EXTRAPOLATION THEOREM ON LOCALLY COMPACT
ABELIAN GROUPS
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ABSTRACT. We prove a generalization of an extrapolation theorem in the fash-
ion of Garcia-Cuerva and Rubio de Francia (1985) towards R-boundedness on
weighted L (G)-spaces with G being a locally compact abelian group and
w being a Muckenhoupt weight. As a main tool, we generalize the classical
Muckenhoupt theorem, which states that the maximal operator is bounded
in the weighted space L{(R™) whenever 1 < ¢ < oo and the weight w is in
the Muckenhoupt class Agq, to locally compact abelian groups. This result is
achieved without making use of a Reversed Holder Inequality.
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1. INTRODUCTION

In the setup of R™ the concept of Muckenhoupt weights has been studied ex-
tensively throughout the last four decades or so, with many remarkable results in
fields of harmonic analysis, weighted inequalities and partial differential equations
(cf. [2, 8,9, 10, 11, 15, 20]). For 1 < g < oo, a nonnegative weight function
w € LL (R") is said to be in the Muckenhoupt class A4,(R") if

loc
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7
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A, (w) :=sup sup | —— wdzx / w7« dr < 00,
I r>0 yern \ [Br(Y)] /B, ) |Br ()] JB, )

where B,.(z) denotes the open ball of radius r around the center x, and where ¢’ is
the Holder conjugate of g. The weight w is said to be in A1 (R™) if there is a constant
¢ > 0 such that Mgrw(z) < cw(x) for almost all z € R™. Here, Mg~ denotes the
usual (centered) maximal operator on R™. These classes of weights have been
introduced by Benjamin Muckenhoupt, who considered such weights for bounded
intervals and products of intervals [16]. Muckenhoupt weights are known to possess
several interesting properties. In particular, the maximal operator is bounded on
weighted L?-spaces for 1 < ¢ < o0, [20, Theorem 5.3.1]. This result was used
by Garcia-Cuerva and Rubio de Francia to show their Extrapolation Theorem [10,
Section IV.5], which states that if a family of operators is uniformly bounded in
LI (R™) for one 1 < ¢ < oo but all w € A,(R"), then it is already bounded in
LE(R™) for all 1 < p < oo and all v € A,(R™). Strengthening this result towards
R-boundedness of family of operators as defined in Section 5, Frohlich [9] proved
maximal LP-regularity of the Stokes operator on weighted spaces L (), where €2 is
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the whole space, the half space or a bounded domain of class C!. For details about
maximal LP-regularity see e.g. [5], [14]. In this paper, we wish to generalize the
theory of Muckenhoupt weights and extrapolation towards locally compact abelian
groups G. In two forthcoming papers [18], [19] we apply the abstract methods
obtained here to obtain maximal regularity of the spatially periodic Stokes operator
and to treat a spatially periodic nonlinear model describing the dynamics of nematic
liquid crystal flows.

Note that on locally compact abelian groups one can define a nontrivial, translation-
invariant, regular measure p, called Haar measure [1, 3, 12, 22], with u(K) < oo for
all compact K C G. Furthermore, such a measure is unique up to multiplication
with a constant. However, we often deal with the measure du,, = wdu, which is
not translation-invariant anymore. Therefore, if not stated otherwise, we shall drop
the translation-invariance condition on u. For 1 < ¢ < oo one can thus introduce
the space L1(@) of g-integrable functions f : G — R, which turns into a Banach
space if equipped with the usual norm

1
q
T (/Glflqdu> . 1<g<os,
e = p-esssup |f].
G

Further we introduce the notion L?°°(G) for the weak LI(G)-space, as introduced
e.g. in [21]. Note that the space of continuous functions with compact support
Co(Q) is dense in L1(G) for all 1 < ¢ < oo, see [17, Appendix E.8] for details.

As we wish to carry over as much concepts known from classical harmonic analysis
as possible to the general setting, we will have to assume that the group G is
furnished with something that resembles the concept of balls and that the measure
1 enjoys a doubling property with respect to these balls. We therefore make the
following assumption, using the notation U — U’ :={x € G: x =y — z with y €
U,zeU'} for U U CG.

Assumption 1.1. Suppose that G is a locally compact abelian group equipped
with a nontrivial and regular measure p, such that p(K) < oo for all compact
K C G. Furthermore, assume that there is a local base of 0 € G consisting of
relatively compact measurable neighbourhoods Uy, k € Z, such that
(i) U Ux=aG,
kEZ
(ii) Ux C Up, if kE < m,
(ili) there exist a positive constant A and a mapping 6 : Z — Z such that for
allk€Z and all z € G

k< 0(k),
Uk — Ux C Ug(ry,
(@ + Upry) < Ap( + Up).
Observe that necessarily A > 1 because Uy C Up(y)-

Remark 1.2. From now on, we will always assume that the locally compact abelian
group G admits a family of sets (Uy)rez satisfying Assumption 1.1. We will call
any set of the form x+ Uy, x € G, k € Z a base set. 1t is instructive to think of such
base sets as an equivalent of balls in the R™ with center in = and radius 2¥. Observe
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that by the following considerations we can assume without loss of generality the
base sets to be symmetric and of the function 6 to be increasing.

(i) Replacing 6 by 6 defined via
(k) :=min{l € Z : | > k with Uy — Uy, C Uy},

we may assume that 6 is non-decreasing. Indeed, the thusly defined func-
tion satisfies 8(k) < 6(k) for all k € Z. Therefore, for all x € G and
keZ,

1(Usy) < 1Usiy) < Ap(Uy).

(ii) We call a set U C G symmetric if U = —U. Since G is abelian, the set
V :=U—U is symmetric for any U C G. Replacing the base sets Uy by the
symmetric sets Vj, := Uy, —Uy and replacing the doubling constant A by A?,
we may assume that all of our base sets are symmetric. Indeed, the V}, still
form a local base of 0 € G consisting of relatively compact neighbourhoods,
as seen in Proposition 2.1 (iii) below. The inclusion Vi, C V,, for k < m is
obvious and the union of the Vj, (D Uy) covers the whole group.
Concerning condition (iii) of Assumption 1.1, we see

Vie = Vi C Usk) — Ug(x) = Voo(x)-

Moreover, the doubling property will be fulfilled with constant A2, since
forallz € Gand all k € Z

w(x+ Vomy) < p(x + Upz(ry) < Azu(:r +Ug) < Az,u(x + V).

Thus, from now on we will assume the base sets Uy to be symmetric and
we will write Uy, — Uy, = Uy + Uy =: 2Uy,.

