF’"C...CF"CF"=H.

For g € GL(H) and 7(g) := I(g*)"'I~! the condition g € GL(H,I) is equivalent to
g = 7(g9). Moreover, the condition g.E = FE for a closed subspace E C H is equivalent
to ¢g*.E+ = E*, hence to 7(g9).E+# = E*¢ because E+¢ = [.E+. Therefore the subgroup
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Py(F) C GL(H) is invariant under the involution 7, and its intersection with GL(H,I) coincides
with the set of all elements preserving the subspaces Fi, ..., F}.

To fix the notation in such a way that it is compatible with Examples 1.9, we define for the
flag F the spaces Hi,..., Hy as above, Hy := F- N F;‘B, and H_; :=1.H; for j =1,...,k.
Then

FP=H&. ¢HoHoH &..0H ;.

Note that Hy is zero if and only if F} is maximal isotropic for 3.
It is clear that the group M (F) is invariant under 7. For g € Py(F) we have 7(g);; =
I(g; j)’ll —1, showing that also N(F) is 7-invariant. Therefore the semidirect decomposition

3

of Py(F) leads with
k

M, := M(F)" = GL(Ho, Io) x | [ GL(H;)
j=1

(cf. Remark 1.2) and N, := N(F)7 to the semidirect decomposition P, = N, x M. On the
Lie algebra level the strictly lower triangular matrices in gl(H) provide a complement invariant
under ty(x) = —Iz*I —1 so that passing to Tg-fixed points yields a closed complement to
the Lie algebra L(P,) of P, in gl(H,I). Therefore P, is a complemented Lie subgroup of
Gy, =GL(H,I).

Similar results hold for the group P := P, N GLo(H,I), so that we obtain a complex
manifold structure on the homogeneous spaces G/P and Gy/P, (cf. Definition IIIL.6). |

Remark V.2. (a) The equation
N(F)—1 = {w € B(H): (Vi < j) zi; = 0}

shows that this is a closed subspace of B(H), hence that N(F) is contractible. Similar assertions
hold for the intersection with GLo(H).

(b) To obtain the corresponding result for N(F)NGL(H, I), we note that the exponential function
exp: N(F)—1 — N(F) is a polynomial diffeomorphism inverted by the logarithm function given
by

e (_1)n+1
1 = —z".
og(l+x) Z —
j=1
This property is inherited by the subgroup N(F)NGL(H,I), so that it is also contractible, and
the same holds for N(F)NGLa(H,I). [

Now we turn to the homotopy groups of the flag manifolds G/P(F).
Proposition V.3. (a) For G = GLy(H) and P = Py(F) NG the manifold G/P satisfies
70(G/P) =0, m(G/P)=0 and m(G/P)=7ZF1
(b) For G = GLo(H,I) and P = P,(F) NG the flag manifold G/P satisfies

0 forI?=-1

WO(G/P)g{ZQ for I? =1 and Hy # 0 }’ m(G/P)=0 and WZ(G/P)ng~

Proof. (a) We have P =2 N x M, where N is diffeomorphic to a Banach space. Therefore P
is homotopy equivalent to M. We conclude that
mo(P) =m(G) =0, m(P)=ZF, m(G)=7Z and m(P)=m(G)=0.

Hence G/P is connected, and if x: w1 (P) — 71 (G) is the homomorphism induced by the inclusion
map, the exact homotopy sequence of the principal P-bundle G — G/P implies that

m1(G/P) = cokery and m2(G/P) = kerx.



47 classic.tex March 5, 2001

In view of x(n1,...,nk) =32, n;, we get
m(G/P)=0 and m(G/P)x=7ZF L.

b) For G = GLo(H, I) we also have P = N x M, which is homotopy equivalent to M (Remark
V.2(b)). For Hy = 0 we have

m0(P) =0, m(P)=Z" and m(P)=0,

0 forl?2=-1

mo(G) = m(G) = {Zg for 12 =1

} and m(G) = 0.
Therefore the exact homotopy sequence of the bundle P — G — G/P yields

0 forI?2=-1

WO(G/P)E{Z2 for I2 — 1 }, m(G/P)=0 and m(G/P)=7ZF

because for 12 = 1 the homomorphism 7;(P) — 71(G) is given by

ZF — 7y =7)2Z, (n;) — Z[nj]'

For Hy # 0 we have

0 forl?=-1 Vi for I? = -1
P) = P) = d m(P)=0
mo(P) {Zz for 2 =1 } m(P) {ngzk for I =1 } and - m3(P)

and
0 forl?2=-1

wo(c)gm(a)g{zz P } and  72(G) = 0.

