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Abstract

We consider the nonstationary Navier-Stokes system in a smooth bounded domain
Q) C R? with initial value ug € L2(£). It is an important question to determine the
optimal initial value condition in order to prove the existence of a unique local strong
solution satisfying Serrin’s condition. In this paper, we introduce a weighted Serrin
condition that yields a necessary and sufficient initial value condition to guarantee
the existence of local strong solutions wu(-) contained in the weighted Serrin class

fOT(TaHu(T)Hq)S dr < oo with %4—% =1-2a, 0 < a < 3. Moreover, we prove a
restricted weak-strong uniqueness theorem in this Serrin class.
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1 Introduction

We consider the initial value problem
ou—Au+u-Vu+Vp=f divu=0 in (0,7) x Q (1.1)
uloa = 0, u(0) = ug

in a bounded domain 2 C R?® with boundary 99 of class C*! and a time interval [0,T),
0<T < o0.

First we recall the definitions of weak and strong solutions to (1.1) and we define a
new type of a strong solution, the ” L% (L?)-strong solution”.

Definition 1.1. Let ug € L2(Q) be an initial value and let f = div F with F = (Fy;)} ,_, €
L2(0,T; L*(Q)) be an external force. A vector field

w e L=(0,T; L2(Q)) N L2(0,T; W,2()) (1.2)

is called a weak solution (in the sense of Leray-Hopf) of the Navier-Stokes system (1.1)
with data ug, f, if the relation

—(u, wi)g r + (Vu, V) 7 — (uu, Vw)g 7 = (uo, w(0))q — (F, Vw)g 7 (1.3)



holds for each test function w € C§°([0,T); C5%(S2)), and if the energy inequality

1 t 1 t
SO+ [ 19uliar < Sl - [ (R Vwar (14

is satisfied for 0 <t <T.

A weak solution u of (1.1) is called an L2 (L?)-strong solution with exponents 2 < s <
00, 3 < ¢ < oo and weight T in time, 0 < o < %, where %+§ = 1 — 2« such that

27
additionally the weighted Serrin condition
T
we L0, T; L9Q)), e, / (7 [u()|l,)* dr < o (15)
0

is satisfied. If in (1.5) a =0 and % + % =1, then u is called a strong solution (L°(L?)-
strong solution).

In this definition we use the usual Lebesgue and Sobolev spaces, L(€2) with norm
I ooy = || - lg and WH4(Q) with norm|| - [[yyra) = || - [[5q, respectively for 1 < ¢ < oo
and k € N. Let L*(0,T;L%(2)) = L*(L9), 1 < q,s < oo, with norm || - ||zs(0,7:20(0)) =
| st = (fOT |- |2 d¢)*/* denote the classical Bochner spaces. Similarly, for 1 < ¢, s < oo
and o > 0 we define the weighted (in time) Bochner spaces L (0,7 L(S2)) = L$ (L9) with
norm

T o s 1/s
I laaiosay = - lzzaan = ([ 20y at) "
0

The expression (-, ), = (-, ) denotes the pairing of functions on €2, and (-, ), ,, means
the corresponding pairing on [0, 7)) x Q2. Furthermore, to deal with solenoidal vector fields
we use the smooth function spaces C§°(2) and C§%(2) = {v € C5°(Q2) : dive = 0},

and the spaces L1(Q) = Cgo () 1, WE(Q) = Cor(@) "™, W) = T ) ™.
Throughout this paper, A = A, denotes the Stokes operator in L2(Q). More general,
A, 1 < g < oo, means the Stokes operator in LZ(2), and e~ ¢ > 0, is the semigroup
generated by A, in LZ(Q2). Note that, with = = (21,29, 23) € Q C R?, for F' = (F;)?,_,,
u = (uq,us, uz) we let div F' = (Zf’zl @-Fij);?:l, u-Vu = (u-V)u= (u10) + u30s + uz0s)u,
so that u - Vu = div(uu), uu = (ugu;)};_; if u is solenoidal.