Remark 1.3. Among the most prominent groups satisfying Assumption 1.1 are
the groups R, Z, the torus T and finite products of these groups.

(i) In the case of the real numbers R equipped with the Lebesgue measure,
define Uy, := (—2F"12k=1) A =2 and 0(k) = k + 1.

(ii) For integers, an analogous construction to (i) corresponding to the counting
measure satisfies Assumption 1.1. Namely, choose Uy, := (—2F~1 2k=1)n7Z,
A=3and 0(k)=Fk+1.

(iii) If one chooses the arc length as a measure on the torus, possible choices
are U :={z € C:|argz| <2}, A=2and 0 =k + 1.

Let us define the (centered) mazimal operator on G. Suppose that f € L. (G)
and define the sublinear operator

1
(1) M (@) 1= sup s / L, i

kez
Note that Mg f is lower semi-continuous by Lemma 2.3 below and therefore mea-
surable.
Our two main theorems can be viewed as direct generalizations of their equivalents
in the classical R"-setup. For the definition of A,(G)-consistency see Section 3.

Theorem 1.4. Let G be a locally compact abelian group satisfying Assumption 1.1
and assume 1 < ¢ < 0o and w € Ay(G). Then Mg is bounded in L (G) with an
Aq(GQ)-consistent bound.
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Theorem 1.5. Let G be a locally compact abelian group satisfying Assumption 1.1.
Suppose that 1 < r,q < oo, v € A.(G) and that T is a family of linear operators
such that for all w € A4(G) there is an Ay(G)-consistent constant ¢g = cq(w) > 0
with

ITfllLe ey < cqllfllLa e

forall f € LY(G) and all T € T. Then every T € T can be extended to L7,(G) and
T is R-bounded in L(L](QG)) with an A,(G)-consistent R-bound c,.

This paper is organized as follows. In Section 2 we provide further properties of
the group G subject to Assumption 1.1 and the maximal operator M. In the case
of a translation-invariant measure u, most of the results in this section are known
and can be found in [7, Chapter 2]. Section 3 is devoted to establishing Theorem
1.4. In Section 4 we prove an equivalent to the classical extrapolation theorem
due to Garcia-Cuerva and Rubio de Francia, both in the scalar-valued and in the
vector-valued case. Theorem 1.5 will be proven in Section 5.

2. HARMONIC ANALYSIS ON LocAaLLy COMPACT ABELIAN (GROUPS

We first state two propositions, providing some basic properties that follow di-
rectly from Assumption 1.1.

Proposition 2.1. Suppose Assumption 1.1 is satisfied.

(i) For every x € G and k € Z it holds pu(x + Uy) > 0.
(ii) G enjoys the engulfing property, i.e., if x,y € G are such that (x + Up,) N
(y+ Ur) # 0 for some m, k € Z with k < m, then y + Uy, C & + Ug2 ().
(iii) The family of sets {Ux — Ug}rez forms a local base of relatively compact
neighbourhoods of 0 € G. )
(iv) The interiors of the base sets Uy, cover G, i.e., Upey Ur = G. In particular,
for every compact K C G there is k € Z such that K C Uy.

Proof. (i) Let z € G and k € Z. Since the sets {U }rez cover G by Assump-
tion 1.1 (i), we can write every z € Uy, in the form z = x+(—z+2) € 24Uy
for some k' € Z such that —x + 2 € Up,. Therefore also

U:chUk:G,

and because the measure p is regular, we have u(x+Uy) — pu(G) ask — G.
Since p is nontrivial, we have pu(G) > 0 and hence there exists K € Z with
u(x+Ug) > 0. Then for k € Z, Assumption 1.1 (iii) gives k < 0(k), which
shows that for all k € Z there exists N € N with 6% (k) > K. Hence

0 <p(z+Uk) < p(x+ Upnpy) < A"l + Uy),

proving the assertion.

(ii) By hypothesis, there are ' € U,,, and 3y’ € Uy such that x+2' = y+y’ and
hence y € x + (Up, — Ux) C &+ (U — Upn) C & + Up(n). By Assumption
1.1 (iii) we see —Up C —Upm C Ugpy) and consequently y + Up C x +
Ub(m) = Ug(m) C & + Up2(m)-

(iii) See [17, Appendix B.4].
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(iv) It suffices to show that for every k € Z we have U, C f]g(k) and then
use property (i) of Assumption 1.1. So fix k& € Z and choose an open
neighbourhood O of 0 € G such that O C Uy. Then we have

UpCO':= ] (z-0) C Uy~ U

zeUy

Observe that O’ is open, since it is the union of the open sets x — O. It
follows Uy C O" C Up() and by definition of the interior even U, C O’ C

lojg(k), which is what we wanted to show.

For the assertion about the compact set K we simply note that {ﬁk}kez
is an open cover of K and we thus find a finite subcover by compactness.
But since the base sets U are nested, so are their interiors, and so the
finite subcover consists only of the largest element. Hence there is k € Z
with K C Uy, C U.

O

Proposition 2.2. Given Assumption 1.1, the following statements are true for the
locally compact abelian group G.

(i) G is first countable, i.e., each point x € G has a countable local base.

(ii) G is o-compact, i.e., it is a countable union of compact subspaces.

(iil) G is a Lindeldf-space, i.e., every open cover of G has a countable subcover.
(iv) G is a seperable space, i.e., it contains a countable dense subset D.

Proof. (i) The base sets {Uy, } ez form a local base of relatively compact neigh-
bourhoods of 0 € G. Hence, since addition is a continuous operation in G,
the sets {x + U }rez form a local base of relatively compact neighbour-
hoods of z € G.

(ii) Clearly, the closures of the (countably many) relatively compact sets {Uy, }rez
are compact and cover G.

(iii) On the compact subspaces U} we can extract a finite subcover and the
o-compactness of G then yields a countable subcover.

(iv) Consider for fixed k € Z the open cover {z — Uy }zeq. Since G is Lindeldf,
we can extract a countable subcover {x%k) — lO]k}neN. Define Dy, to be the
countable set of the centers z) at height k. Doing so for every k, the
countable union D := J; ., D is dense in G, because for every x € G and

k € Z, there is an x,(lk) € Dy, such that xz € mq(lk) — Uj, and hence we obtain

x%k) € x + Ug. Since the sets {z + Uy }rez form a local base of z, we see

that for every open neighbourhood O of x, there is k € Z and x%k) € Dy,
with 21 € & + Uy, C O.

d

Lemma 2.3. Let f € L} (G). Then Mgf is lower semi-continuous.

loc

Proof. For each k € Z the map I : G — R defined via I (z) = m fz+Uk |f|du
is continuous by Lebesgue’s Theorem on Dominated Convergence. Therefore, for
every r € R the set

(2) {:EEG:MGf(x)>T}:U{xEG:Ik(x)>r}

kEZ
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is a union of open sets and hence open itself. This is exactly the lower semi-
continuity of M¢f. O

One can define the uncentered maximal operator Mg in an analogous way, if
one takes the supremum in (1) not only over all k£ € Z, but also over all y € G
such that z € y+ Ug. By a similar reasoning as for the centered maximal operator,
Mg f is measurable. In fact, the uncentered maximal operator is comparable to the
centered maximal operator.

