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Abstract

In this paper an algorithm for the unconstrained and bound constrained
minimization problem using second order information is presented. It deter-
mines a point satisfying the second order necessary optimality condition. A
truncated Lanczos decomposition of the reduced Hessian of the objective func-
tion is computed in order to determine three directions of descent, and, if a
negative curvature direction is found, a special linesearch method is used. In
the case of a bound constrained problem this approach is combined with pro-
jected gradient steps to obtain an efficient activation/inactivation strategie.
As only matrix-vector-products are needed within the Lanczos algorithm the
method is of special interest for large scale problems. The convergence theory
is outlined and numerical results are presented.
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1 Introduction
In this paper we consider the problem

minimize f(z)
subject to [; <xz; <wu; 1=1,...,n.

(BCP)
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We assume f € C*(D) with D an open, convex superset of the feasible box Q0 =
[T;;[li, w;]. Note that some components of [ and u may be infinite. Throughout the
paper we assume that for the initial point 2° € D the intersection of the level set

£i(f(2*) € {z €D f(w) < f(2°)}
and the feasible region {25 is compact.

In section 2 a method for unconstrained programming problems is outlined. The
development of the algorithm and the related convergence theory was done by Hein-
rich in [Hei85]. He used a spectral or a Bunch-Parlett decomposition of the exact
Hessian in order to compute up to three directions of descent. Even for medium scale
problems a spectral or a Bunch-Parlett decomposition of the Hessian is “expensive”.
A much “cheaper” way to get some information about the spectrum of the Hessian is
to use a truncated Lanczos decomposition to obtain some ritzvalues approximating
the outer eigenvalues (see [GL89], [Par80b] or [ST85]). This information can also be
used to compute directions of descent.

In section 3 the unconstrained minimization technique is combined with a gradient
projection method as proposed by Moré and Toraldo in [MT91]. The projected
gradient steps are used as a multiple activation/inactivation stategy to identify the
set of active variables. Whenever the gradient projection stops on a face of the box
the unconstrained minimizer is used to minimize the objective function over the set of
free variables. The convergence properties derived in section 2.2 can be used to prove
convergence to a point satisfying the second order necessary optimality condition.

Section 4 deals with the implementation of the presented method. Some features to
increase stability and effectiveness of the Lanczos algorithm are presented and the
termination criteria are given.

Finally the CONSTRAINED AND UNCONSTRAINED TESTING ENVIRONMENT CUTE
(see [BCGTI7]) is used to solve several small, medium and large scale bound con-
strained and unconstrained programming problems. The numerical results are pre-
sented in section 5. To show the advantage of our method in solving (very) large scale
problems the comparison with the limited memory quasi-Newton method LBFGS-B
(see [BLNZ95]) is given.

Notation

We denote a diagonal matrix, whose i-th diagonal element is d;, by diag(d;) and z;
denotes the i-th component of a vector . The index of an element from a sequence
of vectors is denoted as a superscript, as in #*. In the case of a sequence of scalars
the index is subscripted, as in o;. Whenever the power of a scalar is needed we write
the base in brackets. Hence (xf)z denotes the square of the i-th component of the
k-th element in the vector-sequence {z*}; ... C R*. For a matrix B B4 denotes
the matrix made up from columns with indices in .A. The gradient of the objective
function f is denoted by the column vector V f(z) and the Hessian of f is VZf(z).
The eigenvalues of the Hessian (or any other matrix) are given by A\;(V2f(z)). Amin(*)
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denotes the minimum eigenvalue. Throughout the paper || - || is the Euclidean norm
(zTx)2 of a vector z.

2 Unconstrained problems

Finding a local solution of the unconstrained minimization problem
minimize f(x) (UCP)

can be done by searching a point z* such that Vf(z*) = 0 and A (V2f(z*)) > 0.
This is a sufficient condition. Necessary for a local minimizer is Vf(z*) = 0 and
Amin(V2f(z*)) > 0. The algorithm outlined below tries to find a point z* satisfying
the necessary condition.

2.1 Outline of the algorithm

Algorithm 2.1 (UCA)
Given the starting point °, a reqularity threshold p > 0 and a termination parameter
0<e<xl. Set k=0 and proceed

Step 1 Use —V f(2*) as initial vector to compute a truncated Lanczos decomposition
of the Hessian V2 f(x*) using mazimum of v Lanczos steps

V2f(37>@5 - QﬁTf = /8V+1qll+161’:5 (1)
@)TQF = L,
where v < U s the actual number of computed Lanczos vectors. Compute the
eigenvalues and eigenvectors of the tridiagonal matriz T* and get the ritzvalues
and -vectors

V(@) = QUVIDy(QUV)) = SiDy(S))". (2)
DY = diag ((Af)izl _____ ,,) is the diagonal matriz of the ritzvalues and S* =
(sh,...,s%) € R™" is the matriz of the ritzvectors. Determine the index sets

N_ = {z DUES O} and Nyo = {z t AR > O} of negative and non-negative ritz-
values. W.l.o.g. we assume that the ritzvalues are sorted in ascending order
AP < <R

Step 2 Compute three different directions of descent
a) If |Nio| # 0 set
@ — ((SDwo(DE) H(SDR) VI (), (3)

where Dk  diag ((max(AF, p))ienso)- If [Nio| = 0 set d¥ = 0.
b) If IN_| > 2 set
(SN (SN VI (") (4)
otherwise r* = 0.

c) If IN_| # 0 set

otherwise z*¥ = 0.
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Step 3 Take a step along these directions using the linesearch algorithm (LSA1) or
(LSA2).

a) Let ®4(t) o f(z* + td*) and compute ®',(0), ®(0). The steplength oq is

gen by
(i) If ®(0) > 0 then use (LSA1) with

]

(11) If ®(0) = 0 then use (LSA1) with
(O'd)g = 1

(i11) If ®/(0) < O then use (LSA2) with

I | I
<””‘{H&H ifk—0

Set
2b 2k 4 oyd, (6)

b) Let ®,(t) oo f(zk +tr¥) and compute ®.(0), ®!(0). Use the same scheme

as in a) to get a steplength o, and set

. def

o = gk oot (7)

c) Let ®,(t) & f(zF +¢2%) and compute ®'(0), ®”(0). Use the same scheme

as in a) to get a steplength o, and define the next iterate

Y gk gt (8)

Step 4 If
IV f(* )] > e
set k =k + 1 and continue with Step 1

Step 5 If
IV < e

compute another truncated Lanczos decomposition of the Hessian V2 f(x*), us-
ing a maximum of U Lanczos steps and a start vector generated at random.
Determine the index sets N = {i: A¥ <0} and N g = {i: \¥F >0} of nega-
tive and non-negative ritzvalues.

