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1 Introduction

The purpose of this paper is to introduce a generic method that establishes LP estimates
for time-periodic solutions to a large class of linear, partial differential equations. The
method works particularly well for parabolic problems. To emphasize the strength and
simplicity of the method in the parabolic case, we demonstrate it on the time-periodic
heat equation:

Ou —Au=f in R x Q,
u=0 on R x 09, (1.1)
u(t_‘_Tvx) :u(ta l’),

where 2 C R” (n > 2) is a domain, u : R x  — R the unknown function dependent
on a time variable ¢ and a spatial variable x with (¢,2) € R x Q, T'> 0 a fixed positive
time-period, and f : R x £ — R the data, which is also assumed to be T-time-periodic.
The method to be introduced enables us to identify a Banach space XP of T-time-
periodic functions vanishing on the boundary 92 with the property that the differential
operator d; — A maps X? homeomorphically onto L?((0,T) x Q) for any p € (1,00). As
a consequence, we obtain the LP estimate

|ul| x» < C||f||LP((0,T)xQ) (1.2)

for a solution to (1.1). Observe that LP((0,T') x ©2) is the “natural” LP space for T-time-
periodic data, whence X? can be described as the maximal regularity space in the LP
setting for the T-time-periodic problem (1.1). The Banach space X? will be characterized
as a Sobolev-type space. A proper identification of X? and in particular the L? estimate
(1.2) is crucial in many applications; not only the analysis of corresponding non-linear
problems, but also the investigation of Hopf bifurcations and other phenomena.

We shall first treat the whole-space case {2 = R", then the half-space case = R’} and
finally the case of a sufficiently smooth bounded domain. In the first case we establish
a direct representation formula for the solution v in terms of Fourier multipliers. The
estimate (1.1) is then shown using classical tools from harmonic analysis. In the half
space case the reflection principle applies. For the case of bounded domains we employ
localization techniques. One may recognize these steps as the standard procedure for
analyzing elliptic problems. In fact, we consider it a novelty of our method that it enables
us to treat time-periodic parabolic problems with the same approach and tools used for
the corresponding elliptic problem. This is by no means a trivial approach. In fact, the
vast literature on time-periodic problems is almost solely based on the idea of treating
first the corresponding initial value problem and then subsequently showing, employing
for example a Poincaré map, existence of at least one initial value that produces a
time-periodic solution. In comparison, our method is much more direct. Moreover, no
maximal regularity results for the initial-value problem are needed. In fact, we shall
show that maximal LP regularity for the corresponding initial-value problem follows
effortlessly and without employing the notion of R-boundedness from our method. This



suggests that in the investigation of classical Cauchy problems, one should treat the
time-periodic problem before the initial-value problem.

We start by briefly explaining the method in the whole-space case = R"™. The
main idea is to reformulate the time-periodic problem as a PDE on the locally compact
abelian group G := T x R", where T denotes the torus R/TZ. As both the data f
and the solution u are T-periodic in the t variable, they can naturally be interpreted as
functions on G. Moreover, a differentiable structure on G is canonically inherited from
R x R™ via the quotient mapping 7 : R x R”™ — T x R™ in such a way that (1.1) can be
equivalently reformulated as a partial differential equation

Ou—Au=f inG (1.3)

in a setting of functions v : G — R and f : G — R. Note that the periodicity conditions
become superfluous in this setting. The main advantage of the G setting, however, is
the availability of the Fourier transform .%#¢ in combination with the space of tempered
distributions .’/(G), the dual of the Schwartz-Bruhat space . (G). With these tools at
our disposal, we derive from (1.3) the representation formula

1

u=F;! [ﬁg f ] (1.4)
for data f € (G). Here, (k,£) denote points in the dual group G = Q%Z x R™. The
representation formula is key to the LP estimates. We further let dz denote the Dirac
mass on 27 and split the right-hand side in (1.4) into two parts:

m%[ﬂ} =t u1 +ua, (1.5)

U:ﬂﬂgnl Frn [1']1‘ *T f]:| +<§'G1[

1
¢I?
where 11 *7 f denotes convolution on the torus T with the constant function 1. The
technical advantage of decomposing v as in (1.5) is immediately clear. The first part u;
is namely expressed in terms of a classical Fourier multiplier in the R™ setting for which
we can use standard tools from harmonic analysis to show L? estimates. In the simple
case of the heat equation under investigation here, we recognize the Fourier multiplier
to be the symbol of the Laplacian. The second part us is expressed in terms of a Fourier
multiplier with no singularities. As a consequence, we are able to establish very strong LP
estimates for us. In contrast to the R™ case, however, there is no comprehensive theory
available in the abstract G setting to establish such estimates via Fourier multipliers.
To overcome this challenge, we employ a transference principle for group multipliers, see
Theorem 5.1. The transference principle allows us to “transfer” the multiplier into an
R"™*! setting and then use the classical tools. The principle was originally established
by de Leeuw [6] and later generalized by Edwards and Gaudry in [7]. Combining the
estimates of u; and ug, we obtain the desired estimate (1.2) of u and an identification
of the space XP.

