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Abstract

The accurate simulation of phase interfaces in solids requires small model error
and small numerical error. If a phase field model is used and the interface carries
low interface energy, then the model error is only small if the interface width in
the model is chosen small. Yet, for effective numerical computation the interface
width should be large. Choosing the parameters, which determine the width, is
therefore an optimality problem. We study this problem for the Allen-Cahn equation
coupled to the elasticity equations and we show that the numerical effort is inversely
proportional to the square of the required error of the simulation. To this end we
construct an asymptotic solution of second order, which yields an expansion for the
kinetic relation of the model, and prove that the difference between the exact kinetic
relation and the asymptotic expansion tends to zero uniformly with respect to the
interface energy.
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1 Introduction

The precision, with which numerical simulations based on a phase field model describe
the temporal evolution of phase transformations in a material depends on the model error
and the numerical error. By the model error we mean the difference of the propagation
speeds of the phase interfaces in the real material and in the model. How large this
error is depends on how precise the functional dependence of the speed of the phase
interface on the stress and strain fields in the model coincides with the real dependence
in the material. In sharp interface models the functional giving this dependence is called
kinetic relation. We extend the meaning of this term and use it also for the corresponding
functional in phase field models.

The kinetic relation of a phase field model depends amongst others on the interface
width, which can be chosen by adjusting the model parameters suitably. It is known that
in particular for interfaces with small interface energy the model error is only small if a
very small interface width is chosen.

The numerical error depends on the grid spacing. The spacing must be chosen small
enough to resolve the transition of the order parameter across the diffuse interface in the
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solution of the phase field model. If the interface width is small, then a fine grid must be
chosen, which means that the numerical effort in the simulation is high. For an effective
simulation the interface width should be large, which in simulations of phase transitions
with small interface energy conflicts with the need to choose the interface width small
to obtain a small model error. To simulate the time evolution of phase transitions with
low interface energy as precise and as effective as possible, the interface width must
therefore be chosen in an optimal way, compromising between these two contradictory
requirements.

Our main goal in this paper is to study this optimality problem for the phase field
model, which consists of the system of equations of linear elasticity coupled to the Allen-
Cahn phase field equation. For short we call this model here the Allen-Cahn model.
To this end we must determine the kinetic relation of this model with sufficiently high
accuracy and we must determine the dependence of the model error on the interface
energy.

To determine the kinetic relation we construct an approximation of the exact solution
of the model by an asymptotic solution. The asymptotic solution yields an asymptotic
expansion of the kinetic relation. We denote the parameter of expansion by . The model
contains a second parameter \; the interface energy is proportional to this parameter.
To study the numerical effectivity we need to know that the difference between the exact
kinetic relation of the model and the asymptotic expansion tends to zero for p — 0,
uniformly with respect to A. To verify this, we determine how the residue term, which
remains when the asymptotic solution is inserted into the model equations, depends on
both parameters p and A.

The optimality problem is of interest for this special model, which we study, because
of several reasons:

The Allen-Cahn model describes the evolution of phase transitions in an elastic solid
with two possible phase states of the material. Temperature effects are neglected in
our model. It is the prototype of a large class of models obtained by extensions and
generalizations of this model, which are used in the engineering sciences to simulate
the behavior of complex and functional materials. In many cases the interface energy
of phase interfaces in these materials is very small, which is shown by the fact that a
microstructure of phase transitions develops. The Allen-Cahn model and its derivatives
are therefore very often used in the critical case of low interface energy. From the very
large literature in this field we cite here only [11, 29, 30, 31, 32|, to give some examples.

To know, how effective simulations based on the prototype Allen-Cahn model are, is
therefore of utmost importance.

Our second motivation to study the Allen-Cahn model is to compare the properties of
this model to the properties derived in [8] of an alternative phase field model, which we
call the hybrid model. The comparison is made and the consequences for the numerical
efficiency of simulations based on the two models are discussed at the end of Section 2.4.

We now state the equations of the Allen-Cahn model. Let © C R? be a bounded
open set with a sufficiently smooth boundary 0. The points of €2 represent the material
points of a solid elastic body. The unknown functions in the model are the displacement
u(t, z) € R of the material point  at time ¢, the Cauchy stress tensor T'(t,x) € S, where
S3 denotes the set of all symmetric 3 x 3-matrices, and the order parameter S(t,z) € R.



These unknowns must satisfy the model equations

—div, T = b,
T = D(e(Vyu)—29), (1.2)
1 7
oS = _WC)I/Q (85W(€(Vmu), S) + mlﬁ (S) — Ml/QAAxS) (1'3)

in the domain [0,00) x €. The boundary and initial conditions are

u(t,z) = U(t, x), (t,z) € [0,00) x 0%,
0, (t,z) € [0,00) x 0L,
) = S(x), x €.

Here b(t,z) € R3, U(t, z) € R3, S(¢,z) € R denote given data, the volume force, boundary
displacement and initial data. 0,,, denotes the derivative in direction of the unit normal
vector ngg to the boundary. The deformation gradient V,u(t, z) is the 3 x 3-matrix of
first order partial derivatives of v with respect to the components x of x, and the strain
tensor

e(Vzu) = %(qu + (VIU)T)

is the symmetric part of the deformation gradient, where (V,u)? denotes the transpose
matrix. The elasticity tensor D : S* — 82 is a linear symmetric, positive definite
mapping, € € 8% is a given constant matrix, the transformation strain, and p > 0 and
A > 0 are parameters. The elastic energy is given by

W((V,u), ) = % (D(e(Vou) ~28)) : (=(Vu) ~25). (1.7)

with the matrix scalar product A : B = }_, sa;b;j. Using (1.2), we obtain for the
derivative

IsW(e, S) = —g: D(e(Vyu) —€S) = —g: T. (1.8)

¢ > 0 is a given constant and 1/3 :R — [0,00) is a double well potential satisfying

$(0)=9(1) =0,  ¥(¢)>0for ( #0,1.

The precise assumptions on 1/;, which we need in our investigations, are stated in Theo-
rem 2.3. This completes the formulation of the model.

(1.1) and (1.2) are the equations of linear elasticity theory. This subsystem is coupled
to the Allen-Cahn equation (1.3), which governs the evolution of the order parameter S.
The system (1.1) — (1.3) satisfies the second law of thermodynamics. More precisely, the
Clausius-Duhem inequality is satisfied with the free energy

M1/2A

5 V. S|2. (1.9)

Vh(e.5) = W(e,8) + —0(5) +

From this expression we see that the parameter A determines the energy density of the
phase interface. The scaling W on the right hand side of (1.3) is necessary for

otherwise the propagation speed of the diffuse interface would tend to zero for u — 0 or
A— 0.



We assume that the parameter p and A vary in intervals (0, uo] and (0, Ao, respec-
tively, with pg > 0 and Ay > 0 chosen sufficiently small. For all values of p and A in these
intervals we construct an approximate solution (u(®), T S)) of the equations (1.1) —
(1.5) in the bounded domain

Q = [t1,t2] x QCRY, (1.10)

where 0 < t; < ty < oo are given, fixed times. The approximate solution satisfies these
equations up to a residue, which tends to zero for y — 0, hence (u(“),T(“), S(“)) is an
asymptotic solution with respect to p. Of course, the asymptotic solution also depends
on A, hence (u(®, T §W)) = (1)) WA SN hut for simplicity we mostly drop the
parameter A in the notation. The initial condition (1.6) is stated only for completeness,
since the initial condition at time ¢ = t; is implicitly given by our construction. We
choose this initial condition and the time interval [¢1, 2] such that the diffusive phase
interface does not reach the boundary in this interval of time.

The asymptotic solution, which we construct, is of second order. To define what
we mean by the order of our asymptotic solution, we first sketch the construction of
this asymptotic solution, which is carried out precisely in Sections 2 and 3, and how we
determine the kinetic relation from this asymptotic solution. The construction starts
from a family ¢t — T(®)(#) C Q of two dimensional regular surfaces, which moves with an
as yet unknown normal speed s = s (t, ) € R, where (t,z) € I'*)(t). Therefore

L = {(t,z) € Q |z e TW (1)}

is a regular three dimensional surface in Q. As usual, to construct the functions u(#),
T® and S™ we use an ansatz in the form of an asymptotic expansion in a neighborhood
of the given surface '), the inner expansion, and another asymptotic expansion away
from this surface, the outer expansion. The inner expansion for S is chosen such that
S(1) is a transition function, which transits from 0 to 1 in a neighborhood of the surface
'™ and such that this surface is a level set of S():

I = {(t,2) € Q | S®(t,z) = %}. (1.11)

We insert the expansions into the model equations (1.1) — (1.3). It turns out that this
ansatz defines an asymptotic solution (u(”),T(”),S(“)) of these equations only if the
normal speed s of T (t) has a certain definite value. Since by (1.11) the surface
') (t) is a level set of the order parameter  — S (t,z) at time ¢, it is clear that s*)
is the propagation speed of the diffuse interface defined by the transition region of the
approximate order parameter S and is an approximation to the propagation speed of
the diffuse interface defined by the exact solution of the phase field model. We prove in
Section 6 that the error of approximation tends to zero for u — 0.

Therefore the law determining the normal speed s(*) is an approximation of the
exact kinetic relation of the Allen-Cahn phase field model. This law has the form of an
asymptotic expansion in powers of ,ul/ 2. We therefore call it the asymptotic expansion
of the kinetic relation of the Allen-Cahn phase field model. The law defines an evolution
problem for the family ¢ — T (t) of surfaces. In investigations of the asymptotics of
phase field models this evolution problem is usually considered to be a sharp interface
problem, but because of the complicated form, which this evolution problem takes for an
asymptotic solution of second order, we refrain from this view.



Since the components u, T* and S® need different numbers of terms in their
ansatz and since the rate, with which the residue tends to zero for u — 0, depends on
the norm used in the estimates, we use the expansion of the kinetic relation to define the
order of the asymptotic solution:

Definition 1.1 We call a function (u, TW SWY asymptotic solution of (1.1) — (1.3)
of order m + 1, if the propagation speed s*) has an expansion of the form

t 0 b
s () = Z sok (L, 2)NF/2 4 172 Z sip(t, 2)AR2 4 pm/? Z Sk (£, ) A2 (1.12)
k=0 k=0 k=0

for (t,z) € T where the terms sjk are independent of p and .

This definition differs from the standard convention, which would be to call this an
asymptotic solution of order m. We use this different defintion, since to us it seems to
be more intuitive.

Though we construct an asymptotic solution of second order, the error of approxi-
mation of the boundary conditions (1.5) tends to zero not faster than in an asymptotic
solution of first order; to obtain a higher order of approximation of these boundary con-
ditions we had to include boundary expansions in the asymptotic solution. However,
the boundary expansions do not influence the asymptotic expansion of the kinetic rela-
tion. Since it is our goal to determine this kinetic relation, we avoid the highly technical
construction of boundary expansions.

The paper is organized as follows. The main results are contained in Sections 2, where
we first give the evolution law for the family of surfaces ¢ — I'(#) (t). Subsequently we
specify in Theorem 2.3 properties of the asymptotic solution of second order, which is
constructed in later sections. In particular, we obtain an asymptotic expansion of the
kinetic relation of the Allen-Cahn model and we find the scaling law for the width of the
diffuse interface.

These properties are needed in Section 2.4, which is the central part of our paper.
Here we first give a precise definition for the model error £ and go on to deduce a
lower bound for the numerical effort needed to simulate the propagation of an interface
without interface energy as a function of the prescribed total error of the simulation.
This estimate is stated in Corollary 2.9. As stated above, to prove this corollary we
need an estimate for the difference between the exact kinetic relation and the asymptotic
expansion, which is uniform with repsect to A. This estimate is stated in Theorem 2.8.
The proof of this theorem uses properties of the asymptotic solution and is therefore
postponed to Section 6.

Section 2.4 closes with a short comparison of the numerical effort needed in simula-
tions based on the Allen-Cahn model to simulations based on the hybrid model.

Sections 3 — 5 contain the proof of Theorem 2.3. In Section 3 we construct the func-
tion (u(“),T () g (“)). That is, we state the inner and outer expansions which define the
function (u(, T SW), In these asymptotic expansions functions appear, which are
obtained as solutions of systems of algebraic and differential equations. These systems
are also stated in Section 3. The system for the outer expansion can be readily solved,
the solution of the system of ordinary differential equations for the inner expansion is
more involved and is discussed in Section 4. In two equations of this system a linear dif-
ferential operator appears with kernel different from {0}. In order that these differential



equations be solvable the right hand sides must therefore satisfy orthogonality conditions.
The right hand sides contain the coefficients of the asymptotic expansion of the kinetic
relation. The orthogonality conditions dictate the values of these coefficients; therefrom
the asymptotic expansion of the kinetic relation originates. Finally, in Section 5 we verify
that (u®), T, () is really an asymptotic solution of the model equations (1.1) — (1.3)
and prove the necessary estimates.

In the bibliography of [8] we gave many references to the literature on existence,
uniqueness and asymptotics for models containing the Allen-Cahn and Cahn-Hilliard
equations. We refer the reader to that bibliography and discuss here only some publica-
tions, which are of interest in the construction of asymptotic solutions.

We believe that for the model (1.1) — (1.3) an asymptotic solution was constructed
and used to identify the associated sharp interface problem for the first time in [23],
following earlier such investigations for other phase field models. For example, in [13]
these investigations were carried out for a model from solidification theory, which consists
ot the Allen-Cahn equation coupled to the heat equation.

The considerations in [13, 23] are formal, since it is not shown that the asymptotic
solution converges to an exact solution of the model equations for y — 0. Under the
assumption that the associated sharp interface problems have smooth solutions, this was
proved in [28] for the Allen-Cahn equation, in [10] for the Cahn-Hilliard equation, in [14]
for the model from solidification theory and in [1] for a model consisting of the Cahn-
Hilliard equation coupled with the elasticity equations. The proofs use variants of a
spectral estimate derived in [16]. For the model from solidification theory the associated
sharp interface model is the Mullins-Sekerka model with surface tension.

In [15] an asymptotic solution for the Cahn-Hilliard equation has recently been con-
structed with a method different from the one used in [10], and which is similar to our
method.

There are several papers, whose motivation is to improve the efficiency of numerical
simulations: If in the asymptotic expansion (1.12) the coefficient of p'/2 vanishes, then
the difference between the approximate propagation speed s(*) and the propagation speed
of the diffuse interface defined by the exact solution of the phase field model tends to
zero like O(u). As will become clear from the discussion in Section 2.4, this improves the
effectivity of numerical simulations based on the phase feld model. This idea lies behind
the investigations in [25], where for the phase field model consisting of the Allen-Cahn
equation coupled to the heat equation it is shown that if one introduces a y dependent
kinetic coefficient and chooses the double well potential and coupling term suitably, then
one can achieve that the coefficient of /2 vanishes. This result has been improved and
generalized in [9, 17, 24]. A similar idea is also present in [22].

Since the construction of asymptotic solutions is based on sharp interface problems,
a rigorous analysis of these problems is of special interest. Of particular interest is
the Hele-Shaw problem with surface tension, since this is the sharp interface problem
associated with the Cahn-Hilliard equation. Existence, uniqueness, and regularity of
classical solutions of this problem have been investigated in [18, 19, 20]. In [21] it is
shown that if the initial data are close to a sphere then a classical solution exists and
converges to spheres. Existence of solutions to the Mullins-Sekerka problem mentioned
above has been shown in [27].



2 The kinetic relation

2.1 Notations

To state the main results we need some notations. Let 4 > 0 and assume that T is an
orientable, three dimensional C*—manifold with k£ > 1 sufficiently large embedded in Q
such that T((t) is a regular two dimensional surface in Q for every t € [t;,ts]. In the
following we drop the superscript p and write I' = I'W), T(t) = T'W(t) to simplify the
notation, but the manifolds do actually depend on u. Let

n:T —R3 (2.1)

be a continuous vector field such that n(¢,z) € R? is a unit normal vector to I'(¢) at
x € I'(t), for every t € [t1,ta]. For § > 0 and t € [t;, t2] define the sets

Us(t) = {z € Q| dist(z,T(t)) < 8} and Us = {(t.2) € Q| = € Us(t)}. (2.2)

We assume that there is 6 > 0 such that U; C Q. Since I is a regular C''-manifold in Q,
then § can be chosen sufficiently small such that for all ¢ € [t1, t3] the mapping

(m,8) = 2(t,n,€) = n+&n(t,n) : T(t) x (=6,6) = Us(t) (2.3)

is bijective. We say that this mapping defines new coordinates (n, &) in Us(t) and (¢,7,§)
in Us. If no confusion is possible we switch freely between the coordinates (t,z) and
(t,n,&). In particular, if (t,z) — w(t,z) is a function defined on Us we write w(t,n,£)
for w(t,:c(t,n,f)), as usual.
We use the standard convention and denote for a function w defined on a subset U
of Q by w(t) the function x — w(t, z), which is defined on the set {z | (t,z) € U} C R3.
If w is a function defined on Us(t) \ T'(t), we set for n € T'(¢)

W) = limw(n+én(t,n)),
£>0
i) _ o' .
(Gw)™ () = lim 26 w(n+én(t,n)), i€N,
£>0

%

@) D) = lim o

£<0
[w)(n) = w®(n) —w(n),
Piwl(n) = (@,w) ™ (n) — (Bw) ) (n),

Wi = @D +wOm),

provided that the one-sided limits in these equations exist. If w is defined on Us \ T', we
set

w(n+én(t,n), i€N,

wB () = (@) ), (@) H () = (@,w)F (@) (),
and define [w](¢,n), (w)(t,n), [0Lw](t,n) as above. Let 71(n), 72(n) € R? be two orthog-
t

hw] (t (n)
onal unit vectors to I'(t) at n € T'(t). For functions w : I'(t) — R, W : T'(t) — R3 we

define the surface gradients by
Viw = (9 w)m1 + (On,w)m, .
VW = (0, W)@ 1+ (0,W) ® 7, (2.5)



where for vectors ¢,d € R? a 3 x 3-matrix is defined by
c®d=(cidj)ij=1,23-
With (2.4), (2.5) we have for functions w : Us(t) — R and W : Us(t) — R® at n € T'(t)
the decompositions
V,w = (Opw)n+ Vyw, (2.6)
VW = (0.W)@n+ VW,
where n = n(t,n) is the unit normal vector to I'(¢).

The normal speed of the family of surfaces ¢ — I'(¢) is of fundamental importance in
this paper. Therefore we give a precise definition.

Definition 2.1 Let m(t,n) = (m/(t,n),m"(t,n)) € R x R? be a normal vector to T' at
(t,n) € . The normal speed of the family of surfaces t — T'(t) at n € T'(t) is defined by

_m/(tv 77)
m”(ta 77) ’ n(t7 77) ’
with the unit normal vector n(t,n) € R3 to T'(t).

s(t,n) = (2.8)

Note that with this definion the speed is measured positive in the direction of the normal
vector field n. Since m”(t,n) € R? is a normal vector to I'(t), the denominator in (2.8)
is different from zero.