Therefore the exact homotopy sequence yields
m0(G/P)=0, m(G/P)=0 and m(G/P)=27"
because for I? = 1 the homomorphism 7o (P) — 7o(G) is surjective. [

Remark V.4. (a) In Proposition II1.5 we have seen that for G = GLy(H) we have G, = GGY
which implies that with P, := G, N P(F) we have G, = GP, with P, NG = P, so that G acts
transitively on G,./P,, and we obtain G/P = G, /P,.

For G = GLy(H,I) we have on the Lie algebra level g, = g + g, which implies that
G, = G.(GY)e (Lemma A.5), and hence that the identity component G. of G acts transitively
on the connected manifold G, /P, for P. := G, N P(F). From P. NG = P we derive that
G./P. = G./(G.N P) is the connected component of G/P containing the base point 1P.
(b) Suppose that all spaces H; in Definition V.1 are infinite-dimensional and that G, =
GL(H,I,D)., where D is compatible with the flag F in the sense of Examples 1.9. Then
the group P. = N, x M, is contractible because N, is contractible and all factors in M, are
contractible (Theorem I1.6, Remark V.2). Therefore the exact homotopy sequence of the P,.-
principal bundle G, — G, /P. 2 G,/(PNG,) implies that the quotient map is a weak homotopy
equivalence. In particular we obtain for each m € Ny the relation

Tm(G/P) = 70 (G,). n
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Transitivity of the action of the unitary real form on the flag manifolds

In this subsection we show that the unitary real forms of the restricted groups G, also act
transitively on the corresponding flag manifolds G,./P,.

Lemma V.5. If o: Hi — Hsy is a topological isomorphism of Hilbert spaces, then there exists

a unitary isomorphism : Hy — Hs.

Proof.  The map ¢*p € GL(H;) is an invertible positive operator, so that v := \/p*p €

GL(H,) is uniquely defined. Now 1) := o oy~1: H; — Ho is unitary because it is invertible and
V=Tl er T =TT = 1 =

Lemma V.6. Let Hy and Hy be complex Hilbert spaces and I;: H; — H; antilinear isometries

with I? = £1 (same signs). If p: (Hy, I,) — (Ha, I3) is a topological isomorphism with oI, * =

I, then there exists a unitary isomorphism : Hy — Hy with ¢I1¢* = I5.

Proof. First we observe that the condition ¢l;¢* = Iy means that ¢ is an isometry between

the spaces (Hj, 3;), where B;(z,y) = (z, I;.y) is a non-degenerate complex bilinear form. Indeed,

ﬁz((ﬁ(I),@(y)) : <90(I)712~90(y)> - <:C’Il'y> = ﬂl(l',y), z,y € Hy,

is equivalent to ¢*Irp = I, i.e., to o 1Iy(¢*)~! = I; which in turn means that ¢I;p* = I>.

We define 9 as in the proof of Lemma V.5. The remark above implies that ¢*p is a
B1-isometry, hence in GL(H;,I;). The polar decomposition of this group (Theorem II.6(iii))
implies that v € GL(Hy, I1), so that ¢ = ¢y~ 1: Hy — Hy satisfies

VLY = oy L () Tt = phpt = D n

Proposition V.T7. Let H = Hy ® ... ® Hy be the orthogonal eigenspace decomposition
of D = D* € BH), F; := Hi+ ...+ Hj, P, := Py(F), P, := P, N GL2(H,D) and
P:=P,NGLy(H). Then

GL(H) = U(H)P,, GLy(H,D)=Uy(H,D)P, = Uy(H)P,, and GLy(H) = Uy(H)P,

i.e., U(H) acts transitively on GL(H)/Py, and Uy(H) acts transitively on GL2(H,D)/P, and
GL2(H)/P. Moreover, if u € U(H) and g € GL2(H, D) satisfy u='g € Py, then u € Uy(H, D).
Proof. (see [PS86, Prop. 7.13] for the case k = 2) Let F] := g.F;. Then g maps F}
isomorphically onto the Hilbert space F|. Hence Lemma V.5 implies that there exists a unitary
isomorphism uq: Fy — F|. Moreover, g induces a topological isomorphism

Hy >~ F,/F) — Fy/F| = Hj := (F|)* N Fj.