Another advantage of the reformulation (1.3) in the group setting is the ability to
express the solution u as a convolution of a “fundamental solution” with the data



f. One can derive directly from the representation (1.4) that u = I' x¢ f, where
Ir = ﬁél[m] and *¢g denotes convolution on the group G. In fact, from (1.5)

we see that I' = 11 ® I'" 4+ I', where I'" denotes the well-known fundamental solution
(1—5Z(k))
—ik+e?
estimates of ', this observation can be used to extract pointwise information from w.
In particular, the asymptotic structure of u as |x| — oo can be analyzed in this way. In
Section 6 such pointwise estimates of I't are established.

to the Laplace equation and I' = Zo ! [ ] Provided we can obtain pointwise

2 Statement of the main result

Although our aim is to introduce a generic method, we shall nevertheless state as our
main theorem the result obtained by applying the method to the specific case of the
time-periodic heat equation (1.1). The details of the method are then revealed in the
proof of the theorem.

We state the main theorem in a context of classical Sobolev spaces of time-periodic
functions. Let © C R™ be a domain. We first introduce the space

ConaB X Q) :={f € CCRxQ) | f(t+T,2)=f(t,x) A feC([0,T]xQ)},

of smooth time-period functions with compact support in the spatial variable. Clearly,

r ;
= (5 [ [ 150 asar)”
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o] <1 18]<2

are norms on C§5q (R x Q), and we can thus define the Lebesgue and (anisotropic)
Sobolev spaces

IR x ©) 1= O Bx ) 17, W22 (R % ) = O (R x ) 7

per 0,per per 0,per

of time-periodic functions. Note that for domains 2 satisfying the segment condition we
have

WIZP(R x Q) = {f € L2y (R x Q) | | fll1,2p < o0},

per
where the derivatives which appear in the norm || f||12, are to be understood in the
sense of distributions. We introduce the operators

1 T
PPy (R X Q) = CEum(R x ), Pf = T/ flta)dt, PLi=1d P,
0

which are clearly complementary projections. By continuity, P and P, extend to
bounded operators on Lb, (R x Q) and Wgé%’p (]R X Q) Of course, Pf is independent
of the time variable t € R and can be considered as a function in the space variable
z € Q only. Finally we denote by W2P (©) the classical homogeneous Sobolev spaces
with semi-norm |-[, . We can now formulate the main theorem:



Theorem 2.1. Assume that either Q@ = R", Q = R", or Q C R" is a bounded domain
with a CY'-smooth boundary. Let p € (1,00). For any f € Lber(R x Q) there is a
solution u to (1.1) with

u(t, z) = us(z) + up(t, x) € W2P(Q) & PLW2P (R x Q) (2.1)

satisfying
’u5’2,p <1 ||Pfllps (2.2)
luplli2p < c2 IPLflp, (2.3)

where ¢1 = ¢1(n,p, ) > 0 and ca = ca(n,p, N, T) > 0. If v = vs + v, is another solution
with vy € W™ (Q) and v, € PLWpar" (R x Q), r1,72 € (1,00), then us — vy is a
polynomial of order 1 and u, = v,.

Remark 2.2. Observe that the constant ¢; in (2.2) is independent of the time period T,
whereas the constant ¢z in (2.3) depends on 7" and in fact, as will become clear in the
proof, tends to infinity as T — oco. If one is not interested in the dependency of the
constants on 7', it may be more convenient to combine (2.2)—(2.3) into the estimate

[slap + lupllizp < el fllp, (2.4)

where ¢ = ¢(n,p,Q,T) > 0.

Remark 2.3. The statement in Theorem 2.1 concerning uniqueness can be improved
considerably for the purely periodic part u, of the solution. In the whole-space case
Q = R", for example, it will follow directly from the proof that if v and v are two
solutions to (1.1) with Py u, P1v € 7. (R xR"), then P u = P v. Here, .7, (R xR")
denotes the space of tempered distributions that are T-periodic in the t variable.
Remark 2.4. The Lebesgue space Lhe:(R x 2) can be identified with Lbe (R; LP(Q)). It
is natural to ask whether Theorem 2.1 can be extended to mixed-norm spaces of the
form LPer(R; LI(2)). The proof of (2.2)-(2.3) in this paper relies on the Marcinkiewicz
multiplier theorem, which requires p = ¢. In order to extend the result to the case p # q,
one can use a result of Besov [4] on a mixed-norm Littlewood-Paley theorem, upon which
the classical theorems of Fourier multipliers are based.

Observe that the projections P and P, decompose a time-periodic solution u into
a stationary part us = Pu and a purely periodic part u, = Pu. From Theorem 2.1
we learn that the two parts must be treated separately in order to identify the Banach
space of “maximal regularity” for problem (1.1), that is, a Banach space XP(R x )
of T-time-periodic functions vanishing on the boundary R x 9 with the property that
Oh—A: XP(R x Q) = LB (R x Q) is a homeomorphism. As a corollary to Theorem 2.1
we directly obtain:

Corollary 2.5. With the same assumptions as in Theorem 2.1, let

XP(R % Q) = {ue P WP(R x Q) | upg = 0}.

per



Then

dh—A: XP(RxQ)—P L (RxQ)

per
1s @ homeomorphism.