If w= (u,w") € R x R? is a tangential vector to I' at (t,7n) with w’ # 0, then with
the unit normal n(¢,n) € R3 to ['(t) the vector (—w” - n,w'n) is a normal vector to I' at
(t,n), hence (2.8) implies that the normal speed at n € I'(t) is given by
n - UJH n- w//

—.

s(t.m) = (2.9)

For later use we prove the following

wn-n w

Lemma 2.2 Let © € Us(ty) be a point having the representation x = n + n(t,n)€ in
the (n,&)—coordinates, where n = n(t,z) € I'(t) and £ = &(t,x). Then the normal speed
satisfies

s(to,n) = n(to,n) - On(to,z) = =0 {(to, ). (2.10)
The tangential component of the vector Oyn(te,z) € R3 to the surface T'(ty) is equal to
—£0¢n(to, n(to, ).

Proof: By definition of Uy, there is a neighborhood U of ¢y in [t1, t2] such that {z} xU C
Us, which implies that x has the representation
x = 1(t,x) + &t x)n(t,n(t, ).
for all t € U. We differentiate this equation and obtain
0=20wr =nd&+£hn+ On. (2.11)

From 0 = ;1 = &yn|?> = 2n - Oyn we see that dyn is tangential to I'(t), hence (2.11)
implies that the tangential component of 9;n is equal to —£dyn. Multiplication of (2.11)
with n yields

6156 =—-"n- 6157’]. (212)
Since 9y (t,n(t,z)) = (1,0n(t, x)) is a tangential vector to T', it follows from (2.9) that
s = nfpm = n - &yn, which together with (2.12) implies (2.10). ]
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2.2 The evolution problem for the level set I'(*)

The level set T' = T'®) of S defined in (1.11) is determined by an evolution problem for
the family of surfaces ¢ — I'(t). To state this evolution problem let N be the operator,
which assigns the normal speed to the family ¢ — T'(¢), i.e.

s(t,z) = N(I)(t, ),
with s(t,z) = s (t,z) defined by (2.8). The evolution problem is given by
N@)(t) =KW (D), 1 <t<ts, (2.13)
where K*) is the non-local evolution operator, which has the form
K (D)) (z) = so (T, KT, /\1/2)(t, x) + ul/Qsl(ﬁ, T,T,So, 51, /\1/2)(t, x), (2.14)

for x € I'(t). Here (4,T,,T,Sp,S1) is the solution of a transmission-boundary value
problem for a coupled system of elliptic partial differential equations and ordinary dif-
ferential equations, which can be solved recursively. rkp(t,x) denotes twice the mean
curvature of the surface I'(t) at = € I'(¢). With the principle curvatures x1, ko of I'(¢) at
x € T'(t) we thus have

kr(t,z) = ki(t, x) + ka(t, z).

The transmission condition is posed on I'(t). Therefore the functions 4, T, @, T and S;
depend on T'(t). We first state and discuss the transmission-boundary value problem.
The precise form of the functions sy and s; is given in Theorem 2.3 following below.

Let S: Q\T — {0,1} be a piecewise constant function, which only takes the values
0 and 1 with a jump across I'. The sets

v ={(t,x) € Q\T'| 5(t, ) = 0}, V(t) ={z € Q\T(@) | (t,2) € 7},
")/—{(t,l') EQ\F ‘ S(tvw) = 1}7 Vl(t) :{x EQ\F(t) ’ (tvx) E"}/,}

yield partitions @ = yUT U4 and Q = ~y(t) UT(¢) U~/(¢) of @ and Q, respectively. If
x belongs to y(t) or 7/(t), then the crystal structure at the material point z at time ¢
belongs to phase 1 or phase 2, respectively. We assume that the normal vector field n
given in (2.1) is such that the vector n(¢,z) points into the set 7/(t) for every = € I'(¢).

The transmission-boundary value problem can be separated into two transmission-
boundary value problems for the elasticity equations and a boundary value problem for
a coupled system of two ordinary differential equations. To state the complete problem
we fix t € [t1,t2] and assume that I'(#) is known. In the first transmission-boundary
problem the unknowns are the displacement x ~— (t,r) € R? and the stress tensor
x — T(t,z) € 83, which must satisfy the equations

—div,T = b,
T = D(e(Vya) —ES),



with b and U given in (1.1) and (1.4). In the second transmission-boundary problem the
unknowns are the displacement x ~ (¢, ) € R3 and the stress tensor x — T'(t,z) € S3,
and the problem is

—div,T = 0, (2.20)
o= D(e(vma)—s;g)), (2.21)

@ = o, (2.22)
[TIn = 0, (2.23)
at),, = O (2.24)

The equations (2.15), (2.16) and (2.20), (2.21) must hold on the set 2\ I'(¢), whereas the
equations (2.17), (2.18) and (2.22), (2.23) are posed on I'(?).

In the boundary value problem for the ordinary differential equations the unknowns
are So: R - R, S; : ' xR — R and s : I' = R. We use the notations S (t,n,() =
0 S1(t,m,¢), SY(t,n,¢) = 8351 (t,n,¢). In this problem not only ¢, but also n € T'(¢) is a
parameter. For all ¢ € R and all values of the parameter € I'(¢) the unknowns must
satisfy the coupled ordinary differential equations

¥'(S0(¢) = S5(¢) = o0, (2.25)
D" (S0(0)S1(t,1,¢) = S (t1,¢) = Fult,n,€), (2.26)
and the boundary conditions

So0) =5 lim SO =0, lim So(¢)= 1 (2.27)

, BTt n)
CEI—HOO Si(t,m,¢) = 1;”(0) ) (2.28)

. _2:T(t,n)
CETOO Sl(ta 7,¢) = 12)”(1) ) (229)
Sl (t7 m, 0) = 07 (230)

with the right hand side of (2.26) given by

Fi(tm,Q) =2 : ([Tt m)S0(Q) + T (tm))

(2.31)
(P N2 0, 8500,
where the constant ¢ > 0 is given in (1.3).

The linear elliptic system (2.15), (2.16) differs from the standard elasticity system only
by the term —DzS. This term is known since I'(t) is given. Under suitable regularity
assumptions for the given functions b and U and very mild assumptions on the regularity
of the interface I'(t) the problem has a unique weak solution (¢, 7). This can be proved
by standard methods from functional analysis. Of course, the regularity of the solution
depends on the regularity of b, U and I'(¢).
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After insertion of the stress tensor 7' from this solution into (2.21), the equations
(2.20) — (2.24) form a transmission-boundary value problem of the same type as (2.15) —
(2.19), with unique solution (i, T") determined by the same methods.

We also insert 7' into (2.28), (2.29) and (2.31), which determines the right hand
side of the differential equation (2.26) and the boundary conditions (2.28), (2.29) posed
at £o0o. The nonlinear differential equation (2.25) has a unique solution Sy satisfying
the boundary conditions (2.27). By insertion of Sp into (2.26) and (2.31), equation
(2.26) becomes a linear differential equation for S, however with an additional unknown
function sg in the right hand side. This function is constant with respect to (. We sketch
here the procedure used to determine sg. This procedure is standard in investigations of
the asymptotics of phase field models:

The second order differential operator (1&” (So) — 8?) is selfadjoint in the Hilbert
space L*(R) with a one dimensional kernel spanned by the function Sj. This is seen
by differentiating the equation (2.25). From functional analysis we thus know that for
Fy € L*(R) the differential equation (1&” (So) — 8<)w = F} has a solution in w € L*(R) if
and only if the orthogonality condition

/ T R, QSO dC = 0 (2:32)

holds. It turns out that though the function F; defined in (2.31) does not in general
belong to L?(R) and the solution Si(¢,7,-) is not sought in L?(R), which is seen from
the boundary conditions (2.28), (2.29), the orthogonality condition (2.32) is sufficient for
the solution S; to exist. Comparison with (2.31) shows that (2.32) can be satisfied by
choosing the constant so(t,7n) suitably. This defines the function sy : I' — R uniquely.
Since F; depends on T kr and A\Y/2, it follows that also sq is a function of these variables:

SO(ta 77) =350 (T7 KT, A1/2) (ta .'L')

The explicit expression for sy obtained in this way is stated below in (2.39). In fact,
SO(T, kr,A/?) is the first term on the right hand side in the expression (2.14) for
KW (D).

The procedure sketched here is discussed precisely in Section 4.3 when we determine
the second term s; in (2.14), which is obtained from a similar, but more complicated
boundary value problem.

2.3 The asymptotic solution and the kinetic relation

To state the properties of the asymptotic solution and the kinetic relation in Theorem 2.3,
we introduce some definitions.

We need in our investigations that the second derivatives ¢ (0) and (1) of the
double well potential at the minima 0 and 1 are positive, and we set

a = min {\/@2//(0), \/12)"(1)}.

Depending on the parameters A and u, we partition Q) into the inner nelghborhood Q. (1A)

mn

of I', into the matching region Q These sets are

,, and into the outer region Qout .

matc
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defined by

(1) _ 3 () In gy
QU = {(t.n.&) eus | ¢ < SHEZ—2H,

1/2 1/2
PV [yl g < 3A) i np (2.33)
Q= {(tm. 0 eus | 2N g < =R,

Qout Q\ ( 1nn QE;L::cch)

We always assume that the parameters A and u satisfy 0 < A < Ag and 0 < p < po,
where Ao, po are fixed constants satisfying

1/2
3(poAo) /| In o o
a

—2
MOSe )

The first condition is imposed for purely technical reasons and guarantees that the func-
tion p — ,ul/ 2| In 1] is increasing, the second condition guarantees that an ,anatch C Us

and that Qout N Us is a nonempty, relatively open subset of Us.

By (2.17), the function @ : Q — R3 is continuous at every point (¢,m) € ', but the
first and higher derivatives of @ in the direction of the normal vector n(t,z) can jump
across I'. For these jumps we write

U*(tan) = [&mﬂ(@ﬁ): (2'34)
a*(t,n) = [024](t,n). (2.35)

o = /01 \/20(9) do. (2.36)

Theorem 2.3 Suppose that the double well potential ¢ € C5(R) satisfies

We also set

@Z(r) >0, forO<r<l,
&(T) = &l(r) = O> fO’)” r= 07 17 (237)

& = min {\/QZ)”(O), \/qzjﬂu)} > 0.

Moreover, suppose that 1[1 satisfies the symmetry condition

G- 0=z +0, CER (235)

Assume that there is a solution T' of the evolution problem (2.13), (2.14) with sy =
so(T, kr, A\Y/2) : T = R given by

_ S _=. 7 1/2
80—61( g:(T)+ A cmp>, (2.39)

and with sy = s1(4,T,T, Sy, St, )\1/2) I' — R defined by

s1 = s10 + A\Y2s11 = s10(T, T, So, S1) + A\Y2s11 (@1, Sp), (2.40)

12



where

[e.e]

- (_ e B(55) - [ sispac)
+Clle: (T) /_Z S{S(’)d§+;/_Z@@”’(SO)SfS{)M), (2.41)

sy = ——F: De(a” ®n+Vru*)/oo 50(¢)So(—C) dc. (2.42)

C1 —c0

In (2.39) and (2.41), (2.42) we have Sy = So(¢) and S1 = Si(t,n,(), for all other
functions the argument is (t,n). The positive constant c is defined in (1.3). The notations
[[] and () are introduced in Section 2.1. In particular, we have

<5:T> 1(8:T(+) g:70)
i1y 1200 270y
Pr(s)r 2N () 9(0)
With these functions the normal speed s(t,n) of T'(t) at n € I'(t) is thus given by

s(t,n) = so(t,m) + i Zs1(t,m, AV2) = so(t,n) + p'2 (s10(8,m) + N Zsni(t,m). (2.43)

We assume moreover that the solution I' is a C°~manifold and that the functions i and
i defined by the evolution problem satisfy 4 € C*(yU~',R3), & € C3(yU~/,R3) and that
@ has C*—extensions, i has C>—extensions from v to yUT and from v to v UT. For
the given right hand side of (1.1) we assume that b € C*(Q).

Under these assumptions there is an approximate solution (u(“)jT(”),S(“)) of the
Allen-Cahn model (1.1) - (1.5), for which T is the level set

1
r= {(t, ¥)€Q| SV (t,x) = 5}, (2.44)
and which satisfies the equations
—div, 7" = b+ (2.45)
TW = D(e(V,u) —z5W), (2.46)
1 -
0,8 4 ¢ . (85W(5(Vzu(“)), S(u)) + wa(g(u)) - M%/\Axs(”)) — fg(“)‘)7 (2.47)
(1A)2 2
u(t,z) = U(t,z),  (t,z) € [ty ts] x 8Q, (2.48)
Onoe SW (t2) = FIN | (t,2) € [t1, 2] x O, (2.49)
where to the right hand sides fl(“)‘),. fé”)‘) there exist nonnegative constants K1, ..., Ks
such that for all € (0, o] and all X € (0, Ao]
1
(1) 2 (H\2
I g,y < 1l (5)7 50, (2:50)
A 3
||f1(u )HLoo(Q(()lsi\)) < /’LQKQa (251)
1
(1) 2(H\2
12" e enrguen < gl (X> K, (2.52)
) H
”f2 HLoo(Qgﬁ;\)) S WKZL ’ (253)
1
”f:)EM)HLoo(aQ) < prKs, (2.54)
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In the neighborhood Qi(ffli‘) of I' the order parameter in the approximate solution is of the
form

3 § §
S (t,z) = Sp <(M)\)1/2> + Ml/zsl (ta m, W) + uS2 (ta 7, W)a (2.55)

where the monotonically increasing transition profile So : R — R and the function S :
I' x R — R are given as solution of the coupled problem (2.25) - (2.31), and where
Sy : ' x R — R satisfyies Sa(t,n,0) =0 and

1S2(t,m, Q)| < C(A+[¢]),  for (t,n,¢) €T xR, (2.56)
with a constant C' independent of (t,n, ().

We mention that the positive constant ¢ in (1.3) does not play a major role in the analysis
and could be replaced by 1. We refrain from replacing it to show how ¢ appears in the
kinetic relation.

The proof of this theorem forms the content of Sections 3 — 5. We remark that
the symmetry assumption (2.38) for the double well potential ¥ serves to simplify the
computations in the derivation of the asymptotic solution. Without this assumption the
term s; in the kinetic relation (2.43) would contain other terms in addition to the terms
s10 and s1; given in (2.41) an (2.42).

The regularity properties of I' and of 4, @ are of course not independent, since u
and @ are solutions of the elliptic transmission problems (2.15) — (2.19) and (2.20)
(2.24), respectively. Therefore the regularity theory of elliptic equations shows that @
and % automatiucally have the differentiability properties assumed in the theorem if the
manifold " and the right hand side b are sufficiently smooth.

Since by definition of Ql(flﬁ‘ ) and Q(“ )\)h in (2.33) we have

matc!

meas(QUY U QU ) < Cy(uA) /2| n pl,

inn match

we immediately obtain from (2.50) — (2.53) the following

Corollary 2.4 There are constants Kg, K7 such that for all 0 < pu < pg and all 0 <
A< )Xo

Vi g < [lnpfuKs, (2.57)
A In 3 p
HfQ(M )HLl(Q) < ’)\1/’2K7' (2.58)

The leading term s given in (2.39) can be written in a more common and more general
form. To give this form, we need a result on the jump of the Eshelby tensor. The Eshelby
tensor to the solution (u,T") of the transmission problem (2.15) — (2.19) is defined by

C(Vai, S) = 1 (e(Vaia), S)I — (I + V,0)' T, (2.59)
where I € S8 is the unit matrix and where
1

is that part of the free energy ¢, defined in (1.9) without gradient term. The last term
on the right hand side of (2.59) is a matrix product. We use the standard convention to
denote the matrix product of two matrices A € R¥*™ and B € R™* by AB € RF*!,

14



Lemma 2.5 Let (4, T) be the solution of the transmission problem (2.15) - (2.19) and
let n be a unit normal vector field to I'(t). Then the jump [C] of the Eshelby tensor to

(@, T) across T satisfies
n-[Cln = Mll/z (S -2 : (T). (2.61)

This result is known [2]. We gave a proof in [7], but since the proof is short and since
the definition (2.59) of the Eshelby tensor differs slightly from the definitions used in [7],
we give a proof in Section 2.5 for completeness.

Corollary 2.6 The leading term sy of the kinetic relation defined in (2.39) satisfies

= “(n-1¢ 1/2
s0= (n [Cln + A cmp>. (2.62)

This corollary follows immediately from (2.61), since by assumption (2.37) we have

A~

[1)(S)] = ¥(1) — 1(0) = 0, which implies that n - [C]n = —& : (T). m

2.4 Consequences for numerical simulations

In this section we discuss the consequences of Theorem 2.3 for numerical simulations of
interfaces with small interface energy. We show that the numerical effort can be made as
small as possible by choosing the parameters ¢ and A in an optimal way, and we derive
a lower bound for the numerical effort with the optimized parameters. It will turn out
that this effort grows inversely with the square of the total error of the simulation. At
the end we also compare the numerical efforts for simulations based on the Allen-Cahn
and hybrid model.

In many functional materials the phase interfaces consist only of a few atomic lay-
ers. For interfaces with such small width mathematical models with sharp interface are
appropriate. We therefore base the following considerations on the hypothesis that the
propagation speed of the interface in the sharp interface model is a good approximation
to the propagation speed of the interface in the real material. The model error of the
Allen-Cahn model is then the difference of the propagation speed of the sharp interface
and the propagation speed of the diffuse interface in the phase field model. The param-
eters © and A in the Allen-Cahn model should be chosen such that this model error is
small and such that numerical simulations based on the Allen-Cahn model are effective.

To make this precise we must first determine the sharp interface model to be used.
The model consists of the transmission problem (2.15) — (2.19) combined with a kinetic
relation. To find this relation, one proceeds in the usual way and uses that by the second
law of thermodynamics the Clausius-Duhem inequality

atwsharp + div, Gsharp < -b

must be satisfied to impose restrictions on the form of the kinetic relation. Here ¥gharp
denotes the free energy in the sharp interface problem and ggparp is the flux of the free
energy. We use the standard free energy and flux

Ysharp (6(V211), S) = W(e(V,a1), S) + X3¢y / do, (2.63)
T(t)

) =T 4.

Uy

Gsharp (T,
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The last term on the right hand side of (2.63) is the interface energy, hence A!/2¢; is
the interface energy density. It is well known that if (ﬁ(t),T(t)) is a solution of the
transmission problem (2.15) — (2.19) at time ¢ and if the interface I'(¢) in this problem
moves with the given normal speed Sgharp(t, ) at € I'(t), then the Clausius-Duhem
inequality holds if and only if the inequality

Ssharp(t, ©) (n(t, ) - [C’](t, z)n(t,z) + Al/ZCIHF(t,x)) >0 (2.64)

is satisfied at every point z € I'(t). A proof of this well known result is given in [3],
however only for the case where A = 0 in (2.63). The proof can be readily generalized to
the case A > 0.

A simple linear kinetic relation, for which (2.64) obviously holds, is

Ssharp = é (n : [é]n + )\1/201/1F)- (265)

The sharp interface problem thus consists of the transmission problem (2.15) — (2.19)
combined with the kinetic relation (2.65). For this problem the Clausius-Duhem inequal-
ity is satisfied.

