Very weak solutions and the Fujita-Kato
approach to the Navier-Stokes system
in general unbounded domains
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We consider the instationary Navier-Stokes system in general unbounded do-
mains 2 C R”, n > 3, with smooth boundary and construct by the Fujita-Kato
method mild solutions u € L*®(0,T; L™(R2)) with initial value uo € L*(Q). Here
the classical L™(Q)-space is replaced by L™(Q) defined as L N L? when ¢ > 2
but as L? + L? when 1 < ¢ < 2. Moreover, for suitable initial values we iden-
tify mild solutions in (0, T; L*(Q)) with very weak solutions in Serrin’s class
L7(0,7T; L9(Q)) where 24 1=12<r<oo0
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1 Introduction

We consider the instationary Navier-Stokes system

uw—Au+div(iu®u)+Vp =f in  (0,7) xQ,
divu =0 in (0,7) x Q, (1.1)
u=0 on (0,T)x09Q, '
w(0) =uy at t=0,

in a general unbounded domain Q C R®, n > 3, with uniform C?-boundary and
a finite time interval (0,7). Here u = (uq, ..., u,) denotes the unknown velocity
field, p an associated pressure, f a given external force, and ug the initial value of
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u at time t = 0. For simplicity, the viscosity is set to v = 1. A precise definition
of domains with uniform C*-boundary can be found in Definition 2.1 below.

A problem in this setting is the unboundedness of the underlying domain §2.
Due to counter-examples by M.E. Bogovskij and V.N. Maslennikova [6, 7] the
Helmholtz decomposition of vector fields in L2(Q2), 1 < ¢ < 0o, on an unbounded
smooth domain may fail unless ¢ = 2. By analogy, a bounded Helmholtz projec-
tion P, with the properties required to define the Stokes operator A, = —FP,A
when ¢ # 2 may not exist. Therefore, in [9, 11, 12, 13, 14] H. Kozono, H. Sohr
and the first author of this article introduced the spaces

LIQ) = (1.2)

LIQ)+ L*(Q), if1<qg<?2,

LY NLAQ), if2<g<oo.
The corresponding norm is defined as ||ul|;, = max{||ul|,, ||u|]2} when ¢ > 2, and
as inf{|lu1||g+||uzllz : v = urtug, uy € LYQ),us € L*(Q)}. For bounded domains
we have that LI(Q) = L9(Q) with equivalent norms. We note that functions in
L9(Q) locally behave like Li-functions, but globally exploit L2-properties. By
analogy, function spaces like LZ(Q) of solenoidal vector fields and W54(Q) of
weakly differentiable functions will be defined.

As shown in [11] a Helmholtz projection P, : L9(Q)" — L4(9) is well defined,
allowing to define a closed Stokes operator flq = —PQA with domain f); =
W2(Q)NW ! (Q)NLL(Q) dense in LI(Q). The operator A, has similar properties
as the usual Stokes operator A,, generates an analytic semigroup et t >0,
enjoys the property of bounded imaginary powers and maximal regularity; for
details and further properties of these function spaces and operators we refer to
9, 11, 12, 13, 14] and [22], [24] as well as to Sect. 2.

In this article we are looking for mild solutions u € L>(0,7T; L*(Q)) to be
constructed by the well-known Fujita-Kato method of successive approximation,
see H. Fujita and T. Kato [17] working in D(AL*) € L3(Q2) when Q is bounded,
T. Kato |21] for the case 2 = R® and Y. Giga [19] for a more general and abstract
approach. An exposition of the method for the whole space R" based on harmonic
analysis can be found in the monograph [5]. The Fujita-Kato method is strongly
based on the variation of constants formula (1.3) in the following definition.

Definition 1.1. Let 0 < T < 0o and Q C R™, n > 3, be a uniform C?*-domain.
Assume that an initial velocity ug € L™(Q) is given. Then u € L=(0,T; L*(Q))
with t'12Vu(t) € L>(0,T;L™(Q)) is called mild solution to the Navier-Stokes
system with initial velocity ug if it solves the integral equation

t rt ~
u(t) = e Hmyg — / e~ (=02 B o (u(s) - Vu(s)) ds (1.3)
0

for almost all 0 <t < T.



The integral equation is to be read as equation in L?(Q). By L"—L9-estimates
of the Stokes semigroup, see (2.8), (2.9) below, it can be verified that the integral
term on the right hand side of (1.3) is well defined and contained in L(Q).

The main result of this article reads as follows:

Theorem 1.2 (Existence of Mild Solutions). Let 0 < T' < oo, a uniform C?-
domain Q C R"™ and an initial velocity ug € L™(Q) be given. Choose n < q < oo.
Then there is a constant v = v(7(2),q) > 0 such that the condition

sup t(lfn/q)/QHeftAnu()HZq(Q) + OiltlETtl/Q”veftA

"Ugllpuy < v (14)
0<t<T

implies the existence of a mild solution u to the Navier-Stokes system with initial
velocity ug. For the term 7(Q) we refer to Definition 2.1.

Remark 1.3. Note that the smallness condition in Theorem 1.2 is satisfied if
luol| 7 s small. Moreover, even for arbitrarily large initial values, we can achieve
the smallness condition by choosing a smaller time interval, i.e. choosing a new
T > 0. This follows directly from Lemma 5.1 below.

Concerning uniqueness we have the following result:

Theorem 1.4 (Uniqueness). Let Q C R™ be a uniform C*-domain, let 0 < T < oo
and uyg € L%(Q). Let v and w be mild solutions to the Navier-Stokes equations
with the initial datum ugy. Furthermore, assume that

o 10T D2]0(t) | fagqy — 0, as t — 0+, for some n < ¢ < oo, and

o 12| Vw(t)|

i) 0, ast — 0+.
Then there exists 0 < T, <T such that v =w on [0,T}).