Lemma 2.4. Let f € L} (G). Then

loc

(3) Maf < Maf < A*Mcf.

Proof. The first inequality is obvious. For the second inequality, let z,y € G and
k € Z be such that x € y + Uy. Hence, we obtain x + Uy C y + 2Ux C y + Uy,
and the doubling property yields

(4) p(x + Upry) < Ap(z + Uy) < Aply + Ugry) < A%y + Us).
On the other hand y + Uy C x + 2Uy C x + Uy(y), and thus
1 / 1 A?
—— |f|du§7/ If\duﬁi/ [fldp.
1y + Uk) Jyru, 1y + Uk) Jorv,, 1wz + Us(y) Jutty,

Taking now the supremum first on the right-hand side and then on the left-hand
side yields the assertion. O

As the measure p possesses the doubling property, we expect the weak estimate

A
(5) p{z € G: Maf(z) >th) < Zlfl, >0,
and even the stronger form
2A
©  aleeGiMaf@>m< [ qfae e
{1f1>t/2}

In order to show this, we need the following covering lemma due to Edwards and
Gaudry [7] to apply the known technique from the R™-setting.

Lemma 2.5. Let E be a subset of G and k : E — 7Z a mapping bounded from above
such that for every ko € Z the set {x € E : k(x) > ko} is relatively compact in G.
Then there is a sequence (x,) C E, finite or infinite, such that
(i) the sequence (ky) := (k(z,)) is decreasing,
(i) the sets xyn + Uy, are pairwise disjoint and
(i) £ C U (xn+2U,).

Proof. The lemma has been proven in [7, Lemma 2.2.1] in the case of an translation-
invariant measure . We include here the whole proof in the more general case.

If there is a finite sequence z1,...,x,, of points of E such that the base sets x; +
Uk(z;) are pairwise disjoint and

m
E C U (Zj + QUk(zj)) ,
j=1
we may always rename the z; in such a way that the k(z;) increase with j and there

is nothing further to prove. Hence, assume that there is no such finite sequence.
Begin by defining k; := max{k(x) : x € E}, which is a finite number since the
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mapping k is bounded from above, and choose z1 € E with k1 = k(z1).

Suppose m € N and the points z1, ..., x,, € E have been chosen in such a way that
the sets x; + Uy,;, 1 < j < m, are pairwise disjoint and such that k; = max{k(z) :
x € Aj_1}, where

A;j=FE\ U Ty + 2Uy,
1<I<;
for each 1 < 5 < m. Note that this is satisfied, if m = 1.
Continue the process by defining x,,,+1 as follows: by hypothesis, A4,, is nonempty.
Therefore k41 := max{k(z) : x € A,,} is well-defined. Choose z,,+1 € A,, such
that k11 = k(zmy1). Let us verify that

(7) (zj + Uk,) N (Zms1 + Ukpyy ) =0, 1<j<m.

Assume that (7) does not hold, i.e., 41 € xj—i—(Ukj + Ukmﬂ) for some 1 < j < m.
From the definition of the A; it is clear that A,, C A;_1, and so kp,4+1 < k;. This
yields

Tm+1 €T + (Ukj + Uka) Cxy —|—2Ukj,

contradicting 411 € Ap,.

Thus, proceeding in such a way for all n € N, we find a sequence of points (x,, )nen C
E such that (i) is satisfied. Also, we have x,, € A,_1 for n € N, and since 4,, C
Ay —1, the sequence (ky)nen is decreasing by the definition of the k, = max{k(z) :
RS An—l}-

It remains to proof (ii), i.e, that the intersection over all A4,, is empty. Were this not
the case, there would exist a point « € E belonging to every A,,, yielding k,, > k()
for all n € N. Therefore, by assumption, the set M := {z,, : n € N} is relatively
compact in G. Since Uy, C Uy, and Uy, is relatively compact, it follows that

Fi= ] (@n+Uk,) C M+ Uy,
neN

is relatively compact and so p(F) < p(F) < co. On the other hand, the compact
set M is contained in a base set Uy, K € Z, by Proposition 2.1 (v). Hence
xy, € Uk for all n € N. Furthermore, by the monotonicity of 8, we find N € N with
ON (k(x)) > K, and the consideration z,, € U C UonN (k(z)) = 0 € Tpn + Upn (1(a))
shows

Uk =0+Ug C (xn + UGN(k(m))) +Ug Cxp+ QUGN(k(m)) Cxp+ UGN+1(k(m))'

Since the x,, + Uy, are disjoint, this finally yields
W(F) =" p(wn +Uk,) =Y plan + Usa))

neN neN
> ATNEDN (2 + Ugves (ayy) = AN Uk ) = o,
neN neN
since u(Uk) > 0 by Proposition 2.1 (i). This contradicts the finiteness of u(F).
Hence (,,cy An is empty, finishing the proof. (I

Theorem 2.6. Let 1 < ¢ < oco. Then the maximal operator Mg is bounded in
L(G). Furthermore, M¢ is weakly bounded in L'(G), i.e., estimate (5) (and even
(6)) holds true.
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Proof. Since Mg f is lower semi-continuous for f € L (G) and since obviously
Meaf(x) <|f|leo almost everywhere, the maximal operator extends to a bounded
operator in L*(G).

Let us now establish (5). Assume that ¢ > 0 is such that u(G) > 2| f|, since
otherwise the assertion is trivial. As we want to apply Lemma 2.5, consider the set
E,:={zxeG: Mqgf(x) >t} If E;isempty, there is nothing to prove. Otherwise,
choose a compact subset E} C E; and define a function & : E] — Z via

1
E(x) ::max{keZ:M/ac+Uk|fdu>t}.

This mapping is certainly well-defined. Indeed, if there was no maximal k € Z,
then we would find a sequence (k) C Z with k,, — 0o as n — oo such that for all
n € N it holds

A
® 207l = 7 >

/ |fl1dp > wlx + Uy,) = u(G), as n — oo,
t I+Ukn

contradicting our assumption.