For properties of weak and strong solutions to (1.1) we refer to [2, 3, 18, 19, 21, 24, 27].
We may assume in the following, without loss of generality, that each weak solution of

(1.1)
u:[0,T) — L2(R) is weakly continuous (1.6)

(see [26, V. Theorem 1.3.1].) Therefore u(0) = ug is well-defined. Moreover, for a weak
solution u, there exists a distribution p in (0,7") x €, the associated pressure, such that
Owu — Au+u-Vu+ Vp = f holds in the sense of distributions [26, V. 1.7]. Assume that
u is a strong solution of (1.1), that 9 is of class C* and F € C*((0,7T) x ). Then
Serrin’s condition (1.5) with a = 0 yields the regularity property

u€ C®((0,T)xQ), peC=((0,T) xQ), (1.7)



and uniqueness within the class of weak solutions satisfying the energy inequality, see [26,
V. Theorem 1.8.2, Theorem 1.5.1].

The existence of at least one weak solution u of (1.1) is well-known since the pioneering
work of [19, 24]. The existence of a strong solution u of (1.1) could be shown up to
now at least in a sufficiently small interval [0,7),0 < T < oo, and under additional
smoothness conditions on the initial data uy and the external force f. The first sufficient
condition on the initial data for a bounded domain seems to be due to [21], yielding a
solution class of so-called local strong solutions. Since then many results on sufficient
initial value conditions for the existence of local strong solutions have been developed, see

2, 10, 13, 14, 18, 20, 22, 25, 26, 27]. Recent results in [8, 9] yield sufficient and necessary
2
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conditions, also written in terms of (solenoidal) Besov spaces By 5! (2) = By,s, *(2) where

é + g = 1. See Section 4 for a definition of solenoidal Besov spaces; for a review of these
results we refer to [5].

In this paper, we are interested in a weighted Serrin condition with respect to time
and L? (L9)-strong solutions. Our result yields a sufficient condition on initial data and
external force to guarantee the existence of local L? (L?)-strong solutions. The motivation
for this approach is an extension of the results in [8, 9] where % + % = 1 to the case

143
up ¢ Bya 1(Q), L.,

g s 2 3
e g ¢ L°(0,T; L)), but / (T%le™uoly)” dr < oo, B + p =1-2«
0

with some a > 0. By this means the theory of [8, 9] is extended to the scale of Besov
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spaces By, () filling the gap between ]B%q,sjq(Q) where % + % =1 and By ?(Q).
There are also some results using weighted Serrin’s conditions related to Kato’s approach
of construction of mild and strong solutions, see [17, 23].

We state our main result in a more precise way as follows.

Theorem 1.2. Let @ C R? be a bounded domain with boundary 02 of class C*', and

let 0 < T <00,2<s5<00,3<qg<00,0<a<juwith?+?=1-2abegiven

Consider the Navier-Stokes equation with initial value ug € L2(Q)) and an external force
f =divF where F € L*(0,T; L*(Q)) N L;g((),T; L2(Q)). Then there exists a constant
€« = €.(q, 5,0, Q) > 0 with the following property: If

—TA
e 0l 50500y + 1l gy < € (18)
then the Navier-Stokes system (1.1) has a unique L (L?)-strong solution with data ug, f
on the interval [0,T).

Theorem 1.3. Let €2 be as in Theorem 1.2, let 2 < s < 00, 3 < g < o0, 0 < a < %

with % + % =1— 2« be given, and let uy € L2(Y) and an external force f = div F' where
F € L2(0,00; L2()) N L3*(0, 00; LY*()).
(1) The condition

/ (7 e~ o) dr < o (1.9)
0



is sufficient and necessary for the existence of a unique L:(L?)-strong solution u €
L3 (0,7 L) of the Navier-Stokes system (1.1), with data ug, f in some interval [0,T),
0<T <oo0.

(2) Let u be a weak solution of the system (1.1) in [0,00) x Q with data ug, f, and let

/ (TO‘He_TAuOHq)S dr = 0. (1.10)
0

Then the weighted Serrin’s condition u € L5 (0,T; L9(Y)) does not hold for each 0 < T <
0o0. Moreover, the system (1.1) does not have a L (L%)-strong solution with data ug, f
and weighted Serrin exponents s, q, « in any interval [0,T), 0 < T < 00.