We can now define the model error. To this end let (u(“), W, S (“)) be the asymp-
totic solution in the domain @ = [t1,t2] X  constructet in Theorem 2.3, where by
(2.44), the manifold T' is the level set {S*) = 3}, Let i € [t1,t2] be a fixed time and

let(uxlc),Tl(%’g,Syc)) be the exact solution of the Allen-Cahn model (1.1) — (1.3) in the
domain [f, 5] x Q, which satisfies the boundary and initial conditions

Wtx) = Uta),  (ta) € [fta] x 00, (2.66)
Onoe SV (L) = f¥V(ta), () € (it x 09, (2.67)
SEtx) = SW(iEa), zeq (2.68)

where fé“ N is the right hand side of (2.49). The level set of the order parameter SX‘(; is
denoted by

Tac = {(t,a:) €qQ ‘ SW(t,z) = %} (2.69)

Note that these functions and manifolds also depend on the parameter A, hence we really

have (ul), 700, §0)) = (w0, 70N, §0) - (ufd, T{, L) = (uf). 7heY S4C).

[ =TWN Tre = FX@ ) , but in this section we mostly drop the parameters p and A for
simplicity in notation, since no confusion is possible.

Let T'sharp € @ be the sharp interface in the solution of the sharp interface problem
(2.15) — (2.19), (2.65), which satisfies the initial condition

Psharp(f) = F(i) (2'70)
The normal speeds of the different surfaces are
s = 5(“)\) = N(F(HA))7 SAC = SE\M(/;\) = N(FXL(S\)), Ssharp — N(Fsharp)y

where N is the normal speed operator introduced at the beginning of Section 2.2. Of
course, Sgnarp 18 given by (2.65). Note that the functions s (#), SXLC)‘) (), Ssharp(t) are

defined on the same set, since the initial condition (2.68) and (2.70) together imply
Tac (t) = F(t) = Fsharp(t)-
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Definition 2.7 We call the function £ = EFNV(£) : T'(£) — R defined by

&= SAC (E) - Ssharp(t) (271)
the model error of the Allen-Cahn model at time t to the parameters u and \.

We can now discuss the choice of the parameters p and A. Since (2.65) coincides with
the leading term sy in the asymptotic expansion (2.43) of the kinetic relation of the
Allen-Cahn model, which is seen from (2.62), we have

Ssharp = S0- (272)
Therefore (2.43) yields
€ = SAC— Ssharp = SAC—50 = (SACc—8)+(s—50) = (sac—s)+p'*(s10+ A 511). (2.73)

The difference spac — s between the propagation speeds of the exact solution and the
asymptotic solution tends to zero for . — 0 faster than the term p'/2sy, and the
convergence is uniform with respect to A. This is the basic result, which allows to discuss
the optimal choice of u and A. The precise result is

Theorem 2.8 There is a constant Cg > 0 such that for all 0 < p < pg and all 0 < A <
Ao we have the estimate

Isac(®) = sl 2(rey) < CellnplPp. (2.74)

The proof of this theorem is given in Section 6.

(2.73) and (2.74) together yield
IEF M parayy < Cut?, (2.75)

with a constant C, which can be chosen independently of X\. By this inequality, p!/2
controls the model error. Therefore we write F = p'/? and call F the error parameter.
Moreover, since A/2¢; is the interface energy density, we call E = AY2 the interface
energy parameter. Also, since by (2.55) the interface width is proportional to (u))/2,
we call B = (u\)'/? the interface width parameter. These three parameters and the
propagation speed sac are connected by the fundamental relations

B=EF, (2.76)

SAC = cin : [C’]n + ckrE + E[E, FY, (2.77)
1

IELE, Flll 2 (pqiy) < COF, (2.78)

where we use the notation E[E, F] = £#V. The first equation is an immediate conse-
quence of the definition of the parameters, the second is obtained by insertion of (2.65)
into (2.71), and the last inequality is just a restatement of (2.75).

Now assume that we want to use a phase field model to numerically simulate the
propagation of a phase interface. In such a simulation the numerical effort is proportional
to h™P, where h denotes the grid spacing and where the power p > 1 depends on whether
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we want to simulate a problem in 2-d or in 3-d and it depends on the numerical scheme
we use. In order for the simulation to be precise, we must guarantee that the model
error and the numerical error are small. To make the numerical error small, we must
choose the grid spacing h small enough to resolve the transition of the order parameter
across the interface, which means that we must choose h < B, hence we have h™? > B™P.
Therefore we see that the numerical effort of a simulation based on a phase field model
is measured by the number B7P. We call the number

énum = BP

the parameter of numerical effort. For a simulation based on the Allen-Cahn model we
see from (2.76) that the numerical effort is

enum = (EF)7P.

Assume that the interface, which we want to simulate with the Allen-Cahn model, has
very small interface energy density. As mentioned in the introduction, such interfaces
are common in metallic or functional materials. For such materials the interface energy
parameter E is small. To make the model error small, we must also choose the error
parameter F' small, which means that the numerical effort parameter ep,, = (EF)7P is
very large as a product of two large numbers £E~P and F~P.

To be more specific, we consider an interface without interface energy, which means
that the free energy 1sharp does not contain the last term on the right hand side of (2.63).
From (2.65) we see that the propagation speed of the sharp interface with zero interface
energy density is

Ssharp = —1 - [C]n.
C1

From this equation and from (2.77) we see that in this case the total model error, which
we denote by Eiotal, 1S

gtotal = SAC — Ssharp — ckirb + S[Ea F]

This means that the term cxpE is now part of the total model error. This term does not
vanish identically, since we cannot set A = 0 in the Allen-Cahn equation (1.3). Instead
the values of A and of F = A2 must be positive.

If we prescribe the L2-norm &2 = ||Eotal| L2(D(D)) of the total model error, we must
therefore choose the parameters E and F' such that

cllerll 2wy E + IELE, Flll 2 ray) 2, (2.79)

EF

IEVAY

max, (2.80)

where the second condition is imposed by the requirement to make the numerical effort
enum = (EF)7P as small as possible. To discuss this optimization problem, we assume
first that the term sj¢ in the asymptotic expansion (2.43) of the kinetic relation of the
Allen-Cahn model is not identically equal to zero. In this case we conclude from (2.73)
and (2.74) by the inverse triangle inequality that for sufficiently small \'/2 = E and for
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sufficiently small /2 = F

IELE, Fll 20y = 1177510 + (00?511 + (sac = 9) | 20y

)1/2

> 110l sy = BN lsut iz = lsac = sl

w2 (ls10ll 2y = A2 lsull 2y — Celnpl*pt?)
1 1
> i (listoll a(reey 5”510”L2<r<i») = glsollzzea P

This inequality and (2.79) imply that the solution (E, F') of the optimization problem
(2.79), (2.80) satisfies

2 1

Er2 and E<—————&po.

2
F <o €[E, Flll 2 (r¢ cllerll e re)

< -
o H510”L2(r(£)) D= ||310||L2(F(£))

From this result we obtain

Corollary 2.9 Let Enax denote the total model error of the Allen-Cahn model in the
simulation of an interface without interface energy. If the term s1g in the asymptotic
expansion (2.43) of the kinetic relation of the Allen-Cahn model is not identically equal
to zero, then the interface width B satisfies

2

B=FF <
clisioll 2 rayllerll 2 o)

£2,. (2.81)

In a numerical simulation of an interface without interface energy the parameter of nu-
merical effort satisfies

p

C||S h K h

oS Is10ll 2oy lErll L2 oy (2.82)
2867,

with a power p > 1 depending on the space dimension and the numerical method used.

The interface width thus decreases with the square of the model error. Since the time step
in a simulation must be decreased when the grid spacing h in x—direction is decreased,
the number p can be larger than 4 in a three dimensional simulation. From (2.82) we thus
see that the numerical effort grows very rapidely when the required accuracy is increased.
The Allen-Cahn model is therefore ineffective when used to accurately simulate interfaces
with low interface energy.

If the term sqg vanishes identically, then the same considerations show that instead of

(2.81) and (2.82) we would have B = O(Eiéz) and epym > Cé';?%p. The numerical effort
would still grow fast when the required accuracy is increased, though less fast than for
s10 # 0. However, a close investigation of the terms in the definition (2.41) of s19, which
we do not present here, shows that only in very exceptional situations one can expect
that s19 vanishes identically.

In Corollary 2.9 we assumed that the mesh is globally refined. Of course, one can
improve the effectivity of simulations by using local mesh refinement in the neighbor-
hood of the interface. We do not discuss this question of numerical analysis here, but
Corollary 2.9 in fact shows that adaptive mesh refinement and other advanced numerical
techniques are needed to make precise simulations of interfaces with small energy based
on the Allen-Cahn model effective.
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Comparison to the hybrid phase field model With Corollary 2.9 we can refine the
comparison given in [8] of the Allen-Cahn model and another phase field model, which we
call the hybrid model. The hybrid model was introduced and discussed in [3, 4, 5, 6, 8|.
By formal construction of asymptotic solutions we showed in [8] the following result:

Let Bac(€r2) and By, (£r2) be the interface widths in the Allen-Cahn model and the
hybrid model, respectively, which result when the model parameters are adjusted to
model an interface without interface energy with the total model error £;2. Then we
have for £;2 — 0 that

Biyb(€12) = O(€r2),  Bac(€r2) = 0(1)O(Er2) = 0(Ep2).

The Landau symbol o(1) denotes terms, which tend to zero for Epax — 0. The result
for the Allen-Cahn model was obtained under an assumption, which corresponds to our
Assumption A, however without giving a formal justification of this assumption.

To achieve a prescribed small value 72 of the total model error we must therefore
choose the interface width in the Allen-Cahn model smaller than in the hybrid model.
Consequently, the hybrid model is numerically more effective, but how much more de-
pends on the rate of decay of the o(€;2) term in the result for the Allen-Cahn model. In
[8] we could not determine this decay rate, since the asymptotic solution constructed in
[8] for the Allen-Cahn model was only of first order.

Corollary 2.9 yields this decay rate. From the result for the hybrid model and from
Corollary 2.9 we thus obtain for the parameters et and eAC of the hybrid model and
the Allen-Cahn model, respectively, that

b <CoEP,  ehC >
which shows that when the prescribed error ;2 is small, the hybrid model can be quite
considerably more effectice in numerical simulations of interfaces with low interface energy
or no interface energy than the Allen-Cahn model.

2.5 The jump of solutions of the transmission problems

In this section we prove Lemma 2.5. In the proof we need results on the jump of the
solution (,T') of the transmission problem (2.15) — (2.19), which we also need in later
sections to construct the asymptotic solution. We proof these results first. We conclude
the section with results on the jump of the solution (, T) of the transmission problem
(2.20) — (2.24), which are also used in the following sections.

We define a scalar product a :p 8 on S by a :p 8= a: (DJ), for a, 3 € S3. For a
unit vector n € R3 let a linear subspace of S? be given by

82:{%(w®n+n®w)\weu§3}, (2.83)

let P, : S — 83 be the projector onto S3, which is orthogonal with respect to the scalar
product « :p 8 and let Q, =1 — P,.

Lemma 2.10 Let w* € R? be a vector. This vector satisfies (D (z—:(w* ®n) —?))n =0 if
and only if e(w* @ n) = P,E holds.
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This lemma is proved in [7, Lemma 2.2].

Lemma 2.11 Let (4, T) be a solution of the transmission problem (2.15) - (2.19). As-
sume that @ is continuous in Q and that the limits (V,0)F) exist and define continuous
extensions of Vi from the set v to ~'UT and from the set v to yUT, respectively. Then
we have

e(u* ®n), [7] = D(e(u* @ n) — &), (2.84)

Pz, [T] = —DQyE, (2.85)

(Vi
[e(Va)]

Proof: Equation (2.84) is proved in [8, Lemma 2.2], (2.85) is proved in [7]. For com-
pleteness we give the short proofs here.

Since by assumption @ is continuous across I' and since V4 has continuous extensions
from both sides of T onto T, the surface gradients (V@)™ and (Vra)(—) on both sides
of I coincide, hence [Vra] = 0. Using the decomposition (2.7) and the definition (2.34)
of u* we therefore obtain

[Vet] = [(Opt) @ n+ Vra] = [(0pt) @ n] + [Vra] = [Opht] @ n = u* @ n. (2.86)
Thus, by (2.16),
D(e(u* @n) — &) = D([e(V,)] — E[S]) = [D(e(V,a) —29)] = [T].
This proves (2.84). From (2.18) and (2.84) we infer that
0=[Tln = (D(s(u* ®n) — g))n,
so that [¢(V,a)] = e(u* @ n) = P,&, by Lemma 2.10. Therefore we find
[1] = D([e(V4@)] — &) = D(Pa2 — ) = —DQnF,

which proves (2.85). [

Proof of Lemma 2.5 Note first that for matrices AH), A B(H) B() and for any
product e satisfying the distributive law we obtain with the notations [A] = A(+) — A(=),
(A) = (AWM 4+ A) that

[Ae B] = [A] e (B) + (A) o [B].

In the following computations we apply this property two times.
W and ¢, are defined in (1.7) and (2.60). From these definitions, from the symmetry
of the elasticity tensor D : 83 — S% and from [S] = 1 we obtain with & = (V) that

9] = 5(D(E ~28)) : [~ 28]+ 5[D(e ~9)] : (¢ ~28) + Mll/Q[iﬁ(SA)]
. 1

= (D(é ~29)) : [¢ — 28] + WW(S)]

=(T): [f] —(T) : e+ /;/QW(S)}. (2.87)



The last equality sign is obtained from (2.16). We employ (2.18) and (2.86) to compute

n- [(I+Vea)"Tn=n-[Tn+ ([V.in ).<T>n+(<v ayn) - [T]n
I (T) = [g] : (T). (2.88)

— (@ @) - (Fyn = u* - (Fyn = (u* @) :
In the last step we used the symmetry of (1) and (2.84). Combination of (2.59), (2.87),
(2.88) yields

(6= (] = - [+ Ve Tl = — (6(3) - (1) :=

which is (2.61). [ ]

Lemma 2.12 Let (4,T) and (@, T) be solutions of the transmission problems (2.15) —
(2.19) and (2.20) - (2.23), respectively. Assume that 4 and @ are continuous in Q and
that the limits (V,0)®) and (V,0)F) exist and define continuous extensions of V4 and
of Vzu from the set v to v UT and from the set v to vy UT, respectively. Then we have

€T E:T

Ont - u*, V] = | —|u* @ n. .
.1 = [5] V.l [Ws)] ® (2.89)
Proof: The decomposition (2.7) yields

[V.a] = [(0pt) @ n+ Vra] = [(0p0) @ n] + [Vrd] = [0p0] @ n. (2.90)

From this equation and from (2.21), (2.23) we infer

0 = [Tln = (D(e(Vait)] - [g,j(g)]@)n = (D(e(ou &m) - [ (T)]s))n-

Thus, Lemma 2.10, the linearity of the projector P, and (2.84), (2.85) imply

. o €. T _ € T ot o) — € T -
“(ntl on) = [ 1P = [rglet om = <( [l on),
whence . R
. c: T g: T "

We multiply this equation from the right with n and obtain

(1008 — [ Ju) +n (000 - [gﬁzé)}u*) =0,

which means that [9,4] — [ j,(T)]u is a multiple of n. Scalar multiplication of the last

equation with n yields ([9,u] — | 15/:(:2)] u*) -n =0, from which we now conclude that the
first equation in (2.89) holds. The second equation is obtained from (2.90). ]
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3 The asymptotic solution

This section forms the first part of the proof Theorem 2.3. We state in this section the
form of the asymptotic solution (u(“), 7MW, S (“)). The proof continues in Section 4, where
we study properties of the functions Sp,..., Sy appearing in the asymptotic solution.
In Section 5 we use these properties to show that (u(“),T(“) ,S(“)) is an asymptotic
solution by verifying that the estimates (2.50) —(2.53) hold. This concludes the proof of
Theorem 2.3.

3.1 Notations

Before we can start with the construction of the asymptotic solution we must introduce
more definitions and notations. In particular, we must introduce parallel manifolds to
the manifold I' and we must extend the definition of the surface gradients for functions
defined on I'; which are given in Section 2.1, to functions defined on the parallel manifolds.
Theses definitions and notations are needed throughout the remaining sections.

Let § > 0 be the number from (2.2). For ¢ satisfying —§ < & < §

e = {(t,n+n(t,n)&) | (t,n) €T}

is a three dimensional parallel manifold of I' embedded in Us, and
Le(t) = {o € Q| (t2) € Te)

is a two-dimensional parallel surface of I'(t) embedded in Us(t). Let 71, T2 € R3 be two
orthogonal unit vectors tangent to I'¢(t) at & € I'¢(t). For functions w : I'¢(t) — R,
W : Te(t) — R® and W : Te(t) — R3*® we define the surface gradient and the surface
divergence on I'¢(t) by

Vrow = (0nw)71 + (Onw)72, (3.1)

VW = (0,W)@71 + (0,W) @1, (3.2)
2

diVFSW = ’7'1-87—1W+7'2'67—2W:ZTi'(VF§W)Ti, (3.3)
i=1

dive, W = (9, W)71 + (0, W) 1. (3.4)

Clearly, with Vp defined in (2.4) and (2.5) we have Vp, = V. For brevity we write

divp = divp,. If w, W, W are defined on I'¢, we define Vp,w : I'c R3, VW i Te =

R3%3, divp, W : T'¢e = R, divrgw :Al“g — R3 by applying the operators Vr, and divr, to

the restrictions w| , W’ , W| for every t. With these definitions we have the
Te(t) Le(?) T ()

splittings
Vow(t,x) = dew(t,n,&)n(t,n) + Vr,w(t,n,§), :
Vo W(t,x) = 9W(tn, &) @n(t,n) + Ve, W(tn,¢), (3.6)
div,W(t,z) = (0W(t,n,€))n(t,n) + dive, W (t,n,€), (3.7)

where, as usual, W (t,n,£) = W (¢t,1+ n(t,n)§).
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The operators Vr and divp can be applied to functions defined on subsets of I'. In
contrast, the operator V,, introduced next can be applied to functions defined on I' x J,
where J C R is an interval. Forw:FxJ—)]R,W:FXJ—>R3,W:FXJ—>R3X3
consider the functions 7 — wy¢(n) = w(t, 0, &), 1+ Wie(n) = W(t,n,€), n = Wie(n) =
W (t,n,£), which are defined on T'(t). To these functions the operators V and divp can
be applied. We set

qw(t,n,&) = Vriwge(n) € R, (3-8)
W(t,n,&) = ViWye(n) € RP?, (3.9)
d1v77 (t,n, &) = diviWie(n) € R, (3.10)
div, W (t,n,€) = diveWie(n) € R®. (3.11)

If W is defined on Us, then (¢,n,&) — W(t,n,&) = W(t,n + n(t,n)€) is defined on
X (—0,6). Consequently, the gradient V, W is defined. The connection between V, W
and Vp W = VQVV|F is given by the chain rule, which yields
3

VoW (t,n,&) = (VoW (t,n +n(t,n)€)) (I +£Vyn(t,n)). (3.12)

In particular, we have V,W(t,n,0) = VrW(t,n). Similar formulas and relations hold
for V,w, div, W, lenW If W : Us — R3 is constant on all the lines normal to I'(t), for
all t, we have W (t,n,&) = W(t,n). For such functions we sometimes interchangeably use
the notations V,WW and VrW. Similarly, we interchangeably use the notations V,w and
Vrw, div, W and divp W, divnW and divFW if w and W are independent of &.