We have to show that the mapping k is bounded from above. Assume again oth-
erwise. Then there exists a sequence (z,)nen C Fj such that k, := k(x,) — o
as n — oo. Since Ey is compact, there is a K € Z with |, cy{zn} C B} C Uk by
Proposition 2.1 (v). Taking sufficiently large n € N, we obtain k,, > K. Therefore
0 € my, + Uy, and consequently Uy, C @y, + 2Uk, C xp + Ugy,,)- Therefore, we see

p(Uk,) < p(xn + Ugr,y) < Ap(zn + Uk,,).

But then

)
A A
P =5 [ 11z A +Ui) 2 a(0) > W6), s oc,
t t Tpn+Ug,,

yielding again a contradiction.

Since for every ko € Z the set {x € E} : k(z) > ko} is a subset of the compact
E} and therefore relatively compact in G, we can invoke Lemma 2.5 to obtain a
finite or infinite sequence of points x,,, such that E; C |J (z,, + 2Uy, ), but the sets
T, + Uy, are pairwise disjoint and p(z, + Uk,) < 1 oo 4v, |f]dp. Assume the
obtained sequence to be infinite, the finite case being even casier. This yields

,LL(ED < Z w(n 42U, ) < A Z w(xy, + Ug,)

n=1
A o0
< —
S
n=1
Observe that this estimate is independent of the particular compact subset E;, C
E;. Since E; is open by (2) and the measure p is inner regular, we may take
the supremum over all compact subsets of E; to obtain (5). Therefore Mg is
continuous from L'(G) to LY*°(G). Inequality (6) can be verified by considering
9= [X{f|>t/2}, Where X{|#|>¢/2} is the characteristic function on the set {x € G :

|f(z)| > t/2}. Since Mg is sublinear and obviously Mg(c) = ¢ for all constant
functions, we obtain Mg f < Mag + t/2. Therefore, {x € G : Mgf(x) >t} C

n=1

A
£l < 211
n+Uk,
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{z € G: Mgg(xz) > t/2}, and so
p{z € G:Maf(x)>t})
2A

< nlfr € G : Mag(a) > 1/2)) < 2 gl = 22 e
{If1>t/2}
which is exactly (6).
Since M is weakly bounded in L'(G) and bounded in L>°(G), it is also bounded
in L?(G) for 1 < p < oo by the Marcinkiewicz interpolation theorem [7, Appendix
Al O

3. MUCKENHOUPT WEIGHTS

Assume that G is a locally compact abelian group with a measure p satisfying
Assumption 1.1.

Definition 3.1. Let 1 < ¢ < co. A function 0 < w € L} (G) is called an A,(G)-
weight if

a
7

10 A= (g [ i) (g [T ) <o

where the supremum runs over all base sets U € G. In that case, A,(w) is called
the A4(G)-constant of w. We say that w belongs to the Muckenhoupt class A,4(G)
or even w € Ay(G) if it is an A,(G)-weight.

Furthermore, we call a locally integrable, nonnegative function w an A;(G)-
weight if there exists a constant ¢ > 0 such that

(11) Mew(z) < cw(z), a.a. x € G.

The infimum over all these constants is called the A;(G)-constant of w and is
denoted by A;(w).

We call a constant ¢ = ¢(w) > 0 that depends on A,(G)-weights A,(G)-consistent,
if for each d > 0 we have

sup{c(w) : w is an A,(G)-weight with A,(w) < d} < .
Let us note some important observations on basic properties of the Muckenhoupt
classes, in particular, that they are nested.
Proposition 3.2. Let w € A;(G) for 1 < g < co. Then the following hold true.
(i) w e Ay(G) for g < p < 00 and Ap(w) is Ag(G)-consistent. Here, even
1 < g < is allowed.
(i) w T e Ay (G), where ¢ is the Holder conjugate of . Moreover, Ay (wiq?)
is Ay(G)-consistent.
(iii) For 0 <e <1 we have w® € A, (G) withr :=1+¢e(q—1) < q and A, (w°)
is Aq(G)-consistent.

Proof. Fix a base set U = x¢ + Uy and let first ¢ > 1. Then by Hoélder’s inequality

we see that
B 5

(o 5)” <)’ ()

2
T

Gy L)

b
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and since U was chosen arbitrarily, (10) is fulfilled with exponent p and constant
Ag(w) as well.
If ¢ = 1 observe that

1 do N\
12 — v d < Jw Yoo
(12) G [ ) < o lemion

Moreover, we obtain by (11) for almost all © € U that
1
(13) (M(U)/de,u> < Mgw(z) < A*Mgw(z) < A2Aw(z),

where we have used the relation (3) comparing the centered and uncentered maximal
operators. Passing to the essential infimum on the right-hand side of (13) shows
that

1
(14) (M/UWCIM) lw™ | oo () < A2 AL

Again, since U was chosen arbitrarily, putting inequalities (12) and (14) together
yields the first assertion.
For the second assertion we simply calculate

/
’

<M(1U)/Uwq; du) (u(lU)/U (wqq/)“q'du)qq
) <<“<1U)/Uw_q;d“)q, (M(lU)/U”du>> "< agiw),

The third assertion follows from Jensen’s inequality and the fact that er’/r = ¢'/q,
which immediately follows from r — 1 = £(¢ — 1) and the calculation
q 1 q
15 —1= —1= S
(15) q | 71 4

Then it follows

(o) Gl feorsa)”
(st o) (o )

It is interesting to see that if we have two Muckenhoupt weights of class A;(G),
say wo and wq, then we can construct weights in A,(G). This will be of great use
later on proving the Extrapolation Theorem in Section 4.

O

Proposition 3.3. Let wy, wi € A1(G). Then for 1 < g < 0o, wp - w;a/q/ € A,(G).
Proof. Fix a base set U € G. Observe that for w € A;(G)

w(z)™! < (eMgw(z)) ™' < (,u(cU) /UWd/J> _17
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with ¢ := A7 *(w) for almost all 2 € U. Hence

s o) (i ) )
<0 o) G o) G ) (s )

/
:C7

where ¢ = A; (wo)Af/q/ (w1). O

The Muckenhoupt weights can be characterized as those weight functions such
that the maximal operator is weakly bounded in L9(G). In fact, we will see later
on, that for 1 < ¢ < oo, the maximal operator is bounded in L?(G) even in the
strong sense. However, we first focus on the weak boundedness, which is true also
for g =1.

In order to state the theorem, let us fix the notation.

