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Abstra
t

An asymptoti
 preserving numeri
al s
heme (with respe
t to di�usion

s
alings) for a linear transport equation is investigated. The s
heme

is adopted from a 
lass of s
hemes developped in [6, 8℄. Stability is

proven uniformly in the mean free path under a CFL type 
ondition

turning into a paraboli
 CFL 
ondition in the di�usion limit.

1 Introdu
tion

Transport equations and kineti
 equations are used for a variety of appli
a-

tions, for example, to simulate radiative heat transfer pro
esses or rare�ed

gas 
ows. Near to the 
ontinuum regimes the equations are approximated by

ma
ros
opi
 equations like di�usion equations or 
uid dynami
 equations. In

re
ent years asymptoti
 preserving s
hemes for kineti
 equations and trans-

port equations have gained 
onsiderable attention in the literature. These

s
hemes are used to treat singularly perturbed transport equations in situ-

ations with small mean free paths, i.e. in the above mentioned ma
ros
opi


limits. S
hemes for in-stationary transport equations in the di�usion limit


an be found, for example, in [7℄, [6℄,[8℄, [13℄, see also the referen
es therein.
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S
hemes for di�erent other transport equations with di�usive ma
ros
opi


limits have been developped in [5℄, [4℄, [1℄, [10℄, [9℄, [12℄, [11℄.

Con
erning the numeri
al analysis of these s
hemes proofs of uniform 
on-

sisten
y with respe
t to small mean free path � 
an be found in [6℄, [1℄, [8℄.

Furthermore, using homogenization theory for transport equations, a proof

of uniform 
onvergen
e (as � ! 0) for equations dis
retized spatially and in

velo
ity is given in [3, 2℄.

In the present paper a numeri
al s
heme for transport equations as developed

in [6, 8℄ is 
onsidered. Numeri
al investigations of this s
heme and proofs of

uniform 
onsisten
y 
an be found in [6, 8℄. The aim of the paper is to prove

a uniform stability result for the method. The linear transport equation is

introdu
ed together with a time and spa
e dis
retization. Linear stability is

proven uniformly in � using a 
areful dire
t analysis of the iterative s
heme.

The problem is ta
kled by a von Neumann analysis of the dis
rete system.

This gives expli
it and a

urate estimates.

Under a �-dependent CFL type restri
tion the iterations are proven to be

uniformly bounded. As � tends to 0 the CFL type 
ondition turns into a

paraboli
 CFL 
ondition as expe
ted for the dis
retization of the limiting

di�usion equation. For large mean free path, the CFL 
ondition is the one

adapted to the transport equation.

The paper is organized as follows. In Se
tion 2 equations and s
hemes are

introdu
ed. Se
tion 3 
ontains some de�nitions and the statement of the

main result. In se
tion 4 several preliminary results are established and,

�nally, se
tion 5 
ontains the proof of the main result.

2 Equations and Numeri
al S
heme

Our model problem is the one dimensional linear transport equation with

isotropi
 s
attering,

�

2

�

t

F + � v �

x

F =

1

2

Z

1

�1

Fdv � F (1)

with density F = F (x; v; t), x 2 R, v 2 [�1; 1℄ and t 2 [0;1).

We pass to the even-odd parity formulation by introdu
ing for v > 0 the

even and odd fun
tions

f(v) =

1

2

(F (v) + F (�v));

g(v) =

1

2�

(F (v)� F (�v));
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i.e.

F (v) = f(v) + �g(v); v > 0

F (v) = f(�v)� �g(�v); v < 0;

su
h that (1) be
omes for v > 0,

�

t

f + v �

x

g =

1

�

2

([f ℄� f) ; [f ℄ :=

Z

1

0

fdv; (2)

�

t

g +

v

�

2

�

x

f = �

1

�

2

g: (3)

Remark 1. Con
erning the limit �! 0 in (2), (3) we obtain from a formal

asymptoti
 expansion,

f = � = [f ℄; g = �v �

x

f;

where � = �(x; t) ful�lls the di�usion equation

�

t

� =

1

3

�

xx

�: (4)

We des
ribe a s
heme whi
h is taken from a general 
lass of s
hemes devel-

oped in [8℄, [7℄. For the time dis
retization we use the time step �t 2 R

+

.

The spatial step size is �x. The time iterations approximating f(x; v; n�t)

and g(x; v; n�t) are denoted by f

n

(x; v); g

n

(x; v) for n 2 N or n = 0. Given

f

n

; g

n

we 
al
ulate f

n+1

; g

n+1

as follows.

Algorithm. The dis
retization in time is obtained using a fra
tional step

s
heme. The spatial dis
retization is a simple �rst order dis
retization. For

more 
ompli
ated approa
hes, see for example [7℄.