A weak-strong uniqueness theorem in the sense of the classical Serrin Uniqueness
Theorem seems to be out of reach for L? (L?)-strong solutions within the full class of weak
solutions satisfying the energy inequality. The reason is based on the algebraic identities
and sharp use of norms and Hoélder estimates in the proof of Serrin’s Theorem, cf. [26,
Ch. V, Sect. 1.5]. However, we prove uniqueness within the subclass of well-chosen weak
solutions describing weak solutions constructed by concrete approximation procedures.
We refer to Assumptions 5.1, 5.4 and Remarks 5.2, 5.3 for precise definitions.

Theorem 1.4. Let Q C R? be a bounded domain with boundary of class C*' and let

2<s5<00,3<g<o0,0<ax< % with%+§ =1 —2a be given. Moreover, suppose
3

that ug € L2(2) HB;?E and an external force f = div F where F € L*(0,00; L*(Q)) N
Lg{f(o, oo; LY/2(Q)) are given. Then the unique LE,(L?)-strong solutionu € L2,(0,T; LI())
is unique on a time interval [0,T"), T" > 0, in the class of all well-chosen weak solutions.

The plan of this paper is as follows. In Section 2, to prepare the proof we recall some
well-known properties of Stokes operators and some important estimates. In Section 3
we first prove Theorem 1.2 by admitting Lemma 3.1, Lemma 3.2 and Lemma 3.3. Then
we prove these Lemmata and finally we give a proof to Theorem 1.3. In Section 4 we
discuss these results in terms of Besov spaces, and the final section contains the proof of
Theorem 1.4.

2 Preliminaries

For the reader’s convenience, we first explain some well-known properties of the Stokes
operator. Let © be as in Theorem 1.2, let [0,7"),0 < T" < oo, be a time interval and
let 1 < ¢ < oo. Then P, : L) — L2(N2) denotes the Helmholtz projection, and the
Stokes operator A, = —P,A : D(A,) — L%(Q) is defined with domain D(4,) = W*7(Q)N
W, 9(Q) N L4(Q) and range R(A,) = LL(Q). Since Py = Pyv for v € LI(Q) N L7(Q) and
A=A forv e D(A,) ND(A,), 1 <y < oo, we sometimes write A, = A to simplify
the notation if there is no misunderstanding. In particular, if ¢ = 2, we always write
P = P, and A = Ay. Furthermore, let Ay : D(AY) — LI(Q2), =1 < a < 1, denote the
fractional powers of A,. It holds D(A,) € D(Ag) C LL(Q2), R(AF) = L1(Q)if 0 < a < 1.
We note that (A9)~" = (A;*) and (Aq)/ = A, where % + & =1

A~ —

«
q



Now we recall the embedding estimate
o N 3 3
||v||q§c||Avv||7 , vE€D(AT), 1<y <yq, 2a+5:—, 0<a<l, (2.1)

and the estimate
o, —tAy —a ,—0t
|Age U||q§ct e ol , ve L), 0<a<l, t>0, (2.2)
with constants ¢ = ¢(2,q) > 0, 6 = §(2,¢q) > 0, see [1, 7, 11, 12, 15, 27, 31].

By using the estimates (2.1), (2.2) with 0 < 8 < %, 26 —i—% = % and constants ¢, § > 0
not depending on ¢, we obtain for ug € L2(Q) that A Puy € LL(Q) and that

||6_tAU0||q = ||AB€_tAA_BU0||q = ||A§€_tAqA_BU0||q
< ot e A g, < et e ol

for t > 0. So ||e*tAu0||q with ug € L2(Q) is well-defined at least for ¢ > 0, and
fnoo(To‘He_TAuqu)s dr < oo for any n > 0 and o > 0. In particular, the assumptions (1.9),

(1.10) in Theorem 1.3 may be replaced by the assumption [J'(7%||e"™ugl|4)* dT < oo or
Jo (T le™ ™ ugl|4)* dT = oo, respectively, for any 1 > 0.