Definition 3.4. Given a weight functionw € Li (G), we denote by y, the measure
defined via i, (E) := [pwdp and by LE(G) the space of all measurable functions
such that the g-norm with respect to the measure p,, is finite. Furthermore we
denote by Mg ., the maximal operator defined as in (1) with respect to the measure
Heo -

Then we have the following two propositions.

Proposition 3.5. Let0 <w € L} (G) and let 1 < q < co. Thenw € Ay(G) if and
only if there is an A, (G)-consistent constant ¢ > 0 such that for every nonnegative

measurable function f: G — R and every base set U C G it holds

(16) (Lt(lU)/deu)qg ﬁ/lijwdu.

Proof. We first show the assertion for 1 < ¢ < oco. Assume w € Ay(G). Then
writing f = fw!'/%w~1/9 and applying Holder’s inequality with exponents ¢ and ¢’
to the expression on the left-hand side of (16) yields

Gy S 70) = g ([ pememrnan)
1
1

PGE (/U Jre d”) (/U‘”%‘/ d")
oo (L rean) B! (G [ 7% an)

U
< fiw du) Ag(w),
tw(U) < U !
and choosing ¢ := A,(w) we obtain the inequality (16).
Conversely, assume that (16) holds for all nonnegative measurable functions f :

G — R. If the left-hand side of (16) is finite, we obtain equivalently
-1

e ) ()
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Therefore, we define f, := (w + 1/n)~%/% for n € N. It follows

(w+
(s =) G | =+ )’
) e o)
iy G [ )

=0 (= [ sawan) ([ spwan)

—_

-

~—

1

Hence, we can estimate

o) o
< p(U ( /fq )du>q(/Uwadu)l
= p1,(U) (N(U)/Ufndu) (/Ufﬁwdu>_1§0-

Observe that the right-hand side is independent of n € N. If we denote the integrand
(w+1/n)"7w in the second term of the left-hand side by g,,, we see that g, < gm
if n <m and g, — w™4/% as n — oo in the pointwise sense. Hence, Lebesgue’s
Theorem on Monotone Convergence yields the result for 1 < ¢ < oc.

For ¢ = 1, the proof is similar to [10] and will be omitted here. O

Proposition 3.6. Let 1 < ¢ < oo and w € Ay(G). Then

(i) the measure p,, is reqular and has the doubling property, i.e., p,(x +
Upry) < copiw(x + Uy) for all v € G and k € Z, where ¢, > 0 is an
A, (G)-consistent constant,

(ii) slightly more general, for any base set U and any measurable subset S C U
we have

M ! cﬂw(s)
(18) (M(U)> < (0

where ¢ > 0 is the bound appearing in (16),

(iii) 4t holds L>=(G) = L (G) with equal norms,

(iv) Mg is bounded in LP(G) for all 1 < p < oo and weakly bounded in
LL(G) with an Ay(G)-consistent bound and

(v) Co(G) is dense in LL(G).

Proof. Regularity follows by Lebesgue’s Theorem on Dominated Convergence. To
verify the doubling property, simply use (16) with U = x + Up(xy and f = Xz1v, -
Since p has the doubling property with doubling constant A, we obtain

41 < ( pw(x + Uy) )q < et (x + Uy)
“\ul@+Umy)) ~ pol(z+ Upwy)’




EXTRAPOLATION THEOREM ON LOCALLY COMPACT ABELIAN GROUPS 13

which shows (i) with ¢, = cA%.
For (ii), we argue analogously, using (16) with f = xs.
To show (iii), recall that the norm on LZ°(G) can be represented via

(19) [fllzes @) = supfr € R:po({x € G: f(x) > r}) > 0},

and a similar expression for the norm on L*°(G), if we replace the measure p,, by
the measure p. Since p,, is absolutely continuous with respect to u, we clearly have
[ fllLee (@) < I fllLee(c)- Moreover, w > 0 almost everywhere, excepting the trivial
case w = 0. Indeed, if w = 0 on a set S such that p(S) > 0, we get in virtue of
(18) that u,, (U) = 0 for every base set U containing S. If S is not contained in any
base set, then consider the set S := SN U for some base set U large enough such

that u(S) > 0, which certainly exists, since otherwise

u(S):u(SﬂG)Zu(SﬂUUk)=u<U(SﬂUk)> <Y wSNU) =0

keZ keZ kEZ

Hence, w = 0 almost everywhere on every base set containing S and thus on the
whole group G. This shows that for every nontrivial Muckenhoupt weight w we
have w > 0 almost everywhere. Thus, u is absolutely continuous with respect to
pieo- Consequently [ fllze(q) = IIfllrx(c)-

The boundedness of the maximal operators follows by Theorem 2.6. The A4(G)-
consistency of the bound is clear, since we apply Marcinkiewicz’ interpolation the-
orem and the bound for the weak estimate from L} (G) to L (G) is the doubling
constant of the measure p,,, which is A,(G)-consistent by part (i), and the bound
of the maximal operator in LY (G) = L™(G) is 1 and therefore trivially A4(G)-
consistent.

Since p,, is regular, (v) follows from [17, Appendix E.8§]. O

Theorem 3.7. Let 0 <w € L}, (G) and let 1 < q < co. Then w € A,(G) if and
only if Mg is bounded from LL(G) to LL™>(G) with an Aq(G)-consistent bound.

Proof. Assume w € A,(G). We can apply Proposition 3.6 to obtain that Mg, is
weakly bounded in L}, (@) with an A,(G)-consistent bound. Taking the supremum
first on the right-hand side and then on the left-hand side of (16), we see that

(Maf ()" < eMao(|f19)(2),

for almost all z € G. Then we may use the weak boundedness of Mg, to obtain

polr € G Maf(2) > 1) < e € G+ Maul|f17)(x) > #1/c) < & [ 1517

which is what we wanted to show.
Conversely, assume that Mg is bounded from L to LL>°. Let f > 0 be measurable
and let U C G be a base set. If

1
(fo) = W/deu:m

there is nothing left to prove. Hence, assume (fy) > 0 and observe that (fy) <
Mg f(z) < A2Mg f(x) for every x € U. Hence, fixing 0 < t < (fr), we obtain

U={zecU: Maf(x)> (fu)/A%}
Cl{zelU: Mgf(z)>t/A*} C{z € G: Mgf(x) > t/A%},
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and by the weak boundedness of the maximal operator we obtain

cA%
po(U) < =2 /\flqdm.
U

Using once again ¢t < (fy), we finally see

cA%
[ < ea [ 7,
U U

and in virtue of Proposition 3.5 we obtain w € A4(G).