Note that by (3.12) we have for & € T'¢(t) that
W (tx) = (VyW(tn,€))A(t,n,6), (3.13)

where A(t,n,£) € R¥*? is the inverse of the linear mapping (I 4+ {Vyn(t,n)) : R? — R3.
From the mean value theorem we obtain the expansion

A(t,n, &) = I+ Ra(t,n,€) (3.14)

where the remainder term R (t,7,¢) € R3*3 is bounded when (¢, 7, &) varies in T'x (=6, §).
Insertion into (3.13) yields

W (t,x) =V W(t,n,&) (I +E&Ra(t,n,8)). (3.15)

For w : Us — R we consider Vp,w and Vyw to be column vectors. For such w the
equation corresponding to (3.15) is

Vrew(t,z) = AT (6,0, ) Vyw(t,n,€) = (I + £ Rh(t,n,)) Vyuw(t,n, ). (3.16)
Furthermore, (3.3), (3.15) and (3.10) together yield for W : Us — R3 that

Vr

Vr

2
dive W = "7 (VyW)(I + ERA)T:) = divyW + € divp W, (3.17)
=1

with the remainder term

divr ¢ W (t, 7, €) ZTZ (VyW)RaT;) Zn (VrWie)RaT;), (3.18)
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and this equation implies for W Us — R3*3 that
divr, W (t,n,€) = div,W + € divp W, (3.19)

where diVngW = Z?’jzl(&,j Wt,g) 7;(7j - Rat;). The terms divp¢W and divngW are
bounded when (t,7,§) varies in I' x (=4, 9).

For functions w with values in R we define the second gradients V%gw, V%w by
applying the operators Vr,, V, to the vector functions Vp,w, Vyw. For W with values
in R3 we define second gradients V%gW, V%W by applying these operators to the rows

of Vp, W, V,W. We remark that

AF w = diVF6 Vpg w

£

is the surface Laplacian.

Definition 3.1 Let I C R be an interval. For k,m € Ng and p = 1,3 we define the
space

Ck(1,c™(, RP))
={(t,n,&) 5 w(t,n, &) : T x I - RP | 9:0VIiwe C(T xI), L <k, i+j<m}
E¥t Vo

3.2 Construction of the asymptotic solution

We start with the construction of the asymptotic solution (u(“), T, S(“)). We assume
that the hypotheses of Theorem 2.3 are satisfied. In particular, we assume that there
is a sufficiently smooth solution I' = T'") of the evolution problem (2.13), (2.14), with
SO(T, Kk, A/2), sl(ﬁ,T,T, So, S1,A'/?) defined in (2.39) — (2.42). By this assumption,
the function (, T,u,T,So, S7) is known as a solution of the transmission-boundary value
problem (2.15) — (2.31). We use the notation

1+ (r) = {(1) : z g L 1) =1-17(), T =r1E). (3.20)

Let ¢ € C5°((—2,2)) be a function satisfying 0 < ¢(r) < 1 for all r € R and ¢(r) =1 for
|r| < 1. With the constant a from (2.37) we define a function ¢, : Q@ — [0,1] by

p
bt x) = gur(t,n, &) = ¢<3(/M)17§|1nu|

dur(t,x) =0, otherwise.

), for (t,x) € Us, (3.21)

By (2.33), ¢ is equal to 1 in Q.(’”\) transists smoothly from 1 to 0 in Q(“’\) and

inn match?

vanishes in Qgﬁi‘). With this function the asymptotic solution is defined by
uB (t, ) = (1, 2) g (t, 2) + ud (t, 2) (1 = pur(t, z)), (3.22)
SW(t,2) = S\ (t,2) da(t, @) + S8 (¢ 2) (1 = Gt @), (3.23)
T (t,z) = D(s(qu(“) (t,2)) —SW(t, :g)), (3.24)
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where u%“) S(“)

(1) S( )

are components of the inner expansion (ug ), () S(“ )) defined in Uy,

and u, are components of the outer expansion (ug“ ), TQ(“ ) S (“ )) defined in Q \ T.

The functlon (u(“),T(“), S (“)) is equal to the inner expansion (ug” ), (1) S(“ )) in the

region er’l\ ) and equal to the outer expansion (ug“ ),T 2(“ ), Sé“ )) in the region Q

the region Q

out . In

match both expansions are matched.

The outer expansion The outer expansion is defined as follows. With the solutions
(@, T') of the transmission problem (2.15) — (2.19) and (@, T') of the transmission problem
(2.20) — (2.24) we set for (t,z) € Q\ T

Wt x) = alt, )+ p2at, ) + palt o), (3.25)

S (tx) = S(t,x)+ u/281(t, ) + pSa(t, z) + 12 85(t, x), (3.26)

TVt z) = D(e(vxug") (t,2)) — 5% (¢, m)). (3.27)

The functions @, S1, .. ., S5 and another unknown function 7' solve the system of algebraic

and partial differential equations

—div,T = 0, (3.28)

T = D(e(Vea)—2S2), (3.29)

e4+9"(8)S = 0, (3.30)

7 5+¢”(§)§ %@z} $)& = o, (3.31)
~T 2+ 9"(9) S5 +4"(5) 519 + WV( )S3
)\1/2 5

+—8t51 M5 = 0, (3.32)

in the set @ \ I'. Moreover, @ satisfies the boundary conditions

atr) = 0,  (tz)€ [t ta] x OQ, (3.33)

0 = P
(=) _ 1/2, & T (t>77>
it = NP [ S0 Sy e G ers (30
= (+) 12, > e TW(,n)
u(t,m) A (t,n)/o Si(t,n,¢) ) d

FAa*(t,n) /_Z (/_io So(0) dif — <+)d<, (t,)) €D,  (3.35)

Since by assumption I, T, T, S, are known from the evolution problem, this system can
be solved recursively. To see this, note that (3.30) yields

S Tg

= —. 3.36
P(S) (3:30)
We insert this equation into (3.31) and solve this equation for Sy to obtain
. Tiz ) Tz
Sy = = f—%@(A f) (3.37)
P(S)  27(5) MY(S)
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Using this function in (3.29), we can determine % and T from the boundary value problem
(3.28), (3.29), (3.33) — (3.35). Finally, we can solve (3.32) for Ss.

(

The inner expansion The inner expansion (ulu ),T 1(“ ), Sg“ )) is essentially obtained by
smoothing the jumps of the functions @, % and S from the evolution problem for the
surface I'. Before we can define the inner expansion we must therefore study in the next
two lemmas the jumps of @& and % across I'.

Let u* = [0,4] and a* = [024] be the jumps of derivatives of 4 across I'. These
functions are introduced in (2.34), (2.35). For (t,x) = (¢,z(t,n,€)) € Us we decompose
@ and @ in the form

1
it ) = ()& +at(tm);(EN) + ot ), (3.38)
20O o 2T ()
1&//(1) 7[//(0)
where £T, £~ are defined in (3.20) and where the remainder terms © and v are defined
by (3.38), (3.39). The decomposition (3.38) is motivated by the fact that

a(t,z) = u*(t,n)( f‘)—kf)(t,x), (3.39)

[0L0] =0, i=0,1,2, (3.40)

which follows immediately from (3.38), (2.17) and (2.34), (2.35). The first two terms on
the right hand side of (3.38) thus serve to separate off the jumps of the first and second
derivatives of @& at I'. Similarly, the normal derivatives of first order of ¥ do not jump
across I'. More precisely, we have the following result.

Lemma 3.2 Let (4,T) and (4, T) be solutions of the transmission problems (2.15) -
(2.19) and (2.20) - (2.24), respectively.
(i) © defined in (3.39) satisfies

[000] = 0, i=0,1. (3.41)

(ii) Assume that T is a C°—manifold. Suppose that i € C4(yU~',R3), 4 € C3(yU~/,R?)
and that 4 has C*—extensions, i has C3—extensions from v to yUT and from ~' to y'UT.
With the function spaces introduced in Definition 8.1 we then have

€ C?((-4,6),C*(T)) N C3*((—6,0],CcH(I")) N C?([0,6), CH(I)), (3.42)
€ C'((=6,0),C*(T)) N C3*(T x (—6,0]) N C*(T x [0,0)). (3.43)

>

S«

Proof: To prove (3.41) note that by definition of [0,w] in Section 2.1 and by definiton
of €% in (3.20) we have

g: T g:. 70 _ < g: 7 z.70) . e: T ‘
2 Com ¢ e O = Gom o = Lo

From this equation, from the first equation in (2.89) and from (3.39) we obtain (3.41) for
i = 1. For i = 0 equation (3.41) is an immediate consequence of (3.39) and (2.22). This
proves (i).
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(ii) Since I' is a C°-manifold, the coordinate mapping (¢,7,&) — (t,z(t,n,§)) =
(t, n+& n(t, 77)) and the inverse mapping (¢, x) — (t, n(t, x),&(t, x)) are C*. It follows from
this differentiability property of the coordinate mapping and from our differentiability
assumptions for @ that (t,n,&) — a(t,n,€) is C* in T x (=6§,0] and in T x [0,4), and
that (t,n) — u*(t,n) = n(t,n) - [V4i](t,n) belongs to C3(T') and (t,1) + a*(t,n) =
n(t,n) - [0, V41](t,n) belongs to C*(T"). Since by (3.38) we have

. . 1
U(ta 7, 5) = ’U,(t, 7, 5) —u (tv T/)€+ —a” (tv T,)i(ng)Qa
these properties imply that

ve N (c2+m((—5, 0], C2~™(I)) mcﬂm([o,a),c?*mm)).

From this relation and from (3.40) we conclude that (3.42) holds. Relation (3.43) is

obtained in the same way, using (3.41) instead of (3.40). |
For brevity in notation we define

6(&) =6(t,n, &) =¢: De(Vyo(t, 2)), 6'(&) = ¢o(t,n, &), (3.44)

5(&) =65(t,n, &) =g: De(Vyi(t, x)). (3.45)

Later we need the followmg result, which shows how a(t ,0) can be computed from the

limit values of 7' and T at I'.
Lemma 3.3 The function & defined in (3.45) satisfies

g:TH = 5(0)+z:[T) gé/i;), (3.46)
= n(-) 5 A E:T(_)
T 0 +7: (1 (3.47)
5 e e T
5(0) = E:(T)—z: [T]<W )> (3.48)

Proof: We apply the decomposition (2.7) of the gradient to the function W (t,n,§) =

. e, =T (t7) o .
U (t,n)(%f+ %{%n)f ).ThlS yields

(VW) D (t,m) = (0,W) @0+ VW) =wr@n Ew

(3.39) thus implies

(V)P =u*@n <

Insertion of this equations into (2.21) yields

§ g: T

TH) = D(e(u* ®n) — E)EAi + De(V0).

wl/(l)

We take the scalar product with € on both sides of this equation and note (2.84) and the
definition of & in (3.45) to obtain (3.46). Equation (3.47) is obtained in the same way.
To prove (3.48), we add (3.46) and (3.47) and solve the resulting equation for (0). This
proves the lemma. [ |

28



Definition of the inner expansion We can now construct the inner expansion

(ug“),Tl(“),Sgﬂ)). With the remainder terms 0, ¢ introduced in (3.38), (3.39) we set
in the neighborhood Us of T’

i (tw) = () uo(t.m, (uf)w) + uA Py (8, (uf)l/g) + pduz (&, (uf)l/z)
+o(t,x) + pt %ot x), (3.49)

s (ta) = SO((,M)U?) + 28 (t,m, (uf)l/?) + uSa(t,m, (uf)l/Q)’ (3.50)

Tl(“)(t,w) = D(e(V$u§“)(t,m)) —?S%N)(t,x)} (3.51)

where by assumption Sp, S1 are known from the evolution problem for I'; and where the
functions ug, ..., us are defined by

¢

w(tn¢) = () / So() do, (3.52)
¢

w(tn¢) = wtn) /O S (¢, 9) o, (3.53)
¢ 0

UQ(t,n,C) == a*(t,n)/_ /_ So(ﬂl)dﬁld’ﬂ (354)

The function Sy = Ss(t, 1, () together with another unknown function s; = s1(t,n) solve
a boundary value problem. To state this boundary value problem let x(t,n,£) denote
twice the mean curvature of the surface I'¢(t) at n € T'¢(t). With the notation introduced
in Section 2.2 we thus have k(t,n,0) = xr(t,n). We write £'(0) = 0¢x(t, n,0).

The boundary value problem for Sy and s consists of the ordinary differential equa-
tion

4" (80(¢)) Sa(t,n,¢) — S5 (t,1,¢) = Fa(t,n, <), (3.55)
with the right hand side given by
R 1 . 1-
Fy(t,n,¢) =05(0) +&: [T] S1 - ag (T)S) — 51?///(50)5%

¢
L2 (&’(O)C +5: De(a® ® n+ V') / So(¥) cm)
+ (%1 . m’(())g) st (3.56)

and of boundary conditions. To formulate these boundary conditions, we choose ¢ €
C*°(R,[0,1]) such that

_J0, ¢<1,
e(¢) = {1’ (>o (3.57)
set
Q) _9(=9)
‘10+(C) - 1;”(1)7 @—(C) - 1[}//(0) ) (358)
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and define

+ A%z De(a* @n + Vpu*)q+> . (3.59)

With this function the boundary conditions are

Sa(t,n,0) =0, (3.60)
Jim (S2(t,m,¢) — pa(t,m,¢)) = 0. (3.61)

The function s; = s1(¢,n) in (3.56) is independent of ¢. It is determined by the procedure
sketched at the end of Section 2.2, which we apply of course to the boundary value
problem (3.55), (3.56), (3.60), (3.61) instead of the problem (2.26), (2.28) — (2.31). This
is discussed precisely in Section 4.3. The function s;, whose explicit expression is given
in(()2.40) —(2.42), forms the second term in the definition (2.14) of the evolution operator
I,

4 The functions Sy,...,S; from the inner expansion

The functions S, . . ., S3 in the outer expansion can be determined explicitly from (3.30) —
(3.32), whereas the functions Sy, . .., S2 in the inner expansion are determined as solutions
of three coupled boundary value problems to linear and nonlinear ordinary differential
equations. It is not obvious that these solutions exist and what properties they have. We
study these solutions in this section.

4.1 The function Sy

The first boundary value problem determining Sy is given by (2.25), (2.27),

Lemma 4.1 Assume that the double well potential 1[) satisfies (2.37). Then Sy is a
solution of the boundary value problem (2.25), (2.27), if and only if Sy satisfies the initial
value problem

o) = 20(S(C)), CER, S(0) =5 (4.1)
Proof: Let Sy be a solution of (2.25), (2.27). We multiply (2.25) by S and obtain
d ~ 1 12 2 _
iz (950) = 5(50)?) = 0.
or )
9(S0) — (86" = O (4.2
By (2.27) we have lim¢_,o, So(¢) = 1. From (4.2) and from (2.37) we thus obtain that
lime o0 (S(’)(C))2 = —2C;. Using again (2.27), we infer from this limit relation that
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lim¢_y00 S4(¢) = 0, hence C; = 0. We solve (4.2) for S; and use that because of the
boundary conditions (2.27) the function Sy must be increasing, hence S; must be non-
negative. This shows that a solution of (2.25), (2.27) must satisfy the initial value problem
(4.1).

To prove the converse we differentiate the differential equation in (4.1) and obtain
(2.25). We leave it to the reader to verify that the solution of (4.1) satisfies the boundary
conditions (2.27). ]

Theorem 4.2 Assume that ¥ € C3([0,1],R) has the properties (2.37). Then there
is a unique solution Sy € C4(R,(0,1)) of the initial value problem (4.1). This solu-

tion is strictly increasing and satisfies (2.25) and (2.27). Moreover, there are constants
Ki,...,K3 >0 such that for a > 0 defined in (2.37)

0< So(¢) < Krem ¢l — o< ¢ <0,
1—Koe ™ < Sp(¢) <1, 0<¢< oo,
0°S0(¢)] < Kze™ ¢l —oo < (¢ <00, i=1,...,4.

This theorem follows immediately from the standard theory of ordinary differential equa-
tions, and we omit the proof.

Lemma 4.3 If ¢ satisfies the symmetry condition (2.38), then the solution Sy of (4.1)
satisfies for all € R

So(=¢) =1 = 50(¢), S0(¢) = Sp(=0), (4.6)
/C So(®) di) = /_Q| So(®)di + ¢+, (4.7)
(/C So)di — ¢*| < %e—ald, (4.8)

[0 (S0(¢)) = " (S(¢))| < Kae 4L, (4.9)

Proof: If the symmetry condition (2.38) holds and if Sp is a solution of the initial value
problem (4.1), then also ¢ — (1 — Sp(—()) is a solution. To see this, note that (2.38)
and (4.1) imply

V20(1 - So(~0)) = \/212}(; (5 50-0)) = \/212)(; -~ (5 - 5(-0))

= \/20(S0(—¢)) = (8¢S0)(—¢) = I (1 — So(—()).

whence 1 — Sp(—() satisfies the differential equation in (4.1). Since we obviously have
1 — Sp(0) = 3, we see that 1 — Sp(—() is a solution of (4.1). Since the solution of this
initial value problem is unique, we infer that So(¢) = 1 — Sp(—¢) holds, which implies

So(¢) = Sp(=0)-

31



To prove (4.7), note that (4.6) implies for ¢ > 0
¢ —¢ ¢
/ So (V) di = / So(9) d + / So () dv
—o0 —o0 —C
—¢ ¢
= / So () dv + / So(¥) + So(—1) d
—00 0

~ ¢ ~
:/_ Sg(@?)d19+/0 80(19)+(1—Sg(19))d19:/_ So(9) dd + C.

From this equation we immediately obtain (4.7). The inequality (4.8) follows from (4.7)
and from (4.3), which yield

< —¢| —¢l K
‘/ So(9) d9 — C+‘ = ‘/ So (1) dﬁ‘ < Kie~ gy = 2L e—aldl,

o a
For the proof of (4.9) note that S () = 1 for ¢ > 0. Consequently, the mean value
theorem and (4.4) together imply for ¢ > 0 that

[ (S0(¢)) = 4" (S(O))] = 1" (S0(Q)) = " (V)] < 9" (r*)(So(¢) = 1)] < OKze I,

with a suitable number 7* between Sy(¢) and 1. For ¢ < 0 an analogous estimate is
obtained using (4.3) and noting that S(¢) =0 if ¢ < 0. [ ]

4.2 The functions S; and Ss

The solutions S; and S5 of the second and third boundary value problems are studied in
this section. The second problem determing S; is given by the equations (2.26), (2.28) —
(2.31), the third problem, which determines Ss, consists of the equations (3.55), (3.56),
(3.60), (3.61). The properties of S7 and Sa, which we need in Section 5, are summarized
in the next two theorems.

To state the first theorem we need the function p; : I' x R — R, which is defined by

pi(t,n,Q) =2 : Tt ) o (Q) +2: T (t,m) 01(C), (4.10)
with ¢4 introduced in (3.58).

