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Abstract

It is well-known that there exists a unique local-in-time strong solution u of the
initial-boundary value problem for the Navier-Stokes sytem in a three-dimensional
smooth bounded domain when the initial velocity ug belongs to critical Besov spaces.

A typical space is B = B;SH_?’/q with 3 < ¢ < 00, 2 < s < oo satisfying 2/s+3/¢ < 1
°_
or B= Bqéj 39 1 this paper we show that the solution u is continuous in time up

to initial time with values in B. Moreover, the solution map ug + w is locally Lip-
schitz from B to C ([0, T]; B). This implies that in the range 3 < ¢ < 00,2 < s < 00
with 3/¢ + 2/s < 1 the problem is well-posed which is in strong contrast to norm
-1.1 < s < oo

inflation phenomena for B,
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1 Introduction

We consider the initial-boundary value problem of the Navier-Stokes equations in a
bounded domain Q C R? with C*! boundary 0,

u—Au+u-Vu+Vp=f, divu=0 in (0,7)x (1.1)
u}aﬂ:O, u(0) = ug

where T" € (0, 00]. We are interested in local-in-time strong solutions in a Bochner space
L#(0,7; L)) or, more generally, a weighted Bochner space with weight in time,

L3 (L) := L% (0,7 L)) = {v measurable in (0,7) X Q : ||v]

T 1/s
ol 2a o = ( / (v o)1, ) dr)

where o > 0 and 1 < s < o0; for s = 0o the standard modification for the norm || - || s (14
is to be used. By definition L§(L?) = L*(L?) = L* (0,T"; L1(2)).

Ly(oe) < 00}

with
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There is a large literature on the existence of a local-in-time strong solution under
various regularity condition on the initial data and the external force f [2], [13], [14], [15],
[17], [18], [21], [25], [26], [27]. The first contribution in this direction seems to be the
work of Kiselev and Ladyzhenskaya [19]. Since then the condition on initial data and the
external force f has been weakened, in other words, ug can be taken in a larger space.

In the scale of Besov spaces it is shown in [11], [12] that a necessary and sufficient
condition to get L*(L%)-strong solutions is that the initial data ug belongs to a solenoidal
Besov space By+"/(Q) provided that s = sq where 2/s,+3/¢=1 (3 < ¢ < 00). In this
case, the so-called Serrin class L*(L?) allows to prove regularity and uniqueness of weak
solutions of the Navier-Stokes system. See also [7] for a review.

The existence of strong solutions is extended for s larger than s, by introducing a
weighted Bochner space. In fact, in [8] a local-in-time strong solution in L?(L9) is

constructed if the initial data belongs to By s S for 3 < g < 00, 54 < s < oo with
2/s,+3/q=1and 2/s + 3/q =1-2a. In [9], this result is extended to the case s = o0

by replacing B, §+3/ 1 by IB%q ¥3/4 Which is obtained as a continuous interpolation space.

In [8, 9] up is assumed to belong also to the space L2 to compare with weak solutions.
However, just for existence of a strong solution, this additional L? assumption is unnec-
essary to get an L?(L9)-solution. The explanation of the Besov spaces will be given in
the Appendix for the reader’s convenience.

In this paper, we shall prove that Lg,(L?)-solutions are indeed in C'([0, T7; B2 ?) for

initial data uy € Bys™/? when sq < s < oo, or in C([0,T; Bq 1+3/q) for uy € IB%q,H?’/q
when s = oo, see Theorems 1.1 and 1.2 below, respectively. Moreover, we will show
in Theorems 1.3 (s, < s < o00) and 1.4 (s = oco) that they are globally well-posed
for small initial data. Theorems 1.1 and 1.2 are in strong contrast to the so-called norm
inflation phenomenon in limiting — homogeneous or inhomogeneous — Besov spaces for the
corresponding Cauchy problem on R"™ n > 2. Bourgain and Pavlovi¢ [4] construct for any
9 > 0 mild solutions with initial values ug in the Schwartz class such that ||uo]| B 2 <0,

but |lu(t)||p=1_ > 1/§ for some 0 < ¢ < §. Note that on the one hand, BZl_ is the

largest scale-invariant Banach space of tempered distributions, see Meyer [24]. On the
other hand, BMO™! C Booloo is the largest scale-invariant space for which global well-

posedness for small initial data in BMO™! has been proved so far, cf. Koch-Tataru [20].
Yoneda [32] clarifies the approach in [4] and extends the result to BZ',, s > 2, to be more

precise, to a space V satisfying Bo_of2 cVc BO_QS. Wang [31] proves this norm inflation
phenomenon even for all 1 < s < oco. Finally, Cheskidov and Shvidkoy [5] consider
weak solutions of Leray-Hopf type such that limsup, ,q [[u(t) — uol|g1 > do for some

dp > 0 independent of ugy. Since the inhomogeneous Besov space By oo 143/ , 1< qg<oo,is

continuously embedded into B!,  on R3, this result also yields the 111 posedness of weak