Remark 2.6. In Corollary 2.5 we only identify the maximal regularity space X' (R x )
for the purely periodic part P, u of a solution to (1.1). In order to identify the full
maximal regularity space of the problem, we would need to also address the stationary
part Pu. More specifically, we would need to identify a Banach space X% (Q) of functions
that vanish at the boundary 99 with the property that —A : X?(Q) — LP(Q) is a
homeomorphism. Since Lbe, (R x Q) = LP(Q) & Py Lhe: (R x ), we could then conclude
that
Ah—A: XPOQ) B XT(RxQ) — LE (R x Q)

is a homeomorphism. Since the identification of X¥(Q) is a well-known problem in the
context of elliptic equations and completely decoupled from the time-periodic nature
of (1.1), we shall not address it here. Of course, in certain cases, for example when
Q is bounded, the homogeneous Sobolev space (W27P(Q), \-|27p) is a Banach space, in
which case the identification of X% (Q) follows directly from Corollary 2.5. Note that
Corollary 2.5 makes it possible to construct hybrid LP-type Banach spaces of maximal
regularity for (1.1). If for example XF(Q2) and Y¥(2) are Banach spaces such that
—A ' XP(Q) = YFP(Q) is a homeomorphism, then

h—A: XPQ) o XT(RxQ)—YF(Q) ©PLLE (R x Q)
is a homeomorphism. Such constructions may be useful in applications where for example
weak Lebesgue or Besov spaces are better suited to capture the properties of solutions
to the elliptic problem satisfied by Pu, in our case —APu = Pf.

3 Impact on the initial-value problem

A remarkable consequence of Corollary 2.5 concerns initial value problems. Recall that a
generator —A of a C; semi-group on a Banach space X is said to admit mazimal LP reg-
ularity on (0,T), if for every f € LP(0,T; X) the unique solution to the abstract Cauchy
problem dyu + Au = f, u(0) = 0 satisfies u € LP(0,T; D(A)) N WP(0,T; X) =: Ep(A).
It is well-known that maximal LP regularity is equivalent to R-boundedness of the resol-
vent family {¢(it+A)~! |t € R}, see [11]. This characterization has been used extensively
to show maximal regularity for various differential operators, in particular for the Dirich-
let Laplacian. Using Corollary 2.5, we are able to establish maximal LP regularity for
the Dirichlet Laplacian while completely circumventing the notion of R-boundedness.

Recall that the Dirichlet Laplacian A, : D(A,) C LP(Q) — LP(2) with domain
D(A,) = W?P(Q)N W&’p(Q), defined via A,u := Au for v € D(A,), is a generator of
an analytic C|, semi-group ettr,



Theorem 3.1. Let p € (1,00), T > 0 and assume that Q@ = R", Q@ = R} or Q is
a bounded domain with a C%'-smooth boundary. The Dirichlet Laplacian —A, admits
mazximal LP regularity on (0,T).

tA

Proof. Recall for an analytic semi-group e~** on a Banach space X the following char-

acterization of the trace space at t = 0:
(X,D(A))l,l/p’p = {3: € X | Ae g e LP(0,T; X)} = {u(O) | ue ET(A)}, (3.1)

see for example [9, Corollary 1.14, Proposition 6.2]. Let f € LP(0,T;LP(2)). Canon-
ically, we can interpret f as a periodic function in LPe (R x Q) and write f = Pf +
PLf € LP(Q) ®PLLEc(R x Q). Corollary 2.5 gives a solution v € Er(A,) on (0,7) to
O — Apv = P f. Since e!®# is analytic, also e'®7v(0) € Ex(A,) by (3.1). Furthermore,
we define w(t) := fg e(=9)2»Pfds. Since Pf € LP() does not depend on time, it is
easy to verify that w € Eg(A,). Thus, a solution v € Er(A)) to uy — Apu = f, u(0) =0
is given by u := v + w — et??v(0). O

Remark 3.2. The argument above is based on one given by Arendt and Bu in [3]. Observe
that the proof of Theorem 3.1 yields maximal regularity for any generator —A of an
analytic semi-group for which a result corresponding to Corollary 2.5 can be established.

4 Preliminaries

In the following, we let G denote the group
G:=TxR":=R/TZ xR" (4.1)

with addition as the group operation. We shall reformulate (1.1) and the main theorem
in a setting of functions defined on G. For this purpose, we must first introduce a
topology and an appropriate differentiable structure on G. Both will be inherited from
R x R™. More precisely, we equip G with the quotient topology induced by the canonical
quotient mapping

T:RxR" > TxR" 7(tz):=([t],z). (4.2)

Equipped with the quotient topology, G becomes a locally compact abelian group. The
restriction II := (g 7)xg» is used to identify G with the domain [0,7) x R™; IT is clearly
a (continuous) bijection. Via II, one can identify the Haar measure dg on G as the
product of the Lebesgue measure on [0,7") and the Lebesgue measure on R™. The Haar
measure is unique up to a normalization factor, which we choose such that

/Gu(g)dg:;/OT/nuoH(t,m)dxdt.