Theorem 4.4 Assume that i) belongs to C5([0,1],R) and satisfies the assumptions (2.37)
and the symmetry condition (2.38). Suppose that the function sy = so(t,n) in (2.31) is
given by (2.39). Let Sy be the solution of the boundary value problem (2.25), (2.27), which
exists by Theorem 4.2.

Then for every (t,n) € T' there is a unique solution ¢ — Si(t,n,() : R — R of the
boundary value problem (2.26), (2.28) — (2.31). The function Sy belongs to the space
C?*(R,C?*(T',R)). Moreover, there are constants K1, ..., K3 such that for the constant a
defined in (2.37) and for all (t,n,() € I' x R the estimates

DGy SillLeerxr)y < K, la] <2, (4.11)
’aZD&ﬂ?) (Sl(tv m, C) - pl(ta n, C))’ < Ky e_aK‘v 0<y, |O[| <2, (412)
02D, ) Si(t,n, Q)| < Kze ol <2, j=1,2, (4.13)

hold.
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We do not give the proof of this theorem, since it is almost the same as the proof of
Theorem 1.2 in [7]. Morover, it is obtained from the proof of the following theorem by
simplification. The main difference between the two proofs is that the right hand side
F of the differential equation (2.26) for S; is bounded, whereas the right hand side F;
of the differential equation (3.55) for So grows linearly for ( — +oc.

Theorem 4.5 Assume that zﬁ satisfies the assumptions given in the Theorem 4.4. Let Sy
be the solution of the boundary value problem (2.25), (2.27), and let Sy be the solution of
the boundary value problem (2.26), (2.28) — (2.31). Suppose that the function s1 = s1(t,n)
in (3.56) satisfies (2.40) with s10, s11 given in (2.41), (2.42).

(i) Then for every (t,n) € T there is a unique solution ¢ — Sa(t,n,() : R — R of
the boundary value problem (3.55), (3.56), (3.60), (3.61). The function Sz belongs to
C?*(R,C?*(T',R)), and there are constants Ky, ..., Kg such that for the constant a defined
in (2.37) and for all (t,n,() € I' x R the estimates

0108, o S2(t0, Q)] < Ka(L+1CDY7, Jal <2, j=0,1, (4.14)

(tm,0)
0205, ) (S2(t,0,Q) = p2(t,n, Q)| < Ks(1+[¢) el 0<jlal <2, (4.15)
0205, Sa(t.n.C)| < Ks(L+[¢)e ™™, ol <2, (4.16)

hold, where py is defined in (3.59).
(ii) Sz is the only solution of the differential equation (3.55) with Fy given by (3.56),
which satisfies (3.60) and for which constants C,60 > 0 exist such that

|Sa(t,m, Q) < Cel* DNl (R, (4.17)
holds.

4.3 Proof of Theorem 4.5
In this section we give the proof of Theorem 4.5, which is divided into five parts:

(I) Reduction of the boundary value problem for S» to a problem in L2. With
p2 defined in (3.59) we make the ansatz

Sa(t,m, ¢) = w(t,n,¢) + pa(t,n, (). (4.18)

Insertion of this ansatz into the equations (3.55) and (3.60), (3.61) shows that Sy is a
solution of the problem given by these equations if and only if w solves the equations

Qﬁ” (So(C))’U)(t, m, C) - 82w(ta 7, C) = F2 (tv 7, C) + F3(t7 7, C)v (419)
w(t,n,0) =0, (4.20)
CEI:? w(tv n, C) =0, (421)

where F is given by (3.56) and where
Fy = —(4"(S0) — 92)pa- (4.22)

To get (4.20) we used that ¢4 (0) = ¢_(0) = 0, which by (3.59) implies p2(¢,71,0) = 0.
To show that the solution Sy of the problem (3.55) and (3.60), (3.61) exists, it therefore
suffices to prove that the reduced problem (4.19) — (4.22) has a solution.

33



(II) Spectral theory For this proof note that ¢”(Sy) — 8? is a linear self-adjoint
differential operator in L?(R). From the spectral theory of such operators we know that
the continuous spectrum of " (Sy) — 8? is contained in the interval [ag, c0), where

a0 = min { tim_4"(S0()). lim 4" (S0(c)) }.

(——o0

and that the part of the spectrum in (—o0,ag) is a pure point spectrum. (4.9) yields
Clim V" (S(€)) = ¢"(0), Clim ¥ (S0(¢)) = ¥"(1), hence the assumption (2.37) implies
——00 —00

ag = a® > 0. Therefore 0 does not belong to the continuous spectrum. From the spectral
theory we also know that for every w € C, which is not in the continuous spectrum, the
differential equation (@Z”(Sg) — 8?)21) —ww = f has a solution w € L?(R), if and only
if f € L*(R) is orthogonal to the kernel of the operator 1" (Sp) — 8? — w. This implies
in particular, that for every (¢,n7) € I' the differential equation (4.19) has a solution
w(t,n,-) € L*(R), if the right hand side ¢ — f(¢) = Fa(t,n,¢) + F3(t,n,¢) belongs to
L?(R) and is orthogonal to the kernel of the operator " (Sp) — 82. To show that the
problem (4.19) — (4.21) has a solution, we therefore verify in the next two parts of the
proof that Fs + F3 satisfies these two conditions.

(III) The asymptotic behavior of F5 + F3 at infinity. We first show that the right
hand side F» + F3 of (4.19) decays exponentially at +oo, which implies that Fy + F3 €
L?(R). To simplify the notation we define

P10 =9+ (50(Q), #-(Q) = (P (S0(0)), (4.23)
with ¢4, ¢_ given in (3.58). For these functions we obtain from (4.9) that

B~ 0| = - (C))

7 — " (s = 010 |

for all ¢ € R. Since ¢”(0)p_(¢) = 1 for ¢ < —2 and ¢""(1)p,(¢) = 1 for ¢ > 2, these
estimates imply

"(So) — 1" (0)] < CKyel¢l, (4.24)

b
0"(So) — ¥ (1)| < CK e, (4.25)

1-%_(¢)] < CKye —00 < ( <0. (4.26)
11-7,(¢)] < CKye ¢, 0< ¢ < oo, (4.27)
1= 2_(¢) = P4()] < CKye™e, (eR. (4.28)

To get the last estimate we combined the first two estimates and noted that _(¢) =0
for ( > -1 and $,(¢) =0 for ¢ < 1.

Note that by (3.56), (3.59) and (4.22) the function F5+ F3 can be decomposed in the
form

Fy+ Fy = Fy — 0" (So)p2 + 92p2 = ZIJ, (4.29)
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where

L = 6(0)+e:[18—-2:TDp_ —2:TH g, , (4.30)
B 1&///(50) ) w///(o) z- T(=)\ 2 &’”(1) z: T\ 2 .

IQ - 9 Sl + 2 1[}//(0) ) + 2 ( 77;”(1) ) QDJr? (431)
I = MNP0 (1-7- —5,), (4.32)
¢
L = A2z De(a* @n+ Vou') ( / So(9) d — g+¢+), (4.33)

1 2 ! / /
I = ——=:(D)Si+ (%1 py (0)C>SO +2ps . (4.34)

We show that everyone of these terms decays to zero for ( — £oo. To verify this for the
first term we insert (3.46) and (3.47) into (4.30), which results in

I =

Q¢

. o_+

¥”(0) P(1 )

We introduce the terms 1&”(0%0, and 1&”(1)gp+ into this equation. Noting the definition
of p1 in (4.10), this leads to

L] <|6(0)(1—5, +P-)+2:[T](S1—p1)]|
.z T) . z.7H) R
+ (g: - 2 — 0" (0)p —4’(1 ‘ < Ce ¢l (4.35
17 ( Ty P 9O+ @ )o1)) (4.35)
for all ¢ € R, where we applied the estimates (4.12), (4.24), (4.25) and (4.28).
Next we estimate I>. By definition we have @, (¢) = 0 for ¢ < 1. From (4.31) we
thus have on the half axis —oco < ¢ < 0 that

" i = . 7(=)
(50) g, 90) (£ TN

. . 5. T0) )
0)+2: (7151 - o0)(F, +7.) —2: 7] (g + 0005 ),

Iy = —

2 L)
B QZ)///(O) _ @ZJW(So) w///( ) B 12}///(0) z- T(—) N
= 9 51 1( 2 e 9 (S%—< 1&,,(0) ) )907
= Io) + Iz2 + Io3. (4.36)

To estimate I; we apply the mean value theorem to ¢/ and use (4.3) and (4.11), to
estimate Iy we use (4.26) and (4.11). The result is

[Iyy + Ing| < CK1e™ Ul —so < ¢ <0. (4.37)
To estimate I23 note that by (3.57), (3.58) and (4.10) we have for —oo < ( < —2 that
= TO(tn)
"(0)
With this equation we infer from (4.11) and (4.12) with o, j = 0 that

p1(t,n.¢) = p_(Q)(E: T (t,n)) =

A

m - ) - ()
s 5@50) ) (s + éﬁ)
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(4.36) — (4.38) together imply that |I(¢)| < Ce™ ¢l for —0o < ¢ < 0. On the half axis
0 < ¢ < oo we estimate I» analogously. This proves that

L] < Ce™®d —o0 < ¢ < . (4.39)

The estimate for I3 is obtained by application of (4.28) to (4.32), which immediately
yields
1I3] < C(A+[¢))e™ @, —o0 < ¢ < 0. (4.40)

To study the asymptotic behavior of I; note that (4.8) and (4.27) together imply

¢ ¢
[ siao-croif <] [ s)ao - ¢+ -0
< (1K1 + C+CK4>6_GK|-
a
Insertion of this inequality into (4.33) results in
L] < C(1+[¢]) e, (4.41)

It remains to investigate I5. Note first that the third term on the right hand side of
(4.34) satisfies
0Zp(t,n,¢) =0,  for [¢| > 2. (4.42)

To show this it suffices to remark that the functions ¢4 are constant on the intervals
(—00,—2) and (2, 00), from which we see by inspection of (3.59) that on these intervals
the function ¢ — pa(t,n,() is a sum of constant and linear terms, whence (4.42) follows.
If we estimate the first term on the right hand side of (4.34) by employing (4.13) with
a =0, 7 =1 and the second term by using (4.5), we obtain together with (4.42) that

15| < C 1+ [¢e. (4.43)
We combine (4.29), (4.35), (4.39) — (4.41) and (4.43) to derive the estimate
[Fa(t,m, ) + Fa(t,n,¢)| < C(1+[¢e™), for all ¢ R, (4.44)

which shows in particular that the right hand side of (4.19) belongs to L?(R).

(IV) The orthogonality condition determining s;. Next we must show that the
right hand side of (4.19) is orthogonal to the kernel of ) (So) —842.. This kernel is different
from {0}, since S{, belongs to the kernel. This is immediately seen by differentiation of
(2.25), which yields

U (S0(C)) Sh(9) — 92SH(¢) = 0. (4.45)

Since by (4.5) the function S is in the domain of definition of ¢ (Sg) — Bg, it belongs to
the kernel of this operator.

The theory of linear ordinary differential equations of second order implies now that
the kernel is one-dimensional, hence every function from the kernel is a multiple of 5.
Therefore the right hand side F»+ F3 of (4.19) is orthogonal to the kernel if it is orthogonal
to Sj. Note that the integrals [ F5S)d¢ and [ F3S(d¢ both exist, since Fy and Fj
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grow at most linearly for ( — 400, whereas by (4.5) the function Sj), decays exponentially
at +00. Therefore we obtain from (4.22) and (4.45) by partial integration that

/_C:(Fz + F3)Spd¢ = /OO FyS)d¢ — /oo (@”(5’0) _ 83):02)'5(,) dc
:/ FyShd¢ — / p2 (¥ (So) — 84)50 ¢ = / FShdc. (4.46)

To study the last integral on the right hand side note that by (4.6) the function S, is
even, which implies that

/W)<tm>c%@wx—o and / (b, 0)C (S)(Q))%dC = 0. (447)

— 00

Moreover, since by Lemma 4.1 the function S|, satisfies (4.1), we obtain by substitution
of ¥ = Sp(¢)

/_ZSS(C)S(I)(C)CZC:/_Z\/ms{)(c)dg‘:/olx/mﬁ(ﬁ)dﬂ:cl, (4.48)

where the last equality sign holds by definition of ¢; in (2.36). Finally, by partial inte-
gration,

o ¢ G G
/_ /_ So(9) d9 S(C) d¢ = hm( So(9) d9 So (1) —

C1—o0 —o0 —o0

S0(¢)%¢)

¢
— lim S0(¢) (So(¢1) = S0(¢)) d¢

C1~>oo — 00
o0

:/w%@m—&ﬂnﬂzf So(C)So(~C)d. (4.49)

—00 —00

In the second last step we used that Sy is increasing. The equality sign thus follows from
the theorem of Beppo Levi. The last equality sign is obtained from (4.6).
The equations (3.56) and (4.47) — (4.49) yield

| mtnosiodc = [~ (@@ e Fis)syac— Sz i) [ sispac
— ;/_Z 0" (50)S2Sh d¢ + A2 & : De(a* ®n+vpu*)/_oo /_OO So(9) dv S§(¢) d¢
+[”QW’Uow — M(0)C) 55 4(0)d

/ SlSOdC——s / 184 d¢ — / B (S0)S2.Sh d¢

I
Q¢
—~
O

+)\1/25:D5(a*®n+Vpu*)/ 50(€)So(—0) dCJrcl—.

1

1/2¢ a
= ——510— A / 7311 + *81
c c c

C( s10 — A\2s11 + 51).

To get the second last equality sign we inserted (3.48) for 6(0) and used (2.41), (2.42).
The right hand side of this equation vanishes if and only if s; satisfies (2.40). From (4.46)
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we thus infer that F} + Fj is orthogonal to the kernel of 1" (Sg) — 82 if and only if (2.40)
holds.

Consequently, from part (II) of the proof we conclude that the differential equation
(4.19) has a solution w in L?(R) if and only if s; satisfies (2.40). In fact, there is exactly
one such w, which also satisfies (4.20). To prove this assume that @ € L?(R) is a
special solution of (4.19). Then we obtain every solution contained in L?(R) in the form
w = W + BS( with an arbitrary constant 8 € R. Since (4.1) and (2.37) yield

5H(0) = /20(50(0)) = 1/20(5) > 0.

we can choose 3 such that
w(t,n,0) = w(t,n,0)+ BSH(0) =0,
which is (4.20). This equation determines § uniquely, hence w is the unique solution of
(4.19) and (4.20) in L%(R).
(V) Existence of the solution, estimates (4.18) — (4.20). We show next that this

function w satisfies (4.21). To this end we need the following

Lemma 4.6 Leta_ >0, ax > 0 and set & = \/min{a_,ay}. Let g : R — R be a smooth
function and let f : R — R be a continuous function such that

9(¢) —a_| < Ce ¢l for ¢ <0, (4.50)
9(¢) —ay| < Ce 4, for ¢ >0, (4.51)
FQOI < C+[¢Che e, for¢eRr. (4.52)
Let w be a solution of
9(Qw(¢) — *w(¢) = f(¢),  CeR (4.53)

(i) Then w belongs to the space C*(R). If w € L?(R), then there is C > 0 such that
|agw(C)| < C(1+ [¢])eel, for all ¢ € R, forj=0,1,2. (4.54)
(i) If there are C,6 > 0 such that
[ (¢)| < Celd=Old] (4.55)
holds for all { € R, then w € L*(R).

This is a standard result from the theory of ordinary differential equations, and we omit
the proof.
To show that w satisfies (4.21), we apply this lemma with a_ = ¢”(0), a4 =

P'(1), 9(¢Q) = ¥"(So(Q)) and f(Q) = Fu(t,n,Q) + F3(t,n,¢). Then we have a =

\/min{i/AJ”(O),lﬁ”(l)} = a, by (2.37), and from (4.9) and (4.44) we see that (4.50) —
(4.52) hold for this choice of functions and constants. Moreover, with this choice of func-
tions the differential equation (4.53) is equal to (4.19). Since w € L?(R) is a solution of
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(4.19), we see that all assumptions for part (i) of Lemma 4.6 are satisfied, hence (4.54)
holds for w, which means that

Plw(Q)) < CA+[¢he™,  CeR, j=0,1,2 (4.56)

and this in particular implies that w satisfies (4.21).

We have now found a unique solution w € L?(R) of (4.19) — (4.21). By part (I) of
this proof this means that Sy given by (4.18) is a solution of the boundary value problem
(3.55), (3.56), (3.60) and (3.61). Since by (4.18) we have w = Sy — po, the inequality
(4.56) shows that S satisfies (4.15) for a = 0.

To verify that Sy satisfies (4.15) for o # 0, it must first be shown that Sy is two
times continuously differentiable with respect to (¢,7). This follows if we can show that
w = Sy — po is two times continuoulsly differentiable with respect to (t,7), since by our
regularity assumptions the function po has this differentiability property. To prove this
differentiability of w, we write (4.19), (4.20) as a perturbation problem for the linear
equation

Aw = f(tﬂ?)

in L2(R), where A = (4" (Sp) — 8?) is the linear differential operator on the left hand side
of (4.19) and f(t,n) = Fa(t,n,-) + Fs(t,n,-) € L*(R) is the function on the right hand
side of (4.19), which depends two times continuously differentiable on (¢,7) and satisfies
the estimate (4.44) for every (¢,m) € I'. Since 0 is an eigenvalue of A and since f(t,n)
is orthogonal to the kernel of A for every (¢,7), this linear equation has infinitely many
solutions and the solution set is affine. The condition (4.20) defines a linear subspace,
which is closed in the Sobolev space H'(R), and which intersects the solution set in
exactly one point w, which is the solution of (4.19), (4.20).

To the problem set in this way we can apply the pertubation theory of linear operators.
The theory yields that w is two times continuously differentiable with respect to (¢, 7).
We avoid the details but refer to standard texts on the pertubation theory of linear
operators, for example [26].

With this knowledge we can derive the estimate (4.15) for a # 0 by applying the
differential operator Df; ) with 1 < |a| <2 to the differential equation (4.19) and obtain

W (So)(D yw) — (DG yw) = D\ (Fa + F). (4.57)

(87

This is a differential equation for the function D( tn)

estimate

w with right hand side satisfying the

DGy (Fo+ F3)| < C(1+ [¢[)e . (4.58)

The proof of this estimate proceeds in the same way as the proof of the corresponding
estimate for a = 0, which we gave in part (III). Essentially one has to replace the terms
appearing in F» and F3, which depend on (¢,7), by their derivatives. To avoid repetition
of many technical details, we omit this proof.

The differential equation (4.57) has the same form as the differential equation (4.19).
From (4.58) we see that the assumption (4.52) holds, hence we can apply Lemma 4.6 (i) to
this differential equation, from which we see that w belongs to the space C%(R, C%(T, R))
and that the inequality (4.54) holds with w replaced by DZ’I‘m)w7 whence we have

02Dg; yw(Q)l <C+[¢ell,  ¢eR, 0<j<2, 1< ol <2
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Since w = Sy — po, this is inequality (4.15) with « # 0. Therefore we proved that (4.15)
holds for all 0 < || < 2.