Mild solutions u € L*°(0,T; L"(Q)) are solutions in the sense of distribu-
tions which are not necessarily weak solutions in the sense of Leray-Hopf with
finite kinetic energy (u € L*(0,T; L*(€2))) and finite dissipation integral (Vu €
L*(0,T; L*(2))), see [20, 23, 28]. These mild solutions determine a limiting case
of the so-called very weak solutions contained in a Serrin class L (0,7; L(Q))
Where2<r<oo,n<q<ooand%4—%:1.

The concept of very weak solutions was discussed e.g. by H. Amann |2, 3, 4]
in the setting of Besov spaces, by G.P. Galdi, H. Kozono, C. Simader, H. Sohr
and the first author of this paper in classical Li-spaces ([8, 10] and [18]), and
in weighted Lebesgue and Bessel potential spaces using arbitrary Muckenhoupt
weights, see the work of K. Schumacher (|25, 26, 27]). The adaptation to smooth
unbounded domains was performed by the authors in |15]. For a precise definition
and more properties especially for general unbounded domains we refer to [15]
and to Sect. 4 below.



The theory of very weak solutions is strongly based on duality arguments
which are not feasible in L*—spaces and for mild solutions. This is one of the
reasons of introducing the Fujita-Kato iteration method. Nevertheless, mild and
and very weak solutions are strongly related to each other and do coincide under
slightly stronger conditions on the initial datum.

Theorem 1.5. Let Q C R" be a C*-domain, n > 3, and 0 < T < oco. Assume
Serrin exponents n < r < 2n and n < g < 2n are given. Let uy € Eﬁ(Q) be an
initial velocily.

(i) A very weak solution u € L™(0,T; LL(Q)) to the Navier-Stokes system with
u(0) = ug also belongs to the space L=(0,T; L (Q)).

(i) Let v € L>(0,T;L™(Q)) be the solution constructed in Theorem 1.2.
Then, for some 0 < T. < T, the solution u is contained in L'(0,T,; LI())
and is a very weak solution to the Navier-Stokes equations on [0,T,).

For statements more precise than in Theorem 1.5 we refer to Theorems 4.1 and
4.2 in Sect. 4. In the following Sect. 2 we discuss the spaces LI(Q) and related
spaces of Lorentz, Sobolev and Bochner type as well as properties of the Stokes
operator flq. Moreover, several results on very weak solutions are summarized in
Sect. 2. Complete proofs of Theorems 1.2 and 1.4 as well as further results on
mild solutions can be found in Sect. 3.

2 Preliminaries

Definition 2.1. A domain Q C R" is called uniform C*-domain, k& € Ny, if
there are constants a, B, K > 0 such that for all xo € OS2 there exist - after an
orthogonal and an affine coordinate transform - a function h on the closed ball
B!(0) C R"™ of class C* and a neighborhood U, g 1, (x0) of zo with the following
properties: ||h||cr < K and h(0) = 0 and, if k > 1, h'(0) = 0; moreover,

Uagn(r0) : = {(y/,yn) € R" X R: |y| < a, [h(y') — ya| < B},
Unpp(@o) 1= {(y,yn) €ER" X R Jy'| <, h(y') — B <y < h(y)}
=Qn Ua7[37h($0);
OVNUspn(ro) ={(¥,yn) € R x R: h(y') = yn}-
The triple (o, 8, K) is called the type of Q and will be denoted by 7(2) = (o, B, K).

For a constant C' in some estimate we will write C = C(7(2)) if it does
depend only on o, B and K, but in no other way on €.

Note that bounded and exterior domains are uniform C*-domains as long as
the boundary is smooth enough.



For spaces of Sobolev-type we proceed analogously to the definition in (1.2):
For k € Nand 1 < ¢ < oo we let

Wh2(Q) + Wh(Q), 1<g¢<2,

2.1
WE2(Q)NWEI(Q), 2<g< oo, (2.1)

Wka(Q) .= {

Similarly, we define the spaces W,(Q), 1 < ¢ < 2 and 2 < ¢ < 0o, based on the
classical Sobolev spaces W, % (Q) and W, *(Q).
The L4- and W¥9(Q)-spaces have the following properties; for a proof see [24]:

e Let 1 <¢q<r<oo. Then (L9(Q))* = LY(Q) and ||ul|z, < ||ull;.-

e Let1 <r,pg< oo l:%+$andletuel~'}’,vel~1q. Then uv € L™ and

b
[uollzr < llullzollv]lzo-

e Let meN, 1<qg<ooand Q) CR" be a uniform C?-domain. Then
Wma(Q) « L"(Q)

ifeitherq<r<ooanqu>n,orq§r<ooanqu:n,or
¢ <7< o0 and mg <n.

Concerning the Helmholtz projection on LI(Q) for a domain Q C R” of uni-
form type C! we have the following result, see [11]. We define

- L)+ L2 (), 1 2
Lg(Q) = (7( ) + (7( )7 <g< ; (22)
LYQ)NL2(Q), 2<qg<oo
equipped with the norm of L(2), and gradient spaces by
~ G,(Q)+ Gy (), 1 2
GQ(Q) — Q( )+ 2( )> <g <4 (23)
Go(Q) NG2(Q), 2< g < oo,

which are based on the gradient spaces G"(Q2) = {Vp € L"(Q) :p € L, (D)}
The norm in G4(€2) is denoted by || [|g, ) := [ [|z4()- The dual space of Gy (£2)

is denoted by G;'(2).
The space ﬂq(Q) admits the direct algebraic and topological decomposition

L9(Q) = LE(Q) @ Go(9).

The corresponding projection P, from L?(Q) onto its range L%(Q) and with kernel
G,(€2) has a norm bounded by a constant ¢ = ¢(q, 7(£2)). We have the duality
relations (P) = P, and L(Q)* = LY(Q). Using the Helmholtz projection P,

q



we define the Stokes operator flq, 1 < ¢ < oo, for a uniform C?-domain € C R

with domain
~ D,+ D l<g<?2
D)= 0 P Tsdss (2.4)
Dq NDy, 2<g< o0,

where D, 1= LL(Q) N Wy (Q) N W24(Q). Then A, : D(A,) C LL(Q) — LI(Q) is
defined by A,u := —P,Au and has the following properties, see [14]:

o A, is a densely defined closed operator in LZ((2) satisfying (4,)" = Ay.