Step 1: Approximate the solution of the system

�

t

f + v�

x

g = 0

�

t

g = 0

by an expli
it dis
retization, i.e. determine f

n+

1

2

; g

n+

1

2

via

f

n+

1

2

= f

n

��t v D

+

g

n

(5)

g

n+

1

2

= g

n

;

where D

+

denotes the forward di�eren
e with step size �x.
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Step 2: Approximate the solution of the system

�

t

f =

1

�

2

([f ℄� f)

�

t

g =

1

�

2

(�v �

x

f � g)

by a semi-impli
it dis
retization to treat the sti�ness of the equations


orre
tly, i.e. determine f

n+1

; g

n+1

from f

n+

1

2

; g

n+

1

2

via

f

n+1

= f

n+

1

2

+

�t

�

2

([f

n+

1

2

℄� f

n+1

)

g

n+1

= g

n+

1

2

+

�t

�

2

[�v D

�

f

n+1

� g

n+1

℄;

where D

�

denotes the ba
kward di�eren
e with step size �x.

Remark 2. We do not 
onsider the velo
ity dis
retization. Usually a Gaus-

sian quadrature is used.

We rewrite the re
ursion formula of Step 2 as

f

n+1

= Af

n+

1

2

+B[f

n+

1

2

℄ (6)

g

n+1

= Ag

n+

1

2

� B vD

�

f

n+1

;

with

A :=

�

1 +

�t

�

2

�

�1

B :=

�t

�

2

A = 1� A =

�

�

2

�t

+ 1

�

�1

:

For the numeri
al analysis it is 
onvenient to 
ombine both steps in a single

step,

f

n+1

= A(f

n

��t v D

+

g

n

) +B[f

n

��t v D

+

g

n

℄

g

n+1

= Ag

n

� v ABD

�

f

n+1

� v B

2

D

�

[f

n+1

℄

(7)

or

g

n+1

= Ag

n

� v ABD

�

(f

n

��t v D

+

g

n

)� v B

2

D

�

[f

n

��t v D

+

g

n

℄:

S
heme (7) will be investigated in the following. Uniform 
onsisten
y of

similiar s
hemes has been 
onsidered in [8℄ and [6℄. Here we will prove a

uniform (in �) stability result.
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Remark 3. Keeping �t �xed and 
onsidering the limit �! 0 of (7) we have

A! 0; B ! 1 as �! 0 and we obtain the s
heme

f

n+1

= [f

n+1

℄ = [f

n

��t v D

+

g

n

℄

g

n+1

= �v D

�

[f

n+1

℄;

i.e. in terms of �

n

= [f

n

℄,

�

n+1

= �

n

+

1

3

�tD

+

D

�

�

n

whi
h is a straightforward expli
it dis
retization of the di�usion equation (4).

3 The main result

In this se
tion we state a theorem on uniform stability for (7). The proof is

settled on a von Neumann stability analysis.

The re
ursion s
heme (7) involves two positive dis
retization parameters �t,

�x (whi
h enters via D

�

) and the s
aled mean free path � 2 (0;1). In the

sequel it is assumed that �t;�x; � satisfy the following 
ondition.

De�nition 1. �t;�x and � ful�ll the \transport CFL 
ondition" i�

�t

(�x)

2

�t

�

2

+�t

<

1

2

: (8)

Remark 4. Condition (8) is equivalent to

�t

(�x)

2

<

�

2

+�t

2�t

(9)

or

�t

�x

<

r

�

2

+�t

2

: (10)

For �

2

� �t 
ondition (9) redu
es to a \paraboli
 CFL 
ondition",

�t

(�x)

2

<

1

2

; (11)

related to the di�usion equation and in 
ase �

2

� �t, 
ondition (10) redu
es

to

�t

�x

<

�

p

2

(12)

whi
h is for �xed � a \hyperboli
 CFL 
ondition" related to the transport

equation.
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Remark 5. Introdu
ing

� :=

�t

�

2

; i.e. �t = ��

2

;

the transport CFL 
ondition (8) holds if and only if

9Æ 2 R

+

: (�x)

2

= 2�

2

1 + Æ

1 + �

� �

2

:

Here, � � 1 
orresponds to the �ne resolved 
ase �t � �

2

and 1 � �


orresponds to the under-resolved 
ase �

2

� �t.

Now we shall give the re
ursion (7) a well-de�ned meaning by introdu
ing

sets of fun
tions on whi
h the re
ursion operator of (7) a
ts.