1+3/q

solutions at ¢ = 0 measured in the space By /7. This negative result underlines the

importance of using the continuous 1nterpolat10n space IB%qo:r 39 rather than By 184 i
Theorem 1.2

Theorem 1.1. Let Q C R? be a bounded domain with C** boundary. Let 0 < T < oo,
2<s<o00,3<qg<o0,and0 < a < 1/2 satisfy 2/s+ 3/q = 1 — 2a. Moreover, let
u be an L (L7)-strong solution with initial data uy € B;y?’/q and f = div F' satisfying
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F e L7 (0,T; LY*(Q)). Then
ue C([0,T]; B, 139). (1.2)

Theorem 1.2 (s = o0). Let Q, T, q be as in Theorem 1.1, and let 2a = 1 —3/q. Then

an LX(L%)-strong solution w with initial data vy € I%;i:?’/q and f = div F satisfying

F e Lg ([0,T); LY*(Q)) and 1 F || 2o (0.4;00r2) — 0 as t ] O satisfies
weC ([O,T];Iﬁ%;;j?’/q) . (1.3)

We further observe the continuity of solutions with respect to initial data and external
forces.

Theorem 1.3. Under the assumptions of Theorem 1.1, let v be an L (L?)-strong so-
lution with initial data vy € Bgs /% and external force G € L (0,73 L9*(Q)). Then

there are constants €, and C' depending only on € such that if Ty < T s taken so that
[ ul L3,(0,T0:L9) < €x, then for all t € (0,Tp)

L3,(0,To;L9) < e, HU

It = 0)W)llgzrssra < C (o = vpllgorswra + |IF = G

L;gz(o,To;Lq/2(Q))> : (1.4)

Theorem 1.4 (s = o0). Under the assumptions of Theorem 1.2, let v be an L°(L9)-

strong solution with initial data vy € I%;é:?)/q and external force G € L3P (O,T; Lq/Q(Q))
such that |G| Lgo 04,002y = 0 as t | 0. Then there are constants €. and C' depending only
on §2 such that iof Ty < T is taken so that ||u|Ls01;09) < €45 ||| L0 (0,/10;00) < €x, then

(=)@l 150 < Cluo — wolly 550 + |F = Clligs omzarm). £ € (0.T0). (L)

To show Theorem 1.1 and 1.2, we shall use a semigroup characterization of Besov
spaces. We recall the Helmholtz projection P, : L9(€2) — LZ(£2) and the Stokes operator
A=A, = -P,Ain LI(Q), the closure of C22(€2) in LI(€2); here C2%(€2) denotes the
space of smooth solenoidal vector fields with compact support. The semigroup generated
by —A, is denoted by e~ and defines the solution operator ug +— u(t) for the Stokes
equations in case that f = 0. Then

T
ug € E;ys/q iff / (Ta HefTAu()”q)S dr < o
0

with the usual modification if s = oo; for more details see the Appendix in Sect. 5. The
results on continuity and well-posedness hold for a (mild) solution w € L?(L?) of the
corresponding integral equation

u(t) = e Ay — /Ot e A (Pdiv(u @ u) — Pdiv F) (1) dr. (1.6)

In Sect. 2 we prepare abstract lemmata for Theorems 1.1-1.4 to be proved in Sect. 4. The
essential technical estimates will be performed in Sect. 3. In the Appendix the abstract
interpolation spaces introduced in Sect. 2 are identified with solenoidal Besov spaces.

Note that Lf(L9)-strong solutions in [9] are defined as the subset of classical weak
solutions of Leray-Hopf type in which v € L5 (L?). Finally, recall that related results can
be found in articles by Amann [2] and Haak and Kunstmann [16] as special cases of a
more general abstract theory using interpolation-extrapolation scales of Banach spaces;
see Remark 4.1 for more details.



