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Introduction

Let K be a compact Lie group and LK := C° (S, K) the group of smooth loops
with values in K. This is a group under pointwise multiplication and it carries the
structure of a Lie group modeled over the Fréchet space Lt := C'*°(S! ) of smooth
loops with values in the Lie algebra of £. These notes grew out of a reworking of
the proof of the Borel-Weil theory for loop groups as it is presented in the book
of Pressley and Segal ([PS86]). Our main objective is to develop the techniques
which are relevant for this theory in the setting of the Fréchet groups of smooth
loops from an analytic point of view. We will describe an intrinsic construction of
the irreducible positive energy representations which does not refer to embeddings
of loop groups into infinite-dimensional classical Banach Lie groups as in [GW84]
and [Ner83]. For an algebraic version of a Borel-Weil Theorem for general Kac—
Moody groups, considered as algebraic groups of infinite type, we refer to [Ka85b,
p. 192]. Generalizations of Bott—Borel-Weil theory to direct limits of Lie groups
are discussed in [NRW99]. A realization of the spin representation of the group
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O(o0, C) in a Fréchet space of holomorphic sections is constructed by Neretin in
[Ner87].

In Section I we recall some basic notation from the theory of compact groups
and their Lie algebras. In Section II we briefly discuss the loop group LK, where
K is a compact group, its complexification and certain central extensions. We then
turn to the root decomposition of the loop algebra L in Section I1I, and in Section
IV we discuss some general aspects of the representation theory of loop groups.
Section V is dedicated to some rather general constructions of representations of
involutive semigroups on pre-Hilbert spaces. We include this material to make the
construction of a certain (pre-)Hilbert space of holomorphic functions in Section
VI more transparent. The heart of this article is Section VI, where we explain how
the finite-dimensional Borel-Weil theory can be extended to loop groups. The basic
idea is that the irreducible representations of positive energy (maybe after passing
to a dense subspace) can be realized as the holomorphic sections of a certain line
bundle over a complex homogeneous space of LK. Then the parametrization of
these representations is derived from a characterization of those line bundles which
have non-zero holomorphic sections. Finally we discuss in Section VII how these
constructions can be used to analyze more general positive energy representations.

I. Compact groups

In this section we collect the basic material concerning compact groups that we
will need in the following. In particular we introduce the notation that will be used
later on.

In the following we will write St := R /277 for the circle as a real smooth
manifold. If the circle is considered as a group, we will write T := R /277Z.

Let € be a compact Lie algebra and t C ¢ be a Cartan subalgebra. Then the
set adt is commutative and diagonalizable on the complexification ¢ of €. Thus
we obtain the root decomposition

te=tew P g,
aEA:
where
0 ={X et (VY e[V, X]=ia(Y)X} and A¢={act \{0}:8¢ £ {0}}.

Let K be a connected Lie group with Lie algebra £ and T := expt the
subgroup corresponding to t. If K is compact, then 7" is a maximal torus in K.
We identify the character group T := Hom(T, T) with a subset of t* by associating

to each continuous character y:T — T the linear functional A = —idy(1) € t*
satisfying
(1.1) x(exp X) = eMX)
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for all X € t. Since the Lie algebra t of T" can be identified with the set of
one-parameter subgroups B — T we can in particular identify the group 7' :=
Hom(T,T) with a subset of t by associating to each v € T the uniquely deter-
mined element X, € t with

¥(0) = exp(6X,)

for all # € T=R/(2x7Z). In this sense we obtain the identification
T={X€ctexp(2nX) =1}

An important tool which will also be crucial in the infinite-dimensional setting
are certain subalgebras of £ which are isomorphic to the three-dimensional compact
Lie algebra su(2) = so(3,R). Let a € Ay and X ~ X denote complex conjugation
on £c. Then we choose for each o € A an element e, € £ in such a way that
¢_o = €q and put thy 1= [eq, e_o]. Here hy € tN[EF, €] is uniquely determined
by the requirement that a(h,) = 2 and called the coroot associated to «v. We then
have

[ho, €1a] = 2761,

We call (eq, e—q, ha) a basic sus-triple. This is justified by the fact that
to) =Rho+R(eg+e_qo) + Rieq —e—g)

is a subalgebra of ¢ isomorphic to su(2). For ¢ = su(2) the corresponding basis
elements are given by

0 1 0 0 i 0
ea_<0 0), e_a_<_1 0), and ha_<0 —i)'

Lemma IL.1. If & is an invariant C-bilinear form on tg, then 2k(ey,e—q) =

K(ha, ha).

Proof. The invariance of x implies that

2k(eq, o) = K(—i[ha, eal,e—a) = —ik(hy, [ase—a]) = K(ha, ha). [ ]

I1. Loop groups and their central extensions

Before we turn to the specific case of the loop group of a compact group, we
first study the Fréchet-Lie group structure on the group C*° (M, ), where G is a
finite-dimensional Lie group and M is a compact manifold.



Groups of smooth maps

Theorem I1.1. If M is a compact manifold, then the group
D(M,G) :=C*(M,G)

is a Fréchet-Lie group and its Lie algebra is D(M,g) := C*° (M, g) endowed with
its natural Fréchet structure. The exponential function

exp: D(M,g) = D(M,G), v — expoy

is a smooth map which maps a 0-neighborhood in D(M, g) diffeomorphically onto a
0-neighborhood in the group D(M, ), and we have the Trotter-Product-Formula:

— 1 )"
exp(y + 1) _nli}rrgo(exp(n'y) exp(nn)) .

If, in addition, G is a complex Lie group, then D(M,G) is a complex Lie
group and the exponential function is holomorphic.

Proof. First we note that the spaces D(M,g) are nuclear Fréchet spaces (cf.
[A1b93, Sect. 1.2]). The topology defined on these spaces is the same as the topology
described in [Ne00a, Sect. I1].

Next we have to describe the manifold structure on D(M, G). In [Alb93] it is
shown how D(M, G) can be given the structure of a topological group such that the
exponential function exp:D(M,g) — D(M,G) is a local homeomorphism. Hence
D(M, ) carries the structure of a topological manifold modeled over the complete
locally convex space D(M, g).

Let U C g be an open convex 0-neighborhood such that the exponential
function exp: U — exp(U) C G is a diffeomorphism and the Campbell-Hausdorff
series

X+Y=X+Y 41X V]+...

converges for X, Y € U. Let further V C U be a symmetric 0-neighborhood with
V «V CU. Then we obtain charts

0y DM, V) = D(M,G), v g-(expoy).

Suppose that two chart neighborhoods gexp (D(M, V)) and hexp (D(M, V)) in-
tersect. Then
g h € exp (D(M, V)) exp (D(M, V))_1
=exp (D(M,V)*D(M,V)) Cexp (D(M,V xV))
C exp (D(M, U))



Let g~'h = expoa, a € D(M,U). Then

w5 en(n) = (explv) ™" (9~ hexpon) = (exply) " (expoa - expon)
= (exp|U)_1(exp oo # 77)) —ax*7.
The mapping
AL MxV=U, (p,X)—=ap)«X

is smooth. Therefore Corollary TI1.8 in [Ne0Oa] shows that n — a % n, D(M, V) —

D(M,U) is smooth. This proves that the charts ¢,, ¢ € P(M,G), have smooth

transition functions, hence define the structure of a smooth manifold on D(M, G).
Applying [Ne00a, Cor. II1.8] to the Campbell-Hausdor{l multiplication

VxV—=U, (X,Y)b—>X*Y:X—|—Y—|—%[X,Y]—|—...,
we see that the map
DM, V) xD(M,V)=>DMU), (a,f)—axp

is smooth. Moreover, & — —a is a smooth involution of D(M,U). From that it
easily follows that multiplication and inversion in D(M, GG) are smooth mappings,
i.e., that D(M, ) is a Lie group.

To see that the exponential function is smooth, let v € D(M, g). Then there
exists an open 0-neighborhood C' C g such that exp ( — 'y(p)) exp ('y(p) + X) €
exp(U) for all X € C. We put

[MxC =g, (pX) = (explo) ™ (exp (= 9(0) exp (1(0) + X))
For n € D(M,C) we now have

Pon oy (expo(y + 1)) = o (idar, 7).

Hence the smoothness of this map follows from [Ne0Oa, Prop. II1.7], and we con-
clude that the exponential function is smooth.
To prove the Trotter-Product-Formula, we consider the analytic map

1
JUxUx]=1,1[=g, (X,Y,t)H{?(tX*tY) for £ £0
X+Y for t = 0.

Note that the analyticity follows from the fact that if X *Y =37 | h,(X,Y) de-
notes the expansion of the Campbell-Hausdorff product into homogeneous terms,
then

LY ) =) 7, (X,Y).

n=1
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Using [Ne0Oa, Cor. I11.8], we see that the map

O (M, 1) % C (M, 1) x C=(M,] = 1,1]) - C=(M,g), (@, 8,9) = fo(a, 5,7)
is smooth and therefore in particular continuous. Fixing « and 3, we conclude that
(2.1 o+ 8= lm fo(a,8.4)

holds in C'*°(M, g). Now the Trotter-Product-Formula is proved as follows. For
y,n € C®(M,g) we use the compactness of M to find m € I with %'y, %77 €
C*(M,U). Then

exp(y +n) =exp (m7+ =1)

and we can apply (2.1) to the right hand side.

If, in addition, G is a complex Lie group, then transition functions, mul-
tiplication and inversion are smooth maps with complex linear differentials, 1.e.,
holomorphic (cf. [Ne0Oa, Sect. I]). Thus D(M, ) is a complex Lie group with
holomorphic exponential function. ]

Remark I1.2. The curves R — D(M, (), t — exp(ty) are one-parameter groups
and the curves ¢ — gexp(ty) are integral curves of the left invariant vector field
corresponding to the element vy € D(M, g). ]

Corollary I1.3.  If G is a connected finite-dimensional Lie group, then the loop
group LG = C>™(SY,G) is a Fréchet-Lie group and Lg := C*(S' g) its Lie
algebra. If, in addition, G' s a complex Lie group, then the same holds for LG. m

Remark II.4. The groups described in Theorem II.1 are special cases of the
groups D(M, G) discussed in [Alb93], where G is a connected Lie group and M a
not necessarily compact manifold. Here D(M,G) C C* (M, G) denotes the sub-
group of those smooth functions having compact support in the sense that the
set {m € M: f(m) # 1} has compact closure in M. This group is topologized as
a topological group locally homeomorphic to the space D(M,g) of g-valued test
functions which is a nuclear LF space.

The representation theory of these groups seems to be much more involved
if M is non-compact because in this case it is not clear whether D(M,G) is a
K-space, i.e., functions on D(M, ) are continuous if they are continuous on all
compact subsets. This makes it harder to put complete topologies on function
spaces on these groups (cf. [Ne0Oa, Sect. ITI]). [



Central extensions of loop groups

In this section K denotes a compact connected Lie group. We write LK =
C>(S1, K) for the associated loop group, i.e., the group of all smooth maps with
values in K, where the group structure is given by pointwise multiplication. First
we discuss this group as an infinite-dimensional Lie group modeled on a Fréchet
space in the sense of Section I in [Ne0Oa].

As before, we identify S! with R /277, hence identify functions on St with
27-periodic functions on R.

To each K-invariant symmetric bilinear form & on ¥ we associate the skew-
symmetric bilinear form on L¢ given by

sl =g [ wle@no)as

If k18 t-invariant, then w is a cocycle, hence defines a central extension
(2.2) {0} 5> R = Lt — Lt — {0},
where Lt = Lt & IR is endowed with the bracket

[(&,5), (0, 1)] = ([€,m],w (& m))

(cf. [PS86, p. 39]). If K is simply connected, then a corresponding central extension

(2.3) 1} 5T, =T IK—' LK & (1)

exists if and only if
(2.4) k(ha, he) € 27

(cf. Section T for the notation) is satisfied for all roots & € Ag (see Theorem II.5
below). For a discussion of the case where K is not simply connected we refer to
[PS86, p.b5].

The group T, := T acts by rotating loops v € LK via

(Ro-)(t) =~(t = 0).

Since the cocycle w on Lt is invariant under this action, this action lifts to an
action by automorphisms on LK and we obtain a semidirect product group LK :=
T, x LK which is a central extension of tAhe semidirect product L, K =T, x LK.
(Corollary 11.20 below). Tts Lie algebra Lt is a semidirect sum t, x L&, where t,
denotes the Lie algebra of the group T,.
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We identify the group K with the subgroup of constant loops in LK and
accordingly ¢ with a Lie subalgebra of Lt. The triviality of the cocycle w on ¢
implies that the Lie algebra ¢ lifts to a subalgebra (also denoted €) of Lt. If K is
simply connected, then we conclude that there exists a continuous homomorphism
K — LK which is injective because ¢ maps the image isomorphically to the group
K of constant loops. Thus we can identify K with a subgroup of the central
extension LK.

If €¢ is the complexification of £ and k denotes the complex bilinear extension
of the bilinear form on £, then the complex bilinear extension of w to Le¢ is given
by the same formula and defines a central extension

(2.5) {0} = (t)o = C — Ltc — Lec — {0}.

If & satisfies condition (2.4) and K is simply connected, then we use Theorem II.5
to see that we also obtain a central extension on the level of the complex groups,
where the homomorphisms are holomorphic:

(2.6) {1} = (To)e = C IKe—2 s LKe — {1}

(cf. also [PS86, p.90] and the remarks at the end of Section I1.3 in [Wu00]). By the

same argument as above, we see that K¢ can be realized as a subgroup of LK.

Appendix Ila: Central extensions and semidirect products

In this appendix we use the results on central extensions of general infinite-
dimensional Lie groups in [Ne00b] to derive the existence of the central extensions

~

LK and LKc, and also the existence of the semidirect product Lie group LK =
T, x LK discussed above.

Theorem I1.5. If K is a compact simple simply connected Lie group and
Kkt x & > R an invariant symmetric bilinear form with &(hq, hy) € 27Z for all

a € Ag, then the 2-cocycle

sl = go [ wte o a

of the Lie algebra Lt corresponds to a central group extension
T=R/2rZ < LK — LK.

