New Results on Wave Diffraction by Canonical Obstacles

ERHARD MEISTER, ALEXANDER Passow, KLAUS ROTTBRAND

Reaching back to A. SOMMMERFELD’S habilitation thesis [30] in 1896 mathemati-
cal diffraction theory started by formulating boundary and transmission problems for
wave equations in canonical domains with semi-infinite boundaries, like planes, wedges,
half-planes, cones, octants etc. During the last decade different boundary-transmission
conditions were involved and explicit form solutions found using integral transforms and
factorization techniques for Fourier symbols.

Recently some new results concerning aperiodic scalar initial boundary-transmission
problems for half-planes and wedges are obtained using generalized plane wave represen-
tations and various electrodynamical time-harmonic boundary value problems are solved
in explicit form now. They close in some sense a gap between the Wiener-Hopf and
Maliuzhinets approach.

1. Introduction

The geometrically and analytically simplest diffraction problems arise in the
following way:

Definition 1.1. Let there be given (at least) two piece-wise smoothly bounded
domains Q; = Q and Qy = Q' = IR" \ Q, n = 2, 3; constants ki, ks € €4, ¢1,
¢o € IRy, and functions Fy on Qq, I3 on Qy belonging to certain spaces X (€2;)
and X(Qg),initial data Uy € YO(Ql), Ugs € YQ(QQ), U € Yl(Ql), Uis € Yl(Qz),
boundary data f1 € Z1(90Q1 \T), fa € Z3(0Q2 \ T), and transmission data
g € Ty(T), h € T1(T), where T' := 9 N I8y #  is a piece-wise smooth (open)
surface.

The nitial boundary-transmission problem for the d’Alembert wave equations is
the following:
Problem 1.2. Find Uj(z,t) € C%(,; x (0, T))NCHQ;\ K x (0, T)) or € H}_(2; x
(0,7);A), 7 = 1,2; fulfilling additional conditions as & — K, the geometrical
singular points of 90y U 094, and radiation conditions as |x| — oo if T'= oo. The
U;(z,t) are sought as solutions (strong or weak, respectively) of

1 9? :
(1.1) (An — c_zﬁ) U;(z,t) = Fj(z,t) in Q; x (0,7),
J
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with boundary conditions

(1'2) BJ[UJ](QJ) = fj(ﬁ’t) on 6Qj x (O’T)’

and transmission conditions on T' x (0,7'):

(13) TTD[Ul,Uz] = Cl[Ul]—Cl[Uz]:g(ﬁ,t)
Trl[Ul, Uz] = Cz[Ul] — CQ[UQ] = h(l‘ t)

=

consisting of boundary (trace) values of U; of the same type on I' x (0,T).

IR,
Q2, ko Qr: (A+k)u(z) = Fi(z)
T7°30[ ]—0 T7°31 :0
BY [u] = f* v+
=g > M
Qs, k3 X Qa, ky
upr —zwt

Fig. 1. 4-media Sommerfeld half-plane problem (2D-scalar)
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Q2 k2 IR,
(A + k) us(2) = Fo(a) (A+ k) wi(z) = Fi(z) inQ

By [u] = fo
I

T?“30[U] = 0, T?“31[U] =

I's ry
B IR,
Bilu] = fi
Qs, k3 Qa, k4
ry

Upy (ﬁ)e—iwt

Fig. 2. Scattering of a primary wave by the wedge
with cross-section ()1, here coming from outside.

Remark 1.3. Main canonical boundary transmission problems are called those
where @ = IR", Qy = IR}, 001 NI = IR T = IR % =
o\ T = IR/_I_"_l = {@’ =(x,y) €EIR*: >0, y€ IR} leading to the pure
transmission problem (see fig.1) or so-called Sommerfeld half-plane problems (see
fig.1 even for four media) or the wedge problem for two media Q1 = Wz =
{(J:,y,z) €IR?: x=rcosp, z=rsing,0<r< o0, 0<p<p, yEIR},

and Q, = IR® \ Q. In the special case of 8 = 5 one gets the inte-
rior and exterior wedge problem, if there are prescribed only boundary data
on Wz = 99 = 90 = {(v,y,2)€IR’: z=r>0, 2=0, y€ IR} U

{(x,y, z) € IR : x=rcosf, z=rsinf, ye IR, r> 0}. It is assumed 0 < G <
7 (see fig.3).

In the case of the general plane screen problem there is assumed Q; = IR> | Qs =
IRi’_ with the common boundary 9§, N9, = IR'? divided into the screen ¥ with

Lipschitzian boundary curve 5 and the IR*- complement ¥, where transmission
conditions of the type (1.3-1.4) have to hold. More general cases apply to obstacles
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09 of domains @ = Qy, like cones or pyramides, particularly octants IREI)’__I_.

