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We consider the instationary Navier-Stokes system in general unbounded do-
mains 
 � R

n, n � 3, with smooth boundary and construct by the Fujita-Kato
method mild solutions u 2 L1(0; T ; ~Ln(
)) with initial value u0 2 ~Ln(
). Here
the classical Ln(
)�space is replaced by ~Ln(
) de�ned as Lq \ L2 when q � 2
but as Lq + L2 when 1 < q < 2. Moreover, for suitable initial values we iden-
tify mild solutions in L1(0; T ; ~Ln(
)) with very weak solutions in Serrin's class
Lr(0; T ; ~Lq(
)) where 2

r
+ n

q
= 1, 2 < r <1.
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1 Introduction

We consider the instationary Navier-Stokes system

ut ��u+ div (u
 u) +rp = f in (0; T )� 
;
div u = 0 in (0; T )� 
;

u = 0 on (0; T )� @
;
u(0) = u0 at t = 0;

(1.1)

in a general unbounded domain 
 � R
n, n � 3, with uniform C2-boundary and

a �nite time interval (0; T ). Here u = (u1; : : : ; un) denotes the unknown velocity
�eld, p an associated pressure, f a given external force, and u0 the initial value of
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u at time t = 0. For simplicity, the viscosity is set to � = 1. A precise de�nition
of domains with uniform Ck-boundary can be found in De�nition 2.1 below.

A problem in this setting is the unboundedness of the underlying domain 
.
Due to counter-examples by M.E. Bogovskij and V.N. Maslennikova [6, 7] the
Helmholtz decomposition of vector �elds in Lq(
), 1 < q <1, on an unbounded
smooth domain may fail unless q = 2. By analogy, a bounded Helmholtz projec-
tion Pq with the properties required to de�ne the Stokes operator Aq = �Pq�
when q 6= 2 may not exist. Therefore, in [9, 11, 12, 13, 14] H. Kozono, H. Sohr
and the �rst author of this article introduced the spaces

~Lq(
) :=

(
Lq(
) + L2(
); if 1 � q < 2;

Lq(
) \ L2(
); if 2 � q � 1:
(1.2)

The corresponding norm is de�ned as kuk~Lq = maxfkukq; kuk2g when q � 2, and
as inffku1kq+ku2k2 : u = u1+u2; u1 2 L

q(
); u2 2 L
2(
)g. For bounded domains

we have that ~Lq(
) = Lq(
) with equivalent norms. We note that functions in
~Lq(
) locally behave like Lq-functions, but globally exploit L2-properties. By
analogy, function spaces like ~Lq

�(
) of solenoidal vector �elds and ~W k;q(
) of
weakly di�erentiable functions will be de�ned.

As shown in [11] a Helmholtz projection ~Pq : ~L
q(
)n ! ~Lq

�(
) is well de�ned,
allowing to de�ne a closed Stokes operator ~Aq = � ~Pq� with domain ~D1

q =
~W 2;q(
)\ ~W 1;q

0 (
)\ ~Lq
�(
) dense in ~Lq

�(
). The operator ~Aq has similar properties
as the usual Stokes operator Aq, generates an analytic semigroup e�t ~Aq , t � 0,
enjoys the property of bounded imaginary powers and maximal regularity; for
details and further properties of these function spaces and operators we refer to
[9, 11, 12, 13, 14] and [22], [24] as well as to Sect. 2.

In this article we are looking for mild solutions u 2 L1(0; T ; ~Ln
�(
)) to be

constructed by the well-known Fujita-Kato method of successive approximation,
see H. Fujita and T. Kato [17] working in D(A

1=4
2 ) � L3

�(
) when 
 is bounded,
T. Kato [21] for the case 
 = R

3 and Y. Giga [19] for a more general and abstract
approach. An exposition of the method for the whole space Rn based on harmonic
analysis can be found in the monograph [5]. The Fujita-Kato method is strongly
based on the variation of constants formula (1.3) in the following de�nition.

De�nition 1.1. Let 0 < T < 1 and 
 � R
n, n � 3, be a uniform C2-domain.

Assume that an initial velocity u0 2 ~Ln
�(
) is given. Then u 2 L1(0; T ; ~Ln

�(
))
with t1=2ru(t) 2 L1(0; T ; ~Ln(
)) is called mild solution to the Navier-Stokes
system with initial velocity u0 if it solves the integral equation

u(t) = e�t
~Anu0 �

Z t

0

e�(t�s) ~An=2 ~Pn=2(u(s) � ru(s)) ds (1.3)

for almost all 0 � t < T .
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The integral equation is to be read as equation in ~Ln
�(
). By ~Lr�~Lq-estimates

of the Stokes semigroup, see (2.8), (2.9) below, it can be veri�ed that the integral
term on the right hand side of (1.3) is well de�ned and contained in ~Ln

�(
).
The main result of this article reads as follows:

Theorem 1.2 (Existence of Mild Solutions). Let 0 < T < 1, a uniform C2-
domain 
 � Rn and an initial velocity u0 2 ~Ln

�(
) be given. Choose n < q <1.
Then there is a constant 
 = 
(�(
); q) > 0 such that the condition

sup
0�t<T

t(1�n=q)=2ke�t
~Anu0k~Lq(
) + sup

0�t<T
t1=2kre�t

~Anu0k~Ln(
) � 
 (1.4)

implies the existence of a mild solution u to the Navier-Stokes system with initial
velocity u0. For the term �(
) we refer to De�nition 2.1.

Remark 1.3. Note that the smallness condition in Theorem 1.2 is satis�ed if
ku0k~Ln is small. Moreover, even for arbitrarily large initial values, we can achieve
the smallness condition by choosing a smaller time interval, i.e. choosing a new
T > 0. This follows directly from Lemma 3.1 below.

Concerning uniqueness we have the following result:

Theorem 1.4 (Uniqueness). Let 
 � Rn be a uniform C2-domain, let 0 < T <1
and u0 2 ~Ln

�(
). Let v and w be mild solutions to the Navier-Stokes equations
with the initial datum u0. Furthermore, assume that

� t(1�n=q)=2kv(t)k~Lq(
) ! 0, as t! 0+, for some n < q <1, and

� t1=2krw(t)k~Ln(
) ! 0, as t! 0+.

Then there exists 0 < T� � T such that v = w on [0; T�).

Mild solutions u 2 L1(0; T ; ~Ln
�(
)) are solutions in the sense of distribu-

tions which are not necessarily weak solutions in the sense of Leray-Hopf with
�nite kinetic energy (u 2 L1(0; T ;L2(
))) and �nite dissipation integral (ru 2
L2(0; T ;L2(
))), see [20, 23, 28]. These mild solutions determine a limiting case
of the so-called very weak solutions contained in a Serrin class Lr(0; T ; ~Lq

�(
))
where 2 < r <1, n < q <1 and 2

r
+ n

q
= 1.

The concept of very weak solutions was discussed e.g. by H. Amann [2, 3, 4]
in the setting of Besov spaces, by G.P. Galdi, H. Kozono, C. Simader, H. Sohr
and the �rst author of this paper in classical Lq-spaces ([8, 10] and [18]), and
in weighted Lebesgue and Bessel potential spaces using arbitrary Muckenhoupt
weights, see the work of K. Schumacher ([25, 26, 27]). The adaptation to smooth
unbounded domains was performed by the authors in [15]. For a precise de�nition
and more properties especially for general unbounded domains we refer to [15]
and to Sect. 4 below.

3



The theory of very weak solutions is strongly based on duality arguments
which are not feasible in L1�spaces and for mild solutions. This is one of the
reasons of introducing the Fujita-Kato iteration method. Nevertheless, mild and
and very weak solutions are strongly related to each other and do coincide under
slightly stronger conditions on the initial datum.