If INZ| = 0 stop.

IfIN_| # 0 set k =k + 1 and continue with Step 2. u
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In the algorithm (UCA) we make use of two linesearch algorithms (LSA1) and
(LSA2). The first one is the well-known Goldstein-Armijo algorithm (backtracking).
The second one is only to be used if the second directional derivative of f with
respect to the current direction of descent is negative. In (LSA2) the decrease of the

objective will be compared with a concave function (see [Hei85]), instead of a linear
one as in (LSA1).

Algorithm 2.2 (LSA1)
Given x € D, a direction of descent d (VT f(z)d < 0), an initial step oy and param-
eters 0 <9, <1and 0 < By <1. Set 5 =0 and proceed

Step 1 If VI f(x)d =0 set 0 = 0 and stop.

Step 2 If , .
f(z) = f(z + (0081)d) > 61(006])|VT f(2)d] (9)

set 0 = Uoﬁf and stop

Step 3 Set j = j+ 1 and continue with Step 2. ]

Algorithm 2.3 (LSA2)

Given © € D, a direction of descent v # 0 with VI f(z)o < 0 and 07 V2f(z)v < 0,
an initial step oy and parameters 0 < dy < 03 < 1,0 < By <1 and -1 <€ ¢ < 0.
Define

®,(t) = f(z +tv)

T

where v = e and compute

P =VIf(x)v<0 and @ ="V f(z)v <O. (10)
Define the control function

P(o) ™ 0%, + (0)®) +(0)" (11)

Set 7 = 0 and start the procedure at case A,B or C.

Case A If
f(z) = f(z + ogv) > —63P(0y)

continue with Step Al.

Step Al Set ;.1 = ;—; and j = j+ 1.

Step A2 If
f(z) — f(x + ojv) > —03P(0;)

continue with Step Al.

Step A3 If
f(z) — f(x 4+ ojv) > —02P(0;)

set 0 = o and stop.
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Step A4 Set 0j.1 = 2= and j = j 4+ 1. Goto Step ABL.

Case B If
f(z) — f(z + ogv) < —62P(09)

or x + ogv & D continue with Step B1.
Step B1 Set 041 =08, and j = j+ 1.

Step B2 If
f(z) — f(z 4+ ojv) < —02P(0;)

continue with Step B1.

Step B3 If
f(z) — f(z 4+ ojv) < —03P(0;)

set 0 = o and stop.
Step B4 Set 01 = U’Jrzﬁ and j = j+ 1. Goto Step ABIL.

Case C If
—05P(00) < f(z) — f(z + oov) < —83P(0y)

set 0 = o¢ and stop.

Step AB1 If
—02P(0;) < f(x) — f(x + ojv) < —d3P(0y)

set 0 = o and stop.

Step AB2 If
f(z) = f(z +ojv) > —6;P(0;)
set
0j+1 = 0 + 5loj-1 — 7]
else set

1
0j+1 = 0j = 5loj-1 = 0.

Jj =37+ 1 and continue with Step ABL.

(12)

Note that (LSA2) distinguishes the cases A,B and C. In case of A the initial
steplength ist too short, in case of B it is too long. Only in case of C the initial
steplength is taken. The algorithm modifies o in such a way that (12) holds. Figure

1 illustrates the situation.
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f(x) - f(x+6V)

8, PO 5, PO
Figure 1 : The decrease in f and control functions §, P, 63 P
From (LSA1) we obtain a steplength satifying the priciple of sufficient decrease (9)

(see [OR70]) in a finite number of steps. (LSA2) is also a finite algorithm, if the
level set L¢(f(z?)) is compact.

2.2 Convergence analysis

The theoretical results presented here are based on [Hei85] and [OR70]. The basis of
the convergence theory are two results on the linesearch algorithms. Using these we
prove some lemmas on the directions d, r, z and finally the convergence of algorithm

(UCA).

Definition 2.1 A function ® : Ry, — Ry, is said to be a F-function (forcing func-

tion), if for each sequence (0;)i 0o with c; > 0 for alli=1,2,... the conclusion
zllglo ®(e) =0 = 111){10 a; = 0. (13)
holds. [

Lemma 2.1 Let f € CY(D), D open, convex and nonempty, 2° € D and L(f(z°))
compact and ®1, ®y are F-functions. If the sequences (%) 00, (A¥)k 00 and (0% )k 00
satisfy

vIf(F)d* <o, (14)
oy, from (LSAL) with the initial step (o )o, (15)
(e > 2, (L), (16
and
f(@* ) < f(2* + o d") (17)
then T (k) g
lim YL@ (18)

k—oo  ||d¥|]
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If moreover

VT f (a)d*]
then
lim ||d¥||o}, = 0. (20)
k—ro0

Proof: The proof of statement (18) is as in Theorem 14.2.25 from [OR70] and (20)
follows from (18) by (13). n

A related lemma can be proven for (LSA2).

Lemma 2.2 Let f € C*(D), D open, convex and nonempty, ° € D and L(f(z°))
compact. If the sequences (T%)i o0, (7%)1 00 and (0%) k00 With

ok = Hgﬁﬂ, or >0 from (LSA2) if ||#*]| >0 (21)
v =0, 0x=0 if ||o*]|=0
are generated as above, and
F@*h) < f(@F + opo®) (22)
then
lim o5, =0, (23)
k—o0
lim V¥ f(z")v* =0 (24)
k—o0
and
lim (v*)'V2 f(2*)o* = 0. (25)

k—o00

Proof: Since f € C*(D) and L;(f(2%)) is compact, there exists p > 0 such that
1
f(z) = f(z+ov) > -0V f(z)v — §U2UTV2f($)U — po®

for all 7,0 and v with z and z 4+ ov in L£;(f(z°)). Note that ¥ + opv* € L;(f(2?))
by construction and so with (10) we have

F(a¥) = f(a* + ouv®) = o3| (0)] + %(%)2@;’&(0)! — p(ok)*.