We put

M := f� : R � (0; 1)! C : � is measurableg ;

M

0;2

:=

�

� 2M :

�

8v 2 (0; 1) :

Z

R

j�(x; v)j

2

dx <1

��

:

We are heading towards a von Neumann stability analysis of (7). This re-

quires for a notation for the Fourier transform of � 2 M

0;2

with respe
t to

x. We put

^

�(�; v) :=

1

p

2�

Z

R

�(x; v) exp(�ix�) dx; (�; v) 2 R � (0; 1):

For later referen
e we introdu
e the spa
e

M

1;2

:=

�

� 2M

0;2

:

�

8v 2 (0; 1) :

Z

R

(1 + j�j

2

) j

^

�(�; v)j

2

d� <1

��

:

Remark 6. Due to the standard theory of Sobolev spa
es we have �(:; v) 2

H

1

(R) for all � 2M

1;2

and for all v 2 (0; 1) and

k�(:; v)k

2

H

1

(R)

� K

Z

R

(1 + j�j

2

) j

^

�(�; v)j

2

d�;

where K is independent of � 2M

1;2

.

Applying the Fourier transform (with respe
t to x) on (7) we obtain the

re
ursion s
heme
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^

f

n+1

= A

�

^

f

n

+ v � ĝ

n

�

+B

h

^

f

n

+ � v ĝ

n

i

;

ĝ

n+1

= A

�

ĝ

n

+ v �

^

f

n

� � v

2

ĝ

n

�

+B v �

h

^

f

n

+ � v ĝ

n

i

;

(13)

where

� = �(�;�t;�x) =

�t

�x

�

1� e

i��x

�

= ��tH(��x); (14)

� = �(�;�t;�x; �) =

B

�x

�

e

�i��x

� 1

�

= �

��t

�

2

+�t

H(��x); (15)

� = �(�;�t;�x; �) = �� � =

�t

(�x)

2

�t

�

2

+�t

(2� 2 
os(��x)); (16)

and the holomorphi
 fun
tion H is given by

H : C ! C ; H(z) =

8

<

:

1� exp(iz)

z

; z 6= 0

�i ; z = 0

;

is bounded on R with jH(�)j < 1 for all � 2 R with � 6= 0, and jH(0)j = 1.

Remark 7. For all positive �t;�x; � we have

0 = inf

�2R

�(�;�t;�x; �) < sup

�2R

�(�;�t;�x; �) =

4�t

(�x)

2

�t

�

2

+�t

;

whi
h highlights the importan
e of the value of �: The transport CFL 
ondi-

tion is equivalent to

sup

�2R

�(�;�t;�x; �) < 2:

It is 
onvenient to introdu
e for f; g 2M and

^

f; ĝ 2M the notations

f = (f; g);

^

f = (

^

f; ĝ):

We rewrite re
ursion (13) as

^

f

n+1

= (AT +BT

0

)

^

f

n

(17)
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with A;B 2 (0; 1); A + B = 1 as above and n 2 N. The linear operators T

and T

0

depend on the parameters �; �. We have for

^

f = (

^

f; ĝ) 2M �M and

for (�; v) 2 R � (0; 1),

T (

^

f)(�; v) =

�

^

f(�; v) + � v ĝ(�; v); � v

^

f(�; v) + (1�� v

2

) ĝ(�; v)

�

; (18)

and

T

0

(

^

f)(�; v) =

�h

^

f + � v ĝ

i

(�); � v

h

^

f + � v ĝ

i

(�)

�

: (19)

Remark 8. We obviously have T; T

0

: M ! M and - due to the linear

dependen
e of � on � - we have: T (

^

f); T

0

(

^

f) 2M

0;2

for all f 2M

1;2

. Later on

we will a
tually show T

n

(

^

f); T

n

0

(

^

f) 2M

0;2

for all f 2M

1;2

and for all n 2 N .

Our aim is to prove uniform boundedness in suitable norms of the iterations

f

n

= (f

n

; g

n

) for all n 2 N and � � 0.

The results will depend on point-wise estimates of

^

f

n

. Let us highlight the

argumentation at hand of the formal limiting problem when � is set to zero.

In this situation re
ursion (17) redu
es to

^

f

n+1

= (

^

f

n+1

; ĝ

n+1

) = T

0

^

f

n

, this

means

^

f

n+1

= [

^

f

n

+ � v ĝ

n

℄

ĝ

n+1

= v � [

^

f

n

+ � v ĝ

n

℄ = v � [

^

f

n+1

℄

with

� = �(�;�t;�x; � = 0) = �� H(��x):

This yields

^

f

n+1

= (1��[v

2

℄)[

^

f

n

℄ =

�

1�

�

3

�

[

^

f

n

℄;

where

� = �(�;�t;�x; � = 0) =

�t

(�x)

2

(1� 
os(��x)):