Theorem 1.5. Let 
 � R
n be a C2-domain, n � 3, and 0 < T < 1. Assume

Serrin exponents n � r � 2n and n < q < 2n are given. Let u0 2 ~Ln
�(
) be an

initial velocity.
(i) A very weak solution u 2 Lr(0; T ; ~Lq

�(
)) to the Navier-Stokes system with
u(0) = u0 also belongs to the space L1(0; T ; ~Ln

�(
)).
(ii) Let u 2 L1(0; T ; ~Ln

�(
)) be the solution constructed in Theorem 1.2.
Then, for some 0 < T� � T , the solution u is contained in Lr(0; T�; ~L

q
�(
))

and is a very weak solution to the Navier-Stokes equations on [0; T�).

For statements more precise than in Theorem 1.5 we refer to Theorems 4.1 and
4.2 in Sect. 4. In the following Sect. 2 we discuss the spaces ~Lq(
) and related
spaces of Lorentz, Sobolev and Bochner type as well as properties of the Stokes
operator ~Aq. Moreover, several results on very weak solutions are summarized in
Sect. 2. Complete proofs of Theorems 1.2 and 1.4 as well as further results on
mild solutions can be found in Sect. 3.

2 Preliminaries

De�nition 2.1. A domain 
 � R
n is called uniform Ck-domain, k 2 N0, if

there are constants �; �;K > 0 such that for all x0 2 @
 there exist - after an
orthogonal and an a�ne coordinate transform - a function h on the closed ball
B0
�(0) � R

n�1 of class Ck and a neighborhood U�;�;h(x0) of x0 with the following
properties: khkCk � K and h(0) = 0 and, if k � 1, h0(0) = 0; moreover,

U�;�;h(x0) : = f(y0; yn) 2 R
n�1 � R : jy0j < �; jh(y0)� ynj < �g;

U�
�;�;h(x0) : = f(y0; yn) 2 R

n�1 � R : jy0j < �; h(y0)� � < yn < h(y0)g

= 
 \ U�;�;h(x0);

@
 \ U�;�;h(x0) = f(y0; yn) 2 R
n�1 � R : h(y0) = yng:

The triple (�; �;K) is called the type of 
 and will be denoted by �(
) = (�; �;K).
For a constant C in some estimate we will write C = C(�(
)) if it does

depend only on �, � and K, but in no other way on 
.

Note that bounded and exterior domains are uniform Ck-domains as long as
the boundary is smooth enough.
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For spaces of Sobolev-type we proceed analogously to the de�nition in (1.2):
For k 2 N and 1 � q � 1 we let

~W k;q(
) :=

(
W k;2(
) +W k;q(
); 1 � q < 2;

W k;2(
) \W k;q(
); 2 � q � 1:
(2.1)

Similarly, we de�ne the spaces ~W 1;q
0 (
), 1 < q < 2 and 2 � q <1, based on the

classical Sobolev spaces W 1;q
0 (
) and W 1;2

0 (
).
The ~Lq- and ~W k;q(
)-spaces have the following properties; for a proof see [24]:

� Let 1 � q < r � 1. Then (~Lq(
))� = ~Lq0(
) and kuk~Lq � kuk~Lr .

� Let 1 � r; p; q � 1, 1
r
= 1

p
+ 1

q
and let u 2 ~Lp, v 2 ~Lq. Then uv 2 ~Lr and

kuvk~Lr � kuk~Lpkvk~Lq .

� Let m 2 N, 1 � q <1 and 
 � Rn be a uniform C2-domain. Then

~Wm;q(
) ,! ~Lr(
)

if either q � r � 1 and mq > n, or q � r < 1 and mq = n, or
q � r � nq

n�mq
and mq < n.

Concerning the Helmholtz projection on ~Lq(
) for a domain 
 � R
n of uni-

form type C1 we have the following result, see [11]. We de�ne

~Lq
�(
) :=

(
Lq
�(
) + L2

�(
); 1 < q < 2

Lq
�(
) \ L

2
�(
); 2 � q <1

; (2.2)

equipped with the norm of ~Lq(
), and gradient spaces by

~Gq(
) :=

(
Gq(
) +G2(
); 1 < q < 2;

Gq(
) \G2(
); 2 � q <1;
(2.3)

which are based on the gradient spaces Gr(
) = frp 2 Lr(
) : p 2 Lr
loc(
)g.

The norm in ~Gq(
) is denoted by k � k ~Gq(
) := k � k~Lq(
). The dual space of ~Gq0(
)

is denoted by ~G�1
q (
).

The space ~Lq(
) admits the direct algebraic and topological decomposition

~Lq(
) = ~Lq
�(
)� ~Gq(
):

The corresponding projection ~Pq from ~Lq(
) onto its range ~Lq
�(
) and with kernel

~Gq(
) has a norm bounded by a constant c = c(q; �(
)). We have the duality
relations

�
~Pq
��

= ~Pq0 and ~Lq(
)� = ~Lq0(
). Using the Helmholtz projection ~Pq
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we de�ne the Stokes operator ~Aq, 1 < q <1, for a uniform C2-domain 
 � R
n

with domain

D( ~Aq) :=

(
Dq +D2; 1 < q < 2;

Dq \ D2; 2 � q <1;
(2.4)

where Dq := Lq
�(
) \W

1;q
0 (
) \W 2;q(
). Then ~Aq : D( ~Aq) � ~Lq

�(
)! ~Lq
�(
) is

de�ned by ~Aqu := � ~Pq�u and has the following properties, see [14]:

� ~Aq is a densely de�ned closed operator in ~Lq
�(
) satisfying

�
~Aq

��
= ~Aq0 .

� ~Aq generates an analytic semigroup e�t ~Aq , t � 0, having the bound



e�t ~Aqf



~Lq(
)

� Ce�tkfk~Lq(
)

for all f 2 ~Lq
�(
) and t � 0 with a constant C = C(q; �; �(
)), � > 0.

It is unknown whether the usual resolvent estimate for the in�nitesimal gener-
ator ~Aq of the analytic semigroup e�t ~Aq holds uniformly in the resolvent parameter
� 2 C as j�j ! 0. Therefore, the semigroup may increase exponentially fast and
the maximal regularity estimate in Theorem 2.2 below is stated only for �nite
time intervals. For the same reason, the operator ~Aq has often to be replaced by
I + ~Aq in the following.

Note that from time to time we will omit the symbols 
 and 0; T for domain
and time interval, respectively, when this data is known from the context.

Theorem 2.2. ([13, Theorem 1.4]) Let 
 � R
n be a uniform C2-domain and

let 1 < r; q < 1, 0 < T < 1. Given an external force f 2 Lr(0; T ; ~Lq
�(
))

and an initial value u0 2 D( ~Aq) (for simplicity) there exists a unique vector �eld
u 2 Lr(0; T ;D( ~Aq)) \W

1;r(0; T ; ~Lq
�(
)) solving the Cauchy problem

ut + ~Aqu = f; u(0) = u0:

It can be represented by the variation of constants formula

u(t) = e�t
~Aqu0 +

Z t

0

e�(t��) ~Aqf(�) d� for a.a. 0 � t � T

and satis�es the maximal regularity estimate

kukLr(0;T ;D( ~Aq))
+ kutkLr(0;T ; ~Lq) � C

�
ku0kD( ~Aq)

+ kfkLr(0;T ; ~Lq)
�

with a constant C = C(q; r; T; �(
)) > 0.