From the second inequality of (12) we obtain

—ok(1 = 0)| @ (0)] — %(1 — 83)(0%)*| @ (0)] + (1 — 85C) (0%)” = 0

and together with (21)

w w?
o1 = 80 + L 80)] + 26180, 0)] > 0. (20
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2(1—(53)

whenever |[v*|| > 0, and o} = 0 otherwise. Here w = = =52

Because f is bounded from below on L;(f(z")) (12) implies

lim f(z*) — f(z* + o") = 0.

k—ro0
Together with (10) and (21) we have
fim o =0
and finally with (26) we obtain

klim VIf(z*)v* =0 and klim (V") IV f(2F)v* = 0.

To state some results concerning the directions of descent we need some information
about the second directional derivative in the direction of d, r or z and the ritzvalues
computed by the Lanczos algorithm.

Lemma 2.3 Let A € R*"*" be symmetric. Then the truncated Lanczos decomposition
(v steps) of A is given by

AQ = QT + Bgyae; and QTQ=1, (27)
where Q € R™ and T, I € R"*. Let

T=VDVY and VIV =1 (28)

be the spectral decomposition of the tridiagonal matriz T. Let T C {1,...,v}, St aof

QVz, and d e StAZ'SEc for an arbitrary ¢ € R* and an arbitrary diagonal matriz

Az def diag(gi)iez with positive elements §; > 0. Then

Dr>0 = d'Ad>0
Dr>0 = dTAd >0 (29)

Dr<0 = dFAd<0.

Proof: From (28) follows
TVI = (TV)I = (VD)I = VIDI.

Hence with (27)
ASr =AQVr = QTVz+ Bq1elVr

= QVzDr+ Bg1elVr (30)

= S1Dz+ Bgy1elVr.



2 UNCONSTRAINED PROBLEMS 10

Using (30) d¥ Ad can be written

d"Ad = IS7A;TSTASIA; ST
== CTSIAglsg (SIDI + ﬁq,,ﬂe:sz) A?S%c

= CTSIA S SIDIA 1STC + ﬁCTSIA S%q,,HeTVIA S C (31>
:I
= CTSIAngIAgls%C -+ ,BCTSIAflva QTC_[,,+1 erzAfngc
——
=0

== CTSIAngIAgls%C.
Since 0; > 0 for all i € Z (31) completes the proof. "

These lemmata are very useful in order to analyze the sequence (z*, d*, ¥, 2*). First
we take a look at the directions d*.

Lemma 2.4 Let f € C*(D), D open, convez and nonempty, z° € D, Ls(f(z°))
compact, and the sequences (T%)p oo, (d¥)k—oo and ((04)k)r—oo be generated by the
algorithm (UCA). Then

N LT (32)
and
lim ||d¥||(oq)x = 0. (33)
k—oo

Proof: From lemma 2.3 we know that (d*)TV2f(2*)d* > 0. Hence (04); will always
be computed by (LSA1). Therefore we verify (32) and (33) using lemma 2.1.

To make use of lemma 2.1 we have to show that the assumptions (14) to (17) and
(19) hold. Since (14), (15) and (17) are satisfied by construction, only (16) and (19)
have to be shown.

Because L;(f(z°)) is compact and z* € L;(f(z?)) for all k£ the maximum eigenvalue
of the Hessian V2f(z*) is bounded from above by some A > 0. Moreover the min-
imum diagonal element of the matrix D* is greater than or equal to p > 0. Using
these two parameters we can estimate

T sl”
%I)(_VTf(a:k)dk) = ) %
i€EN+o
T £( k) ok)2
3 (VI f(=")si) < L(=VT f(a*)d")

A, max(, ))

/

IN

-

[l

e VT f(«*)d"|
X —
p< W <A+p. (34)



2 UNCONSTRAINED PROBLEMS 11

There are two possible initial steps for (LSA1):

i) Let (04)p = 1. Then

[VIF@)d | [VTf(ah)dH]
and with (34)
IVIFE)d| _ s
plld*||(oa)o < T S A+ p)lld*ll(@a)o- (35)
s (0
ii) Since (04)p = —% <1
IVIF@)d | [VTf (M)
Otherwise we have
(U ) HdkH — ’va(xk)dk’ HdkH — ’va(xk)dk’ HdkH2
e (d*)TV2f (k) d¥ [kl (@*)TV2f (zh)ds
Hence [V f(z*)d] (0a)o|d¥|| (d*)T'V?2 f(z*)d*
R = (oF)} BT AT E—
(el ) 0 Hd"l\_ (36)
< AMoahlld®|| < (A + p)(oa)olld®.
Using (34) and (36) we obtain the same estimation as in case i)
[VIF()d| _ s
plld*||(oa)o < T A+ p)lld*ll(@a)o- (37)
Since @4 (a) = 5\%,70‘ and ®2(a) = pa are F-functions (16) and (19) are satisfied. m

Lemma 2.5 Let f € C*(D), D open, convex and nonempty, z° € D, Li(f(z?))
compact, and the sequences (2" )k o0, (T%)k 00, (TF)k 00 and ((07)1)k 00 be generated
by the algorithm (UCA). If

lim (z% —2¥) =0 (38)
k—o00
then T (k) k T £ (k) k
lim V- flag)rt _ lim Vo fat)rt _ 0, (39)
lim ||7*||(o, )k = 0 (40)
k—ro0
and B\TT2 £ (k) ok
lim "V S @ (41)

k=00 ||| |2
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Proof: Since it is possible that ®”(0) = rTV2f(z%)r* > 0 we have to distinguish the
subsequences (t¥)rek., (%) iek,, (P*)rex;, ((07)k)rek, With i = 1,2 and K oof {k :
®(0) > 0}, Ko = {0,1,2,...} \ K;. If k € K; then (o,) is computed by (LSAL)
and by (LSA2) in case of k € K.

