Very weak solutions to the Navier-Stokes system
in general unbounded domains

Reinhard Farwig* and Paul Felix Riechwald!

We consider very weak instationary solutions u of the Navier-Stokes system in
general unbounded domains 2 C R", n > 3, with smooth boundary, i.e., u solves
the Navier-Stokes system in the sense of distributions and u € L"(0,T; LY(%))
where %—i—% =1, 2 < r < oo. Solutions of this class have no differentiability prop-
erties and in general are not weak solutions in the sense of Leray-Hopf. However,
they lie in the so-called Serrin class L"(0,T; L9(Q)) yielding uniqueness. To deal
with the unboundedness of the domain we work in the spaces L9(Q) (instead of
L%(Q)) defined as LN L? when g > 2 but as L7+ L? when 1 < ¢ < 2. The proofs
are strongly based on duality arguments and the properties of the spaces fﬂ(Q).
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1 Introduction

We consider the instationary Navier-Stokes system

w—Au+diviu®u)+Vp =f in (0,7
divu =k in (0,7) xQ,
u=g on (0,7
u(0) =ug in €,

in a general unbounded domain Q C R", n > 3, with uniform C?-boundary
and a finite time interval (0,7"). Here uw = (u4,...,u,) denotes the unknown
velocity field, p an associated pressure, f a given external force, and uy denotes
the initial value of u at time ¢ = 0. In the most general problem the velocity
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u is not assumed to be solenoidal; rather we prescribe a function £ = divu
and also non-zero boundary values g on 0€2. For a precise definition of uniform
C*-boundaries we refer to Definition 2.1 below. The viscosity is set to v = 1,
for simplicity. In contrast to the theory of weak solutions in the Leray-Hopf
class u € L=(0,T; L2(Q)) N L*(0, T; W, *(Q)) and to strong (or regular) solutions
satisfying uy, Au € L"(0,T; LY(R2)), say for r = ¢ = 2, our focus is put on the
concept of very weak solutions u lying in Serrin’s class L"(0,7; L4(Q2)), 2 < r < oo,
n < q<oo,2/r+n/q=1 without any differentiability properties. In general, a
very weak solution does neither have a bounded kinetic energy in L>(0, T'; L*(£2))
nor a finite dissipation energy in L?*(0,7; H'(Q)). In particular, a very weak
solution is not necessarily a weak solution and vice versa. However, very weak
solutions lying in Serrin’s uniqueness class L"(0,7; L9(Q2)) can be shown to be
unique.

This concept was mainly introduced in a series of papers by H. Amann [3, 4, 5]
in the setting of Besov spaces when k = 0, but also used already earlier in a paper
of Ch. Amrouche and V. Girault ([6]). More recently, this concept was modified
by G.P. Galdi, H. Kozono, C. Simader, H. Sohr and the first author of this
paper to a setting in classical Li-spaces including the inhomogeneous data k, see
[9, 10, 12| and [21]. Moreover, very weak solutions can be considered in weighted
Lebesgue and Bessel potential spaces using arbitrary Muckenhoupt weights, see
the work of K. Schumacher (|25, 26, 27, 28|).

It is advantageous to generalize the concept so that neither the external force
nor boundary values nor initial values of a very weak solution are specified or can
be defined separately from each other. This data is composed into a functional
F, the divergence k and the normal component of the trace g is composed to a
functional IC,

(F,8) = (u0,0(0))a + (f1,®)r0 + (f2, Vo)rao — (9, N - Vo) 1o, (1.2)
(K1) = (9, N)r o0 — (k,¥)10, (1.3

for adequate test functions ¢ and 1. By this setting the theory of very weak
solutions is strongly related via duality arguments to the theory of strong (or
regular) solutions.

