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1 Introduction

In a damped hyperbolic system with periodic forcing, resonance can be avoided if the
energy from the external forces accumulated over a period is dissipated via the damping
mechanism. The existence of a time-periodic solution would be a manifestation hereof.
Our aim in this article is to develop a method that can be used to ensure existence of



this particular type of non-resonant solution for nonlinear hyperbolic systems. Although
the method is generic in nature, we restrict our analysis to a nonlinear wave equation
with Kelvin-Voigt damping in a three-dimensional domain. Specifically, we consider
the Kuznetsov equation, which is a nonlinear wave equation that describes acoustic
wave propagation. As our main result, we show for any periodic forcing term that is
sufficiently restricted in “size” existence of a time-periodic solution. We shall treat non-
homogeneous boundary values of both Dirichlet and Neumann type. We consider spatial
domains © C R? that are either bounded, the half-space or the whole-space.

Well-posedness of the initial-value problem for the Kuznetsov equation has only re-
cently been established [6, 7, 9]. Our result can be viewed as an extension of these results
to the corresponding time-periodic problem. Related time-periodic problems have been
studied by other authors over the years. In particular we mention the work of KOKOCKI
[8], where a class of nonlinear wave equations with Kelvin-Voigt damping, which do not
contain the Kuznetsov equation though, are investigated.

We will work in a setting of time-periodic functions and therefore take the whole of
R as a time-axis. In the following, (¢,z) € R x Q will always denote a time-variable ¢
and spatial variable z, respectively. The Kuznetsov equation with Dirichlet boundary
condition then reads

Ofu — Au — A0 Au — 9y (7(0pu)* + |Vu|2) =f imnRxQ, (KD)
u=g¢9 onR xJMN.
The corresponding Neumann problem reads
O*u — Au — Ny Au — 0, (7(8tu)2 + ]Vu|2) =f imRxQ,
ou (KN)

— =g onRx0Q.
on

Here, A,y > 0 are constants. We shall consider both data and solutions that are time-

periodic with the same period 7 > 0, that is, functions u, f and g satisfying

VteR: (T +t,-) = h(t,"). (TP)

More precisely, we will show for data f and g satisfying (TP), and whose norm in
appropriate Sobolev spaces are sufficiently small, the existence of a solution u to (KD)
and (KN) also satisfying (TP).

Our approach is based on L? estimates of solutions to the corresponding linearizations

O*u— Au—AhAu=f inRxQ, (WD)
u=g¢9 onRxJN
and
O*u — Au— N Au=f inR xQ,
ou (WN)

o =9 on R x 002,



of (KD) and (KN), respectively, and an application of the contraction mapping principle.
The novelty of our approach is rooted in the method we employ to establish the LP
estimates of (WD) and (WN). Instead of relying on a Poincaré map, which is the
standard procedure in the investigation of time-periodic problems, and also the approach
used in [8], we obtain the estimates directly via a representation formula for the solution.
We hereby circumvent completely the theory for the corresponding initial-value problem
that is needed to construct a Poincaré map. Not only do we develop a much more direct
approach, the representation formula we establish also seems interesting in the context
of resonance, or rather the avoidance hereof, since it exposes the way different modes of
the solution are damped in relation to the modes of the forcing term. We shall briefly
outline the method in the whole-space case = R3. The main idea is to reformulate the
time-periodic problem as a partial differential equation on the locally compact abelian
group G := R/TZ x R3. Since the data f and the solution u are both T-time-periodic
functions, they can be interpreted as functions on GG. A differentiable structure on G is
canonically inherited from R x R? via the quotient mapping 7 : R x R* — R/TZ x R? in
such a way that the damped wave equation can be reformulated as a partial differential
equation

O*u— Au— M Au=f inG (1.1)

in a setting of functionsu : G — Rand f : G — R. In this setting, it is possible to use the
Fourier transform % in combination with the space of tempered distributions ./ (G),
the dual of the Schwartz-Bruhat space .”(G), and derive from (1.1) the representation
formula

—_ g1 1 T
"= e w7V 2

when f € . (G). Here (k,§) denote points in the dual group G:= 2%Z x R3. The term
i\k|¢|? in the denominator of the Fourier multiplier in (1.2) stems from the damping.
For modes k # 0, the multiplier is bounded due to the damping term, whereas the mode
k = 0 of the multiplier is not “damped” at all. To obtain the desired estimates of u, we
shall therefore split the “damped” and “non-damped” modes, in this case

1 1—96z(k
gPﬁG[ﬂ} + &‘51 |§|2(_ = i(i)?llmz,?g[f] = U + Up, (1.3)
where dz(k) := 1 if £ = 0 and dz(k) := 0 otherwise. The main advantage of the
decomposition is that the bounded multiplier in the representation of w, leads to a
better LP estimate than can be obtained for the full solution u. We shall establish the
estimate by invoking a transference principle for group multipliers, which allows us to
transfer the multiplier into a Euclidean setting. This principle was originally established
by DE LEEUW [1] and later generalized by EDWARDS and GAUDRY [3]. The estimate
of us can be obtained by standard methods. Clearly, a more complex damping than
the Kelvin-Voigt damping term would lead to a more complex splitting in (1.3), but the
general idea should still be applicable. We postpone the investigation of more general
damping mechanisms to future works.

_ g1
u=>q




2 Preliminaries

2.1 Notation

In the following, 2 C R3 will always denote a domain, namely, an open connected set.
Points in R x € are generally denoted by (¢,x), with ¢ being referred to as time and x
as the spatial variable. A time-period 7 > 0 remains fixed.

For functions f defined on time-space domains, we let

1

-
Pf(t,z):= T/f(s,x) ds, PLf(t,x):= f(t,x) —Pf(t, x) (2.1)
0

whenever the integral is well defined. Since Pf is independent on time ¢, we shall
implicitly treat Pf as a function of the spatial variable x only.

Classical Lebesgue and Sobolev spaces with respect to spatial domains are denoted by
LP(Q) and WP (Q), respectively. We further introduce the homogeneous Sobolev space

WP (Q) == {u € Lj,o(Q) | 9Fu € LP(Q), | =2}, July, = < > |3§‘U|§> :
|a|=2

2.2 Group setting and Fourier transform

We introduce the group G := T x R3, where T denotes the torus group R/TZ. The
quotient mapping

T RxR3 = G, n(t,z):=([t],z) (2.2)

induces a topology and a differentiable structure on G. Equipped with the quotient topol-
ogy, G becomes a locally compact abelian group. Via the restriction II := 77‘[0 T)xR3?
we can identify G with the domain [0,7) x R?, and the Haar measure dg on G as the
product of the Lebesgue measure on R? and the Lebesgue measure on [0, 7). From the

uniqueness of the Haar measure up to a constant, it is possible to choose dg in such a

way that
1 T
/u(g) dg:T//uoH(:L',t) dadt.