° flq generates an analytic semigroup e*“LZ, t > 0, having the bound
—tA )
le™* quZq(Q) < Ce[ /oo

for all f € L2(Q) and t > 0 with a constant C' = C(q,d,7(Q)), § > 0.

It is unknown whether the usual resolvent estimate for the infinitesimal gener-
ator Aq of the analytic semigroup e *4¢ holds uniformly in the resolvent parameter
A € C as |A| = 0. Therefore, the semigroup may increase exponentially fast and
the maximal regularity estimate in Theorem 2.2 below is stated only for finite
time intervals. For the same reason, the operator flq has often to be replaced by
I+ Aq in the following.

Note that from time to time we will omit the symbols €2 and 0,7 for domain
and time interval, respectively, when this data is known from the context.

Theorem 2.2. ([13, Theorem 1.4]) Let Q@ C R™ be a uniform C*-domain and
let 1 < r,g < o0, 0 <T < oo. Given an external force f € L"(0,15LL1(2))

and an initial value ug € D(Ay) (for simplicity) there exists a unique vector field
u € L"(0,T;D(A,)) N W (0,T; LL(Q)) solving the Cauchy problem

w + Agu=f,  u(0) = u.
It can be represented by the variation of constants formula

~ t i
u(t) = e g +/ e DA () dr foraa. 0<t<T
0

and satisfies the maximal reqularity estimate

[l

L7(0,T;L9) < C(HUOHD(%) +1f

with a constant C' = C(q,r,T,7(2)) > 0.

Lror:p(ig) T Nl Lr(o1:i)

A further crucial property of the Stokes operator is the fact that 1 +/~1q admits
bounded imaginary powers, see [22]. Hence complex interpolation methods can
be used to describe domains of fractional powers (1 + A4,)% —1 < a < 1. To be

6



more precise, for 0 < o < 1 let the domain of the fractional power (1 + A,)* be
denoted by 3 N 5
Dy = Dy(@) = D(1+ 4,)%) (2.5

equipped with the norm ||(1 4+ A,)® - ||zo. If =1 < a < 0 define Dg‘ as the

completion of LI () in the norm ||(1 + A))®|l74. These spaces are reflexive and
satisfy the duality relation (Dg)* = D_“. As special case we get that

Dy? = Wyt (@) N LE(Q)  with norm [|(1+ A" - [|z0 ~ || - [[raey-

Moreover, for —1 < o < f < 1, the operator (1 + A,)?~ is an isomorphism
between Dg and Df. Finally,

[Dg’Dg]ezDg’ (2.6)
when —1 < a<f<1land(1-0)a+603=+,60¢c (0,1). This result implies the
following embedding and decay estimates (|24, Proposition 3, Theorem 1]):

Letn2371<q§r<oo,anda::%(%—%) > 0. Then
lullzrgy < Cl(L+ A ull oy, 0 <@ <1, (2.7)
for all u € Dg‘ and a constant C = C(7(Q2), q,«). Moreover,
e~ /]
v
He*t‘grf)rdiv F‘

i) = Ce(1+ % f M za ey, (2.8)
8] 1 —a—l

by < O+ 04 2.9

iy S O L+ )2 |l (2.10)

for every f € Li(Q) and matrix-valued field F € L9(Q), respectively, for any
t>0and § > 0; here C' = C(7(€2),7,¢,6) > 0. Note that in (2.10) the operator
et P.div must be defined by duality to the operator Ve ' in (2.9).

For later use we need Lorentz spaces over L? and their solenoidal subspaces.
Fist we define for 1 < ¢, p < oo the Lorentz spaces

Lre(Q) = {Lq’p(Q) + L*(), q¢<2,

Ler(@Q) N LA(Q), q> 2,

letting the case ¢ = 2 undefined; here L%*(Q2) denotes a usual Lorentz space, cf.
[29, Ch. 1.18.6]. From [24, Theorem 3| we recall that for 1 < ¢,r,s < oo with
r#q,s#2, satisfying%:%+§Withsomeo<9< l,and for 1 < p < oo

(L9(2), L(Q))s,) = L**(9).

7



Next we define for 1 < ¢ < 00, ¢ # 2, and 1 < p < oo the spaces

I49(0) = ) 7.
Then, by [24, Corollary 1], 1 < ¢,r,s < co with r # ¢, s # 2, satisfying £ =
17*9%—5Withsome()<0<1,andfor1§p<oowegetthat

(LA(2), Ly (o, = L3 (). (2.11)

Finally, we provide some details on the theory of very weak solutions in the
context of general unbounded smooth domains using the spaces L4($2). For more
details we refer to [15] where a generalized Navier-Stokes system with external
force F (and even nonzero divergence and nonzero boundary values) has been
considered. The abstract external force field F in [15] combines the initial value
up and an external force f as follows:

(F, ) = (u0,¢(0)) + (f, )10 (2.12)

This point of view is advantageous to interpret the theory of very weak solutions
as a problem dual to the theory of strong (regular) solutions. In (2.12) the
brackets (-,-)ro denote the usual duality product for functions on Q x (0,7)
whereas (-, -) denotes the corresponding duality product on €.

Definition 2.3. Let Q C R" be a uniform C?*-domain, 0 < T < oo and
2<r<oo,n<qg<ooand2/r+n/q=1.
(i) The test function space of very weak solutions is defined as

T (T, Q) == {¢ € L (0,T; DY) N W' (0,T; LY (Q)): ¢(T) = 0}
and equipped with the norm
||¢H7’1s7"sq’(T,Q) = ||¢tHLr’ o1k @) T H¢HLT'(0,T;[~);,)'

The set of bounded functionals on T (T,9Q) is denoted by T +"4(T, ).
(i) For an external force F € T 14T, Q) we callu € L™(0,T; LY()) a very
weak solution to the Navier-Stokes system with data F if the conditions

—(U, ¢t)T,Q - (U, A¢)T,Q - (U & u, V¢)T,Q = <JT; ¢>» (2-13)
(uv VI/))T,Q =0

hold for all test functions ¢ € T4 (T, Q) and Vip € L' (0,T; L7 (Q)).