2 Abstract spaces

Let X be a Banach space equipped with the norm || - || x, and let —A denote the generator
of a Cy-analytic semigroup e~** in X. Assume that {z € C: Rez > 0} is included in the
resolvent set of A. Then A~ : X — D(A) is bounded and A : D(A) — X is an isometry
when D(A) is equipped with the graph norm ||A - ||x. Moreover, the semigroup e *4
decays exponentially in time, i.e., }e < Cpe™"" with some positive constants Cp

opex
and v; here | - ||op(x) denotes the operator norm on X.

Under these assumptions we define the extrapolation space Z = X_; with norm
lz]lz = [[A™'2|x as the completion (X,|-||-1). Then A_;, defined as the closure of
A in X_4, is the unique continuous extension of the isometry A : D(A) — X and yields
an isometry A_; : X = D(A_;) C X_; — X_;. The semigroup operators e~** possess
continuous extensions to X _; defining an exponentially decaying analytic semigroup with
infinitesimal generator A_1, see Proposition 2.1 below. For simplicity we will denote this
semigroup by e~ again. For details we refer to [1, Chapter V], [6, Chapter IL.5]. If X is
reflexive, then Z is isomorphic to (D(A’))/, see [6, Chapter II, Exercise 5.9(4)].

Hence, with an abuse of notation, we will write

A:X - Z=AX = (D(A))’
defining the isometry ||Az||z = ||z||x for x € X.
Fora>0,1<s5<00,0<T <o0and f € Z we define a “norm” by

T 1/s
| fls.ar = (/ T ||6_7Af||; dT) when s < oo,
s,a,T +— 0

SUPg<rer T He_TAfHX when s = oo.

The space of all f € Z having finite norm |f|; .7 is denoted by X, 7. By definition, the
embedding X, ., 7 to Z is continuous.

Writing the norm of f in X, , 7 in the form

T . d 1/s
\fls.or = </ Slat1/s)s HAG—TAf”Z %) (2.1)
0

we conclude from real interpolation theory applied to the spaces Z and X = D(A_4),
see e.g. [23, Proposition 6.2], that this norm is equivalent to the norm on the space
(Z,X)1-a-1/s,s- Since the semigroup e* is assumed to decay exponentially, 7' € (0, 0o]
can be chosen arbitrarily and the usual additional term ||f||z on the right-hand side of
(2.1) can be omitted. In the limit case where s = 0o, [23, Exercise 6.1.1 (1)] implies that
Xooor = (Z, X )1-a,00. Thus, for fixed 0 =1—-a—1€(0,1),ie,a=a(s)=1-0-1¢
[0,1 — 6], we get the scale of interpolation spaces (Z, X)g s for ﬁ =: 51 < s < oo and
with continuous embeddings

X C Xsl,oz(sl),T - (ZaX)G,sl C Xs,oc(s),T - (Z, X)Q,s
C Xoo,a(oo),T = (Z> X)G,oo C Z. (22)



Proposition 2.1. (i) Fort >0 and uy € Z we have that e *uy € Z such that

le™uollz < lle™ flopcx)lluollz-

Moreover, et extends to a bounded linear operator from Z to X. To be more

precise, there exists a constant ¢ > 0 independent of t and uyg € Z such that
le 7 ugllx < et uollz, t>0.
(i) The space X is continuously embedded into Xsar for all > 0, 1 < s < o0,

0<T < o0.
(11i) The norms | - |sar, 0 <T < 00, are equivalent to each other.
Proof. (i) By analyticity we observe that for uy € Z and for ¢t > 0

le™uollz = [|AZteuolx = [le” ™ AZuol| x
< e Mlope 1A uollx < lle™lopxy lluollz-
If ug=A_1x € Z with x € X, then
le™ugllx = [[A-re™allx < ct™Hlzllx = et uol 2,

with some constant ¢ independent of f and ¢.
(i), (iii) are standard consequences of real interpolation theory and have been men-

tioned already above. Here we use the fact that e *4 decays exponentially. O]
In view of Proposition 2.1 we often suppress the T-dependence of X, and assume

that 0 < T < oo. Besides the spaces X o7 we also need the closed subspace )o( .
defined by

)2’00@: {f € Xooo: sup 7 ||e_TAfHX —0 as T — O} )
0<r<T

Note that by [23, Exercise 6.1.1 (1)] X ~.a coincides with the continuous interpolation

space (Z, X)? Thus obviously X C)O(oo,aC Xeowa C Z.

l—a,00°

3 Estimates of Continuity

The first continuity result considers the homogeneous part e *4uy in (1.6) and can be
proved by general interpolation theory since by (2.1), (2.2) X, = A(X,D(A4)),_, 1

—a—<,8
S

(Z,X),_o_1, However, we present a direct proof for completeness.

