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Abstract

Consider the flow of a compressible Newtonian fluid around or past a ro-
tating rigid obstacle in R3. After a coordinate transform to get a problem
in a time-independent domain we assume the new system to be station-
ary, then linearize and use Fourier transform to prove the existence of a
unique solution in L9-spaces. However, in contrast to the incompressible
case with multipliers based on the heat kernel the new multiplier func-
tions are related to Bochner-Riesz multipliers and require the restriction
6/5 < q <6.
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1 Introduction

We consider the flow of a compressible Newtonian fluid past a rotating rigid
compact obstacle K(t) C R3, ¢t > 0, of constant nonzero angular velocity & € R3.
Without loss of generality we assume that & = w(0,0,1)", w = |&] > 0. In the
time-dependent exterior domain Q(t) = R? \ K(¢) the flow is described by the
nonlinear system

0
pa—?;%-pu-Vu—uAu—(;H—V)Vdiv%ﬁ—Vp(p) = pf 11)
1.1
dp .
E—i—dlv(pu) =0
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together with the boundary conditions
u(z,t)=dAx at |J 00Q(t) x {t}
te(0,00)
u(r,t) = us  as |z] — o0 (1.2)

p(x,t) = poo  as x| — oc.

Here po, > 0 is a constant and u., € R3 is a zero or nonzero constant vector. We
will assume that p,, # 0 and, for the sake of simplicity, we take p,, = 1.

Following ideas from [2, 4, 10, 11, 12] we introduce a t-dependent coordinate
transform via orthogonal matrices and reduce the problem to a new one in a
t-independent domain, see (2.3) below. Under the assumptions that the trans-
formed solution is stationary which corresponds to a time-periodic solution of
the original problem and that the axis of rotation is parallel to u,, we linearize
with respect to a basic state to get a linear stationary system in a new velocity
field v and density function o coupling an elliptic PDE system with a hyperbolic
equation, see (1.3) below. This system considered on the whole space R3 is solved
explicitly for ¢ = div v in terms of Fourier transforms. In the incompressible case
the corresponding solution v can be treated by using Littlewood-Paley decompo-
sition and classical multipliers theorems, see [2, 4]; for a more recent and simpler
proof we refer to [7]. However, in the compressible case, the solution formula
for g is much more complicated and defined by a multiplier function which is
non-differentiable on a sphere in the phase plane with radius 2;1% and related to
the modified Bochner-Riesz multiplier function

(¢ — 1)y

Following the proof on the usual Bochner-Riesz multipliers (1—[¢[*)}, A > 0, the
range of admissible exponents ¢ to allow for Li-estimates is restricted to values of
q close to 2; to be more precise, we need that g < q < 6, see the Main Theorem 1.1
below. For a different approach avoiding Fourier transformation and to prove the
existence of weak solutions we refer to [13]; here, however, the fully evolutionary
system has been considered. Other results concerning the flow of rigid bodies in
compressible Newtonian fluid can be found in [1] or [6].
Our main result concerns solutions (v, o) of the linear system

—puAv — (p+v)Vdivo + (e —GAY) - Vo+ TG Av+ Vo =F
dive + div (o(us — G A y)) = G. (1.3)

Actually, (v,0) will be obtained from a stationary Oseen problem when 0 #
Uso || & (or Stokes problem when wu, = 0) with rotation term and prescribed
divergence g, see (2.6) below. On the other hand, the divergence g is obtained
from the system

—2u+v)Ag+ (U —FdAY) - Vg+ Ao = divF

(1.4)
g+ (Uo — G Ay) - Vo G
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to be analyzed in Sect. 3.

Note that F is related to the external force f given in (1.1) by the coordinate
transform; we included a general right-hand side G in (1.3)s, (1.4)s for possible
future application. Now the Main Theorem reads as follows:

Theorem 1.1. Let $ < ¢ < 6 and |us| < 5. Furthermore, let G € L1(R®) and
assume that F = div ® satisfies @, (G Ay) - VP, us - VO € LI(R?).

Then problem (1.4) has a unique solution g € LI(R®) which satisfies the
estimate

2 1
g <cl(wu+v —)
lglly < e (w2 +v) +(w(2ﬂ+y)))

(1G]l + lwelly + (& Ay) - VOl + [Juee - VO|) (1.5)
where the constant ¢ = c; > 0 is independent of w, us, and p,v.

By [2], [3, Theorem 1.1 (1)] the solution g of problem (1.4) yields a solution
(v,0) of (1.3) (or (2.6)) satisfying the estimate

16V + [Vollg < co(IF + (14 v)Vgllg + [|[0Vg + (G Ay)g — usglly) (1.6)

with a constant ¢, > 0 independent of w and u.,, provided uVg + (J Ay)g €
L(R3); for estimates of lower order derivatives of v we refer to [2].

Note that Theorem 1.1 does not yield the assumptions on g needed in (1.6),
i.e. uVg+ (G Ay)g € LYR?). On the other hand, (1.6) holds for any 1 < g < co.
Actually, the main aim of this paper is to prove the a priori estimate (1.5) which
results in rather elaborate estimates of the multiplier functions involved in the
explicit solution (see (2.10)—(2.18) in Sect. 3) of (1.4).

In the following section we describe in more details the procedure of the coor-
dinate transform and of calculating an explicit solution of the linearized problem
(1.4) in Fourier space. An analysis of the corresponding multiplier functions will
be performed in Sect. 3. The crucial estimates for the modified Bochner-Riesz
multipliers are found in Lemmata 3.5 and 3.7. We remark that this analysis
is performed not only for (|]* — 1)1/ ? but simultaneously for the more general
multiplier function (|¢|* — 1)} with Re A > 1, cf. Theorem 3.9.