A second crucial issue in our setting is the unboundedness of the underlying
domain 2. Due to counter-examples by M.E. Bogovskij and V.N. Maslennikova
[7, 8] the Helmholtz decomposition of vector fields in L4(Q2), 1 < g(# 2) < o0, on
an unbounded smooth domain may fail. Hence a bounded Helmholtz projection
P, with the properties required to define the Stokes operator A, = —F,A when
q # 2 may fail to exist. Therefore, in [11, 13, 14, 15| H. Kozono, H. Sohr and the
first author of this article introduced the spaces

9 .
Foq) {Lq(@) +I(@), i12g<2, 14)
LI(Q)NL*Q), if2<qg< .

2



For bounded domains € we have that L(Q) = L9(Q) with equivalent norms by
Hoélder’s inequality. Note that functions in L9(9) locally behave like Lé-functions,
but globally like L2-functions. Obviously, L4(Q)* = L7 (). By analogy, function
spaces like L%(Q) of solenoidal vector fields and W*9() of weakly differentiable
functions will be defined.

As shown in [13] a Helmholtz projection P, : L9(Q)" — L4(9) is well defined,
allowing to define a closed Stokes operator flq = —PQA with domain D; =
W24(Q)NW,4(Q)NLL(Q) dense in LZ(Q). The operator A, has similar properties
as the usual Stokes operator A,, generates an analytic semigroup e~*4a, ¢ > 0,
enjoys the property of bounded imaginary powers and maximal regularity; for
details and further properties of these function spaces and operators we refer to
[11, 13, 14, 15| and [24] as well as to Sect. 2.

Now we are in the position to give a precise definition of very weak solutions.

Definition 1.1. Let Q C R" be a uniform C?*-domain, 0 < T < oo, and let
2<r<oo,n<qg<ooand2/r+n/q=1. As usual, let ¢ denote the conjugate
exponent to q.

(i) Let the test function space for the functional F be defined by

TH(T,Q) = {¢ € L"(0,T; DY) n W (0, T; LY ()): ¢(T) = 0}
and equipped with the norm
||¢||TlvT'v‘1'(T,Q) = ||¢t||Lr’(o,T;Eq’(Q)) + ||¢||LT’(O,T;D;,)'

Then the set of bounded functionals on T (T, Q) is denoted by T 1"9(T, Q).
Moreover, we need the set of functionals

L7(0,T; G 1) = L7 (0,75 Gy ()

where éq_l(ﬂ) is the dual space to Gy (Q) = {Vp:pe L{{;C(Q), Vp e INJ‘J/(Q)}. For
a functional K € L"(0,T; égl(Q) we simply write (K, ¢, Vi € L™ (0, T; Gy (Q)),
instead of (IC, V) or (K, [)]) where two representatives in an equivalence class
(Y] differ by an additive constant.

(i) For given data F € T V"4(T,Q) and K € L"(0,T; é;l(Q)) we call u €
L7(0,T; L9(Q)) a very weak solution to the Navier-Stokes system with data F, K
if the conditions

—(u, ¢r)r0 — (4, Ad)r0 — (U U, VP)r0 = (F,9),
(U, v¢)T,Q = <’C7 w

hold for all test functions ¢ € T "9(T;Q) and Vip € L™ (0,T; Gy ().
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The large generality of the data space is of course an advantage. In fact, it
is optimal in the following sense: Every vector field u € L"(0,T'; L%(f2)) is a very
weak solution to some data F, IC, namely to

<~F7 gb) = —(’LL, th)T,Q - (u7 A¢)T,Q - (u & u, v¢)T,Qv
(K, ¢) = (u, Vi)ra.

For details we refer to Sect. 2.

Our first main results deals with the linearized problem, i.e., the nonstationary
Stokes problem, when omitting the term div (v ® u) in (1.1) or (u® u, Vo)rq in
Definition 1.1 (ii). Note that in the linear case the condition 2/r+n/q = 1 is not
needed. The term 7(€2) will be explained in Sect. 2.