Proposition 3.1. Let s € [1,00] and o > 0. Assume that ug € X; 4.
(i) Fort e (0,T] the estimate

—tA

u0| < CT’uO|s,a,T

‘6 s,a, T —

holds with the constant Cp = sup,c o7y le™|lop(x)-
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(ii) e tugy € C([O,oo);XS’a) if up € X540 and s < oo.
(iii) e "y € C([0, 00); )O(OO,Q) if ug e)o(oo,a.

(iv) For uy € Xooa, continuity holds except at t = 0, i.e., e7* € C’((O,oo);)ofooya).
Moreover, e " uy — ug as t — 0 in Xoo s for the latter result X is assumed to be
reflezive.

To prove Proposition 3.1, we use the strong continuity of the semigroup e™*4 on X
and on D(A) near t = 0.

Lemma 3.2. (i) |[(e74 —1T) f||X < c,rtt|[|[A* fl| for p € (0,1], t € (0,T) and f €
D(A*) with a constant ¢, v > 0 independent of f and t > 0.

t 14
(i) [|(e7 1) efrAfHX < cur <;) | fllx for w e (0,1], t € (0,T) and f € X with
cu,r tndependent of t, T and f.

Proof of Lemma 3.2. (i) By the fundamental theorem of calculus,
t t
et — f=— / Ae™™f dr = / Alre ™ AARF A7
0 0

Since HA)‘e_tAHOp(X) < a7 (A > 0) by analyticity, we observe that

_ bodr ,
e = flly < 1w | 1A = e 1471

(ii) This follows from (i) since HA“@‘TAHOP(X) <, M O

Proof of Proposition 3.1 (i) This estimate is easy; for example, for s < oo we have

T
e g0 = /0 7o [|e= 04y ||° dr < Cifuol2 o -

s,a, T

(ii) Let tg,t > 0. Then

T
—tA, A |S _ s ” —tA _ _—tgA\ —TA ”S
‘e Uy — € Uol, o\ = /0 T (e e )e Up || dr

converges to 0 as t — tg by Lebesgue’s Theorem on Dominated Convergence since the
integrand is uniformly estimated from above by an integrable function in (0,7") and con-
verges to 0 in the pointwise sense. This proves the continuity of e *uq in [0, 00) with

values in X ,.
(iii) Let ¢,y > 0. We take 0 € (0,7") and divide the supremum into two parts:

|e_tAu0 — e_tOAuO‘ < ( sup + sup ) T || (et —e o) e_TAu()” = J1+ Jo.
oo,a, T X
o<T<T 0<7<6
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Similarly to the case s < oo, we observe that J; — 0 as t — t3. The second term is
estimated as

Jo < 2C, sup 7 He’TAuoHX.
0<7<d

If ug E)o( ~.a, the right-hand side (which is independent of ¢, ¢,) tends to zero as 6 — 0.

Thus we conclude the continuity of e~ *4

up up to t = 0 with values in X o 4.

(iv) If ug € Xuoa, the function e~*uy may not be continuous at ¢t = 0 with values
in Xy, However, since ey, € X by Proposition 2.1 for ¢t > 0 and X C)O(m, the
assertion e~y € C’((O, o0); )2'5706) holds.

For the analysis at t = 0 note that we consider X« o = (Z, X)1-a.00 as the dual space
of (Z',X")1—a1 = (X', D(A"))a,1 which is equipped with the norm fOT T Al || x dT
for p € (X', D(A’))a,1. Given ¢ we get that

[{e™ o — uo, )] = [{uo, ™ — )]

< NJuollx o e = @l D)0

To show that the latter term converges to 0 as ¢ — 0 we note that part (ii) of this
proposition holds also for negative « as is easily seen. O]

To estimate nonlinear terms as on the right hand side of (1.6), we consider for p > 0
the integral operator

(Nf)(t) = /0 Ate= DAL (r) dr (3.1)

for f € L3 (0,T;Y). Here Y is another Banach space containing X and e~4 can be
extended to Y having a regularizing estimate

||e_tAaHX <crtally, a€Y, te(0,7T) (3.2)

for some 7 > 0 with ¢ independent of a.
We recall the weighted Hardy-Littlewood-Sobolev inequality [28], [29].