G 0 R3
For the sake of convenience, we will omit the II in integrals of G-defined functions with
respect to dxdt. Furthermore, we define by
C®(@):={u:G—-R|IWVeC®RxR*): U=uon}, (2.3)

the space of smooth functions on G. Derivatives of a function v € C*°(G) are defined
by

9 0%u == |9)0% (uwom)| oIl ;

0o = |0y 0 )| o V (o, B) € Ny x No.



By C°(G) = {u € C*°(G) | suppu is compact} we denote the space of compactly
supported smooth functions on G. The Schwartz-Bruhat space on G is defined by

Z(G) = {u e C®(G) | Y(a, B,7) € Ng x Ng x N3 1 po g~(u) < oo},
where

Pa,gq (1) == sup x”@f@?u(t, x)|.
(t,x)eG

Equipped with the semi-norm topology of the family {pa | (@, 8,7) € N3 x Ny x N3},
Z(G) becomes a topological vector space. The corresponding topological dual space
(@) equipped with the weakx topology is referred to as the space of tempered dis-
tributions on G. Distributional derivatives for a tempered distribution w are defined by
duality as in the classical case.

Let G denote the dual group of G. Each (k,¢) € Q%Z x R3 can be associated with a

character x : G — C, x (t,z) := ¢+ on G. Thus we can identify G = 2“Z x R3, and

the compact-open topology on G as the product of the Euclidean topology on R? and the
discrete topology on 2”Z The Haar measure on G is then the product of the countlng

measure on TZ and the Lebesgue measure on R3. The space of smooth functions on G
is defined as

C®(@G):={ueC(G )|V/~ce?Z u(k,-) € C°(R3)},

and the Schwartz-Bruhat space as
F(G) = {u € C(G) | Y(a, 8,7) € N§ x N§ x No : pu,g(u) < o0},
where

Pa,py(U) == sup gaaﬁmu(k €)
(k,£)eG

are the generic semi-norms.
By % we denote the Fourier transform associated to the locally compact abelian
group G defined by

.
Fa: G = AC), Folul(h,€) = (k€ : // (t,2) o™ikt qady.
0 R3

We recall that Z¢ : . (G) — .7 (é) is a homeomorphism and the inverse is given by

T S (C) = 2(@), Fg'llta)=w'(ta)= Y [wkE) e de
kE%ZRS

By duality, Z¢ extends to a homeomorphism .%/(G) — .#/(G).



2.3 Multiplier theory

Next, we introduce two helpful tools from harmonic analysis, which will enable us to
estimate the solution to (WD) and (WN). Due to the lack of sufficient multiplier theory
in the general group setting, we make use of the following lemma to transfer the inves-
tigation into an Euclidean stetting. The idea goes back to DE LEEUW [1]; the lemma
below is due to EDWARDS and GAUDRY [3].

Lemma 2.1. Let G and H be locally compact abelian groups. Moreover, let P G- H
be a continuous homomorphism and p € [1,00]. Assume that m € L*°(H;C) is a
continuous LP-multiplier, i.e., there is a constant C such that

v e L (H) N L (H) : | Zy m Al < Clf
Then mo ® € Loo(a; C) is also an LP-multiplier with
Vf e L2 (G)N LY (G): |75 mo @ flll, < ClIf |-
Proof. See [3, Theorem B.2.1]. O

Remark 2.2. Applying Lemma 2.1 with G := T xR3, H := R x R? and & : Q%Z x R3 —
R x R3, ®(k,¢) := (k, &), we are able to transform and investigate an LP-multiplier on
G into an R* setting.

We shall make use of the following multiplier theorem of Marcinkiewicz type:

Lemma 2.3. Let m : R" — C be a bounded function with m € C™(R™). Assume there
is a constant A such that

sup sup &0 - 0rm(§)| < A (2.4)
e€{0,1}" €€Rn "

Then for any p € (1,00) there is a constant C' such that
v € AR NIPR") : |F 7 m - flly < CAlflp,
with C' = C(p).
Proof. See [5, Corollary 6.2.5]. O

2.4 Function spaces

Let E(f2) be a Banach space. By the same construction as in (2.3), we introduce the
space C*(T; E(R)) of smooth vector-valued functions on the torus. For p € (1,00) and
k € Ny we further introduce the norms

T

[t )

7#
0 (2.5)
k
(T (Z\atfumm )"

S =

£l e (msB00)) (

=



and let
P (T; B(Q) = O (T; B () 17 @E@),
Wh (T B() i= O (T B () e,

Clearly LP (T x ) = LP (T; L? (2)). We sometimes write |-/, instead of ||| 1»(T;zr(0))
when no confusion can arise.

Recalling (2.1), we observe that P and P, are complementary projections on the
space C* (T; E(€2)). We shall employ these projections to decompose the Lebesgue and
Sobolev spaces introduced above. Since P f is time independent, we shall refer to Pf as
the steady-state part of f, and P, f as the purely periodic part. By continuity, P and
P, extend to bounded operators on LP (T; E(Q)) and W*P (T; E(1)).

We introduce the anisotropic Sobolev space

XV (T x Q) := PLW?P(T; LP(Q)) N PLW P (T; W2P(Q)) (2.6)

1

)
lullxr = (10Bulg + Iulfynceypasay ) 27)
Sobolev-Slobodeckii spaces

TP(T x 0Q) := W2 %" (T; LP(9Q)) N WP (']r; WQ*%’p(aQ)) ,
e 1 (2.8)
00T x 00) == w2 557 (1 12 (00)) N W (T; Wl—;’f’(asz)) ,

are defined in the usual way using real interpolation. One may verify that the trace
operators

Trp : W>P(T; LP(Q)) N WP (T; W?P(Q)) — TH(T x 09),  Trp(u) = urxsn;
ou

Try : WHP(T; LP(Q)) N WP (T WP(Q)) — Th(T x 0), Try(u) == B o
X

are continuous and surjective; see for example [2].