Bi[Utot] = Uior = 0 on FE

(01 — Ag) Upoy(2,1) =0

Lo

Uine(z,t;0) (O’NB [Upor] := —28tet =0 on T
inelL, 2|Utot]| = 5y YO lg

X

Fig.3: Plane wave falling upon wedge with opening angle 5.

Remark 1.4. Instead of the scalar d’Alembert wave equations (1.1) being in-
volved similar appropriate boundary-transmission problems arise for vectorial field
equations like Maxwell’s in electrodynamics, Lamé’s in linear elastodynamics, and
their generalizations to thermo- and viscoelastodynamics. Problems of this nature
have been treated so far only for the time-harmonic case when no initial values are
prescribed. The present authors in cooperation with C. ERBE, J. MARK, F.S.
TEIXEIRA and other members of the Lisbon group (see e.g. [4], [11], [12], [14]-
[25], [32]-[34]) discussed many details during the last decade for half-planes and
right-angled wedges. Here we shall concentrate only on two more recent results
dealing with the scalar aperiodic Sommerfeld half-plane [24] and wedge problem
[25] and the anisotropic Leontovich boundary value problem for time-harmonic
electromagnetic fields [21].

2. The Aperiodic Diffraction of Plane Waves by Wedges or
Sommerfeld Half-planes

We assume now (see fig.3) that a plane wave Ujpe(2,t) = G(t — 2 cos § — ysin )
hits at ¢t = ¢g = 0 the edge (z,y) = (0,0), z € IR of a wedge W3 = {(z,y,2) €
IR . z =rcosa,y = rsina, r > 0, 0 < a < 3, z € IR} C IR]® inducing
Dirichlet trace data on one face F;, corresponding to & = § + 0, and Neumann
trace data on the other one I'y, corresponding to o = 27 — 0. Let 0 € (0, %) be
the angle of incidence.



Diffraction by Canonical Obstacles 5

Remark 2.1. For simplicity we assume the velocity of propagation to be equal
to one in the case of one medium. The corresponding boundary value problems
for time-harmonic scalar wave fields have been treated before by many authors
involving different methods. Here we mention only A. SOMMERFELD’S work from
1896 [30] and 1901 [31], and the Maliuzhinets method 1958 [10] which was used
also for different boundary conditions on the wedge faces by T.B.A. SENIOR (e.g.
in 1959 [26]), and in the book by him and J.L. Vorakrs (1995) [27], and later by
B. BUDAEV in his book [2] while the special case of a right-angle wedge was solved
by the Wiener-Hopf factorization method for 2 x 2-Fourier symbols (see e.g. F.S.
TEIXEIRA [34], and E. MEISTER, F.-O. SPECK and F.S. TEIXEIRA [19]). We
would like to mention also the application of the Kantorovitch-Lebedev transform
described in E. MEISTER’S review article [12].

Reducing the initial boundary value problem with homogeneous initial condi-
tions for the total field by writing the incident wave field Usnc(2,t) = G(t —
rcos(f — «), where

(2.1) Gt i= x40 [ otr)dr

with polar coordinates (7, «) in the zy-plane and Heaviside’step function y4 (),
and a locally integrable time function g we obtain for the scattered field

(22) Uscat (&,t) = Vscat(ra aat) = Upot (&,t) - Uinc(&at)~

Problem 2.2. Find V., of the d’Alembert equation in polar coordinates
1 1
(23) <8tt — 87‘7‘ — ;87- - 7“_260(&) Vscat(r, Oz,t) = 0

for 0 < r < 0o, f < a< 2m, t >0, with the initial conditions
(2.4) Vieat(r,a,t=0%) = 8;Viear(r,a,t =0T) =0 in Q (I)
and the (mixed) boundary conditions

(2.5) Vicar(r,a,t) = =Gt —rcos(f —a)) fora=5340,1>0, (D)

(2.6) OyU(x,y=07,¢t) = lﬁavscat(r, a,t) = —lﬁaG(t —rcos(f —a)) (N)
s s

for a« = 27 — 0, ¢ > 0, and bounded V.4 and square integrable VU ., near the
vertex (0,0) for ¢ > 0.