Thus, we have the point-wise estimates

j

^

f

n

j(�; v) =

�

�

�

�

1�

�

3

�

�

�

�

n

j[

^

f

0

℄j(�);

jĝ

n

j(�; v) � jvj j�j

�

�

�

�

1�

�

3

�

�

�

�

n

j[

^

f

0

℄j(�);

8



in parti
ular, whenever

sup

�2R

�(�;�t;�x; � = 0) � 6;

whi
h is the 
ase if and only if the usual paraboli
 CFL 
ondition for the

di�usion equation (4)

�t

(�x)

2

�

3

2

; (20)

holds, then for all n 2 N ,

j

^

f

n

j(�; v) � j[

^

f

0

℄j(�); (21)

jĝ

n

j(�; v) � j�j j[

^

f

0

℄j(�): (22)

From (21), (22) we obtain under the assumption that all involved integrals

are �nite for all n 2 N and for all v 2 (0; 1) the estimates

Z

R

j

^

f

n

j

2

(�; v) d� �

Z

R�(0;1)

j

^

f

0

j

2

(�; u) d(�; u) (23)

Z

R

jĝ

n

j

2

(�; v) d� �

Z

R�(0;1)

j�j

2

j

^

f

0

j

2

(�; u) d(�; u); (24)

thus for all n 2 N and for all v 2 (0; 1),

Z

R

�

j

^

f

n

j

2

+ jĝ

n

j

2

�

(�; v) d� �

Z

R�(0;1)

(1 + j�j

2

) j

^

f

0

j

2

(�; u) d(�; u): (25)

This motivates the introdu
tion of the anisotropi
 semi-norms

k:k

1;1

:M

1;2

�M

1;2

! R

+

0

[ f1g;

k(f; g)k

1;1

:=

s

Z

R�(0;1)

(1 + j�j

2

)

�

j

^

f j

2

+ jĝj

2

�

(�; u) d(�; u);

k:k

0;1

:M

0;2

�M

0;2

! R

+

0

[ f1g;

k(f; g)k

0;1

:= sup

v2(0;1)

s

Z

R

(jf j

2

+ jgj

2

) (�; v) d�;

and to de�ne the anisotropi
 spa
es of Sobolev type,

W

1;1

:= L

2

((0; 1) : H

1

(R) �H

1

(R)) = f(f; g) 2M

1;2

�M

1;2

: k(f; g)k

1;1

<1g;

9



W

0;1

:= L

1

((0; 1) : L

2

(R)�L

2

(R)) = f(f; g) 2M

0;2

�M

0;2

: k(f; g)k

0;1

<1g:

Assuming the validity of (20) (here no further 
ondition on the parameters

�t;�x; � are required) we 
an re-write (25) in the more 
onvenient form

kf

n

k

0;1

� kf

0

k

1;1

; n 2 N ; (26)

where we made use of the fa
t that the Fourier transform maps L

2

(R) iso-

metri
ally into itself.

For the general 
ase we introdu
e additionally

W

2

:= L

2

(R � (0; 1))� L

2

(R � (0; 1))

=

�

(f; g) 2M �M :

Z

R�(0;1)

(jf j

2

+ jgj

2

)(�; v) d(�; v) <1

�

;

equipped with the 
anoni
al semi-norm

k(f; g)k

2

:=

s

Z

R�(0;1)

(jf j

2

+ jgj

2

)(�; v) d(�; v):

Our main result is the following theorem:

Theorem 1. Let �x;�t; � 2 R

+

. Let f

0

2 W

1;1

and let the sequen
e

(f

n

)

n2N

= ((f

n

; g

n

))

n2N

be de�ned by (7) (with initial value f

0

).

Assume �t;�x; � satisfy (8). Then:

a) f

n

2 W

2

for all n 2 N and

kf

n

k

2

� 2

 

42

p

�

2

+�t + 15 +

p

2�

2

(�

2

+�t)

3=2

!

kf

0

k

1;1

:

b) If f

0

2 W

1;1

\W

0;1

, then f

n

2 W

0;1

for all n 2 N and

kf

n

k

0;1

�

p

2

 

2 + 2

p

�

2

+�t +

p

2�

2

(�

2

+�t)

3=2

!

kf

0

k

0;1

+ 2

�

15 + 24

p

�

2

+�t

�

kf

0

k

1;1

:

Theorem 1 allows for the derivation of several stability results for (7) inde-

pendently of �. As examples, we dedu
e
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Corollary 1. Let M; �

0

be positive 
onstants. Then there is a positive 
on-

stant C

0

= C

0

(M; �

0

) su
h that for all �x;�t; � 2 R

+

:

If �t;�x; � satisfy (8), if �t + � � M and if � � �

0

�t, then the following

estimates hold for any sequen
e (f

n

)

n2N

= ((f

n

; g

n

))

n2N

de�ned by (7) with

initial value f

0

2 W

1;1

:

a) f

n

2 W

2

for all n 2 N and kf

n

k

2

� C

0

kf

0

k

1;1

.

b) If f

0

2 W

1;1

\W

0;1

, then f

n

2 W

0;1

for all n 2 N and

kf

n

k

0;1

� C

0

(kf

0

k

0;1

+ kf

0

k

1;1

):

Corollary 2. Let M; �

1

be positive 
onstants. Then there is a positive 
on-

stant C

1

= C

1

(M; �

1

) su
h that for all �x;�t; � 2 R

+

:

If �t;�x; � satisfy (8), if �t + � � M and if �

1

� �, then the following

estimates hold for any sequen
e (f

n

)

n2N

= ((f

n

; g

n

))

n2N

de�ned by (7) with

initial value f

0

2 W

1;1

:

a) f

n

2 W

2

for all n 2 N and kf

n

k

2

� C

1

kf

0

k

1;1

.

b) If f

0

2 W

1;1

\W

0;1

, then f

n

2 W

0;1

for all n 2 N and

kf

n

k

0;1

� C

1

(kf

0

k

0;1

+ kf

0

k

1;1

):

Remark 9. We noti
e that although the s
heme is developed based on 
on-

sideration of the di�usive limit � tending to 0, the transport CFL 
ondition

(8) is suÆ
ient to guarantee stability also for large �. In parti
ular, for large

mean free paths the time step is not any more restri
ted by a paraboli
 CFL


ondition related to the limiting di�usion equation (4), but by the hyperboli


CFL 
ondition (12) related to the transport equation (1).

Remark 10. The transport CFL 
ondition (8) is seemingly not optimal. For

example for � tending to 0 we have

�t

(�x)

2

<

1

2

:

However, as the dire
t analysis for � = 0 shows, a
tually, the 
orre
t restri
-

tion is the paraboli
 CFL (20)

�t

(�x)

2

<

3

2

:

Remark 11. The 
onditions �

0

� � �M or � � �

1

�t, 
over the �ne resolved

and under-resolved 
ases.
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4 Preliminaries

The main ingredients of the proof of Theorem 1 are investigations of re
ursion

formulae. These investigations require several preliminary estimates.

Lemma 2. Let � 2 (0; 2). We put

 : (0; 1)! (0; 1);  (v) = ar

os

�

1�

�v

2

2

�

:

Then for all n 2 N,

�

�

�

�

Z

1

0

�


os(n (v))� sin(n (v))

1� 
os( (v))

sin( (v))

�

dv

�

�

�

�

� 1:

Proof. Introdu
ing t := 
os( (v)) as new variable we obtain

Z

1

0

�


os(n (v))� sin(n (v))

1� 
os( (v))

sin( (v))

�

dv

=

1

p

2�

Z

ar

os((2��)=2)

0

�

p

1 + 
os(t): 
os(nt)�

p

1� 
os(t): sin(nt)

�

dt

=

1

p

�

Z

ar

os((2��)=2)

0

(
os(t=2): 
os(nt)� sin(t=2): sin(nt)) dt

=

1

p

�

sin((n+ (1=2) ar

os((2� �)=2))

n+ (1=2)

=

sin((n+ (1=2)) )

(n + (1=2))

p

2(1� 
os( ))

=

sin((n+ (1=2)) )

(n + (1=2)) 

�

 =2

sin( =2)

2 [�1;+1℄:

Lemma 3. Let (


n

)

n2N

and (


n

)

n2N

be 
omplex sequen
es. De�ne a 
omplex

sequen
e (�

n

)

n2N

by re
ursion via

�

0

= 
 2 C ; �

n+1

= 


n

+ (�

0

:


n�1

+ �

1

:


n�2

+ : : :+ �

n�1

:


0

) :

Assume

1

X

k=0

j


k

j <1;

1

X

k=0

j


k

j � 1:

Then the sequen
e (�

n

)

n2N

is bounded, more pre
isely,

8n 2 N : j�

n

j � j�

0

j+ (j


0

j+ : : :+ j


n�1

j) : (27)
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Proof. We prove (27) by indu
tion. There is nothing to do in 
ase n = 0. To

pass from n to n+ 1, we 
al
ulate

j�

n+1

j =

�

�

�

�

�




n

+

n�1

X

j=0

�

j

:


n�1�j

�

�

�

�

�

� j


n

j+

n�1

X

j=0

j�

j

j:j


n�1�j

j

� j


n

j+maxfj�

0

j; : : : ; j�

n�1

jg

n�1

X

j=0

j


j

j � j


n

j+ j�

0

j+ j


0

j+ : : :+ j


n�1

j:

Furthermore, we require the following result about the re
ursion s
heme (7)

when A is set to 1 (or equivalently, when B is set to 0).