Case 1 : (LSA1)

Like in the proof of lemma 2.4 only assumptions (16) and (19) have to be shown in
order to make use of lemma 2.1. There are two possible initial steps:

i) Let (0,)p = 1. Then

OT Ry VTR SN (S5)E VIR
] = I
O IEHR_VIEEIE ez 17|
= 7] = qFr = 1

because the columns of S* are orthonormal. Hence we obtain

[V f(@*)rt|

HrkH = HrkH(UT)U' (42>

i) If (0,)p = —=+%Q < 1, then from (42) there follows

©!'(0)
va xk Tk
% = Il > [Ir*li(r)o- (43)
On the other hand
HrkH(U )0 _ |va(wlcci)Tk| HrkH — |va(wlcci)Tk| HrkH2
I NGRS

and with A > 1 as an upper bound on the eigenvalues of V2f(z) on the compact
set L;(f(z")) we have

V()]

Ao = T (44

Due to the continuity of the directional derivative and (38) there exists an index

ki1 € K such that for all k > k; the estimates (42), (43) and (44) can be combined

to

[V £ (@)r*|
[I7*]

Note that A was choosen greater then 1. With (45) the assumptions (16) and (19)

are satisfied and hence (39) and (40) hold.

Ir¥]l(o7)o < < Allr*ll(er)o- (45)

To verify (41) we make use of lemma 2.3. With §; = 1 for i € T and T = N_ we
know that (r¥)TV?2f(z*)r¥ < 0. Hence, for all k € K,
(,rk)TVZf(I.k)rk (Tk)TV2f(x§)7'k
(]2 [l [2

<0<
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and from (38)
K\NTX72 £ ( k) ok
YT ()
kEK: ||7*])?

=0.

follows.
Case 2 : (LSA2)

This case is much easier to prove. For k € K, the steplength (o,)o will be computed
by (LSA2). The assumptions of lemma 2.2 are satisfied by construction and together
with (38) and f € C%(D) we obtain (39) to (41) for k € K. o

Lemma 2.6 Let f € C*(D), D open, convex and nonempty, z° € D, Ls(f(z°))
compact, and the sequences (T)i o0, ()i 00, (2F)k—00 and ((02)1)k—00 be generated
by the algorithm (UCA). If

lim (zF — 2¥) =0 (46)
k—o0
then T k\ k T kN Lk
i Y@ V@) (47)
S I - SR
lim ||2%||(c.)x = 0 (48)
k—o0
" (H)TV2S (o)
. (2 xl )"
T PR (49)

Proof: The proof of this lemma is analogous to the proof of lemma 2.5. One only
has to substitute x4, 7, 0., ®, by x,,2,0,,P,. [

Finally we prove the convergence of the algorithm using the hitherto given lemmata.

Theorem 2.1 Let f € C3*(D), D open, convexr and nonempty. Let x° € D and
assume L;(f(z°)) being compact. Let the sequence (z*)_. be generated by the algo-
rithm (UCA). If we assume that the minimum eigenvalue of the Hessian V2 f(z*) can
be approzimated sufficiently close by the Lanczos algorithm for all k, then (2%)1 00
has at least one accumulation point and each accumulation point x* satisfies

Vi(z*) =0 (50)

and
V2f(z*) positive semidefinite. (51)

Proof: Since L;(f(2%)) is compact and (%) 0o C L;(f(2")) an accumulation point
z* exists. Let K C {0,1,2,...} be the index set of the subsequence (z*)ycx converg-
ing to «*. Then from lemma 2.4 - 2.6 we know

IT (kY Tk i IT (kN i T (kY ke
ilenl}v f(z®)d —Illerlrév fx®)r —Illerlrév f(z)2" =0 (52)



2 UNCONSTRAINED PROBLEMS 14

and

E _ E kY 7 ko ky _
lim(2* — ) = lim(2* — o7) = lim (25 — 27) = 0. (53)

To estimate ||V f(z*)|| from above we first have a look at

1(SHTV ()2 = ((sHTVF(@*) + [[(SHT_VFE)| + || (SE, V)]
) @) 3)

(54)
If any of the index sets N_ or N, are empty the corresponding summand can be
omited.

(1): ((sHTVF(h)" = |5V IEH]
(2): [|(SHEVF@)|* = [V F@ ) (SEn (SHE VM) = | )V f(a*)|
(3): 35 ISR VA < [V F @) (SE)nea (ST, V] = ()T V £ (b)]]
Using this (54) becomes
ISHTVFEHIP < A+ p) [(@)VF @)+ |(H) V)] + [TV

Hence

- k\T NI
lim [[(SE)7V ()| = 0. (55)

By definition S¥ = Q*V*. Since V¥ is a unitary matrix we obtain
1S VFE) = 1V (@) VM) = 1(@5) V(). (56)

The first column of the matrix Q¥ is the normalized initial vector of the Lanczos
iteration —V f(z*) (see Step 1 of (UCA)). Therefore

(Q’S)TVf(w’“)J (e ) 3 (@)

holds. Hence from (55) and (56) follows

lim ||V (z*)]| = 0.

keK

To verify (51) only the directions z* are needed, as we have assumed that A¥ from

the truncated Lanczos decomposition in Step 1 or Step 5 of (UCA) approximates
the minimum eigenvalue of the Hessian accurately. From (49) and (46) we get (51)
because

(z5)"V2 f(a*)2" = min{Auin (V£ (")), 0}
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Remark 2.1 To proof the previous theorem we needed an assumption on the conver-
gence of the minimum ritzvalue \¥ against the minimum eigenvalue of the Hessian
V2f(z*). A very interesting result is given in [GL89]. Theorem 9.2.2 implies that
M\ is a good approzimation to the minimum eigenvalue whenever the first Lanczos
vector q¥ of the Lanczos algorithm and the normalized eigenvector z; to the minimum
eigenvalue are not orthogonal. The approzimation is the better, the nearer (21)Tq is
by 1. Therefore we use a random start vector in Step 5 of (UCA).