In this case we also obtain a central extension of complex Lie groups
Te=C* — LK —» LKc.
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Proof. Since the second homotopy group of a finite-dimensional Lie group K
vanishes, we have

mo(K) = m(K) =m(K)={1} and m3(K)=Z

([Mi95, Ths. 3.7 and 3.9]). With QK := {y € LK:4(0) = 1} we have a semidirect
decomposition LK = QK x K, so that

Fk(Q[()Eﬂk+1([(), ke Ny
(cf. [Br93, Cor. VII.4.4]) leads to
Fk(L]{) = Fk(Q[{ X [{) = Fk(Q[{) X Fk(]{) = 7Tk+1(]() X Fk([(),

so that LK is connected and simply connected with mo(LK) = Z. Therefore we
have to show that the left invariant 2-form Q on LK with €4 = w satisfies

/ ~*Q e 277,
§2

where v: S? — LK is a smooth representative of a generator of w5 (LK) (cf. [NeOOb,
Ths. IV.12(b) and V.7]). Since the inclusion K — K¢ is a homotopy equivalence,
the same holds for the inclusion LK < LK, so that the condition for the existence
of a central extension of the complex group LK is the same.

Next we prove the proposition for the special case K = SU(2) = S3. On
the Lie algebra ¢ = su(2) we consider the operator norm corresponding to the
complex euclidean norm on C%. On su(2) this norm is given by the scalar product
%Ki(l‘, y) = —% tr(zy) (note that the unit balls in su(2) are invariant under the
adjoint action, hence euclidean balls). Let Bz C su(2) denote the closed unit ball
and idenitfy $? with dB3. We consider the smooth map

v:S8% = LSU(2), ~(x)(t) = €' = exp(tz).

It is easy to see that ||z|| = 1 for z € su(2) leads to e?™ = 1. The map S — SU(2)
corresponding to « is induced by Bz — SU(2), 2 — ¢?™ which maps 9Bs to 1,
hence leads to a map S® — SU(2). It is not hard to verify (counting inverse images
of points) that this map is of degree 2, hence its homotopy class corresponds to the
element 2 € Z = w3(SU(2)). Now the isomorphism 73(SU(2)) = m2(L SU(2)) from
above implies that [y] = 2 € Z = 73(LSU(2)). We claim that the left invariant
2-form 2 on L SU(2) satisfies
/ Y =47,
S2

To facilitate this computation, we first observe that the Lie algebra cocycle w on
Lsu(2) is Ad(SU(2))-invariant, so that  on L SU(2) is invariant under conjugation
by SU(2). For g € SU(2) we further have v(Ad(g).z) = gy(x)g~", showing that
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~*€ is an invariant 2-form on S2, hence determined by the value in a fixed element
Q.
In su(2) there exist elements yp, zo with the brackets

[0, ¥o] = 220, [®0,20] = —2y0 and  [yo, 20] = 220

and such that (zo, o, 20) is an orthonormal basis with respect to k. We have to
evaluate

(V") (20) (%0, 20) = Q(v(0))(d¥(20)-yo, dy(0)-20).

Writing A, (z) := gz for group elements, the element
dy(20).40 € Ty (LSU(2))
is given by

(dy(®0)-y0)(t) = dexp(tzo)(tyo) = dAexp(ieo)(1)f(ad txo).tyo,

where f is the holomorphic function given by f(z) = 1= With

E(t) := fladtag).tyo and n(t) = fladtxg).tzg

we therefore obtain

(Y ) (20)(yo, 20) = w(&,n).

We compute
1—¢" adtzo

1 —cosh(adtxo) sinh(ad tzg)
- adtxg Yo + adtry Yo
cos(2t) — 1 sin(2t

(2) ot g )yo

Applying %ad zp, we also get

1 — cos(2t sin(2¢
2 ( )y0+ g )ZOa

n(t) = flad tay).tzg =

and hence
0 (t) = sin(2t)yo + cos(2t) 2.

This leads to
k(E(1),n'(t)) = sin?(2t) + (cosz(Qt) - cos(2t)) =1 —cos(2t).

11



Integration of this expression leads to

w(én) = %/0 Wﬁ(ﬁ(t),n’(t))dt =1.

This proves that v* is the volume form on S?, and hence that

/ 7*Q = vol(S?) = 4nr,
SQ

which, in view of [y] =2 € Z = (LK), we had to show.

Let o € Ag be a long root and £(a) C ¢ the corresponding su(2)-subalgebra
(cf. Section I). Then the corresponding homomorphism inclusion SU(2) = §3 — K
represents a generator of m3(K) ([Bo58]), so that the corresponding map

Yo:S? = LK

represents twice a generator of mo(LK). Therefore the preceding calculation shows
that for x on € as above, we get

/ Yo =27 - k(ha, he) € 477
SQ

if and only if k(hg, he) € 27 holds for one and hence for all long roots a.

If 3 € Ay is a short root, then hg is a long coroot, so that x(hg, hg) €
Nk(hg, he) C 27. Therefore the requirement that &(hq,he) € 27 holds for all
long roots is equivalent to the same requirement for all roots. ]

Appendix IIb: Smoothness of group actions

We consider the rotation action T, x LK — LK. In view of Theorem III.5
in [Ne0O0Oa], the action of T, on Lt is smooth. Now we also show that the action on
LK is smooth.

Lemma I1.6. Let M be a compact manifold, K a finite-dimensional Lie group
and G x M — M a smooth Lie group action on M. Then the action of G on
C>(M, K) given by (g.f)(z) := f(g~'.x) is smooth.
Proof. Step 1: In view of Theorem IIL.5 in [Ne0Oa], the action of G on the
Fréchet space C°°(M,t) is smooth. Since the exponential function of C'*°(M, K)
is a local diffecomorphism around 0, we obtain an open 1-neighborhood U C K
such that the action of G on C*°(M,U) is smooth.

Step 2: Fix f € C*°(M, K) and write o: G x M — M for the smooth action
map. We claim that ¢ — C®°(M,K),g — g¢.f is a smooth map. Since each
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g € G acts by a diffeomorphism on C* (M, K), it suffices to verify smoothness
in a neighborhood of 1. The smoothness of the left multiplications on C*° (M, K)
shows that it even suffices to show that the map g — f=1 - (g.f) is smooth in
a neighborhood of 1. Since M is compact, f is uniformly continuous, and there
exists an open neighborhood U of 1 in G and an open neighborhood V of 0 in ¢
such that exp |v,: Ve — exp(Ve) is a diffeomorphism and f(z)~! f(g71.2) € exp(Ve)
holds for all ¢ € U and « € M. Now it suffices to see that the map

U= C=(), g (exph) ™ (fla) " flg™ )

is smooth, which follows from Theorem I11.4 in [Ne0Oa]. This completes the proof
of Step 2.
Step 3: For f € C®°(M, K) the set f-C°(M,U) is an open neighborhood of

f, and the arguments above show that the map
Gx (f-C®(M,U)) = C*(M,K), (9.f,%) = (9.f) - (9.2)
is smooth. This eventually proves that the action of G on C*°(M, K) is smooth.m

Corollary I1.7.  Let G act on C° (M, K) by a smooth action of M as above.
Then the semidirect product group C° (M, K) x G is a Lie group with Lie algebra
C(M,¥) x g.

Proof. The preceding lemma implies that the inversion and the multiplication
of this group are smooth maps, showing that the product manifold C*° (M, K) x G

is a Lie group with the natural semidirect product structure. ]
Corollary I1.8.  The natural rotation action of T, on LK 1s smooth, so that we
obtain a semidirect product Lie group L, K := T, x LK. ]

Appendix Ilc: Lifting automorphisms to central extensions

In the following we will use the concept of an infinite-dimensional Lie group
described in detail in [Ne00Oa]. In this context central extensions of Lie groups are
always assumed to have a smooth local section. Let 7 — G —» G be a central
extension of the connected Lie group by the connected abelian group Z which can
be written as 3/71(7). This means that 7 is a quotient of a sequentially complete
locally convex space 3 modulo a discrete subgroup which can then be identified
with m1(Z). Since the quotient map ¢: G — G has a smooth local section, the
corresponding Lie algebra homomorphism g — g has a continuous linear section,
hence is defined by a continuous cocycle w € Z2(g,3) in the sense that



with the bracket [(z, z), (z',2)] = ([#,2'],w(x,z’)). From [Ne00b] we recall the
period homomorphism per,: m2(G) — 3 of w which on smooth representatives
7:8? = G of elements of (G is given by per, ([7]) = [.7*Q, where Q is the
3-valued left invariant 2-form on G with €1 = w ([Ne00b, Th. TV.12]).

We recall from [Ne0Ob, Prop. IV.2] that central Lie group extensions as above
can always be written as

GEGXJCZ,

where f € Z2(G,Z), the group cocycles f:(G x G — Z which are smooth in a
neighborhood of (1,1). Two such cocycles fi, fa define equivalent extensions if
and only if their difference is of the form h(gg’)h(g)~1h(g’)~!, where h: G — Z
is smooth in an identity neighborhood. The abelian group all these functions is
called B?((, Z), and the quotient group H2(G,Z) := Z3(G,Z)/B?(G,Z) now
parametrizes the equivalence classes of central Z-extensions of G with smooth
local sections ([NeOOb, Remark IV .4]). On the Lie algebra level we likewise have
the space Z2(g, 3) of continuous linear 2-cocycles w: g x g — 3, the subspace B2 (g, 3)
of coboundaries, i.e., the cocycles of the form (z, #') — a([z, #']), where a: g — 3 is
a continuous linear map. The quotient space H2(g,3) := Z2(g,3)/B%(g, 3) classifies
the central 3-extensions of g with continuous linear sections. For more details on
all that we refer to [Ne0Ob].

For a Lie group G we write Aut(G) for the group of Lie group automorphisms
of (G. We also define

~ ~

Autz (G) = {y € Aut(G): flz =idz}.

Then we have a natural homomorphism

~

n:Autz(G) — Aut(G),  n(v)(q(9)) = q(v(9)),

where ¢: G — G is the quotient map of the central extension.

Lemma IL.9. 7o each f € Hom(G, Z) we assign the element of Autz(é) given

~

by f(g) :==gf(q(g)). Then
keryp = {F: f € Hom(G, Z)} = Hom(G, Z).

Proof. TFor each f € Hom(G, Z) we have

~ ~ ~

f(glgz) = glng(fJ(gl)fJ(gz)) = glf(fJ(gl))ng(Q(gz)) = (gl)f(gz),

showing that fe Autz(G). Tt is clear that F € ker 7.
If, conversely, v € kern, then

fG=Z, qlg) = (g™

is well defined, and it is easy to verify that f is a group homomorphism with
y=1. -
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Corollary I1.10.  If G has no nontrivial homomorphisms into abelian groups,
then 1 s injective. ]

In view of [Ne0Ob, Cor. II1.20], the preceding condition is equivalent to the
density of the commutator algebra [g, g] in g.

Lemma IL.11. Let f € Z2(G,Z) be a group cocycle which is smooth in a neigh-

A~

borhood of (1,1) and for which G, as an abstract group, not as a manifold, is
isomorphic to the group G x; Z with the multiplication

(9,2)(¢', %) = (99’ 27" f (9. 9"))

and the map G — é,g — (g,1) is smooth in an identity neighborhood. Then
vy € Aut(G) is contained in the image of n if and only if the cocycle v* f := fo(v,7)
1s equivalent to f, 1.e., there exists a function h:G — Z, smooth on an identity
neighborhood, such that

(2.7) (v )g.9)f(g.9)" = h(gg)h(g) " h(g) ™, 9.9 €G.

Proof. Let us first assume that v = n(¥). Writing G as G Xt Z, the automor-
phism 5 has the form

3(9,2) = (v(9), zh(g)),

where h: G — 7 is a function which is smooth in an identity neighborhood. The
condition that ¥ is an automorphism of G is equivalent to the relation (2.7).

If, conversely, (2.7) is satisfied, then the formula above defines an element 4 €
Autz(é) which is smooth in an identity neighborhood, and since G is connected,
1t 1s smooth on é, hence an isomorphism of Lie groups. ]

Lemma IL.12. Ifv € Aut(G) is contained in the range of n, then there exists a
continuous linear map o: g — 3 such that (y*w)(z,y) = w(y.2,v.y) satisfies

(2.8) (Y'w —w)(x,y) = a([x,y]),

i.e., [y*w] = [w] in H2(g,3). If G is simply connected, then the preceding condition
15 also sufficient for v to be wn the range of 1.
Proof. Ify = n(¥), then ¥ induces an automorphism of the Lie algebra g = g, 3

with the bracket
[($’ Z)’ (l‘/, Z/)] = ([$’ l‘/], w($’ l‘/))

Hence
F(z,2) = (y.2, 2+ a(z)),
where a:g — 3 is a continuous linear map. The relation (2.8) means that such a

map is a Lie algebra automorphism.
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If, conversely, (2.8) is satisfied by 7, then we use the exact sequence for Lie
group extensions to see that the natural map

Ext(G, Z) = HJ(G, Z) — Ext(g,3) = H!(g,3)

is injective. Moreover, it is equivariant with respect to the action of Aut(G) on
H2(G, Z), resp., H2(g,3). Therefore [y*w] = [w] in H2(g, 3) implies that [v* f] = [f]

~

in H2(G,Z) if f € Z2(G, Z) represents (i as in Lemma II.11. ]

Corollary I1.13.  IfG is simply connected andw € Z2(g,3) is a Lie algebra cocy-
cle corresponding to the Lie algebra extension 3 — ﬁ%} g, then an automorphism
v € Aut(G) lifts to an automorphism 7 € Autz(G) if and only if [y*w] = [w],
i.e., if the corresponding automorphism of g lifts to an automorphism of g firing 3
pointwise.

Proof. Thisis a direct consequence of Lemma II.12. ]

If GG 1s not simply connected, then it has non-trivial central Z-extensions with
trivial Lie algebra extension. These are discussed in the following lemma.