2 The coordinate transform and the solution formula

As already mentioned a main disadvantage of the system (1.1)—(1.2) is the prob-
lem that the spatial domain Q(t) is time-dependent. In order to work in a fixed
domain © C R3 we introduce the orthogonal matrix

coswt —sinwt 0
O(t) = 0,(t) = | sinwt coswt 0. (2.1)
0 0 1



Obviously, O := £0(t) = QO(t) where Q € R>? is the skew symmetric matrix
such that Qa = & A a for a € R3. Moreover, we define the new variable and
unknowns

y=0()"z, v(y,t)=00)" (u(z,t) —ux), py.t)=p(z,1) (2:2)

as well as F(y,t) = O(t)" f(z,t). Then we get with the fixed domain Q =
O(t)TQ(t) the following problem:

g: — pAv — (p+v)Vdive + p(OTOy) - Vo + (0T0) v

+5(0Tus) - Vo + pv - Vo + Vp(p) = pF, (2.3)

95 .
E +div (pv 4+ (0T0y)p + (0T us)p) = 0

in © x (0, 00), together with the conditions

v(y,t) = (0TO) Ty — OTuy on 99 x (0, 00)
v(y,t) = 0 as |y - o0 (2.4)
Flyt) =1 as ly| = oo.

The computations how to get from (1.1)—(1.2) to (2.3)—(2.4) are relatively stan-
dard in the case of incompressible flows, see e.g. [5]. Hence we only describe
some ideas to get (2.3)3. By (2.1)—(2.2) and the simple calculation

O0'0=-Q, 0"0Oa=-wAa for aeR?

we get that
9 d 9P L 9p
&p(xvt) - EP(O l‘,t) - E(yat) +j;1 8 ; O kOkl Y
8p T p . 3T
=5 (O Oy) - V,p =5 +d1Vy(<O Oy)p)
and
L0
div, (P(x,t)U(x,t)) = kzl 8_95]< O x t)(Ojkvk(OTx,t) + (um)j))
=

3

= > S (O3 (Ol t) + (1))

Gk d=1

= div, (0" uco)p) + div,(pv).



Summarizing the last two identities we are led to (2.3)s.

We further simplify (2.3) and assume that the flow in 2 is time-independent,
ie. % =0 and % = 0; this assumption is related to a time-periodic flow in the
original problem. To this aim the terms OTO and O u., must be constant in ¢.

For the latter condition we assume that w is parallel to u., so that
O(t) "tloo = usy  for all ¢ > 0.
Now, writing p = p(y) in the form
p=1+o,
and linearizing (2.3) - (2.4) in (v, o) around (0, 0) we get the coupled linear system
—pAv — (p+v)VAivo + (oo — D AY) - Vo+dAv+ Vo = F 25)
dive 4+ div (o(us — G AY)) = G

In view of [2, 3, 4] it suffices to find a solution formula for the unknown
function
g =divw,

since then (v, o) can be considered as a solution of the generalized Oseen system
with rotation effect

—pAv+ (up — G AY) - Vo+dAv+Ve = F+ (u+v)Vyg

2.6
dive = ¢ (2:6)

in R3. For this reason we apply div to (2.5); and get, since div (((E ANy) - Vv —
@A) = (@ Ay)- Vg, that (g,0) solves the system

—2u+v)Ag+ (U —JdAY) - Vg+ Ao = divF

- (2.7)
g+ (U —dAY)-Vo = G.
Since the operators A and (W A y) - V commute, (2.7), yields
Ag+ (uso —d AN y) - V(Ao) = AG. (2.8)

Now we may insert Ao from (2.7); into (2.8) to get that
Ag — ((uso —cU/\y)~V)2g+ (Uoo =D AY) - V(2u+1v)Ag
= AG — (U — G AYy) - V(div F).

Due to the geometry of the problem we introduce cylindrical coordinates for
yeR3 ie, let y 2 (r,0,y3), 1 = |(y1,42)] = 0,0 € [0,27), y3 € R. Then it is
easily seen that (J Ay) -V = wdy where dy denotes the angular derivative with

bt



respect to 6. Exploiting the commutator identity [uo - V, (G Ay) - V] = 0 we are
led to the equation

w? 059 + w((2p + V)A = 2us - V) pg (29)
+ (= A= 2u+v)uw - VA+ (us - V)?)g=H
where
H = —-AG+ (tus - V — wdp)div F. (2.10)
For the subsequent computation we write that u,, = kes, kK > 0, so that
Uso - V = kO3, k = |uol,
and use the Fourier transform, formally defined by

1 —iz-
W /RS e 57,1,(1)) dl’, g c RS.

Since in cylindrical coordinates in &-space, say € = (s, ¢, &),

Bpu(€) = ,u(€),

(2.9), (2.10) can be written in Fourier space in the form

Fu(§) = a(§) =

W05+ wag( — (2 + )€ — 2ikes) -
A 2.11
+ (1617 + 2u + v)ik&|E]? — K2&) = H

where
H(&) = [¢1°G + (—iw 0, — k&s)(€ - F). (2.12)

Note that (2.11) may be considered as a second order differential equation for g
with respect to ¢ € [0,2x], and that we are looking for a 2m-periodic solution

§(¢) L g(p). The characteristic polynomial

1
X = W = (24 )l + 20k A+ 5 (167 + (20 + V)ikEIe? — K€))

W

of (2.11) has the zeros

M2 =X12(6) = 5 (20 + e + 2ikés £ O+ v I~ AIEE). (213

Then the general solution g(¢) of (2.11) has the form

1/w?