We make use of the Laplace transformation w.r.t. ¢ — s and put a tilde on the
top of the transformed functions. This gives

Problem 2.3. Find the transformed scattered field ‘ant(r, «; s) with the prop-
erties

1 1

(2.7) (52 — Oy — =0y — —230«0«) Vieat(ra;8) =0, f<a<2r, Rs> s,
T T
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28) Tecrlrszs) = 7098 for 0=y, ®)

S

1~ =~ —
(2.9) —0aVscar(r, o5 8) = ssin(f — ) e_srcos(e_ﬁ)ﬁ, a=2r—0. (N)
r s
Introducing
‘ant(raa;s) _ S‘ant(raa;s)

G(s)  9(s)

(2.10) ﬁscat(r,a;s) =

= &;scat(Ra a)a

where R = sr for s > sq > 0, we are led to the reduced problem

Problem 2.4. Find the reduced scattered field @cqt (R, a) such that
(2.11) (R? = Orr + ROR + Oae — R?) Gscar(R,0) =0, R> 0, < o < 2m,

(2.12) Wseat (R, ) = —e Feos(0=F)  for o = 8+0, ﬁ*
(2.13) O Wseat(R, ) = =04 (e_RCOS(G_O‘)) for a = 27 — 0. (FVN)

*

The reduction above leads to the following

Theorem 2.5. (Representation of the total field). The solution of the initial
boundary value wedge problem 2.2 1s given by the convolutional integral represen-
tation with Dirac’s §:

t
V(r,a,t;0,5) = Vmc(r,a,t;ﬁ)—l—/ Gt — 7) Usear(r,a, 750, 3) dr
0

(2.14) / Gt —71) [0(r —rcos(0 — &) + Uscar(r, 0, 730, 8)] dr.

The corresponding boundary conditions for U = U4 receive the generalized
weak forms

) (% —cos(f — a))

(2.15) v = - " ; a=p+0,

(2.16) 0uU = —0a (5@_“:(9_0‘))) o= 21— 0.

These formulae lead in a natural way to the following ansatz

U(r,a,t) = u(i, o) = W(f’ oz)’ ; =cosh(y), sinhp = i—z —1, withe > 0.

(2.17)
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In the special case of § = 0, the Sommerfeld half-plane case, the above formula
(2.17) coincides with that one from the Fourier integral and Cagniard-de Hoop
method (cf. e.g. J.D. AcCHENBACH (1984)[1] and A.T. pE Hoop (1958) [8] 1.

Inserting from (2.17) into the wave equation gives for W (e, ) the equation

1

(2.18) — 5 (W + 2coth oWy + W + Waa) =0,

from which follows the 2D—Laplace equation

(2.19) (Wsinhg),, + (Wsinhg),, =0 ine>0, 3 <a<2r.

Thus the wave potential of the diffracted field may be expressed by

Fi ; .
(2.20) Ugirs(r,a, ) = M, r sinh p = /12 — 72,
r sinh ¢

with a real-valued solution to the 2D-Laplace equation
(2.21) Faigp (@, ) = R (Fi(a +ip) + Fa(—a +ip)) .

This potential function has to fulfill the (homogeneous) boundary conditions (D)
for « = 540, and (N) for a« = 27 — 0. The field for ¢ = 0 corresponding to r = ¢,
the cylindrical wave front, is unknown so far.

So we got the very strong tools to solve other time-dependent 2D diffraction
problems making use of conformal mapping techniques in the (¢, a)-plane. Having
here the upper half-strip S := {z = a+ip = (o, ¢) € IR?: f<a<2n, and ¢ >
0} we may map this one by

(2.22) 2= Q:i 5 (z —B) =ad +iy'.

onto the strip &’ = 8y, which corresponds to the above displayed reduction to the
Rawlins DN-problem with a Sommerfeld half-plane ¥. K. ROTTBRAND solved
this problem in a Sobolev space setting (1998) [25]. In his case it turned out that

(2.23) Faigp(@',0';0") = R[FL(¢, 05 0") — Fi(¢', =5 0)],

1 1 1
(2.24) Fi(¢',a';0") = —

- 7 T 7 T
4w | cog THatie a9 sin Y tatio todie

The factor (47)~1 in front has to be replaced by (47 — 23)~! for the wedge which
has the exterior region with angle ¥ = 27 — 3. In his just mentioned paper
ROTTBRAND also applied the conformal mapping

(2.25) =z +1y = rele — 23 = phelv(a=p)



8 Meister, Passow, Rottbrand
with g > 0and v = 23f from the complement Wé of the wedge cross section onto
the new complex plane cut along the positive real axis xz > 0. Putting R = r#,

o =v(a—p) and U(r,a,t) = W(R, o/, t) gives there fort >0

(2.26) (Rf Ot — R20pR — uROR — 12 aml) W(R, o/, 1) = 0.

i

Choosing 1 = 1, ¢ = £-, ¢ = rcosh ¢ gives again the 2D-potential equation (cmp.
(219)) Foigr + FﬁP'W =0.
The time-harmonic DD- and NN-Sommerfeld problems lead by the Wiener—-Hopf

scalar Fourier symbol factorization to the aperiodic solution involving the terms