(11i) Concerning the linear nonstationary Stokes system the nonlinear term
(u @ u, Vo)ra in (2.13) is omitted. In that case 1 < r,q < oo can be chosen
arbitrarily, ignoring the Serrin condition 2/r +n/q = 1.



Let us have a close look at the test function space 7' = T4 (T, Q) in
Definition 2.3 and the functional F, see (2.12).

Lemma 2.4. Let 1 < r,q < 00, 0 < T < oo and Q& C R" be a uniform C2-
domain. For everyv € L' (0,T; LY (Q)) there exists a unique solution ¢ = $(v) €
TY4 to the backward Stokes equation

—dy+ Agp=v on (0,T), ¢(T)=0.

It can be represented by the formula

o(v)(T —t) = /Ot e’(t’T)Aq’U(T —T)dr. (2.14)

The map v — ¢(v) is linear and satisfies, with a constant C' = C(q,r,T,7(2)) > 0,
the bound

||¢(U)||T1W'A’(T,Q) < CHUHLT’(O,T;M(Q))-

Proof. The assertions follow from the maximal regularity of the Stokes equation,
cf. Theorem 2.2, and a variable transformation ¢ := T — t. O

Proposition 2.5. Let Q C R” be a uniform C*-domain, 0 < T < oo, and
let Serrin exponents 2 < r < oo, n < q < 00, %4— =1, n > 3, be given.
Then the following conditions on uy are sufficient to imply that the functional
¢ — (F, d) = (uo, #(0)) is contained in the dala space T174(T, ).

(i) The optimal condition on uq in terms of real interpolation theory is

Up € (B;17 ig(Q))l/r’,r’

: -1 T —tA r
i.e. ug € Dt and [ [|le” augl|%, dt < oo.

(ii) In particular, the conditions uy € L2(Q) and fOT e uq )%, dt < oo for

- —1

some 1 < p < oo imply that o e (D, ,Lg(Q))l/T,ﬂ". ~

(iii) The conditions ug € L () and, if even r > n > 3, also ug € L7(2) are
sufficient.

Proof. For the convenience of the reader we repeat the proofs of (i) and (ii) from
[15].

(1) We must show that (F,¢) = (ug, ¢(0)) is bounded in ¢ € T""¢. The
optimality condition is determined by the optimal space for the trace ¢(0), i.e., by
the real interpolation space (ig’, f),},)l/m/, cf. [1, Theorem I11.4.10.2|, and duality.
By the duality theorem for real interpolation (|29, Theorem 1.11.2]), this is the
space (LZ, (DY) 1y = (D7', L)1), using the duality relation (D})* = D77
Since D} = D(I+4,), (I+A,)'D,;' = Lg, and I+A, generates the exponentially



decreasing analytic semigroup e~te=t4¢, the space (ZNDq_l, Eg)w,r is characterized
by the condition ug € f);l such that

1/r

||(I+Aq)_1u0||iq + (A H([+Aq)e—t(f-l-Aq)(_[+Aq)_1u0HEq dt)

1/r

T .
-~ (/ He_tAqUOHTiq dt) < 00,
0

cf. |29, Theorem 1.14.5]. ]
(ii) A direct proof for uy € LA (£2) with finite integral fOT e~ *Auq|%, dt uses
Lemma 2.4. Let ¢ € TV (T,Q) and v = —¢, + Ay¢p. Then

T B
(0, 9(0))] = /0 (eftApuoyv(t)) dt‘ < ||67tAPU0||LT(07T;Zq)HUHLT’(O,T;Z(/)

where ||UHLr’(0,T;Lq’) < Cllof| 71m.ar-
(iii) The next two conditions are consequences of [24, Theorem 2]. If uy €
L (Q) or ug € L™(Q) and r > n > 3, then fOT [le™ mugl|, dt is finite. O

Theorem 2.6 (Very Weak Solutions [15]). Let Q C R" be a uniform C*-domain
and let 0 < T < co. Assume that F € T 59T, Q) where2 <r < 0o, n < g < 00
and Serrin’s condition % + % =1 1s satisfied.

(i) There exists an n =n(7(Q),q,T) > 0 with the following property: if

[ F ey < 0,

then there exists a very weak solution v € L"(0,T; L9(Q)) to the Navier-Stokes
system with datum F in the sense of Definition 2.3. The a priori estimate

|u L0, Tsie () = CllF |l r-1ra(r0)

holds with a constant C = C(7(2),q,T).
(ii) There exists a T € (0,T) such that there is a very weak solution u €
L™(0,T"; L)) to the Navier-Stokes system with data Flprq € T 11T, Q).

3 Mild Solutions

We will need the following norms (Kato norms):

lullks == llullkary == sup 1402 u(t)]| fyq), 7 < g < oo,
0<t<T

lull g = [[ullkpray = sup £2(|Vu(t)|fai), and
0<t<T

|l ko := ||U||icq(T,Q) = maX{HUHKg(T,Q) ) ||U||K?(T,Q)}7 n < g <oo.
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To prove Theorem 1.2 we need some preparations. First we recall that
t
/ (t — 5)%s%ds = Bt'T*P | o, 8> —1, 0 <t < oo,
0

where the constant B equals the Fulerian Beta function B4 145.

Lemma 3.1. Let Q C R” be a uniform C?-domain and let ug € L*(Q). Then
for any exponent n < g < 0o, 2 < r < 00 satisfying % + % =1 4t holds that

Jim tl/rHe_tA"“OHiq(Q) =0,
tljgg tl/QHveitA"“OHin(Q) =0.