p — Aty A2
= ce + ce +
9(») 1 2 M=

¥ ~
/ (e’kl(t"") — e”\Q(t’“”))H(t) dt,
0
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where, with a slight abuse of notation, H(t) = H(¢) for € £ (s,t,&;) in cylindrical
coordinates and where c¢;,co € C are arbitrary. In order to get a 2w-periodic
solution of class C? with respect to ¢, ¢ must satisfy §(0) = g(27) and 9,6(0) =

0,9(2m), i.e
1w
AL — Ag

)\101 + )\202 :/\1627r)\1 c1 + )\2627r)\202 +

c1 + Co 201627r)\1 + 62627r)\2 W e

2
/ (e—Al(t—ZTr) _ G—Ag(t—Qﬂ))]:I(t) dt,

1/w?
Al — Ao
The previous identities define a (2% 2)-linear system for ¢, ¢; with unique solution
1/w? o A (t—27) 7
= TS H () dt
“ <A1—A2)(1—eml)/o ‘ (Ot

—1/w? T alt—2m) £
Cy = ()\1 — )\2)(1 - 6270\2) /0 € H(t) dt.

Hence the unique 27-periodic solution g(¢) of (2.11) reads

() = 1w? { -1 /%e—w VH(t )dt+/¢e‘h(t‘@f1(t)dt
)\]__)\2 1_67271-)\1 0 0

1 2 . © .
t—— / e 2O () dt — / e MO (1) dt}. (2.14)
1 —e—=m2 J, 0

From (2.14) we deduce two different representation formula which will be
used for |¢| small and for |¢| large, see (2.17) for small || and (2.18) for large
€], respectively. Consider the first two terms involving A; in (2.14): since H(t)
is 2m-periodic a shift of coordinates implies that

_1 27 N ¥ ~
T o / €7>\1( H( ) t)dt + / 67)\1(t7¢)H(t) dt
1 —e =™ [y 0

2w
= 1_2 i ( / v (e M(t=9) _ e=M+2m=0)) fr (1) dt — / e MO F (1) dt)
—e TAL 0 0

-1 2m .

A similar result holds for the last two terms in (2.14) involving \s.
At this point let us introduce the orthogonal matrix O;(t), cf. the definition
n (2.5), modeling rotation around the x3- or £3-axis by the angle ¢t € R. We note

that FH(O:(t) - )(€) = H(O1(t)¢) and H(t + ) = H(O1(1)€) for € = (s, 0, &3)

in polar coordinates. Hence we get from (2.14) that

. 1/&]2 27 e—)\gt e—)qt R
0= 220 [ (e - e ) OO A 215)

_|_

27
/ (e 072N — e 2027\, H () dit.
0




In order to "get rid of” the term 2ik&; in the definition of \;, see (2.13), recall
that the multiplication in Fourier space by — Zk&’t equals the change of variables

T x— —t@g in x-space. Hence, defining the modiﬁed ZEeros
1
o = (2 + V)IE? £ v/ + v PIET — 4IEP), (2.16)

we may rewrite (2.15) in the form

) 1/w? m e H2t e Ht k
060 = 2 [ (o - ) FHOM0) - B @
(2.17)
On the other hand, we may write the term (1 —e~2™)~! as a geometric series,
since Re \; > 0 when £ # 0. Then, using the 27-periodicity of ]:I(Ol(t)é) in t,
the first term involving Ay in (2.15) can be written in the form

00 2 “ o 2
> / e PR H (04 (1)€) dt = / e H (O1(t)¢) dt.
k=00 ’

Hence (2.14) simplifies to the formula

p — 1/w2 ~ e H2t _ p—pal . _E e
9 == [ VFHO)~Cen) @ 218)

For later use we assume that F' has the form
F =div® = (div &y, div §y, div &3), & = (y;); 1,
with ® € LI(R?), or in Fourier space that
=i =i Dy, & Dy, £ Dy), Dy = (D)
Since 0, = (e3 A §) - V, we have
0p(€- F) = (£-0,F) + (6N F)g

and finally
O (- F) =i{€- 0,0 £+ & (EAD);+ (EN(E-D)),}

where the vector and scalar product of £ with d are calculated as vector and
scalar products of £ with the vectors d;, Py and P5. In particular, we see that

0y (€ - F) = ¢ Ag(€) - € where the coefficients of Ay(€) consist of terms like ®;;(€)
and &p@j(f). Moreover, &€ - F = &3¢ - & - £, Hence H, see (2.12), has the form

H(E)=¢-A(6) - € with A(€) = G(E)Is + Ay (€) (2.19)

where fil(f) is a (3 x 3)-matrix with coefficients like w@ij, w&pci)ij and kfgéij,
and where I3 = (8;;) € R*®. From the Hérmander-Mikhlin Multiplier Theorem
3.1 below we conclude that A satisfies for every 1 < ¢ < oo the L%-estimate

1Allg < eq(IG1lq + lwllg + 1@ Ay) - VOl + [Jus - VOIl,) (2.20)

with a constant ¢, > 0 independent of w and .
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3 Proofs

For the estimate of ¢ in LY(R3) we use multiplier theory and have to distinguish
three cases concerning the behavior of \; = ;(€), j = 1,2, as functions of £ € R?.