3 Linear Problem

We shall investigate the linearized problems (WD) and (WN) and establish maximal LP
regularity in a setting of 7-time-periodic functions. For a Banach space E(2) we define
by

Coar (R E(Q)) :={f € CT(R; E(Q)) | fF(t+T,x) = f(t,2)}

the space of smooth vector-valued 7-time-periodic functions. Lebesgue and Sobolev
spaces of time-periodic vector-valued functions are defined by

P (R; E(Q)) := WH'”LP(T;E(QD’

per per
kp (R — oo - mron ] lwesr.
Whe (R; B(Q)) = O, (R; E(Q))Whr e,



where the norms ||-[|zr(1;p(0)) and [|*[lwes(r.p)) are defined as in (2.5). Similarly,

7 per(R % 0Q) and % per(R X 0Q2) are defined in accordance with (2.8).

Theorem 3.1 (Dirichlet problem). Assume that either Q@ = R, Q = R} or Q C R3
is a bounded domain with a CY'-smooth boundary. Let p € (1,00). Then for any
f € Lyer(R; LP (Q)) and g € T, (R x 0Q) there is a solution u to (WD) with

u(t,x) = us(x) + up(t, x) € WP (Q) © PLW2E(R; LP() N PLWAE (R; WP(1))

per per
(3.1)
satisfying
[tslyp < et (IPFlp + I1Pgllay) (3.2)
lugllr < ez (IPLFllp+ 1P Lgllzy) (3.3)

where ¢c1 = ¢1 (p, ) >0 and ca = c2 (p, 2, T) > 0. If v = vs+ vy is another solution with
vs € W24 (Q) and v, € PLWp? (R; L(Q)) N PLWRE (R; W>%(Q)) 1,02 € (1,00),

then us — vs 1s a polynomial of order 1 and u, = vp.

Theorem 3.2 (Neumann problem). Let Q and p be as in Theorem 3.1. Furthermore,

let f € LEe,(R; LP (Q)) and g € Tﬁ,per(R x 00). If Q is a bounded domain, assume
T T
//fd:vdt—{—//gdet:O. (3.4)
0 Q 0 90

Then there is a solution u to (WN) with
u(t, z) = us() +up(t, 1) € WP (Q) & PLWRR(R; LP(Q)) N PLW,2 (R; W*P(Q))

per
(3.5)

satisfying
[Usla,p < 1 (I1PFlp + IPgllzy, ) - (3.6)
lupllcn < e (IPLFllp + 1P 1glry, ) (3.7)

where ¢c1 = ¢1 (p, ) >0 and ca = c2 (p, 2, T) > 0. If v = vs+ vy is another solution with
v, € W29 (Q) and v, € PLWRE(R; L2(Q)) N PLWpel? (R; W32 (Q)) , g1, 2 € (1,00),
then us — vs s a polynomial of order 1 and u, = vy.

Corollary 3.3. Let Q2 and p be as in Theorem 3.1. The operator
A PLWER(R; LP(Q)) N PLWE (R; W2P(Q))

per per
— PLLE (R LP (Q)) x PLT§7
A(uy) = (ﬁfup — Auy — A Auy, Trsup)
with S € {D, N}, is a homeomorphism.

Proof. Follows directly from Theorem 3.1 and 3.2. O

(R x 09),

pPET

We divide the proof of Theorem 3.1 and Theorem 3.2 into a number of steps.



3.1 The Whole-Space

In the whole-space case the resolution to T-time-periodic solutions to (WD) and (WN)
is equivalent, via the quotient mapping m, to the resolution to the system

O*u— Au— M hAu=f inG (3.8)

on the group G. The system (3.8) can be investigated in the framework introduced in
Section 2.2.
We consider f € LP(G). We use the projections P and P, to decompose f as

f=Pf+P.fel’(R) &P L\G),
and seek a solution u to (3.8) as a sum u = u, + up, where u, is a solution to
—~Aus=Pf inR3 (3.9)
and u, a solution to
Ofup — Aup — N0 Au, =P f in G. (3.10)

The resolution to the elliptic problem (3.9) is well known. We therefore turn our focus
to (3.10).

Lemma 3.4. Let p € (1,00). For any f € P LP(G) there exists a solution u € X% (G)
to (3.10). Moreover

lullxz < el fllp, (3.11)
were ¢ = ¢(p,T) > 0. The solution u is unique in .| (G).

Proof. Recall that #¢[P, f] = (1 — dz) F|f]. Formally applying the Fourier transform
F¢ in (3.10), we therefore obtain

u=75" i _(Z;fﬁkmﬁg[f] | (3.12)
We put
M:G—C, MkE) = 1~ % (3.13)
€]% — k2 + iAk[¢]?
and write

u=Fg M (k,&) Falf]].- (3.14)

Since M € LOO(CA}) is bounded, it is clear that u given by (3.12) is well-defined as an
element in ./(G). We want to use the transference principle for multipliers, i.e., Lemma
2.1, to establish (3.11). For this purpose, let x be a ”cut-off” function with

T 2
— fial

x € C°(R;R),  x(n) =1for |n| < o x(n) =0 for |n| > T



We then define

: 3 _ 1=x(
m:RxR>—C, m(n¢§):= €22t Nl (3.15)

In order to employ Lemma 2.1, we define the group H := R x R? and put
®:G— H, ®k¢E):=(kE). (3.16)
Recall that H = R x R3. Clearly, @ is a continuous homomorphism. Moreover,
M =mo . (3.17)

Consequently, if we can show that m is a continuous LP(H )-multiplier, we may conclude
from Lemma 2.1 that M is an LP(G)-multiplier. Observe the only zero of the denom-
inator in (3.15) is (n,£) = (0,0). Since the numerator 1 — x(n) in (3.15) vanishes in a
neighborhood of (0,0), we see that m is continuous; in fact m is smooth. We shall now
apply Marcinkiewicz’s multiplier theorem to show that m is an LP(H )-multiplier. For
this purpose we must verify that

sup sup ‘€f1§§2§§3n548f18;28538,5]4771(77,f)‘ < 0. (3.18)
e€{0,1}* (n,£)eERXR3

Since m is smooth, we only need to show that all functions of type
(n,§) = &1 6°&°n™ 911 057 0520 m(n, €)

stay bounded as |(1,&)| — co. Observe that these functions are rational functions with
non-vanishing denominators away from (0,0). Since 1 — x(n) vanish in a neighborhood
of (0,0), it follows that |m(n, £)| < ¢p. We further estimate

/ 1— 4 4+)\2 2| ¢4
oS e an(z)f ’Ww N
2 ()]
TP — ) + il
N 1= x(n)] 4 1

+
2 2 4 £)2—n2 2
Vel =2+ xziee\| (5 1) ol G+

< 27 b ) eovAa T 1
T/ (6P = 72) + 32rplelt

with ¢; := min(1, AZ;Q). Since the denominator (|¢[* — 772)2 + A2n?|¢|* does not vanish
for n € supp [X'(n)] C {n € R | & < |n| < 2}, there is a constant ¢; > 0 such

[ndym(n, €)| < ea + cov/der + 1.