Theorem 1.2 (Existence and Uniqueness for the Stokes Problem). Let 2 C R™
be a uniform C?*-domain and 0 < T < oo. Let furthermore 1 < r,q < co. Then
for every F € T-4m4(T,Q) and K € L"(0,T; Gq_l(Q)) there exists a unique very
weak solution u € L"(0,T; LY(Q)) to the Stokes system with data F and K. This
solution satisfies the a priori estimate

HUHLT(O,T;DI(Q)) < C(H]:HT*LW(T,Q) + ||’C||Lr(o,T;é;1(Q)))
with a constant C = C(1(Q),r,q,T).

The second main result states the existence of a very weak solution for the
Navier-Stokes system (1.1).

Theorem 1.3 (Existence for the Navier-Stokes Problem). Let Q@ C R" be a
uniform C*-domain and let 0 < T < oo. Assume that F € T 2"4(T,Q) and
K e L"(0,T; (N}’Q_I(Q)) where 2 < r < oo, n < q < oo, and Serrin’s condition
% +o=1s satisfied.

(i) There exists an n =n(7(Q),r,q,T) > 0 with the following property: if

IFlr=rraay + 1Kl Lro ey @) < 05 (1.5)
q

then there exists a very weak solution uw € L"(0,T; LY(Q)) to the Navier-Stokes
system with data F, IC in the sense of Definition 1.1. The a priori estimate

HUHU‘(O,T;DI(Q)) < C(H}—HT—LW(T@) + HKHLT(O,T;égl(Q))) (1-6)

holds with a constant C' = C(7(Q2),r,q,T).
(ii) There exists a T' € (0,T) such that there is a very weak solution u €
L7(0,7"; L9(2)) to the Navier-Stokes system with data Flory € T V74T, Q),

]C’[()JV] - LT<O, T/; G;l(Q))



Further results in Sect. 3 and 4 deal with questions of regularity of very weak
solutions to the Stokes and Navier-Stokes system; see Theorems 3.2 and 3.3,
Proposition 4.2, Theorem 4.7 and, concerning L*(L*)-integrability, Theorem 4.4.
Uniqueness of very weak solutions is discussed in Theorem 4.1 and Corollary 4.3.
Particular emphasis is also put on conditions on data ug, fi, f2 etc. to guarantee
that the functionals F, K lie in 74T, Q) and L"(0, T} @q_l(Q))7 respectively;
see Propositions 2.4, 3.4 and 4.5, Corollary 4.6 and Proposition 4.8. The results
of this paper will be applied in a forthcoming article to prove regularity results
for weak solutions of the Navier-Stokes system [16].

2 Preliminaries

Definition 2.1. For k € Ny and X € (0,1] a domain Q@ C R" is called uniform
C*A-domain if there are positive constants «, 3, K such that for all x, € O
there exist - after an orthogonal and an affine coordinate transform - a real-valued
function h of class C** and a neighborhood Ue (o) of xo with the following
properties: h is defined on the closed ball B!,(0) C R™™ with ||h]|cxr < K and
h(0) =0 and, if k > 1, ' (0) = 0; moreover,

Uapn(xo) - ={(,yn) € R X R: || < a, |h(y) = yal < B},
Usan(@o) - ={W yn) e R"EXR: Y| < a,h(y') = B < yn < h(y)}
= QNUypn(o),
N Ungn(zo) = {(¥,yn) € R X R: |y| <, h(y') = yu}-

The triple («, 8, K) is called the type of Q, for short 7(Q2) = (o, 5, K). For a
constant C' in some estimate we will write C' = C(7(2)) if it does depend only
on o, B and K, but in no other way on . A uniform C*-domain is defined in
an obviously analogous way. We note that bounded and exterior domains are
included, as long as the boundary is smooth enough.