3.1 Preliminaries

Let o, 11,72 € C*(R?; [0, 1]) be a partition of unity of R* such that

2 1 2
=1 f < - =0 fi > —
2
nm =1 for = <€l <2 :
22u+v 21+ v
2
=1 for4 < €], =0 for |£| <2 .
2 /L—i-l/_’g‘ M2 €] < S

Looking at this distinction of cases it will be advantageous to define the new
variable

2u+v
(=+Te (31)
and the new parameter
W — 20+ v "
2

Using ¢,w’ the terms 7, 1,72 and Ay o, p1,2 have the following properties:

n:{l, <l <
N R

L, €| >4
0, €] <2

Y

[N e

1
; 771:1 for§§|§|§2, 772:{
and

1
Ao = J(|C|2 + k(3 £ V/|C]* — |§|2>

with a similar formula for 1; » when omitting the term k(3 in \; . Moreover,

2 2
UIN_,K‘Qv M Ml—ﬂzN—,|C|2 as [¢] — oo,
w w

= 2w
1, 2
iz~ 1P L+ o), g~ 2l as i -0,
Since 7y + 11 + 12 = 1 on R3, we write
9=+ 0+, g=F (mg), k=012,

and consider each term separately. However, we do need further cut-off functions
o M1, My € C(R3;[0,1]) just as no, m, 7o such that e.g. n) =1 for [¢| < 1 and



ny = 0 for [¢| > 3; then no = non) = no(nj)?. The functions 7}, n} are defined in
a similar way so that 7; = 7,17, = n;(n;)* for j = 1,2 as well. Hence

g =F (nomhg + mn,g + n2ma9).

The main tool in Subsections 3.2 and 3.3 below will be the multiplier theorem of
Hoérmander-Mikhlin, see [8, Theorem 5.2.7].

Theorem 3.1. Let 1 < g < oo and let m € C*(R3\ {0}) be a multiplier function
satisfying the pointwise Hormander-Mikhlin condition

Iml|ae = sup {J¢]*1[D*m(€)[ : 0 # € € R? || < 2} < o0 (3.2)

where o runs through the set of multi-indices o € N3 with || < 2. Then the
multiplier operator T : uw — F~*(ma), u € S(R?), can be extended to a bounded
linear operator from L4(R3) to LY(R3). To be more precise, there exists a constant
c(q) > 0 such that

1 Tullg < e(g)lmla [lellg-

We note that ||m(8-)||m = [|m|lm for every 5 > 0. Hence it suffices to
consider multiplier functions below as functions of ( instead of £&. In particular,
the product of two multiplier functions my, my satisfying (3.2) yields a multi-
plier function & — my(&)msq(5E) satistying (3.2) as well and ||my(-)ma(5-)[|m <
cllma||m|meallam with an absolute constant ¢ > 0 independent of my,ms and
£ > 0.

3.2 The term g

Concerning 72§ we use the representation (2.18), (2.19) and note that

M1 — 2 w' ¢ NI

satisfies the pointwise Hérmander-Mikhlin multiplier condition (3.2) with bound
lma|lm < cﬁ where ¢ is independent of k, jt, v,w. For the term e #2(9* to be
multiplied with n5(£) we note that

1 1 1 R SV el (4
N2(£)_51+W—2w/(1+m2(5)): mZ(é)_l—FW?

where my satisfies 0 < mo(€) < 1for all £ € supp 7y C {€ € R®: |¢| > 2} and

the pointwise Hormander-Mikhlin bound (independent of the parameter 2 + /)

my(§) :

sup €[ Dma(§)] < ca, ol < 2.
&€ supp 15

10



Consequently, the multiplier 7}(&)e 2! satisfies (3.2) with bound ce=*/(4")
where ¢ is independent of k, u, v, w.
Consider g, 5 defined by

£/ w?
My — H2
1 <7, k<3, cf (2.18), (2.19), where

92.2(§) = ma(§) /OOO m(€)e 2O A, i (€) dt (3.3)

Ai(z) = A(O(t)x — §t63).

By the previous arguments and since ||A;|, = || Al for all t > 0, g2 can be
estimated for 1 < ¢ < oo as follows:

1 [
92,2[lq < CU/O e DN Al dt < e Al (3.4)

with a constant ¢ = ¢, > 0 independent of k,w and p, v.
Next we consider g2 similarly defined as g2 in (3.3) but with s replaced by
1. Since

5/¢]?
3w’

(€ = S (14 VI-IT2) 2 50, €€ supp

w
and similar wupper bounds hold for [¢[|Du,|, ¢ € suppn,, we see that
75 (£)e @ has a pointwise multiplier bound exp(—t/w’) uniformly in ¢ > 0.
In particular go; satisfies an estimate similar to (3.4) with ¢ > 0 independent of
k,w,p, v, ie., for 1 < g < oo

192,11l < cqll Allg- (3.5)

3.3 The term gy

Next we analyze gy = F !(nog) in LY(R?), 1 < ¢ < oo, using the representation
(2.17), (2.19), i.e.,

1 ) 2 —pat —p1t .
w(©) = w2 [T (L ) @

M1 — [
' 21 N
- u?ﬁaﬂo(f) ' %%(f) ' /0 mo(§)e ™ Apjr(€) dt

— similar terms with Ay, ps replaced by Ay, iy,

(3.6)

1 < j, k < 3. Due to the properties of the cut-off function ny and its derivatives,
the function

_ Gj 2¢
= v )

11

ms(g) = -

- M2n0(§) 37)



is easily shown to be a multiplier with bound ||ms||s < ¢. Moreover,

mi(§) = e (€)= exp ( — %(\C\z il T 1CP) ) =i

2u+ v

is a multiplier function with multiplier bound [|m|ls < (1 + &) uniformly in

t € (0,27); note that the term % comes into play when differentiating the purely

imaginary term ¢|(|/1 — |(]? in the exponential function.
Finally we have to consider the functions

1 G (2¢/(2
ma(6) = T = Ckn()(zgl/ i(?>+ &

with the denominator

Diaf¢) =1 exp{ — (1 + ikGs £ VT ICF) )

For ¢ € Bs;4(0) N B,y /2(0) Taylor’s expansion of the complex exponential function
implies that

271

Di5(¢) = — (£ [¢| +kG) +O(I¢)*) as|¢]—0.