Lemma I1.14. If@ 1s of the form
G=(Gx2)/T(™),

where q¢: G — G is the universal covering group of G, m1(G) = ker qg is identified
with a subgroup of G, p:m1(G) = 7 is a homomorphism, and

L(p™h) = {(d, p(d)™1):d € m(G)}

the graph of =1 (pointwise inverse), then an automorphism v € Aut(G) is in
the range of 1 if and only if (p o w1 (7)) - ¢~ 1 extends to a smooth homomorphism
G— 7.

Proof. Let 5 be the canonical lift of v to & (cf. [Ne0Ob, Lemma I1.3]). The
canonical map GxZ—Gisa covering, and G x 3 1s the universal covering group
of G. Therefore, if y = n(7), the automorphism ¥ also lifts to some automorphism
3 of G x Z preserving the subgroup [(¢~!). Then 7 is of the form

(g, 2) = (Fo(9), 2f(9)),

with f € Hom(é, 7). The condition that ¥ preserves I'(¢~!) means that f extends
¢ - (pom(y))~L. If, conversely, this condition is satisfied, then the above formula
yields an automorpism J on GxZ preserving I'(¢~!) and hence factoring to the
quotient group G. ]

With Lemma I1.14 one can easily construct examples showing that in Corol-
lary I1.13 the assumption that G is simply connected is crucial.
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Example I1.15. (a) We consider G = SL(2,R) with the automorphism y(g) =
JgJ for J = (é _01) Then m(G) = 71(SO(2,R)) = Z and 71 (y) = —idgz. On
the other hand G is perfect, so that Hom(é, 7) is trivial for every abelian group.
Therefore ¢ € Hom(Z, 7) satisfies the condition from Lemma I1.14 if and only if
o(d)? =1 foralld € Z,i.e., 27 C ker ¢.

If Z =T and ¢:Z — T is injective, then we obtain a central T-extension G
of G whose corresponding Lie algebra extension is trivial, but v does not lift to an

i~

element of Autz(G).

(b) Let
0 ai2 a3z aia
~ 0 0 ao3 dA9g4 L
§ = { 0o oot earyane }R}.
0 0 0 0
Then g contains the ideals
0 0 a1z aia 0 0 0 ais
-~ 0 0 0 ang o ~ 0 0 0 O S
0 0 0 0 0 0 0 O

satisfying [g1,d] C 3(g). We define g := §/3(g) and consider the central extension
3(g) = @ —» g. The Lie algebra g is a 2-step nilpotent Lie algebra, and ad g = R3
is abelian. On the other hand, the adjoint action of g on g factors through an
action of g on g, where the image adgg of this Lie algebra is isomorphic to g. This
means that the action of ad g = R3 on g does not lift to an action of the same Lie
algebra on g because the central extension

Hom(g, 3(g)) — Hom(g, 3(g)) + ad-(g) —» ad g

is non-trivial. From this one obtains an example of an R3action on a simply
connected group G which does not lift to an action on a central extension (7, even
though the action of every element can be lifted. ]

Appendix IId: Lifting automorphic group actions to central extensions

In the preceding subsection we have lifted automorphisms of G to automor-
phisms of G. Now we consider automorphic actions of groups R on G and want to
lift those to actions on G.

17



Lemma I1.16. Let Z' := 3/im(per,). Then there exists a central Lie group
extension 4o
ARSYE RS

corresponding to the cocycle w, and G' is a universal covering group of G.
Proof. 1In view of [NeOOb, Th. V.7], im(per,) is a subgroup of the discrete
group m1(Z) C 3, so that Z% := 3/im(per,) is a covering group of Z = 3/m(Z).

The relation m3(G) = m2(G) and the criterion Theorem V.7 in [Ne00b] imply the
existence of a central extension

n o~
7 G156

corresponding to the cocycle w. Now m3(Z) = {1} and the exact homotopy se-
quence of the bundle G' — G lead to an exact sequence

72(GY) = 7o (()——s1 (Z1) = m(G1).

Since § = — per,, ([Ne00b, Prop. VIL.7]), it is surjective, which implies that G* is
simply connected. On the other hand, the construction of G" implies that G* and
G are locally isomorphic ([Ne0Ob, Lemmas IV.8, V.8]), so that G¥ is the universal

covering group of G. ]

We assume that we have a smooth automorphic action of the Lie group R
on (G, which leads to a semidirect product Lie group G x R. We are looking for
sufficient conditions to lift the smooth action of R on ( to a smooth action on
G which apply in particular to the rotation action of T, on LK, where K 1s a
compact simple simply connected Lie group.

Lemma IL.17. The action of R on G lifts to a smooth action of R on the simply
connected covering group G of G.

Proof. Since each automorphism of (7 lift in a unique fashion to an automor-
phism of ¢, the action of R on G directly leads to an action of R on (. That
the action map is smooth follows easily by using local sections of the universal
covering map qg: G — G. ]

Theorem I1.18.  (Lifting Theorem) Let og: R x G — G be a smooth automor-
phic action of the Lie group R on the connected Lie group G. Assume that G is
stmply connected and that there exists a smooth function a: R x g — 3 with

(2.9) rw—w=ua(r[,]), rER

and the cocycle condition

(2.10) a(rira, x) = a(re, x) + a(ry, re.x), 7,72 € Ryx € g.
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Then the action of R on G lifts uniquely to a smooth automorphic action of R on
G such that the corresponding action of R on g =2 g ®, 3 15 given by

rz,z)=(ra,z+ a(r,z)), reRzeEg €}

This action fizes the subgroup 7 ofé pointwise.
Proof. First we turn to the action on the Lie algebra g. We define the a smooth
map

oy Rxg—g, (r(zz2)— (rez z+a(r)).

Then (2.9) implies that each map O'E(?“, -) is an automorphism of g:

rl(z,2), (¢',2)] = r.([a:, '], w(z, x/)) = ([r ,ra’,w(z, ') + a(r, [z, x/]))

= ([r.e,r2],wr.e, ra) = [r(z,2),r.(2, )],

and (2.10) implies that o5 is an action of R on g:

r1.(re. (2, 2)) = ((rire).@, 2 + a(re, ) + a(r1, ra.2)) = ((rire) .z, z + a(rire, @)

= (rir2).(z, 2).

Since every automorphism of G is uniquely determined by the corresponding au-
tomorphism of g (cf [Mi83, Lemma 7.1]), there exists at most one automorphic
action o of R on G corresponding to o

Now we reduce the problem to the case where G is simply connected. Suppose
that the theorem holds for the special situation where G is simply connected. Then
we consider the simply connected central extension G' of G discussed in Lemma
I1.16. The assertion of the theorem shows that the action of R on G lifts to a
smooth action of R on G! fixing the elements of Z* pointwise. Since G is simply
connected, the exact homotopy sequence of the bundle ¢: G — G implies that the
natural map ¢:m(7) — 71 (G) is surjective. Identifying 71 (G) with the kernel of
the universal covering map G¥ — é, we see that {, viewed as a homomorphism
m1(Z) — G*, is a composition of the maps

m(Z) = m(2)/m (2% € 7" — G*.

Therefore the subgroup m; (é) of G is contained in Z! and therefore fixed pointwise
by R. Hence the action of R on G factors to a smooth action of R on G =
Gu/ﬂ'l( ) In view of the preceding argument, we may from now on assume that
G is simply connected.

Next we consider the local situation in a suitable small neighborhood of the
identity in (. In G we have an open 1- nelghborhood of the form U x Z C G, where
the multiplication is given for z,z’, zz’ € U by

(z,2)(2',2") = (2, ZZ/fZ(l’a ')
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for a local smooth cocycle fZ:U x U — Z ([Ne0Ob, Lemma IV .8]). To see how this
description of the multiplication can be used to obtain an action of R, we have to
recall the construction of the local cocycle f# from the Lie algebra cocycle w (cf.
[NeOOb, Lemma IV.8]). Let us assume that, in addition, U C ( is diffeomorphic to
a convex subset in g. Using the Poincaré Lemma ([Ne0Ob, Lemma IT1.3]), we write
Qy = db for a 3-valued 1-form 6 on U with #; = 0. Then, on an open symmetric
1-neighborhood W C U with W2 C U and also diffeomorphic to a convex set, we
determine the function
fTWXxW—3
by
df (z,-) = AL0lw — 0w
Now let » € R and W; C W be open and diffeomorphic to a convex set with
r. W1 C W. Let a, be the left invariant 3-valued 1-form on G with ., (1) = «(r, ).
Then (2.9) implies that
Q- Q= —do,.

On W, we therefore have d(r*6 —f+a,) = 0, so that there exists a unique function
hy: W1 — 3 with h.(1) =0 and dh, = 70 — 0 + «.

On Wy x W, we consider the function (r*f)(z,y) = f(r.z,r.y) and put
fo:= f(z,-). Then (#* f)e = r*(fr.z), so that on W; we have

d((r* f)e) = r*dfre = P (A0 — 0) = Nor™0 — r*0.
Now the left invariance of a, leads to

d((r"fle — fo) = A(r 0 —0) — (r"0 —0)
=00 —0+a,)—(r'0— 0+ ay)
= Xidhy —dhy = d(A e — D).

In view of the normalizations f;(1) = 0 = h,(1), we therefore obtain

(2.11) (" Nz, y) =[x, y) = he(2y) = he(y) — hr(2)

for #, y near to 1.

Let gqz:3 — Z be the quotient map, f% := qz o f and h? := qz o h,. Then
we have a 1-neighborhood of the form Wy x Z in é, where W5 C Wi, and the
multiplication is given by

(9,2)(¢",7") = (99, 22" f7 (9, 9'))-

Pick an open symmetric connected 1-neighborhood W3 C Ws with r.Ws C Ws
and (2.11) holding on W3. Then the map

(2.12) oa(r) Wax Z—Wax ZC G, (g,2) (rg,zh%(g))
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is a smooth homomorphism of local groups. Using Lemma I1.3 in [NeOOb] and the
simple connectedness of G, we see that Ua(r) extends to a smooth homomorphism

G — G. The derivative of this automorphismin 1 € G is given by

daa(r)(l)(x, z) = (rae,z+ thZ(l)(x)) = (ra,z+ dh.(1)(2))
= (ra,z+a(r,z)+0(1)(r.z) — 0(1)(z))
)

=(ra,z+a(r,z)) = UE(r, z).

This proves that every automorphism O'E(?“), r € R, integrates to a smooth endo-

morphism O'a(?“) of G. The uniqueness of this extension implies that Ua(rlrz) =

Ua(rl)aa(rz) for r1, 75 € R, hence in particular that each 3@(7“) is an automor-

phism of G. Let o5 R x G — G denote the corresponding action of R on G.

It remains to show that this action is smooth. Since R acts by smooth auto-
morphism on G, it suffices to show that the action is smooth in a neighborhood of
(1,1) and that all orbits maps R — G are smooth in a neighborhood of 1. Since
the latter property can be derived from the first one, it remains to see that the
action is smooth in a neighborhood of (1,1). To this end, we slightly adjust the
choices of Wy and W3 above. First we choose an open 1-neighborhood V in R and
W1 such that, in addition, V.W; C W. Likewise we choose V; C V and W3 C W,
with V1. W3 C Wa. Then the function (r, z) — h,(x) is defined on V' x W7, and the
construction of A, with the Poincaré Lemma implies that this function is smooth
in a neighborhood of (1,1) (cf. [Ne0Ob, Lemma ITI.3]). This implies that the action
map Ua(r, z) is smooth on a neighborhood of (1,1) contained in ¥} x W3, and this
completes the proof. ]

Corollary I1.19. Let 0g: R x G — G be a smooth automorphic action of the
Lie group R on the connected Lie group GG. Assume that G is simply connected
and that r*w = w for all r € R. Then the action of R on G lifts uniquely to a
smooth automorphic action of R on G such that the corresponding action of R on
0= gD, 3 is given by

r(z,z)=(rez), reRregz€s;

This action fizes the subgroup 7 ofé pointwise.
Proof. We apply Theorem I1.18 with a = 0. u

Corollary I1.20. If K is a compact simple simply connected Lie group and LK
is the central extension from Theorem IL5, then the rotation action of T, on LK
lifts to a smooth action of T on LK. The same holds for the compler groups LK,
resp., LK.

Proof. Since m3(K) = 1 (K) = {1}, the group LK is simply connected. Further
the T,-action on LE fixes the cocycle w, so that Corollary I1.19 applies. ]
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Remark I1.21. (a) If the commutator algebra [g, g] is dense in g (g is topo-
logically perfect), then in (2.9) the continuous linear map o, := «a(r,-):g — 3 is
uniquely determined by r*w — w = —da,.. Therefore

* * [ % * *
—day,r, = (M) w—w=1r5rfw —w) + rjw —w = —rida,, —dao,,

implies the relation (2.10). In this sense (2.10) is only needed if g is not topologi-
cally perfect.

(b) If GG is a regular Lie group in the sense of [Mi83], then every automorphism of
g integrates to a unique automorphism of G ([Mi83, Th. 8.1]). In our context it
does not make sense to work with this additional assumption because we anyway
need the more explicit information obtained in the proof of Theorem I1.18 to show
that the action is smooth.

(c) We consider the situation of Corollary I1.19, where w is fixed by R. Then we
have a Lie group Ggr := GG x R defined by the smooth action of R on &, and
Corollary II.19 provides a central extension Gr = G x R. It is interesting to try
to construct this group and therefore the smooth action of R on G more directly
as a central Lie group extension.

We write g = g @, 3, and since w is R-invariant, we obtain a natural action
of Ron g by r.(z,z) := (r.z, z). The derived representation of this smooth action
leads to a continuous action t x g — g by derivations (cf. [NeOOa]). Let gr :=g x t
denote the corresponding Lie algebra. Then 3 C gg is central with the topological
complement g x t, and the corresponding cocycle of the central extension gg — gr
is given by

wr(z +y, ' +¢) =w(x,2), =2 €gyy e

That this formula defines a cocycle can also verified more directly. It is clear
that wg 1s continuous and skew symmetric. To see that it is a cocycle, we have to
verify that for a,b, ¢ € gg the alternating expression

wR(a’ [b’ C]) + (")R(b’ [Ca a]) + WR(Ca [aa b])

vanishes. For a,b,c¢ € g this follows from the cocycle property of w. If @ € v and
b,c € g, then

wrl(a,[b, c])+wr(b, [c,a])+wr(c, [a,b]) = w(b, e, a])+w([b, a],¢) = —(aw)(b,c) =0

because w is R-invariant, which implies that t.w = 0 in ZZ(g,3). If two or three
among a, b, ¢ are in t, then each summand vanishes. Hence wg € Z2(gg, 3).