Nevertheless we cannot prevent a gab between the minimum eigenvalue of the Hessian
of the objective function (Apin(V2f(2))) and the minimum ritzvalue \;, because we
truncate the computation of the Lanczos decomposition after at last v steps. But
usually A1 is a good approzimation for Amin(V2f(z)) and so an existing negative
curvature direction can be identified in most cases. [

3 Bound constrained problems

The generalization from the unconstrained case to the bound constrained one is not
difficult. To specify the second order necessary condition we need the projection of
the gradient on the box defined by ;. We define it componentwise by

(P(Vf(2), € { (Vf(2)); if 1 < 2y < (57)
max{0,(Vf(z))} ifz; =u,.
The first order necessary condition is fulfilled in a feasible point x* if
P(Vf(z*)) = 0. (58)
Such a point is called a stationary point. Moreover, if the reduced Hessian

I3 V2 £ (%) Lr(eny (59)

is positive semidefinite, then the second order necessary condition holds in z*. The
index set F is the set of the free variables

Fla)Efie{l,...,n} : < <ul.
The complementary set of F(z*)
A(z") déf{i e{l,...,n} : x =1l orx;=u}.
is the so-called active set. Note, that if the strict complementarity condition
(Vf(z)); <0 if z;=1; and (Vf(z)); >0 if z; = u, (60)

is fulfilled in a point z* satisfying (58), then the positive definiteness of (59) is
sufficient for x* being a strict local minimizer.
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The following algorithm based upon (UCA) can only find a point satisfying the
second order necessary condition. To specify the algorithm (BCA) the projection
on the feasible region
(Pa(z)), € w ifz; > (61)
r; otherwise.

is needed.

Instead of the projected gradient (57) we make use of the projection on the box (61)
to define an equivalent condition to (58). It is easy to see that

t* — Po(z* = Vf(z"))=0 <& P(Vf(z")) =0. (62)

To verify the condition ||z* — Po(z* — V f(z*))|| = 0 has some numerical advantages,
because (x — Po(x — V f(x))); is continuous in /; and wu;.

To describe an algorithm for solving (UCP) we need the following index sets
Definition 3.1 In a given point x € 2y
l; < x; < uy or
Fley=cie{l,...,n} : z;=1; and (Vf(x)); <0 or (63)
z; =u; and (Vf(x)); >0

15 the augmented set of free variables and its complement

def | . Cx;=1; and (Vf(z)); >0 or
B(z) = {ze{l,.”,n} C g = and (V () < 0 }

15 the so-called binding set. [

Moreover, to define a quasi unconstrained optimization problem on a face of the box
we need a reduced function.

Definition 3.2 Let x € Q, be given and let J(x) be an index set associated with x,
then we define the J(z)-reduced function fz(;)(y) : RI® = R by

fr@(y) « f(@r@)(v)  with 250 (y) déf{ Us@yli i€ Je)

x; otherwise

Remark 3.1 Note that the derivatives of the reduced function are given by

ViswW) = L Vi) and V3 r0)(y) = 5wV (@@ ) @
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3.1 Outline of the algorithm

Algorithm 3.1 (BCA)
Given the starting point 2° € Q, and parameters 0 < ¢ < 1, 0 < n;,m2 < 1 and
2<1leN. Set k=0 and proceed

Step 0 If
la* — Po(a* — Vf(z*))]| < e (65)

continue with Step 11.

Step 1 Determme the binding set B(z*) and the active set A(x*) in the current
iterate z*. If
A(z") = B(zF)

then goto Step 5. Otherwise set kg = k.

Step 2 Compute a steplength o, along the polygonal search path Po(z* — tV f(z*))
using the linesearch algorithms (LSA1) and (LSA2).

Let ®(t, V f(z*)) oof f(Po(z® — tV f(z*))) and compute

PG 4e1)(0) = VI f (@) P(Vf(2%)) = —[|P(V (")) (66)

and
8 1) (0) = PV (a)T V2 (") P(V () (67)

To get o4 use the following scheme

(1) If G40y (0) > 0 then use (LSAL) with

B0 (0)
: fa*)
(04)0 = min 1, -
’ 9wty (0)
(ii) If @’éf(wk)(O) = 0 then use (LSA1) with

(O'g>0 = 1

(1) If @3 ;1) (0) <O then use (LSA2) with

[* —2* Y| if k>0
(79)o = {HP(Vf( DI ifk =0

Set
gt & Po(z* — 0,V f(z)).

Step 3 If
25 = Po(a*" = V(2" )] < e (68)

continue with Step 11.
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Step 4 If
A<I,k+1) — A(xk) — = A(karlfl)
f(xk) _ f(q;k+1) < max {f(xj) _ f(ijrl)}

kg<j<k

then set k = k+1 and continue with Step 5. Else set k = k+1 and goto Step
1.

Step 5 Set F = F(x*) and define the F-reduced function fr(y). Set i = 0 and
0 _ 7T,k
Yy = Iza”.

Step 6 Use Step 1 of (UCA) with fr replacing f.
Step 7 Use Step 2 of (UCA) with fr replacing f.

Step 8 Use Step 3 of (UCA) with fr replacing f and obtain y*™t.

Step 9 Set '
wk-l—l — PQ(J?]:(yl—l_l)).
If
25 = Po(a*" = V(2" )] < e (69)

continue with Step 11.

Step 10 If
A(z") # Aa")
or ' ' ' ‘
Tr(y) = f2 () < mo max{fx(y’) = f£(y")}
or

IV iy I < e

then set k = k+1 and continue with Step 1. Otherwise setk =k+1,i=1+1
and proceed with Step 6.

Step 11 As in the unconstrained case compute the truncated Lanczos decomposi-
tion for the F(z*)-reduced function f#(ry to determine the index sets N_ =
{i DA < O} and Ny = {z P AR > O} of negative and non-negative ritzvalues of
the reduced Hessian.

If INZ| = 0 stop.