CU,

Under the assumption |k| < % we conclude that my 5 is uniformly bounded for

¢ € Bs/u(0) N By /2(0). By analogy, we can estimate derivatives of ms, and
finally get a constant ¢ > 0 independent of k, u, v, w such that

Ima ] + €] [Vema o] + €2 [VEmia| < ¢, ¢ € Bsu(0) N Buya(0).

However, for the remaining ¢ € Bs4(0) \ B./2(0) , ie., 2 > [(] > % (provided
that w’' < 3),

2| ¢
w/

|D1,2(O|21—exp(— >21—exp(—7r[(|)20](|

with a suitable constant ¢ > 0. Hence |m | is bounded by 5. Analogously, we
get the estimates

€[ |Vemia| < c(1+25), ¢ € Bsu(0)\ Bury2(0),
12| VEmo| < c(14+25), ¢ € Bs3u(0)\ B ja(0).

Summarizing the previous estimates we see that m; o are multipliers with multi-
plier bound |[[mya|lm < e(1+w'™3).

12



Hence the product of multipliers ms, m; and m, 2 as discussed above and used
to define g in (3.6) yields a multiplier with bound ¢(1 4+ —). Now Theorem 3.1
leads for each 1 < ¢ < oo to the estimate

1 4
loolle < e(1+ S 7) 4l (3.8)

where ¢ > 0 is independent of k, u, v,w. Here the assumption k = |us| < % from
Theorem 1.1 has been used.

Remark 3.2. (i) By (3.8) the a priori estimate of ||go||, by ||A||, indicates a
possible blow-up when the angular speed w tends to zero. This seems to contradict
better estimates in the case when w = 0. However, this phenomenon is known
also for the first order derivative us, - Vv in the Oseen system of incompressible
flow with rotation effect and even in the L?- case, cf. [3, Theorem 2].

(ii) Formula (3.6) of gy looks like a problem for second order derivatives, but
due to the behaviour of j1 — us for small || in the denominator in (3.6) one order
of [£| has been cancelled, see (3.7).

3.4 The term g,

Finally we consider the term g; = F!(n;¢) which will pose most difficulties

since the functions A\ »(§) are non-differentiable on the manifold || = 2u2+u (i.e.
|C| = 1) where additionally the denominator p; — po in (2.18) will vanish.
First we observe that
1
m(€) = &G (© 39)

C

is a multiplier on LY(R?), 1 < ¢ < oo, with multiplier bound |m|xn < 5.
Looking at the representation formula (2.18) and (2.19) we still have to analyze

R 00 eflu,gt _ efﬂlt .
WO =m© [ T A (3.10)
0 H1 = [2
where, as before, Ay(z) = A(O(t)x — Etes). For this reason we write
— ot —u1t 1
e e ¢ / o (2stm(1=s)t 4o (3.11)
H1 = [2 0
Hence the problem is reduced to the analysis of the family of multipliers
mys(€) = m(€) e rtmli=Dl ¢ € (0,00), s €[0,1]. (3.12)

Note that in (3.12) we get an exponent
1 .
pas + (1 =) = —(|C° +i(1 = 25)IC[V1 = [CP)
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which has to be considered for ; < [¢| <4 and s € [0,1].

However, the classical Hormander-Mikhlin multiplier theorem does not apply,
since mys(€) is not differentiable for |(| = 1. Even the integral version of the
multiplier condition ([8, (5.2.11) in Theorem 5.2.7]) is not applicable due to sin-
gularities of the type (1 —|¢|?)™*/2 and (1 — |¢|?)~%/2. Therefore, we refer to the
analysis of Bochner-Riesz multipliers of the type (1 — [¢]?)}, [8, 9], and perform
a much more careful analysis of the multiplier m,;,. Using a ”partial” Taylor
expansion of the exponential functions and the notation

t

t, = —
w'’

he(C) = —i(1 = 2s) - |[¢[v/1 = [C? (3.13)

my s will be written in the form

ma©) = @ [ "INl (ore g BB 5y
< A€V = [C1? x5,(Q) + i (OVICP — 1 xBip (O} (3.15)
+m(©e P (6) (1+ @ - #)

=t my (&) [my 5 (§)] x {M1(€) + Ma()} + my 4 (€) mi,(€)- (3.17)

The crucial terms are the multipliers M; and M, in (3.15) due to the non-
differentiable factor /1 — [¢]? well-known from Bochner-Riesz multipliers. Note

that for m7(£) in (3.14) the singularity /1 — [|? cancels due to the partial Tay-
lor expansion, at least for small ht,; hence m?}s will be a multiplier function of
class C*? on R3.

(3.16)

Lemma 3.3. There ezists a constant ¢ > 0 independent of t € (0,00), s € [0, 1]
and w > 0 such that

tN\T7
Imi - m2 < O (14 (5)), (318)
) ? w
t\6
Img s - mi Jlp < Cemt/00) (1 + (—) ) (3.19)
) ? w

Proof Obviously, m%’s =m (5)6_|<|2t* satisfies the Hormander-Mikhlin estimate

Imi llm < cexp (= 1&) (1 + (%)2> since supp 7y C By \ Byjs. Now (3.19) is
an immediate consequence.
Concerning the pointwise estimate (3.2) of mj (§) we note that

—_— | et — — _ = -
hs(Q)ts 2 4l
can be written as a convergent power series in the complex variable h,({)t. start-

ing with the terms 1+ $h2t2 + Lhit;. Hence mj, satisfies the estimate

1D ()] < (1 +8) for €€ R® with [hy(Q)t.] <1

14



and all @ € N3, |a| < 2. Now let £ € R? and |hs(¢)t.| > 1 but |[¢| < 1 so that
hs(() is purely imaginary and hence |es!*| < 1. Then we get the estimate