Proof. First note that, by (2.8), for all v € L?(Q)

tl/rHeitAaniq(Q) < C||v]

Ln(Q)» 0<t< 17

with some constant C' > 1. Moreover, we use that He‘t;‘quiQ(m < Ol zo(e

for every v € L%(Q) and 0 < t < 1. Next we approximate uy € L*(Q) by
u: € C5% () to get the estimate

7| g -, < V7€ (ue — wo)||;, + 17 ||e

< Collus = ollgn + Crt!"[fuc| .

u‘?HLq

This proves the first assertion.
For the second assertion we find a constant C' > 1 such that the following
estimates hold: By (2.8), (2.9)

Jem S+ 22 e, < Callla, 0 <2<

and ||Vo||z. < Cyl|(14 A,)"?0[|z. for all v € Dy/2, cf. Sect. 2. Approximating
ug € L)(2) by u. € C§5,(52), the estimate

Ve || < 2|V e — o) 7+ 12 Ve e

< Cllue = uollgn + CH2 [l (14 An) Puc |,
< Cllue — upl|gn + CH2[[(1+ Ap) 20|
easily proves the second claim. O]

Remark 3.2. A similar lemma holds for uy in the Lorentz space LP(Q) if n <
p < oo. However, this argument does not work for the space L™*(Q)), which can
be defined by real interpolation as well.
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Proof of Theorem 1.2. We define the iteration procedure u(®(t) := e‘t;‘"uo, and
~ t o . .
u(Hl)(t) = e Myy — / e_(t_s)AP(u(J)(s) . Vum(s)) ds, (3.1)
0

forj > 0and 0 <t < T heree.g. A= An/g, P = Pn/g. We will show convergence
of the sequence (u?) ey in the norm || - ||x« where we fixed n < ¢ < co. Related
to g there exists 2 < 7 < oo such that %+% = 1. By assumption ||U(0)||Kg <
u® e =: T < o0.
Claim 1 The sequence (ul?)) is bounded with respect to the norm || - ||xa.
Proof of Claim 1 From (2.8) we conclude that for all j > 0

t . i .
D gg < [u® g + sup ¢ / eI PP (s) - Vul) ()|, ds
0 O o<t<T 0

fna/(ntq) dS

t
<I4+C sup $Vr / (t = $)"12[[uld) (s) - Vuld (s)
0

0<t<T

t
<14C sup ¢ [ (=) 2 5) 1 [90 5) . s
0

0<t<T

¢
<+ C’||u(j)||,2cq sup tl/r/ (t — 3)_1/23_1/2_1“ ds
0<t<T 0

=1+ CHU(‘”H;Q@ “Biyai/2-1)r-

For the other part of the norm || - ||« we get due to (2.9) that
t T~ . -
4Dy < [l + sup 277 [ Ve IPEOs) - TuD (5)) . s
0<t<T 0

t
<14C sup 172 [ (9 () Tu ) ds
0

0<t<T

¢
<T+C sup t2 / (£ — 5)" a0 (8) | | V0 (3) 5.0 ds
0<t<T 0
t
<14 CIuD|2, sup 1 / (t — 5)~1+Ur U172 g
0<t<T 0
=1+ C’||u(j)||,2@ “Biraja-i/r-
Combining these estimates we find that
[+ D Nla < [[ulles + Cul|u|IRs (3.2)

with a constant C;. Now we fix v in (1.4) by

1
v o= 6Cr

12



Since ||u(®||xs < v it is seen by induction that ||u()||x. < T (m)

Claim 2 The sequence (u) converges to a limit u € L>(0,T; L7(9)) and
||ul|e < oo 4 4 ‘

Proof of Claim 2 We write ul) as telescoping sum u) = o w'® | where
w® = 4 and w® = u® — 4D Note that this implies that

w(jﬂ)(t):—/0 —(t= )A]s( N(s) - Vuld(s) +uUD . vl (s)) ds

for all £ and all 7 € N.
Repeating the arguments from above we find, with C; as in (3.2), that

o e < 0@ lces (w5 llen < Callw s (s + 109 le)

for all j. Since [[u e < 35 we get the estimate [|w" Ve < 2flw®]|xa.
Consequently,

J J k
. 2
[l <Yl fla < = e
3
k=0 k=0

Hence the infinite sum Y o  w® is absolutely convergent in the norm ||+ ||x4, and
the sequence (u\);cy converges in this norm to some element u. This implies
also pointwise convergence for every t € (0,7). Moreover, we get the bound

lulles < 301at |

To prove the convergence of (u) to u in L®(0,T; L7(Q)) we estimate for
any 0 <t < T and j € N the iterate wUt) by

||wy+1 ||Ln / He (t—s) '( ). \VN )( )+u(j_1)(8)'Vw(j)(s)]Hzn ds

SCl/ (t = )"V w(s) - Vul (s) + ul=V(s) - Vo ()| s d
0

< 20 ||| xcq ) 20 g 1T g1/2 g

3CY
2,0 C e (2Y 0
= 0wl - B < | 2 ) |[u7[[xa B (3.3)
3 3
where B’ = Bi_pnj2¢),1/2-1/r- We conclude that the sequence uld ZJ
converges to u in the norm of L®(0,T; L*(Q)), too. Hence u € L°°(O,T, LZ( ))
and [|ul] poe g 7 my < 3B[[ul]|ca (w)

13



Claim 3 wu is a solution of the integral equation.

Proof of Claim 8 We start from the integral equation (3.1) and pass to the
limit j — co. Since u) tends pointwise in L"(Q) to u, the left hand side tends
to u(t) for a.a. t € [0,T) in L"(Q). Concerning the integral term we estimate,
using the techniques as before,

t ~ . . ¢ A+~
/ e~ =)AP () . vuD)(s) ds — / e~ AP (u - Vu)(s) ds
0 0

in
t
< C/ (t = )72 (1ul = ull IV | + ullp |V (@D = )70 ds
0
< C (Il gpl|ut? = ull poo o vimy + tll poo o emy 147 = ull i) Bujza o
< 031/2,1/2”“(0)”1@(||U(]) - “HLO@(O,T;Zn) + ||U(j) - “HK{l)a

which tends to 0 as j — oo. This implies that u satisfies the integral equation. (m)

Hence wu is a mild solution in the sense of Definition 1.1. OJ

Theorem 3.3. The mild solution u € L>(0,T; L*(Q)) constructed in Theorem
1.2 is contained in C([0,T); L™(Q2)) and satisfies u(0) = uyg.
Moreover, it shares the following properties:

o [t — tY/ru(t)] € C([0,T); LLQ)) for all n < q < oo with function value 0
at t = 0. Here r is defined by % + % =1.

o [t t1/2Vu(t)] € C([0,T); L*(Q)) with value 0 at t = 0.