A further crucial property of the Stokes operator is the fact that 1+ ~Aq admits
bounded imaginary powers, see [22]. Hence complex interpolation methods can
be used to describe domains of fractional powers (1 + ~Aq)

�; �1 � � � 1. To be
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more precise, for 0 � � � 1 let the domain of the fractional power (1 + ~Aq)
� be

denoted by
~D�
q = ~D�

q (
) = D((1 + ~Aq)
�); (2.5)

equipped with the norm k(1 + ~Aq)
� � k~Lq . If �1 � � < 0 de�ne ~D�

q as the
completion of ~Lq

�(
) in the norm k(1 + ~Aq)
� � k~Lq . These spaces are re�exive and

satisfy the duality relation ( ~D�
q )
� �= ~D��

q0 . As special case we get that

~D1=2
q = ~W 1;q

0 (
) \ ~Lq
�(
) with norm k(1 + ~Aq)

1=2 � k~Lq � k � k ~W 1;q(
):

Moreover, for �1 � � � � � 1, the operator (1 + ~Aq)
��� is an isomorphism

between ~D�
q and ~D�

q . Finally, �
~D�
q ; ~D

�
q

�
�
= ~D


q ; (2.6)

when �1 � � � � � 1 and (1� �)�+ �� = 
, � 2 (0; 1). This result implies the
following embedding and decay estimates ([24, Proposition 3, Theorem 1]):

Let n � 3, 1 < q � r <1, and � := n
2

�
1
q
� 1

r

�
� 0. Then

kuk~Lr(
) � Ck(1 + ~Aq)
�uk~Lq(
); 0 � � � 1; (2.7)

for all u 2 ~D�
q and a constant C = C(�(
); q; �). Moreover,

e�t ~Arf




~Lr(
)

� Ce�t(1 + t)�t��kfk~Lq(
); (2.8)

re�t ~Arf



~Lr(
)

� Ce�t(1 + t)�+
1
2 t���

1
2kfk~Lq(
) (2.9)

e�t ~Ar ~PrdivF




~Lr(
)

� Ce�t(1 + t)�+
1
2 t���

1
2kFk~Lq(
) (2.10)

for every f 2 ~Lq
�(
) and matrix-valued �eld F 2 ~Lq(
), respectively, for any

t > 0 and � > 0; here C = C(�(
); r; q; �) > 0. Note that in (2.10) the operator
e�t

~Ar ~Prdiv must be de�ned by duality to the operator re�t ~Ar0 in (2.9).

For later use we need Lorentz spaces over ~Lq and their solenoidal subspaces.
Fist we de�ne for 1 � q; � � 1 the Lorentz spaces

~Lq;�(
) :=

(
Lq;�(
) + L2(
); q < 2;

Lq;�(
) \ L2(
); q > 2;

letting the case q = 2 unde�ned; here Lq;�(
) denotes a usual Lorentz space, cf.
[29, Ch. 1.18.6]. From [24, Theorem 3] we recall that for 1 � q; r; s � 1 with
r 6= q, s 6= 2, satisfying 1

s
= 1��

q
+ �

r
with some 0 < � < 1, and for 1 � � � 1

(~Lq(
); ~Lr(
))�;� = ~Ls;�(
):
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Next we de�ne for 1 < q <1, q 6= 2, and 1 � � <1 the spaces

~Lq;�
� (
) := C1

0;�(
)
k�k~Lq;�(
) :

Then, by [24, Corollary 1], 1 < q; r; s < 1 with r 6= q, s 6= 2, satisfying 1
s
=

1��
q

+ �
r
with some 0 < � < 1, and for 1 � � <1 we get that

(~Lq
�(
); ~L

r
�(
))�;� = ~Ls;�

� (
): (2.11)

Finally, we provide some details on the theory of very weak solutions in the
context of general unbounded smooth domains using the spaces ~Lq(
). For more
details we refer to [15] where a generalized Navier-Stokes system with external
force F (and even nonzero divergence and nonzero boundary values) has been
considered. The abstract external force �eld F in [15] combines the initial value
u0 and an external force f as follows:

hF ; �i = (u0; �(0)) + (f; �)T;
: (2.12)

This point of view is advantageous to interpret the theory of very weak solutions
as a problem dual to the theory of strong (regular) solutions. In (2.12) the
brackets (�; �)T;
 denote the usual duality product for functions on 
 � (0; T )
whereas (�; �) denotes the corresponding duality product on 
.

De�nition 2.3. Let 
 � R
n be a uniform C2-domain, 0 < T < 1 and

2 < r <1, n < q <1 and 2=r + n=q = 1.
(i) The test function space of very weak solutions is de�ned as

T 1;r0;q0(T;
) := f� 2 Lr0(0; T ; ~D1
q0) \W

1;r0(0; T ; ~Lq0(
)) : �(T ) = 0g

and equipped with the norm

k�kT 1;r0;q0 (T;
) := k�tkLr0 (0;T ; ~Lq0 (
)) + k�kLr0 (0;T ; ~D1
q0
):

The set of bounded functionals on T 1;r0;q0(T;
) is denoted by T �1;r;q(T;
).
(ii) For an external force F 2 T �1;r;q(T;
) we call u 2 Lr(0; T ; ~Lq(
)) a very

weak solution to the Navier-Stokes system with data F if the conditions

�(u; �t)T;
 � (u;��)T;
 � (u
 u;r�)T;
 = hF ; �i; (2.13)

(u;r )T;
 = 0

hold for all test functions � 2 T 1;r0;q0(T;
) and r 2 Lr0(0; T ; ~Lq0(
)).
(iii) Concerning the linear nonstationary Stokes system the nonlinear term

(u 
 u;r�)T;
 in (2.13) is omitted. In that case 1 < r; q < 1 can be chosen
arbitrarily, ignoring the Serrin condition 2=r + n=q = 1.
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Let us have a close look at the test function space T 1;r0;q0 = T 1;r0;q0(T;
) in
De�nition 2.3 and the functional F , see (2.12).

Lemma 2.4. Let 1 < r; q < 1, 0 < T < 1 and 
 � R
n be a uniform C2-

domain. For every v 2 Lr0(0; T ; ~Lq0

� (
)) there exists a unique solution � = �(v) 2
T 1;r0;q0 to the backward Stokes equation

��t + ~Aq� = v on (0; T ); �(T ) = 0:

It can be represented by the formula

�(v)(T � t) =

Z t

0

e�(t��) ~Aq0v(T � �) d�: (2.14)

The map v 7! �(v) is linear and satis�es, with a constant C = C(q; r; T; �(
)) > 0,
the bound

k�(v)kT 1;r0;q0 (T;
) � CkvkLr0 (0;T ; ~Lq0 (
)):

Proof. The assertions follow from the maximal regularity of the Stokes equation,
cf. Theorem 2.2, and a variable transformation ~t := T � t.

Proposition 2.5. Let 
 � R
n be a uniform C2-domain, 0 < T < 1, and

let Serrin exponents 2 < r < 1, n < q < 1, 2
r
+ n

q
= 1, n � 3, be given.

Then the following conditions on u0 are su�cient to imply that the functional
� 7! hF ; �i := (u0; �(0)) is contained in the data space T �1;r;q(T;
).

(i) The optimal condition on u0 in terms of real interpolation theory is

u0 2
�
~D�1
q ; ~Lq

�(
)
�
1=r0;r

;

i.e. u0 2 ~D�1
q and

R T
0
ke�t

~Aqu0k
r
~Lq
dt <1:

(ii) In particular, the conditions u0 2 ~L�
�(
) and

R T
0
ke�t

~A�u0k
r
~Lq
dt < 1 for

some 1 < � <1 imply that u0 2
�
~D�1
q ; ~Lq

�(
)
�
1=r0;r

.

(iii) The conditions u0 2 ~Ln;r
� (
) and, if even r � n � 3, also u0 2 ~Ln

�(
) are
su�cient.

Proof. For the convenience of the reader we repeat the proofs of (i) and (ii) from
[15].

(i) We must show that hF ; �i = (u0; �(0)) is bounded in � 2 T 1;r0;q0 . The
optimality condition is determined by the optimal space for the trace �(0), i.e., by
the real interpolation space (~Lq0

� ; ~D
1
q0)1=r;r0 , cf. [1, Theorem III.4.10.2], and duality.

By the duality theorem for real interpolation ([29, Theorem 1.11.2]), this is the
space (~Lq

�; ( ~D
1
q0)

�)1=r;r = ( ~D�1
q ; ~Lq

�)1=r0;r using the duality relation ( ~D1
q0)

� = ~D�1
q .