[16]° D mi (§)| < e(1+17) for [¢] <1 < [hs(C)L-

Finally we consider £ € supp 7] satisfying || > 1 and |hs({)t.| > 1. Depending
on s € [0,1] we have hs(¢) > 0 or hs(¢) < 0; hence a reasonable estimate of
m; ,(§) is not available due to the exponential term exp(hst.). However, the

product mj , - m?_ involves an exponential term with exponent

(=GP + (25 = DICIVICP = 1)t < —cl(1¢] = VP = )t

.t

I+ VIcP-17 2
This argument yields the estimate |mj, - m?,(€)] < ce™/2(1 + ¢) for these

¢ € supp nj; it also holds for derivatives |£[*D®, o € N3, |a| < 2. Summarizing
the previous discussion we get (3.18). O

It remains to discuss the operators defined by the multiplier functions M; and
My. We write

My(8) =, () V1 =[] x5, (C)
= V1= x5, (¢) + (11(6) = 1)V = ¢ x5, (C)

where & — (7}(£) — 1)1/1 — [¢|* x5,(¢) defines a smooth multiplier satisfying
(3.2) with an absolute bound || - ||s. Moreover, the first term is the classical
Bochner-Riesz multiplier which defines a bounded operator on LP(R?) provided
g < p <6, cf. [9, Theorem 10.4.6]. Hence we proved the following result.

Lemma 3.4. The multiplier operator defined by the multiplier function M is
bounded on LP(R®) if and only if < p < 6. The operator norm on LP(R?) is
independent of u, v, k and w.

To prove the corresponding result for M, we consider an even more general
multiplier function with the singular term (|¢|?> — 1)* where A € C. The first
result concerns properties of inverse Fourier transforms to be used as kernels in
convolution integrals.

Lemma 3.5. On R?® and for Re A > —1 let

Kx(w) == FH((I¢1 = D3g(ICh)
where g € C*°([1,00)) satisfies g(1) =1 for 1 <7 < 2 but g(1) =0 for 7 > 4.
Then there ezists a constant C = C(Re ) > 0 such that
C

K G —
[Ka(z)] < (1 + [a])Rer+2

(1+ [Im )\|)[Re/\}+2 (x log(2+ |z]) when Re) € Ny).
(3.20)
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Proof Evidently, (|¢[* — 1)}g(/¢]) € L'(R?) with L'-norm bounded by 5.
This proves (3.20) for small |z|. It remains to consider (3.20) for large |z|.

Since the Fourier transform of K is radially symmetric, the same holds for

K, itself, and, using the classical Bessel function [J/2(r) = (1)1/2 sinr,

r

—i sin(2r|z|m)g(7) (72 — DX rdr
K@) = / (2rleir)o(r) (7% — 1)} 7 d

|37’ /sm or|z|7) (12 — 1)Re iIm Aln(r?-1) Tg(T)dr.

In the following we will omit the constant 27 in the integrand (or replace = by
27x) and omit the constant 2 in front of the integral. It will suffice to compute
the real part of K,(z), the imaginary part being just a minor modification.
Assume for a moment that Re A > 0. Then, after the above-mentioned sim-
plification, we get with an integration by parts for ky(z) 2 Re K, (z) that

k() |x| / T 7] cos(|x|7-)> (72 — 1)R** cos (Im)\ln(7-2 B 1)) ro(r) dr

2 2 _ 1\ReA-1TRe )\ cos (Im \ In(72 —
—Wl/cos(lw\T)(T 1) [Re A cos (Im Aln(7* — 1)) (3.21)

—Im Asin (Im Aln(7* — 1)) | 7%g(7) dr

4

L cos(|z|T) (72 — 1B cos (Im M In(72 — iT ) dr
+ [ costlatr)r? = 17 os (1mAa(r? = 1) 2 (rg(r)

Note that the boundary terms at 7 = 1 and 7 = 4 vanish. In the last integral
with term (72 — 1)R¢* a further integration by parts immediately yields another
power |z|™!; in this sense this integral will have better decay properties than the
first integral. To perform a further integration by parts in the other integral and
to gain another term |z|~! we have to assume that Re A > 1. Then we find a
polynomial p, = p,(Re A, Im \) of degree at most n (for the moment n = 2) such
that

() :é% / sin(|z7) (7% — 1)F*2 cos (Im Aln(# — 1))gy () dr

+ similar terms where sine and cosine may be replaced by (322)

cosine and sine or terms where the power of (72 — 1)

is larger than Re A\ — 2;
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here g; € C*([1,00)), supp ¢ C [1,4].
We may repeat this procedure and arrive after ([Re A]41) steps at the formula

4

P[Re A+1 e A—[Re Al—
(o) = PR [ con(al (- e )

-cos (ImAIn(7? — 1)) go(7) d7 + ..

provided that Re A > [Re A] > 0. Now we use the change of variables s = |z|T to
see that a typical leading term in kj(x) (concerning decay as |z| — 0o) has the
form

4|z

P[Re N+1 ReA—[Re\]—1
ba(2) = b /coss((s ) (s + )
ja (3.24)
2

- cos (Im)\ln <’;? — 1))g2(é) ds+...

This integral will be considered separately on [|x|, |x| + 1] and [|z| + 1, 4|z]].
On [|z|, |x| + 1] we estimate as follows: there exist ¢y = C'(Re A) > 0 such that

|z[+1 |z|+1
)] < ey|z|ReA-ReAl-L / s — | ReA-ReN-1 g
J( )| < erlal f ot .