The inequality (4.16) is a consequence of (4.15) and of (4.42), the inequality (4.14)
follows by combination of (4.15) with the estimate

9D pa(t . Ol < CA+ I, j=0,1,

which is seen to hold by inspection of (3.59).

We have now proved statement (i) of Theorem 4.5, and it remains to verify (ii). That
is, we have to show that Sy is the only solution of (3.55), (3.56), (3.60) satisfying (4.17).
Indeed, from (4.14) it follows that S satisfies (4.17). Assume that S5 is a second solution
satisfying (4.17). Then @ = Sy — S5 fulfills (4.55) and the equation

O (Sp)i — 8% = 0.

Lemma 4.6 (ii) thus yields @ € L?(R). Consequently, by (4.18) we have Sj = w + 0 + p2,
where w + € L?(R) is a solution of (4.19), (4.20). At the end of part (IV) of this proof
we showed that w is the only solution of (4.19), (4.20) in L?*(R), whence @ = 0, hence
S5 = Ss.

The proof of Theorem 4.5 is complete. [ |

5 Proof of the estimates (2.50) — (2.53) in Theorem 2.3

The proof of (2.50) — (2.53) is straightforward: We insert the function (u(), T#) S(k)
defined in Section 3 into the model equations (1.1) and (1.3) and compute the residues.
However, the necessary computations are long. Therefore we divide them into four parts:

In Section 5.1 we compute for the functions Tl(“ ) and T2(” ) from the inner and outer
expansions of T the residues diVle(H ) + b and divaéu ) + b separately. Likewise,
in Section 5.2 we insert the inner expansion (ug“ ), 1(“ ),SYL )) and the outer expansion
(ué” ),T2(” ),Séu )) into (1.3) and compute and estimate the residues separately. With
these residues we can prove (2.50) — (2.53) in the regions fofi ) and Qgﬁi‘), but in the
matching region fon’“;‘t)ch we need auxiliary estimates, which are derived in Section 5.3.
All the estimates are put together in Section 5.4 to complete the proof.

5.1 Asymptotic expansion of div,T® + b

Lemma 5.1 Let (4., T) be the solution of the transmission problem (2.15) — (2.19). With
the splitting (3.38) of @ the stress tensor field T satisfies in the neighborhood Us of T'

T = (18 + De(V40) + De(a* @ n + Vru*)EF + De(Vpéa*)%(f+)2. (5.1)

With &' defined in (3.44) and with a remainder term R_; € L>(Us) we have for (t,n,&) €
Us

]

T, ) =2 : T (t,m) + 6 (t,n,0) ¢
+&: De(a*(t,n) @ n(t,n) + Vru*(t,n)) £+ R_4(t,n,§) 2, >0, (5.2
T(tn, &) =2: Tt n) +6'(t, 1,006 + R_s(t,n,6) €2, €<0. (5.3)

]
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The functions u* and a* introduced in (2.34), (2.35) and the normal vector n satisfy on
the interface I’

(D(s(u* ®n) — E)))n = 0, (5.4)
(De(a* ® n+ Vru*))n + divpDe(u* @n) = 0. (5.5)

Proof: With the splitting (3.6) of the gradient operator we compute from (3.38) that

Vxﬂ(t, l‘) = 8511 Xn + VFgﬂ
= (u*(t, )17 (&) + a*(t,n)ET) @ n(t,n) + Ve (t,n)E"
1 N
+ Vr.a*(t, 17)5(5"')2 + V., 0(t, ).

We insert this equation into (2.16), note that S(¢,z) = 17(¢), and employ that by (2.84)
D(s(u* ®n) —2)S = [T]S

to obtain (5.1).
By (3.15) we have

Vreu* (tm€T = Vru*(tm)E" + (Vru™ () Ra(t,n,€)(€7)?, (5.6)

where we used our convention to identify Vru* and V,u*, since u* does not depend on
¢. Noting the definition of 6 in (3.44), we obtain from (5.1) and from (5.6) that

g T(t,m &) =2: [T)(t,m17(§) + 6 (tn,€)
+2: De(a*(t,n) @ n(t,n) + Vru*(t,n))¢*

1
+ € : De(Vpu®(t,n)Ra(t,n, &) + §Vp§a*(t, 17))(§+)2. (5.7)
(3.38) and (2.16) together imply for £ < 0 that

T(t,n,€) = De(Vo(t,n,£)), (5.8)

whence )
g:1(t,n, &) = : De(Vad(t,n,€)) = 6(t,n,§), <0,

and therefore
g:T(t,n) =6(t,n,0), z:TM(t,n) =2:[T](t,n)+5(tn,0). (5.9)
By Taylor’s formula we can express ¢ in the form
G(t,n,§) = o(t,n,0) + Oeor(t,1,00§ + 9z6(t, 1, £7)8”.

We expand ¢ in (5.7) with this formula and note the equations (5.9) to obtain (5.2) and
(5.3).
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(5.4) is an immediate consequence of (2.84) and (2.18). To prove (5.5) we apply (3.7)
to calculate from (5.1) that

0 = div,T+b
= 9([TInS) + divr, [T]S
* * ]' *
+ O (De(a ®@n+ Vr.u )§+)n + 85(§D5(Vp§a )(§+)2)n
. * * 1 *
+ d1Vp$DE<(a ®@n+ Vru ) + §(Vl“ga )<f+)2>
+ divyDe(Vy0) + b. (5.10)
From this equation we obtain for £ < 0 that
div,De(V,0) + b = div,T +b = 0. (5.11)

By assumption in Theorem 2.3, the function b is continuous at I'. Moreover, by
Lemma 3.2 and the differentiability properties of © required in Theorem 2.3 the function
v is two times continuously differentiable at I'. Therefore we infer from (5.11) that

(div, De(V,0) + b)) = (div,De(V,6) + b)) =0, onT. (5.12)
With this equation and with [T]n = 0, by (2.18), we conclude from (5.10) that
0= élir&(divmf +b) = (De(a* ® n+ Vru*))n + divp 1.
From this relation and from divp[7] = divy De(u* ® n), which is a consequence of (2.84),

we obtain (5.5). [ ]

Next we study the stress field Tl(” ) in the inner expansion.

Lemma 5.2 Let ugﬂ), S%“), Tl(“) be given in (3.49) — (3.51), let ug, uy, ug be defined in
(3.52) - (3.54), and let R4 be the remainder term from (3.14). We set ( = W Then
we have for (t,n,&) from the neighborhood Us of T

T (t,n,€) = [T](So + p/2S1) + De (V. (6 + p'/?0))
¢
+ (u\)? De(a* @ n + Vpu®) / So(9) dV + pRry (N, t,n,€,¢), (5.13)

where
Rry(\t,1,6,C) = D(g(vpg (AY2uy + Mug) + AC(Vyuo) Ra) — g52). (5.14)

The argument of [T], u*, a*, nis (t,n), the argument of S1, Sa2, ug, u1, ug is (t,n, W),
the argument of V0, V.0, Ra is (t,1,§), and the argument of Sy outside of the integral
is —5 Moreover, we have

TEEE
div, ") + b = div, De(V,0) + b + £ divr ¢ [T]So + u'/divr, ([T]51)
¢
T i 2div, De(V40) + (A)2dive, De(a® ® n + Vru®) / So(8) dv

+ pdivg Ry, (5.15)
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With 6(0), 6'(0), 5(0) defined in (3.44), (3.45) we have

DsW (£(Vult), 51))

= 2 T (6, €) = —&: [T1(So + u'/?81) — (0) — ()26 (0)¢ — u/25(0)
¢
- (M/\)l/Qg : DE(G* ®n+ VFU*) / SO(ﬁ)dﬂ - MRVV()" t,m, 57 C): (516)

—0o0

where

R (A t,1.6,¢) =+ Ry (M £,1,6,0) + MZ6 (1,0, )% + NV20e (8,0, )¢, (5.17)
with suitable £, € between 0 and & and with Ry, defined in (5.14).

Proof: With the splitting (3.6) of the gradient operator we obtain by definition of ugﬂ )

in (3.49), (3.52) — (3.54) that
Voult = (uN)Y2V g 4 pAY2V u 4 pAV gy + V(6 + pt/%0)
= (u @n)Sp+ p*u @nS + (N0 @ n/c So(0)dY
o
+ (,u)\)l/2Vp§uo + u)\l/2Vp§u1 + pAVr ug + V(0 + ,u1/217). (5.18)

(3.52) and (3.15) together yield
¢
Vreuo = Vyuo(I + ER4) = Vru* / So(9)dd + (uA\)Y2¢ (V,yuo) Ra. (5.19)

We insert (5.18), (5.19) and (3.50) into (3.51). From the resulting equation we obtain
(5.13) and (5.14) if we also note that by (2.84)

D(e(u” @n)(So + 11/251) — (S0 + 1/251))
= D(e(u* @n) — ) (So + u*/2S1) = [T](So + p/%S1).

To prove (5.15) we employ the splitting (3.7) of the divergence operator and (3.19) to
compute from (5.13)

divy, T + b = 0 ([T]nSo) + (divr[T])So + & (divr ¢[T]) S
+ 120 ([T1nS1) + divr, ([T]51))
+ divy De(Vy0) + b+ p'/2div, De(V,0) + (De(a* @ n + Vru*))nSo
+ (uA\)2divr, De(a* @ n + Vru®) / ‘ So(9)dY + pdivyRy,.  (5.20)
By (2.84) and (5.5) we have
(De(a*®@n+Vru*))nSo+divr[T]So = ((De(a* ®n+Vru*))n+divpDe(u* ®n)) Sp = 0.

With this equation and with (2.18) we obtain (5.15) from (5.20).
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(5.16), (5.17) follow immediately from (1.8), which implies GSW(a(ungu)) Sf“)) =
—: Tl(“), and from (5.13), (5.14), using the Taylor expansions
5(€) = 5(0) + 8 ()€ = 5(0) + (uN) 205 (£)¢.
6(€) = 6(0) + 96(0)¢ + 96 (€)€* = 6(0) + ()26 (0)C + uA6"(€)¢>.
This completes the proof of Lemma 5.2. [ |

Corollary 5.3 Let Ql(f:n and Qmatch be defined in (2.33) and let Tl(“) be given by (3.51).
Then there is a constant C' such that for all 0 < pu < pg and all 0 < X < Ag

di b < (™)) mpp 5.21
Idive T + bl g g ) < C(5) " Tmpl (5.21)
Proof: We estimate the terms on the right hand side of (5.15). Note first that if
A) A
(t.7.€) € Qi U Qifity, and ¢ = 5575, then
3
€] < <uA>1/2|1nu| <l < >y, (5.22)

This follows from (2.33). With these inequalities the first two terms on the right hand
side of (5.15) can be estimated as follows: From the differentiability properties of © and
b, which in Theorem 2.3 are assumed to hold, it follows by Lemma 3.2 that

div, De(V,9) + b € C(Us) N C'((—6,0],C(I")) N C*([0,8),C(I)). (5.23)

Because of this differentiability property we can apply the mean value theorem to
div,De(V,0) + b, which together with (5.12) and (5.22) yields for all (¢,7,§) € Ql(ffg\) U
Qgﬁt)ch with £ > 0 that

‘ (divaDe(V,5)+b) (£, 1, g)( - ) (divy De(Va)+b) ™) 40 (div, De(V,0) +b) (¢, 7, g*)g‘
= |0 (divy De(V40) + b) (t,1,£%)|€ < C1€ < Oy~ (,,LA)l/?um, (5.24)

with a suitable number £* between 0 and £. Since by (5.11) the term div,De(V,0) + b
vanishes for £ < 0, the inequality (5.24) holds for all (t,7,&) € Qlﬁi U Q(“ %

match”

To estimate the last term in (5.15) note that (4.8), (4.11) and (5.22) yield

¢
0< / So(9)dy < (T +Cs < 0321 In p, (5.25)

—0o0

¢ o 1, .o 3 2
0< So(d)dv1dd < S(¢Y) +04gc5(a|1nﬂ|) ,

¢ 3
\/ S1(t,m,9)dd| < Cold] < Co2 .
0

Using these inequalities, the definitions of ug, ui, uz in (3.52) — (3.54) and the inequality
(4.14) we obtain from (5.14) that

C
Ry < (Cr+3)Inpf, (5.26)

C
\pdiveRy,| < M1/2x1/2(09+§)\1nﬂ\2. (5.27)
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(5.26) is used later, (5.27) is the desired estimate for the last term in (5.15).
To estimate the other terms in (5.15) we apply (4.3), (4.4), (4.11), (5.22) and(5.25).

Together with (5.24) and (5.27) we find for (¢,7,§) € Qi(r’fé‘) U Q(“A) that

match
. C _
(@iv T +b) (. )| < (S5 + Cuz) (72 + ()2 1 ] + A7) ),

which implies (5.21). [
In the next lemma we study the outer expansion T2(“ ),

Lemma 5.4 Let (4, T) be the solution of the boundary value problem, which consists of
the elliptic system (3.28), (3.29) with So given by (3.37), and of the boundary conditions

(3.33) — (3.35). Let S3 be the solution of (3.32). Then TQ(“) defined in (3.27) satisfies on
Q\T

W = T4 2T 4y — 132 D7Ss, (5.28)

div, TS +b = —p?2div,(DeSs). (5.29)

Proof: Insertion of (3.25) and (3.26) into (3.27) yields

T = D(e(V,tt) — £8) + p'/2D(e(V,ptt) — £5))
+ uD(e(V, i) — 2So) — /2 DESs.

Using (3.36), we see from this equation and from (2.16), (2.21), (3.29) that (5.28) holds.
(5.29) is an immediate consequence of (5.28) and (2.15), (2.20), (3.28). ]

5.2 Asymptotic expansion of Sy 4+ ¢(Wg + 1/3 — A,S)

In this section we compute the form of the residue

(uX)0,5 + c(95W (=(V,u), 5) + () - pPAN,S), (5.30)
i

which is obtained when we either insert for (u,.S) the inner expansion (ugu ), S{“ )) or the

outer expansion (ué” ), Sé“ )) of the asymptotic solution (u“), S (“)).

For functions (¢,z) — w(t,x) defined in a neighborhood of T" we write w(t,n,§) =
w(t,x) with = n 4+ n(t,n)€, as always. However, in the following computations this
slight abuse of notation could lead to confusion when we consider derivatives with respect
to t. To avoid this, we introduce the notations

w|t(t7 .’IZ‘) = w\t(t7 7, é) = 8»,‘71)(7", , é.) |7’:t ’ (atw)(t7 m, é) = 8tw(t7 x)
As introduced previously, for i = 0,1, 2 we write S.(t,n, () = 0¢Si(t,n,¢) and S/ (t,n,{) =
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Inner expansion We first compute (5.30) for (u,S) = (u&“),SYQ). To this end we
need

Lemma 5.5 Let s (t,n) be the normal speed of the phase interface T'(t) at n € T'(t),
let V,, be the operator defined in (3.8), and let w be a function defined in a neighborhood
of I'. Then we have

atw(t’ 113') = w|t(t7 m, 5) - g(atn) (t7 77) ' Vn’UJ(t, m, g) - S(M) (t7 U)aéw(ta m, 5)

Proof: By definition, V,w(t,n,§) is a tangential vector to I'(¢). Lemma 2.2 thus yields

8tw(t7 LL') = atw(tv m, g) = w|t(t7 m, 5) + 87577 : vnw(t7 7, 6) + agw(ta m, g)atg
= w|t(t7 mn, 5) - 5(815”) (ta 77) : vﬂw(tv m, 6) - S(u) (tv n)afw(tv m, 5)

This proves the lemma. [ |

We apply this lemma to the function S%“ ) defined in (3.50) to obtain
oS (t, ) = 831 (t,m,€) — £(@m) (1) - VS (1,1, €) — 54 (&, ) S (8,1, €).

From this equation and from the asymptotic expansion (2.43) of s*) we conclude for the
first term in (5.30) that

(uN) 20,8 (¢, z)

= (u))/20, (So(wf)lﬂ) + /28y (t,m, (Mf)l/g) + 2 (t,m, (uf)l/g»

= —(s0 + p'/%s1)(Sp + ' /2S] + pSh) + '/ Ry,
= —8056 — ,Ll,l/z(SlSé + 8051) + ,U,Rst, (5.31)

with

RSt(/j’JAvt)nvé) = (S1|t +:u1/252|t) _g(atn) ’ VU(SI +M1/252)7
Rs, (i, M\ t,1m,6) = M/2Rg, — 5157 — (s + p'/%s1)S5. (5.32)

For the third term in (5.30) we get from Taylor’s formula and from (3.50)

1

7 ¥"(S0)S7) + uRy, (5.33)

N | =

. 1 - . R
OIS = Tt (S0) + 9 (S0)Su -+ 2 (8 (0)S2 +
where

1. R
Ry = 5;@//’(5@(25152+Ml/2522)+ DIV (S +9(u /281 + 11S2) ) (S1 + 111/2S2)3. (5.34)

=

with suitable 0 < ¥ < 1. Observe next that

NS (8, 2) = O2SW (8,0, €) — Rt 1, )0 S™ (1,1, €) + Ar,S¥ (8,n,€),  (5.35)
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where Ap, = divp,Vr, denotes the surface Laplacian and where k(t,m, &) is twice the
mean curvature of the surface I'¢(t) at n € T'¢(t). With the notation &'(t,n,0) =
O¢k(t,n,0) we obtain from Taylor’s formula

k(t,n, &) = kK(t,n,0) + Oek(t,n,0)€ + %852/1(75’ 7775*)52
= rr(t,n) + (N2 (8,1,0)C + AR (t, 0, €)¢2, (5.36)

where R, (t,n,&) = %852/4(@ 7,£*) is the remainder term, with suitable £* between 0 and
¢. We insert (3.50) and (5.36) into (5.35) and obtain for the fourth term in (5.30) that

M1/2)\A$S§M) _ u_1/256’ + S+ M1/2S§/
= AV2 (b () 2RC  JARKC?) (S + 1 281) = pAY2h(€) S5 + it 22D S{Y
= VS 4 (S — A2y S)) + 2 (Sg CAMYZpsl m’gsg) + uRa, (5.37)
where
Ra = —AK'CS] — M/25(€)S) + M, (S1 + 16/282) + X2 R C2(S + u*/2S7). (5.38)
From (5.31), (5.16), (5.33) and (5.37) we obtain

1 .
(020,81 + c(9sW (=(Toul!”), S + WW(SY‘)) — uMA4,5)

= ﬁ(l/}’(so) —50) + c(zﬁ”(So)Sl — 8" — 7 [T18) — 6(0) + (A 2kp — %0)56)

+ Clul/Q (1&//(50)52 . Sg _F: [T}Sﬁ —5(0) + (/\1/2,%1“ — 8?0)51
¢
_AL2 (&’(O)C +&: De(a* @ n+ Vru*) / So(ﬁ)d19>

+ 1[)///(5’0)5% + ()\,L@/C _ S;)Sé) + NRSt—f—c(...) R (539)

N | =

where
Rs,qe(.) = Rs, + c(—Rw + Ry - RA), (5.40)

with Rg,, Rw, R, and Ra given in (5.32), (5.17), (5.34) and (5.38), respectively.