1 1
(2.27) Fi(¢' o' 0') = "o i e
generating the Green’s functions through equation (2.23) , where in the Neumann
case the difference there becomes a sum. For the corresponding wedge problems
one has to replace (27)~1 by (27 — 3)~!. By some detailed investigations using
the explicit factorization formulae for the half—plane problems with transmission
conditions aU(;" +bU; = ga" and cU1+ +dU; = g on Y% and 2 x 2-symbol
matrices of the type

E—k
1
. _ VEtk
(2.28) H,(€, k; \) = N e @, argVh e (0,7),
E—k

where A = S (see B. MEISTER & F.-O. SPECK (1987) [18], F.-O.
SPECK (1989) [32], or F.S. TEIXEIRA (1990) [33] 1) gives explicit factors from
which the asymptotic behavior of the scattered field near r := /2% + y? = 0 may

be calculated due to

(2.29) Vu:(’)(r%_l) as r — 0,

VA+1
V=1

Now it is possible to give formulae for wedge boundary problems too (see RoT-
TBRAND (1998) [25]!). There the author states also the the formulae for the rep-
resentation of the scattered time-domain solution to the initial boundary wedge
problem in Theorem 3.1 and 3.2, which are too lenghty to be repeated here. In
the appendix he shows the use of the Cagniard—de Hoop method in the Laplace
transform domain.

All details about the solution of Rawlins’ mixed initial boundary value problem
may be found in ROTTBRAND’s papers (1998) [24, 25]. In a preceeding paper
(1997) [23] this author derived the generalized eigenfunctions for this mixed prob-
lem in the case of real wave numbers.

(2.30) 5::%(% log ) 0<d<1.
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3. Anisotropic Leontovich boundary conditions for electro-
magnetic wave—fields on a Sommerfeld half-plane

In microwave theory for printed electrical circuits or in antenna theory (see e.g.
the book by V.P. & YUu.V. SHESTOPALOV (1996) [29] ) the study of the diffraction
of electromagnetic waves at high frequencies w by thin metallic strips on a dielectric
substrate or, vice-versa, of such layers on an ideal conducting backing is of great
interest. These physical and technical problems attracted also some time ago
the interest of mathematicians (see e.g. the paper by C.H. Wircox (1976) [35],
or J.C. GuiLLoT & Wilcox (1978) [7]!) and later also for anisotropic media in
electro— and elastodynamics. It’s impossible to mention all these papers, but let’s
point out that the Turkish scientists in Adana and Istanbul contributed a lot (cf.
e.g. the article by A. SERBEST (1996) [28]). Spectral theoretic investigations were
done by D.S. GiLL1AM & J.R. SCHULENBERGER in (1982) [5] and in their book
(1986) [6].

Here we shall report on some new results concerning the scattering of electromag-
netic waves by a thin layer of dielectric material backed by a perfectly conducting
plane or an anisotropic half-space and the approximation by so—called Leontovich
boundary conditions for the field near the boundary. We are following here the
lines of A. Passow from his diploma thesis (1994) [20] and his recently submitted
PhD-thesis (1998) [21] in Darmstadt. To get some idea about the boundary—
transmission conditions look at fig.4.

IRZ q)inc q)r
[ﬁ/\E_"]t:O | ] 9] b \ / €0, po >0

Q, £, M
o\ @, T =

% R, 73 = 00 IR,

Fig. 4: Anisotropic dielectric layer on perfectly conducting half-space.

Problem 3.1. Let there be given the permittivity €, = €l €, and per-
meability tensors Bo= ﬂ0£3’ K, in €22, respectively, an incident electro-
magnetic field (Eince_th,ﬁince_th)T € @° from €. Find the total field
(Brore™ b Hype ™) € CHQp), where Qp = (2, U Q) x (0,7), 0 < T <

0o, or in more general mathematical form (Escat,ﬁscat)T o € (Hlloc(Ql))6,
1
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—

(Escat,ﬁscat)T‘Q € (Hl(Ql))6 with additional conditions (see e.g. R. LEIS’
book (1986) [9]!) qulﬁlling Maxwell’s equations in strong (or weak) form

(3.1) curlﬁj — iwu}f_f’j = 0, curlﬁj — ingﬁj =0,
:] =

(3.2) div(p H;) = 0, div(gjﬁj):o,
:] —

in case of charge and current free spaces €2;. Additionally the fields have to fulfil
the boundary condition

(33) 7_7: A EtotZ = 0 or 7_7: A ﬁtotZ = 0
z=0+ z=0+

with @ = —€, = (0,0, —1)7, and the transmission conditions
(3.4) [AA Eiot]le=n = 1A Eror1 L A Etota =0,

2= Z2=n-
(35) [ﬁ/\ﬁtot]z:h :ﬁ/\ ﬁtotl + —ﬁ/\ ﬁtotZ :0

2= Z2=n-
From Maxwells’ equations and the constitutive linear laws D= EE and B = Ef_f

with piece-wise continuous € and p tensors follow

-

(3.6) [ii- Doy =0, and [ii- Bl.op =0,

which have to be augmented by the Silver—Muller radiation conditions in the free
space part 1:

x = — _
(3.7) WE0|?_|/\Escat_k0Hscat = of|z] 1), as |z| — oo,
x — _ _
(38) wﬂ0|?_| A Hscat + kOEscat == 0(|£| 1)a as |£| — o0,
where we put ky := é‘)—o with ¢ 1= (60#0)—1/2 for the free space wave number and

propagation velocity, respectively.