Lemma 3.3. Assume that A € (0,1) satisfies the scale balance of exponents 1/sy + X +
a; — ag = 1+ 1/sy under the restrictions of exponents 1 < s; < s < 00, ag < 1 and
—1/s1 <ag <1—=1/s1, =1/s3 < ag < 1—1/sy. Then the integral operator

I = — 7 d
() = [ 1= () ar
is bounded from L} (R) to L2 (R).

By [[Are= | ) < Ct7" and (3.2)

IINADx < C/O (=) " ()lly dr, (3-3)

so that Lemma 3.3 yields the following:



Proposition 3.4. Assume that A = p+n € (0,1) for positive p,n as in (3.1), (3.2).
Then N defined by (3.1) is a bounded operator from L3 (0,T;Y) to L2 (0,T;X). Here
the exponents are taken as in Lemma 3.35.

We claim that N f(-) belongs to C ([0, T]; Xs,.00.7)-

Theorem 3.5. Assume that A = p+n € (0,1) for positive p,n as in (3.1), (3.2) satisfies
the scale balance 1/s1 + XA+ oy — g = 1+ 1/s9 for exponents 1 < s1 < s9 < 00, g <
where 0 < oy <1 —1/s1, =1/s9 <ap <1—1/s5. If f € L3 (0,T;Y), then

|Nf(t)|82,a2,T < CHf

Liosyy, tE0,T]. (3.4)

Moreover,
NfeC([0,T]; Xsy 1) -

Proof. By definition we get from (3.3) that

1/s2

T S
Nl = ([ 7 e 0] ar

59 1/s2
<c( )
L2 (0,T)
T 82
=c( / ( / |t+T—p|_A||(fx)(p)|lydp) df)

with X = X4, the characteristic function of the interval (0,¢). Using the change of
variables 7/ = 7+t and that 0 < 7/ — ¢ < 7’ Lemma 3.3 implies that

VO <0 ([ (6 =0 [ 1= o100 ap) ar)

< C|[ a1y )]
< C|[fxlly|

/0 (t7— )" )y dp

1/s2

1/52

Lo (t.t+T)

L;ﬂ = (7|Lf

Lt (0,45Y)"

The proof of continuity is based on the previous estimates. By definition for ¢t; > ¢ >
0, we observe that

(NF)(t) = (Nf)(t2)

= / 1Aue—(t1—p)Af(p) dp+/2 (Aﬂe_(tl—ﬂ)A _Aue—(tQ—p)A) f(p)dp
to 0

= ]i —+ Zé

The first term is easy to estimate. Replacing f by fxX(,,,) and rewriting I; as an integral
for fX(t.,6)(p) With p € (0,11), (3.4) proves that

t1
e / (tr+7=p) "N f(P) Xtz (0) |y dp
0

< Ol zst ttaiyy = 0

L3 (0,T)



as t; — to — 0. The integral [ is divided into two parts:

T
|12|52a2T / 7_a282 || TA12||S2 dT_ (/ /) 982 TA]2H52 d7‘
0

The first part is estimated as follows:

§ to
C/ 70252 / At (t2tT— ) f( )dp
0 0

<o [T [Mrr -0 1)y an) o

Replacing 6 by T', we conclude - as for the estimate of |I1s, a, r - from Lemma 3.3 that
the right-hand double integral is bounded by C'|f]|: L Oy Hence, as a function of J,

the right-hand side converges to 0 as 6 — 0, un1formly m0<ty <t; <T.

S2

dr

X

To estimate the integral over (6,7) in |I3|3? . , we observe that

S9,Q9,

T T
/ TH252 H TAIQHS2 dr = / T2 0p(T, 1, to) dT
4 é

where by Lemma 3.2 (ii) for any v, € (0,1)

to
/ (et 1) oA qre 0 £ ()
0 X

V182 to S$2
(/0 ||€—TA/2Au€—(t2—p)Af(p)HX dp) )

S2

SO(Ta tla t2) -

ta— 1t
T

<C

Thus

T
/ TO?20(T, 11, t5) dT
5

mee b2 52
/0 (/o (b2 +7 =) I ()l dp) dr

V182

1117

converges to 0 as ty — t; — 0 for fixed 6 > 0.

to — 1
ol 1

<C to —t1

31 (0,t2;Y)

Now the proof of continuity in the case of finite s5 is complete. O

Next we handle the case X ,.