For the sake of convenience, we will omit the IT in integrals of G-defined functions with
respect to dxdt. Next, we define by

C®GE)={u:G—->R|uome C*R xR")} (4.3)



the space of smooth functions on G. For u € C°°(G) we define derivatives
V(e, B) € Ng x No: 80 0%u:= [0 0%(wom)] oTIL, (4.4)

It is easy to verify for u € C*°(G) that also afﬁgu € C*°(G). We further introduce the
subspace

C§°(G) :={u € C*(G) | suppu is compact}

of compactly supported smooth functions. If Q C R" is a domain, then the spaces
C®(T x Q) and C§°(T x Q) are defined analogously.

With a differentiable structure defined on G, we can introduce the space of tempered
distributions on G. For this purpose, we first recall the Schwartz-Bruhat space of gen-
eralized Schwartz functions; see for example [5]. More precisely, we define

F(G) = {u e C®(G) | V(a, 8,7) € N§ x N§ x Ny & pagn () < 00},

Pasn(u) = sup |z*050]u(t,z)|.
(t,x)eG

Equipped with the semi-norm topology of the family {pa . | (., 3,7) € N x N x Ng },
(@) becomes a topological vector space. The dual space ./(G) equipped with the
weak™ topology is referred to as the space of tempered distributions on G. For a tempered
distribution u € .%/(G), distributional derivatives 97 9%u € .'(G) are defined by duality
as in the classical case.

We shall also introduce tempered distributions on G’s dual group G. We associate
each (k,€) € 27 x R™ with the character x : G — C, x(t,z) = @&+ on G. In
particular, we stress the fact that £ is not an integer, but k£ € Q%Z. It is standard to
verify that all characters are of this form, and we can thus identify G = Z%Z x R™.
By default, G is equipped with the compact-open topology, which in this case coincides
with the product of the discrete topology on 2%2 and the Euclidean topology on R".
The Haar measure on G is simply the product of the counting measure on Q%Z and the
Lebesgue measure on R”. By

(@) = {w e C(C) | Vk € Q%Z . wik,-) € CO(R™)

the space of smooth functions on G is introduced. The Schwartz-Bruhat space on the
dual group G is defined by

H(G) = {w e C(G) | (@, B,7) € N§ x Nj x Ny : i 3(w) < 50},

popn(w) = sup |6*0¢ K w(k,¢),
(k,6)eG

and equipped with the canonical semi-norm topology.



We denote by %a the Fourier transform associated to the locally compact abelian
group G. It is explicitly given by

~ 1 [T . ,
Fo: LNG) = C(@Q), Fg(u)(k,§) = T/ / u(t, z) e @R dadt,
0 n
The inverse Fourier transform is formally defined by

F M@ > CE), Flwta) = Y [ ) e

2
keZrz

It is standard to verify that Zg : .#(G) — .#(G) is a homeomorphism with F5! as
the actual inverse, provided the Lebesgue measure d¢ is normalized appropriately. By
duality, F¢ extends to a homeomorphism .%(G) — .7/ (G).

Let © C R™ be a domain. In analogy to the spaces Lger(R x Q) and Wgﬁ’p(R x Q),
we define by

(T x Q) = O x ', w2 x Q) = (T < Q) "
the corresponding Lebesgue and Sobolev spaces, where ||-||,, is the LP-norm with respect
to the Haar measure dg. Again, we have the equality

Wh2P(T x Q) = {f € LP(T x Q) | ||fll1.2p < o0}

if the domain () satisfies the segment condition.

As in Section 2, we define the time-averaging projection P and its complement P, .
Observe that P can also be expressed as the convolution over the torus T with the
constant function 1, that is, Pf = 1y f. Hence, by Young’s inequality P is continuous
both in LP(T x ) and W12P(T x Q). Therefore, we may define the Banach space

XV (T x Q) :={u e PLW"P(T x Q) | wrxaq = 0}.

5 Proof of the main result

With the terminology introduced in the previous section, we are now able to disclose the
details of our method and in doing so prove the main theorem.

We start by recalling a theorem on transference of Fourier multipliers, which enables us
to “transfer” multipliers from one group setting into another. The theorem is originally
due to de Leeuw [6], who established the transference principle between the torus group
and R. The more general version below is due to Edwards and Gaudry [7, Theorem
B.2.1].

Theorem 5.1. Let G and H be locally compact abelian groups. Moreover, let P G—H
be a continuous homomorphism and p € [1,00]. Assume that m € L>®(H;C) is a
continuous LP-multiplier, that is, there is a constant B > 0 such that

vfe LXH)NLP(H) : | Fy' [m- Fu(f)]llp < Bl flp-



Then m o ® € L>(G;C) is also an LP-multiplier with

vfe LAG)NLP(G) : (|75 [mo@- Fa()]lp < Bllflly-

5.1 The Whole Space

With the theorem above on transference of Fourier multipliers, we are able to establish
the essential part of the main theorem in the whole-space case.