Applying Lemma V.5 again, we find a unitary isomorphism wuy: Hy — HS. Continuing this way,
we obtain unitary isomorphisms

uj: Hy — Hj = (F]

)TN E, j=1,... .k

Putting these maps together, we obtain a unitary map v € U(H) with u(H;) = HJ/ for all j and
therefore in particular with

=
M

I
M-

=

I
|

m=1

This means that u™'g preserves all spaces F;. We conclude that GL(H) = U(H)P,.
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Suppose that g € GLy(H, D). Then for each j the orthogonal projection
p;: F j’ — FjJ‘

is Hilbert—Schmidt because its composition with g is Hilbert-Schmidt as an operator F; — F jJ-.

We conclude that p; ou: F; — FjJ- is Hilbert—Schmidt, which implies that for ¢ > j the operator
w;; € B(H;, H;) is Hilbert-Schmidt. Moreover, for j > 1 the orthogonal projection

qj'SH; — Fj—l

is Hilbert—Schmidt because its composition with g corresponds to the operators gij,...,gj-1,5,
hence is Hilbert-Schmidt. Therefore g; o u|p,: H; — F;_; is Hilbert-Schmidt, which means
that uij,...,u;—1,; are Hilbert-Schmidt. We conclude that also for i < j we have wu;; €
Bsy(H;, H;), and hence that u € Uy(H, D). Thus u='g € P,N GLy(H, D) = P,, and this proves
that GLy(H,D) = Us(H,D)P,. From the connectedness of the groups Us(H,D) we derive
U2(H,D) = Uy(H)U(H)? C Uy(H)P, (Lemma A.5), whence GLo(H, D) = Us(H)P,.

Finally GL2(H) C GLy(H, D) = Uy(H)P, leads to GLyo(H) = Us(H)(P- N GL2(H))
Ux(H)P.

Proposition V.8. Let H = H_; ® ... ® Hy, be the orthogonal eigenspace decomposition
of D =D* € B(H,I) with IH; = H_;, F; := Hi+ ...+ Hj for j =1,...,k, and define
P, := Py(F) and P, :== P,NGLo(H,I).. Then

GL(H,I)=U(H,I)P, and GL2(H,I,D)CUy(H,I,D)P,.
Moreover, with G, :== GLo(H,I, D)., U, :=G,.NU(H) and P. := P,NG, we get
G, =U.P. =Uy(H,I)P, and GLy(H,I). =Us(H,I).P,.

In particular U(H,I) acts transitively on GL(H,I)/P, and Uy(H,I) acts transitively on G,/ P, .

Proof. Let g € GL(H,I). As in the proof of Proposition V.7, we put F]( := ¢.F}; and obtain
unitary operators

uj: Hy — Hj := (Fj

C)TNEL =1,k

Putting these maps together, we obtain a unitary map u,:Hy := Fj, — H! := F] mapping
each H;, j = 1,...,k, unitarily onto HJ/ From g € GL(H,I) we derive that F} is isotropic
for the bilinear form B(z,y) := (z,l.y), which means that H' := I.LH|, C Hi. Therefore
H', +1.H! C H is an orthogonal direct sum, hence a closed subspace of H. We define a unitary
map

u_H_=I1H  —H , v Iu}) "I .

Let Hj) :=g.(Ho + Hy) N (H,)*. Then
€ N — _
(Hy+HY )" = (9-(Ho+ Hy))” = (") " (Ho+ Hy)") =1"'gl.H. =1.(9.Hy) = .H| = H"

implies that H = H! & Hy @ H’ is an orthogonal direct sum.
Since (Ho, B |m,xH,) 18, as a space with bilinear form, isomorphic to

(Hy + Ho)/(Hy + Ho)™" = (Hy + Ho)/H+ = Hy,
the map g € GL(H,I) induces an isomorphism
15 ~ / / I~ g7/
Ho — g(Ho + Hy)/(g(Ho + Hy)) ™" = (Hy + H')/H} = H,

with respect to the restriction of 5 to both spaces. Therefore we obtain with with Lemma V.6
a unitary §-isometric map ug: Hy — HY.
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Combining ug with uy , we now obtain with H = H; ® Hy@® H_ a unitary map u: H — H.
To see that u € U(H,I), we first recall that ug is -isometric. Moreover, u maps (Hy)'# =
H, + H_ to the closed subspace H' + H' = H! + I.H! with