< C)\‘Z"RE)\_[Re)\]_l,

since ReA — [Re\] = 1 € (—1,0). On [|z| + 1, 4|z|] we replace the variable s by
t = s — |z| to get from (3.24) the integral

3|z|
e A—[Re A]— t 2 t
/cos(t—i— ]a:|)(t(t+2|x|))R AREATL (g (Im)\ln (% — 1>)gz (%) dt.
1
(3.26)
With an integration by parts we arrive at the boundary terms
sin(4]z|) (32| 5|z])ReAReA "L eos( . )ga(. . .) (3.27)

—sin(1 + |2|)(1 + 2|z])ReABeA cog(. ) go (... ),
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which can be estimated for |z| > 1 by C|z|ReA~[ReA=1 "and the new integrals

3|

_/Sin(t—|—|x|)(t+2‘x|>Re)\[Re)\]1

1
2

. %[tReA—[ReM—l cos (Im)\ln <Ii? - 1)>gg(%>} dt (3.28)
3|z|
— / sin (t + |z]) ex (¢(t + 2|z]))

1

RARAT2 Y o8 )ga(.. )t (3.29)

The integral in (3.29) is immediately estimated by
3|z|
& /(t 2R IRN-2 g < gy AN 1, (3.30)
1
In (3.28) we estimate the first two terms of the integrand by C|z|ReA~[ReAl=1
Hence it remains to show that

rorexreos mam (LE (e )] gy

|z

3|z
| d
dt
<ex(14 [ImA|)

for |z| > 1. A first term due to the differentiation of t®¢*~[ReA=1 vields the
bound in (3.31) since ReA — [ReA\] — 2 < —1. The second term comes from
the differentiation of the cosine function, yields the factor Im A and exploits the

estimate q t(t 2’ |) 2(t | |) 5
+ 2|z + |z
‘dt SAPE tt+2lz)) = ¢ (3:32)

hence we are led to the integration of t®¢*~[ReA=2 and again to (3.31). Finally
|Sg2(1+ 5)| < 5 < S fort € [1,3[z]]. Now (3.31) is proved. Summarizing the

|z[ /1 = ||
ideas from (3.24)-(3.31) we arrive at the estimate

(1 + |Im/\|)[Re)\]+2
|| ReA+2

[ka(z)| < C (3.33)

and hence (3.20) provided Re A ¢ N.
In the case when Re A € Ny we start as for Re A ¢ Ny with integration by parts
but stop before reaching (3.23) with the term (72 — 1)ReA-[ReA=1 — (72 _ 1)~1
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i. e., we stop with the identities
4

b (2) = pR—e)‘/cos(|x| ) cos (ImAln(r2 — 1)) ga(r) dr + ..

|z [ReA+1
1
4| )

= ﬁ—jjﬂ/coss cos (ImMn (|S|2 — 1)>g2(|xi|> ds+...,

||

where s = |z|7, cf. (3.23)—(3.24). Since the integral f||x‘+ ...)ds is bounded
uniformly in |z|, cf. (3.25), it suffices to estimate the integral

3|
2

/cos(t + |z]) cos (Im)\ln (;;? - 1>>gl<|x’> dt,

1
cf. (3.26). Using integration by parts in t = s — |z| we get in |z| uniformly
bounded boundary terms, cf. (3.27), and the new integral

3|
52

—l—/sm(t—l— \xy)(ImA)di[lrI(’ 7= 1)} sin(... )ga(...)dt (3.34)

1

plus a further integral involving %gg(ﬁ), cf. (3.28). The integral corresponding
to (3.29) vanishes since ¢, = 0. On [1, 3|x|] we use (3.32) to estimate the derivative
of the logarithm; moreover, g2(| ‘) is bounded from below by a positive constant.
Hence (3.34) is bounded by C(1 + [Im A|) log |x|. O

Remark 3.6. Note that the estimate (3.20) for the Bochner-Riesz kernel K (x)
is - up to the additional term log(2 + |z|) when Re A € Ny - the same as for the
kernel with Fourier transform (1 — [¢|?)}, cf. [8, Appendix B5]. Therefore, the
asymptotic structure of K, is more or less not a consequence of special integral
identities of Bessel functions, used for the usual Bochner-Riesz multipliers, see [8,
Appendix B3], but only of their asymptotic and oscillatory behavior. Similarly,
we could proceed in the n-dimensional case where, however, the computations
would become much more complicated.

Together with Lemma 3.5 we are in a position to modify the proof of [8,
Theorem 10.4.6] to get mapping properties of the convolution operator K * on
LP-spaces.

Lemma 3.7. The convolution operator Ky * has the properties:

1K= flla < C|fll2 for ReA >0, (3.35)
1
K% fl, < CReN(+ A [fll, forRed > (3.36)

when 1 <p <% 5 and p > Here q € N depends on [Re ).

2+R AT
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Proof Since K, is bounded when Re A > 0, Plancherel’s Theorem shows (3.35)
for p = 2. By (3.20) K, € L'(R3) for Re A > 1; this proves (3.36) when p = 1
and Re A > 1.

To prove (3.36) for p > 1 we choose a radially symmetric function ¢ € C§°(Bs)
with p(z) =1 for x € By, and define

vi(x) = 9(272) = p(277x) — (277 z), jEN.
Note that supp 1; C Bys+1 \ Byi-1 and %(C) — 2%94)(29¢). Moreover, we define
Ty(x) = (pKo)(x), T)x) = (¥ Kx)(z), jeN

Then formally
K f=Toxf+> T)+f. (3.37)
j=1

Since K is a bounded function, T} is bounded with compact support. Hence
Ty is a bounded convolution operator on each space LP(R3), 1 < p < oo, with
norm growing polynomially in [Im A|.