Further note that D(A2) = W,%(Q) N L4(Q) and that the norms
[AZvll, ~ [Voll, . v e D(A]). (2.3)
are equivalent. In particular, if ¢ = 2, then
[Azvll, = [[Vully , v e D(A?). (2.4)

Another estimate which will be frequently used in Section 3 is as follows. Let g = divG
with G = (Gy;)?;_, € LY(Q). Then an approximation argument, see [26, Il Lemma 2.6.1],

, P- , shows that A, 2P,divG € is well-defined by the identity
6 431}, sh hat A, *P,divG € Li(Q 1l-defined by the id
1 _1 ,
(AP, divG, p) = (G, VAq/2g0>, p € LL(Q),
é%— L =1, and that

Q

1442 By div G|, < e[| G, (2.5)

holds with ¢ = ¢(€2,¢) > 0. The estimate (2.5) was first established in [14, Lemma 2.1].

Finally, we recall a weighted version of the Hardy-Littlewood-Sobolev inequality, cf.
28, 29]: For @ € R and s > 1 we consider the weighted L*-space

L = (/R(|T|OC|U(T)|)SdT>1/S < oo}.

Lemma 2.1. Let0<)\<1,1<51§32<oo,—i<a1<1—i L cay<1-1L

s1’ 82 52

Ly(R) = {u: Jlu

and i + (ANt —a) =1+ é, as < aq. Then the integral operator

() = / (t— ) f(r) dr

is bounded as operator Iy : L7} (R) — L2 (R).



3 Proof of Theorems 1.2 and 1.3

Now we are in the position to prove the main theorem.

Proof of Theorem 1.2. Let u be a weak solution of (1.1) with initial value ug € L2 and

external force f = div F where F € L2(L?) N Ly?(L%?). Furthermore, let Ej,,, denote
the solution of the Stokes problem

ov—Av+Vp=f, divv=0
vloa =0, v(0) = uy,

ie.
t
Efu(t) = e g + / AY2e==DAA2 P div F(7) dr
0
— Boun(t) + Erolt).

Assume Ey,,, € LE(L7), i.e. fot 7%~ ugl|; dr < co. Since ug € L2 and F' € L*(L?), we
know that Ey,, € C°([0,T); L*) N L*(H'), satisfying the energy equality. Moreover, by
using the estimates (2.1) and (2.2) with 25 + % = q/% with ¢ > 3, i.e. 8 = 2% < %,

t
1Braft)l, < ¢ [ [AFPe DA PPy dr
0
t

<c [ =0 HIFE) an

By applying the weighted Hardy-Littlewood-Sobolev inequality (see Lemma 2.1) with the
exponents ss = s, oo = @, 51 = $/2, oy =20, A=+ 1 € (0,1), —% <20 < 1—§and
—%<oz<1—§,wehave

HEf,o

) S c|lF

L (L9 L2 (La/2) (3.1)

provided 2 + (2% +1+2a—a) =1+1 (which is equivalent to 2 + % =1—2a). We then
set & = u — EY,, which solves the (Navier-)Stokes system

ou—Au+u-Vu+Vp=0, diva =0
iilpn = 0, @(0) = 0.

So we can write at least formally
t
u(t) = —/ e AP div(u @ u) (1) dr (3.2)
0

t
_ _/ A2~ DA A2 P div) (u @ u) (1) dr.
0



With g = 2_3[1 as above we get
t 1 1
[a(t)lly < C/o |Az eI A2 P div ||| (u @ u)l|g d7

t 1
< c/ (t—7)"2 " |lul2dr (3.3)
0

Then the Hardy-Littlewood-Sobolev inequality as above implies that

180|500y < NNl 0 = ellully oo, (3.4
Since u = u + Fy,, we have
- - . 2
] La,(0.T3L) = C(Hu‘ Lao.iLe) + [|F L/2(0,1;L9/2) + le Au0’ Lg(o,T;Lq)) . (3.5)

As in [9, p. 99| there exists by Banach’s Fixed Point Theorem an €, = €.(q, s, o, Q) > 0
such that we get the existence of a unique fixed point @ € L (0,T"; L) solving

Ot — A+ (a+ Epyy) - V(a4 Efyy) +Vp=0, diva=0
tloo =0, a(0) =0

provided (1.8) is satisfied, i.e. |le=™4
L:(0,T; L9).

Now we need to prove that this constructed mild solution wu is indeed a weak solution
under the following conditions, cf. the assumptions in Theorem 1.2 and some facts already
proved:

up| < .. Henceu = u+Ey,, €

Lg(O,T;LQ)+"F L2 (La/?)

u, i € L5(LY), up € L2, e "ug € LE(LY), F e L*(L?) N LY (L2,
To this aim we need the following lemmata which will be proved later.