10



For the partial derivative d;m we have
|&%1L + i
1€12 = 2 + idnlé [
2u—<>| ¢ €]+ A2n2[e*
- \/ €12 — n2)2 + az2fefs V(1612 —n2)" + A2l

21— 1
. N mn [ <o
VUER =2 + az2iga VA
with c3 := 4/ )\%2 + 1. Furthermore,
€t (1 + N%?)

€5€k030km(n, €)| < 81— x(n)] 573 < a3
(Clef2 = n2)? + 2en2el)

£;0;m(n, )| =21 — x(n)]

and

VIENE+ N2n2[E]! AlEL?[n]
‘ 2 +2 ‘1 - X(U)\ 2
(€17 = n?)” + A2n2|¢]4 (I€17 = n?)” + A2n2|¢]4
) YT PIET T T

1€;10;0,m(n, €)| < 2|X' ()

+41—
(R — 2 + 2empieit)”
< 21X ()] es + 2¢cq + 4cgesv/4er + 1
VUER = 12)% + x22ele
Y

< —cacs + 2¢o + 4egesv/4er + 1.
i

Boundedness of the terms with derivatives of third order is given by
BIX'(m)| - Il - |E11(L + N*n*) 161 = x(n)| - In] - [€]"v/1 + A%

2 2)2 2172 43/2 2 2)2 2,72 43/2
((lgf2 = n2)? + 2n2lel#) ((lgf2 = n2)? + 2n2lel#)

24 |1 = x ()] - [€1* (1 +X20?) - [0l /A2[€]T + 4n?

2
((lef2 = n2)? + N2l )

1€56kn0;010ym (0, §)| <

8 / 2
< X'l + 16¢cgc3 + 240003\/401 +1
2
VUER = 12) + Azt
< —cac3 4 16¢pc3 + 24cpc3v/4c1 + 1

T
and

€151+ N2/
((lef2 = n2)? + N2l )

|€56:610;0,0m (1, €)| < 48 |1 — x(n)] 5 < 48coci.

11



We see that
1921 = x(m)| - Il - [€° (1 + 2%02)* /D2[e]* + 42
((ef? - )2 + 222t
14411 = x(n)| - Alnl - €]° (1 4 A27?) L A8 ()l - Inl - 1€°0 + Aop?)3/2
(el 7 + x2p2let) (el ) + X2p2icpt)”
481X/ ()] 3
VUER = 12) + Azl

24
< 192cociv/4Ac; + 1 4 144cocs + l@cg.
m

€5€k€m0;0k010ym (0, &)| <

< 192cociv/Aey + 1+ 144cock +

Consequently, we conclude (3.18) and by Marcinkiewicz’s multiplier theorem that m is
an LP(H)-multiplier. Hence, due to (3.17) it follows from Lemma 2.1 that M is an
LP(G)-multiplier. Recalling (3.12) or (3.14), we thus obtain

lullp < el Fllp- (3.19)

Note that the neighborhood in which m is vanishing becomes small as 7 — oo, and
hence the corresponding bound in (3.18) grows for large periods 7. Differentiating u
with respect to time and space, we obtain from (3.12) the formulas

ofu= 75" )’ M (k,€) Falf)]
opu = 75" [i6°M (k,€) Folf)]
0,00 = F 5" [ilaiﬂkgaM (k. €) ﬂg[f]] .

We can repeat the argument above with (zk)ﬁ M(k,€) in the role of the multiplier M,
and (in)®m(n, £) in the role of m, to conclude

18/ ully < el 1 (3.:20)
Similarly, we obtain
107 ullp < cllfllp,  0:07ullp < [ fllp- (3.21)

Collecting (3.19)-(3.21) we conclude (3.11). Due to (3.12) it is clear that P u = wu,
whence we have u € X7 (G).

It remains to show uniqueness. Assume that v € .¥/(G) is another solution with
Pv = 0. Therefore, we notice

02 (u—v) — A (u—1v) — ARA (u —v) = 0.

Applying the Fourier transform Z¢, it then follows (|¢|? — k* + iAk[¢|?) Falu —v] =0
and thus supp .Z¢g[u —v] C {(0,0)}. Recall that P(u — v) is time independent. From
this we obtain that 0z - Fglu —v] = Z¢[P(u —v)] = 0 and therefore we must have
(0,0) ¢ supp Z¢[u — v]. Consequently, we conclude supp Zglu —v] =0 and u =v. O

12



3.2 Dirichlet Boundary Condition

Next, we consider the damped wave equation with Dirichlet boundary conditions. We
first treat the half-space case, then the bent half-space case, and finally the bounded
domain. We utilize the equivalence between the resolution to 7-time-periodic solutions
to (WD) and the resolution of the system obtained by replacing the time axis in (WD)
with the torus T. The latter system is investigated in the framework introduced in
Section 2.4.

3.2.1 The Half-Space
We first consider the half-space case
0?u — Au — N\ Au = in T x R3,
! ‘ f - (3.22)
u=g onTxJRY.

We make use of a reflection principle argument.

Lemma 3.5. Letp € (1,00). Forany f € PLLP(TxR3) and g € P, T% (T x ORY) there
exists a unique solution u € Xﬁ’_(TxRi) to (3.22) and there is a constant ¢ = c(p,T) > 0
such that

lullxy < e (17l + ligllry ) - (3.23)

If additionally f € P L*(T x R3) and g € P, T%, (T X 8Ri) for some s € (1,00), then
also u € X5 (T x R3).

Proof. For homogeneous boundary values, i.e. g = 0, the existence of a solution u €
X7 (TxRY) to (3.22) satisfying (3.23) follows from the reflection principle in combination
with Lemma 3.4. We demonstrate this principle for the Dirichlet problem. Define

5 t, /7 if > 07
flta) = f( w/ r3) 1 T3 >
_f(ta$ ) _1:3) if T3 < 07

with 2’ := (z1,22). By Lemma 3.4 there is a solution @ € X% (T x R?) to
0¥ — At — Ny Au = f inT x R? (3.24)

satisfying (3.23). To classify u := UjTxrs a8 & solution to (3.22), we still have to verify
that wu satisfies the boundary condition. For this purpose, we show that v(t,x) :=
—a(t,2', —x3) is another solution to (3.24). We observe that

(02 — A =N A) v(t,x) = (=0} + A+ X\hA) it o', —x3) = —f(t, 2/, —x3) = f(t,z).