To solve this special boundary—transmission problem it makes sense to apply the
2D-Fourier transformation F in the distributional sense for &' = §'(IR%,) defined
as usual by -

(3~9) SB@/) = Sa(ga 77) = fé’wg’@ = / ei<£1’§l>30(l‘, y) daedy
IR?,

for all ¢(z') € S(IRZ,), the Schwartz space of rapidly decaying C'*— functions,
and for u € 8’ the Fourier transform is defined by (i, ) := (u, ) for all ¢ € S.
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Then the usual rules known for Ll(IRz)ffunctions extend and we arrive at the F—
transformed equations (see e.g. A. Passow’s PhD-thesis (1998)[21], Chap.5 !) if
we write i (u, ,,)" € (L, (IR with w/ 1= ulg € [H], (2[0S (IR2 )],
j = 1,2, being a weak solution of

0 0 _wﬂf"O + ﬁvsvzjﬂ
(3.10) —u' = - ’ o
RE wN g — LV, VTN 0
for z > h in @4, where
0 -1 9 90.r
3.11 N = vs 3 ’
( ) = ( 1 0 )’ (81‘ 3y)
82 32
(3.12) v.vIi=D= 622 8x;2y
dydx dy?
and a solution of
(3.13) = M(Vo)u?, M(V,):=
LN VIN — L¥,e., —whN pts + £ Npigapios + 7=V VIN
wNe, — £Negeos — 5=V Vi N S New VIN — -V,

for 0 < z < h in 3, where for the anisotropic case in €25 is written

- €s €sz L Hs sz
(314) 22 T ( €zs €z ) ’ iz - ( Hzs Hz ) ’

with the additional boundary condition

(3.15) u; | =0

z=0"+

and the transmission conditions on I' : z = h:

(3.16) [l == u' —u? = f € [HE (D)]* N [S'(D)]*.

We are able now to formulate the

Theorem 3.2. (Representation formula). The function u € [H1(IR%.)]® with

u = (ue,u,) =u? = ulg € @'° is a solution to problem 3.1 iff it has the
representation ’
- A
wey ) = v (d =) Y Faly (e me M e
=1
2
(3.17) + el =) Y F e me A& M Ey L
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for (z,y,2) € IRi’_ with the characteristic function x4 on IR4. The coefficients
¢r1 and ¢ o are to be determined from the linear system

(.18) ( % ) _

C1,1
6_>‘1’1df17171 cee 6_>‘4’1df17471 —6_>‘1’2d.7:17172 —6_>‘2’2d.7:17272
—e —e €41
Fuy 4 e Fuy 4 0 0
) ) 1,2
C2.2

The coefficients ¢ 1, ¢ 2, six in total, represent the waves going in z—direction,
¢ 1 particularly are the reflexion coefficients in the upper domain €4: 2z > 0. The
eigenvalues Ar 1 € €' 14 and the others Ay » € €' 44, and eigenvectors ¥y 1 and % »
are due to the F—-transformed system of partial differential equations of order one

0

6_}'@1,2 — f{Ml,Q(vs) QI,Z} — Ml,z (_Zgl) fﬂLZ
P EL2 22

corresponding for 1 to z > h and for 2 to 0 < z < h. It has been shown by A.

Passow [20], [21], that this boundary transmission problem can be approximated

step by step for z > h by a set of so-called antsotropic impedance or Leontovich

boundary conditions on z = 0T if h is small. Here we formulate only that one of

order zero in the case of anisotropy for a Sommerfeld half-plane.

(3.19)

IR,
V-D=V -B=0 (sourcefree) €0, po with S{ko} >0

[AAE]| _ =0

E/H —_ — =0
[AnH]| _ =0

VAE=-2B8 , _

S 5 Maxwell's equations neid
VAH= %D incident wave

Fig.5: Anisotropic Sommerfeld problem with Leontovich cs. on screen Y.