Theorem 3.6. Assume that A\ = p+n € (0,1) for positive u,n as in (3.1), (3.2), and
that 0 < as=A+a1 =1, 0< g <1. Let f € L3 (0,T3Y) and || fllre ) == I fllLe 0,
for0 <t <T. Assume that

Ifllzs ) — 0 as t —0. (3.5)

(i) Fort e (0,T)
INFO Xoapir < Cllf e )

Particularly, Nf(t) — 0 ast — 0 and N f(t) EXoo,ag,T’
(ii) Nf € C([0,T), Xoca ).



Proof. (i) We first observe, by (3.2) and the analyticity of e™*4, that for 0 <7 < T

t
T ||e AN f(t )| < CT“Q/O (t+7—p)p ™ dp 1 Nl zee o)-

Thus, fort <7 < T,

sup 7[NS £C s 5 [ im0 dp i
0

t<r<T t<r<T

< CBHfHLgfl(t)

by the scale balance, where B = B(1 — A, 1 — «) is the Beta function. For 7 <t we have

t
sup 7 [[e AN f(t)||, < C sup 7 /(t—p)‘Ap““ dp [ fllzes o
0

o<r<t 0<r<t

= CB sup 7| fll e 1) (3.6)

o<r<t

= CB|fllez o
Hence, under the assumption (3.5),
INFOlXear < OBl fllLge ) >0 as ¢ —0.
For fixed ¢ > 0, a modification of (3.6) also yields for 0 < 7 < 79 < t the estimate

sup 7% [ TANF(B)]| < C(1) sup 7% || flliz o),

0<7T<10 0<7T<10

e, Nf(t) €Xooan-
(ii) It remains to prove the continuity for ¢ > § > 0 for arbitrary 6 > 0. By definition
for t; >ty > 6 > 0, we observe that

(NF)(t1) = (Nf)(22)
_/t1Au6—(t1—p)Af(p>dp+/02(6_(t1 t2)A )A“ (ta— pAf( )

= Il + ]2.

The term I; is easy to treat. Due to the boundedness of the operator family e~74,

0 <7<§/2, on X it suffices to consider ||[;||x directly. If 0 < 7 < §/2,

t1
Il < o / (b — )0~ dp 1 less o

to

t1
< / (b = p) ™ do [ fllas e

to

< G5 fll gy (b1 — )2

Thus

=0.

limsup sup To‘QHe_TAllHX

t1—t2—0 0<7<3/2
t1,t2>6
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For the estimate of I, we consider ||3|x directly. By Lemma 3.2 (ii) and with 0 <
p<l—A

to _ K
Il <e [ (“ tp) (ta = ) (D)l dp

ty —
to
<c(t - t2)“/ (ts = p) M p~ v dp || fllee ()
0
< sty = 02)"[|fll e )
since to > 0 > 0. We thus conclude that

limsup sup HTQQe’TAIQHX:O.

t1—t9—0 0<7<6/2
t1,t2>6

Now the assertion N f € C((0,T]; Xoc,az) is proved. O

4 Proofs of Main Theorems

We shall prove Theorem 1.1 and Theorem 1.2 based on the abstract results given in the
previous section.

Proof of Theorem 1.1. We first note that uy € IB%,;;H’/q is equivalent to uy € X, if
X = LI(Q2) and A is taken as the Stokes operator, where 2/s + 3/¢ = 1 — 2a. The
L? (L9)-strong solution u satisfies the integral equation

a(t) = ey — / e PAPY . (u @ w)(p) — F(p)) dp
= ety — / AV DA APBY . (uwu)(p) - F(o)) dp (4)

where A~1/2PV is bounded in any L"(§2)-space, 1 < r < oo (see Giga-Miyakawa [15] and
26]). We observe from the assumptions u € L3(L9) and F € L3?(L%/?) that

f=ATVPY - (u@wu) - F) e L (0,T; LY?(Q)).
We take Y = LY?(Q) and X = L2(Q) and rewrite (4.1) as
u(t) = e ug + N (1)
with p = 1/2. By Proposition 3.1, e *uy € C (0, 00), X,4). Since, see [15],
el < Crt™lwlly

with n = 3/2¢, the operator N satisfies the assumptions (3.1), (3.3) with p = 1/2,n =
3/2q. Thus Theorem 3.5 implies that N f € C (]0,00), X5.). The proof is complete. [
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Proof of Theorem 1.2. We note the condition ug € ]B%;éj 34 g equivalent to say that

U G)O(oo,a with 3/¢ = 1 — 2a.  We recall the construction of the solution of (4.1) by
the iteration

U = e’tAuo,

t
U1 () = e Muy — / AY2e=(t=PA AZ12PY . (4, @ U, — F)dp  (m > 1).
0

If ug G)O(oo,a, by Theorem 3.6 we see that |[tm41|/ze0,rx) — 0 as T — 0 and the limit
solution u has the same property ||u|/zs(0,r,x) — 0 as T — 0.