Proof. By mathematical induction on j € N we will show for all n < ¢ < >
(with 1/r = 0 when ¢ = n) the continuity properties of the functions

() € ¢([0,T); L4(), t2vul (1) € C([0,T); L™(Q)), (3.4)

for any j € Ny. All functions in (3.4) are understood to equal zero at t = 0,
except in case ¢ = n, where u()(0) = .
The initial step for u(? is easy. For 0 < 7 < t < T we have that

$1/7,(0) (t) — /7,0 (r) = FLr e An ((t/T)l/ref(tf'r)An _ 1)u0,
12700 (1) — 72TuO (1) = 7V2Ve A (1 /1) 2e (DA _ 1)y,
and get, as long as 7 stays bounded away from 0, that

[ u® () = 7 u ()| < Ol (/1) e O = Dl 0,

[E2Vu (#) — 7 EVulO ()| < O ((t/7) 2 A = Dug]| 7, = 0,

14



as [t — 7| — 0. This proves continuity of the functions in (3.4) for j = 0 in the
open interval (0,7). The continuity in ¢ = 0 follows from Lemma 3.1.

The inductive step will be split into two parts, one on continuity in (0,7,
the other one on continuity at ¢t = 0.

Claim 1 The functions in (3.4) are continuous in the open interval (0, 7).

Proof Assume that the assertion is true for a fixed but arbitrary j € N. For
0 <7 <t<T we have

|27 ub @) = T ruG @), < (| g — e |,
t - - . .
0 [ e ) - T

b [ e DR By () - T )
0

== Il +[2+[3.

We have to show that the terms I; tend to zero as |t — 7| — 0. From the initial
step we know that /; tends to zero. The term I, is treated as follows:

¢
I < Ctl/r/ (t = )72 JuD (5|7l V D (5)]| . ds
t
< C’tl/TK2/ (t - S)—1/28—1/r—1/2d8

— OK?2 /1 (1 — )12 112
T/t
where K = ﬁ is the constant bounding the sequence ||u'||x as in the proof of
Theorem 1.2. Of course the above bound for I, tends to zero as [t — 7| — 0 as
long as 7 stays bounded away from 0.
Now we discuss the term I3. For technical reasons we change variables to get

1 . P . .
Iy = / all (t/re A _ 7 m)emT=DAP(y ) (1) - Vu(J)(Ts))Hiqu.
0

Interested in continuity on the open interval (0,7), we assume that 0 < ¢ <
7 <t < T — ¢ with some ¢ > 0. Then a uniform continuity argument in
(s,t,7) € (0,1) x [, T — ¢]? proves that for fixed s € (0,1) the integrand in I3,

Boa(s) =7 (tl/re—(t—T)A _ T1/r)€—r(1—s)4p(u(j)(73) - VuD (r5))]|;,,

satisfies Br,(s) — 0 as [t — 7| — 0. We want to use Lebesgue’s theorem on
dominated convergence to show that I3 tends to zero. To find a bound for the
integrand B;;, independent of 7,t € [¢,T — €], we estimate as follows:

Bm(s) < C«gHe—T(l—S)An/zﬁ)n/Q(u(j)(7—3) } VUU)(TS))H@
< C(r(1 = 9) D (7)1 5o | VU (75) £
< CEKQ(l _ 8)71/2871/%1/2.

15



The integrability of the latter term is obvious. Hence I3 — 0 as |t — 7| — 0.

Next we consider the continuity of the function [t — t'/2Vul*(t)] in L*(Q)
on [e,T —¢], ¢ > 0. Since the induction hypothesis gives the properties in (3.4)
for all n < ¢ < oo at the same time, we choose gy = 3n with corresponding Serrin
exponent 7o = 3. We calculate for 0 <7 <t < T

112060 (1) — 720uGHD (1) < (120 g — 7120y
Iz

t e ~ . .
4 t1/2/ Hve—(t—S)An/zpn/Q(u(J)(S) . Vu(])(s))

+/ HV(tl/zef(tfs)An/g_71/26( Ans )]5/( )(s) - Vul)
0

= J1+J2—|—J3.

()| ds

It has already been shown that J; — 0 as |t — 7| — 0. For the next term we find
similarly as above

t
T < Ctl/?/ (t = 5) "2 ul () | zon VU (5) | £ ds
¢
< Ctl/QKQ/ (t —s)22s7%/5 ds

1
< C’KQ/ (1 —5)"2357%/5 ds,
T/t

tending to 0 as [t — 7| — 0, as long as 7 stays away from 0.
The last integral J3 can be rewritten and estimated by

ds

1 - 1 - - .
/0 THV (t%ef(th)Anﬂ _7-5) e T=5)Ay, 12 By o(u ( ( s) .VU(J)(TS))‘ )

Ln
1
30/
0

Again, an argument using uniform continuity shows that the integrand

(t%ef(th)A %) (14 A)e T0AP(0) (rs) - vu(j)(m))‘ ]

n

ds.