Due to the different behavior of the components of the electrical field E and the
magnetic field H othogonal and parallel to the edge * = z = 0, y € IR of the
screen Y C IR? it is useful to introduce anisotropic Sobolev spaces according to

Definition 3.3. The anisotropic Bessel potential spaces HTVS(IR?;) are defined for
all r;s € IR by

Hyo(IRY) o= {u € La(IRY) : Fol, o (1+ €Y P (1L 0?2 Fansru € Lo(IRY) }
(3.20) B
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In the case of isotropic spaces r = s we write only HS(IRi). A corresponding
notation is used for the trace spaces on IR’?.
We arrive at

Problem 3.4. Find a function v’ := (E, ﬁ)T eC®sth. E H e [Lo(IR?)]? with
(3.21) wy = | gy € [Hoj(IRL) x Hio(IRL) x Lo(IRY)]?

which are weak solutions to Maxwell’s equations

(3.22) curl £ — iwuof_j = 6, curl H + iweoﬁ =0

in IRi’_ U IR? fulfilling the Leontovich boundary conditions on ¥+

(3.23) +e NEE=7 (é; A (é; A Hi)) + 7

and the transmission conditions

=0

2=0

(3.24) & A (E+ - E—)

=0, é’z/\(ﬁ"'—ﬁ_)

2=0

on the complementary screen X, = IR'? \ X containing the trace values E_’Oi, H(Ji
of the electrical and magnetical field vectors on the plane IR;? of the screen X.
Due to trace theorems it holds -

(3.25) Ef, Hf € H_, 1 (IR"*) x H_,(IR'?),

11
22
and the data on ©* have to fulfil the compatibility condition of compact support

(3.26) J'o— L e [H_ (D)

The Leontovich boundary condition for the plane ¥ C IR’'? has only two com-
ponents and the impedance matrices may be split into

(3.27) 7% = ( %i 8 ) .

We arrive then at
Problem 3.5. Find a solution u = (u;, u,)” with w € [Lo(IR*)]?; 1 = 1,2; s.th.
(3.28) u* = ulipy € [Hop(IRL) x Hio(IR)]

which are weak solution to

9 0 —(iwzo) "M (KL, + D)V
(8:29)  S-u= ( (iwpo) ™ (K31, + D)N. o )

- u

z
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in IRY with D and N given through (3.11-3.12). The solution u has to fulfil the
Leontovich boundary conditions

(3.30) +Nufy+ Z5uf =% on T*
and the transmission conditions
(3.31) ul —uy =0 on Y

with the traces glio, gzio of the electrical and magnetical tangential components on
the plane TR.? involving the data

(3.32) =1 eH_L (D))

Now it can be shown that the problems 3.4 and 3.5 are equivalent and further
it 1s true

Theorem 3.6. (Representation of tangential components). A function

u € [La(IR?)]* with

(3.33) u* = ulpy € [Ho1(IRY) x Hio(IRL)]

1s a solution of problem P iff it may be represented by

(3.54) ule,y,2) = Fal, o LG8 € me M () + 5 (€ e EM x_(2) }

where the trace values transformed are given through

1 0
. 525% N :Fiw;it 5,277
(3.35) Uy (& m) = ax(,m) 0" + Bz (& m) o
iiwat £,n &n
£k &=k
and 1(&,n) == /€2 4+ 12 — kZ for (£,n) € IR? the characteristic square root with

branch cuts from ( = xk to xico in the complex (—plane for \/(? — k2.

From Maxwell’s equations one can calculate the remaining normal components
H., E, from the electrical and magnetical tangential fields, respectively, leading
to

Theorem 3.7. (Representation of normal components). Denoting the pair
of normal components by v € [Lo(IR®)]? and their restrictions to IR there hold
the representations

£t(&, )
£2 — kg

vi(z,y,2) = F1 { (e_t(g’”)zfa+x_|_(z) — et(g’”)z}"a_x_(z))}

(3.36) — F! {% (e—t<57”>zfﬁ+x+(z) - et(f’”)zfﬁ—X—(Z)) }
0



Diffraction by Canonical Obstacles 15

vo(z,y,2) = F1 {g;diogg (e_t(g’”)zfa+x_|_(z) + et(g’”)z}"a_x_(z))}
(337) _|_ f_l {% (e_t(gyn)z}wﬁ+X+(Z) _ 6t(§’n)z}-ﬁ_x_(z))}

for z € IRy with the characteristic functions x4 (z).
For details of the proofs see A. Passow’s PhD-thesis at Darmstadt (1998) [21].
We shall transform the mixed boundary transmission problem into a system of
Wiener—Hopf integral equations for the tangential components Q_I_ = g{'{ —uy €
[H_%V%(IRZ) xHy _ (IR*)]? having supports on ¥. The Dirichlet trace data (3.35)

for problem 3.5 are connected to Q"’ by v = BQ"’, where y 1= (ay, B4, oz_,ﬁ_)T
with the invertible pseudodifferential operator