(fo) e (U) < (fu)?

O

Using the Marcinkiewicz interpolation theorem, we deduce the following corol-
lary.

Corollary 3.8. Letw € Ay, 1 < g < co. Then for ¢ < p < oo there exists an
A,(G)-consistent constant ¢ > 0 such that the strong estimate

(20) [ Werrwdize [ (fPwdn, 1€ Li(G)
e G
holds. In other words, Mg extends to a bounded operator from LP (G) to LP(G).

Proof. By Proposition 3.6 (iii) we have L°(G) = L*°(G) and thus we obtain the
estimate

(21) [Mefllrec) = IMaflle=@) < Iflle=@) = Ifllze@)-

Hence, the Marcinkiewicz interpolation theorem yields the boundedness of Mg in
L (G). The A,(G) consistency follows, since the by the Marcinkiewicz interpola-
tion theorem the bound depends directly on the A,(G)-consistent weak bound of
Mg : LL(G) — LL*(G) and the bound of Mg : LX(G) — L°(G), which is 1 and
hence trivially A,(G)-consistent. O

Observe that Corollary 3.8 is only stated for ¢ < p. Indeed, if we want to

strengthen this result towards ¢ = p, we will necessarily have to exclude the case
q = 1: There are counterexamples in this case even for the group G := R". Take for
example w = 1. It is easy to see that applying the maximal operator to a nontrivial
integrable function never yields an integrable function.
However, if 1 < ¢ = p, then we do obtain such a strong estimate. In the classical
setting G = R", this is called the Muckenhoupt theorem. It is usually proven via
the so-called Reversed Holder Inequality (cf. [11, 20]), which in turn shows for
1 < ¢ < oo that w € Ay (G) implies w € A,(G) for some smaller p < ¢g. Then
Corollary 3.8 may be applied to this new, smaller exponent to show the assertion.
Unfortunately, the proof of the Reversed Holder Inequality heavily relies on the
existence of dyadic cubes. In our situation, we lack of such a concept. Therefore
we use a different approach, which is mainly due to Jawerth [13].

Proof of Theorem 1.4. Let f € LL(G). For every m € Z define the set
S 1= {x €EG:2" < Mgf(x) < 2m+1},
which implies S,, C UJEN

union of sets of the form U™J = ™ 4 U,::"’j satisfying

1 2m
22 _— d —_.
(22) MUWU%;JV|M>A2

U™J, where the right-hand side consists of a countable
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Let us explain, why we have include the extra factor A2 here, which makes sure
that the union can be assumed to be countable. Suppose x € S,,. Then by
the comparability of the centered and the uncentered maximal operator in (3) we
have Mg f(z) > Mgf(x) > 2™, and by the definition of the uncentered maximal
operator we find a base set U(x) such that x € U(x) and such that

1 m
(23) ,u(U(:v))/U(m)fldM>2 .

Clearly, Sy, would be contained in the union over all these U(x), but this union
might not be countable. Therefore, we take an element "™ of the dense subset
D C G obtained in Proposition 2.2 (iv) such that ™" € U(z). Assume that
U(z) =y + Uy, for some y € G and k € Z. Then ™" 4 Uy C y + 2Ux C y + Up(ry
and so
(™" + Upgry) < Ap(a™" + Ux) < Ay + Ugry) < A%y + Ux) = AU (2)).
Furthermore y € 2™ + Uy by symmetry of Uy, and so x € y+ Uy C 2™" 42Uy C
™" 4 Up(ry. Hence, using (23), we obtain
o . T ),
_ wdy > ————— wdp
M(xm,n + Uek) ™ +Ug, :U’(mmm + U@k) U(x)

> ¥/ wdp > g
= RuU@) Jow T AT

To summarize, for every = € S, we have found a base set U™ (k) = gm-n 4 Us(r)

with center ™" in the countable dense set D C G such that @ € U™ (%) and
such that the inequality (22) holds. Since there are only countably many base sets
U™ (k) n e N, k € Z, we can relabel them as U™7. This shows that we can
assume the collection of base sets covering the set 5, to be countable.

We therefore can define the sets

(24) E™ = U™\ JU™ | NSm,  jENmEL

s<j

Since the S,, are clearly a disjoint decomposition of G and each .S, itself decom-
poses into the disjoint subsets E™7, we may write in virtue of (22)

/G Mol du = Z/E M flrwdp <Y 2m ey, (Em™)
. m,J .
m,] m,]

(25) <212 (g [ 11w)

k,j
—cy p™igm,
m,j
with the A,(G)-consistent constant ¢ := 29427 and

7= (g J, (107 vn)

= ()
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Here we used the notation v := w=9/9, so that v € A, (G) by Proposition 3.2 (ii).
Consider now the set X := {(m,j) : m € Z,j € N}. Obviously, X turns into a
measure space (X, P(X), ux) if we define the measure px via

(26) px(B):= > p™,  EePX),
(m,j)EE

With this measure space at hand and defining g : X — R, via g(m,j) := g™, we
can now write the last sum appearing in (25) as an integral via

(27) Zum’jgm’j :/ gdux :/ dg dA
m,j X 0

where A is the Lebesgue measure and the function d, is the distribution function
of g defined via dg(r) := px{(m,j) € X : g(m,j) > r}. Since w € A4(G), we have

(i(g]:f) : (Aq(“)u/:(%%)d |

which is just the Muckenhoupt condition (10) rewritten, and thus
. Umi q Umi q
<u ( m‘)> §<Aq(w)u( m))
u(UmI) o (U™

1 q
= (.Aq(w)./ Xumiw lw du)
m,Jj m,j
(28) MW(U ) um™ /

< (A _int Mot

zeU™J

’

< (ch(w) inf MGM(XUm»jW_l)(ﬂ?))qv

zeU™J

where the last inequality follows from the fact that the centered and uncentered
maximal operators are comparable with a doubling constant ¢ = ¢,, > 0 by (3),
and ¢, is A4(G)-consistent by Proposition 3.6 (i). Hence

m,j q q/
w5y () (- B
p = e (E™7) < W(T77) < cp(E™7) xelzrjlfw Mea.w(xumiw ) (x)
S c/ |MG,w(XUm,jw_1)|q,w du,
Em.d

with an A,(G)-consistent constant ¢ > 0. We may now estimate the integrand in

(27). With the notation G(r) := Uy j)ex g(m.j)>r} U™ we obtain

1
Gryc{reG: W/ (| flv~ v du > r for some base set U C G with x € U}
Ho U

Cl{reG: (Mau(flv H)@)!>r}c{zreG: (A2Mg.,(|flv 1) (x)? > r}.
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Hence, by the boundedness of Mg, in L2 (G)

dy(r) = S owmi<e % / Me(xmoes Dl wd
{(mg)eXsg>r) () exegory B

< —1y¢
(29) —C/G‘MG,Q)(XG(T)W )| wd:u

c W dy = ¢ o(G(r
< /G . i = e (G(r))
< cpp({z € G+ (A*Ma o[ flv ) () > 1)),

where ¢ > 0 is still A,(G)-consistent, since the bound of Mg, : LL (G) — L% (G)
is Aq(G)-consistent by Proposition 3.6 (iv). Now we are almost finished. Recall
that also p, is a doubling measure (since v is a Muckenhoupt weight as well)
and therefore the maximal operator Mg ,, is bounded in L(G) with an A,(G)-
consistent bound by Proposition 3.6 (iv) and Proposition 3.2 (ii).