One now might try to construct a group G % R as a central extension of Gg
corresponding to wg. Since w3 (GRr) = ma(G) x m2(R) and the restriction of the left
invariant 2-form Qg to the subgroup R of G'g vanishes, the image of the period
map per,,:T2(Gr) — 3 coincides with the image of per,,, hence is contained in
71(Z). What is not clear in this situation is how to lift the G-action on g to an
action on gg. If this could be done, then the criteria in [Ne0Ob] would imply the
existence of a central Lie group extension of G corresponding to the Lie algebra
9r- [
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I1I. Root decompositions

In this section we will consider the root decomposition of the Lie algebra EE@. We
will use the same notation as in Section I for the finite-dimensional Lie algebra
t, we write t¢ for a Cartan subalgebra, and Tx = expte for the corresponding
maximal torus.

Let z¥:S! — C denote the function given by z*(#) := ¢**¢ and note that for
X € tc the function 2% X: S — & defines an element of Ltc. The elements of the
subalgebra

Lpatc = Clz, o te = ) 2Mte
keD

are called polynomial loops (with values in ¥¢).

Lemma IIL.1. Lygtc s a dense subalgebra of L¥c. Moreover, for v € Ltg its
Fourier series

1 27 .
Y= %z”ﬁ(n), where  ¥(n) = ﬁ/o e~my(0) do

converges in the Fréchet topology of Lec.

Proof. It is clear that the second assertion is much sharper than the first one,
so 1t suffices to prove the second one.

It is easily seen that the rotation action of T, on LEc defines a smooth ac-
tion, i.e., for each element y € L¥c the orbit map T, — Ltg is smooth (cf. [Ne00a,
Th. T11.5]). Therefore the convergence of the Fourier series follows from Harish-
Chandra’s Theorem ([Wa72, Th. 4.4.2.1]) because v — z"%(n) is the projection
onto an isotypical T,-submodule. The latter fact follows directly from the obser-
vation that for v = 2”7 X we have

1

27
= imé —ind
7(n) 277/0 e"e X =0nmX

Remark III.2. A similar assertion as in Lemma III.1 applies to the T,-action
on the extended Lie algebra LEc. ]

The subgroup 7, := T, x Txg C L, K acts on Lt via the adjoillt action. To
identify the corresponding weights, we identify the character group 7, with

o~

Trfoszngth*
as in Section I. Then the set of weights occuring in the adjoint representation is
given by

{(k,a): k€ Z,ae Ay U{0}},
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where
(Dec) o) = 2Fe2 o e Ay,  and  (Leg)F = 2Fge.

We write Ape := {(k, o) # (0,0): k € Z, v € Ay U{0}} for the set of roots of Lég
with respect to t, @1t. The Lie algebra tp¢ := t, Gt can be identified with the space
R% D t=Rdt, where % = (1,0), and accordingly we have Ry = exp(—@%), S0
that

. d
Ry = e 9 2% and EZk — ik*.

The Weyl group

Let W := Ng(T)/T denote the Weyl group of K. Similarly we define the
affine Weyl group
Wag 1= NLrK(TT)/Tra
and note that T, = 71 g (T.), i.e., T, is maximal abelian in L, K. In fact, a loop
commuting with T, must be constant, and if, in addition, it commutes with Tk,
the fact that 7' = Zx (T) implies that its value is in 7.

Since the group Tx = Hom(T, Tk) consists in particular of smooth loops, it
can be identified with a subgroup of LTx C L, K.

Proposition II1.3.  The group Wag is isomorphic to the semidirect product
T W, and it acts on tre via

(Z,w).(t, X) = (t, w.X —12)

forZETK and w e W.

Proof. The first part follows from [PS86, p.71]. To verify the formula for the
action, it clearly suffices to compute the action of elements of Tk . So let v € Tk
be given by v() = exp(07), 7 € ts.

We have

yexp(t, 0077 = yR_y™ = Roy(ReyRoy™") = exp(t, 0)((Rey)y™")
with

(Rem)y™)(0) = 4(0 = )77 (0) = 4(0 — )7(=0) = 4(~1) = exp(~tZ).
Thus Ad(%).(£,0) = (t,—tZ), and the assertion follows. -
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It follows in particular from Proposition ITI.3 that the affine subspace {1} x te
is invariant under the action of the affine Weyl group, and that the action on this
hyperplane induces an affine action on t¢ given by

(Z,w) X =wX—-27.

Note that Z € Tx C t¢ acts by translation in the opposite direction. Then the
kernel of a root (k, o) € Apg corresponds to the affine hyperplane

Hio ={X €tpa(X)=—k}

The set Uocem xez Hi o is called the diagram of LK. If Ag’ C Ag 1s a positive
system, then the set

Co={X €te:(VaeA})0 < a(X) < 1}

is called a fundamental alcove. It is a fundamental domain for the affine action
of Wag on t¢ ([PS86, Prop. 5.1.4]). A root o = (o, k) is said to be positive if
a({1} x Co) € R* which is equivalent to a(Cp) C [k, co[. Therefore the set A7,
of positive roots is given by

AT, ={(k,a):(k>0)or (k=0,a€Af)}.
A root o = (k, ) is called simple if Hy, ., contains a wall of the fundamental alcove

Cy. To each root a = (k, ) corresponds an affine reflection on t; in the hyperplane
H}; o which is given by the formula

50(X) = 5a(X) —kha, e, so=(kha,sa) €Tk x W

is the decomposition according to Proposition I11.3.

Remark ITL.4. If £ is simple, a1, ..., a, are the fundamental roots of £ with
respect to Ag’, and aq € Ag’ is the highest root, then

(0,01), ..., (0, 00), (1, —axg)

is a system of simple roots in A"L'E (cf. [PS86, p. 73]). |

Root decomposition of the central extension

We write R
TEK =T, x Tk xT.C LK,
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for the maximal torus in EK, where T, stands for the central torus defining the
central extension from Theorem I1.5. We identify the character group T of T

with TATT X fK X TATC =~ 7 x fK X Z C Z x t; x Z. Since T, acts trivially via the
adjoint action, we can identify the root system Ape = Ape x {0} with a subset of
t7 e

Identifying Lec with a vector subspace of L, we have

(Lec)®) = 2F¢8 ae Ay, and  (Lb)*Y = Fic.
Via the adjoint representation the affine Weyl group Wag can also be identi-
fied with N(1%,.)/T; . It acts on 17, by

2k A ) = (k+M(Z) + $he(Z, 2), A+ hZ" h)

for 7 € Ty, where Z* € teis defined by the embedding Tk — fK, Z — Z* which is
well defined because Tk = Hom(Tx,Z) and «(Tx,Tx) C Z ([PS86, Prop. 4.9.5]).

Let o = (k, &) denote a root of Ltg. We put

k

€a =2€, and e_, =€y = R,
Then
[6@ 6—&] = ([6oca e_al, w(eg, 6—&))a
where
1 27
wlea, o) = o i k(2% e, (—ik)zFe_,) do
1 27

. k
=2/ (—ik)r(eq,e—q)dl = —155(]10“ hy)

(LemmaI.1). Therefore

e 6—q] = i(ha, ki, ha)).
Putting
hy = (ha, — ki, ha)),

we see that (eq,e_q, ho) is a basic sus-triple (cf. Section I). The corresponding
reflection s, acts on (t;,.)" via

sa(d) = A= (A ha)a

We write EK(Q) for the corresponding three-dimensional subgroup of LK.
Having introduced the relevant notation, we can give a simple proof for the
necessity of condition (2.4).
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Lemma IIL.5. The condition k(hq, he) € 27 for all & € Ay is necessary for the

eristence of the central extension LK .

Proof. Suppose that we have a central extension

1} =® IK—' LK & (1)

corresponding to the given central extension on the level of Lie algebras. For each
root a € Ary the corresponding three-dimensional subgroup LK («) is compact

and isomorphic to SU(2) or SO(3,R). Therefore
1=exp2rh, = (exp 2rhe, exp(—kmk(hq, ha))) :

If we apply this to a root a = (0,a), we see that exp(27h,) = 1, so that
exp(—kmk(ha, he)) = 1 holds for all & € N. This implies that &(hqe, he) €2Z. ®

IV. Representations of loop groups

Definition IV.1. Let V be a complete complex locally convex space. Then a
representation (m, V) of a topological group GG on V is a group homomorphism
m: G = GL(V) for which the mapping

GxV =V, (¢9,v)—=m(g)v

is continuous, i.e., the action of G on V is continuous.

If G is a Lie group (modeled on a sequentially complete locally convex space,
cf. [NeOOa, Sect. I]), then a vector v € V is called smooth if the orbit mapping
G = V,g — 7(g).v is smooth. We write V°° for the space of smooth vectors in V.
A representation (m, V) is said to be smooth if V' is dense in V.

As we have seen in [Ne0Oa, Lemma IV.2], we obtain a representation of the
Lie algebra g of GG on V™ by putting

dr(X).v = dp,(1).X,
where ¢, (g) := m(g).v denotes the orbit map of v. If G is real, then the represen-
tation dm of g on V> naturally extends to a complex linear representation of the

complexified Lie algebra gc on V. ]

Definition IV.2. (a) Let (7, V) be a continuous representation of the group
LK. The subspace

Vi(k) :={vEV:(V0 ER) Rg.v = e~ v}
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is called the energy subspace of degree k. We note that the Peter—Weyl Theorem
applied to the representation |y, on V implies that the finite energy subspace

V=Y V(k)

is dense in V' and that there exist continuous projections
1 27 .
p:V = V(k), ve —/ e Ry.v df.
27 0

Note that the integrals make sense because V' is a complete locally convex space.
Moreover, if v € V*° is a smooth vector, then the Fourier series v = 3, . px(v)
converges in V according to Harish-Chandra’s Theorem (cf. [Wa72, Th. 4.4.2.1]).
(b) If V is a module of the Lie algebra L, we call V(k) ={veV:X,v=ikv},
where X, := % is the canonical basis element of t,., the energy subspace of degree
k,and V := > _wen V (k) the finite energy subspace.

(c) We say that (7, V) is a representation of positive energyif V(k) =0 for k < 0.m

Example IV.3. If V = EE@, where the representation of LK is the adjoint
representation, then V(k) = zFeg for k £ 0, V(0) = (t.)c @ (t.)c @ bc, and
therefore V = Lpoiftc. [

Lemma IV.4. For every representation (w,V) of LK the space V' of smooth

vectors of finite energy ts tnvariant under Lyotc.

Proof. First we show that the action map E?@ @V — V° is equivariant with
respect to the action of the torus T, on both sides. In fact, since T, acts on LK
by conjugation, it is clear that the action map LK x V — V is T,-equivariant.
This means that for each v € V and § € R we have

wy o Rg =7m(Rg) o PRr_yv,

where ¢y, (g) := m(g).w denotes the orbit map of w. Taking derivatives in 1, this
leads to
(RQ.X).U = F(Rg) (X.(R_g.v)) .

This proves our assertion because of the complex linearity of the action map. We
conclude that

Lec(n).V(m) C V> (n +m)
holds for all n, m € Z. Since Epolﬁc =D wen EE@(k’), this proves the assertion. m

We obtain a more refined picture by looking at the representation of the larger
torus subgroup 17, We have the weight spaces V(j x ny C V (k) corresponding to
the weight A = (k, A, h). We write

Py i={A€T;, :Vy # {0}}
for the set of all weights of V.
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Definition IV.5. If the representation (m, V) is irreducible or, more generally,
generated by a T.eigenvector, then the invariance of the larger T -eigenspaces
under LK shows that there exists h € Z with

Py CZx Tk x {h}.

In this case h is called the level of the representation (7, V). ]

Lowest weight vectors and antidominant weights

Definition IV.6. (a) Let V be a module of the Lie algebra EE@. A non-zero
weight vector vy € V) is called a lowest weight vector if

(Ltc)*vy = {0}

for all @ € A7,. In this case A is called the corresponding lowest weight. If (7, V') is
a representation of EK, then a lowest weight vector means a lowest weight vector
for the derived representation of the Lie algebra Ltc on V.

(b) A module V of Ltg is said to be a lowest weight module if it is generated by
a lowest weight vector. A representation (V,m) of LK is called a lowest weight
representation if it contains a lowest weight vector generating V.

(c) A weight X satisfying (A, hy) € —INg for all o € A"L'E is called antidominant
(with respect to the positive system A"L'E). ]

The following observation is crucial for the whole theory.

Proposition IV.7. (i) If (7, V) is a smooth representation of LK with positive
energy and V(0) # {0}, then V(0) contains a lowest weight vector.
(i1) Each lowest weight A is antidominant.

Proof. (i) According to [NeOOa, Prop. IV.5], the representation of G on the

complete locally convex space V™ is continuous. Since this applies in particular
to the subgroup T,, it follows that the projection

1 27
po:V = V(0), v|—>2—/ Ry.vdf
0

T

satisfies

po(V) CV(0) C V™.

In view of the smoothness assumption on (m, V), the subspace V°°(0) which is
invariant under the compact group K (the constant loops) is dense in V'(0).

The Peter-Weyl Theorem implies the existence of a finite-dimensional irre-
ducible K-subspace F C V*°(0). Let vy € F be a lowest weight vector for the
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representation of ¢ on F'. Since T, commutes with K, we may w.l.o.g. assume
that vy € V(o n). Then the fact that

(f{*@)(’“o‘).vi € V(k,A+oc,h) C V(k) = {0}

for k < 0 implies that vy is a lowest weight vector for Lec.
(i) If A is a lowest weight of a representation (m, V), then sla-theory applied to
the group LK () shows that (A, hy) € —Ng because otherwise e_,.v5 # {0}. =

Remark IV.8. (a) Another possibility to prove Proposition IV.7(ii) is to note

that the fact that the representation of the Lie algebra E?(g) integrates to a
representation of the corresponding group implies that

sa(d) =A = (A ho)a € Py

is also a weight in the smallest z?(g)—invariant subspace containing vj.