If IN-| # 0 then continue with Step 7 replacing fr by fzu- "

Remark 3.2 The algorithm (BCA) is a combination of the gradient projection
method and the unconstrained minimizer (UCA). Thereby the gradient projection
steps have the job to find the correct set of active wvariables by multiple activa-
tion/inactivation and (UCA) explores a face of the box defined by Q. n
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Remark 3.3 Note that the algorithm (BCA) only stops in Step 11 which only can
be reached if a stationary point was identified by (65), (68) or (69). The replacement
of fr by fﬁ(wk) 18 a special feature to determine directions of negative curvature in
a stationary point not satisfying the strict complementarity condition (60). For the
convergence result presented below it is irrelevant, since we assume (60) hold in x*.
This guarantees identification of the correct active set in a finite number of steps,

and F(z*) = F(z*). =

Remark 3.4 The first and second directional derivative of f in the direction of the
projected gradient defined by (66) and (67) exists, because

Po(z* — tVf(zF)) = 2F —tP(Vf(a*))

for 0 < t < (i, where 31 is the first breakpoint of the piecewise linear path, if
P(Vf(a")) #0. .

3.2 Convergence analysis

The transfer of the convergence properties from theorem 2.1 to the bound constrained
case follows from theorem 5.4. in [CM87]. Calamai and Moré refer to an algorithm
combining the projected gradient steps with another method satisfying z**! € Qj,
f(zF)y < f(2*) and A(zF™) C A(z*). Theorem 5.4. in [CM87] shows that a
bounded sequence generated by this algorithm stays on the correct active set after
a finite number of steps, whenever the strict complementary condition (60) holds in
each stationary point.

Theorem 3.1 Let f € C3*(D), D open, convexr and nonempty, z° € D and
Li(f(z) N Qp compact. Let the sequence (z¥); 0o be generated by the algorithm
(BCA). We assume that the minimum eigenvalue of the reduced Hessian can be
approximated sufficiently good by the Lanczos algorithm in Step 11.

If the strict complementarity condition (60) is satisfied in each stationary point of
(BCP), then (z*);_ . has at least one accumulation point and each accumulation
point x* satisfies

P(Vf(z*)) =0 (70)

and
Ig(w*)v2f(a:f(x*)(y))Iﬁ(w*) positive semidefinite. (71)

Proof: If we assume that (60) holds in each stationary point, then in Step 11 F(z*)
can be replaced by F(z*) and so the assumptions of theorem 5.4. from [CM87] are
satisfied.

Hence, the bounded sequence (azk)k%oo remains on one face of the box for all &
sufficiently large. By construction this only happens if A(z"*) = B(z*) is satisfied for
k sufficiently large. Hence we can use theorem 2.1 to complete the proof. [
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4 Implementation

Now we have a look at the implementation of (BCA). In the algorithms we make use
of the Lanczos decomposition of the Hessian or the reduced Hessian of the objective
function. Here we present two implemented features which serve to increase stability
and effectiveness.

4.1 Partial reorthogonalization

The Lanczos decomposition of a symmetric matrix A in exact arithmetic can be
written concisely as
AQI/ _QVTV - ﬁu-‘rlql/-l-le,’{ (72>
Q?;QV = I,
In practical computing the columns of (),, the so-called Lanczos vectors, lose their

orthogonality. As a consequence of this QT Q, # I, even for v < n. But without the
orthogonality lemma 2.3 does not hold and the algorithm may fail.

This problem is well known and described in detail in [Par80a]. The only way to
stabilize the computation of (72) is to orthogonalize the current computed Lanczos
vector relatively to the previous ones. To use all the Lanczos vectors for reorthogonal-
ization is very expensive and not necessary. Therefore Parlett developed in [Par80al,
[Par80b| or [PS79] a strategy called “Selective Orthogonalization (SO)”. The (SO)
method determines exactly the ritzvectors relative to which the current Lanczos vec-
tor loses orthogonality and reorthogonalizes it.

Another way to prevent the breakdown was presented in [Sim84b] and [Sim84a].
Simons idea is to simulate the loss of orthogonality and to decide relative to which
of the older Lanczos vectors a new one should be corrected. The foundation of the
simulation is the following theorem proved in [Sim84a).

Lemma 4.1 Let w;; = g} q;. Then the w;y, satisfy the recurrence
wk7k:1 for k = 1,...,5+1,
Weh-1 = Gk for k = 2,...,5+1, (73)
Bitiwirik = Brrwintr + (o — ) wip + Grwjr—1 — Biwj—1k
+ q]Tfk - @l
forl < k < jand wjri1 = Wiy, where wyoy = 0 and the vectors f; account

for the rounding errors in the i-th step.

Proof: The recurrence (73) follows from the three-term-recurrence of the Lanczos
algorithm by adding an error vector f. For further details see [Sim84a]. "
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Introducing some reasonable estimates for the error-vectors it is possible to estimate
the w;i’s by
wk7k:1 for k = 1,...,5+1,
wk,k_1:¢k fOI‘k:2,...,j—|—1,

(74)
Witk = ﬁ(ﬂkJrle,kJrl + (o — aj)wip + Grwir-1 — Bjwj-1k)
+ 6k,
for1 < k < jand wjgy1 = Wiy, For ¢y and 6;; Simon proposed
B2
¢k = EMn_q)a
Bk

where ® € (—0.3,0.3) and

Oir = em(Bra + Bj+1)0,

where © € (—0.6,0.6). €) is the machine precision. An algorithm called (PRO)
based on (74) is presented in [Sim84b] or [Fel96].

The values ® and 6 are generated at random and so the algorithm (PRO) may over-
or underestimate the real loss of orthogonality. To prevent an underestimation we
check the real values of ¢'q; from time to time and, if necessary, we switch to the
full reorthogonalization strategy. Numerical experiments showed, that this is more
efficient then (SO) proposed by Parlett.

4.2 Krylov iteration

The reason why we make use of the Lanczos iteration is the good approximation of
the outer eigenvalues by the ritzvalues. This property is very important, whenever
directions of negative curvature exist. But if we suppose, that the reduced Hessian of
the objective is positive definite, for example in a neighborhood of the solution, then
the Lanczos algorithm can be interpreted as a Krylov subspace iteration to solve the
Newton equation

V2 fr(ah)d = =V fx(a*). (75)

With the Lanczos method we obtain a good approximation of the Newton direction
d* = —Q(T,)7'QuV fx(a") (76)

whenever [N_| = 0. To compute such a truncated Newton direction we do neither

need the ritzvalues nor the ritzvectors.