Since ~D1
q = ~D(I+ ~Aq), (I+ ~Aq)

�1 ~D�1
q = ~Lq

�, and I+ ~Aq generates the exponentially
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decreasing analytic semigroup e�te�t ~Aq , the space ( ~D�1
q ; ~Lq

�)1=r0;r is characterized
by the condition u0 2 ~D�1

q such that

k(I + ~Aq)
�1u0k~Lq +

�Z 1

0



(I + ~Aq)e
�t(I+ ~Aq)(I + ~Aq)

�1u0


r
~Lq
dt

�1=r

�

�Z T

0



e�t ~Aqu0


r
~Lq
dt

�1=r

<1;

cf. [29, Theorem 1.14.5].
(ii) A direct proof for u0 2 L�

�(
) with �nite integral
R T
0
ke�t

~A�u0k
r
~Lq
dt uses

Lemma 2.4. Let � 2 T 1;r0;q0(T;
) and v = ��t + ~Aq0�. Then

j(u0; �(0))j =

����
Z T

0

�
e�t

~A�u0; v(t)
�
dt

���� � ke�t
~A�u0kLr(0;T ; ~Lq)kvkLr0 (0;T ; ~Lq0 )

where kvkLr0 (0;T ; ~Lq0 ) � Ck�kT 1;r0;q0 .
(iii) The next two conditions are consequences of [24, Theorem 2]. If u0 2

~Ln;r
� (
) or u0 2 ~Ln

�(
) and r � n � 3, then
R T
0
ke�t

~Anu0k
r
~Lq
dt is �nite.

Theorem 2.6 (Very Weak Solutions [15]). Let 
 � Rn be a uniform C2-domain
and let 0 < T <1. Assume that F 2 T �1;r;q(T;
) where 2 < r <1, n < q <1
and Serrin's condition 2

r
+ n

q
= 1 is satis�ed.

(i) There exists an � = �(�(
); q; T ) > 0 with the following property: if

kFkT �1;r;q(T;
) � �;

then there exists a very weak solution u 2 Lr(0; T ; ~Lq(
)) to the Navier-Stokes
system with datum F in the sense of De�nition 2.3. The a priori estimate

kukLr(0;T ; ~Lq(
)) � CkFkT �1;r;q(T;
)

holds with a constant C = C(�(
); q; T ).
(ii) There exists a T 0 2 (0; T ) such that there is a very weak solution u 2

Lr(0; T 0; ~Lq(
)) to the Navier-Stokes system with data Fj[0;T 0] 2 T
�1;r;q(T 0;
).

3 Mild Solutions

We will need the following norms (Kato norms):

kukKq
0
:= kukKq

0 (T;
) := sup
0�t<T

t(1�n=q)=2ku(t)k~Lq(
); n � q <1;

kukKn
1
:= kukKn

1 (T;
) := sup
0�t<T

t1=2kru(t)k~Ln(
); and

kukKq := kukKq(T;
) := maxfkukKq
0 (T;
) ; kukKn

1 (T;
)g; n � q <1:
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To prove Theorem 1.2 we need some preparations. First we recall thatZ t

0

(t� s)�s�ds = Bt1+�+�; �; � > �1; 0 < t <1;

where the constant B equals the Eulerian Beta function B1+�;1+�.

Lemma 3.1. Let 
 � R
n be a uniform C2-domain and let u0 2 ~Ln

�(
). Then
for any exponent n < q <1, 2 < r <1 satisfying 2

r
+ n

q
= 1 it holds that

lim
t!0+

t1=r


e�t ~Anu0




~Lq(
)

= 0;

lim
t!0+

t1=2


re�t ~Anu0




~Ln(
)

= 0:

Proof. First note that, by (2.8), for all v 2 ~Ln
�(
)

t1=r


e�t ~Anv




~Lq(
)

� Ckvk~Ln(
); 0 � t � 1;

with some constant C � 1. Moreover, we use that


e�t ~Aqv




~Lq(
)

� Ckvk~Lq(
)

for every v 2 ~Lq
�(
) and 0 � t � 1. Next we approximate u0 2 ~Ln

�(
) by
u" 2 C

1
0;�(
) to get the estimate

t1=r


e�t ~Anu0




~Lq
� t1=r



e�t ~An(u" � u0)



~Lq

+ t1=r


e�t ~Anu"




~Lq

� C0ku" � u0k~Ln + C1t
1=rku"k~Lq :

This proves the �rst assertion.
For the second assertion we �nd a constant C � 1 such that the following

estimates hold: By (2.8), (2.9)

e�t ~Aqv



~Ln

+ t1=2


re�t ~Anv




~Ln
� C2kvk~Ln ; 0 � t � 1;

and krvk~Ln � C4k(1 + ~An)
1=2vk~Ln for all v 2 ~D

1=2
n , cf. Sect. 2. Approximating

u0 2 ~Ln
�(
) by u" 2 C

1
0;�(
), the estimate

t1=2


re�t ~Anu0




~Ln
� t1=2



re�t ~An(u" � u0)



~Ln

+ t1=2


re�t ~Anu"




~Ln

� Cku" � u0k~Ln + Ct1=2


e�tAn(1 + ~An)

1=2u"



~Ln

� Cku" � u0k~Ln + C2t1=2k(1 + ~An)
1=2u"k~Ln

easily proves the second claim.

Remark 3.2. A similar lemma holds for u0 in the Lorentz space ~Ln;�
� (
) if n �

� <1. However, this argument does not work for the space ~Ln;1
� (
), which can

be de�ned by real interpolation as well.
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Proof of Theorem 1.2. We de�ne the iteration procedure u(0)(t) := e�t
~Anu0; and

u(j+1)(t) := e�t
~Au0 �

Z t

0

e�(t�s) ~A ~P (u(j)(s) � ru(j)(s)) ds; (3.1)

for j � 0 and 0 � t < T ; here e.g. ~A = ~An=2; ~P = ~Pn=2. We will show convergence
of the sequence (u(j))j2N in the norm k � kKq where we �xed n < q <1. Related
to q there exists 2 < r < 1 such that 2

r
+ n

q
= 1. By assumption ku(0)kKq

0
�

ku(0)kKq =: I <1.
Claim 1 The sequence

�
u(j)
�
is bounded with respect to the norm k � kKq .

Proof of Claim 1 From (2.8) we conclude that for all j � 0

ku(j+1)kKq
0
� ku(0)kKq

0
+ sup

0�t<T
t1=r

Z t

0



e�(t�s) ~A ~P (u(j)(s) � ru(j)(s))



~Lq
ds

� I + C sup
0�t<T

t1=r
Z t

0

(t� s)�1=2ku(j)(s) � ru(j)(s)k~Lnq=(n+q) ds

� I + C sup
0�t<T

t1=r
Z t

0

(t� s)�1=2ku(j)(s)k~Lqkru
(j)(s)k~Ln ds

� I + Cku(j)k2Kq sup
0�t<T

t1=r
Z t

0

(t� s)�1=2s�1=2�1=r ds

= I + Cku(j)k2Kq �B1=2;1=2�1=r:

For the other part of the norm k � kKq we get due to (2.9) that

ku(j+1)kKn
1
� ku(0)kKn

1
+ sup

0�t<T
t1=2

Z t

0

kre�(t�s) ~A ~P (u(j)(s) � ru(j)(s))k~Ln ds

� I + C sup
0�t<T

t1=2
Z t

0

(t� s)�1+1=rku(j)(s) � ru(j)(s)k~Lnq=(n+q) ds

� I + C sup
0�t<T

t1=2
Z t

0

(t� s)�1+1=rku(j)(s)k~Lqkru
(j)(s)k~Ln ds

� I + Cku(j)k2Kq sup
0�t<T

t1=2
Z t

0

(t� s)�1+1=rs�1=r�1=2 ds

= I + Cku(j)k2Kq �B1=r;1=2�1=r:

Combining these estimates we �nd that

ku(j+1)kKq � ku(0)kKq + C1ku
(j)k2Kq (3.2)

with a constant C1. Now we �x 
 in (1.4) by


 :=
1

6C1
:
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Since ku(0)kKq � 
 it is seen by induction that ku(j)kKq � 1
3C1

. ( )

Claim 2 The sequence
�
u(j)
�
converges to a limit u 2 L1(0; T ; ~Ln

�(
)) and
kukKq <1.