Since a solution to (3.24) is unique in the whole-space case by Lemma 3.4, we obtain
a(t,x', x3) = —u(t,a’, —x3) and thus

Trp {a(tvxlaw?))ﬂfx]l%i} =—Tip [ﬁ(t; 2, —x3)|TxRﬂ :
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Consequently, Trp [ﬂmeﬂ = 0. We conclude that u(t,z) = ﬂ(t,x)‘TxRi is a solu-
tion to (3.22) with g = 0 and satisfies (3.23). Utilizing that Trp : X7 (T x R}) —
P T% (’]T X 8Ri) is continuous and surjective, we can extend this assertion to the case
of inhomogeneous boundary values g € P, T} (']I‘ X aRi) by a standard lifting argument.

Concerning uniqueness, let u € X! (T x R3) be a solution to (3.22) with data f = 0
and g = 0. Let ¢y € P, L” (T x ]R‘:’_) be arbitrary. By the argument above there is
a ¢ € XT(T X Ri) such that 92¢ — A¢ — N9, A¢ = 9 and (MirxaRi = 0. Defining

Qz(t, x) := ¢(—t,x), we conclude

= / / wpdadt = /T / a% A¢+)\6tAgb> dadt
0 R

OR3

7,
T// 8tu—Au—)\8tAu)¢)dxdt—O.
0 R

Since 1) was arbitrary, it follows that v = 0.

Now assume in addition f € P L*(T x R%) for some s € (1,00) and g = 0. Using
the reflection principle in the same way as above, we obtain a solution U € X S (T x R3).
Lemma 3.4 yields that U is unique in .#”(G) and thus U = @ in .#”(G). It follows that
u € X% (T x R). By a standard lifting argument, the same is true for inhomogeneous
boundary values g € P; T} (’]I‘ X 8R§r). O

3.2.2 The Bent Half-Space

In the next step, we consider the Dirichlet problem in a bent half-space T x ]Rf). Here,
R3 = {(2/,x3) € R? | 23 > w(2’)} is a perturbation of the half-space R by a continuous
function w : R? — R.

Lemma 3.6. Let p € (1,00) and w € C%(R?). There is a constant § = §(p) > 0 with
the following property: If ||Vwlss, ||V*wl|los < 6, then for any f € PLLP (T x R}) and
g € PLTH (T x OR?) there exists a unique solution u € X (T x R3) to

0?u — Au — N\ Au = in T x R3,
! ' d “ (3.25)
u=g onT xJR.
Moreover, there is a constant ¢ = ¢(p,w,T) > 0 such that
lullxy < e (171 + ligllz ) - (3.26)

If additionally || Vw||so, || V?w|lse < min{d(p),d(s)} and f € P L*(TxR}) and g €
PLT% (T x ORY) for some s € (1,00), then u € X5 (T x R2).
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Proof. Let
b RS RY, () =7 := (2,23 — w(a))). (3.27)

For a function u defined on T x R3, we set ®[u](t, ) := u(t, %) := u(t, ¢, (Z)), where
(t,) € T x RY. Observe that

o[ (97 - A= 29A)u] = (87 - A= 294+ R) @, (3.28)

where R : X¥ (T x RY) — P, L (T x R%) is given by

Rii = — |Vw|? 824 + 2 (Vw, 0) VIsi + (Aw) d3@ (329)
— XN |Vw|? 8,021 + 2) (Vw, 0) V931 + A (Aw) 8,03 '
Moreover, due to (3.23) we can estimate
IRall, <86 (8 +1) [lallx»
i L (3.30)

<86 (0+1) (107 — A = AQA) |, + | Tep llpn ).
By Lemma 3.5, the operator
K:XP(TxRY) — PLLP(T x RY) x Py TH (T x OR?),
K(@) == (9} — At — \oy A, Trp 1)
is a homeomorphism. For sufficiently small ¢, we infer from (3.30) that also
K: XP(T xRY) — PLLP(T x RY) x Py TH(T x 9RY),
K(i) == (070 — Aw — N0y Au + Ra, Trp @)
is a homeomorphism. Since [|[Vw|[oo, [[V2w]|oo < 00, it is standard to verify that
®:P L LP(TxRY) — PLLP (T x RY),
X7 (T xRE) — X7 (T xRY),
®: P T (T x ORZ) — P TH (T x 9RY)

are homeomorphisms. From (3.28) we thus deduce that

K:XP(TxRE) — PLLP(T x R2) x Py TH(T x 9R2),
K(u) := (8fu — Au — A Au, Trp u)
is a homeomorphism. The existence of a unique solution to (3.25) that satisfies (3.26)

thus follows. The regularity assertion follows if we consider intersection spaces X7 NX$
instead of Xﬁ’_ in the argument above. O
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3.2.3 Bounded Domains

The key lemma for bounded domains @ C R3 with a boundary of class C!'!' reads as
follows.

Lemma 3.7. Let Q C R3 be a bounded domain with boundary of class CY' and let
p € (1,00). The operator

K: X (T x Q) — PLLP(T x Q) x P, TH(T x 09),
K(u) == (0fu — Au — Ao Au, Trp u)

is injective and has a dense range. Moreover, there exists a constant ¢ = c¢(p,Q,T) >0
such that for all uw € X! (T x Q) holds

lullz < e (107 = &= A0A) ully + llully + [ Trp ullry ) - (3.31)

Proof. Consider for k € 2%2 \ {0} the equation

{ kv — (1 +ikA)Av="h in Q, (3.32)

v=0 on 0f.

Standard elliptic theory yields for every h € LP(Q) a unique solution v € W2P(Q)
to (3.32). If u € XU (T x Q) satisfies K(u) = 0, then Fr[u] (k,-) € WP () solves
(3.32) with a homogeneous right-hand side. Here Z1 denotes the Fourier transform
on the torus. Consequently Zr[u] (k,-) = 0. Since k € Q%Z \ {0} was arbitrary and
Zrlu] (0,-) = 0 by the assumption Pu = 0, it follows that w = 0. Consequently, K is
injective.