Lemma 3.1. The mild solution u constructed in the above procedure satisfies Vu €
L3(0,T; L*(Q)).

Lemma 3.2. Under the assumptions of Lemma 3.1 we have that w € L*(0,T; L%(£2))
for all % + q% = 3,2 <5 <00, 2 < g < 6. Moreover, |[a(t)|, — 0 and u(t) — uo in
L*(Q) ast — 0+.

Lemma 3.3. Under the assumptions of Lemma 3.1 u € L4a/ (0,T; LYQ)).

(248a)

By Lemma 3.3 we may use that u € L 5,4, (L"). Hence u € L*(e,T;L*) for all
0 <e<T. So, by [26, IV. Thm. 2.3.1, Lemma 2.4.2] and for a.a. € € (0,7, u is the
unique weak solution in L*(e, T; L*) on (¢, T) of the linear Stokes problem

ou—Au+Vp=divF, divu=0

ulog = 0, uli=c = u(e)



with external force div F', F = F —u®u € L*(e, T; L?) and initial value u(e) € L*(Q) C
L?(Q). Therefore, u satisfies the energy equality on (e, 7)), i.e.

1 ! 1 !
Sl + [ I1ulidr = Slul ~ [ (. vuyar

for all t € (¢,T) and a.a. € € (0,7). Moreover, u € C%le,T); L?) and hence u €
C°((0,7T); L?), see 26, IV 2.1-2.3]. Furthermore, since by Lemma 3.2 u € L>((0,T); L?),
it also satisfies the energy equality on [0,7T"). Hence u is a weak solution; this completes
the proof of Theorem 1.2. O

Now we prove the above Lemmata which are used in the proof of Theorem 1.2.

Proof of Lemma 3.1. We use a modification of the proof described in [9]. Since for

the moment we have no differentiability property for the mild solution u, we apply the
1

Yosida operator J, = (I + %Aﬁ)_l,n € N, to (3.2) and write J,Pdivu ® u in the form

TP div(u® (i + Eju)), @ = (I + LA2)d,, where @, = J,i. Then we have
JpPdivu®@u=J,P(u-VEf.)+ JoP(u- Vi) + %JnP div(u ® A?a,)
= J,P(u-VE}) + J,Pu- Vi) + %A%Jn(Aépdiv)(u ® A2d,).
We use Holder’s inequality with % = % + % to obtain the estimate

[Jn P div(u @ u)lly < ellullg([[VEgull2 + [[Viinlla + | A2 n]]2)
= cllully(IV Efuoll2 + 2[| A2t o)

since ||.J,|] < ¢ and ||%A%JHH < ¢ uniformly in n € N.
From (3.2) we get that

(NI
=41

t
A2, (t) = _/0 Aze (t=MA ] p div(u ® u)(7) dr.

By the embedding estimate (2.1) with 28 + 2 = % (ie. 8= % since % =
that

N =

+ %) we see

t
Ak, @) < c [ [AF e g, Pdiviu s u)(r)] dr
0

Applying Lemma 2.1 we have for 0 < Ty < T

T 1/s1
1 1 s
[ A2 (8)]] L20m15L2) < C(/ (7 ellg(IV Eug ll2 + | A2 nl]2))™ dT)
0

Whereslz(%%—% Lol =a,s9 =2, a9 =0, and (%+§)+2—3L]+%+a—0:1—|—%,which

)7
is equivalent to % + % =1 — 2. Thus, by Holder’s inequality,

1
£5,0.7:20) |V Ep g | 220,13:22) + [|A2 80 || 220.13,22)) - (3.6)

1
1A | 120 m3522) < elju



Assume 0 < 77 < T so small such that c||ul| 15 0,7;09) < % is satisfied. Then the absorption
argument easily leads from (3.6) to the estimate