If A = (no, A, h) is a weight with minimal ng, then we see that for each root
a = (k,a,0) with & > 0 we have (A, hy) < 0. Further the W-orbit of A contains
an element which is antidominant for all positive roots of the type a = (0, «,0)
which then yields the existence of an antidominant weight.
(b) We want to make the antidominance condition more explicit. So let A =
(n, A, h). Then the antidominance means that

<A’ h&> = </\’ hOC> - hQ_kK(hoca hoc) S 0

for all o = (k, e, 0) € A"L'E. This means that A(hy) < 0 for all « € Ag’ and that

(4.1) Aha) < ];—km(ha,ha)

for all k € W and o € Ag. Using Ay = —Ay, we see that (4.1) leads to
hi(hg, he) > 2max{A(hq), AM(h_o)t = 2max{A(hqa), —A(ha)} = 2|A(Ra)| > 0,
and hence to
(4.2) hi(hg, he) > 0.
For o = (1, —a), a € Ag’, we see that whenever (4.2) is satisfied, then A is
antidominant if and only if

(4.3) _gn(ha, ha) < AMha) < 0

holds for all o € A;". [

For each fixed h condition (4.3) specifies a finite set of integral linear function-
als on t¢ and for A = 0 the only functional satisfying this condition is A = 0. As the
following proposition shows, this has serious consequences for the representation
theory of the group LK.
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Proposition IV.9.  For a lowest weight representation (w,V) of LK of lowest
weight A the following assertions hold:

(i) If vy ts a lowest weight vector and « is a root, then vy generates a finite-
dimensional irreducible E[((g)-representation of lowest weight A(hy).

(i) If A= (n, A, 0), e, if (m, V) is a representation of level 0, then (w, V) is the
trivial representation on the identity component of LK. If, in addition, K 1is
stmply connected, then it 1s given by a character of T,.

Proof. (i) Since vy is assumed to be a smooth vector, we can write out its

Fourier series with respect to the compact group EK(Q):

U = Z vi(m)’

meENg

where we have identified the set of equivalence classes of irreducible representations
of LK (a) with a subset of Ny in such a way that m € Ny corresponds to the
representation with lowest weight p,, satisfying g, (ho) = —m.

The facts that vy is a smooth vector for EK(Q) and that the projections
onto the isotypical components are continuous entail that the vectors vy(m) are
also smooth with respect to EK(Q). Then these vectors have to be lowest weight
vectors for EK(Q) and therefore hy.vy(m) = —imuvy(m). In view of the fact that
ha vy = iA(ha)vy, the uniqueness of the Fourier expansion shows that

vy =vxr(m) for m=—A(hy),

and the assertion follows.
(i1) We have seen in Remark I'V.8 that the antidominance of A and h = 0 imply that

A = 0. Therefore (i) implies that for each root o € Apg the E[((g)—submodule
generated by vy is a lowest weight module with trivial lowest weight, hence a
trivial module. We conclude that the three-dimensional groups EK(Q) fix the
lowest weight vector vj.

On the other hand v, is fixed by the torus TZK' Since each element X € zpd?

is a finite sum of elements contained in a three-dimensional subalgebra zﬁ(g), an
application of the Trotter-Product-Formula (Theorem II.1) shows that

exp X.vy = v)

holds for all X € Epolﬁ, hence for all X € Lt because Epd? is dense (cf. Lemma
T11.1).

We further know that the group LK is connected whenever K is simply
connected (cf. [PS86, p.48]). Since the central circle T, acts trivially, we may
assume that we have a representation of the group L, K = EK/TC. Now the fact
that the exponential function of LK is a local diffecomorphism (Theorem II.1)
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implies that the identity component of L, K = T, x LK is generated by the
image of the exponential function. From that it follows that vy is fixed by the
whole group (EK)O, i.e., (m, V) is a one-dimensional representation whenever K is
simply connected. ]

__ The following result shows that the non-trivial lowest weight representation
of LK do not factor to the quotient L, K, hence that the central extension of this
group is necessary to obtain non-trivial lowest weight representations.

Corollary IV.10. FEach lowest weight representation of L. K is one-dimensio-
nal.
Proof. Let (m, V) be a lowest weight representation of L, K which can also be

considered as a representation of the central extension LK which is trivial on the
center. Then Proposition IV.9 shows that (7, V) is a one-dimensional representa-
tion. ]

Remark IV.11. In the special case where ¢ is simple and & is the fundamental
invariant form which is normalized by &(heag, hay) = 2 for the highest root aq (cf.
[PS86, p.49]), then A = (0, A, h) is antidominant if and only if A is antidominant
and A(hq,) > —h. The set of all integral functionals satisfying this condition can
be represented as ka:o niwi, N € Ng, where

wy =(0,0,1) and %:(0,—wk,wk(h%)), k=1,...,1,

where w1, ..., @, denote the fundamental weights of €. The above weights are the
dual basis to

ho = (0,hag,—1) and by = (0, ha,,0), k=1,...,L n

The Casimir operator

In this subsection we will describe how to define a Casimir operator for the
Lie algebras Lpcitc which will be used later on to show that certain contravariant
hermitian forms on lowest weight modules of this Lie algebra are positive definite.

We recall that the Casimir operator of £ associated to an invariant non-
degenerate positive definite bilinear form « on € is given by

_ 1 *
Qg——g E ejej,
j=1

where e1,...,ex denotes a basis of € and e], ..., e} denotes the dual basis of £
with respect to k. Then ¢ does not depend on the chosen basis and is a central
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element in the enveloping algebra ¢/ (¢). This implies in particular that Q¢ acts as a
scalar multiple of the identity in every finite-dimensional irreducible representation
(mx, V) of highest weight A. According to [PS86, Prop. 9.4.2], the corresponding
scalar is given by

CH

sUIA =2l = 1lell?) = 3lIAI* = £(X, p),
where p = %ZaeAj a.

To find an operator which has similar properties for the Lie algebra Epolﬁ, let
€1,...,ey form an orthonormal basis in £, write e’ := 2"¢;, and let ¢ € R denote

the eigenvalue of the Casimir operator ¢ in the adjoint representation acting on
Ec. If € is simple, then we define the Casimir operator of Lyoi€c by

d
Q:=Q+ (I—i—ic)a,

where T = (0,0, 1) € t. is the generator of the center and

ZZ”‘”— Zﬁ D) BTN

j=1n>0 j=1n>0

Ife=04...4¢L, is the decomp081t10n into the center £, and the simple
ideals €;, j > 2, then we obtain an action of the m-dimensional torus T, := T on
Le = @;n:l L¥; by rotations in each summand. Lifting this action to the central

extension Lt we obtain a larger Lie algebra
Tox Le= (R™) x LE.

In this sense we define the Casimir operator of Lt as

< . d d <~ d

Q= QO+Z(I+ZC‘7)E’ where p ::ZE,
j=1 J j=1 J

where ¢; are the eigenvalues of the Casimir operators on the ideals &;.

Lemma IV.12. If (7y,V)) is a lowest weight module of the Lie algebra t, K EE@

with lowest weight A = (n, A\, h), h = (h, ..., h), then the Casimir operator Q0 acts
on V by cyl, where

:—H/\HZ—K?/\p Zh—l—c] n]_cA—Z(h—l—cj)n]
j=1 j=1
If we put p = (0, p, —c), where ¢ = (c1,...,¢cm), then this can also be written as

( =l = llell®),

where the scalar product on t. & te & R¥ is given by
HC((E’ /\’ﬁ) (n /\/ )) - H(/\ /\ ) <ﬂ’ ﬁ/> - <ﬂ/’ﬁ>'
Proof. [PS86, Prop. 9.4.9] u
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In the following we call a hermitian form (-,-) on a module of a real Lie
algebra g invariant if (X.v,w) = —(v, X.w) for all v,w € V, X € g. Note that this
means that it is contravariant for gc in the sense that

(X.v,w) = —(v, X .w)

holds for all v,w € V, X € g, with respect to the natural extension of the
representation of g to gc.

Theorem IV.13. (Garland’s Theorem) If (m, Vi) is a lowest weight module of
Ir [ fpolﬁc such that
(i) A is antidominant, and

(i) for each o € Ag the representation of z?(g) integrates to a representation of
the associated simply connected group,

then each contravariant hermatian form on V) which is positive definite on a lowest

weight vector vy s positive definite. -

Proof. By tensoring m with an appropriate one-dimensional representation of
t,, we may w.l.o.g. assume that A = (0, \, ).

Since V' := V}, is a lowest weight module, we conclude that V =5 V(m)
and that V(0) is a lowest weight module of & with lowest weight A. Since the set
of weights of V(0) in t is invariant under the Weyl group W, the module V(0)
is finite-dimensional, hence an irreducible module for ¥¢. Moreover, the Poincaré-
Birkhoff-Witt Theorem shows that the tg-submodules V(m), m € N, are finite-
dimensional.

We show by induction over k that the hermitian form on V' is positive definite
on the submodule V (k). Since the form is contravariant for 1.ty it suffices to check
positivity on the weight spaces V), for 1, @t, where p = (m, p, h) and Z;n:l m; = k.
Since these weight spaces can be decomposed as orthogonal sums, where each piece
is contained in an irreducible £¢-submodule on which, according to the uniqueness
of the form on irreducible submodules, the form is either positive or negative, it
suffices to assume that v, € V£ is a non-zero weight vector which is contained
in an irreducible éc-submodule. We may even assume that v, is a lowest weight
vector for the representation of £¢ on this irreducible submodule.

If £ = 0, then the positivity of the form on V' (0) follows from the positivity on
vy and the irreducibility of 1(0) as a t¢-module which implies the uniqueness of the
form up to a real scalar multiple. Thus we may assume that & > 0. We recall that
for each root oo € Ay the representation of L¥(«) integrates to a representation of
the associated simply connected group, so that for each reflection s, € Wag there
exists an operator s, on V leaving the form invariant and which has the property
that a

5. VE=Vizk

If o € AT, \ Ag, then a has positive energy. If p(ha) > 0, then
Sa-ft = B (g ho)a
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has lower energy. Hence our induction proves that

(Vs V) = (Sa-Vpu,s Sa-vpu) > 0.

Thus we may from now on assume in addition that p(hy) < 0 forall a € A"L'E \Ag.
Since our assumption that v, is a £c-lowest weight vector implies that p(hs) < 0

holds for all « € Ag’, we see that  is an antidominant weight.
Now we have

Qevy = (Wl = pll” = ||P||2)vg

and so we obtain with

N m
n, —n . d
Q=- E eje; —|—Qg—|—§ (I—i—zcj)@,

j=1n>0 j=1

and Lemma IV.12 that

because <ej_".vu, ej_".vu> > 0 by the induction hypothesis. To show that (v,,v,)
is non-negative, it now suffices to prove that ¢y > ¢,. In the notation from above
we have a

20ca —cu) = A= pll* =Nl = pll* = ~(A+p = 2p, = A).
This expression is positive because gt — A is a sum of positive roots, and
A+p—2p,a) <0

follows for each simple root a from the antidominance of A and p together with
the fact that (p,a) = 1. B

This proves that (vy, vy > 0. If (vu,v,) = 0, then we have equality in the
above chain of inequalities and hence =~

<e»_".vﬁ, e

r _".vﬁ> =0

J
forall j =1,...,N and n > 0. Thus v, is a lowest weight vector for the whole Lie

algebra Epole@. Since €2 acts by the scalar ¢y on V) and by the scalar ¢, on the
lowest weight module generated by v, (Lemma IV.12), we conclude that ¢y = ¢y,

contradicting the observation made above. This proves that (-, -) is positive definite
on V). [}
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We will see in Theorem V.6 that the antidominance of A € ffK implies the
existence of a lowest weight module satisfying the assumptions of Theorem IV.13.
In general not every lowest weight module with lowest weight A has this property.
For instance Verma modules do not (cf. [PS86]).

It is an interesting consequence of the assumptions (i) and (ii) in Theorem
IV.13 that the lowest weight module V) is irreducible. Otherwise there would be
a lowest weight module V, properly contained in Vy, and this is exactly what we
have shown to be impossible in the last part of the proof.

V. Representations of involutive semigroups

Before we start with the detailed analysis of the positive energy representations of
the group LK, we need some background from the abstract theory of representa-
tions of involutive semigroups. This background will make the constructions and
results in Section VI more transparent.

Definition V.1. An involutive semigroup is a semigroup S endowed with an
involutive antiautomorphism s — s, which means that (s*)* = s and (st)* = ¢*s*
holds for s, € S. ]

Example V.2. (a) If G is a group and 7 is an involutive automorphism of G,
then g* := 7(g)~! defines the structure of an involutive group on GG. A particularly
important case is 7 = id¢g. B
The examples that will play a central role in Section VI are the groups LK¢
with v* = =1, where ¢ — 7 denotes complex conjugation with respect to the real
form LK. Sometimes we will also consider the extended group T, x LK, with

(Re,v)" = (R-p, Ro.7").

Note that on the subgroup LK =T, x LK this involution is the inversion.
(b) Let g be a complex Lie algebra endowed with an involutive antilinear anti-
isomorphism w: g — g. Then w induces an involutive antilinear antiisomorphism
D — D* on the enveloping algebra ¢/ (g) satisfying X* = w(X) for all X € g.