To show that K has a dense range, consider (f,g) € P, LP(T x Q) x P T (T x 99Q).
Choose G € X! (T x Q) with Trp G = g¢. Since trigonometric polynomials are dense in
LP(T; LP(Q2)) = LP(T x ), there is a sequence {pn}5e; C LP(T x Q) of trigonometric
polynomials with p, — f — (GfG — AG — )\atAG). If we can find a solution 4, to
K(ty) = (pn,0), then K(a,+G) — (f,g), and we may conclude density of K’s range. To
show existence of 4, it clearly suffices to solve K(t,) = (pn,0) for a simple trigonometric
polynomial p, := he™* with arbitrary h € L?(Q) and k € 2Z\ {0}. A solution to this
problem is given by 4, := vy, e'**, where v, is the solution to (3.32).

Finally, we show (3.31) by a localization method. We choose finitely many balls
B;j C R3 j e {1, ..., m} covering (2, where each j € {1, ..., m} is of one of the two
types:

1. type R3: if Ej C Q,
3. R
2. type Ry« if B; N 0N # 0.

In the second case, w;: R? — R denote Lipschitz functions with Ej N o C graph(w;) in
the respective local coordinates. If we choose the balls sufficiently small, the functions
w; meet the regularity and smallness assumption in Lemma 3.6 due to the boundary
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regularity of 2. Let ¢; € C§° (R3) be smooth cut-off functions satisfying suppv; C B;

and ) ¢; = 1in Q. We obtain for j € {1, ..., m}
j=1

07 (hju) — A (hju) = AOA (Yju) = f; in T x QN By, (3.33)
where
fi =5 (0F — A = M A) u— (Avj) u — 2 (Vipy) Vu — X (Avy) dyu — 2X (Vih;) 0, V.

Depending on whether j € {1, ..., m} is of type R or R3 | we interpret (3.33) as a

wj ?
problem in T x R3 or T x Rij and obtain from Lemma 3.4 or Lemma 3.6

lgullxe < c(I(07 — A = A0A) ullp + [lullp + [IVul,
+ [ 0vullp + 10:Vully + [ Trp wlls ).
Summing up over j € {1, ..., m} and using standard interpolation, (3.31) follows. [

The next step is to show that we can drop the term |lul|, on the right-hand side in
(3.31).

Lemma 3.8. Let p € (1,00) and Q C R? be a bounded domain with boundary of class
CUL. There exists a constant ¢ = ¢ (p,Q,T) > 0 such that for all uw € X (T x Q) holds

lullxp < e (I1(0F = A= 20A) ully + [ Trp ullgy ) (3.34)

Proof. If (3.34) does not hold, then we find a sequence (uy),eny C X7 (T % Q) such that
lugllx» =1 for all k € N and (87 — A — A& A) wy||p + || Trp ugllyr — 0 as k — oo.
Suppressing the notation of subsequences, we thus have the weak convergence up — u
in X! (T x Q), and u solves

O*u— Au— X Au=0 in T x Q,
u=0 on T x 0N.

By Lemma 3.7 it follows that v = 0. Since the domain €2 is bounded, the embedding
XP (T x Q) — LP (T x Q) is compact, whence |juy|, — 0 as k — co. This yields the
contradiction

1= 1im ugllxr < lim e (1|97 = &= A%A) uglly + uglly + [Tep ullzp ) = 0.
Therefore, (3.34) has to hold. O

Lemma 3.9. Let p € (1,00) and Q C R? be a bounded domain of class CY1. For any
JEPLLP (T x Q) and g € P TP (T x 0R) there exists a unique solutionu € X' (T x Q)
to

{ O*u— Au— N Au=f inTxQ, (3.35)

u=g9 on'T x9N,
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and there is a constant ¢ = ¢(p,,T) > 0 such that

lullxp < e (11 + gl ) - (3.36)

If additionally f € PLL* (T x Q) and g € P, T} (T x 0Q) for some s € (1,00), then
alsouw € X7 (T x Q).

Proof. The operator K in Lemma 3.7 is injective and has a dense range. By Lemma 3.8,
the range is also closed. Hence, K is an isomorphism. The unique solvability of (3.35)
as well as the estimate (3.36) follows. The regularity assertion follows immediately from

the unique solvability of (3.35) in Xfin{s’p} (T x Q). O

3.3 Neumann Boundary Condition

We now consider the corresponding Neumann problems in a half-space and a bounded
domain.

3.3.1 The Half-Space

We first consider the half-space case

Ofu— Au—NpAu=f inT x R?,
ou (3.37)

8—n:g onTx@Ri.

Lemma 3.10. Let p € (1,00). For any f € P, L? (']T X Ri) and g € P, TV (']T X 8]1%1)
there exists a unique solution u € X% (']I‘ X Ri) to (3.37) and there is a constant ¢ =
c(p, T) > 0 such that

lullxy < e (71l + llgllry ) - (3.38)

If additionally f € P L® (']I‘ X Ri) and g € P TR (’]1‘ X 8Ri) for some s € (1,00), then
also v € X7 (T X Rj_)

Proof. Existence of a solution u € X (T x R}) to (3.37) satisfying (3.38) follows as in
the case of Dirichlet boundary values by using even instead of odd reflection in combi-
nation with Lemma 3.4. Uniqueness of the solution in the space X ﬁ (’]I‘ X ]R‘}r) follows
as in Lemma 3.5. O

3.3.2 The Bent Half-Space

Next, we study the Neumann problem in the bent half-space T x R3. Here, w is defined
as in section 3.2.2.
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Lemma 3.11. Let p € (1,00) and w € CY1(R2). Then there is a constant 6 = 6(p) > 0
with the following property: If |[Vwl|os, [V2w|loo < 8, then for any f € PLLP (T x R3)
and g € P TX (T x OR?)) there exists a unique solution v € X' (T x R3) to

O*u— Au— XN Au=f inT xRS,

3.39
Ou =g onTx0R3, ( )
on
which satisfies
lullxe < e (17l + lalrs,) (3.40)

where ¢ = c(p,w,T) > 0. If additionally |Vw||so, || V?w|lse < min{d(p),5(s)} and f €
PLL (T xRY) and g € P Ty (T x OR2) for some s € (1,00), then v € X5 (T x R2).