Lemma 5.2. Let p € (1,00). For any f € P, LP(G) there exists a solution u €
PJ_WI’Q’p(G) to

ou—Au=f inG (5.1)
that satisfies

lellzp < cllfllp (5.2)

where ¢ = ¢(n,p,T) > 0. If v e P, (G) is another solution, then u = v.

Proof. Tt clearly suffices to assume f € P;.%(G). Observe that f = P, f. Recalling
that g [PJ_f] = (1-92)%c [f], we can apply the Fourier transform %¢ in (5.1) to
deduce that

1| 1—dz(k)

=4 Falf 5.3
is a solution. Since the Fourier multiplier
~ 1—dz(k
M:GoC Mk = 1= 02k) )2
—ik + €]

is bounded, that is, M € L‘X’(CA}), it is clear that u given by the formula above is well-
defined as an element in .%/(G). To analyze u further, we wish to apply Theorem 5.1.
For this purpose, let x be a “cut-off” function with

oo T 2m
x € C*(R;R), x(n) =0 for |n| < L x(n) =1 for || > -

We then define

x(m)
—in + |¢]?

We let H := R xR" and consider H to be a locally compact group in the canonical way.
The dual group H can then also be identified with R x R" and we can thus consider
m as mapping m : H — C. In order to employ Theorem 5.1, we define ® : G — H

O(k,&) == (k,&). Clearly, ® is a continuous homomorphism. Moreover, M = m o ®.
Consequently, if we can show that m is a continuous LP(H)-multiplier, we may conclude

m:RxR"—=C, mn¢§) = (5.4)

10



from Theorem 5.1 that M is an LP(G)-multiplier. Since the only zero of the denominator
—in+|€|* in definition (5.4) of m is (1, &) = (0,0), and since the numerator x(n) in (5.4)
vanishes in a neighborhood of (0,0), we see that m is continuous; in fact m is smooth.
We shall now apply Marcinkiewicz’s multiplier theorem, see for example [8, Corollary
5.2.5] or [10, Chapter IV, §6], to show that m is an LP(R x R™)-multiplier. Note that
classical harmonic analysis can be employed at this point since m is a Fourier multiplier
in the Euclidean R x R" setting. We must verify that

sup sup [€7 - €y - 950 im(n, €)] < e (5.5)
ee{0,1}7+1 (n,€)ERXR™

Since m is smooth, (5.5) follows if we can show that all functions of type

(n,§) = &' - &y ort - O apr i m(n, €)

stay bounded as |(n, )| — oco. Since m is a rational function with non-vanishing denom-
inator away from (0, 0), this is easy to verify. Consequently, we conclude (5.5) and by
Marcinkiewicz’s multiplier theorem that m is an LP(H)-multiplier. As mentioned above,
it follows that M is an LP(G)-multiplier and thus the estimate [|u||, < ¢||f||, holds. Note
that the neighbourhood in which m is vanishing becomes small as T" — oo, and hence also
the corresponding bound in (5.5) grows for large periods 7. We can repeat the argument
above for Oyu and 0%u, |a| < 2 and obtain the estimates ||O;ull, < c(n,p,T)| f||, and
|0%ull, < e(n,p, T)||f|lp- We have thus shown (5.2). It is clear from the representation
formula (5.3) that P u = u, whence we have u € P, W12P(G).

It remains to show uniqueness. Assume that v € P .’(G) is another solution. Ap-
plying the Fourier transform .%g, it then follows (—ik + |£|*).Z¢ [u — v] = 0 and thus
supp Z¢[u — v] C {(0,0)}. However, since 0 = Fg[P(u —v)| = 6z - Fglu — v], we
must have (0,0) ¢ supp Z¢ [u — v]. We conclude supp Z¢ [u — v] = () and consequently
U =". O

5.2 The Half Space

In this section we consider the half-space case T x R’}.

Lemma 5.3. Letp € (1,00). For any f € P LP(T xR"}) there exists a unique solution
u€ P WHEP(T x R™) to

Ou — Au = i T xRY,
' / - (5.6)
u=0 onTx0ORY,
and there is a constant ¢ = ¢(n,p,T) > 0 such that the following estimate holds:
ull12p < el flp- (5.7)

If additionally f € Py L*(T xR"%) for some s € (1,00), then also u € Py W1%5(T x R).

11



Proof. The existence of the solution v € P, WH3P(T x R?) to (5.6) satisfying (5.7)
follows easily from the reflection principle in combination with Lemma 5.2. For the
uniqueness, let u € P, WH2P(T x R") be a solution to (5.6) with data f = 0 and let
h € P LV (T x R™). Then by the above we find v € PLWL2P (T x R") such that
Orv — Av = h and v|rxorr = 0. Defining w(t, z) := v(—t,z), we conclude

// uhdwdt:—// u(@tw—i—Aw)dxdt:// (Opu — Au)wdx dt = 0.
T JR? T JR? T JR?