(Y, + HL)M = (H,)“ 0 (HL)Y = (HY, + Hy) 0 (LH')* = (H} + Hy) 0 (H,)*" = H;,

Therefore it remains to show that u|g .+H_ is B-isometric. The subspaces Hi and H'. are
[B-isotropic, so that the assertion follows from

Bluvy,uv) = Bluyy, I(uf) " Hos) = —(up oy, (uh) 7 hos) = (vy, Los) = Blug,v-)

for v+ € Hi. We conclude that u € U(H,I), and that u~'g preserves the spaces F1, ..., Fy,
hence is contained in P.
Suppose that g € GLo(H, I, D). Then g maps the flag

FCFRC..CFRCF"C.. . CF"

to
F{CFyC...CF, C(F)* C...C(F)**

and v does the same. Therefore the last assertion in Proposition V.7 entails that v € Us(H, D)
and hence that u € Us(H, I, D). Finally u='g € P, implies that GLo(H,I,D) C Uy(H, I, D)P,.

We conclude in particular that the group U, = Us(H,I,D). C G, acts on G,/P. with
open orbits, and therefore transitively because G, /P, is connected, whence G, = U, P,.. With
Lemma A.5 we now obtain from w, = us(H, ) +u(H,I,D)° that U, = Uy(H,I). U(H,I,D)° C
Us(H,I) P, so that G, = Uy(H, I).P,, and therefore GLy(H,I). C G, = Us(H,I). P, yields
GLy(H,I). = Uy(H, ). P.. .

Remark V.9. (a) The decompositions of type G = UP obtained in Propositions V.7/8 are
analogs of the Iwasawa decomposition of finite-dimensional complex reductive Lie groups. It is
an interesting question whether such decompositions could be obtained for infinite flags.
(b) Tt follows from the proof of Theorem I1.14 that the manifolds G/P contain a dense subset
which is the directed union of orbits of finite-dimensional groups G which are compact complex
flag manifolds. Since the orbits GpP/P C G/P have the property that all holomorphic functions
on them are constant, it follows easily that all holomorphic functions on G/P are constant (cf.
[HH94b, Cor. 3.2.2] for the case G = GLy(H)).

For refined information on holomorphic sections of complex line bundles on the manifolds
G/P we refer to [HH94a,b], [Ne0Oa] and [NeOla]. For an extension of the Bott—Borel-Weil
Theorem to direct limit groups, which is closely related to our setting, we refer to [NRW00]. =

Remark V.10. (a) First let G = GL2(H). For k = 2 and n := dim F} < oo the orbit G.F}
consists of all n-dimensional subspaces of H. Therefore Gr,(H) := G/P is the Graffmannian
of all n-dimensional subspaces of H. For n = 1 we obtain in particular the projective space
P(H) = Gr1(H).

For k =2, H separable, and F := F) of infinite dimension and codimension, the manifold
Gryes(F) := G/P is the restricted Graffmannian of the separable Hilbert space H based in F'.
This manifold plays a crucial role in the structure theory of loop groups and in theoretical physics
(cf. [PS86], [Wu9g]).

(b) The manifolds G/P for arbitrary length of the flag and G = GLy(H) have been introduced
in two papers of A. and G. Helminck (cf. [HH94a] and [HH94b]).

(¢) For G = GLy(H) and k = 2 the manifolds G/P = U/(U N P) (Proposition V.7) are
symmetric spaces because the group U N P can be written as the fixed point set of an involution
on U defined as 7(u) = pup~!, where p? =1 and ker(p — 1) = Fy .

Other symmetric spaces are obtained for G = GLy(H,I) and k =1 and either dim F; =1
or F; C H maximal isotropic. In the first case we obtain the space of all isotropic lines in P(H)
for the bilinear form S(x,y) = (z,I.y), and in the second case we obtain a subset of the restricted
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Grafimannian associated to Fj, consisting of all those subspaces which are isotropic for g. In
the first case the involution on Ug(H,I) can be obtained from p? = p with ker(p + 1) = Hy
and ker(p — 1) = Fy + I.Fy. Then each element in Us(H, I) commuting with p either preserves
Fy or maps it to I.F;, showing that Us(H,I) N P has index 2 in the fixed point group of
7(u) = pup~!, hence is an open subgroup. In the second case, where F} is maximal isotropic,
we define p € GL(H,I) by i on Fy and —i on Fj-. Then 7(u) := pup~! defines an involution
on Uy (H,I) with the required properties. n

The important role of the flag manifolds G/P = U/(U N P) stems from the fact that
these are precisely those coadjoint orbits of central extensions of the real group U which are
strong Kéhler manifolds, hence have the “best” geometric structure. We refer to [NeOla] for this
characterization which was one of the main motivations for writing the present paper.