Lemma 4. Let � 2 R and let �t;�x; � be positive real numbers. Let �; �;�

be as in (14), (15), (16), respe
tively. For (

^

f

0

; ĝ

0

) 2M �M let T as in (18),

i.e. for (�; v) 2 R � (0; 1) in ve
tor notation,

T

�

^

f

0

ĝ

0

�

(�; v) =

�

1 � v

� v 1�� v

2

� �

^

f

0

(�; v)

ĝ

0

(�; v)

�

:

For n 2 N let

�

^

f

n

ĝ

n

�

= T

n

�

^

f

0

ĝ

0

�

:

Assume �t;�x; � satisfy the transport CFL 
ondition (8).

Then for all n 2 N and for all (�; v) 2 R � (0; 1),

1. j

^

f

n

j(�; v) �

�

2j

^

f

0

j+

p

2(�

2

+�t) jĝ

0

j

�

(�; v).

2. jĝ

n

j(�; v) �

�

p

2

p

�

2

+�t

j

^

f

0

j+ 2jĝ

0

j

�

(�; v).

3. j� v ĝ

n

j(�; v) �

�

2j

^

f

0

j+ 4

p

�

2

+�t jĝ

0

j

�

(�; v).

4. If

^

f

0

= 1 and if ĝ

0

(�; v) = � v, then

j

^

f

n

j(�; v) � 2; jĝ

n

j(�; v) � 3 j�j;

�

�

�

�

Z

1

0

(

^

f

n

(�; s) + � s ĝ

n

(�; s)) ds

�

�

�

�

� 1:

Proof. We re
all: If �t;�x; � satisfy (8), then sup

�2R

�(�;�t;�x; �) < 2.

We shall use this estimate frequently.

13



We keep (�; v) 2 R � (0; 1) �xed and introdu
e the 2� 2 matrix

R := R(�; �;�; v) :=

�

1 � v

� v 1� � v

2

�

:

Then we have for all n 2 N or n = 0,

T

n

�

^

f

0

ĝ

0

�

(�; v) = R

n

�

�

^

f

0

(�; v)

ĝ

0

(�; v)

�

:

If � = 0, then � = 0 and therefore � = � = 0 as well. In this 
ase R is the

identity matrix and the proof of the lemma is straight-forward.

Let us assume � > 0 hen
eforth.

The eigenvalues of R are

�

1;2

(v) =

�

1�

� v

2

2

�

�

s

�

� v

2

2

�

2

� � v

2

:

Sin
e a := � v

2

=2 < 1, we have 2 a� a

2

> 0 su
h that

�

1;2

= (1� a)� i

p

2 a� a

2

;

i.e. R has two distin
t, non-real, 
omplex 
onjugate eigenvalues

�

1

= � := (1� a) + i

p

2 a� a

2

; �

2

= �:

Hen
e

R

n

= B

�

�

n

0

0 �

n

�

B

�1

:

Sin
e j�j = 1 we have � := e

i �

for some � 2 (0; 2�). Sin
e 
os(�) = 1� a > 0

and sin(�) =

p

2 a� a

2

> 0, we have � 2 (0; �=2). Furthermore,

v =

2

p

�

sin(�=2): (28)
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Hen
e for all n 2 N ,

R

n

=

i

2�v sin(�)

�

�� v �� v

1� e

i�

1� e

�i�

� �

e

ni�

0

0 e

�ni�

��

1� e

�i�

� v

�1 + e

i�

�� v

�

=

i

2�v sin(�)

�

�� v �� v

1� e

i�

1� e

�i�

� �

e

ni�

� e

(n�1)i�

� v e

ni�

�e

�ni�

+ e

�(n�1)i�

�� ve

�ni�

�

=

0

�

sin(n�)�sin((n�1)�)

sin(�)

�v

sin(n�)

sin(�)

�

2 sin(n�)�sin((n�1)�)�sin((n+1)�)

�v sin(�)

�

sin(n�)�sin((n+1)�)

sin(�)

1

A

=

0

�

sin(n�)�sin((n�1)�)

sin(�)

2�

p

�

sin(�=2) sin(n�)

sin(�)

�

p

�

2�

2 sin(n�)�sin((n�1)�)�sin((n+1)�)

sin(�=2) sin(�)

sin(n�)�sin((n+1)�)

sin(�)

1

A

=

0

B

�


os(n�) + sin(n�)

1�
os(�)

sin(�)

2�

p

�

sin(n�)

sin(�=2)

sin(�)

�

p

�

�

sin(n�)

1�
os(�)

sin(�=2) sin(�)


os(n�)� sin(n�)

1�
os(�)

sin(�)

1

C

A

=:

 

R

n;11

R

n;12

R

n;21

R

n;22

!