In addition to the spaces L(£2), see (1.4), we define for 1 < ¢ < 00, 1 < p < o0
the Lorentz spaces

=0oioy o J L)+ L(Q), <2,
L) = {quﬂ(Q)mLQ(Q), q>2, (2.1)

letting the case ¢ = 2 undefined; here L%*()) denotes a usual Lorentz space.
For spaces of Sobolev-type we proceed analogously: For k € Nand 1 < ¢ < 00
we let
WF2(Q) + Whi(Q), 1<q<2,
.

)
WHQ) W), 2<q< oo, 22
<

Wwka(Q) = {

Similarly, we define the spaces Wy(), 1< ¢<2and 2 < ¢ < oo, based on the
classical Sobolev spaces W,%(Q) and W, *(Q).



The L% and W*4(Q)-spaces have the following properties; for a proof see [24]:

e Lot 1 < ¢ < r < oo Then (L)) = L(Q) and [lulz, < [lul. It
1 < rpq < oo, % = %4—% and u € LP, v € L% then wv € L" and
luvllzr < flullzo[v] z4-

o Let 1<q,r<oo,()<0<1andsbedeﬁnedbyile_g—i—g. Then in the
sense of complex interpolation spaces

[L9(), L7 ()], = L ().

e let 1 <r#¢q<o0,0<0<1,1<p<o0, and define 1 < s # 2 < oo by
%:%ng. Then

(L), (@), = L7(@)

0,
For s = 2 and p = 2 we get (fﬂ(Q),ff(Q))M = L*(Q).
e Let meN, 1<g<ooandQCR"” be a uniform C?-domain. Then
Wm™a(Q) — L7(Q)

if either ¢ < r < oo and mqg > n, or ¢ < r < oo and mqg = n, or
g <r<-"L and mqg < n.
n—mgq

Concerning the Helmholtz projection on L?(€) for a domain Q C R” of uni-
form type C' we have the following result, see [13]. We define

- La(Q) + L2(Q), 1 2
Lg(Q) — 0’( ) + 0’( )7 < q < ’ (23)
L) NI2(Q), 2<q< o0
equipped with the norm of L9(Q), and gradient spaces by
~ G,(Q)+G2(), 1<qg<?2
Gq(Q) = lI< ) + 2( )7 q ) (24>
Go(Q)NG(Q), 2<g<oo,

loc

norm in Gy () is denoted by || - G, = Il lza(q)- Then the space L?($2) admits
the direct algebraic and topological decomposition

based on the usual gradient space G,(Q2) = {Vp:p € L (), Vp € L1(Q)}. The

LI(Q) = L) @ G,(Q).

The corresponding projection 15q from L?(£2) onto its range ig(Q) and with kernel
G,4(§2) has a norm bounded by a constant ¢ = c(q, 7(€2)). We have the duality
relations (P,)" = P, LL(Q)* = LZ(Q) and G, 1(Q) := G4(Q)* = G ().
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Using the Helmholtz projection I5q we define the Stokes operator flq, l<g<
oo, for a uniform C?-domain @ C R™. Let

D,+ Dy, 1<q<2,

(2.5)
D,ND,y, 2<q<o0,

D(Aq) = {

where D, := L{(Q) Ny (Q) NW?9(Q). Then the Stokes operator A, :D(A,) C
L4(Q) — Li(Q) is defined by A,u := —P,Au and has the following properties,
see [15]:

e A, is a densely defined closed operator in L%((2) satisfying (4,)" = A,.

° Aq satisfies the resolvent estimate
[ \u; V2 AquHDI(Q) <Ol(A+ Aq)uHDJ(Q)

for X € C\ {0} with |[A] >0 > 0 and |arg(A\)| < 0, 5 < 6 < 7, and with a
constant C' = C(q,0,0,7(92)) > 0.

° flq generates an analytic semigroup e_tA‘Z, t > 0, having the bound

le™ fll 7o) < Ce” I flzae
for all f € L1(Q) and t > 0 with a constant C' = C(q, d,7(Q)), § > 0.