Corollary 5.6 Let sy be given by (2.39) and assume that the functions Sp, S1 and S
satisfy the ordinary differential equations (2.25), (2.26), (3.55), with Fi, F» given by
(2.31), (3.56). Assume moreover that the conditions (2.27) - (2.30) and (3.60), (3.61)
hold. Then there is a constant K such that the interior expansion (u%“), SY”), Tl(“)) defined
in (3.49) — (3.51) satisfies for all (t,n,§) € Qi(r‘fli)UQfﬁ;)ch and all 0 < p < po, 0 < A < X
the inequality

(1) c (W)Y oW Loy 172 (1)
oSt + 5 (asvv(s(wu1 ), S )+M1/2¢(s1 ) — 12A, 8 )‘
172 oy 1/2 )
g — J— PO < r
(5) IR, +e(=Rw + Ry — Ra)| < K(5) T mp (541)
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Proof: From (2.39) we obtain

A2 %0 Loy,

c c1

and by (5.9) we have  : T(7) = 4(0). After insertion of these two equations into (5.39),
the latter equation takes the form

1 .
(020,80 + c(9sW (=(Touf!”), 51 + Ww’(SM — pt A, 51

C

- W@/(SO) - 56/) + C@"(So)sl - 87 - F1) +cp!/? (@”(So)sg - F2>
+ :U’RStJrc(...) = M(RS} + c¢(—Rw + Rl/?’ — RA))- (5.42)
)

Here we also used (2.25), (2.26) and (3.55). Noting the inequalities (5.22) for £ and (, the
inequalities (4.3) — (4.5), (4.11), (4.13), (4.14) for Sp, Si, S2, and the inequality (5.26)
for the term Ryp,, which appears in Ry, we see by inspection of every term in (5.32),
(5.17), (5.34) and (5.38) that the inequality

|Rs, +c(—Rw + Ry, — Ra)| < K|ln pf? (5.43)

holds. To obtain inequality (5.41) we divide (5.42) by (u))'/? and estimate the right
hand side of the resulting equation using (5.43). [

Outer expansion Next we compute (5.30) for (u,S) = (ug“),Sém). Note first that
(1.8) and (5.28) yield

85W(€(qu%u)) S;“)) = —z: (T + p*T + uT) + 1'% : DeS3. (5.44)
Also, Taylor’s formula and (3.26) yield for a suitable 0 < ¥(t,z) < 1

PSPy = 9/(9) + 0"(9) (/251 + pSa + n*28s)
+%¢ "(8) (281 + pSo + p*283)* +é¢ (8 (1281 + uSs + 112 53)
+i¢3<v) (S + (281 + pSs + 13/285)) (11281 + Sz + p*/253)
= ()5 + p((8)5 + 503 >5)
F R (31(8)8s + 07(8)55 + IIVG)E) + Ry (G.)

Here we used that ¢/(S) = 0, by (2.37). Equations (5.44) and (5.45) imply that in the
domain Q \ T

U R
o ?( =2 T+ 9"(8)S2 + 50"(9)8%)
o N 1 . .. - A2
+ CM( —&: T+ ¢"(5)S3 +¢"(5)519 + EIZ)(IV)(S)S% —AA 51+ 781‘,51)
+ R, te(.) (5.46)
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where
RSH—C( )y=c ( DESg + R — )\Ax(gz + M1/2§3)) + /\1/28t(§2 + ul/Qgg). (5.47)

Here we used that the function S has the constant values 0 in ~and 1 in «/.

Corollary 5.7 Assume that the functions Sy, Sy and Ss satisfy (3.30) — (3.32). Then
there is a constant K such that for all (t,x) € Q\T and all 0 < p < pp, 0 <A < Ao

at Séll)

1 -
(05W (=(Taut?), 557) + W¢’(5§“>) —ua,s) | < K4

(u )\)1/2 )\1/2

(5.48)

Proof: By (3.30) — (3.32), the brackets on the right hand side of equation (5.46) vanish.
Therefore, if we divide the latter equation by (uX)'/2, we obtain

1

(T ) 4 L) ) = T

(w)

Sy and S are given in (3.36), (3.37), and the function S3 is obtained by solving (3.32) for
this function. From these equations we see by our general regularity assumptions that
(51, Sa, Sg)HLoo(Q\F) < K, with the constant K independent of p. Using this, we see
by inspection of every term in (5.47) that Hﬁst_i_c(m)HLoo(Q\F) < K, with K independent
of p and A. This inequality and the equation above imply (5.48). [

5.3 Auxiliary estimates needed in the matching region

The following auxiliary estimates are needed to prove (2.50) and (2.52) in the matching
2

region Q) "V, .

Lemma 5.8 The functions ué“), TQ(“), Sé“) defined in (3.25) — (3.27) and ug“), Tl(“),
2 defined in (3.49) — (3.51) satisfy

st — < Kp?|np) 5.49
H 1 ||Loo(Q£rl“;‘t)Ch) = M | UH| ) ( )
o lel  3=la]

|De (S{H) _ Séu))HLOO(Q(”,At)h) < K\ 2 ,U >, 1<]al <2, (5.50)
15T =S¥ e g < KA, (5.51)
Hug") - u2 ||Loo QN ) < KXY232 | 1npl, (5.52)

(1) _

(1) _

for all p € (0, o], A € (0,\]. Here o denotes a multi-index and K denotes a positive
constant, which does not necessarily have the same value in the siz estimates.

Proof: Since the proofs of these estimates are long and technical, we present here only
the proofs of (5.49) and (5.52). The proofs of the estimates (5.50), (5.51) and (5.53) run
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along the same lines. (5.54) is an immediate consequence of the definitions (3.27), (3.51)

of TZ(“) and Tl(”)7 and of the estimates (5.53), (5.49).
In this proof we mostly drop the arguments ¢ and 77 to simplify the notation. As usual

we write ( = (uA)l/Q We need that for (¢,7n,¢) € Qmatch the inequalities

3 |In p ‘ 3 ’ |In g lnul

— < < .
hold, by definition of Q atch in (2.33).

We begin with the proof of (5.49). By definition of S%”) and Sé“) in (3.50) and (3.26)

we have

|S§u) — Sé'u)’ = ’So + /Ll/251 + ,LLSQ - S - #1/2;§1 - ,LLSQ — /,63/25'3‘
1S0 — S| + u'/?|S1 + /2S5 — Sy — /28| + 1?25, (5.56)

IN

To estimate the first term on the right hand side note that since S(t, ) = S(€) = 17(¢),
relations (4.3), (4.4), and (5.55) imply for (¢,7n,¢) € Qmatch that

5 R —a —2|In
‘50<)1/2> S(f)‘SKw < Kemalel = K B2, (5.57)

To estimate the second term on the right hand side of (5.56) we introduce the notations

=T
~ 7 I C < 07
PO =1 ¢>0 (5.58)
IO
(= () 0 (22O L
”L/J”(O) ( A 2 (1/)//(0) )2 + )\2 g (O)C)’ C < 0,
pr(¢) =< L (z.7pH) _ Q) (2T 1, 5 50
p2(C) () (s T 3 (wu)) +A267(0)¢C (5.59)
+>‘§§:D5(“*®”+VFU*)C)» ¢>0.

By definition of the functions pi, p2 in (4.10) and (3.59), and by definition of ¢, ¢ in
(3.57) and (3.58), we have

pi(€) = pi(€) = (1 —o(=C) —¢(¢))pi(¢) =0,  fori=1,2and [(] > 2.

We can therefore choose a suitable constant K such that | pi(C) — pi(C )| < Ke~¢ holds
for i = 1,2 and all ¢ € R. From this inequality and from the estimates (4.12), (4.15) we
conclude that

151(C) — A1l < 151(C) = pr(Q)] + |p1(€) — ful < (K2 + K)e ], (5.60)
192(C) = pa| < 152(C) = p2(Q)| + [p2(C) — 2l < (K5(1+[¢]) + K)e®ll, (5.61)
for ( € R.

Now we proceed to estimate the second term on the right hand side of (5.56). We
insert the functions p; and ps9 into this term, use the expressions for S; and S5 given in
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(3.36), (3.37), and employ the triangle inequality to obtain
’51 + u1/252 — 51 — Ml/QgQ‘
_ _ e:T g:T J"(S) & T \2
Spl+ﬂ1/2p2_A _M1/2<A//A _wA//(A)(A//A>>
B"(S) Pr(S)  247(8) Np(S)
+ 1Sy = | + 1?82 — pal = || + [ Ia] + T3] (5.62)

By (5.60), (5.61) and (5.55) we have for (¢,7n,¢) € Qmatch
L]+ || = [Si(t,n,¢) — pi(t,n. )] + ' /?[Sa(t,n, ¢) — pa(t,n, C)|
< (Ka+ K)e 4 2 (K (1+ [¢]) + K) el
< (c + 20, (1+3| n“‘)) e~ 3l < 0y 372, (5.63)

To find an estimate for |I;| note that the definitions of p1, p2 in (5.58), (5.59) yield for
(t,n,€) € QUL with & > 0

match
£ (& e:T() 1 (E:T(E) "1 (2:T(E))?
h= <( A)1/2> s <</M)1/2> oy " ( (1) 2w”(1)< (1) ) )
w// ( T(€) + 0'(0)¢ +E: De(a* @ n + Vru*)E (5.64)
L § L") (2 TN 5 T(E)\2
T ST <( o)~ Caay) ))

(5.2) and (5.55) together yield
£: T 4+ 6/ (0)€ + 8 : De(a* @ n+ Vpu*)E —g: T(€)]
— R (€] < AT, (5.65)
Since T(H) = T(04), T = T(0+), the mean value theorem and (5.55) imply
wr
12| . ((+) _ ) z. PEN2 _ (5. T(e))?
w'ee (T T n e: T e:T(
B SR R ©)°)]
= W 2| R(€)8] < Cs pA?|Inp], - (5.66)

where the remalnder term R belongs to L>(Us). Combination of (5.64) — (5.66) yields
for (t,n,&) € Qmatch with £ > 0 that

11| < pu(CaM|In pl® + CsAY2 In ) < Co A2 In e (5.67)

From the definitions of p1, p2 in (5.58) and (5.59) we see that for (t,7,¢) € Qfmtch with
& < 0 the term [I; takes the form

1
"(0)

<g T —2:T(€) + o (0)¢

(e O — 2 () — 2O ((6 Ty (e T<f>)2) |
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Using (5.3) instead of (5.2), we see as above that the estimate (5.67) also holds in this
case, whence the estimate (5.67) is valid for all (¢,7,&) € Q(”)‘)

match”

To finish the proof of (5.49), we combine (5.56) with (5.57), (5.62), (5.63) and (5.67)
to obtain the estimate

15— S$| < Ky 4 @2 (Co A2 I P+ Cs 52 + 12|85,
which implies (5.49).
Next we prove (5.52). From (3.25) and (3.38), (3.39) we conclude for (¢,z) € Us that

uf) (¢, ) = alt,x) + p2u(t, @) + palt, <)
€ T(H + € T(*) _
= + —
S et )
+0(t, ) + p?o(t, 2) + palt, z).

* *1 *
= w4 a5 (€) 4+t

Combination of this equation with (3.49) and insertion of (3.52) — (3.54) yields with

uf (t,2) - uf? (¢, 2)
£ 3 §
= (uA) 2“0((m)1/z) + ”Amul((m)w) + “Auz’(W)

z.7() z.70)
_ (u*§+ +a*%(£+)2 +M1/2U*(€ T £+ 4 e:T 5—) +/“1(§)>

(1) "(0)
_ (M)\)l/Qu*(/_; So(9) do — c+) +pha* /_; (/_: So(91) d1 — 19+) 9

¢ ERNASE, z:7-)
1/2,,% _e:T yoqy e:T _ i
w2 [ (810) = 52 0) = S 0) ) — i)

= (uN)Y2I(Q) + p(2(C) + J3(¢) — a(9)). (5.68)

To estimate the right hand side we use the boundary condition (3.35) for 4, note that

by (5.58) the equation p1(¢) = 51;8 holds for ¢ > 0, and employ the inequalities (5.60),

(4.8) to compute for (t,n,&) € Q(’M)h with £ >0

matc

26) + () — 1] = [ 120~ 2a” [ (/_19 So() doy — 9" ) do

FJ3(0) — A2y /OOO (51(19) - ﬁ) dﬁ‘

[eS) o )

- )Aa*/ (/ So(91)01 —ﬁ+) d19+)\1/2u*/ (Sl(ﬂ)—ﬁl(g))dﬂ‘
¢ —00 ¢

S)\]a*\/ Iile—wdﬁﬂl/?u*y/ (K + K)e™ dd
¢ ¢

* K * K +K —a * * —a
= (Ma'| =3 + A2 | =2 ) < QY2 (0 ey + 0 faeqry)e ™™ (5.69)
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The mean value theorem implies for £ > 0

ﬂ(t, iL') = ﬂ'(tv n, 5) = ﬁ'(tv n, 0+) + Rﬂ(tv n, §)€
Since u(t,n, 0+) = @F)(t,n), we infer from this equation and from (5.69), (5.55) for all
(t,n, &) € Qmatch with & > 0 that

| 12(C) + J3(¢) — @(€)] < [J2(C) + J3(¢) — aP | +[a(€) — alP)|
< O (0¥ | ooy + 10|z (ry) €% + | Ratll oo as) €

* * —3ln
< N2 ([l (| ooy + l[u* [z (y e 2™ + 1Rl oo s ( N2yl
< CoAV2 M2 Iy (5.70)

Using the boundary condition (3.34) for @ instead of (3.35), we see by the analogous

computation that (5.70) also holds for (¢,n,&) € Qmateh with € < 0.
Now use (5.70) to estimate the second term on the right hand side of (5.68). The first

term is estimated by (4.8). Because (5.55) yields e~%/¢l < e~3lul = 13/2 we obtain for
\)
(tu 777 g) € Ql(—gatch

i (¢, 2) — uf” (1, 2)] < (u0)"/? 9)dd = ¢+l Ja(C) + Jo(¢) — af€))

K
< (N2 (max u]) —Fem o+ CoAY2 Y2 Il < CL P02 4 CoN 22
which implies (5.52). ]

5.4 End of the proof of Theorem 2.3
To complete the proof of Theorem 2.3 note first that (3.22), (3.23) imply

u(“)| = ugu) anan S

(W) (1) (»)
o0 loe’ Onoq S S | =5

2 [p o~ 71 ey

inn inn

|aQ)

Therefore (2.55) follows from the definition of S{“ ) in (3.50), equation (2.44) follows from
(2:27), (2:30), (3.60), and (2.48) is a consequence of the definition of u§”| in (3.25)

and of (2.19), (2.24), (3.33). Moreover, the estimate (2.54) for the right hand side féw‘)
of (2.49) follows from the definition of S{"| in (3.26) and from d,,, S|, = 0. This

last equation holds, since by assumption I'(t) C Q, which implies that S (t) is identically
equal to 0 or 1 in a neighborhood of 0.

(2.46) follows from the definition of T*) in (3.24); equation (2.56) is an immediate
consequence of (4.14).

It remains to verify the estimates (2.50) — (2.53) for the right hand sides f; (13) , fo (13)
of the equations (2.45) and (2.47). To this end we put together all the estimates derived
in Sections 5.1 — 5.3. We start with the proof of (2.50) and (2.51).

Equation (3.22) yields

V,ul =V “1 ¢u/\ + V., ué (1 —oun) + ( (1) —ug“)) ® Vzdun.
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We insert this equation into (3.24) and use (3.23) and (3.27), (3.51) to obtain

T0) = T g + T4 (1~ ) + De((uf” — uf”) @ Vaiyn).- (5.71)

The function ¢, defined in (3.21) is independent of (¢,77). The decomposition (3.5) of

the gradient thus yields
2a

\ = ¢ \n, 5.72
G T IEEITVINGS 7

with the unit normal vector n = n(t,n) to I'¢(t) at n € T'¢(t). We write

2a&

) 2a&
3(pA)V2 o p| "

<Z5L>\ = ¢/( ¢Z/\ = ¢”(m)a

by a slight abuse of notation. With (5.71) and (5.72) we compute

div,TW + b = (dive T + b)g + (dive T + b)(1 — ¢n)

2a &
3(Aw) /2 In |

+ (De(@ — ) @ ) ) (?>(A/z)12/illnul>2%' (5.73)

+ ((Tl(“) — T n + divxDs((ugm —u) ® n))

Inequality (2.51) is an immediate consequence of this equation and of (5.29), since ¢, = 0

in Qgﬁi‘), and (2.50) is obtained by estimating the right hand side of (5.73) using the
obvious inequality

|div, De((u — u) @ n)| < C(IVa(ul" — ul)]| + [l —u?)). (5.74)

and the equation and inequalities (5.21), (5.29), (5.52) — (5.54).
We next proof (2.52) and (2.53). The inequality (2.53) follows immediately from

(5.48), smce dun = 0 on QY which by (3.22) and (3.23) implies (u(),SW) =

out >
(Uéu)y 2 ) on Qoﬁt) - Q\F
It remains to verify (2.52). Since Wg(e, S) = —g : D(e —€S), by (1.8), it follows from
(3.24), (3.51), and (5.71) that

W (=(V ) Wi (e(Voul?), s1) = — : (100 — ™)
—2 (T = T (1 = ¢pn) — 22 De((ul”) — ul) @ Vo).

The mean value theorem and (3.23) imply
B(SU) = (51) = (51 + 985 = S1) (1 = B) ) (85 = S (1 = B,
for a suitable 0 < ¥(t,z) < 1, and

AGSW — ALSH = Ay (SP) — SN (1 — dun) + 2V, (SH — SH)) - Vo
+ (S{u) _ Sé#))A$¢HA. (5.75)
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The right hand sides of the last three equations vanish on the set Q

on this set. On the set anat o, the right hand sides of these equations can be estimated
using (5.49), (5.50), (5.52), (5.54), (5.72). In the estimation of (5.75) we also note that
since ¢, is independent of (¢,7), analogous to (5.35) the equation

since ¢\ = 1

nn 7

2a 2a 2
) Do

Ay = —KO Rbur = =Koy 3() 72| 1n 1|
Pur KOt Qux + 5¢u/\ 3()\N)1/2|1n/i|¢”)\ <3()\,u)1/2‘1n,u‘

holds, with twice the mean curvature k(t,n, &) of the surface I'¢(t) at n € T'¢(t). Together

we obtain that on Q(“ Ii‘ U Qm atch the inequality

‘(Ws (E(qu(#)% S(u)) + Mll/zlﬁ/(s(#)) _ ,ul/z)\AxS(“))

~ (Ws(e(Tarf ). 517) + (S — s
< K(p+ u! In pf? + p 2\ AT < Kpllnp? - (5.76)
holds. Similarly, (3.23) implies
951 — 3,8 = 9,(SP) — SPN)(1 = ) + (5P — SV .