Proof. Let ¢, be as in (3.27) and ® be the lifting operator ®[u|(t,z) = u(t,z) =
u(t, ¢, (Z)). Then @ is a homeomorphism ®: P T (T x OR?) — P,Tk (T x 9RY)
with

®[Tryu] = (Vuog,' -nog,')
- (v (w0 ¢51) Véleof Vo, - n o 51| (cof Vi) ™" n)
= |cof Vi, - n o ¢31| (vaww (Vo) n) (3.41)
= |cof Ve, - o ] (va A+ Va (ww (V)T — I) n)
= |cof Vo, - no ¢, Try @+ Trp S,
with

Sii = |cof Ve, - n 0 ¢ 1| Vi (V% (V)T — I) i,

Here, n denotes the external unit normal vector on T X ]Ri and n the external unit
normal vector on T x R3. It should be understood that Try u denotes the Neumann
trace operator in T x R3 and Try @ the Neumann trace operator in T x Ri. Due to
(3.38), we can estimate

[Sallzy, < elleof Vo - 10 65 iy oy )|V (Ve (V)T = 1) Ay

< (1 + )| Vllrg - (V0 (V60) T = 1) il (o3

< b (146) |l xp < ed(1+ )% (11(82 — A = X3 A) @l + | Try |z ).
(3.42)

Lemma 3.10 implies that

Kyt XU (TxRE) = PLP (T xRE) x P TR (T x 0RY)
Ki(a) = (0fa — At — AN Ad, Try @)
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is a homeomorphism. The operator
K: XU (T xRY) — PLLP (T xRY) x PLT% (T x ORY) ,
K(a) := Ky (@) + (Ra, —Sa),

with R defined as in (3.29), is a perturbation of K for sufficiently small & by (3.30) and
(3.42). Consequently, K is also a homeomorphism for sufficiently small §.

By a direct computation, we observe that the operator on the left-hand side of (3.39)
can be expressed as @1 o K o ®, and thus it is a homeomorphism. Hence, the existence
of a solution u € X} (T x R}) satisfying (3.40) follows.

Now assume in addition f € P L* (T xR2) and g € P Ty (T x OR2) for some
s € (1,00). We obtain v € X (']I‘ X Rg) if we consider intersection spaces X! N X%
instead of X! in the argument above. O

3.3.3 Bounded Domains
Finally, we investigate the Neumann problem for a bounded domain.

Lemma 3.12. Let Q C R? be a bounded domain with boundary of class Cb' and let
p € (1,00). The operator

K: X7 (T x Q) — PLLP(T x Q) x P TR(T x 99),
K(u) = (0fu — Au— N Au, Try u)

is injective and has a dense range. Moreover, there exists a constant ¢ = c(p,Q,T) >0
such that for all u € X§ (T x Q) holds

lullxz < e (107 = A= A0A) ully + Ilully + el ) (3.43)

Proof. Like in the case of Dirichlet boundary value problem, we consider for k € 2%2\{0}
the Helmholtz equation

—k*v — (14+ikN) Av="h in Q,
ov (3.44)

a—n:O on Of).

Standard theory for elliptic equations yields for every h € LP () a unique solution
v € W2P(Q) to (3.44). The injectivity of K and the density of its range follow as in the
proof of Lemma 3.7. Proceeding as in the proof of Lemma 3.7, (3.43) follows. O

Lemma 3.13. Let Q C R? be a bounded domain with boundary of class CY' and let
p € (1,00). For any f € PLLP (T x Q) and g € P1Tx (T x OQ) there exists a unique
solution v € X% (T x Q) to

O*u— Au— N Au=f inTxQ,
ou (3.45)

o =9 on T x 09,
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and there is a constant ¢ = ¢ (p,Q,T) such that the estimate

lullxy < e (1F1p+ gl ) (3.46)

holds. If additionally f € P, L* (T x Q) and g € P, T (T x 0Q) for some s € (1,00),
then also v € X7 (T x Q).

Proof. The operator K is injectiv and has a dense range by Lemma 3.12. As in Lemma
3.8, we can omit the mid term on the right-hand side in (3.43) and obtain

lullxz < e (107 = &= A0A) ully + [ Tra ullgg ) (3.47)

It follows that the range of K is also closed. Hence, K is a homeomorphism. The
unique solvability of (3.45) as well as (3.46) follows. The regularity assertion follows

immediately from the unique solvability of (3.45) in Xfin{s’p } (T x Q). O

3.4 Proof of the Theorems 3.1 and 3.2

Proof of Theorem 3.1. Existence of a solution us € WP (Q) to

{ —Aug =Pf inQ, (3.48)

us = Pg on 0N

that satisfies (3.2) is well-known from standard theory on elliptic equations. Via the
canonical quotient map 7: R — T, the spaces Cpe, (R; E(Q2)) and C* (T; E(12)) are
isometrically isomorphic in the norms |[|-||, and ||-[|x» for any Banach space E. By con-

struction, also the Sobolev spaces erféf (R; E(Q)) and WP (T; E (2)) are isometrically
isomorphic for any Banach space E. Hence Lemma 3.1 in the case Q = R3, Lemma 3.5
in the case (2 = Ri’r and Lemma 3.9 in the case of a bounded domain provides a solution

up € PLWRE(R; LP(Q)) N PLWE (R; W2P(Q)) to

(")fup — Aup — X0 Auy, =P f in R x €,
up="Pig on R x 01, (3.49)
up (t+T,2) =up (t,x)

that satisfies (3.3). Setting u := us + up, we thus obtain the desired solution to
(WD). Assume v = v, 4 v, is another solution to (WD) with vy € W% (Q) and
vy € PLWaa (R; L=(Q)) NP LW (R; W2%(Q)). Since up, and v, both solve (3.49),
the uniqueness statements of the lemmas mentioned above yield u, = v,. Similarly, since
both u, and v solve (3.48), us — v, is a polynomial of order 1 when = R3 or Q = Ri,
and ugs — vs = 0 when (Q is a bounded domain. O
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Proof of Theorem 3.2. From Lemma 3.1, Lemma 3.10 and Lemma 3.13 we conclude in
the same way as in the Dirichlet case the unique solvability of

Ofuy — Auy — N0 Auy, = Py f in R x Q,
Ouy
on

up (t+T,2) =u,(t,z).

=P.g on R x 01, (3.50)

If Pf and Pg satisfy the compatibility condition

/Pfdx+/PgdS:O,
Q 15)9)

i.e., if f and g satisfy the condition (3.4), standard theory on elliptic equations yields a
solution us € W?2P (Q2) to

—Aug =Pf in
Ous ="Pg on 0.
on
The uniqueness assertion of Theorem 3.2 follows as in the proof of Theorem 3.1. O

4 Nonlinear Problem — The Kuznetsov Equation

Existence of a solution to the nonlinear problems (KD) and (KN) shall now be estab-
lished. We employ a fixed point argument based on the estimates established for the
linearized systems (WD) and (WN) in the previous section.