B ,(s) = H(tZe (t= T)A—TZ)(1+A) (1= S)AP( O (r S)'Vu(j)(TS))‘

[N/’IL

tends to zero pointwise for every s € (0,1) as |t — 7| — 0. Moreover, it can be
estimated by the integrable pointwise upper bound

Bl ,(s) < CL[[(1+ Apja) 2794 P () (75) - Vul) (75
< C.K?(1— 5) 3575/

Nz

uniformly for t, 7 € [e, T—¢|. Now Lebesgue’s theorem on dominated convergence
shows that J3 — 0 as |t — 7| — 0. This finishes the proof of the continuity of
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t = tY2Vult(t) in (0,T) with values in the space L?(€). (m)

Claim 2 The functions in (3.4) are continuous at ¢ = 0.

Proof As in (3.2) we calculate, replacing T' by an arbitrary 0 < ¢ < T,
[ oy < [t xag) + Crllt? R .0y

By Lemma 3.1, the first term on the right-hand side tends to zero as ¢ — 0 when

g > n, and the second term tends to zero as well, by induction hypothesis.

For ¢ = n, the above inequality needs a small modification since u®(t) — w
in L™(€2). Using (3.3)

. 2\J
lo ke - B < (3) 0 ke - B

(0|5 < ;

Wl o

Hence ultD(t) — u®(t) — 0 in L™(Q) as t — 0.
The continuity at ¢ = 0 of both functions in (3.4) is thus shown. (m)

We know from the proof of Theorem 1.2 that ||u') — u||xe — 0 for all ¢ > n
and also that [[u) — ul| e (g g.in(q) — 0 for j — oo. This means that t'/7ul?)(t)
converges to tY/7u(t) in LI(Q), n < ¢ < oo, and that t/2Vul)(t) converges to
t1/2vu9(t) in L™(Q) uniformly in £. So the continuity properties for all j can be
carried over to the limit function u. Now the proof is finished. O

Proof of Theorem 1.4. We estimate as above for 0 < T" < T to get that
v — wllkorr) < C(lvll ks o) + lwllkn o) v — wllka@ 0)-

By the assumptions we choose T > 0 such that [|v]| ks ) + [[w|kp@0) < &,
yielding ||v — w]|xa(z7,0) = 0. Hence v = w on [0,1"). O

Remark 3.4. Note that the solution u constructed in Theorem 1.2 satisfies either
of the requirements of Theorem 1.4. Hence, any further mild solution u for which
lallkae)y or (1) lillxpe) tends to zero ast — 0 coincides with u, at least on a
small interval. In particular, U has the continuity properties from Theorem 3.3.

4 Mild vs. Very Weak Solutions

Theorem 4.1. Let u € L®(0,T; L*()) be the solution constructed in Theorem
1.2 andletn <r <oo, n<q< o0, f + % =1 be given Serrin exponents. Then,

Jor some 0 < T, <T, the solulion u is a very weak solution to the Navier-Stokes
equations contained in L"(0,T,; LL(Q)).
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Proof. First of all note that u(® defined by u®(t) = e *uq is contained in
L7(0,7; L9(Q)) and that the functional F defined by (F,¢) = (ug, $(0)) is con-
tained in 71T, Q) by Proposition 2.5 (iii). Here we need the additional
assumption r > n.

To show that u € L"(0, T,; LL(RQ)) for a sufﬁciently small T, we have to esti-
mate the nonlinear term. To this end we write u'%) - Vu') = div (v ® u)) and
estimate «/*1) with the help of (2.10) by

WG @) < 4@ ()10 + /ue =402 Piy (1 (5) ® u(s))]| 10 ds
< O @), + O / (t— ) a9 (5)]2, ds
0

for a.a. ¢t € [0,7). Then the Hardy-Littlewood-Sobolev inequality implies for
every 0 < T" < T that

||u(jJrl HLr 0,17:09) = HU © HL" 0,7";La) +02||u L”(O Tr;L9)”

Choose T, > 0 such that [|u(®
induction that the sequence (||u(j)

Lro;iny < 1/(6C3). Then it is easily seen by

LT(O,T*;i‘Z))jeN stays bounded by 1/(2C3). Since

we have u'9) — u in L9(Q) uniformly on any interval [¢,T,), as long as £ > 0
(cf. the proof of Theorem 1.2), we conclude ||ul|p,. 7..ze) < 1/(2C3). Letting

e — 0 we get from Fatou’s Lemma that u € L™(0, T; [Nﬂ) with norm bounded by
1/(2C5). This finishes the first part of the proof.
We still have to show that the mild solution u satisfies the variational equality

—(u, )10 + (U, Ay ) 0 = (0, $(0)) + (u @ u, Vo)1, 0 (4.1)

for every ¢ € TV79(T,, Q). From the integral representations of u, cf. (1.3), and
of ¢ in terms of v = —¢, + Ay ¢, cf. (2.14) in Lemma 2.4, the left hand side of
(4.1) reads

—(u, ¢t)T*,Q + (u, Aq’QS)T*,Q = (u, U)T*,Q
= /OT*{(etA"uo , u(t)) — </t e A B div (u(s) @ u(s)) ds v(t))} dt
(g, / / O udiv (u(s) @ u(s)) L o(r)) dsdr

T
(uo, ¢ / / , Ve (79 ftv(t)) ds dt.

In the second term on the right-hand side we change the order of integration and
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get the integral

/T* /T* u(s), Ve () dr ds

:/0 (u(s) ® u(s), Vo(s)) ds
= (u ® u, V¢)T*7Q

Summarizing, we have proved that the mild solution satisfies (4.1) and is
hence a very weak solution. O

A partial converse of Theorem 4.1 will be described in the following theorem.
The result states that a very weak solution is contained in L°(0,T; L*(2)), but
it is not necessarily a mild solution as constructed in Theorem 1.2. In partic-
ular, the continuity property C([0,7); L*(Q)) is missing. The main problem in
the proof compared to similar results proved in [15, Theorem 3.2, Theorem 3.3
and Proposition 3.4] is the fact that with » = oo the Hardy-Littlewood-Sobolev
inequality does not hold for »' = 1.