We now consider (4.1) and apply Proposition 3.1 (ii) and Theorem 3.6 to get the
desired continuity. O

Proof of Theorem 1.3. Let u,v be L (L?)-strong solutions of (1.1) with data f = div F} g
and g = div G, vg. Being mild solutions of (4.1) the difference w = u—wv solves the integral
equation

t
w(t) = e Awy — / AV =0A ATIRPY (w@utv@w — (F —G))dp.  (4.2)
0

By the a prior: estimates of Proposition 3.1 and Theorem 3.5 w satisfies the estimate

Xs,cx,T S C(”uo - UOHS,OZ,T + ||F - G!|

]

Xs,a,T —I— ||/U| Xs,a,T))'

Xs/2,20,T + ||w| XS,Q,T(HU’|

Choosing T sufficiently small, the term involving |lwl|x, , , on the right-hand side can be
absorbed, thus proving the estimate (1.4). O

Proof of Theorem 1.4. The proof is similar to the proof of Theorem 1.3 using Theorem
3.6 instead of Theorem 3.5. [

Remark 4.1. (i) Our continuity results (Theorem 1.1 and Theorem 1.2) have strong
overlap with results in [16, Remark /.19, Theorem 4.20]. Their external force f is allowed
to be of the form f = fo+ div F, where both f and F are t-dependent but with values
in L*(Q). If there are no external forces, our results are contained in their results. They
obtained such results as applications of a heavy, technical machinery whereas our approach
is more direct and simple. For example, their basic space X in which the equation (1.6)
1s considered is a Besov space introduced as a real interpolation space of homogeneous
versions of D(AY?) and D(A™Y?) while in our approach (1.6) is mainly analyzed in a
classical t-weighted LL(2) space.

(i1) The results of Amann [2] cannot be compared with ours. In Sect. 5 he considers

more reqular solutions with initial value in B, = 39 but with forces in weighted C° spaces

so that solutions are classically regular for t > 0, see [2, Theorem 6.1]. Although a weaker
force is discussed in Remark 7.3, his space is not Besov type but H® type when he considers
the problem in a domain.
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5 Appendix: Besov Spaces

For1 <g<oo,1<r<ooandteRlet B, -(R3) denote the usual Besov spaces, see
[30, 2.3.1], and define for the bounded domam Q C R? the space B} ,(2) by restriction
of elements in B} (R?) in the sense of distributions to €; the norm of u € B} ,.(Q) is
defined by [lul|g; () = inf {HUHB;T(R:;) v € Bt (R?),v, = u}. Concerning Besov spaces
on {2 with vanishing trace - if possible -, the definition is modified as follows: Considering
only vector fields rather than scalar-valued functions and the range ¢ € [—2, 2] we follow
Amann [2], [3] and define

{u € B, ,.(Q)* u,, =0}, 1/qg <t <2,
Bl/q R3)3; Q}, 1/g=t
B! .(Q)% / 0<t<1/q,
(B, (Q) (1 <r<o0), —2<t<0.
For spaces of solenoidal vector fields on €2 let
B, ,(Q) N Li(), 0<t<2,
B; () = cl(Cgf,(Q))/ in B (), t=0, (5.2)
(IB%;T,(Q)) (1l<r<oo), —2<t<0,

where “cl” denotes the closure. Note that u € B} .(Q) with % < t < 2 vanishes on 0f)
by (5.1), but that only the normal component of u vanishes on 92 when 0 < ¢t < é since
u € L1(Q).