Theorem 4.1. Assume that either Q = R3, Q = Rij_ or Q C R? is a bounded domain
with a CY'-smooth boundary. Let p € (2,3). There is an € > 0 such that for all

2
[ € LYer(R; LP (Q)) and g € T (R x 9) satisfying

£l + llgllrs, < e (4.1)

7peT(

there is a solution u to (KD) with

u(t, ) = us(z) + up(t,z) € W (Q) @ leggﬁ(R; LP(2) N PLWI}éﬁ’ (R W?P(Q)) .
(4.2)

Theorem 4.2. Let ) and p be as in Theorem 4.1. There is an € > 0 such that for all

f € LE(R; LP () and g € Tﬁ,’per(R x 082) satisfying
1fllp + gl <e (4.3)
and
T T
//fd:zdt+//gd5dt:0
0 Q 0 00
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there is a solution u to (KN) with

u(t, z) = us(z) + up(t, x) € WP (Q) & PLWEE(R; LP(Q)) N PLWAE (R; WP (Q)) .
(4.4)

To prove Theorem 4.1 and 4.2, we shall need estimates of the nonlinear terms in
(KD) and (KN). For this purpose we utilize the following embedding properties of
time-periodic Sobolev spaces.

Lemma 4.3. Let Q be as in Theorem 4.1 and p € (1,00). Assume that o € [0,2] and
q0,70 € [p, 00| satisfy

np
: <" 92—
TOS2—ap if ap <2, qO_n—(Q—a)p if (2—a)p<n,
o < 00 if ap =2, go < 0 if (2—a)p=mn, (4.5)
ro < 00 if ap> 2, qo < © if (2—a)p>n,
and that B € [O, 1] and q1,71 € [p, 0] satisfy
2p ) np .
< 2 < ——— of (1— <n,
rl_Q—Bp if Bp <2, q1 n—(1-B)p f (1—58)p
ry < 0o if Bp=2, q1 < 00 if (1—p8)p=n, (4.6)
ry < oo if Bp > 2, q1 <00 if (1—-28)p>n.
Then for all u € Wgé%’p(]R x Q) = ngfr)(]R; LP(Q)) N LEer (R; W2P(2)) -
”UHL;gr(R;LQO(Q)) + HVUHL;gr(R;LQ1 @) = Chllulli2p, (4.7)
with Cl = Cl(Ta n, Q? r0,40,71, Q1)
Proof. See [4, Theorem 4.1]. O

Furthermore, we make use of the following lemma.

Lemma 4.4. Let Q and p be as in Theorem 4.1. Then
185007 ullp + Vv - 0V ull, < clfvllxe [ull x»
holds for any u,v € X% (T x Q).

Proof. Clearly, v € WP (T; LP () N LP (T; W2? (Q2)) for any v € X/ (T x Q). Using
(4.5) with a = 2, we deduce for p € (5, 00)

10rv]loc < cllvllx -

It thus follows from Hélder’s inequality for p € (%, o0) that

J0wdZully < 110w | Fully < cllow

apllullxe < cllolle lullye.  (48)
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A further application of Hélder’s inequality yields

Vv - 0V, < va||L°°(11‘;L3(Q))”atquLp(T;L%(m)'

From Lemma 4.3 with 8 = 0 we obtain for p € (1, 3)

0 < cl||o < .
05l < ey < cluly

Choosing 8 = %, Lemma 4.3 yields for all p € (%, 00)
IVl Lo (1,23 (02)) < cllvllxe -
Hence we obtain for p € (5, 3)
190 - 5ully < cllollxe llullxr (49)

The lemma now follows from (4.8) and (4.9). O

Proof of Theorem 4.1. We shall establish existence of a solution u to (KD) of the form
u = us + up, where us € W2? () is a solution to the steady-state problem

(4.10)

—Aus =Pf in Q,
us =Pg on 0N

and u, € PLWEE(R; LP(Q)) N PLWaE (R; W2P(€2)) a solution to the purely periodic
problem
2y — Aup — N Auy — 0 (v(Opup)? + | Vup|?)
—2Vu, - Vo, =P f inR xQ, (4.11)
up =Prg on R x 90.

Standard theory for elliptic problems yields for every Pf € LP(f2) a solution us €
W2P (Q) to (4.10) with

1Vusll ao < V20l < e (IPFlp+ IPgly)  Ype(3).  (412)

The solution to (4.11) shall be obtained as a fixed point of the mapping

N PLWER(R; LP(Q) N PLWRE (R W2P())

per per

— PLW2R(R; LP(Q) N PLWAE (R; WP(1))

per per

N (up) i= A7 (81 (7 (Brw)? + [Vuy|*) + 2V - Yy, + P f, Plg)
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with A as in Corollary 3.3. We shall verify that N is a contracting self-mapping on
a ball of sufficiently small radius. For this purpose, let p > 0 and consider some u, €
PLWER(R; LP(Q))NPL Wk (R; W2P(Q)) N B,. Since A is a homeomorphism, we obtain

IV (up)llx» < clATY (\latup3t2up||p + (IVup - 0V upllp + [[Vus - VOl
+ 1PLfllp+ [Pgllrs )-
Utilizing Lemma 4.4, we find that
Hatupafup\lp + [[Vup - 0 Vup|lp < ¢ H%H%{i-
Employing (4.12) and Lemma 4.3 with 5 = 0, we also obtain

IVus - Vorupllp < [[Vusll s IV OupllLp

@ (@) < IV uslplluplxy -

Consequently,
IV (up)llxr < ¢ (0 +2p+e).

Choosing ¢ = p? and p sufficiently small, we have ¢ (p2 —|—€p+€) < p, ie, Nis a
self-mapping on B,. Moreover

IV () = N (0p)ller < cll A (110vp0Puy — Broydeyly
+ [V 0V = Vo V0 + [ Vs - 0V, = Vg - 0,70,
< (10007 (= w3l + 197000 (1t = vp)llp + |Vt - 05 (1t — 03
10705 ¥ (= 0p)lly + [ Vets - OV (= ) )
< ¢ (4pllup = vpllxr + llup = vpllxr ) = el4p+ pP)llup = vpll .-

Therefore, if p is sufficiently small N' becomes a contracting self-mapping. By the con-
traction mapping principle, existence of a fixed point for N follows. This concludes the

proof. O
Proof of Theorem 4.2. Similar to the proof of Theorem 4.1. O
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