Appendix

Lemma A.1. Let X and Y be Banach spaces and A: X — Y a continuous linear map.
Suppose that X1,Y1 are Banach spaces with continuous injective linear maps nx: X1 — X and
ny: Y1 =Y. If A(nx(X1)) C ny (Y1), then the induced map

A12X1%Y1 with 7’]yOA1=AO77X

18 continuous.

Proof. We argue with the Closed Graph Theorem. Assume that (z,,A;.2,) — (z,y) €
X1 xY1. Then ny(Ar.x,) = Anx(z,) — Anx(x) implies that ny (y) = Anx(z) = ny (41.2)
and therefore A;.x = y. Therefore A; is continuous.

Lemma A.2. Let X,Y,Z be Banach spaces and A: X XY — Z a continuous bilinear map.
Suppose that X1,Y1, 71 are Banach spaces with continuous injective linear maps nx: X1 — X,
ny:Y1 =Y and ng: Z1 — Z. If A(nx(X1) x ny (Y1) Cnz(Z1), then the induced bilinear map

A12X1XY1—>Z1 with nZoAleo(nXxny)

18 continuous.

Proof. In view of [Ru73, Th. 2.17], it suffices to show that A; is separately continuous. Fix
y1 € 1. Then the map A(-,ny(y1)) maps nx(Xi) to nz(Z1), so that the continuity of the
map A;(-,y1): X1 — Z; follows from Lemma A.1. We likewise obtain the continuity of the maps
Ai(x1,-). Therefore A; is separately continuous and therefore continuous. [ ]

Lemma A.3. If g is a Banach-Lie algebra and a,b are Banach-Lie algebras with continuous
injective homomorphisms ng:a — g and 1p:b — g such that ny(b) normalizes nq(a), then the
induced action of b on a is continuous.

Proof. We apply Lemma A.2 with the continuous bilinear map [-,-]:g X g — g which maps
Na(a) X 175(b) to 7a(a). .

Lemma A.4. If M and N are Banach manifolds, My C M is a submanifold, and f: M7 — N
is a smooth map, then the graph T'(f) :={(z, f(z)):x € My} is a submanifold of M x N .

Proof. Passing to local charts, we may assume that M = My x M; holds for a Banach
manifold My. Let x = (z9,21) € M. Then we may further assume that N is an open subset of
a Banach space X and that f(x1) =0. We then consider the smooth function

F: My x My x N — Mo x My x X, F(yo,y1,y2) = (Yo, y1,y2 — f(y1))
which is a local diffeomorphism around (xg,z1,0) € I'(f) with
F~Y(M x {0}) = My x T(f).
This implies that I'(f) is a submanifold of M x N. |
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Lemma A.5. Let A, B,C be Banach—Lie groups with morphisms na: A — C and ng: B — C'.
Assume that

(1) C 1is connected,

(2) imL(na) +imL(np) = L(C), and

(3) np(B) normalizes na(A).

Then C = na(A)s(B).

Proof. The multiplication map m: A x B — C, (a,b) — na(a)ng(b) is a smooth map whose
differential in (e, e) is given by (z,y) — L(na)(z) +L(ngs)(y), and hence is surjective. Therefore
the Implicit Function Theorem implies that im(m) has inner points. Further (3) implies that
im(m) is a subgroup of C' and therefore an open subgroup. Now (1) shows that m is surjective.m

Proposition A.6. Let A, B,C be Banach—Lie groups and assume that A is connected and
that there exist injective morphisms na: A — C and ng: B — C. Let a, b and ¢ denote the
corresponding Lie algebras and identify a and b with their image under L(na), resp., L(ng).
We assume that

(1) b is a closed subalgebra of ¢,

(2) c=a+b,
(3) B normalizes A, and
(4) anb is complemented in a.

Then the conjugation action of B on A is smooth, AB is an open subgroup of C, and the
multiplication map m: A x B — AB C C is a locally trivial A N B-principal bundle.