1A ]| 20,11 £5,0.10:L) |V Ef ol 220/11:22) < 00

independent of n € N. Consequently, A2@, Vi € L*(0,Ty; L?) and Vu € L2(0,T; L?).
By the same procedure we obtain a new constant ¢ = ¢(7') > 0, a new length T and
consecutive intervals (171, Ty +T5), (Ty + Ty, Ty + 2T3),..., that Va € L*(Ty, Ty + Ty; L?),...

and consequently that Vi, Vu € L*(0,T; L?). This completes the proof. O
Proof of Lemma 3.2. Let — = = —i— 5, ; = % —l—% and choose 8 by 28 + q% = q% = %—l—g
From (3.2) and (2.1) we conclude that
[a(t)]l,, < / 1A%~ DA P(u - V)|, d7
t
<c [ =)l | Vuldr

0

By the Hardy-Littlewood-Sobolev inequality,
[l oz (paay < clllfull [[Vullyll o

< CHUHLg(Lq)HVUHL2(L2) < o0
foray =0, 01 = <1— = 3—tand sy > 2> s with (5+)+ (5 —50)+a = 1+,
ie., %+ % + 20 —1= % + q% — % = 0. The case s5 = 2, g2 = 6 also follows from Lemma

3.1. As for the case sy = 00, ¢ = 2, where § = 2—3[1, Holder’s inequality directly implies
that

t
~ 7i —Q (0
la(t)l, < c / (t — 7y B ull,) | Vull, dr
< Cllul Lg(Lq)||vu||L2(L2) (3.7)

where the integral f(f((t — 7')_2%7_0‘)(% )7 dr is finite and independent of ¢; we note that
here v > 0 is necessary.

To be more precise, with a constant C' > 0 independent of ¢,

HaHLOO(O,t;LQ) < Cfful Lg(O,t;L‘l)HVUHLQ(O,t;LQ) —0 as t—=0+.
So [[a(t)|l, = 0 as t = 0+. Hence u(t) = a(t) + Efy,(t) = ug in L*(Q2) as ¢t — 0+. The
proof is now complete. O

Remark 3.4. From Vu € L*(L?) which implies u € L*(L°®) and from w € L*>(L?),
cf- (3.7), it also follows immediately via Hélder’s inequality that uw € L*2(L%) for all
a2 =5,2<5<00,2<¢ <6

S2



Proof of Lemma 3.3. Given q, s, a and = ﬁ we define ¢;,s1 by }1 = § + 1;—1'8 and

184 % From Hoélder’s inequality we know that ||u(t)]|, < ||u||f||u||17’3 Hence

4 s q1
T T
4 4(1—
/0 Aoy |4 dr < / (el ) 20 dr
4 4(1-8
<l o Il 75y < 00
since % + q?’—l = g The proof is now complete. O

Finally, we give a proof to Theorem 1.3.

Proof of Theorem 1.3. (1) Using (1.9) and the assumption on F' we can choose 0 < T' < oo
in such a way that (1.8) is satisfied. Then Theorem 1.2 yields the existence of a unique
L? (L?)-strong solution u € Lf (0,75 L9(2)) of (1.1).

Conversely, assume that v € L2 (0,7; L1(2)), 0 < T < oo, is an L? (L?)-strong solution
of (1.1). Recall that Ey,, = u — @ — Eo where by (3.4) @ € L5(L?), and by (3.1)
E;o € L3 (L?) Hence Ey,,, € L3 (L?) as well, and (1.9) is satisfied. This proves part (1)
of Theorem 1.3.

(2) Let u be a weak solution as in Theorem 1.3 (2), and suppose that u € L2 (0,T’; L)
holds for some T > 0. Then we conclude from (1) that [ (7%||e"™*uol|,)* d7 < oo which
is a contradiction to (1.10). This completes the proof. O

4 Interpretation in Terms of Besov Spaces

Forl<g<3and0<t< % let B ,(Q) denote the usual Besov space of vector fields,
and let B! .(Q) = B (2)* N LL(), see [3, (0.5), (0.6)]. Then, by [3, (0.4), (3.18)] with
H3(Q) = D(A,),

B () = (LL(Q), D(A,)) 0<f<1,1<r<oo,t=20,

6,r’
and CG% (1) is dense in B, (2). Further, let B_ /() := (Bg,m,(Q))/, cf. [3, (0.6)]. Hence,

with t = 2a + % =1- % and the duality theorem for real interpolation, cf. [30, Thm.
1.11.2],