Theorem 4.2. Let Q C R" be a C*-domain, n > 3, and 0 < T < oco. Assume
Serrin exponents n < r < 2n and n < q < 2n are given, and let ug € I?;(Q)

Then a very weak solution uw € L'(0,T; Li(Q)) to the Navier-Stokes system
with data F € T-5(T,Q) defined by (F,d) = (ug, $(0)) also belongs to the
space L=(0,T; L*(Q)). It satisfies the estimate

lu(t) = el o) < Cllull;

L7(0,t;L9(22)) (4.2)

for a.a. 0 <t < T, with a constant C = C(q,T,7()) > 0. In particular, u(t)
converges to uy in L"(Q2) ast — 0 on a dense subset of (0,T). Moreover,

1 e
H—/ u(s) ds — ug||
0 Lz()

< [l(uo)e — woll gy + Cllull;

£ L7 (0,5;89(0)) (4.3)

where (ug). := 1 [ e g dr — ug in LP(Q) as e — 0.

Note that the set of exponents r, ¢ as in Theorem 4.2 is nonempty for all n;
e.g., r = 2n, ¢ = nn' is a possible choice. For the proof of this theorem we need
a technical lemma based on real interpolation.

Lemma 4.3. Let Q C R, n > 3, be a uniform C*-domain and let t € (0,T) and
e>0satisfy0 <t—e<t+4+e<T. Choose some Serrin exponents

2
2<r<2n, n<gq<2n, —+2:1.
g
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Define the linear map B. : C§5(2) — R™ by
1 t+e 5
B = [ Ve g se (-2
t—e

Then the inequality

B (D)l Loy 0,4—esparoy gy < CllYlIzwr
holds with a constant C' only depending on r, 7(2), but neither on 1, € nor on t.

Proof. Define py := (q/2) and p, := ¢’ so that 1 < p, < n' < p; < 0.
Now we derive weak type estimates and use real interpolation. Using (2.9)
we obtain for almost every s € (0,¢ — ¢) that

t+e

C _
1B () () parar < o (1 — )7 2dr [ 0],

t—¢
< Clfllgn (t = = 5) 2
Consequently, . 3
B.: L2(Q) — L**®(0,1 — &; LW (Q))

satisfying "ng|’L2,oo(0’t76;l~/((7q/2)’) < C|[Y||70, since [[(t —e — ) 7Y?|| 20 0y2) = 1.
The second estimate is similar: We get for every s € (0,t — ¢) that

t+e

C ’
IB() ()| parar < %kuzm/t (r—s) Y dr

—€

< Clllgen (t = =)~

Hence B.: L2 (Q) — L' (0,t—¢; Ll (€2)) with norm bounded by C' indepen-
dent of ¢ and €. Thus real interpolation, with § = 2 — ¢/n, yields

Bi (L8 L)ooy — (L*(0,t — & LW, L79(0, 8 — & LO)),
Note that n' < (r/2)" since r < 2n. Hence we get with (2.11) that

Ly =Ly = (L5 LYo = (L2 Lo ooy
Finally we also have that

(L222(0,1 — & L), L'=2(0, — & L0)),

= O (0 o LY = L (0,1 — & L)

by |29, Theorem 1.18.6.2]. Thus we conclude that
B Br s L0/ (0,1 — e EW2).

Since the constants in the weak type estimates depend neither on £ nor on ¢, the
same holds for the constant in this estimate. This finishes the proof. O]
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Proof of Theorem 4.2. For ¢ € C§5,(S2) and every Lebesgue point ¢ of u we will
prove the estimate

’(U(t) - eitAnu07w)| S CHUHQT(O’EZQ)HwHZ",' (4 )

4
Let ¢ > O satisfy 0 < t—e < t+e < T. Then we put v.(s) := 215X ) (s)1.
Note that v. € L" (0, T; L7(Q)). Using Lemma 2.4 we define ¢, € 759 (T, Q)
—(¢:)t + Ay¢p. = v.. Then we consider the identity
1 t+e

% . (u(s),?)ds = (u,ve)ro (4.5)
= —(u, $er)ra + (u, Agde)ra = (uo, 6:(0)) + (u ® u, Vo)

Since
1 t+e

T ~
¢:(0) = / e Ty () dr = — e pdr — ey
0 2¢ Jye
in L™ (Q) as € — 0, and since t is a Lebesgue point of u, by (4.5)
(u(t) — e_tA”u(), Y) = lim (u @ u, V. )10
e—0+
To estimate V¢, we calculate

T—s .
be(s) = / g~ (T—s=T) Ay ve(T — 1) dr
0

T
_ 1 [ ewi
2¢

In particular, ¢.(s) = 0 for t + ¢ < s < T. Observe that (r/2)" = g/n. Hence

(4 ®u, Vé)ral < /0 h |(u(s) ® u(s), Ve (s))| ds

"X(t 815—1—6( )I/JdT-

< Nulls o p—esiop IV Ol Loy o0z (4.6)
Il e resia IVl Lo e prespary)-

Now Lemma 4.3 will be applied to the term V¢, in (4.6), yielding
IV@ellpery o —eii@ary < Clillzw

with a constant independent of € and ¢. Finally, let us consider the term in (4.6)s.
Since for t —e < s < t + & we have ¢.(s) = £ [ e~ =94y dr we get that

2¢ Js

1 t+e t+e i a/n
IV@ellporoy pcpreiiarry < o / (/ Ve (7= "'1/1||z<q/2>fd7> ds
t—e s
Gl [ [5F ( HF on \ "
<Ot / (/ (1 — s)”/da> ds
2e t—e s
C
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This leads to the estimate

(w® u, Vo) ral < C(ul 00 oo + 10l sz 1l
< Cllul, o 1620

for every ¢ € C§5 (§2). Passing to the limit ¢ — 0 we arrive at the estimate (4.4)
for every Lebesgue point ¢ € (0,T) of w.

For the estimate at ¢ = 0 we exploit (4.2) for a.a. t € (0,¢), take the mean
value over (0,¢) and get (4.3) by the triangle inequality. A more direct argument
copies the previous proof more or less by using v, = %X(o,g)@b and even avoids
Lemma 4.3. [
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