Proof of Claim 2 We write u(j) as telescoping sum u(j) =
Pj

k=0w
(k), where

w(0) := u(0) and w(k) := u(k) � u(k�1). Note that this implies that

w(j+1)(t) = �

Z t

0

e�(t�s) ~A ~P
�
w(j)(s) � ru(j)(s) + u(j�1) � rw(j)(s)

�
ds

for all t and all j 2 N.
Repeating the arguments from above we �nd, with C1 as in (3.2), that

kw(0)kKq � ku(0)kKq ; kw(j+1)kKq � C1kw
(j)kKq

�
ku(j)kKq + ku(j�1)kKq

�
for all j. Since ku(j)kKq � 1

3C1
we get the estimate kw(j+1)kKq � 2

3
kw(j)kKq :

Consequently,

ku(j)kKq �

jX
k=0

kw(k)kKq �

jX
k=0

�
2

3

�k

ku(0)kKq :

Hence the in�nite sum
P1

k=0w
(k) is absolutely convergent in the norm k�kKq , and

the sequence (u(j))j2N converges in this norm to some element u. This implies
also pointwise convergence for every t 2 (0; T ). Moreover, we get the bound

kukKq � 3ku(0)kKq :

To prove the convergence of (u(j)) to u in L1(0; T ; ~Ln
�(
)) we estimate for

any 0 � t < T and j 2 N the iterate w(j+1) by

kw(j+1)(t)k~Ln �

Z t

0



e�(t�s) ~A ~P [w(j)(s) � ru(j)(s) + u(j�1)(s) � rw(j)(s)]



~Ln
ds

� C1

Z t

0

(t� s)�n=(2q)


w(j)(s) � ru(j)(s) + u(j�1)(s) � rw(j)(s)




~Lnq=(n+q)

ds

� 2C1kw
(j)kKq

1

3C1

Z t

0

(t� s)�n=(2q)s�1=rs�1=2 ds

=
2

3
kw(j)kKq �B0 �

�
2

3

�j

ku(0)kKqB0 (3.3)

where B0 = B1�n=(2q);1=2�1=r. We conclude that the sequence u(j) =
Pj

k=0w
(k)

converges to u in the norm of L1(0; T ; ~Ln(
)), too. Hence u 2 L1(0; T ; ~Ln
�(
))

and kukL1(0;T ; ~Ln) � 3B0ku(0)kKq . ( )
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Claim 3 u is a solution of the integral equation.
Proof of Claim 3 We start from the integral equation (3.1) and pass to the

limit j ! 1. Since u(j) tends pointwise in ~Ln(
) to u, the left hand side tends
to u(t) for a.a. t 2 [0; T ) in ~Ln(
). Concerning the integral term we estimate,
using the techniques as before,





Z t

0

e�(t�s) ~A ~P (u(j) � ru(j))(s) ds�

Z t

0

e�(t�s) ~A ~P (u � ru)(s) ds






~Ln

� C

Z t

0

(t� s)�1=2
�
ku(j) � uk~Lnkru

(j)k~Ln + kuk~Lnkr(u(j) � u)k~Ln
�
ds

� C
�
ku(j)kKn

1
ku(j) � ukL1(0;T ; ~Ln) + kukL1(0;T ; ~Ln)ku

(j) � ukKn
1

�
B1=2;1=2

� CB1=2;1=2ku
(0)kKq

�
ku(j) � ukL1(0;T ; ~Ln) + ku(j) � ukKn

1

�
;

which tends to 0 as j !1. This implies that u satis�es the integral equation. ( )

Hence u is a mild solution in the sense of De�nition 1.1.

Theorem 3.3. The mild solution u 2 L1(0; T ; ~Ln
�(
)) constructed in Theorem

1.2 is contained in C([0; T ); ~Ln
�(
)) and satis�es u(0) = u0.

Moreover, it shares the following properties:

� [t 7! t1=ru(t)] 2 C([0; T ); ~Lq
�(
)) for all n < q < 1 with function value 0

at t = 0. Here r is de�ned by 2
r
+ n

q
= 1.

� [t 7! t1=2ru(t)] 2 C([0; T ); ~Ln(
)) with value 0 at t = 0.

Proof. By mathematical induction on j 2 N we will show for all n � q < 1
(with 1=r = 0 when q = n) the continuity properties of the functions

t1=ru(j)(t) 2 C([0; T ); ~Lq
�(
)); t1=2ru(j)(t) 2 C([0; T ); ~Ln(
)); (3.4)

for any j 2 N0. All functions in (3.4) are understood to equal zero at t = 0,
except in case q = n, where u(j)(0) = u0.

The initial step for u(0) is easy. For 0 < � � t < T we have that

t1=ru(0)(t)� � 1=ru(0)(�) = � 1=re��
~An
�
(t=�)1=re�(t��) ~An � 1

�
u0;

t1=2ru(0)(t)� � 1=2ru(0)(�) = � 1=2re��
~An
�
(t=�)1=2e�(t��) ~An � 1

�
u0;

and get, as long as � stays bounded away from 0, that

kt1=ru(0)(t)� � 1=ru(0)(�)k~Lq � C


�(t=�)1=re�(t��) ~An � 1

�
u0



~Lq
! 0;

kt1=2ru(0)(t)� � 1=2ru(0)(�)k~Ln � C


�(t=�)1=2e�(t��) ~An � 1

�
u0



~Ln
! 0;
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as jt � � j ! 0. This proves continuity of the functions in (3.4) for j = 0 in the
open interval (0; T ). The continuity in t = 0 follows from Lemma 3.1.

The inductive step will be split into two parts, one on continuity in (0; T ),
the other one on continuity at t = 0.

Claim 1 The functions in (3.4) are continuous in the open interval (0; T ).
Proof Assume that the assertion is true for a �xed but arbitrary j 2 N. For

0 < � � t < T we have

t1=ru(j+1)(t)� � 1=ru(j+1)(�)



~Lq
�


t1=re�t ~Anu0 � � 1=re��

~Anu0



~Lq

+ t1=r
Z t

�



e�(t�s) ~An=2 ~Pn=2(u
(j)(s) � ru(j)(s))




~Lq
ds

+

Z �

0



�t1=re�(t�s) ~An=2 � � 1=re�(��s) ~An=2
�
~Pn=2(u

(j)(s) � ru(j)(s))



~Lq
ds

=: I1 + I2 + I3:

We have to show that the terms Ii tend to zero as jt� � j ! 0. From the initial
step we know that I1 tends to zero. The term I2 is treated as follows:

I2 � Ct1=r
Z t

�

(t� s)�1=2ku(j)(s)k~Lqkru
(j)(s)k~Lnds

� Ct1=rK2

Z t

�

(t� s)�1=2s�1=r�1=2ds

= CK2

Z 1

�=t

(1� s)�1=2s�1=r�1=2ds

where K = 1
3C1

is the constant bounding the sequence ku(j)kKq as in the proof of
Theorem 1.2. Of course the above bound for I2 tends to zero as jt � � j ! 0 as
long as � stays bounded away from 0.