:

Sin
e � = � 2 (0; �=2) we have

jR

n;11

j ; jR

n;22

j � 2: (29)

Furthermore, we have for all n 2 N ,

R

n;12

=

2�

p

�

sin(n�)

sin(�=2)

sin(�)

= �v

sin(n�)

sin(�)

= �v

sin(n�)

p

�v

q

1�

�v

2

4

=

�

p

�

sin(n�)

q

1�

�v

2

4

=

(��tH(��x))(�x

p

�

2

+�t)

�t

p

2(1� 
os(��x))

sin(n�)

q

1�

�v

2

4

=

p

�

2

+�t

��xH(��x)

p

2(1� 
os(��x))

sin(n�)

q

1�

�v

2

4

=

p

�

2

+�t

H(��x)

jH(��x)j

sin(n�)

q

1�

�v

2

4

; (30)
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and in analogy,

R

n;21

= �

1

p

�

2

+�t

jH(��x)j

H(��x)

sin(n�)

q

1�

�v

2

4

; (31)

hen
e

jR

n;12

j �

p

2(�

2

+�t)

jR

n;21

j �

p

2

p

�

2

+�t

:

(32)

Sin
e for all n 2 N ,

^

f

n

(�; v) = R

n;11

^

f

0

(�; v) +R

n;12

ĝ

0

(�; v)

ĝ

n

(�; v) = R

n;21

^

f

0

(�; v) +R

n;22

ĝ

0

(�; v);

(33)

statements 1. and 2. of the lemma follow from (29), (32), (33).

Now we 
al
ulate for all n 2 N ,

�vR

n;21

= �v

p

� sin(n�)

1� 
os(�)

sin(�=2) sin(�)

= �2 sin(n�) �

1� 
os(�)

sin(�)

;

and

�vR

n;22

= 2 sin(�=2)

�

p

�

R

n;22

;

Hen
e for all n 2 N ,

j�vR

n;21

j � 2; (34)

and

j�vR

n;22

j � 4

p

�

2

+�t: (35)

Statement 3. of the lemma follows from (33), (34) and (35).

Let us �nally turn our attention to

^

f

0

= 1 and ĝ

0

(�; v) = � v. We set

P

0

= 1; Q

0

= 1;

and easily verify

^

f

n

= P

n

; ĝ

n

= � v Q

n

; n 2 N or n = 0;
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where for n 2 N or n = 0,

0

�

P

n+1

Q

n+1

1

A

=

0

�

1 �� v

2

1 1� � v

2

1

A

0

�

P

n

Q

n

1

A

;

from whi
h we obtain after some elementary manipulations for all n 2 N (we

re
all � < 2),

P

n

= Re

�

�

(1� a)� i:

p

2a� a

2

�

n

:

�

1�

i:(2a� a

2

)

p

2a� a

2

��

;

Q

n

= Re

�

�

(1� a)� i:

p

2a� a

2

�

n

:

�

1 +

i:(2� 2a)

p

2a� a

2

��

;

where a =

�v

2

2

is as above. Then we have for all n 2 N ,

�

(1; �v) �

�

^

f

n

ĝ

n

��

=

�

(1; �v) �

�

P

n

� v Q

n

��

=

�

P

n

� � v

2

Q

n

�

= [P

n+1

℄:

(36)

Writing as above

(1� a) + i

p

2a� a

2

= e

i�

we have � 2 (0; �=2), 
os(�) = (1 � a), sin(�) =

p

2a� a

2

. Hen
e for all

n 2 N ,

P

n

= 
os(n�)� sin(n�)

1� 
os(�)

sin(�)

;

Q

n

= 
os(n�) + 2 sin(n�)

1� 
os(�)

sin(�)

;

su
h that for all n 2 N ,

j

^

f

n

j(�; v) = jP

n

j(�; v) � 2; jĝ

n

j(�; v) = j�j jvj jQ

n

j(�; v) � 3 j�j � 3 j�j;

and due to lemma 2 and due to (36) for all n 2 N ,

Z

1

0

(1; � s) �

�

^

f

n

(�; s)

ĝ

n

(�; s)

�

ds = [P

n+1

℄(�)

=

Z

1

0

�


os((n + 1)�(s))� sin((n+ 1)�(s))

1� 
os(�(s))

sin(�(s))

�

ds 2 [�1;+1℄;

(37)

where 
os(�(s)) = 1�

� s

2

2

, s 2 (0; 1).
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5 Proof of theorem 1

For n 2 N let

^

f

n

; ĝ

n

be as in (13). In the sequel let (�; v) 2 R � (0; 1) be

�xed.