B =B, = (B = (1 DA,
= (D(Ag), LE)| 1, = (D(Ag) LE), , s

o l-a—=<,s"
S

Using the identity (A~ ug, Ap) = (ug, @) for o € D(A) we get that

||Uo||B-1+g ~ luoll(pa,y.re) L= ||A_1U0||(L3,D<Aq))l,a,%

1
l-a—<,
q;s s

S

— = o+ —T - sdry\1/s
~ A ol ([ (e ) )
0

o0 s 1/s
~ ||A_1u0||q + </0 (TQHG_TAuO“q) dT) '

T

10



Since the semigroup e~ is exponentially decreasing, we may omit the term ||A~ ]|,

in the last norm above, see [30, Thm. 1.14.5]. Fixing ¢ € (3, 00) and considering s, a as
related by 2(% + a) =1- 2, we conclude that the norms

Juoll 1y and e u

q,s

Ls(Le) are equivalent.

For later use, we introduce the notation

[uoll —1ys - le™ ™ol Ly orsLey, 0 < T < oo.
q,s
o -1+3 . .
In the limit o — 0 we approach the case By, * with 2 + 2 =1 of the classical Serrin
q
3

.. . . .. -1+
condition considered in [8; 9], whereas for s — oo we approach the limit space By .

5 Restricted Serrin’s Uniqueness Theorem

Assumption 5.1. Let Q C R3 be a bounded domain with boundary of class C**.
(1) Given ug € L2(Q) and an external force f = div F where F' € L*(0, 00; L*(2)) we
assume the existence of approrimating sequences (uo,) C L2(Q2) of uy such that
Uon — ug in L2(Q)
and (F,) C L*(0,00; L*()) of F such that
F, — F in L*(0,00; L*(Q)) as n — oo.

(2) Let (J,,) denote a family of bounded operators in L(LL(£2), D(Aé/Q)) such that for
each 1 < q < oo there exists a constant Cy > 0 such that

1
| Tnllzeray + HEA;/ZJHHE(LZ) <C, and Jyu—uin LL(Q) asn — oo.

(8) For each n € N let u,, denote the weak solution of the approximate Navier-Stokes
system

Oy, — Auy, + (Jpuy) - Vuy, + Vp, =div F,, divu, =0 in (0,7) x Q (5.1)

Unloa = 0, u,(0) = uy
Remark 5.2. A typical example of operators (J,,) in Assumption 5.1 is given by the family
of Yosida operators J, = (] + %A;/Q)_l. It is well known that this family of operators
is uniformly bounded on L1(S) as well as on D(Aé/Q) for each 1 < q¢ < oco. Moreover,

. /
Jou — w in L1(Q) as n — oco. By analogy, the operators J, = e=4" I have the same
properties.

We know from [26, Ch. 'V, Thm. 2.5.1] (with a minor modification in the case of
o = e‘A}?/Q/") that there exists a unique weak solution u, € LHr := L®(L?) N L*(H}) of
(5.1) satisfying the uniform estimate
ltunll Lo (z2y + lunllzzary < Cllluonlle + [[Fallzzr2))
< C(lluollz + 1 Fll L2y + 1)

11



for all sufficiently large n € N. Therefore, there ezists v € LHr and a subsequence (uy, )
of (uy,) such that

U, —vin L*(Hg), up, —vin L®(L*), wu,, —vin L*(L?).

From the last convergence we also conclude that u,, (to) — v(te) in L*(Q) for a.a. ty €
(0,T). Actually, v € LHy is a weak solution of (1.1).

Remark 5.3. (1) Since we do not know whether weak solutions of (1.1) are unique, v
may depend on the subsequence (uy,,) chosen above. In this case, we say that

v is a well-chosen weak solution of (1.1). (5.2)

Note that a well-chosen weak solution v s always related to a concrete approximation
procedure as in Assumption 5.1 and the choice of an adequate (weakly—*) convergent
subsequence of a sequence of approximate solutions (uy,).

(2) The question whether solutions constructed by the Galerkin method fall into the
scope of a modified Assumption 5.1 and yield uniqueness in the sense of Theorem 1.4
has not been settled. A similar question concerning the property to be a suitable weak
solution, cf. H. Beirao da Veiga [4, p.321], has been answered in the affirmative, see
J.-L. Guermond [16].