Now we discuss the term I3. For technical reasons we change variables to get

I3 =

Z 1

0

�


�t1=re�(t��) ~A � � 1=r

�
e��(1�s)

~A ~P (u(j)(�s) � ru(j)(�s))



~Lq
ds:

Interested in continuity on the open interval (0; T ), we assume that 0 < " �
� � t � T � " with some " > 0. Then a uniform continuity argument in
(s; t; �) 2 (0; 1)� ["; T � "]2 proves that for �xed s 2 (0; 1) the integrand in I3,

B�;t(s) := �


�t1=re�(t��) ~A � � 1=r

�
e��(1�s)

~A ~P (u(j)(�s) � ru(j)(�s))



~Lq
;

satis�es B�;t(s) ! 0 as jt � � j ! 0. We want to use Lebesgue's theorem on
dominated convergence to show that I3 tends to zero. To �nd a bound for the
integrand B�;t, independent of �; t 2 ["; T � "], we estimate as follows:

B�;t(s) � C"



e��(1�s) ~An=2 ~Pn=2(u
(j)(�s) � ru(j)(�s))




~Lq

� C"(�(1� s))�1=2ku(j)(�s)k~Lqkru
(j)(�s)k~Ln

� C"K
2(1� s)�1=2s�1=r�1=2:
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The integrability of the latter term is obvious. Hence I3 ! 0 as jt� � j ! 0.
Next we consider the continuity of the function [t 7! t1=2ru(j+1)(t)] in ~Ln(
)

on ["; T � "], " > 0. Since the induction hypothesis gives the properties in (3.4)
for all n � q <1 at the same time, we choose q0 = 3n with corresponding Serrin
exponent r0 = 3. We calculate for 0 < � � t < T

kt1=2ru(j+1)(t)� � 1=2ru(j+1)(�)k~Ln �


t1=2re�t ~Anu0 � � 1=2re��

~Anu0



~Ln

+ t1=2
Z t

�



re�(t�s) ~An=2 ~Pn=2(u
(j)(s) � ru(j)(s))




~Ln
ds

+

Z �

0



r�t1=2e�(t�s) ~An=2 � � 1=2e�(��s) ~An=2
�
~Pn=2(u

(j)(s) � ru(j)(s))



~Ln
ds

=: J1 + J2 + J3:

It has already been shown that J1 ! 0 as jt� � j ! 0. For the next term we �nd
similarly as above

J2 � Ct1=2
Z t

�

(t� s)�2=3ku(j)(s)k~L3nkru
(j)(s)k~Ln ds

� Ct1=2K2

Z t

�

(t� s)�2=3s�5=6 ds

� CK2

Z 1

�=t

(1� s)�2=3s�5=6 ds;

tending to 0 as jt� � j ! 0, as long as � stays away from 0.
The last integral J3 can be rewritten and estimated byZ 1

0

�



r�t 12 e�(t��) ~An=2 � �

1
2

�
e��(1�s)

~An=2 ~Pn=2(u
(j)(�s) � ru(j)(�s))





~Ln
ds

� C

Z 1

0




�t 12 e�(t��) ~A � �
1
2

�
(1 + ~A)

1
2 e��(1�s)

~A ~P (u(j)(�s) � ru(j)(�s))




~Ln
ds:

Again, an argument using uniform continuity shows that the integrand

B0
�;t(s) :=



�t 12 e�(t��) ~A � �
1
2

�
(1 + ~A)

1
2 e��(1�s)

~A ~P (u(j)(�s) � ru(j)(�s))



~Ln

tends to zero pointwise for every s 2 (0; 1) as jt � � j ! 0. Moreover, it can be
estimated by the integrable pointwise upper bound

B0
�;t(s) � C"



(1 + ~An=2)
1=2e��(1�s)

~A ~P (u(j)(�s) � ru(j)(�s))



~Ln

� C"K
2(1� s)�2=3s�5=6

uniformly for t; � 2 ["; T�"]. Now Lebesgue's theorem on dominated convergence
shows that J3 ! 0 as jt � � j ! 0. This �nishes the proof of the continuity of
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t 7! t1=2ru(j+1)(t) in (0; T ) with values in the space ~Ln
�(
). ( )

Claim 2 The functions in (3.4) are continuous at t = 0.
Proof As in (3.2) we calculate, replacing T by an arbitrary 0 < t � T ,

ku(j+1)kKq(t;
) � ku(0)kKq(t;
) + C1ku
(j)k2Kq(t;
):

By Lemma 3.1, the �rst term on the right-hand side tends to zero as t! 0 when
q > n, and the second term tends to zero as well, by induction hypothesis.

For q = n, the above inequality needs a small modi�cation since u0(t) ! u0
in ~Ln(
). Using (3.3)

kw(j+1)(t)k~Ln �
2

3
kw(j)kKq(t;
) �B

0 �
�2
3

�j
kw(1)kKq(t;
) �B

0:

Hence u(j+1)(t)� u(0)(t)! 0 in ~Ln(
) as t! 0.
The continuity at t = 0 of both functions in (3.4) is thus shown. ( )

We know from the proof of Theorem 1.2 that ku(j) � ukKq ! 0 for all q > n
and also that ku(j) � ukL1(0;T ; ~Ln(
)) ! 0 for j !1. This means that t1=ru(j)(t)

converges to t1=ru(t) in ~Lq(
), n � q < 1, and that t1=2ru(j)(t) converges to
t1=2ru(j)(t) in ~Ln(
) uniformly in t. So the continuity properties for all j can be
carried over to the limit function u. Now the proof is �nished.

Proof of Theorem 1.4. We estimate as above for 0 < T 0 � T to get that

kv � wkKq(T 0;
) � C
�
kvkKq

0 (T
0;
) + kwkKn

1 (T
0;
)

�
kv � wkKq(T 0;
):

By the assumptions we choose T 0 > 0 such that kvkKq
0 (T

0;
) + kwkKn
1 (T

0;
) <
1
C
;

yielding kv � wkKq(T 0;
) = 0. Hence v = w on [0; T 0).

Remark 3.4. Note that the solution u constructed in Theorem 1.2 satis�es either
of the requirements of Theorem 1.4. Hence, any further mild solution ~u for which
k~ukKq

0 (t;
) or (!) k~ukKn
1 (t;
) tends to zero as t! 0 coincides with u, at least on a

small interval. In particular, ~u has the continuity properties from Theorem 3.3.

4 Mild vs. Very Weak Solutions

Theorem 4.1. Let u 2 L1(0; T ; ~Ln
�(
)) be the solution constructed in Theorem

1.2 and let n � r <1, n < q <1, 2
r
+ n

q
= 1 be given Serrin exponents. Then,

for some 0 < T� � T , the solution u is a very weak solution to the Navier-Stokes
equations contained in Lr(0; T�; ~L

q
�(
)).
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Proof. First of all note that u(0) de�ned by u(0)(t) = e�t
~Au0 is contained in

Lr(0; T ; ~Lq(
)) and that the functional F de�ned by hF ; �i = hu0; �(0)i is con-
tained in T �1;r;q(T;
) by Proposition 2.5 (iii). Here we need the additional
assumption r � n.

To show that u 2 Lr(0; T�; ~L
q
�(
)) for a su�ciently small T� we have to esti-

mate the nonlinear term. To this end we write u(j) � ru(j) = div (u(j) 
 u(j)) and
estimate u(j+1) with the help of (2.10) by

ku(j+1)(t)k~Lq � ku(0)(t)k~Lq +

Z t

0

ke�(t�s) ~An=2 ~Pdiv (u(j)(s)
 u(j)(s))k~Lq ds

� ku(0)(t)k~Lq + C

Z t

0

(t� s)�1=r0ku(j)(s)k2~Lq ds

for a.a. t 2 [0; T ). Then the Hardy-Littlewood-Sobolev inequality implies for
every 0 < T 0 � T that

ku(j+1)kLr(0;T 0; ~Lq) � ku(0)kLr(0;T 0; ~Lq) + C2ku
(j)k2

Lr(0;T 0; ~Lq)
:

Choose T� > 0 such that ku(0)kLr(0;T�; ~Lq) � 1=(6C2). Then it is easily seen by
induction that the sequence

�
ku(j)kLr(0;T�; ~Lq)

�
j2N

stays bounded by 1=(2C2). Since

we have u(j) ! u in ~Lq(
) uniformly on any interval ["; T�), as long as " > 0
(cf. the proof of Theorem 1.2), we conclude kukLr(";T�; ~Lq) � 1=(2C2). Letting