1
2

(338) B:F g, F: [Hf%V%(IRz) X H;_%(IRz)]z = [H_y 1 (IR*)]*
with its Fouriersymbol matrix
10 —f =k
1| 2 &k g
(3.39) gB(€,77)—§ 7 0 _i_n §2t—k§
R

with the square roots t1 := dweg t(£, n) and t2 := dwpg t(£, ).
Now the Dirichlet data are uniquely connected with the ansatz vector y and
the jumps by ryCy = f, ry the restriction to X¥. € again is a pseudodifferential

operator
(3.40) C=F'g F:[H_i (IR)]* = [H_y(IR*)]*
with its symbol matrix .=
3 tibt to bte
_52_’7% 4 o T +at+ 52_/;73 0 0
tidt + dte
1+ s et + 52_,;% 0 0
£ t16” to — b~ ¢
0 0 52—77163 - 52_k3 52_k3 +a” + 52_;;%
tyd” -, d7¢

0 0 —-1- e T+ 52_;73
(3.41)
with coefficients from the impedance tensors

+ +
4+ a b

In order to get an invertible operator C' the determinant of its symbol has to be
different from zero for all (£,n) € IR*. One can show that a necessary condition
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for this is given by

+
(3.43) (&, U)éi(fa )" +ikoZo (de;—% + 1) L+ (iko)ztréi # 0.
0

Putting £ = 0 in the 2D—case this leads to

ik 1 I
(3.44) t(n) # —;Toi Zodet 2 + - F ¢<Zodetgi + Z—) — 4ad*
- 0 - 0

The isotropic case of 1 A E= Zi N (ﬁ A f_j) drops down to classical impedance

boundary conditions (with Z = Z£3) for the (scalar) normal components

(3.45) 83% — ikoZéoEn =0 and % — iko%Hn =0

with the invertibility condition ¢ # —iwepZ and t # —iwt> for all (&,7) €
IR?. Combining the formulae above we get the pre-Wiener-Hopf operator for
ryCBOT = S whose pre-symbol Top will not be written down here. But that
one which results after pair—wise addition and subtraction of the four equations
involved in the last equation to give

(3.46) Wot =r,Wix=f="+f " —f)"
acting on X = [HT, , (IR*) x Hf _,(IR*)]* — [H_,(Z)]* x [f[_%(E)]z with
gW — 22 27 2
ayéntby(n°—k3) 1 ay (&2 —k3)+bytn b
T dkoZot © T ikoZot a- -
cqbntdy (n°—k3) ey (67=k3)+d4n
1+ Wtu _W - d-
a—gn+b_(n*~k3) a— (£°—k5)+b_én n°—k3 ¢
Tl - oot Zo g tay —Zogh +by
c—éntd—(n°—k3) e (€2=k3)+d_&n ¢ €2—k2
Tl - oot —Zo ith ter Zotg +dy
(3.47)
where terms z4 := %(1“" + 27) are of elements of Z. We arrive then at

Theorem 3.8. Problem 3.5 is uniquely solvable iff the Wiener—Hopf operator W
15 wnvertible. Purthermore there holds

(i) If u is a solution to problem 3.5 with its traces ut described by the ansatz
vector v then ®* = B~y is a solution to the Wiener—Hopf equation (3.46).
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(ii) If @ is a solution to (3.46) then the function u given by the representation
formulae (3.34) with (3.35) substituted and v = B®T introduced is a solution of
problem 3.5. B

It can be shown, even in the case of equal impedance matrices ZT = Z~ = Z,
that the Wiener—Hopf system is not invertible due to a non-trivial kernel of the
operator on the prescribed space X (see [21]). In order to get rid of the situation
we shall act as in the isotropic case of scalar impedance boundary conditions (cf.
Dos SaNTos et al. (1989) [3]) when smoother spaces were introduced. So we
transform into

2 . 2
Problem 3.9. For given ii € [H_%_I_a(E)} sth. ff—f" € [H ;+a(2)} ,
0 < e < 1, find a function u := (uy, us)? € [LQ(IRS)]4 with

2
(3.48) ut = ulppy € [Heige (IRY) x Hiye .o (IRL)]",
which 1s a weak solution to the modified Maxwell equations

0 —(iweg) ! (kq —|—Q)ﬂ
(3.49) ég: ( 0) 0= T =)= u
0=\ (i)™ (KL, + D) N 0

with the 2 x 2 matrices D, N defined in (3.11-3.12), and fulfils the boundary
(3.30) and transmission conditions (3.31) of problem 3.5 now with the traces for
the electrical, £ = 1,2, and the magnetical £ = 1,2, tangential components on
z=0:

(3.50) ugy € H_yyo 1y (IR?) x Hyy. 1y (IR?).