If g = h is the complexification of a real Lie algebra, then w(X) = —X, where
X denotes complex conjugation, defines an involutive antilinear antiisomorphism
of g. Conversely, each involutive antilinear antiisomorphism w defines the real form
h={XegwlX)=-X} R

The example that will arise in Section VI is the Lie algebra g = Lt¢ with the
real form L.
(c) Let V be a pre-Hilbert space. We write By(V) C Endg(V) for the set of all
linear operators A on V for which there exists an operator A* € End¢(V) with
(Av,w) = (v, A*.w) for all v,w € V. Note that such an operator A* is uniquely
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determined by this property whenever it exists. It is easy to see that By(V) is an
involutive semigroup with respect to the involution A — A! and composition of
operators (cf. [Ne99, Lemma I1.3.2]). ]

Definition V.3. (a) Let M be a set. A function Q: M x M — C is called
a posilive definite kernel if for each finite subset {@1,...,2,} C M the matrix
<Q(xi’xj))i,j:1,...,n i1s positive semidefinite. This condition i1s equivalent to the
following one (cf. [Ne99, Th. 1.1.6]): There exists a Hilbert space H C CM with
continuous point evaluations represented by the functions Qg:y — Q(y, x), i.e.,
f(x) = {f,Qy) for all f € H. Then @ is called the reproducing kernel of H and
since H is, as a subspace of CM | uniquely determined by @, we put Hg :="H and
call it the reproducing kernel space associated to }. The dense subspace of Hg
spanned by the functions Q., * € M, is denoted 7-[%.

(b) A function ¢:S — C on an involutive semigroup S is called positive definite if
the kernel @: S x S — C defined by Q(s,t) := ¢(st™) is positive definite.

(c) Tf we have a left action S x M — M of an involutive semigroup S on the set
M | then a function @Q: M x M — C is called an invariant kernel if

Q(s.z,y) = Qz,s".y)

for z,y € M and s € S. This terminology 1s inspired by the group case where
g* = g7, so that invariance means that Q(g.z, g.y) = Q(=,y) for all g € G.

(d) If (S, %) is an involutive semigroup, then a morphism of involutive semigroups
S = Bo(V) is called a hermitian representation of S on the pre-Hilbert space
V. This means that 7 is a homomorphism of semigroups and that m(s)! = m(s*)
for all s € 5. ]

The following lemma relates the invariance of a positive definite kernel to the
existence of certain hermitian representations ([Ne99, Prop. 11.4.3]).

Proposition V.4.  Let Q) be a positive definite kernel on the set M and Sx M —
M a left action of the involutive semugroup S. Then @Q 1is invariant if and only if
the action of S on CM given by s.f(x) := f(s*.x) leaves the space

7-[% =span{Q,:« € M}

mvariant and defines on this spaces a hermitian representation (71',7-[%). In this
case we have m(s).Qy = Qs forx € X and s € S. ]

Remark V.5. We note that for each hermitian representation (7, V) of the
involutive semigroup S and v € V' the function defined by ¢, (s) := (x(s).v,v) is
positive definite.

If, conversely, S has an identity element 1 and ¢ 1s a positive definite function
on S, then the kernel defined by Q(s,t) := ¢(st*) is positive definite and invariant
under the left action of S on S given by s.z := zs*. Since ¢ = Q1 € 7-[% 1s
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contained in the corresponding pre-Hilbert space on which the action of S is given

by (s.f)(z) := f(xs), we obtain

(5.0, ) = (5.0, Q1) = (5.90)(1) = (5). "

So far these concepts do not refer to any topology or differentiable structure
on the semigroups or the spaces involved. Now we turn to the additional proper-
ties of the representation that will be available if the kernels of the actions have
additional regularity properties.

Definition V.6. Let M be a complex manifold (modeled over a sequentially
complete locally convex space). We write M for the same manifold endowed with
the opposite complex structure, i.e., the identity idy;: M — M is an antiholomor-
phic map.

A kernel @Q: M x M — Cis called holomorphicifit is holomorphic as a function
M x M — C. This means that it is holomorphic in the first and antiholomorphic
in the second argument. ]

Proposition V.7. Let () be a continuous positive definite kernel on the topolog-
wcal space M satisfying the first countability axiom. Then the following assertions
hold:

(1) The Hilbert space Ho consists of continuous functions on M and the inclusion
Ho — C(M) is continuous if C(M) is endowed with the topology of uniform
convergence on compact subsets of M.

(il) If G x M — M 1is an action of the topological group G on M leaving @
invariant, then (g.f)(x) := f(g~1.x) defines a unitary representation of i
on Hg which is continuous in the sense that the map G x Hg — Hg s
continuous.

Proof. (i) Since @ is continuous, we find for each compact subset ¢ C M a
constant ¢ > 0 with Q(z,z) < cfor all # € C. For f € Hg we then have

[F(@)] = K Q) < I N1Qell = I IVAQe, Q) = 1111V Q(x, ) < Vel ]|

This proves that the mapping Hg — CM is continuous with respect to the topology
of uniform convergence on compact subsets of M on the space CM . For each x € M
the function @,:y — Q(y, «) is continuous. Therefore the statement follows from
the closedness of C'(M) in CM which is the same as the completeness of C'(M) (cf.
[NeOOa, Prop. I1.12(i)]).

(i) For each pair x,y € M the function

G— C, g9 <g~Qxa Qy> = <Qg.xa Qy> = Q(y,g.x)

is continuous and since GG acts by isometries on Hq, it follows that the represen-
tation ¢ — U(Hq) is continuous if U(Hg) is endowed with the weak operator
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topology which on U(Hg) coincides with the strong operator topology. Hence it
suffices to show that with respect to this topology the action map

UMg) x Hg = Mg, (g,v)— g
is continuous. In fact, suppose that v, — v and g; — ¢g. Then

llgi-vn = g-vll < lgi-(vn — O)Il + [|(gi = g)-vll = [Jvn — vl + |l(gi- — g)-v[| = 0.
This completes the proof. ]

Proposition V.8. IfQ is a holomorphic positive definite kernel on the complex
Fréchet manifold M, then Hg consists of holomorphic functions on M and the
inclusion Mg — Hol(M) is continuous if Hol(M) is endowed with the topology of
untform convergence on compact subsets of M.

Proof. Since @ is holomorphic, it is in particular continuous, and Proposition
V.7 applies and shows that %o C C(M) and that Hg — C(M) is continuous
with respect to the topology of uniform convergence on compact sets. Now the
assertion follows from the observation that the dense subspace 7-[% consists of

holomorphic functions and the closedness of Hol(M) in C¥ | which is the same as
the completeness of Hol(M) (cf. [Ne0Oa, Th. ITI.9]). ]

VI. Borel-Weil theory

In this section we turn to the Borel-Weil theory for loop groups. This means that
we study representations that can be realized in certain homogeneous complex line
bundles for loop groups. One of the main points of these constructions is that once
the appropriate geometric information on this homogeneous space is available,
then everything works quite analogous to the finite-dimensional case.

First we explain how to construct certain complex line bundles parametrized
by the characters A of the torus 15, We then study the corresponding represen-

tation of LK in the space I') of holomorphic sections. Finally we derive a criterion
for the corresponding space to be non-zero (Theorem VI.8). In Section VII we will
see that in some sense the representations obtained by this construction exhaust
all irreducible representations with positive energy.

We recall how the fundamental homogeneous space LK /Tk of the loop group
LK can be realized as a homogeneous space of the complexified loop group LK.

Definition VI.1. Let B} C K¢ be the Borel subgroup with the Lie algebra
[13' = t@@ZaeAJf €2, i.e., the Borel subalgebra of £ corresponding to the positive
t
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system A;". We write NOi C K¢ for the nilpotent subgroup corresponding to the
nilpotent Lie algebra
e Y e

ocEAg:

In LK¢ we consider the subgroup BT consisting of all smooth boundary
values of holomorphic maps v: {z € C:|z| < 1} — K¢ with y(0) € B Its Lie
algebra is given by

bt = {szak € Lec:ag € to,ap € [;3’}
k=0

Likewise we consider the subgroup N~ C L K¢ consisting of all smooth boundary
values of holomorphic maps y: {z € C: |z] > 1} U{oc} — K¢ with y(o0) € Ny . Its
Lie algebra is given by

no o= {szak € Ltc:ag € e, ap € na}.
k<0

Similarly one defines the subgroup Nt := {y € B*:4(0) € N} with the Lie
algebra

nt = {szak € Lec:ag € be,ap € né’}.
k>0

The appendix of [GW84] contains a detailed discussion of this group.
The inclusions NOi — N* (as constant maps) are homotopy equivalences via
the map

H:N*x[0,1] =5 N, (7,0) = (2 = 7(t2), |2 < L.

Since NOi are unipotent, hence contractible, it follows that the groups N* are
contractible and in particular simply connected. ]

Proposition VI.2.  The following assertions hold:

(i) The exponential functions of the subgroups Bt and N~ are local diffeomor-
phisms in 0.

(i) The multiplication map N~ x Bt — LK¢ is a diffeomorphism onto an open
subset of LK¢.

(iii) BY LK = Tx.
(iv) The group LK acts transitively on LK [Tk, which leads to a diffeomorphism
Y = LK¢/B* = LK/Tx.

Proof. [PS86, Th. 8.7.2). .
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We write ¢: E~K@ — LK¢ for the quotient mapping defining the central ex-
tension (2.6). Let K¢ := ¢~ (K¢) and Tg := ¢~ 1(7¢). Then

(1} = (T)e = C Re—1 Ko — {1}

is a central extension of the connected complex group K¢ whose Lie algebra cocycle
is trivial. If K and hence K¢ is simply connected, then this extension splits, and
K¢ =2 K¢ x (T¢)g, where K¢ = (K¢, Kg) is the commutator subgroup. In this
case we also have B

Te =210 x (Tc)@ = (T X Tc)(c.

Now let A € ffK be a character which 1is trivial on the rotation group T,.

Then A extends to a holomorphic character of the complexification T@ = Texp(iﬁ’z).
Since the following diagram which is defined by the evaluation and inclusion mor-
phisms in the bottom row and the corresponding pullbacks in the top row is
commutative, we have a holomorphic homomorphism Bt & T which permits us
to extend holomorphlc characters from T¢ to B+ by pulling them back.

Bt — Bf — s T¢ <= LK¢

I I [l

Bt —— Bf=NfxTq —— T¢ < LK¢.

Definition VI.3. In view of the preceding discussion, we may consider A as a
holomorphic character of the group BT. Let

Ly = L[x@ x5, C— LA@/B"’ ~ LK¢/Bt =Y.

denote the associated holomorphic line bundle, i.e., the quotient of EKC x C modulo
the action of BT which is given by

b.(g,2) = (gb™", Ab).2).

The coordinates on this bundle can be obtained by using Prop081t10n VI.2(ii).

Since the central subgroup C* = (T¢)¢ of LKg is contained in B"’, we obtain a
natural isomorphism B B
LKc¢/B* = LKc/BY. .

Lemma VI1.4. The natural holomorphic action of the complex group EK@ on the
bundle Ly can be extended to the group T, x LK¢ by holomorphic automorphisms
via

Ry.[g,2] :=[Re.9,2].
Proof. First we observe that A(RgbR_y) = A(b) for all b € B+ follows from the
fact that T, acts trivially on T x T.. We let T, act on LK¢ x C by Ro.(g,72) =
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(Rg.g, z), where the action of T, on EK@ 1s the canonical lift of the rotation action
on LK¢ (cf. Section II). Then

Rg.(b.(g, z)) = Rg.(gb_l,A(b).z) = (Regb_lR_e,A(b).Z)
= (RogR_gRgb™ ' R_g, A(Rg.b).2)) = (Rg.b).(Rs.(g,7))

implies that the action of T, on EK@ x (C factors to an action on the bundle L)
given by Rg.[g, 2] := [Re.g, z]. This is an action by holomorphic automorphisms.
We thus obtain an action of the group T, X EK@ by holomorphic automorphisms
of the bundle Ly over LK¢/B*. ]

Lemma VL5. Let I'y denote the space of all holomorphic sections of Ly. We
identify this space with a space of holomorphic functions on LK¢ by assigning to
a section s: LK¢ — Ly the function f, € Hol(LKc) defined by

s(gB*) = [g, f(9)]-

Then a holomorphic function f on EKC defines a section of Ly if and only if

[p=", flgb™ )] = [g, f(9)]
fordllb e Bt and g€ EKC, and this is equivalent to
Flgb™") = A(b)f(9)
forg € LK¢, b € B*. m

Proposition VI.6.  We endow the space HOI(EK@) with the topology of uniform

convergence on compact sets. Then the following assertions hold:
(1) The space HOI(EK@) is a complete locally conver space, the natural action of
T, x EK@ winduced by the action on EK@ 1s continuous, and the action map

LK¢ x Hol(LK¢) — Hol(LK¢)

1s holomorphic.
(ii) The subspace T'y C HOI(EK@) is a closed left invariant subspace, hence a
complete locally conver space.
Proof. (i) The completeness of HOI(EK@) follows from [Ne0Oa, Th. TTT.11] be-
cause EKC 1s modeled over the Fréchet space EE@. The remaining assertions follow
from [Ne0Oa, Th. TIT.14].
(ii) This follows from the fact that the functions f € T'y are characterized by the

condition that for all b € BT and g€ LK we have Fgb=hy = A(D) f(9g). ]
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Remark VI.7. We note that multiplying the character A with a character x € TATT
of the group T, of rotations corresponds to tensoring the corresponding represen-
tation of LK with the one-dimensional representation defined by the characer of
x of T, = LK/LK. Therefore we may w.l.o.g. assume in the following that A is a
character of the form (0, A, &), i.e., trivial on T,. [

Theorem VI.8. If A = (0,\ h) and I'y # {0}, then the following assertions
hold:
(i

) A is antidominant.
(i1) The representation of LK on I’y is a positive energy representation.
)

(iii) Tx(0) is an drreducible representation of K x T. of lowest weight (X, h).

iv) If p 15 a weight of 'y, then i — A is a sum of positive roots.

(v) The module T'y is of finite type in the sense that dimT 'y (n) < oo holds for all
n € N.

(vi) Ty contains up to scalar multiple exactly one lowest weight vector f. As a

function on EKC, this function is characterized by
(6.1) Fmm®) = A1) f(1)

formme N, te T@ and nt € NT.

Proof. (i) Let o = (k,«a) € A"L'E and Kg(a) C EK@ the corresponding 3-di-
mensional complex subgroup. Since I'y is a left invariant subspace of HOI(EK@),
our assumption implies that it contains a function f with f(1) # 0.