Proof. Since b normalizes a, Lemma A.3 implies that the bracket map axb — a is continuous
with respect to the Banach space structure on a which might be finer than that inherited from
¢. Therefore a x b carries the structure of a Banach—Lie algebra. Lemma A.1 also implies that
for each b € B the map Ad,(b) := Ad(D) |a:a — a is a continuous automorphism. The action
of B on a is obtained by integrating a continuous representation of its Lie algebra b, hence is a
continuous homomorphism Adg,: B — Aut(a).

For each b € B the conjugation map ca(b): A — A,a — bab~! is a group automorphism
with c4(b)(expy(x)) = exp4(Ada(x)) for = € a, because both sides have the same image in C'.
Therefore each c4(b) is smooth in an identity neighborhood, thus a smooth automorphism of A.
Moreover, the smoothness of the action of B on a implies that the B-orbit maps of elements
of A are smooth for regular values of the exponential map exp4:a — A, hence for all points in
an identity neighborhood of A. Since B acts by automorphisms of A, the set of all points with
smooth orbit map is a subgroup, so that the connectedness of A entails that all orbit maps of
elements in A are smooth. Now let by € B and ag € A.. For b € B and a € A we then have

bobaag (bob) ~' = ca(bo) ((bab~"ca(b)(ao))-

Since B acts by smooth automorphisms and with smooth orbits maps, the smoothness of the
action of B on A follows from the smoothness close to the identity which in turn follows from
the fact that the exponential function is a local diffeomorphism and the action of B on a is
smooth. Thus the group A x B carries a natural structure of a Banach-Lie group.

As in the proof of Lemma A.5, we see that the multiplication map m: AxB — C, (a,b) — ab
and an open map. Therefore AB is an open subgroup of C'. The kernel of m is the Lie subgroup

N ={(a,a™') € Ax B:a€ AN B}

([NeOOa, Lemma IV.11]). The Lie algebra of N is the subalgebra {(z,—z) € a x b:x € an b}
which is complemented in ax b because, in view of (4), aNb is complemented as a subspace of a.
Therefore we see with Definition I11.6 that the quotient group (A x B)/N is a Lie group, which
then is isomorphic to AB. Moreover, the quotient map A x B — (A x B)/N is a submersion,
hence defines a locally trivial A N B-principal bundle. ]
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Remark A.7. If, under the assumption of Proposition A.6, A is not connected, then we first
obtain with Proposition A.6 that A, x B — A.B is an A, N B-principal bundle over the open
subgroup A.B C C. Moreover, A.B. is an open connected subgroup of C, hence the identity
component C, of C'.

Assume that AB = C'. Then the multiplication map Ax B — C — C/C, = my(C) factors
through a surjective homomorphism

(A/ANC.) x (B/BNC,) = mo(C).

If we know, in addition, that B acts continuously on A, then A x B is a topological group
and the open subgroup A, x B is a Banach-Lie group. This implies that A x B is a Banach—
Lie group because because conjugating by elements of A induces continuous, hence smooth,
isomorphisms of A, x B. [ ]

Proposition A.8. For j = 1,2 let G be a topological group and H; C G; a closed
subgroup. We further assume that q;:G; — M; := G;/H; defines a locally trivial principal
bundle and that we have a continuous homomorphism p:Gy — Ga with @(Hy) C Hy. Let
pn: My — My, g1 Hy — goHs denote the map induced by . If two of the three maps @, @
and og := ¢ |, HA — Hs are weak homotopy equivalences, then the same holds for the third
one.

Proof.  Since the map ¢ is compatible with the subgroups H; C G, it induces maps between
the exact homotopy sequences

e —> Wk(Hj) — Wk(Gj) — Wk(Mj) — kal(Hj) — kal(Gj) — kal(Mj)
of Gj —» Mji

— Wk(Hl) — Wk(G1) — Wk(Ml) — 7Tk_1(H1) — 7Tk_1(G1) —
[mem | [mtom |mrtom [ st
— Wk(HQ) — Wk(GQ) — ’/Tk(MQ) — 7Tk,1(H2) — kal(GQ) —

We assume that ¢ and gy are weak homotopy equivalences; the other cases are similar.
Then the maps 7 (¢) and ¢r(¢p) are isomorphisms, and the rows in the above diagram are
exact, so that the 5-Lemma ([CE56, Prop. 1.1.1]) implies that all homomorphisms m(¢ar),
k € N, are isomorphisms. To obtain this also for ¥ = 0 we may extend the exact homotopy
sequence by zeros on the right hand side because the maps mo(G;) — mo(M;) are trivially

surjective. ]
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