Therefore we can calculate with (25) and (29)

/G|/\/lgf|qwd,u§czlum’jgmvj:c/ dg dX
0

m,J

< c/ooo w,({x € G: (CMG,U(Lf"U_l)({L'))q > r}) dA(r)
= [ eManlslo ) dn

with an A, (G)-consistent constant ¢ > 0. This finishes the proof. g

4. EXTRAPOLATION THEOREM FOR LocALLy COMPACT ABELIAN GROUPS

This section is devoted to establishing an extrapolation theorem generalizing

the classical Extrapolation Theorem due to Garcia-Cuerva and Rubio de Francia.
We will not follow the arguments given in their book [10], but rather use a more
modern and direct way due to Cruz-Uribe, Martell and Pérez [4], which enables us
to deal with the vector-valued case corresponding to Theorem 6.4 in chapter V of
[10], simultaneously.
A cornerstone of the arguments used here are the following three operators. Let 1 <
g < 00. Then the conjugate mazimal operator M, defined via M, f := Mg(fw)/w
extends to a bounded operator on LY (G) with A,(G)-consistent bound. Indeed,
v = w7 ¢ Ay (G) by Proposition 3.2 and 1 — ¢’ = —¢'/q, which has been
calculated in (15). Therefore, M¢ is bounded in L% (@), which implies that

’ a ’ ,
IMalfy = [ (FELD) wan= [ Mot o a

<e [1ulf o du=c [ 1717 wap = el 17,
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Moreover, we will consider the two corresponding operators

- MG f o Me)Ff
Rf = G and R/f = o e
kzz;) Qk”MGHE(Lg)(G)) Z 2k||M/ ||Lq (@

These operators enjoy the following properties.

Proposition 4.1. Let 1 < ¢ < oo, f € LL(G) and h € LL(G). Then

(i) (a) 0<|f| < Rf,

() 1Rfllzae) <2l fllLe ),

(c) Rf € A1(G) with A1 (Rf) < 2[[Mall s @y

(a) 0 < |h| < R'h,

( ) ||th||Lq (@) < 2Hh||Lq’(G) and

( ) Rh-we Al(G) with Al(Rh . w) < 2HM/G||[,(LZ(G))

(i)

Proof. We start with the operator R. For the first assertion, we observe that every
summand in the definition of R is nonnegative. Therefore every partial sum is
greater or equal M?f = |f|. The second assertion follows simply by observing

S Mol
k k
= 2" IMallz Lo @) £9(G)
> HMG”k (LY, G))Hf”LfL(G)

<
— k
o PIMellziaey

IRl (c) =

= 2| fllLece)-

The last assertion can be seen by considering

fe%e] Mk f [e] Mk+1f
Me(Rf) = Mg ( G )
Z Qk”MGHIZ(LgJ(G)) Z 2k ”MGHg(L‘Z (G))
Mk:-‘,—lf
5 25 [ MallEe,

L(LL(G))
MEf

=2[|[Mallzns @) RS-
2kHMG||£ L3(G)) (L&(G)

=2[[Mallz s ay) Z

<2[Malleaey Z

The proof of the first two assertions concerning operator R’ follow as in the case of
the operator R. The last assertion follows by

, = ME)ER - w N Ma((MLFR - w)w/w
Mg(R'h-w) = Mg (ZQkH(M |)|k » G))>:Z c((Mg) Jw/

k=0 2k||MGH[;(Lq (@)

— (M) h-w —  (Mg)h-w
=2 Mgllcza ey
Z [ MEIE Lo o) ZWHM e
o (MG)*h-

< 2[| MGl s @y Z - =2[IMgll czo@nR'h - w.
Mg ”L(L%G))

O

Now we can prove an abstract version of the Extrapolation Theorem for locally
compact abelian groups.
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Theorem 4.2. Let G be a locally compact abelian group satisfying Assumption 1.1.
Moreover, let 1 < r < oo and assume that there is

Fc{(f,9): f,9:G— R are nonnegative, measurable functions},
such that for every v € A.(G),
(30) l9llzr @) < ellfller e (f,9) € F,

with an A.(G)-consistent constant ¢ > 0. Then for every 1 < q¢ < oo and every

w e Aql(G),

(31) lgllzsc) < cllflire e, (f,9) € F,
with an Aq(G)-consistent constant ¢ = c(q) > 0.

Proof. Fix (f,g) € F, 1 < ¢ < o0 and w € A,(G). Let us also assume that
f € Li(Q), since otherwise there is nothing to prove. By the Theorem of Hahn-
Banach we may write

9l 2 = | ohdia
G

where h € LI (G) with norm 17l L )
g > 0, also h > 0. Therefore, by Proposition 4.1 we obtain the pointwise estimate
h < R'h, and Holder’s inequality with exponents r and 7’ and with respect to the
measure R'hdy yields

l9llLo = | ghduw = g(Rf)_l/T (Rf)l/r hdp,
@ G G

= 1. Since pu,, is a positive measure and

< / g R RHYT Rhdu,
G

, 1/r 1/r
< ( / g (RN R’hduw) ( / RfR’hduw)
G G

= llgl

(32)

L:;(G)HRI/T HL;’(G)7

with v = (Rf)fr/r, Rh-wand R := RfR'h. Since f € Li(G) and h € LY,
Proposition 4.1 yields both Rf € A;(G) and R'h-w € A;(G) with Muckenhoupt
norms independent of f and h. Therefore v € A,.(G) by Proposition 3.3 with A, (v)
depending only on A,(w). Hence, by assumption,

lgllzr (@) < cllf]

with an A,(G)-consistent constant ¢ = ¢(w) > 0. Plugging this into (32), we obtain
with the pointwise estimate |f| < Rf

19040 < elf s @B Ny () < el RS
Taking a closer look at the first norm of the right-hand side, we realize that by the
definition of v = (Rf)™"/" R'h-w and the calculation r — r/r’ = 1,

e </c ()" ”)W - (/G (Rf) (R R'h dﬂ”)l/r

1/r B
= (/ RfR/hde> = [|RY" || (-
G

L7 (G)»

L@ IRV

Ly (@)

1711
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It follows
gl < ellRY |2y ) I R I (@) = cllRl L) = | RFR' Ry )
< | RS lg @ 1Rl Lo ) < ¢ 20 fllzace) - 20l L @
=4c|fllzace)-
O
Remark 4.3. An extrapolation theorem on locally compact abelian groups in

the style of Garcia-Cuerva and Rubio de Francia is contained in the assertion of
Theorem 4.2.