The subalgebra b(a) := Ch, + t2z% is a Borel subalgebra of the three-
dimensional simple complex Lie algebra t¢(a). Let B(a) denote the corresponding
Borel subgroup of K¢(a). Then the restriction of 'y to K¢(a) is non-zero and
contained in the space

I(a) := {f € Hol (Kc(a)): (Vb € B(a))f(gb™") = A(b) f(9)}-

Now the finite-dimensional Borel-Weil Theory shows that the fact that this space
is non-zero implies that A(hy) € —INg. We conclude that A is antidominant.

(ii) If N~ is the subgroup defined above, then we will need the fact that U :=
N=B*T/Bt C Y := LK¢/BT is an open dense subset and that N~ can also
be identified with a subgroup of the central extension EK@ because the cocycle
defining the central extension is trivial on its Lie algebra n™, and the group N~
is simply connected, so that N= = C* x N~. Here we refer to [Ne0Ob, Th. V. 4]
for the fact that central extensions of simply connected Lie groups with trivial Lie
algebra cocycles are trivial.

Now we consider the following sequence of maps:

(6.2) FALHOI(N‘)LHOI(V)%HS”(n_)’,
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where off) = f|n- is the restriction map, 8(f) = f o expy-, where exp:n™ —
N~ is the holomorphic exponential function of the group N~ which is a local
diffeomorphism (Proposition VI.2) and v is defined by the Taylor expansion of a
holomorphic function on the complex Fréchet space n™, where S? (n™)’ denotes the
vector space of symmetric p-linear continuous maps (n™)? — C. Let ® := yoFoa.
Since U = N™Bt /BT isopen in Y = LK¢/B*, the set N~ Bt C LKc is open.
Hence the maps « and /5 are injective. Moreover, if f € Hol(n™), then f is uniquely
determined by its Taylor expansion because this holds for the restriction of f to
each one-dimensional subspace. Therefore @ is a T,-equivariant injection

Ly — [[ s ().
p20

Next we explain how the action of the torus 7%, on I'y can also be seen
on the spaces on the right hand side of (6.2). If s is a section of Ly and f the

corresponding holomorphic function on EKC, then ¢ € 77, acts on s via
(t.s)(gBY) :=ts(t™'gBT) = t.(s(t_lgtB'I'))
= [t gt f(tT gt)] = [gt, F(E gt)] = [9, M) F (¢ gt)].

Thus « is equivariant with respect to the action of 1%, on Hol(N ™) given by

(L1)(n) = A St n).

Similarly § is equivariant with respect to the action of 17, on Hol(n™) given by

(t.F)(X) = A) F(Ad(t1).X).

Since the spaces SP(n~) are subspaces of Hol(n™), this formula also defines an
action of 7% - on these spaces, hence on their cartesian products, and we see that
§ and v are equivariant with respect to these actions.

To see that the module I'y is of positive energy, it now suffices to see that
the module on the right hand side has this property because @ is injective and
T,-equivariant. In view of A = (0, A, h), for ¢t € T, we have

t.HIX) = f(Ad(t_l).X).
The t.-weights for the action on the space
nT=ng 4y ted
k<0

are contained in —Ng, so that the corresponding action on the dual has weights in
Ng. So the weights on the spaces SP(n~) are sums of non-negative integers and
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therefore non-negative integers. This shows that the representation of T, on the
product of the space SP(n~)" has only non-negative weights. This proves that I'y
is a positive energy module.

(iii) The T-equivariance of ® implies that it maps I'y(0) into

(II s"@y)o = IT s* vy = IT 8" (n5)'0).

pENg pENg pENg

We conclude that each function f € T'y(0) restricts to a function on N~ which
factors over the evaluation morphism N= — N,y — y(oo) (cf. [NeOOa, Prop.
IV.9(ii)]). Hence the K x T .representation on the space I'y (0) can be realized on
the space Hol(Ny ), where it corresponds to the action of K x T. on the space
F(()A,h) of holomorphic sections of the bundle

Lony = Ko x gt C— K¢/Bf.

The Borel-Weil Theorem for finite-dimensional groups now implies that the rep-
resentation of K x T. on F(()A,h) is irreducible with lowest weight (A, k). Since
'y (0) embeds into this space in a (K x T.)-equivariant way, we conclude that the
embedding is surjective, which proves (iii).

(iv) In view of the T j-equivariance of @, it suffices to prove the corresponding
statement for the representation of 7%, on HpeN SP(n).

The weights for the adjoint action of 7%, on the symmetric algebra S(n7)
are given as sums of negative roots in A7,. Hence the weights on the dual space
are sums of positive roots and so the same holds for the weights on the product
[Iex SF (n7)". This proves (iv).

(v) First we note that the subspace T'y(n) is K¢-invariant for all n € N. Since the
group K is compact, the Big Peter-Weyl Theorem ([HoMo98, Th. 3.51]) applies
to the representation of K on this space and shows that the sum of all irreducible
finite-dimensional subspaces is dense. The representations of K¢ on these spaces
are lowest weight representations. Thus each one contains a one-dimensional sub-
space of N -fixed points. Therefore to show that I'y(n) is finite-dimensional, it

suffices to show that the subspace Fi(n)ND_ of Nj -fixed vectors in this space is
finite-dimensional.

To see how this space looks like, we follow the action of Ny through the
mappings a, 8 and . The action of N~ on Hol(N ™) which makes « equivariant
is simply the action by left translations (n.f)(z) := f(n~'z). Hence the Nj -fixed
points are the functions which are invariant on the N -right cosets Ny n,n € N~.
Since N~ = N; x Ny is a semidirect product, where N C N~ is the kernel of
the natural map to Ny, the N -fixed points correspond to functions on the group
N7 with Lie algebra

n = Z?@Zk = e ® Z_l(j[z_l].
k<0
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Form that we conclude that the weights of T, on this space lie in —N| hence that
the weights of T, on SP(n] )" are contained in p + IN. Therefore

(II "))y = T $"np) (m) = 3 % (np ) ().

pENo pENo
Further
' () € (n)% = (k)" @ (= =)
and
(k)7 © (7 CETN ) (=n) = (8)°" @ P,
where P, is linearly isomorphic to the space of all polynomials in zl_l, ce zp_l of

degree n. Since this space is finite-dimensional, the spaces SF(n] )/ (n), p < n, are
also finite-dimensional, and thus Fi(n)ND_ is finite-dimensional because it embeds
in a finite sum of these spaces. B
(vi) If f € T is a lowest weight vector, then on the open subset N™Bt =
N-TgN* C LK this function satisfies (6.1) because n~.f = {0} implies that
f is constant on the cosets N~g of N~ (cf. [NeOOa, Prop. IV.9(ii)]). We conclude
in particular that f is uniquely determined by f(1).

To prove the existence of f, we recall from (iii) that the representation of

K x T, on I'y(0) is an irreducible representation of lowest weight (A, k). Using

Proposition IV.6, we find a lowest weight vector f € I'y(0) for LK. This proves
(vi). ]

Theorem VI.9. IfT') # {0}, then the following assertions hold:
(i) The module T'y is essentially unitary in the sense that there exists a dense

LK -invariant reproducing kernel Hilbert space Hy C I'yx on which LK acts
continuously by an irreducible unitary representation.

(i1) The representation of LK on 'y is irreducible.

(iii) The antidual F&, 1.€., the space of all continuous antilinear functionals on
L', can be identified with a subspace of Hy in such a way that it contains the
dense subspace HS spanned by the point evaluations.

Proof. In view of Remark VI.7, we may w.l.o.g. assume that A = (0, A, h). Let
I'(0) :==T'5(0) C T :=T'y denote the energy subspace of degree 0. Using Theorem
VI1.8(vi), we choose a lowest weight function f € T'(0) which is normalized by
f(1)=1.

As a crucial piece of the proof, we will show below that the function f is a
holomorphic positive definite function on the complex group LK¢ endowed with
the antiholomorphic involution given by g* := 7', where 7 denotes complex con-

Jjugation with respect to the real subgroup LK. The differential of this involution
is an antilinear involution on the Lie algebra level which is denoted X — X*. For

46



X € Lt we have X* = —X. Since A(t*) = A(t) for all t € Te, and (Nt = N~,
formula (6.1) implies that

(6.3) flg") =1(9)

for all g € N~ B* and hence for all g € EK@ because both sides are antiholo-
morphic function which agree on an open subset of LK¢ (cf. [NeOOa, Lemma
TIT.13(ii)]).

For b € Bt this implies that

(b-H)g) = F(b7g) = fg=0) = A=) f(g7) = A= 1) f(9),

le.,

(6.4) bf = A0S

Now let I't denote the antidual of the locally convex space T, i.e., the space
of all continuous antilinear functionals I' = C. We define a map

8:T! — Hol(LK¢), B(a)(g) := a(g.f).

Since the orbit map EK@ — T'yg — g¢.f is holomorphic (Proposition VI.6) and
g — g is antiholomorphic, the functions 3(a) are indeed holomorphic functions on
EKC. We claim that 3:T" — T'is an E[(@—equivariant map, where EK@ acts on
I'* via (g.a)(v) := a(g*.v). For the continuity of this action we refer to [Ne(0a,
Lemma IV .4(ii)].

The inclusion 8(«) € T follows from the observation that for b € Bt and
g € LK¢ we have in view of (6.4):

-1

) = a(@Ab).f) = Ab)a(@.f) = A(b)B(a)(g)-

The equivariance of 3 follows from

(9-8(0)) (x) = Bla)(g™ x) = a(f~'T.f) = (9.0)(T.f) = Blg.0)(x)

Bla)(gb™") = a(gb

for ¢ € EKC. The continuity of the representation on I' implies that for each
compact subset C' C LK the subset C.f C T' is compact (cf. Proposition IV.1),
hence that 3 is continuous.

Now we can define a sesquilinear form on T'! by

(a,a’) = a(ﬁ(o/)).

Note that this form is sesquilinear because J is linear and « is antilinear. Qur
major goal is to show that this form turns I'! into a pre-Hilbert space such that
the representation of LK is hermitian (cf. Definition TV.3(d)).
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First we show that this form is hermitian. For g € EK@ let o, € I'* be defined

by §(g)(f) = f(g). Then

(89, 84') = 34 (B(d4)) = B0y )(9) = 0 (7.f)
=@ N =1g"d) = [g"9) = {6y, 0g).

We endow the space 't with the topology of compact convergence. Then the form
(-, ) is separately continuous in each argument. In fact, the continuity in the first
argument is trivial, whereas the continuity in the second argument follows from
the continuity of 5. B

The subset {d,:9 € LK¢} C I'! spans a dense subspace because its annihi-
lator in T is trivial and T' can be identified with the antidual of T'* ([Ne0OOa, Th.
T1.8(ii)]). This proves that

<69’ O/> = <O/’ 69>

holds for all ¢ € EKC, o' € I'", and applying the same argument a second time,
that
(o, af) = <O/’ a)

for a,a’ € T*, i.e., that (-,-) is a hermitian form on T*.
That the representation of LK¢ on I'f is hermitian with respect to this form
follows from

(9., ) = (g.oz)(ﬁ(o/)) = a(g*ﬂ(o/)) = a(ﬁ(g*.o/)) ={a,g*.a")

for o, 0/ € T" and g € EKC, where we have used that £ is equivariant.

The hardest part is to show that the hermitian form that we have constructed
on I'! is positive definite. This is the point where we have to use the essential pieces
of information from Lie algebra representation theory and in particular Garland’s
Theorem. We write I['#(n) C T* for the energy subspace of degree n with respect
to the action of T, defined by (¢.a)(v) := a(t~!.v). Then the sesquilinear pairing
I'* x I' — C is invariant under T, and so we see that (I'(n), ['(m)) # {0} implies
n = m. Since all the spaces T'(n) are finite-dimensional (Theorem VI.8(v)) and
their sum is a dense subspace of I', we conclude that ['*(n) = I'(n)!, hence that
['*(n) is finite-dimensional.

The Lie algebra E?@ acts naturally on HOI(EK@) by right-invariant vec-
tor fields which 1s compatible with the derived action of the Lie algebra on T’
(cf. Proposition VI.6). Since the elements of the Lie algebra act by continuous
endomorphisms of I' = I'*°, where the latter space carries the subspace topol-
ogy of C®(LK¢,T) (cf. [NeOOa, Rem. IV.7]), they also act on I'* C T~ by
(X.a)(v) := a(X*.v), where X* = —X and '™ := (I'®)! denotes the space of
all continuous antilinear functionals on ', Since for this action the map

Lt @™ — [~

48



1s also T,-equivariant, it follows as in Lemma IV .4 that the finite energy subspace
I'=° is invariant under the subalgebra L ,1fc. Note that the finite dimensionality
of the subspaces ['~°°(n) = T'(n)* implies that ['=°°(n) = T'*(n), hence that '~ =
It

We write I/ C ' for the Lpoitc-submodule generated by d1. From

(t.61)(h) = 81 (¢~ .h) = = LR)(1) = h(1) = 61 (h)

fort € T, and h € T' we conclude that §; € Fu(O), hence that F'is a T,-submodule
of T,

We claim that F is dense in T, First we show that F is E[(@v—invariant. The
annihilator F+ of F in [ is clearly invariant under the Lie algebra Lyqi€c. Since for
each v € T the orbit map Lt¢ — ', X — X.v = dpy (1)(X), where Puig ﬂ(g) v
is the orbit map, is continuous ([Ne00Oa, Cor. IV.6]), the den51ty of Lpolﬁc in Leg
(Lemma IT1.1) implies that for each v € FL we also have LE@ v C F* ie., that
FL is invariant under LE@ In view of the fact that L[x@ has a good exponentlal
function (Theorem II.1), and the orbit maps of elements in T C Hol(LA@) are
holomorphic, [Ne0Oa, Th. II1.11] implies that F1 is also invariant under the group
LKc. Further duality implies that F = (F1)* is invariant under LK¢ (cf. [NeOOa,
Th. T1.8(ii)]). Since F' C T' contains the functional dy: f +— f(1) which clearly is
cyclic for LK¢ because the annihilator of its orbit is trivial, we see that F'+ = {0}
and thus F is dense in I'f,

If there exists an n € Ny with ['*(n) ¢ F, then we find a non-zero element
v €T (n)N FL = {0}. So we even see that F' = I'!| i.e., the finite energy subspace
of I't is a cyclic E?@—module.