It is unknown whether the resolvent estimate holds uniformly in A as |[A| — 0.
Therefore, the semigroup may increase exponentially fast and the maximal regu-
larity estimate in Theorem 2.2 below is stated only for finite time intervals. For
this reason, the operator flq has often to be replaced by I + flq in the following.
Note that from time to time we omit the symbols €2 and T" for domain and length
of the time interval, respectively, when this data is known from the context.

Theorem 2.2. (|14, Theorem 1.4]) Let Q C R" be a uniform C*-domain and
l<rg<oo, 0<T < o0.

(i) Let an external force f € L™(0,T; LL(Q)) and an initial value uy € D(A,)
(for simplicity) be given. Then there exists a unique solutionu € L7(0,T; D(A,))N
Wb (0,T; LL(Q)) of the abstract Cauchy problem

u + Agu = f,  u(0) = u.

It satisfies the estimate

||u||LT(O,T;'D(Aq)) + ||Ut||Lr(0,T;Eq) < C(”UOHD(Aq) + Hf”LT(O,T;DJ))

with a constant C = C(q,r,T,7(Q)) > 0. It can be represented by the variation
of constants formula

~ t ~
u(t) = e oy + / e DA (rydr for aa. 0 <t < T.
0
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(i) If f € L7(0,T; [~,‘1(Q~)) and uy € D(A,), then there is a_unique u €
L(0,T;D(A,) N WH(0,T; L4(Q)) and a unique Vp € L"(0,T; G*1(Q)) solv-
ing the initial value problem

w—Au+Vp=f,  u(0) = up.

It satisfies the estimate

wllzr o mi2agey) + 1w Vol proria@) < C(HUOHD(Aq) + ||f||LT(0,T;DI(Q))>
with a constant C' = C(q,r,T,7(Q)).

A further crucial property of the Stokes operator 1 + flq is the fact that it
admits bounded imaginary powers, see [22, 23]. Hence complex interpolation
methods can be used to describe domains of fractional powers (1 + A,)*, —1 <
a < 1. To be more precise, for 0 < a < 1 let the domain of the fractional power
(14 A,)* be denoted by

DY =D2(Q) =D((1+ A,)*), (2.6)

equipped with the norm ||(1 + A)* - ||zo. If =1 < a < 0 define Dg“ as the

completion of LZ(€) in the norm (1 + flqzo‘ - |lza- These spaces are reflexive
and satisfy the duality relation (Dg)* = D% As special cases we get that

DS = L1(Q), IND; = D(A,), and
DY? =W nLL(Q)  withnorm [[(1+ A)Y2 - |lze ~ | [lirsage-

Moreover, for -1 <a< B < 1 the operator (1 + flq)ﬁ_a is an isomorphism
between Df; and D7. Finally, we obtain the interpolation result

[Dz(;’Dﬂe =Dy (2.7)
when —1 <a<fg<1land (1—-0)a+608=r,60¢c (0,1). This result is the basis

to prove the following embedding estimate and L"—L9-estimates of the Stokes
semigroup, cf. |24, Proposition 3, Theorem 1]:

oLetn23,0§a§1,1<q§r<oo,and%: —%‘".Then

1
q
lull -0y < Ol + Ag)*ull (e (2.8)
for all u € D;‘ with a constant C' = C(7(€2), ¢, «).
e letn>31<qg<r<oo and a := g(%—%) > 0. Then for every
feLi(Q) and t >0
le™ Fllzr@) < C* (A + )" fll a(e)- (2.9)
HveftAerir(Q) < Ce™(14 82772 fll (2.10)
with a constant C' = C(7(2),7,¢,9) > 0 and with any 6 > 0.
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Let us have a close look at the test function space 744 = 7174 (T, Q) in
Definition 1.1 and the functionals F, K, see (1.2), (1.3), respectively.