(i) Choose
Fer :={(f;|Tf]) : f: G — R measurable }.

IfT: L (G) = L,(G) is bounded with an A, (G)-consistent bound, then
we always have

o) = 1T fller e < cllfl
and thus Theorem 4.2 gives us
ITf s = llglley@) < ellflees  (f.9) € Fay

with an A, (G)-consistent constant ¢ = ¢(g) > 0.
(ii) We also get a vector-valued version of Theorem 4.2, i.e., under the assump-
tion of the theorem we have for all 1 < p,¢q < oo and for all w € A,(G)

IE) L, < d(29)”

for all finite sequences {(f;,9;)}j—1 C F, where ¢ = c(q,p) > 0 is Ay(G)-
consistent. To see this, cons1der

7= {(F6) ((;f>/ (Zg)/) A9V € 7

J

gl L7(G)> (f,9) € Fa,

Ly(@) LZ(G)’

and observe that Theorem 4.2 applied with ¢ replaced by p gives for all
v e Ay(G) and (F,G) € F,

Gy = 3 [ ghme < [ 7 <Pl
j=1 j=1

with an A,(G)-consistent constant ¢ = ¢(p) > 0. Thus, taking the pth-
root, we obtain [|G||pr(q) < cf|Fllpr(q) for all (F,G) € Fp. If we apply
now Theorem 4.2 again, but this time with exponents r = p, ¢ = ¢ and

F = F,, we obtain
n 1/p
(27)
j=1

n 1/p

(2#) = Clzs(0) < el Fllzsey = ¢
i=1
with an A,(G) consistent constant ¢ = ¢(gq, p) > 0.

L& (G)

b
J LE(G)
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5. R-BOUNDEDNESS AND MUCKENHOUPT WEIGHTS
Definition 5.1. We call the sequence of functions (r;),en defined via
rj 0,1 = {-1,1},
7;(t) == sgn [sin(27 " 7t)],
the sequence of Rademacher functions.

Remark 5.2. Observe that the Rademacher functions are symmetric, independent,
{-1,1}-valued random variables on the probability space ([0,1],8, ). In fact, all
arguments used in this section can be be transferred from Rademacher functions
to symmetric, independent, {—1, 1}-valued random variables on [0, 1] without any
changes.

Definition 5.3. Let X be a Banach space. A subset 7 C L(X) is called R-
bounded, if there exists a constant ¢ > 0 such that

1) n 1
(33) / S T di<e /
o 5= x 0

foral Th,...,In € T, 1,...,2, € X and n € N. Here, (7;),en is the sequence of
Rademacher functions.

The smallest constant ¢ > 0 such that (33) holds is called R-bound of T and is
denoted by R1(T).

n

> i)

Jj=1

dt
X

For 1 < p < 0o, we can replace the condition (33) in Definition 5.3 by

(34) / ;wmxj A< Ry / ;wm

due to the following lemma, which is known as Kahane’s inequality.

p
dt,
X

Lemma 5.4. Let (1})en be the sequence of Rademacher functions. Then there is
a constant k, > 0 such that for every Banach space X and for all x1,...x, € X

ST 1) n P s ST
/ > rit)ay|| dt < (/ > i)z dt) < k:,,/ > i)
o 1153 x o 5= X 0 1=

Hence, (33) holds with a bound R1(T) := kpRp(T)% if (34) holds with a bound
Rp(T), and (34) holds with a bound Ry(T) := (k,R1(T))? if (33) holds with a
bound R1(T).

Proof. See [6, Theorem 11.1]. O

dt.
X

In the particular case that X" is an LY(X, ux)-space, where (X, p1x) is a measure
space, we can give a characterization of R-boundedness that is much easier to
handle. It relies on the following Khinchin’s inequality.

Lemma 5.5. Let 0 < ¢ < 0o and (1;)jen be the sequence of Rademacher functions.
Then there is a constant cq > 0 such that

Z ri(t)a;

n 1

q : 3
dt) < CQ(Z |aj|2> ;

j=1

n

(35) cql<23|aj|2)é < (/

j=1
forallay,...,a, € C and alln € N.
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Proof. See [6, Theorem 1.10]. O

Proposition 5.6. Let (X, A, ux) be a measure space, 1 < q < oo and write X :=
LY(X,ux). Then T C L(X) is R-bounded if and only if there is a constant ¢ > 0
such that

(36) H (Z |ijj|2) <e: H (Z |fj|2)
j=1 x i=1

forallTy,.... T, €T, fi,..., fn € X and n € N.

Proof. See e.g. [9, Lemma 4.2]. a

)
X

Remark 5.7. If in the situation of Proposition 5.6 the constant ¢ appearing in (36)
is A,4(G)-consistent, then also the R-bound of T is A,(G)-consistent. Indeed, from
the proof of Lemma 4.2 in [9] it is apparent that R,(7) = cic is A4(G)-consistent;
here, ¢, is the constant from Khinchin’s inequality (35) which is independent of w.
But since R1(T) = k,R,(T)'/? by Lemma 5.4, and since k, is independent of the
underlying Banach space and therefore in particular A,(G)-consistent, we see that
R1(T) is Aq(G)-consistent.

We can finally give the proof of our main theorem.
Proof of Theorem 1.5. We will choose
F={(f,ITf]): f: G — R measurable ,T € T}.
Then using the vector-valued extrapolation estimate in Remark 4.3 (ii) with p = 2,

we obtain

<c
L& (G)

b

Li(G)

H <Z|ijj2> ) (Z|fj|2) 2
j=1 j=1

forallTy,... T, €T, f1,-.., fn and all n € N. Hence, Proposition 5.6 yields the R-
boundedness of T and Remark 5.7 shows that the R-bound is A, (G)-consistent. O
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