Since h is arbitrary, it follows uw = 0. The regularity assertion follows by the reflection
principle and the uniqueness in P, .’(G) stated in Lemma 5.2. ]

5.3 The Bent Half Space

In this section we consider bent half spaces T x R7, where R, is merely a small per-

turbation of the half space R}. More specifically, we consider a Lipschitz continu-
ous function w : R"™! — R, close to the zero function in a certain sense, and define
R? .= {(2/, ) € R" | z, > w(2’)}.

We introduce the transformation ¢,, : R}, — R’} via ¢, (x) := & = (2/, 2, — w(a')).
For a function u defined on T x R” we set ®[u](t, %) := u(t,2) := u(t, ¢, (¥)), where
(t,x) € T x R%. It should be understood that ||u||, and |u||12, denote norms over the
space-time domain T x R7,, while ||@||, and ||@|]1,2,, denote norms over the space-time
domain T x R’}.

Proposition 5.4. Let p € (1,00) and assume that w € COL(R"~1) N I/Vli’cl(]R"_l) is
such that |V'w|s, |[V?wl|lee < 00. Then ® : P, LP(T x R?) — P, LP(T x R%) and
P PLWL2P(T x R?) — PLWL2P(T x R™) yield homeomorphisms.

Proof. 1t is readily seen that ¢, : R}, — R’ is a bijection with Jacobian equal to 1.
We denote by 0;, V the corresponding differential operators with respect to the variable
Z € R}, Formally setting d,w = 0, we see

diu(t,x) = (& - (8Zw)(§n)~(t, ), (5.8)
aié)ju(t, .%') = [(:915] — (Bzw)éjén — (8]w)515n — (&@w)én + (&w)(@jw)é?l]ﬁ(t, 53) ‘
Hence, there is C'= C(n) > 0 such that
l[ullp = llallp,
IVully < C(1+[[Vwllo) IVl (5.9)
2112 ~ 2 5 ~
IV2ully < CL(1+ [V'wlloo) V2l + (Vw0 |0l ]
which proves the claim. O
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Lemma 5.5. Let p € (1,00) andw € COH (R DNW2EHR"Y). Then there is a constant

loc

K = K(n,p) > 0 with the following property: If |V'w|/so, |V?w|co < K, then for any
f €PLLP(T x R?) there exists a unique solution u € P W1H2P(T x R") to

Ou — Au = m T x R,
{tu u=f mTxR] (5.10)

u=0 onTxOJR],
and there is a constant ¢ = c¢(n,p,w,T) > 0 such that the following estimate holds:

HUHLZP < CHpr‘ (5.11)

If additionally |V'w| s, [|V?W|lee < min{K (n,p),K(n,s)} and f € PLL*(T x R") for
some s € (1,00), then u € PyWH25(T x R?).

Proof. Observe that 9, — A : XP(T x R%Y) — P LP(T x R}) is an isomorphism due to
Lemma 5.3. In virtue of (5.8) we obtain

(0 — Auo¢,' = (8, — A+ R)a, (5.12)
where R : X7 (T x R?) — P, LP(T x R%) is given by
Rii = —|V'w|?20 + 2(V'w,0) - VoLt + (A'w)d,i.
We have
IR, < 4K (1 + K)|[all2p < 4K 1+ K)[[(9 = A) 710 — A)ill-

Thus for sufficiently small K > 0, 0, — A + R is an isomorphism and so is 8; — A in

virtue of (5.12) and Proposition 5.4. In particular, we have the a priori estimate (5.11).

The regularity assertion follows if we consider intersection spaces, e.g. Xﬁ N X instead

of X7, O
1

5.4 Bounded Domains

The key lemma for bounded domains  C R™ with a boundary of class C!' reads as
follows.

Lemma 5.6. Let Q C R” be a bounded domain with boundary of class C1' and let
p € (1,00). The operator &y — A : X' (T x Q) — P LP(T x Q) is injective and has a
dense range. Moreover, there exists a constant ¢ = c¢(n,p,Q,T) > 0 such that for all
u € X7 (T x Q) we have the estimate

lulli2p < (10 — A)ullp + [lullp)- (5.13)

Proof. Let us consider for k € 257\ {0} the Helmholtz equation

(5.14)

thkv — Av=~h in Q,
v=0 on 0.
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Standard elliptic theory yields for every h € LP(Q2) a unique solution v € W2P(Q2) to
(5.14). If u € X7 (T x Q) satisfies (8; — A)u = 0, then Fru(k,-) € W>P(Q) solves (5.14)
with a homogeneous right-hand side, where %1 denotes the Fourier transform on the
torus. Consequently Zru(k,-) = 0. Since k € 22Z\ {0} was arbitrary and Fru(0,-) = 0
by the assumption Pu = 0, it follows v = 0. Therefore, J; — A is injective.

Next we show that the range of 9y — A is dense in P LP(T x ). Since trigonometric
polynomials with coefficients in E are dense in LP(T; E) for any Banach space E, see for
example [2, Theorem 4.2.19], it suffices to find u € X% (Tx () satisfying (0, — A)u = e’**h
for h € LP(R). Solving (5.14), we directly find that such u is given by u := e*tv.