Assumption 5.4. Under the assumptions of Assumption 5.1 additionally let 2 < s < o0,
_143
3<g< oo, 0<a< % with % +§ = 1—2a be given. Suppose that even ug, ug, € IB%(LSJF‘I

and F\ F, € L;g((), oo; LY2(2)) such that also
143
Uy —> Ug M ]B%q;rq, F, = F in LY*(0,00; LY*()) as n — .

From now on by a well-chosen weak solution of (1.1) we also assume that the approx-
imation satisfies Assumption 5.4 as well as Assumption 5.1.

Proof of Theorem 1.4. As in Sect. 3, we set u,(t) = U, (t) + E¥, uo, (t) where, cf. (3.2),

t
T (t) = — / AV2e=EDAAT2 P div) (T, @ uy) (7) AT
0
By the assumptions on ug,, F, and a similar argument as in Sect. 3, (Ef, u,,) C L (L9)
is uniformly bounded and converges to Ey,,; to be more precisely, due to the estimate
for Ey.,, and (3.1),

1B o ion = Efioll s 0,77:29) < ¢([[on — U0||B71+3(T/) + | F = Fllego1i19) (5.3)
q,s

where ¢ = ¢(q, s,,Q) > 0 is independent of the interval (0,7"), 0 < 7" < T, on which

(5.3) is considered.

We also observe that as in (3.3)-(3.5)

|tin | s (0,77500) < Coll Tntin || Ls 0,77:09) || Unl| L (0,77;00) < Clfun] %g(o,T/;Lq)
. 2
< C(Hun| L5,(0,17;L9) + ||Efn,u0n| Lg(o,T/;Lq)) (5.4)
_ 2
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with a constant C' > 0 independent of 0 < 7" < T'. Actually, as in the proof of Theorem
1.2 in Sect. 3, cf. [9, p. 99|, there exists an ¢, > 0 and 7" € (0,7") independent of
n € N such that we find a unique solution w, of (5.1) on (0,7") in L?(0,7"; L9) for all
sufficiently large n € N. Moreover, (u,) is uniformly bounded in L?(L?) with bound
|t s (0,77;00y < Cey where C' is independent of N € N and 7. Hence we may assume
that w,, — U in L?(L?) as k — oo, using without loss of generality the same subsequence
as the sequence (uy,, ) considered in the L*-theory of Remark 5.2. Consequently, U = v.

It remains to show that U equals the given strong L? (L?)-solution u € L (0,7"; L9)
with data ug, F'. Due to (3.2)

Un(t) = u(t) = Ef o (1) = Efu (1)

t
_ / AV2e= DA P div) (Jpun — 1) @ty + u @ (u, — u))(1) dT
0

yielding the estimate

[tn = ullLg ey < (1 Efuon = Efuoll s e
+ C ([ Tntin = wllng oy + [l — ull g o)) (lnll pg 2oy + Nl g 20)) - (5.5)

Since
[ Jnttn = ully < (| Jn(un —w)llg + [[Jnu — ully < Cgllun —ullg +0(1) as n— oo

and

Hun Ly (0,175L9) t HU‘ L5(0,T7;09) < Ce.,

we conclude from (5.5) and Lebesgue’s Theorem on Dominated Convergence that

lun — ullg 0.17:20) < N Efnuon = EfuollLg0.1:00) + Ceulltin — ullLs 077:19) + 0(1)

for all 0 < 7" < T and n € N, but with C' > 0 independent of 7”. Choosing ¢, > 0 so
small that even Ce, < %, we get that

||Un — U| La(O,T”;Lq) S 2||Efn7U0n — Ef7u0| L;;(D,T”;Lq) + 0(1) as n — oQ.

In order to fulfill the inequality Ce, < % and (1.8) for wg,,up and F),, F' this step possibly
required to replace T” by a sufficiently small 7" € (0,T']. Since the first term on the
right-hand side converges to 0 by Assumption 5.4, we obtain that ||u, —u||rs 0,r;ze) — 0
as n — oo and consequently that u = U = v on [0,7"). ]
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