We introdu
e for n 2 N or n = 0 the 
omplex number

�

n

:= B

h

^

f

n

+ � v ĝ

n

i

(�): (38)

Then it is easy to see that for all n 2 N ,

�

^

f

n

ĝ

n

�

= A

n

T

n

�

^

f

0

ĝ

0

�

+

n�1

X

j=0

�

j

A

n�1�j

T

n�1�j

�

1

�v

�

: (39)

We derive from (39) a re
ursion formula for (�

n

)

n2N

,

�

0

= B:

h

^

f

0

+ � v ĝ

0

i

(�);

�

n

= B:

�

(1; � v) �

�

^

f

n

ĝ

n

��

= A

n

B:

�

(1; �v) �

�

T

n

�

^

f

0

ĝ

0

���

+

n�1

X

j=0

�

j

BA

n�1�j

�

(1; �v) �

�

T

n�1�j

�

1

�v

���

= 


n

+ (�

0




n�1

+ : : :+ �

n�1




0

);

where for n 2 N ,




n

:= A

n

B

�

(1; �v) �

�

T

n

�

^

f

0

ĝ

0

���

(�);




n

= BA

n

�

(1; �v) �

�

T

n

�

1

�v

���

(�):

By part 4. of lemma 4 we have for all n 2 N

j


n

j � BA

n

;

hen
e

1

X

n=0

j


n

j � 1: (40)
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Furthermore, we have due to part 1. and part 3. of lemma 4 for all n 2 N ,

�

�

�

�

�

(1; �v) �

�

T

n

�

^

f

0

ĝ

0

���

�

�

�

�

� [2j

^

f

0

j+

p

2(�

2

+�t) jĝ

0

j℄(�) + [2j

^

f

0

j+ 4

p

�

2

+�t jĝ

0

j℄(�)

� 4[j

^

f

0

j℄(�) + 6

p

�

2

+�t [jĝ

0

j℄(�);

hen
e for all n 2 N ,

j


n

j � A

n

B

�

4[j

^

f

0

j℄(�) + 6

p

�

2

+�t [jĝ

0

j℄(�)

�

; (41)

in parti
ular (


n

)

n2N

is in `

1

(C ).

We 
an therefore apply lemma 3 to dedu
e for all n 2 N the estimate

j�

n

j � j�

0

j+ (j


0

j+ � � �+ j


n�1

j)

�

�

�

�

B[

^

f

0

+ � v ĝ

0

℄

�

�

�

+

�

4[j

^

f

0

j℄(�) + 6

p

�

2

+�t [jĝ

0

j℄(�)

�

n�1

X

j=0

A

n

B

� [j

^

f

0

j℄(�) + 2

p

�

2

+�t [jĝ

0

j℄(�) + 4[j

^

f

0

j℄(�) + 6

p

�

2

+�t [jĝ

0

j℄(�)

= 5[j

^

f

0

j℄(�) + 8

p

�

2

+�t [jĝ

0

j℄(�); (42)

where we made use of the estimate

j� vj � 2

p

�

2

+�t;

see (28).

Now we dedu
e from (39) via part 1. of lemma 4, via part 4. of lemma 4 and

via (42) for all n 2 N the estimate

j

^

f

n

j(�; v)

�

�

2 j

^

f

0

j+

p

2 (�

2

+�t) jĝ

0

j

�

(�; v) + 10[j

^

f

0

j℄(�) + 16

p

�

2

+�t [jĝ

0

j℄(�):

In a similiar way we dedu
e from (39) via part 2. of lemma 4, via part 4. of

lemma 4 and via (42) for all n 2 N the estimate

jĝ

n

j(�; v)

� A

 

p

2

p

�

2

+�t

j

^

f

0

j+ 2 jĝ
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This establishes part a) of theorem 1. On the other hand, we have for ea
h
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n

(:; v)k

L

2

(R)

� 2k

^

f

0

(:; v)k

L

2

(R)

+

p

2(�

2

+�t)kĝ
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Taking the supremum with respe
t to v 2 (0; 1) on the left hand side of this

inequality establishes b) of theorem 1.
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6 Con
lusions

We have proved uniform stability of the iterative s
heme under two restri
-

tions:

� Uniform boundedness of the iterative s
heme 
ould be proven for under-

resolved numeri
al 
omputations � � �

0

�t or bounded mean free path

�

1

� � �M .

� The ne
essary CFL restri
tion is in the di�usive limit a paraboli
 CFL


ondition as was to be expe
ted. However, for �nite values of � the

paraboli
 restri
tion 
an be relaxed. One obtains a CFL 
ondition

adapted to the hyperboli
 part of the original kineti
 equation.
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