If the ritzvalues are not of interest and only the solution of the symmetric linear
system (75) is needed, it is possible to update an initial guess for the Newton direction
without the computation of the ritzvectors or -values. Saad presents in [Saa96] a
method founded on the Gaussian elimination without pivoting. Unfortunately this
method may be sometimes problematic, because it prones to breakdowns.

We used the more sophisticated method called (SYMMLQ) proposed by Paige and
Saunders in [PS75]. There the more complex LQ factorization of the tridiagonal
matrix T is adapted step by step with the truncated Newton direction d computed
by forward- and backward substitution.
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4.3 Control of the Lanczos steps

Whenever the reduced Hessian of the objective function is positive definite and the
Lanczos decomposition is used as an iterative solver for the Newton equation (75), we
are able to control the maximum number of computed Lanzcos vectors . Eisenstat
and Walker showed in [EW96] that the inexact Newton method still converges, if the
approximated Newton direction d satisfies

IV2fr(®)d + V fr (@) < el V(") (77)
Here py is a so-called forcing term and can be choosen
def IV £ (=) )a)
pr = ymin | 1.0, <— 78
i (10, (G, 7
forsome 0 <y <land1l<a<2 Weused y=0.9and a = 2.

To obtain a “better” approximation of the Newton direction, we increase the maxi-
mum number of Lanczos vectors 7 by 5 if (77) is violated. Furthermore we reduce it
by 3, whenever

V2 fr(2*)d + V fr ()| < 0.1p]|V fr(2)|
holds.

A lower bound on 7 was given by

min (U—"\, min <30, max(10, 10 + (111:1((‘;‘)) —2)- 10)>>

and an upper bound by

min (U—"\, min <80, max(30, 30 + (111:1((‘;‘)) _9). 25))) .

E.g. in case of |F| > 10000 the lower bound is 30 and the upper bound 80.

4.4 Termination criteria

Computation terminates in the following cases

‘es ‘ Description

-3 | The number of iterations was greater then maxiter. The iteration counter
increases when the algorithm (BCA) reaches Step 1.

-2 | One of the linesearch algorithms was not able to find a steplength o €
[Omin, Omax] i Step 8 of (BCA).

-1 | One of the linesearch algorithms was not able to find a steplength ¢ €
[Omin, Omax) in Step 2 of (BCA).

1| ||Jz* — Po(z* =V f(2*))|| < € and the approximation of the minimum eigenvalue
Amin Was greater then 0 in Step 11.

2 | ||z — 2% < €, (]|2¥|| + 1) for K, consecutive iterates z*.

3| flabt — f(aF) < ep(|f(2*)| + \/enr) for the last K iterates z* in follow.
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4.5 Choice of the parameters

The parameters were choosen as follows

23

‘ Name ‘ Description Value ‘

€M Machine precision 1016

p Regularity threshold in (UCA) 10710

€ Termination parameter in (UCA) and (BCA) 107%/n

M Termination parameter for the projected gradient steps 0.1

M2 Termination parameter for the second order steps 0.1

[ Maximum number of projected gradient steps without 3
changing the active set

b1 “Armijo”-parameter used in (LSA1) 10*

51 Backtracking-parameter used in (LSA1) 0.5

92 Parameter used in (LSA2) 0.1

3 Parameter used in (LSA2) 0.9

B Backtracking-parameter used in (LSA2) 0.5

¢ Safeguard in (LSA2) —107

Omin Minimum steplength 10~10

Omax Maximum steplength 10*

€ Termination parameter. See es = 2 103M

K, Termination parameter. See es = 2 10

€f Termination parameter. See es = 3 NG

K; Termination parameter. See es = 3 10

maxiter Maximum number of iterations. See es = -3 500
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5 Numerical results

To test the algorithm (BCA) we use the CONSTRAINED AND UNCONSTRAINED
TESTING ENVIRONMENT CUTE. CUTE containes a lot of unconstrained and
bound constrained programming problems, coded in a special format called SIF
and the necessary tools for decoding the SIF Files and evaluating the objective and
the constraints. For more details see [BCGT97].

The computations were performed under LINUX on an Pentium Il with 300/66 MHz
and 256 MB main memory. The FORTRAN code (double precision) was compiled
with g77 -O6 -static. The given data are

‘ Name ‘ Description
name Name of the problem.
c Classification of the problem. The problem is unconstrained, if a U
is given and bounded if a B is given.
e Termination status, as described in subsection 4.4.
it Number of main iterations. The iteration counter increases when
the algorithm (BCA) reaches Step 1.
n Number of variables. Dimension of .
nb Number of active variables in the final point x¢ of the iteration.
nf Number of free variables in the final point z¢ of the iteration.
#f Number of objective function evaluations.
#ef Number of gradient evaluations.
#hf Number of Hessian evaluations.
#hfv Number of reduced Hessian vector products.
%den Number of nonzeros in the Hessian in percent of n?.
norm pgf Norm of the projected gradient of the objective ||z¢ — Pq(x® —
Vf(z¢))|| in the final point of the interation.
lam min Final minimum eigenvalue approximation of the reduced Hessian
computed in Step 11 if es = 1 or Step 6 else.
S Strict complementary condition indicator.
obj.fun Objective function value f(z¢) in the final point.
time CPU-time in seconds.
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Finally we give a comparison of the results obtained for the problems with dimension
greater then or equal to 1000 by our algorithm and the limited memory quasi-Newton
method LBFGS-B 2.1. of Nocedal et.al. [BLNZ95]. We used the same termination
criteria as given in subsection 4.4 and the maximum subspace dimension in LBFGS-B
2.1. was set to m = 17. The given data are