Concerning Tj’\ our aim is to show the following assertion:

Claim: For p > 1 satisfying 3 <X < £(2+Re ) (hence Re X > 1) the estimate

1
p
172 % fll, < CRe N1+ [ AN 27| fll,, GEN,  (339)

holds; here ¢ = q([Re)]) € N, 6 = 1(1 + 2Re ) — 3(% —3) > 0 and C is
independent of j € N.

We note that (3.38) makes the formal identity (3.37) rigorous and proves
estimate (3.36) for p, A satisfying 3 < % < 5(2+ Re)); in particular, (3.36)
holds when p = %, Re A > %‘. In the following a constant C' > 0 always depends
on Re A and Im A, but only in a polynomial way on |Im A|, and is independent of
jeN.

Proof of the Claim. We decompose the function f into pieces fxgq,, kK € N,
where the Qs are pairwise disjoint cubes of side length R = 27! Since T} is
supported in a cube of side length 2R = 27%2, for each x € R? at most 5 pieces
T} % fxq., k € N, overlap. Hence an estimate like |77 * f|, < C||f||, valid for
all f with support in a cube of side length R suffices to get the general estimate
1T} fll, < B3C||f|lp for all f € L*(R?), cf. [9, Exercise 10.4.4]. Using this idea
let us consider f with support in a cube of side length 2/*! so that supp T} * f
is contained in a cube of side length 3 - 27!, Then for 1 < p < 2 we have

6i(Lt—1 6i(Lt_1 AN p
I3 £ = 2202 T fll; = e 22572 TRF (3:39)
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To proceed with the term ||TJ’\ |12 we use polar coordinates in (-space. Since
Tj)‘ and Tj)‘ are radial, we get

172718 = [ 1520008 ( [ 17602 a)r ar
0 $2

By the Restriction Theorem 3.8 below applied to r—3 f (%) with Fourier transform
f(r¢), ¢ € R®, we see that

Jueopas<ci( [rolrCpan)™ =il [irwra)”
S2 R3 R3

which holds for 1 < p < %. Therefore
1221 < C2 12 [ 70,0 52501 s
0
= G271 [ NP I dc. (3.40
R3

Next we decompose the integral on the right-hand side of (3.40) into integrals
over By; and its complement.

To estimate the integral over B;/; we claim that for all M > 4 and 8 < 3
there exists a constant Cjs g > 0 such that

/ TAOPIC] P dC < Cagyp 272049, (3.41)
By 2

Indeed, we may assume that supp Ky, C By~ By by modifying the function g
in the definition of K in Lemma 3.5. Hence

O =Ryl <29 [ (6= - ) s

1<[¢—2|<2

so that for ¢ € By, we can restrict z to |z| > % Since ¢ and ¢ are Schwartz
functions, we get for |z| > £ that

119(272)] < Cpp|272]™ < €277,

Thus \TJ)‘(C)\ < Cp277WM=3) for |¢| < 1. Finally, (|77 is integrable on By, as
B < 3. Thus (3.41) follows.
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Concerning the integral in (3.40) over R* \ By, recall from (3.20) that
T}a)] < OO+ |2)7* "M og(2 + [a]) y(x) < Cj 27 BFRA

since 1, is supported in 2771 < |z| < 2% note that the term log(2 + |z|) and
the factor j are needed only when A\ € N. Hence

[FINE = T3 < C272eRen 295 — 2 g=(+2Re0i (3.49)

Summarizing (3.40) with (3.42) and (3.41) (with 8 = 3/p’ < 3 which holds
for p < 2) we arrive at the estimate

ITAFI5 < €7 27 CF2ReNT | p 2,
and, returning to || 77 f[|,, by (3.39)

T * fll, < €5 28G2)73(42Re ) gy (3.43)

The power of 2 is negative iff p > ﬁ.
Now the inequality (3.38) is proved when H% <p< %; this also implies

the restriction Re A > }L. O

The proof of Lemma 3.7 is a minor modification of the proof of the LP-
boundedness of the Bochner-Riesz multiplier (1—[¢|?)}. The log-term in Lemma
3.5 is responsible for the additional factor j in (3.38), but of no consequence
for further convergence properties. A crucial step in the previous proof was the
Restriction Theorem for the Fourier transform, see [9, Theorem 10.4.5]:

Theorem 3.8 (Restriction Theorem for S* C R?). Let 1 < p < 5 and q = %/.
Then the operator

Rp—>q : LP(R3) - Lq(SQ)v f = f}gza
is bounded. In particular, R, 2 is bounded for 1 <p < %.

Theorem 3.9. For Re )\ > }L we have the estimate

B fllp < el fllps S € Lp(Rg)a (3.44)

provided ‘% — %! < %(1 +2Re\). For A = % this condition reduces to the inclusion
S<p<e.

Proof By Lemma 3.7 the estimate (3.44) is proved for ReA > 1 when
%_ﬁ <p< % or p = 2. Hence, by complex interpolation, we get the assertion
for all p satisfying H% <p<2 ie., when 0 < % — % < %(1 + 2ReA). Then a

duality argument proves the Theorem. O]
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Proof of Theorem 1.1 We only have to summarize several estimates of Sect. 2
and 3. The solution g of (1.4) = (2.9) has been decomposed into terms gg, g1, g2
where by (3.4), (3.5) |lg2/l4 < c||A|l,- For go a similar estimate holds; however, by
(3.8) ¢ is multiplied by the term (14 m)4' Concerning the crucial term g; we
exploit that g < g < 6 and estimate using the representation of the multipliers
mys in (3.17) together with (3.10), (3.11), (3.12) that

00 1
ol < [ ([ el (10l + 108000 + k) [ ) e
0 0

o0 t 7 .
< c/ te_t/“<1+—> IA], dt
0 w

< c(w2p+ 1))

Adding the estimates of go, g2 and exploiting (2.20) we arrive at (1.5). O
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