Lemma 2.3. Let 1 <7,q <00, 0 <T <00 and Q CR" be a C?%-domain.
(i) For every v € L (0,T; LY (Q)) there exists a unique solution ¢ = ¢(v) €
T4 to the backward Stokes equation

—¢y+ Agp=v on (0,T), o(T)=0.

It 1s represented by the formula

o()(T —t) = /Ot e’(t’T)Aq/v(T —7)dT.

The map v — ¢(v) is linear and satisfies with a constant C' = C(q,r,T,7(Q)) >0
the bound

||¢(U)||T1»T/aq’(T,Q) < CHUHLT’(O,T;DJ’(Q))‘

Moreover, for every v € L (0,T; LY (Q)) there exists a unique solution ¢(v)
and an associated pressure 1 = (v) with Vop € L™ (0,T; G9(Q)) such that

_¢t - Agb + V%D =7V on (O7T)7 Qb(T) = 07
satisfying with a constant C = C(q,r,T,7(S2)) > 0 the estimate
o) V2¢(U)$ V%D(U)HLT’(O,T;LCJ’(Q)) < C”UHU’(O,T;Lq’(Q))-

(11) Assume that 1 < p1,71 < oo satisfy % + =2+ (% + %), and that
é <Lt <l % Then TY"4 — LF(0,T; L"), and for each v € L™ (0,T; LY

7T g
H(ZS(,U)HLP&(O,T;E’H(Q)) < CH,UHL""/(O,T;f/q/(Q))' (211>

(111) Assume that 1 < pa, 9 < 00 satisfy p% +a =1+ (% + g), and that
% < ,%2 < é%— % Then VT4 — Lr2(0,T; L), and for each v € L (0,T; LY)

|’V¢(U> HLP/2 (07T;[~/’Yé Q) < CHUHL’“'(O,T;DZ,(Q))‘ (212>

Proof. (i) follows directly from the maximal regularity of the Stokes equation, cf.
Theorem 2.2, and a variable transformation ¢ := T -t
(i) First let % =1+ 2 Then the embedding D}, < L, see (2.8), implies

n

q ~ ! =
that 7177 < L(0,T; D)) < L(0,T; L") and that (2.11) holds.



Next we assume that < 1 < = —|— . With the embedding estimate (2.9),

oy = %(% - 5) €[0,1), and the Hardy—thtlewod—Sobolev inequality we get that

T bl —-n)A Qg
o) g0, < | [ (/ e (T —7'H~xd7'> a
0 0
T T o
<C / (/ |t—T|a1|’U(T—T)"£q/dT) dt
0 0

< Ollvll g zary-

1/p}

1/p}

(iii) Assume first that % = % + 1. Since DY? < Wh4(Q), due to (2.8) with
a = 1 and u replaced by (1 + A,)/2¢(v) where v € L' (L) we get the estimate

960 gy < CN+ Ag) 20010 )
< O+ Ap)d) | gy < Clloll gy,

|,_.

< . Tt suffices to show that V(v) € LF2(L%).

%) we obtain that

:IH

Finally, we assum

o <1
q
Indeed, with ay := %( [

"2 |’—‘>Q =
Q I>—ug

Ge
s §</ ([ e —T>H~czr)%dt>
</0T (/oT [t =7l (T - T)HEq’dT) § dt)

Then the Hardy-Littlewood-Sobolev inequality implies that [[Vé(v)][ iy S
CH”Hir’(Eq’)- [

1/ph

1/pf

IN

The functionals F € T-174(T,Q) and K € L7(0,T;G;*(€)) will have the
following canonical forms (cf. (1.2), (1.3)):

(F,0) = (u0,¢(0))a + (f1, ¢)r.a + (f2, VO)ra = (9, N - Vo)1 00 (2.13)
(K, ) = (9,¥N)r o0 — (k)10 (2.14)
for every ¢ € TH"9(T,Q) and Vi) € L"(0,T;G,(RQ)), respectively. Related to
the Navier-Stokes system a typical force term to be considered is fo = u ® w.