The right hand side of this equation vanishes on Q . To estimate the right hand side

11’11’1

on the set Qmatch we use the inequalities (5.49), (5.51) and the equation

2as) ,

L
A PYEITVIRES

which follows from (3.21) and Lemma 5.5. The result is
0,50 — 9,58 < KA V2p|inpl,  on QUN U™ . (5.77)

By combination of (5.41), (5.76) and (5.77) we see that the inequality

‘@5@ ()\)1/2<WS( £(V,ul), 50 +1L/2¢;/(S<m) —MI/QAAIS(’”)‘
<[astt)+ S (Ws (e, 1) + %/2@2’(5{*”) 20,50,
+ KXV2pln | + (M)l/zKullnulz
< K () g Lt en (B) g < (B) "

holds on the set Q; (1A) Q(” N This proves (2.52) and completes the proof of Theo-

inn match
rem 2.3. [ ]
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6 Proof of Theorem 2.8

This section contains the proof of Theorem 2.8. We follow the convention introduced in
Section 2.4 and often drop the indices p and A in the notations. (u,T,S) denotes the
asymptotic solution constructed in Theorem 2.3 and (uac,Tac, Sac) denotes the exact
solution of (1.1) — (1.3), (2.66) — (2.68). For the proof we need a lemma and a theorem,
which we state first.

Lemma 6.1 For all x € T'(t) the propagation speeds sac and s satisfy
1

sac(lt@) = s(i,2) = ——— (A" (.2) - — 757 (Tac(lon) - T(2)), (6.1)

(1A)

where fQ(M) is the right hand side of equation (2.47).

Vo S(E, )]

Proof: Since the manifold I' is a level set of S and since by (2.69) the manifold I'ac
is a level set of Sac, it follows that (9,5(¢,x), V.S(t, 7)) and (0,Sac(t, ), VaSac(t, z))
are normal vectors to the respective manifolds at (,z). Moreover, (2.68) implies that
V.Sac(t, ) = V,S(t, x). From (2.8) we thus infer that

. —0,S¢ — ¢
s(t,z) = 05tz) _ —%S(z) (6.2)
VoSt x) -n(t,x)  |ViS(t, )|

VeSac(ta)|  [VaS(Ea)|

For brevity we do not write the argument (£,z) in the following computation. In (6.2)
we eliminate 9;.S with the help of (2.47), and in (6.3) we replace 9;Sac by the right hand
side of (1.3). Together with another application of (2.68) this results in

C
(uA) 2| V2S|

LY
— (0sW(e(V ), S) *WW(S) — uAA,9)) + .5

Loy ¢ _ ~
S Tac—%:T).
TIVLSE T )2, (F:Tac—2:7)

which is (6.1). In the last step we used that by (1.8) and (2.46) we have

1 .
SAC — S = ((aSW(E(vaAC), SAC) + m¢'(5’) — Iul/Q)\AxS)

65W(€(unAc), SAC) = —2:Trc, and 35W(E(qu), S) =—c:T.
The proof of Lemma 6.1 is complete. [ |

Theorem 6.2 Suppose that the order of differentiability ofiﬁ, I', 4, 4, b, is higher by two
than required in Theorem 2.8. Assume that the principal curvatures /ig)‘“ ), mg/\“ ) of the
regular C*~manifold T'(f) = TN () are bounded, uniformly with respect to p € (0, o)
and X\ € (0,Xo], and that there is an open subset Q' CC Q and 6 > 0 such that the
neighborhood L{é”)‘)(f) of TWN(#) defined in (2.2) satisfies L{é“)‘) (t) C Q. Then there is a
constant K5 such that for all p € (0, up] and all A € (0, A]

ITac = Tll 2y < Kslnpl’p. (6.4)
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We postpone the proof of this theorem and first finish the proof of Theorem 2.8.

End of the proof of Theorem 2.8 By (2.6) and (2.55) we have for = = (n,0) € I'(#)
that

V.S(t x) = n(0,9)(t,z) + VrS(t, z)

1
1/2 (S(/](C) + H1/28C81 (ta UR C) + M8CS2 (ta n, C))

= (N2 ‘g:on(f’ n)

+ :U’l/QVFS1<£777?O) + MVFSQ(tA?nvo) (65)

(4.1) implies

— /20(50(0)) = \/26(1/2) > 0,

whence, from (6.5) for p € (0, uo] and A € (0, \g] with po sufficiently small,

A 1 N
VS 2 s (V2001/2) = i P0cSi 0, 0] = plocSa(tn,0)])

- M1/2|VF‘S’1 (£7 UR )| - M|VF‘S’2(t n,0)| = 1/2 1/2 (66)
Combination of (6.1) with the inequalities (2.52), (6.4) and (6.6) yields

Isac(®) = s 2 r
1 £ c[e] ; ;
< _ o Tac(t) —T(t -
- ming) [VaS(0))] <H Ollz2r iy (uA)/2 |1Tac(®) —T( )HL2<F<t>>)

2(u\)/? 1/2 . clg
< ZUN T (1 (5 Ky meas((0)"2 + —95 k| )

p A \)1/2
20(1/2) ()
< Kg|In pp+ Kr|In pf*p.
(2.74) follows from this estimate. The proof of Theorem 2.8 is complete. [

Proof of Theorem 6.2: Note that the function (uac(f), Tac(f)) solves the equations
(1.1), (1.2) in Q with Syc(f) = S(f), by the initial condition (2.68). Moreover, (2.66)
holds for uac(t). From the equations (2.45), (2.46), (2.48) we thus conclude that the
difference (uac — u, Tac — T') satisfies

—div(Tac = T)({) = —f" (D), (6.7)
(Tac —T)(t) = De(Va(uac —u)(t)), (6.8)
(uac —u)(t,z) = 0, x € 0N. (6.9)

This is the Dirichlet boundary value problem for the elliptic system of elasticity theory in
the domain Q. It suggests itself to derive the inequality (6.4) by using the L?-regularity
theory of elliptic systems, which allows to estimate the norm [|Tac — T ,2(r()) by the

L?-norm of the right hand side f1 )‘)(A) of (6.7). To apply this theory directly we would
need that the L?-norm of f; (1 )( t) decays to zero for p1 — 0 uniformly with respect to A.
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However, the relation meas( . ( EI’IZ\t)Ch(f)) < C1(uM\)?)1n p|, which follows from

(2.33), and the estimates (2.50), (2.5 ) yield

3/4
N (7 %
1A @z < [l S Eacy

The right hand side does not decay to zero for yu — oo uniformly with respect to A,
but blows up for A — 0. Therefore direct application of the L?-regularity theory is
not possible. Before giving the detailed proof of (6.4) we sketch how to circumvent this
difficulty.
Set
3 /2
Ap) = [ pif, (6.10)

where a > 0 is the constant defined in (2.37). By (2.33) we have

QLY B U QU@ = {(n.&) € Us(D) | €] < AGAY (6.11)
Define
() () — PV (), @ e Qi (DU QL ()
B 0, z € Quw (0,
0 (1) (7 (N (7 (6.12)
() (CC) ) T € Qinn (t) U Qmatch( )
” (), 7 e QR @),

hence f(“/\ (t) = 101"\) + fl(g)‘). For x = z(t,n,€&) € Us(t) we write as usual fl(f/\)(x) =
1(1 )( ,€). From (2.50) and (6.11) we obtain for € T'(f) and —A(u)A/2 < & < A(u)A\/?
that

1/2
AVl < mp? (£) 7 KL (6.13)
Define (i(k“/\) : F(f) — R by
Ap)
84N () = / L2 f (g, V2C) dg. (6.14)
—A(p)
(6.13) and (6.10) together imply that
(#\) 1/2 o (H\1/? 6 3
B )] < 2AWA 2 mpf? (5) 7 Ky = 2Kl (6.15)

for all n € I'(f). Examination of the boundary value problem (6.7) — (6.9) suggests
that for p fixed and A\ — 0 the solution (uac — u,Tac — T') converges to the solution
(U, Ty) : Q@ — R3 x 83 of the transmission problem

—div,T. = 0, (6.16)
T. = De(Vyuy), (6.17)
Tn = 6%,  onT(@), (6.18)
ug] = 0, on I'(f), (6.19)
us(x) = 0, x € 09, (6.20)
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where (5&“)(77) = limy_,o 68V (n) for n € T'(£). If this limit exists, it follows from (6.15)
that

6
68 ()] < ~Kapal n .

This implies that the solution (u,T%) will be bounded by Cp|lnpu|? with a suitable
constant C, and this limit behavior suggests that though the L*norm of fl(“ A) (t) blows
up for A — 0, the solution (uac — u, Tac — T) (%) of (6.7) — (6.9) is bounded by C|1n p|?
with C' independent of X\. The reason for the blow up of Hfl(’"\) (f)\\Lz(Q) for A — 0 is
therefore not that the norm of the solution (uac —u, Tac —T')(#) would blow up, but that
the solution looses regularity in a neighborhood of the surface I'(#), which is shown by
the equation (6.18) for the limit solution. This equation implies that T does not belong
to the Sobolev space W12(Q).

In the following proof we do not study the limit (u.,T%). Instead, based on the idea
of the behavior of the regularity of (uac — u, Tac — T')(f), we decompose this function in

the form
(uac — u, Tac — T)(E) = (u®, TM) 4 @, 7V,

where (v, TW) = (u,([\),T,S’\)) is bounded by Cu|In puf3, uniformly with respect to A,
and for A — 0 has the same regularity behavior as (uac — u,Tac — T'), but otherwise
does not approximate (uac — u,Tac — T'). The construction is such that the difference
(uiA),TfA)) = (ugi‘), T*(ﬁ)) = (uac —u, Tac —T) — (u™N, TW) does not loose its regularity
for A = 0. Hence, we can use the standard L?theory for elliptic equations to show that
also (ui)‘) , T*(/\)) is bounded by Cp|In | independently of .

To construct (u™, TM) let Us(f) be the neighborhood of I'(f) defined in (2.2) and
let ¢, € C§°((—6,6)) be a function satisfying

0.(&) =1, —=§/2<&<6)/2. (6.21)
We set
1/2 & - i
u(,\) (.T) — A V<)\7777 Al/Q)d)*(g)’ x x(t?naé;) € U(S(t)7 (622)
0, =Ry \Z/[(s(t),
TV (z) = DE(Vmu()‘) (z)), x € Q, (6.23)
where the function ¢ — V (A, n,() : [—ﬁ, ﬁ] — R3 is constructed as follows: We use

the notations V' = 9,V, V" = 8?1/. In the interval [—A(u), A(p)] the function V is the
solution of the boundary value problem

(Da(V”(A,n,C)@n))n = A2fBN g A20) 0 CA(u) < ¢ < A(p), (6.24)
V(A +A(p) = 0, (6.25)

where n = n(n) is the unit normal vector to I'(£) at n € I'(f). The equation (6.24) is a
second order linear system of ordinary differential equations for the three components of
V', which can be written in the form

A
BV = A2, (6.26)
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with a 3 x 3-matrix B = B(n) defined by the equation
Bw = (De(w ®n))n, (6.27)

which must hold for all w € R3. The matrix B is symmetric and positive definite
uniformly with respect to 1. To see this, note that since the elasticity tensor D : S? — S3
is a linear, symmetric, positive definite mapping, we compute for wi,ws € R?

(Bwy) - we = ((De(wl ® n))n) - Wo
= (w2 ®n): De(w1 ®n) =e(wr ®n) : De(w; ®n)
= (De(wa ®@n)) : e(w1 @ n) = ((Ds(wg ® n))n) w1 = (Bws) - wy

This shows that B is symmetric. For w € R? we have with a suitable constant Cy > 0,
which only depends on D but is independent of 7, that

(Bw) - w=¢c(w®n): De(w®@n) > Cole(w@n)> > %|w\2,

hence B is positive definite uniformly with respect to 1 € T'(f).
Therefore the boundary value problem (6.24), (6. 25) has a unique solution V' on
[—A(r), A(p)]. To extend ¢ — V(A,n,() to all of [— /\1/2, 7z}, We continue V' to the

intervals (— ﬁ, —A(w)) and (A(p), )\1/2) by affine functions:

(C + A(#))V/()‘7777 _A(M))v - 15/2 < C < _A(M)a
V(\n ()= A 6.28
) {(cAm))v'(A,n,A(u)), AU < C < st (6:25)
By this extension, { — V(\,7,() is continuously differentiable at ( = +A(u). For

x = z(t,n,€) € Us we use the notation

V(X z)=V(\mn, )\f/2)

In the remaining part of the proof of Theorem 6.2 we need the following lemma, which
we prove first.

Lemma 6.3 There are constants C1,...,Cy such that for all u € (0,puo], A € (0, No],
(1,¢) € T(#) x (— 25, v25) and x € Us(t) the estimates

AL/29 Z\1/2
IVIV/(An, Ol < Cillnpfp,  §=0,1,2, (6.29)
IN2VIV(ADQl < Collnpfu,  j=0,1,2, (6.30)
N2V V(N 2)| < Callnpfp, (6.31)
IN20, Ve V(Nz) < Cullnpfp,  k=1,...,3, (6.32)

hold. Moreover, there is a function ¢ : Q — R3 and a constant Cs such that T™
defined in (6.23) satisfies

div, TV = fN) 4 o) (6.33)
with

¥ (2)] < Cs|In pfu, (6.34)
for all x € Q and all p € (0, upl, A € (0, Ao).
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Proof: In the following computations we drop the arguments A and 7. Integration of
(6.26) yields

¢
5V = [ o NP a0 + BV A, (6.35)
—Ap

V(o) = /C /ﬂl V2 £ (\V29) 09, + (¢ + AG)) BV (~A(),  (6.36)
w) J—=A(p

where we used the boundary condition (6.25) to get the second equation. Since V' (A(u)) =
0, the relations (6.36) and (6.13) together yield

2A()| BV (~A())] = | —/ / N2 100 dg g,
A(u A(p)
/ / | In ! 2K dd iy = 2A(u)? | In P K
Ap) J=A(p)
hence, by (6.10),
3
BV (=A()| < A Inpp! 2Ky = =Ky | In gl p.

Since B = B(n) is positive definite uniformly with respect to 7, this inequality implies
the estimate (6.29) for j = 0 and —A(p) < ¢ < A(u). Since by definition (6.28) we have
V'(() = V'(=A(u)) for ¢ < —A(p) and V'(¢) = V'(A(n)) for A(u) < ¢, the estimate
(6.29) with j = 0 holds also for the values of ¢ outside of the interval [—A(u), A(u)].

To prove (6.30) for j = O we use that V(—A(u)) = 0. By integration we thus obtain
from (6.29) for ¢ € [7 | that

)\1/27 )\1/2
0l =| / D)as] < I¢+ A@)ICa I < (VY25 + Aw) Crln

which implies (6.30) for j = 0.

To verify (6.29) and (6.30) for j = 1,2 we differentiate the differential equation (6.26)
and the boundary condition (6.25) with respect to . For j = 1 we obtain the differential
equation

A A
B()(@y V)" = N2 00 S5 — 00, BB £11),

and a similar equation for j = 2. We then use the estimate

. . 1/2 .
VA 01 = VA 0,01 < mpl?(5) TR, =12

This estimate is obtained by differentiation with respect to n of the asymptotic expansions
in Section 5.1 leading to Corollary 5.3. Under the regularity assumptions in Theorem 6.2
these derivatives exist. With this estimate we can employ the same arguments as above
for the case j = 0 to derive (6.29) and (6.30) for j = 1, 2.

To prove (6.31) we use the decomposition (3.6) of the gradient and (3.13) to compute

§

£ 1 .
V. V(A ) =0V (A, W) ®@n+Vr. V(A n, W) = "2V ®@n+ (V,V)A(n,E).
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The right hand side is estimated by (6.29) and (6.30) to obtain (6.31). The estimate
(6.32) is obtained from (6.29) and (6.30) by similar decompositions.

To prove (6.33), (6.34) note that by (6.22), (6.23) we have T = Dg(V,uMN) =
De (Vx()\l/QV(;S*)). Using (3.6) and (3.7) we therefore obtain by a similar computation
as in (5.73) that

div,T®) = divxDs<VI(>\1/2V(>\,17,)\fm)qb*(f)))

- (A—W (De(V" @n))n + dive, De(V' @ n))gf)*
+ N2 De(0¢Vr, V) + divr, De(Vr, V) ) .
+ ((De(N2V,V))n+ div, De(AY2V @) ) .
+ <D6()\1/2V ® n))n @

W) gud) (6.37)

In the last step we used the differential equation (6.24) and noted that for £ €
(=0, —A() A2 U [A(1)A2,6]) we have V' (\,n, ﬁ) = 0, by definition of V for such
values of & in (6.28). We also used that ¢, (&) = 1 for £ € [~A(u)AY2, A(u)A/?], which
follows from (6.21) and (6.10), since we have chosen po and Ao small enough such that
A(u)AY? < 5/2 for all 0 < p < pp and 0 < X < Ag.

The function g is the sum of terms number 2 to 7 in the middle expression of
equation (6.37). If we examine everyone of these six terms and apply (6.29) — (6.32) and
also note that the functions ¢,, ¢, and ¢/ are bounded independently of x4 and A and
vanish outside of Us(t), which follows from ¢. € C$°((—9,)), we see that (6.34) holds
for g(*» . This completes the proof of Lemma 6.3. [ |

To conclude the proof of Theorem 6.2 let (ui’\),T *()‘)) be the solution of the boundary
value problem

Cdiv, TN = g ) (6.38)
- De(uni/\)), (6.39)
W) = 0,  zeon. (6.40)

From these equations and from (6.22), (6.23), (6.33) we see that the function (u() +
ug/\), T 4 Ty‘)) satisfies
—divy(TY) + TNy = —pN) g g plid) — )y
TV +17Y) = De(Vo(u® +uM)),
@ +uM) (@) = 0, zeoq,
hence (u()‘) + ufk)‘),T N 4T *()‘)) is equal to the unique solution of the boundary value

problem (6.7) — (6.9), which means that (u +uM, 7™ +T>£/\)) = (upc —u, Tac —u)().
Consequently, we have

A
ITac = Tll 2y < 1TV 2y + 1T - (6.41)
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To estimate HT*(A)H L2(r(f)) We can use the theory of interior regularity for the elliptic
boundary value problem (6.38) — (6.40). By this theory there is a constant C' such that

||U>(k)\)”W2,2(QI) < C|g*) — fl(g)\)”LQ(Q), where Q' is the subdomain of Q introduced in
Theorem 6.2, hence by the Sobolev embedding theorem and by (6.39),

A A A
TV 2 iy < CUIT Iy < Callg®™ — £5V 120y (6.42)

where by our assumptions on I'*})(£) in Theorem 6.2 the constants Cj,Cy can be cho-
sen independently of u and A. By definition of fl(g’\) in (6.12) and by (2.51) we have

|f1(g/\) (z)| < p?2Ky for all z € Q. From this inequality, from (6.34) and from (6.42) we
conclude that

5 \1/2
17PNy < ol [ (9@ + 175V @) o)

1/2
< 02(C5|1nﬂ|3/,6+/.,63/2K2)</ d:z) < K|lnpPu. (6.43)
Q
From (6.23), (6.22) and from the inequalities (6.30), (6.31) we infer that

TV (@)] < C|VuP (@) = OV A2V (A, 2)¢4())|
= C|(N2V.V (A, 2))6.(€) + MNPV (N, 2) @ (gl (€))] < K| Inpf’ps,
whence
1T pargay < K" npfp.

Combination of this inequality with (6.41) and (6.43) yields (6.4). The proof of Theo-
rem 6.2 is complete. u
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