‘ Name ‘ Description ‘
name Name of the problem.
c Classification of the problem.
n Number of variables. Dimension of x.
n.pgf.pl2 Norm of the projected gradient of the objective ||z¢ — Pq(z¢ —
Vf(z¢))|| in the final point of our method.
o.fun.pl2 Objective function value f(z¢) in the final point of our
method.
t.pl2 CPU-time in seconds needed by our method.
n.pgf.lmgp Norm of the projected gradient of the objective ||z¢ — Po(x® —
Vf(z¢))|| in the final point of LBFGS-B.
o.fun.lmgn Objective function value f(z¢) in the final point of LBFGS-
B.
t.1lmgn CPU-time in seconds needed by LBFGS-B.
| name | c | n n.pgf.pl2 o.fun.pl2 t.pl2 | n.pgf.lmgn o.fun.lmqn t.1lmqn
BIGGSBI | B | 1000 | 0.315305E-05 0.150000E-01  .66E+02 | 0.194222E+00  0.198497E+00  .51E-01
BQPGAUSS | B | 2003 0.329910E-04 -.362578E+00 .13E+03 0.253196E+01 0.499919E+02 .51E-01
CHAINWOO U 1000 0.141524E-05 0.464850E+02 .44E+02 0.237257E-02 0.330127E+03 .11E+03
CHENHARK | B 1000 0.178992E-04 -.200000E+01 .24E+03 0.492647E-04 -.200000E+01 .B63E+02
COSINE U 1000 0.122560E-02 -.980615E+03 .50E+02 0.853830E-07 -.999000E+03 .37E+00
DIXMAANB | U | 3000 0.151113E-16 0.100000E+01 .16E+01 0.153401E-05 0.100000E+01 .21E+00
HADAMALS | B 1024 0.504818E-07 0.746002E+03 .54E+03 0.423994E+02 0.758905E+04 .19E+02
INDEF U 1000 0.340776E+02 -.856584E+10 .14E+03 0.389085E+02 -.594184E+23 .23E+00
JIMACK U | 3549 0.240988E-04 0.866793E+00 .T4E+04 0.108445E-03 0.866793E+00 .84E+04
JNLBRNG1 B | 5625 0.143321E-05 -.180548E+00 .14E+02 0.203277E+01 0.882780E+01 .59E+00
JNLBRNG2 | B | 5625 0.155722E-05 -.414656E+01 .13E+02 0.296635E+01 0.741889E+01 .26E+00
JNLBRNGA | B 15625 0.262766E-05 -.268510E+00 .56E+02 0.921316E-01 -.249031E+00 .12E+02
NCB20 U | 1010 | 0.276494E-05  0.905997E+03  .28E+02 | 0.113636E-02  0.950647E+03  .22E+02
NONCVXU2 | U 1000 0.414898E-03 0.231788E+04 .13E+03 0.251954E-02 0.231869E+04 .32E+02
NONCVXUN | U 1000 0.116454E-02 0.232465E+04 .16E+05 0.212479E-02 0.231933E+04 .30E+03
NONDIA U 1000 0.421261E-10 0.178727E-25 .22E+00 0.345933E-06 0.156117E-17 .31E+00
OBSTCLAE | B | 5625 0.273845E-06 0.186300E+01 .10E+02 0.140328E+00 0.219372E+01 .12E+02
0OBSTCLBM | B 15625 0.382794E-05 0.729576E+01 .27E+02 0.395521E-01 0.730669E+01 .45E+02
PENALTY1 | U | 1000 | 0.213778E-06  0.968618E-02  .34E+03 | 0.115926E-05  0.968618E-02  .17E+01
PENTDI | B | 1000 | 0.974128E-09  -.750000E+00  .39E-01 | 0.000000E+00  -.750000E+00  .12E-01
SPARSINE | U 1000 0.315522E-05 0.294653E-11 .55E+03 0.105433E-02 0.107623E-06 .10E+03
SPARSQUR | U | 1000 | 0.106900E-05  0.115132E-08  .33E+01 | 0.222204E-05 0.289818E-08  .73E+00
TESTQUAD | U 1000 0.275117E-05 0.103380E-14 .27E+02 0.108011E-02 0.122498E-08 .59E+02
TORSIONG | B | 14884 | 0.127499E-06 -.285880E+01  .15E+02 | 0.100470E-01  -.285799E+01  .16E+03
wooDs U 1000 0.306765E-09 0.323957E-21 .35E+01 0.313370E-05 0.528041E-14 .82E+00
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6 Conclusion

On balance the result of the numerical experiments is positive. The combination of
projected gradient steps and a more sophisticated unconstrained solver, as proposed
by Moré and Toraldo, also works effective if second order directions are used in the
unconstrained phase. The difficulties in solving for example HYDC20LS or PALMERxy
are either scaling problems or bounds to close to singularities. Most of these pro-
gramming problems can be solved using a scaling of the variables or more conformed
bounds. Note that the algorithm in the implemented version does not make use of
any scaling.

An advantage of the implementation is the usage of (SYMMLQ) if the reduced
Hessian is positive definite. In the case of a strictly convex programming problem
the algorithm does not need the computation of any ritzvectors. That is wy we
achieve the good results in solving O0BSTCLxy and TORSIONx.

Of a special interest is the comparison between our algorithm and the limited memory
quasi-Newton method LBFGS-B 2.1. of Nocedal et.al. This algorithm (see [BLNZ95])
makes use of limited memory BFGS matrices as presented in [BNS94] and was es-
pecially designed for large scale problems. Moreover a gradient projection method,
similar to our approach, is implemented to handle the bound constraints. In case
of small problems the limited memory quasi-Newton method was faster. But the
given results show that the use of second order information makes our approach
much more reliable in case of large scale problems. Even by solving problems with
a convex objective function, as JNLBRNGx, OBSTCLxy, and TORSION6 LBFGS-B 2.1.
failed.

The performance of (BCA) depends strongly on the approximation of the eigenvalues
and the truncated Newton direction (76). Therefore the choice of the initial vector
for the Lanczos iteration and the control of the number of Lanczos steps is very
important. Concerning the convergence analysis the correctness of the eigenvalue
approximation can only be assumed. Nevertheless, the numerical experiments show,
that the implementation overcomes these difficulties and is very efficient for large
scale problems.
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