Finally let us prove (5.13). The proof follows a well-known localization method. We
choose finitely many balls B; C R", j € {1,...,m} covering Q, where (after a possible
rotation and translation, which we will suppress in the following) each j € {1...,m} is
of one of the two types:

o type R™: if Ej C Q,
e type R} : if B; N oK # 0.

In the latter case, w; : R" ! — R denote Lipschitz functions with B; N 0O C graphw;
in the respective local coordinates. Note that if we choose the balls sufficiently small,
the functions w; meet the regularity and smallness assumption in Lemma 5.5 due to the
boundary regularity of €2. Moreover, we choose corresponding smooth cut-off functions
;€ C5°(R™) satisfying suppv; C B; and Z;’;l t; =11in Q.

Let us write f = (9; — A)u. We obtain for j € {1,...,m}

O (vju) — A(hju) = fj, (5.15)

where f; := 1 f —2(V;)Vu—(Av;)u. Depending on whether j € {1,...,m} is of type
R™ or RZJ_, we interpret (5.15) as a problem in T x R™ or T x RZ]_, and obtain

[bjulliey < 1£ille < CWHUFlp + [Vully + llullp)

in virtue of Lemma 5.2 and 5.5, respectively. Summing up the finitely many inequalities
obtained for j € {1,...,m} and absorbing the term ||Vu||, on the right-hand side by a
standard interpolation argument, we conclude the estimate (5.13). ]

Next we show that the last term in (5.13) can be omitted.

Lemma 5.7. Let Q C R” be a bounded domain with boundary of class C1' and let
p € (1,00). There exists a constant ¢ = c(n,p,Q,T) > 0 such that for allu € X} (T x Q)
the following estimate holds:

[

12p < ¢ (0 — Aullp . (5.16)

Proof. We will show (5.16) by a contradiction argument. If (5.16) does not hold, then
we find a sequence (U )men C X7 (T x Q) such that |[um|1,2p = 1 for all m € N and
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|(0r — A)t|lp — 0 as m — co. Suppressing the notion of subsequences, we thus have
the weak convergence uy, — u in X' (T x Q), and u solves

ou—Au=0 inTxQQ,
u=0 onT x 00.

By Lemma 5.6 we conclude u = 0. Since the domain ) is bounded, the embedding
WL2P(T x Q) — WLLP(T x Q) < LP(T x Q) is compact, whence |un|l, — 0 as
m — co. This yields the contradiction

L= lim Jul2p < Tm_e((0 = Aually + lumlly) = 0.
Therefore, estimate (5.16) has to hold. O

Lemma 5.8. Let Q C R” be a bounded domain with boundary of class C1' and let
p € (1,00). Forany f € PLLP(T xQ) there exists a unique solution u € P, WL2P(T x Q)
to

Oy — Au = m T x
{tu u=f inTx (5.17)

u=0 onTx o,
and there is a constant ¢ = c¢(n,p,Q,T) > 0 such that the following estimate holds:

lull2p < el fllp- (5.18)
If additionally f € PLL*(T x Q) for some s € (1,00), then also u € P, WH25(T x Q).

Proof. The operator 9; — A : X7 (T x Q) — P LP(T x Q) is injective and has a dense
range by Lemma 5.6. By Lemma 5.7, the range is also closed. Hence, 0; — A is an
isomorphism, which gives the unique solvability of (5.17) as well as the estimate (5.18).

The regularity assertion follows immediately from the unique solvability of (5.17) in
W 1.2,min{s,p} (T x Q). O

5.5 Proof of the main theorem

Proof of Theorem 2.1. Existence of a solution us € W2P(2) to

{ —Aug =Pf inQ, (519)

us =0 on 0f)

that satisfies (2.2) is well-known from standard theory on elliptic partial differential
equations. Via the canonical quotient map, the spaces Cg5,.. (R x ) and Cg°(T x )
are isometrically isomorphic in the norms |||, and ||-||12,. By construction, also the
Sobolev spaces Wper” (R x Q) and WH2P(T x Q) are isometrically isomorphic. Hence
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Lemma 5.2 in the case 2 = R", Lemma 5.3 in the case 2 = R"}, and Lemma 5.8 in the
case of a bounded domain, provide a solution u, € P LW;é%’p (R x ) to

Oup — Aup =P f in R x €,
up =0 on R x 09, (5.20)
up(t +T,2) = uy(t,x)
that satisfies (2.3). Setting u := us + up, we thus obtain the desired solution to
(1.1). Assume v = vs + v, is another solution to (1.1) with vs € W2 (Q) and
vp € PLWSG’;%M (]R X Q) Since u, and v, both solve (5.20), the uniqueness statements

of Lemma 5.2, Lemma 5.3 or Lemma 5.8 yield u, = v,. Similarly, both us and vs solve
(5.19), whence ugs — vs is a polynomial of order 1 by standard elliptic theory. O

6 Fundamental Solution

The introduction of distributions on the group G enables us to define in a natural manner
a fundamental solution to (1.3) as a solution I" € ./(G) to

o — AT = ¢, (6.1)

where J¢ denotes the Dirac delta distribution on G. Employing the Fourier transform
F¢ and the decomposing as in (1.5), we immediately obtain the expression

=1y + 1+, (6.2)

where 1t is the constant function 1 on the torus T, I'¥ denotes the well-known funda-
mental solution to the Laplace equation

1
— 5 log|z] (n=2),
r“:r"\ {0} »C, I'":= 1
2—n
mm (n>2)
and

(6.3)

res@), rt=2;" [(1_52(’“))}

—ik + |¢]?