Moreover, we need the spaces (little Nikol’skii spaces)

B () == cl(HL(Q) N L4(Q)) in B, (),

where HZ(Q) is a Bessel potential space defined by restriction of the usual Bessel potential
space H.(R?)® to vector fields on © (and vanishing on 09 as in (5.1)), cf. [3, pp. 3-4].
Using the notation (-, -)g,, 1 <7 < 00, of real interpolation, and (-, -)y ., for the continuous
interpolation functor, Theorem 3.4 in [2] states that for 0 < 6 < 1

(LL(Q), D(Ay))o, = B2(Q), (5.3)
(LL(92), D(A)))0 = B2 (). (5.4)

Note that D(A,) is equipped with its graph norm, and that for a bounded domain this
graph norm can be simplified to || A4, ||;- As is well-known ([23, Proposition 6.2, Exercise
6.1.1 (1)], equivalent norms on the spaces (LZ(Q),D(A;))sr, 1 <1 < 00, are given by

T
d 1/r
(/ (Tl’eHAqe’TAqqu)T—T> if 1 <r < oo,
HUHBgfL ~ 0 T
SUp( 1) 10 Aje~ )|, if r = oo,

where T' € (0, 00) can be chosen arbitrarily. The space I(E)BE?OO(Q) is equipped with the norm
of B2, (©2) but elements u € Iﬁﬂgf’oo(Q) enjoy the further property that

lim 70 Ae |, = 0. (5.5)
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To find similar representations for negative exponents of regularity as well recall that
for —-1 <6 <0and 1 <r < oo by (5.2), (5.3)

(L2(Q), D(Ag))_,, = (LI, D(Ap))_,,.) = (B2(Q) =B (Q),

q',r’

For the cases r = 1 and r = oo recall from Sect. 2 that A, is an isomorphism from D(A,)
to LZ(2) and also from LZ(2) to D(A,)". Hence, for 1 <r <ooand —1 <6 <0

(D(A), L4D), 5, = A((LUQ). D(A),,.). (5.6)
with a similar result for the continuous interpolation functor (-,-)y .. Then we get the
characterizations (here —1 < 6 < 0):

(D(Ag), L)) 1y, = B (), 1<7 <00, (5.7)
(D(A) L5(), g 0 = B = BIL (D)) (B 1) (538)
(DU L), = Bi() = L () in (BH(52))" (59)

Actually, (5.7) for r = 1 and (5.9) follow from [2, Theorem 3.4], [3, p. 4], for all —1 <

6 < 0; the space IE%;QOO(Q) also coincides with the closure cl(LZ(€2)) in B2’ (€2). To prove
(5.8) we use (5.3), the duality theorem of real interpolation to get that

/

(D(Aq’)/v Lg(Q))l-i-O,oo = ((Lg (Q)aD(Aq’))_e,l)/ = (B;’,zf(ﬁ))/
and the definition from (5.2). The second part of (5.8) is based on the isomorphism
B () = (B, () = B ()/(B, T ()",

see also [2, Remark 3.6] and its proof; here B o(Q) = (B’ZH(Q))/ by [3() Theorems 4.3.2,
4.8.1], since in our application —26 =1 — E = 2, > —land =20 — 5 = gé Z.

Thus for any 1 < r < oo and -1 < 0 < 0, by (5.6), (5.7), (5.8) and (5.3),

(D(Ay), Lq(Q))Ha = A(B2*(Q)) = BZ.(Q) with equivalent norm

T
! 1/r
(/ (T_GHe_TAqqu) —T> if 1 <r< oo,
HUHA(Bgﬁf’) ~ 0 T (5.10)

sup, oy 70 lle Tl if r = oo.

This result was used in [12] when 2 + % =1,0=0,2 <r < oo. For the continuous

interpolation space (D(Ay)’, Lg(Q))?w o = I(égfoo(Q) we have the norm defined in (5.10),
with the additional property that

lim 7% e”™ 4w, = 0.
7—0

Summarizing the previous arguments we get the following theorem.
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Theorem 5.1. Choose any T € (0, 00).
i) Let2 < s <00,3<q<o0and0<a < suchthat®+32=1—2a. Then the real
() 2 s q

interpolation space (D(Ag)', LL(Y)),_. . coincides with the Besov space IB%;;JF?’/(’(Q) and

has the equivalent norm (fOT(TO‘He_TAWHq)S dr) e,

(i) If 3 < ¢ < o0 and 0 < a < 3 such that i 1 — 2a, the real interpolation

space (D(Aq)', LL(Q)), . . coincides with the space of Besov-type B;gg/q(ﬂ) and has

the equivalent norm sup, ¢ 7|le”1ull,.

(iti) The interpolation space (D(Ay), Lg(Q))‘La -, equals the Besov space ]%;3;3/(1(9),

equipped with the norm of B;ij?’/q(ﬂ) such that the property lim, o 7%||e”™aul|, = 0
additionally holds for u € Ié;é:i)’/q((l).
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