We are led by the same arguments as before to a theorem of equivalence which
is not repeated here.

If we assume 0 < ¢ < 1 we have [lf]_%_l_a(E)]z and the corresponding Wiener—
Hopf operator W. acts on [Hi—§+a,§+a(IR2) XH;+€7_%+€(IR2)]2 N [H—%+a (X)]*in
which case the system of pseudodifferential equations may be reduced equivalently
to a system of Wiener—Hopf equations on [L3F (-, IR)]* with supports on IR with
71 as a parameter.

Using Bessel potential operators A4 . with symbols giya(é’, n) given by

(3.51) z, . diag (ti+2a’t;1+2a’ti+2a’t:r1+zg)

(3.52) o . = t7¥L,

€

where t = /€2 +n? — k2 =t_(&,n) t+(&, 1) and

(3.53) te (€)= E2iy/n2 — k2, Ry/n2— k2 >0,
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having branch cuts in the complex (—plane from ¢ = +i\/n? — kZ to +ico, s.th.
t4 and {_ are holomorphically extendable into the complex halves €'¢ 4, €'¢ _,
respectively, the new Wiener—Hopf operator is given by

(3.54) Wo(e) = PTWo(e) = PTF g -F

acting on [LT (-, IR)]* with a 4 x 4 Fouriersymbol matrix c_similar to (3.47), given
now by

1-2¢
[ .
(355) g = g:}a o g;}a = (t_+) o diag (t;z, l,t_T_z, 1) .

In the special cases of equal impedance matrices ZT = Z~, and for 2D dependence,
the symbol matrices simplify appreciably and decouple into 2 x 2 Wiener—Hopf
symbols, separately for the electrical and magnetical tangential components (see
corollaries 3,4,5 in [21]!). The main result is now

Theorem 3.10. The equivalent lifted Wiener-Hopf equation

(3.56) W(e) @t =AZL f with @t =X, . 4"

has a piece-wise continuous symbol on IRg for every fizred n € IR and s Fredholm
ffe# (n—1)/2, n € IN, and has Ind W (€) =0 for 1/4 <e < 1/2.

Remark 3.11. The proof is omitted here but see [21]. Tt relies on the well-known
fact (see e.g. MIKHLIN & PROSSDORF [13]) that Wy(e) is a Fredholm operator iff

det ¢’ (&, m; 1) # 0 for (&, m; ) EIR xIR x [0, 1] with ¢’ given through

c (&n) : &neIR, pel0,1]

=

g (E+0,npu+(1—p)

a (& mp) =
g (—oo,np+ (1 =pg (c0,n) : nelR, pel0,1].

If we assume 1dentical behavior of both sides of the Sommerfeld screen ¥ and write

for the impedance matrix
B e thob
(3.57) =7y ( £ ikyd ) ,

[N

the 4 x 4 symbol matrix o, gets the diagonal 2 x 2 block structure o =
Diag(g_ ,o_ ) containing the 2 x 2 blocks
1-2¢ b= —1-¢
t 7 ¢
(3.58) o | = (ti) S ,
=, — 1 - c
(7 +d) -
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Z t— .
t_|_ 1-2¢ ﬁ (1 + %) : Zk’oZob
(3.59) = —

2 t_

g
=,

Since the measure of the set {5 € IR : Apaz[(L - gﬁ(g))*(i_ gﬁ(g))] > 1} £ 0

a theorem by E. MEISTER & F.-O. SPECK (1979)[17] cannot be used to guar-
antee the invertibility but there are sufficient conditions on the coefficients a,
by, ¢4, dy given in theorem 7 of Passow’s PhD-thesis [21] which allow to cal-

culate the inverse operator [WO(E)]_l by a Neumann series of its symbol gﬁ_l =

-1
0= (L= (L-67'¢))  withasuitable 0 s.th. |[1— 6%,

matrix norm.

< 11in an appropriate

4. Concluding remarks

A general inversion procedure by matrix factorization of the 4 x 4 lifted Fourier
symbol is not yet known up to know. There exist only results for above men-
tioned special cases of isotropic and 2D situations reducing to the scalar Leon-
tovich boundary conditions for the normal components of the electrical and mag-
netic fields at the Sommerfeld half-plane. Higher order Leontovich conditions
on X have still to be investigated when they lead to Fredholm mixed boundary
value problems for smoother solutions in IRi and corresponding smoother data
and boundary traces on ¥ and its complement ¥’ in IRi,. A further important
step in the study of boundary—transmission problems for electromagnetic waves is
to study the diffraction by plane polygonial screens like a quarter—plane C IRi,,

or by an octant IR§_+ with different generalized anisotropic Leontovich boundary
conditions on the three faces.
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