At the outset, I'" is defined as a tempered distribution. The following theorem asserts
that ' has a realization which can be estimated pointwise.

Theorem 6.1. The distribution I't € .#'(G) defined in (6.3) satisfies for r € [2,00):

2(r—1) [
T () | prery < el ") e sV ERL (6.4)
Moreover
sup | (t,z)| < clz| e 2V Tl (6.5)
teT
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Proof. The Fourier transform

Fr[IY] = Ft [m} € 5”’(2;2 x R")

is the function Fr[I'] : 2Z2Z x (R"\ {0}) — C given by

Fr[TH] (k,x) = (1 — oz(k)) 2 (ﬁ ) Hy, <\/—Tk |x|> , (6.6)

where Hl(,l) denotes the Hankel function of the first kind, and /z the square root of
z with positive imaginary part. One may verify the identity (6.6) either directly or by
recalling that for all k € 227\ {0} both expressions are fundamental solutions in .7/ (R™)
to the Helmholtz equation. It is well known that H,Sl)(z) : C\ {0} — C is analytic and

behaves asymptotically as ngl)(z) ~ \z|_% e~ 1M2 as 2| — oo; see for example [1, 9.2.3].

Provided v € R, one has H,El)(z) ~ |z|7" as |z| = 0; see [1, 9.1.9]. Combining (6.6)
with the asymptotic behaviour of H ,Sl) in both 0 and oo, we let 7' = -7 and estimate

in the case n > 2:

!

HY | (V=ik - u)DT

’ n—2 2—n
”y'E[FL](,,x)HZT,(Q%Z) <c Z (’k| 1 |x| 2

keZxz\{0}
/ 1
Sc( DRI DR ﬂl)
0<[k|<|z| =2 32|72 <[k|
’ 1

oy n=3  don 2l g3
<c(|x|"<2 W2y () 3 KR v (m)).
- 0, a- A

[ 47r) O<|k| ( 4m oo)

n—3 .1

An elementary computation yields Z]"il j 1 g% < ¢cqfor 0 < g < a < 1, which
employed above implies

qur [FJ_] (‘7 x)”z:«’(%fz)

= C<|fv|r’<2‘">‘2x[o,ﬁ) () o] = e VER <|x|>>

< cfa @2 g 1T

By Hausdorff-Young’s inequality, we thus obtain in the case n > 2:

o 2(r—1) 1 i
I Coa)lprny < ell 2o [T (@)l 252 < el (=245 =3/ T lal
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To obtain a similar estimate in the case n = 2, we first recall that H(()l)(z) ~ log |z| as
|z| = 0 (see [1, 9.1.8]) and estimate:

> (ke

0<\k|<%|m|72

!

Hél)(\/jk- |x|)‘>'r

<c S [log (K2 lal)|

0<|k|<%|a|?
Y T ()
C 0} xT . T
—Jo s X[Ov\/g)
oo [V ot () < el ()
<clx ; ogs|" sds X[O,\/g) z|) < clx X[O,\/g) x|).

We can now proceed just as in the case n > 2 and conclude (6.1) also in the case n = 2.
The pointwise estimate (6.5) follows by the same argument with r = oo and ' = 1. [

Remark 6.2. As an immediate, but non-trivial, consequence of Theorem 6.1 and the
structure (6.2) of the fundamental solution I', we can identify the leading term in
the asymptotic expansion as |z| — oo of a solution to (1.1) in the case Q = R"™. If
[ is sufficiently regular, say f € C§j (R x R"), a solution u to (1.1) that satisfies
lim| ;0 u(t, ) = 0 coincides with the convolution of I" with f:
u=Txf=0r@IM) s« f+ Tt xf

An asymptotic expansion of the convolution of I'" with 1p*t f € C$°(R") is well-known:

I sz (Ip 20 f)(2) = Po(a) - / (17 %1 £)(y) dy + O(le[™). (6.7)

n

From (6.4) we deduce for sufficiently large values of |z| that
—(n— 1 /Ty
P s f(t,2)| < /R 1o = )l gy £ w) |2y dy < elaf =) emaV/ 7l

and observe that the asymptotic expansion of I'*+  f adds only terms of higher order to
(6.7). More precisely, we find that

w=Txf=T"%x)- </n;/0Tf(t,y)dtdy> +O(|z|'™™),

which means that a solution to the time-periodic heat equation has the same behaviour
at spatial infinity as a solution to the stationary Poisson equation. We emphasize that
this insight follows naturally from our method, but is by no means clear in the more
traditional approaches to time-periodic equations.
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