We want to apply Garland’s Theorem (Theorem IV.13) to see that the hermi-
tian form on F' = I'! is positive definite. For that we have to note that by a similar
argument as for the rotation group T, the action of the m-dimensional torus T,
on LK lifts to an action on L[x@ leaving B* and the character A invariant. Hence
it induces an action on the bundle L) and also on the space I'y of holomorphic

sections. In this sense we can think of I'! as a lowest weight module of the extended
Lie algebra IT X Lpoitc. Now Garland’s Theorem applies and shows that the form
on I is positive definite.

This has several consequences. The kernel of 3 is a closed T,-invariant sub-
space of T, so that

ker gNTH = Z(ker B3)(n)
neN

is dense in ker 3. On the other hand B(a) = 0 means that {a,'*) = 0. Therefore
the positive definiteness of the hermitian form on I'f entails that ker 8 does not
intersect T, hence that 3 is injective. The fact that 3 is injective on each finite
energy subspace I'f(n) entails in particular that B(Fﬁ(n)) = T'(n) for all n € Ny,

and thus B(I'") = T'. Further ﬁ(él)( Y =61(3.F) = f(g*) = flg), ie, B(61) = f
which shows that T is a cyclic Lpolﬁc module generated by the functlon I
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To see that (-,-) is positive definite on T* let o € T* and a,, € T*(n) its
restriction to the subspace I'(n). Then f(a) = > . B(@)n converges in I' because
it is a smooth vector for the representation of T, (cf. [Wa72, Th. 4.4.2.1]), and so

(@0) = a(f(0) = 3 a(fan) = 3 {anan) > 0

neENg n€Ng

because the restriction of (-, ) to I'! is positive definite. The preceding formula
also shows that I'! is dense in the Hilbert space completion of T with respect to
{-,-), and therefore that I'* is also dense in T'* with respect to the corresponding
norm.

For g € LK¢ we have (9.61)(h) = d1(¢*.h) = h(7), 1.e., g.01 = bg. Therefore

(g.81,81) = (65, 61) = 05(8(61)) = 65(F) = @) = f(g™ ).

Hence f(s*t) = (t715.61,61) = (5.61,.81), and we see that f is a positive definite
function on the involutive group EKC. Let Hy C HOI(EK@) denote the correspond-
ing reproducing kernel Hilbert space with kernel Q(s,t) := f(t*s) (cf. Proposition
IV.8). This kernel @ on EK@ is left invariant, i.e.,

Q(sz,y) = Q(z,s7y)

for s,z,y € LKc. Therefore the left translations (9./)(x) := f(g7'z) define a
natural hermitian representation of LK¢ on H{ which, according to Proposition
IV.7, yields a continuous unitary representation of LK on the Hilbert space H .
The functions @, s € LK, are given by ¢t — Q(t,s) = f(s*t) = (5.f)(1), i.e,
Qs = 5.f. From the left invariance of I' and f € I' we now obtain H$ C T,
and since I' is closed (Proposition VI.6(ii)) and Hy — HOI(EK@) Is continuous
(Proposition IV.8), we see that H, C I' with a continuous inclusion map.

Next we claim that g(T'") C H. Let v It — = H denote the antiadjoint

of the continuous inclusion map H < I'. For each s € EK@ we then have

Y(@)(s) = (v(a),5.f) = a(5.f) = B(a)(s).

This shows that
B(LF) = 4(T) C Ha.

Now we can show that the representation on I is irreducible. Let W C T" be a
closed LKg-invariant subspace. If d1 (W) = {0}, then W C §1% and the fact that
§1 € 'V is cyclic shows that W = {0}. If 61 (W) # {0}, then W(0) # {0}, and since
T'(0) is an irreducible K-module (Theorem VI.8(iii)), we see that f € V(0) = W(0).
Then T' = U(Epolﬂc).f C W, and therefore I' C W and the closedness of W finally

show that W = TI'. The same proof shows that the representation of LK on the
Hilbert space H, is irreducible. ]
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Corollary VI.10.  FEvery holomorphic function on EK@/E"’ ~ LKc¢/BY is
constant.

Proof. For A = 0 we have
I = Hol(LKc/BY).

Now the subspace of constant functions is a L K-invariant subspace, and, on the
other hand, Theorem VI.9(ii) asserts that LK acts irreducibly on I'y. This implies
the assertion. ]

Remark VI.11. In the proof of Theorem VI.9 we have seen that the complex
group acts on the spaces I'y and therefore on the antidual spaces F&. Moreover,
the construction of the Hilbert space # also gave us a hermitian representation of

EK@ on the dense subspace of ) generated by the point evaluations. The whole
framework 1s described by the triple

Fgf—>%i<—>ri.

_ As the general theory of hermitian representations shows, an element g €
L K¢ acts continuously on this pre-Hilbert space if and only if it leaves the Hilbert
space H invariant (cf. [Ne99, Prop. I11.4.9]). For an element exp iX, X € tg, this
happens if and only if the set of weights 1s bounded from below on X. ]

Up to this point we have always studied the spaces I'y under the assumptions
that they are non-zero. Now we will show that the necessary condition of the
antidominance of A that we have encountered in Theorem VI.8 1s sufficient for the
non-triviality of the spaces I'y.

Theorem VI.12. For)e ffK the space L'y 1s non-zero if and only if the weight
A 1s antidominant.

Proof. [IfT) is non-zero, then Theorem VI.8(i) states that A is antidominant.
Suppose that ) is antidominant. We have to show that there exists a non-zero
function in I'y. We will construct such a function f with the additional property
that f is N~ -invariant.
Let w € Npg(T) be an element representing the corresponding element [w]
of the Weyl group Wag = T' x We. Then the Bruhat decomposition of LK yields
a decomposition

Y = LK¢/Bt = U w.U,

[W]EWase
where U = N~ Bt /BT C Y is the open subset, and w.U = (wN~w~™!).y, with
Yw = wBT € Y are other open domains in Y over which the bundle is trivial

([PS86, Th. 8.7.2]). We write
wN~w™ = Nj Ay
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with
]\L;:N‘ﬁw]\f_w_1 and A, = NtnwN~-w™!

where A, 1s a finite-dimensional nilpotent group whose dimension is the length
[([w]) of the Weyl group element [w] ([PS86, Th. 8.7.2]). We are looking for a family
of holomorphic functions f,:wN - w™! — C which define a holomorphic section
of the bundle Ly — Y in the sense that for each w the function f,, is obtained
from trivializing_the bundle Ly over the open set wN~-w by = wN "y = w.U.
Since, in addition, we want the functions f,, to be N -invariant, these functions
will be determined by their values on the finite-dimensional group A, .
From the Bruhat decomposition we know that

dim Ay = codimy- N = codimy (N, .yy) = codimy (N~ .y ),

where N .y, is a stratum of the Bruhat decomposition ([PS86, Th. 8.7.2]). We
also use this reference to see that

w.U N ( U w/.U) =w U\ Ny = (wNw ).y \ N9
(wD)<i([w])

and that the action of A, on the domain w.U yields a diffeomorphism with A,, x
N7y =2 Ay x Ny . By induction we thus have a function on the domain

WU\ N™ o = (A \ {1}) x N

Now we construct the function f,, on the group A, by induction over the
length {([w]) of the Weyl group element [w]. We put f1 = 1lon N~ = U = N~ .y,
where A7 = {1}.

If [([w]) = 1, i.e., if w = 54 is a reflection corresponding to a simple root a,
then we can calculate explicitly in SL(2,C). Here e, corresponds to the matrix

0 1
(0 0),sothat
Ay = exp(Cey) = { (é i) :zEC}

and exp(zeq) .y ¢ U if and only if z = 0. From the relation

b D)= )0 =6 )

in SL(2,C) we obtain

exp(zeq)w = exp(—z_le_g)ha(—z) exp(—z_leg),
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where ho(z) denotes the image of the matrix (8 291) under the natural mor-

phism SL(2,C) — EKC(Q). We recall from (1.1) in Section T that

A(ha(z)) = zi(hg) .

Now we observe that the point
lexp(zeq)w, z] € LK X5y C=1Ly
is the same as
[exp(zeq)w, 2] = [exp(—2 " e—g), Alha(~2)) 2] = [exp(—2 " eog), (—2)2 " e)a].
In particular we obtain for z # 0:

lexp(—2""e_g), 1] = [exp(—z""e_y), f1(exp(—2"e_q))]

= [exp(zeq )w, fw(exp(zeg))] = [exp(—z_le_g), (—z)i(hﬁ)fw (exp(zeg))],

Juw (exp(zeg)) = (—Z)_<A7hg>.

In view of A(hy) € —Ng, the function on the right hand side is a polynomial, hence
extends from C* to the whole complex plane.

If {(w) > 1, then dim A,, > 2 and we can use Hartog’s Theorem to extend the
holomorphic function given on the finite-dimensional complex manifold A, \ {1}
to a holomorphic function on A, which we then use to obtain a left N -invariant
function f,, on wNw~! which is consistent with all the functions f, for {([w']) <
[([w]). By the uniqueness of analytic extension, this also implies that this function
is consistent with other functions f,,» with {([«’']) = {([w]) which have already been
constructed. This completes the proof. ]

Theorem VI.12 rounds off the picture presented in this section in the sense
that it is a characterization of those cases where the space I'y is non-trivial. To-
gether with the structural information on these spaces obtained in Theorem VI.8
and V1.9, we have quite a good picture of the representations in the spaces I'y.

VII. Consequences for general representations

In this section we will see how Theorems VI.8, VI.9, and VI.12 from Section VI can
be used to obtain information on the general positive energy representations of the
groups LK and LK. More precisely, we will see that for any smooth irreducible
positive energy representation a dense subspace can be embedded into some I'y.
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Proposition VIL.1.  Let (m, V) be a smooth positive energy representation of
EK, V= the antidual of V™, and ¢ € V™ a lowest weight vector of weight A
for the representation of Lec. Then the prescription ®(v)(g) := c(g~'.v) defines a
continuous equivariant map

V™ 5Ty CCP(LK).

Proof. We recall that V'~ denotes the space of all continuous antilinear func-
tionals on the locally convex space V. The continuity of the inclusion map
Ve — V ([NeOOa, Rem. IV.7(b)]) then yields a natural map V*# — V~=°°. Since
the representation (r, V) was assumed to be smooth, i.e., V' is dense in V, this
map is injective, and so we can think of V1 as a subspace of V~°°. Then we have
a natural action of the Lie algebra Ltc on V™% by (X.«)(v) := a(X*.v), where
X* = —X (cf. [NeOOa, Cor. IV.6]).

Next we note that LK acts continuously on V= by (g.a)(v) := a(g~t.v) (cf.
[NeOOa, LemmaIV.4(ii), Prop. IV.5]). We may w.l.o.g. assume that 0 is the minimal
non-zero energy degree (Remark VI.7). Then the subspace V~°°(0) = V°>°(0)" is
invariant under the action of the compact subgroup K. Let M C V(0)~° be an
irreducible subspace for K and ¢ € M be a lowest weight vector of lowest weight
A = (0, A, h) for the corresponding representation of £¢ with respect to Ag’. Then
we define a linear map

V™ - C®(LK) by ®(v)(g) :=e(g-L.v)

which is continuous because inversion induces a continuous endomorphism of
C*®(LK,V), the topology on V°° is defined by the embedding into C*° (LK, V),
and for each continuous linear functional o on V' the corresponding natural map
C®(LK,V) = C™(LK), f = ao f is continuous.

For t € T, we further have

O(v)(gt™") = eltg=v) = (171e) (g7 v) = At~ He(g= 1 v) = A1) B(v)(9).

This shows that ®(v) € C'OO(EK) represents a smooth section of the bundle I'y —
LK/Tg =Y.

Now the construction of € and the fact that (7, V') has positive energy implies
that ¢ € V7 is a lowest weight vector for the representation of the Lie algebra
Lec. If X is the left invariant vector field with X (1) = X, then

~ d d
el - = _ -1
X.®(v)(g) Zleco P(v)(gexptX) = Zleco 6(exp( tX)yg .v)
= —E(X.(g—l.v)) =(X.e)(g~tw)
and by complex linear extension, 1t follows that

X8(v)(g) = (X2 1)
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for all X € EE@. For X € bT this leads to
X.®(v) = A(X*)®(v).

These differential equations characterize the holomorphic section of the bundle
[ — LEK¢/B* among the smooth sections (cf. [PS86, p.222]), whence &(V>°) C
Ty ]

Let us assume that V' is an LF space ([Ne0Oa, Def. I1.1]) and that € is con-
tained in the subspace V! C V7= of those functionals which extend continuously
to V. If we endow I'y C Hol(LA@) with the subspace topology, i.e., the topology of

uniform convergence of compact subsets of L[x@ resp. L[x then @ is continuous. In
fact, for the element ¢ € V¥ the orbit map LK — V! is contmuous with respect to
the topology of compact convergence ([Ne0Oa, Lemma IV.4(ii)]). Hence the image
of a compact subset of LK is a compact subset of V! therefore equicontinuous
because V' is an LF space and hence barreled ([NeOOa, Prop. I1.2(vi), IT.11(iii)]),
so that convergence in V' implies uniform convergence on this compact set.

Corollary VII.2.  For each smooth irreducible positive energy representation
there exists a dense invariant subspace Vy C V' which injects in an equivariant way
in the irreducible unitary representation (mx, Hy) on the Hilbert subspace Hy C T'y.

Proof. According to Proposition VII.1, we have a continuous injection ®: V> —

I'y. Then ® maps the dense finite energy space V' into F>\ = 7-[>\ This shows that
Vo i= @~ (7—[>\) C V™ is a dense invariant subspace. This proves the assertion. m

If (w7, V) is a smooth positive energy representation and ey € Vs a lowest
weight vector with respect to the action of the Lie algebra on V! then the ray
[ea] € P(VH) vields an equivariant map

LE/T= LE/T = P(VY), ¢Tw g.e].

Thus one obtains a realization of the representation in the space I'y. This is the
geometric picture corresponding to the construction of Proposition VII.1. For a
more detailed discussion of this construction we refer to Section V in [Ne00a].
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