"! 0 we get from Fatou's Lemma that u 2 Lr(0; T�; ~L
q) with norm bounded by

1=(2C2). This �nishes the �rst part of the proof.
We still have to show that the mild solution u satis�es the variational equality

�(u; �t)T�;
 + (u; ~Aq0�)T�;
 = (u0; �(0)) + (u
 u;r�)T�;
 (4.1)

for every � 2 T 1;r0;q0(T�;
). From the integral representations of u, cf. (1.3), and
of � in terms of v = ��t + ~Aq0�, cf. (2.14) in Lemma 2.4, the left hand side of
(4.1) reads

�(u; �t)T�;
 + (u; ~Aq0�)T�;
 = (u; v)T�;


=

Z T�

0

��
e�t

~Anu0 ; v(t)
�
�

�Z t

0

e�(t�s) ~An=2 ~Pn=2div (u(s)
 u(s)) ds ; v(t)

��
dt

= (u0; �(0))�

Z T�

0

Z t

0

�
e�(t�s) ~An=2 ~Pn=2div (u(s)
 u(s)) ; v(t)

�
ds dt

= (u0; �(0)) +

Z T�

0

Z t

0

�
u(s)
 u(s) ; re�(t�s) ~Aq0v(t)

�
ds dt:

In the second term on the right-hand side we change the order of integration and
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get the integral Z T�

0

Z T�

s

�
u(s)
 u(s);re�(t�s) ~Aq0v(t)

�
dt ds

=

Z T�

0

(u(s)
 u(s);r�(s)) ds

= (u
 u;r�)T�;
:

Summarizing, we have proved that the mild solution satis�es (4.1) and is
hence a very weak solution.

A partial converse of Theorem 4.1 will be described in the following theorem.
The result states that a very weak solution is contained in L1(0; T ; ~Ln

�(
)), but
it is not necessarily a mild solution as constructed in Theorem 1.2. In partic-
ular, the continuity property C([0; T ); ~Ln(
)) is missing. The main problem in
the proof compared to similar results proved in [15, Theorem 3.2, Theorem 3.3
and Proposition 3.4] is the fact that with r = 1 the Hardy-Littlewood-Sobolev
inequality does not hold for r0 = 1.

Theorem 4.2. Let 
 � R
n be a C2-domain, n � 3, and 0 < T < 1. Assume

Serrin exponents n � r � 2n and n < q < 2n are given, and let u0 2 ~Ln
�(
).

Then a very weak solution u 2 Lr(0; T ; ~Lq
�(
)) to the Navier-Stokes system

with data F 2 T �1;r;q(T;
) de�ned by hF ; �i = (u0; �(0)) also belongs to the
space L1(0; T ; ~Ln

�(
)). It satis�es the estimate

ku(t)� e�t
~Anu0k~Ln(
) � Ckuk2

Lr(0;t; ~Lq(
))
; (4.2)

for a.a. 0 � t < T , with a constant C = C(q; T; �(
)) > 0. In particular, u(t)
converges to u0 in ~Ln(
) as t! 0 on a dense subset of (0; T ). Moreover,




1
"

Z "

0

u(s) ds� u0





~Ln�(
)

� k(u0)" � u0k~Ln�(
) + Ckuk2
Lr(0;"; ~Lq(
))

(4.3)

where (u0)" :=
1
"

R "
0
e��

~Anu0 d� ! u0 in ~Ln
�(
) as "! 0.

Note that the set of exponents r; q as in Theorem 4.2 is nonempty for all n;
e.g., r = 2n, q = nn0 is a possible choice. For the proof of this theorem we need
a technical lemma based on real interpolation.

Lemma 4.3. Let 
 � Rn, n � 3, be a uniform C2-domain and let t 2 (0; T ) and
" > 0 satisfy 0 < t� " < t+ " < T . Choose some Serrin exponents

2 < r � 2n; n < q < 2n;
2

r
+
n

q
= 1:
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De�ne the linear map B" : C
1
0;�(
)! R

n by

B"( )(s) =
1

2"

Z t+"

t�"

re�(��s) ~An0 d�; s 2 (0; t� "):

Then the inequality

kB"( )kL(r=2)0 (0;t�"; ~L(q=2)0 (
)) � Ck k~Ln0 (
)

holds with a constant C only depending on r, �(
), but neither on  , " nor on t.

Proof. De�ne �1 := (q=2)0 and �2 := q0 so that 1 < �2 < n0 < �1 <1.
Now we derive weak type estimates and use real interpolation. Using (2.9)

we obtain for almost every s 2 (0; t� ") that

kB"( )(s)k~L(q=2)0 �
C

2"

Z t+"

t�"

(� � s)�1=2d�k k~L�1

� Ck k~L�1 (t� "� s)�1=2:

Consequently,
B" : ~L

�1
� (
)! L2;1

�
0; t� "; ~L(q=2)0

� (
)
�

satisfying kB" kL2;1(0;t�"; ~L
(q=2)0
� )

� Ck k~L�1 since k(t � " � �)�1=2kL2;1(0;t�") = 1:

The second estimate is similar: We get for every s 2 (0; t� ") that

kB( )(s)k~L(q=2)0 �
C

2"
k k~L�2

Z t+"

t�"

(� � s)�1=r0d�

� Ck k~L�2 (t� "� s)�1=r0 :

Hence B" : ~L
�2
� (
)! Lr0;1

�
0; t�"; ~L

(q=2)0

� (
)
�
with norm bounded by C indepen-

dent of t and ". Thus real interpolation, with � = 2� q=n, yields

B : (~L�1
� ; ~L

�2
� )�;(r=2)0 !

�
L2;1(0; t� "; ~L(q=2)0

� ); Lr0;1(0; t� "; ~L(q=2)0

� )
�
�;(r=2)0

:

Note that n0 � (r=2)0 since r � 2n. Hence we get with (2.11) that

~Ln0

� = ~Ln0;n0

� = (~L�1
� ; ~L

�2
� )�;n0 ,! (~L�1

� ; ~L
�2
� )�;(r=2)0 :

Finally we also have that�
L2;1(0; t� "; ~L(q=2)0

� ); Lr0;1(0; t� "; ~L(q=2)0

� )
�
�;(r=2)0

= L(r=2)0;(r=2)0
�
0; t� "; ~L(q=2)0

�

�
= L(r=2)0

�
0; t� "; ~L(q=2)0

�

�
by [29, Theorem 1.18.6.2]. Thus we conclude that

B" : ~L
n0

� ! L(r=2)0(0; t� "; ~L(q=2)0

� ):

Since the constants in the weak type estimates depend neither on " nor on t, the
same holds for the constant in this estimate. This �nishes the proof.
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Proof of Theorem 4.2. For  2 C1
0;�(
) and every Lebesgue point t of u we will

prove the estimate

j(u(t)� e�t
~Anu0;  )j � Ckuk2

Lr(0;t; ~Lq)
k k~Ln0 : (4.4)

Let " > 0 satisfy 0 < t�" < t+" < T . Then we put v"(s) := 1
2"
�(t�";t+")(s) .

Note that v" 2 Lr0(0; T ; ~Lq0

� (
)). Using Lemma 2.4 we de�ne �" 2 T 1;r0;q0(T;
)
by �(�")t + ~Aq0�" = v". Then we consider the identity

1

2"

Z t+"

t�"

(u(s);  ) ds = (u; v")T;
 (4.5)

= �(u; �"t)T;
 + (u; ~Aq0�")T;
 = (u0; �"(0)) + (u
 u;r�")T;
:

Since

�"(0) =

Z T

0

e��
~An0v"(�) d� =

1

2"

Z t+"

t�"

e��
~An0 d� ! e�t

~An0 

in ~Ln0(
) as "! 0, and since t is a Lebesgue point of u, by (4.5)

(u(t)� e�t
~Anu0;  ) = lim

"!0+
(u
 u;r�")T;
:

To estimate r�" we calculate

�"(s) =

Z T�s

0

e�(T�s��) ~An0v"(T � �) d�

=
1

2"

Z T

s

e�(��s) ~An0�(t�";t+")(�) d�:

In particular, �"(s) = 0 for t+ " < s < T . Observe that (r=2)0 = q=n. Hence

j(u
 u;r�")T;
j �

Z t+"

0

j(u(s)
 u(s);r�"(s))j ds

� kuk2
Lr(0;t�"; ~Lq)

kr�"kL(r=2)0 (0;t�"; ~L(q=2)0 ) (4.6)

+ kuk2
Lr(t�";t+"; ~Lq)

kr�"kL(r=2)0 (t�";t+"; ~L(q=2)0 ):

Now Lemma 4.3 will be applied to the term r�" in (4:6)2 yielding

kr�"kL(r=2)0 (0;t�"; ~L(q=2)0 ) � Ck k~Ln0

with a constant independent of " and t. Finally, let us consider the term in (4:6)3.
Since for t� " < s < t+ " we have �"(s) = 1

2"

R t+"
s

e�(��s) ~An0 d� we get that

kr�"kL(r=2)0 (t�";t+"; ~L(q=2)0 ) �
1

2"

 Z t+"

t�"

�Z t+"

s

kre�(��s) ~An0 k~L(q=2)0d�

�q=n

ds

!n=q

� C
k k~Ln0

2"

 Z t+"

t�"

�Z t+"

s

(� � s)�n=qd�

�q=n

ds

!n=q

� Ck k~Ln0 :
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This leads to the estimate

j(u
 u;r�")T;
j � C
�
kuk2

Lr(0;t�"; ~Lq)
+ kuk2

Lr(t�";t+"; ~Lq)

�
k k~Ln0

� Ckuk2
Lr(0;t+"; ~Lq)

k k~Ln0

for every  2 C1
0;�(
). Passing to the limit "! 0 we arrive at the estimate (4.4)

for every Lebesgue point t 2 (0; T ) of u.
For the estimate at t = 0 we exploit (4.2) for a.a. t 2 (0; "), take the mean

value over (0; ") and get (4.3) by the triangle inequality. A more direct argument
copies the previous proof more or less by using v" = 1

"
�(0;") and even avoids

Lemma 4.3.

References

[1] H. Amann: Linear and Quasilinear Parabolic Problems. Vol. I: Abstract
Linear Theory. Monographs in Mathematics 89. Birkhäuser, Basel-Boston-
Berlin (1995)

[2] H. Amann: Nonhomogeneous Navier-Stokes equations with integrable low-
regularity data. Nonlinear Problems in Mathematical Physics and Related
Problems II. International Mathematical Series, 2:1�26, eds. M.Sh. Bir-
man, S. Hildebrandt, V.A. Solonnikov and N.N. Uraltseva, Kluwer Aca-
demic/Plenum Publ., New York (2002)

[3] H. Amann: Navier-Stokes equations with nonhomogeneous Dirichlet data.
J. Nonlinear Math. Phys. 10 (Suppl. 1) (2003), 1�11

[4] H. Amann: On the strong solvability of the Navier-Stokes squations. J. Math.
Fluid Mech. 2, 16�98 (2000)

[5] H. Bahouri, J.Y. Chemin and R. Danchin: Fourier Analysis and Nonlin-
ear Partial Di�erential Equations. Grundlehren der mathematischen Wis-
senschaften 343, Springer 2011

[6] M.E. Bogovskij and V.N. Maslennikova: Elliptic boundary value problems
in unbounded domains with noncompact and nonsmooth boundaries. Rend.
Sem. Mat. Fis. Milano 56, 125-138 (1986)

[7] M.E. Bogovskij: Decomposition of Lp(
;R
n) into the direct sum of subspaces

of solenoidal and potential vector �elds. Sov. Math. Dokl. 33, 161-165 (1986)

[8] R. Farwig, G.P. Galdi and H. Sohr: A new class of weak solutions of the
Navier-Stokes equations with nonhomogeneous data. J. Math. Fluid Mech.
8, 423�444 (2006)

22



[9] R. Farwig, H. Kozono and H. Sohr: An Lq-approach to Stokes and Navier-
Stokes equations in general domains. Acta Math. 195, 21�53 (2005)

[10] R. Farwig, H. Kozono and H. Sohr: Very weak solutions of the Navier-
Stokes equations in exterior domains with nonhomogeneous data. J. Math.
Soc. Japan 59, 127�150 (2007)

[11] R. Farwig, H. Kozono and H. Sohr: On the Helmholtz decomposition in
general unbounded domains. Arch. Math. 88, 239�248 (2007)

[12] R. Farwig, H. Kozono and H. Sohr: The Stokes resolvent problem in general
unbounded domains. Kyoto Conference on the Navier-Stokes Equations and
their Applications, RIMS Kôkyûroku Bessatsu, B1, 79�91, Res. Inst. Math.
Sci., Kyoto (2007)

[13] R. Farwig, H. Kozono and H. Sohr: Maximal regularity of the Stokes opera-
tor in general unbounded domains. Functional Analysis and Evolution Equa-
tions. The Günter Lumer Volume, eds. H. Amann, W. Arendt, M. Hieber, F.
Neubrander, S. Nicaise and J. von Below, Birkhäuser Verlag, Basel, 257�272
(2008)

[14] Farwig, H. Kozono and H. Sohr: On the Stokes operator in general un-
bounded domains. Hokkaido Math. J. 38, 111-136 (2009)

[15] R. Farwig and P.F. Riechwald: Very weak solutions to the Navier-Stokes
system in general unbounded domains. Technische Universität Darmstadt,
Fachbereich Mathematik, Preprint no. 2681 (2014)

[16] R. Farwig and P.F. Riechwald: Local and global regularity criteria for very
weak and weak solutions to the Navier-Stokes system in general unbounded
domains. In preparation

[17] H. Fujita and T. Kat	o: On the nonstationary Navier-Stokes systems. Rend.
Sem. Mat. Univ. Padova 32, 243-260 (1962)

[18] G.P. Galdi, C.G. Simader and H. Sohr: A class of solutions to stationary

Stokes and Navier-Stokes equations with boundary data in W� 1
q
;q. Math.

Ann. 331, 41�74 (2005)

[19] Y. Giga: Solutions for semilinear parabolic equations in Lp and regularity
of weak solutions of the Navier-Stokes system. J. Di�erential Equations 61,
186-212 (1386)

[20] Hopf, E.: Über die Anfangswertaufabe für die hydrodynamischen Grundglei-
chungen. Math. Nachr. 4, 213-231 (1951)

23



[21] T. Kat	o: Strong Lp-solutions of the Navier-Stokes equation in Rm, with
applications to weak solutions. Math. Z. 187, 471-480 (1984)

[22] P.C. Kunstmann: H1-calculus for the Stokes operator on unbounded do-
mains. Arch. Math. 91, 178�186 (2008)

[23] Leray, J.: Sur le mouvement d'un liquide visqueux emplissant l'espace. Acta
Math. 63, 193-248 (1934)

[24] P.F. Riechwald: Interpolation of sum and intersection spaces of Lq-type and
applications to the Stokes problem in general unbounded domains. Ann.
Univ. Ferrara Sez. VII Sci. Mat. 58, 167-181 (2012)

[25] K. Schumacher: Very weak solutions to the stationary Stokes and Stokes
resolvent problem in weighted function spaces. Ann. Univ. Ferrara Sez. VII
Sci. Mat. 54, 123�144 (2008)

[26] K. Schumacher: The instationary Stokes equations in weighted Bessel-
potential spaces. J. Evol. Equ. 9, 1�36 (2009)

[27] K. Schumacher: The instationary Navier-Stokes equations in weighted
Bessel-potential spaces. J. Math. Fluid Mech. 11, 552�571 (2009)

[28] H. Sohr: The Navier-Stokes Equations. An Elementary Functional Analytic
Approach. Birkhäuser Verlag, Basel (2001)

[29] H. Triebel: Interpolation theory, function spaces, di�erential operators.
North-Holland Publ., Amsterdam (1978)

24