Sufficient conditions on the functions wg, f1, fo and g and k will be specified in
the sequel.

Proposition 2.4. Let Q C R™ be a uniform C?*-domain, 0 < T < oo, and let
Serrin exponents 2 < r < oo, n < q < 00, %—l—% =1, n > 3, be given. Then

10



the following conditions on ug, fi, f2 and g, k are sufficient for F and K to be
contained in the data spaces T~ ""9(T,Q) and L"(0,T; G, (S2)), respectively.

(1) The "optimal” condition on uq in terms of real interpolation theory is

Up € (Df;l’ ig(Q))l/r’,T’

i.e. Uy € f)q_l and fOT ||e_tAqu0||Eq dt < 0.

In particular, the conditions uy € L2(Q) and fOT ||e_tAPu0||%q dt < oo for some
1 < p < oo imply that uy € (Dq—l,ig(Q))l/r,T.

Moreover, uy € L™ (Q) and, if even r > n > 3, ug € L*(Q) are sufficient
conditions.

For n = 3 the L?-conditions ug € L2(Q) together with

T
/Hu+Aﬂi ey || dt < oo
0

are sufficient. This holds e.q. when ug € D1/4

(ii) For fy the condition f, € L*(0,T; Lq(Q)) as well as fi € LP(0,T; L (1)),
where 1 < p1,71 < 00, p—1+— =3 and <=y +—, is sufficient.

In particular, when n = 3, this mcludes the condition f; € L*3(0,T; L*(2)).

(111) For fo it suffices to requz’re the conditz’on fa € LP2(0,T; L(R)), where
1<p2,72<00,p—2+ =2, and ’y_ —‘|—

In the L?-context over R3, we requzre fo 6 L4(0 T;L*() if ¢ <6 (orr>4).

(iv) In view of F and the boundary value g 1t 1s sufficient to require that
g € L7(0,T; LP(9Q) N LY(0R)) where £ < p < q and % <~ < 2.

Concerning the functional K the assumptzons that g N has compact support in
9Q, g-N € L"(0,T; LY"(9Q)) and [, g-N dS = 0 are sufficient. No assumption
on the tangential part of g is needed.

(v) Let k € L"(0,T; LY(S2)) have compact support in Q and satisfy [, k dz = 0.

Then the functional v+ (k,).q is contained in L™ (0,T; é;,l(Q))

Proof (i) We must show that the functional (ug,(0))q is bounded in ¢ €
T4 (T, ). The "optimal” condition is determined by the optimal space for
the trace ¢(0), i.e., by the real interpolation space (L, [);/)1 Jrats cf. |2, Theorem
111.4.10.2]. Hence the optimal space for 1 is the dual space of (LY, D} ¢ )1/rr By
the duality theorem for the real interpolation method, cf. [30, Theorem 1.11.2],
(LL, (D)) 1/re = (DY, L)1), using the duality relation (D)* = D', Since
D; = D(I + A,), (I +A,)" 1D U > [9 and I + A, generates the exponen-
tially decreasing analytic semigroup e~‘e~*4, the condition wuy € (Dq L Le), Il
or equivalently (I + A,)"lug € (L%, D})1/w,, is characterized by the finiteness of
the norm

(7 + Ag) ol o + (/ (T + Ag)e™"T+A (T + Ag)ug 7, dt)

1/r

11



| t)

By [30, Theorem 1.14.5] this norm is equivalent to the norm ( fOT e
If fOT He’mﬂuougq dt < oo, then obviously ug € (D;l, Eg)l/r,,r.
The next two conditions are immediate consequences of [24, Theorem 2|. If
uy € L (Q) or ug € L(Q) and r > n > 3, then fOT He‘tﬁnuongq(m dt is finite.
Now let n = 3. For the L?-condition we use the embedding estimate (2.8) to
get that |Je 2|z, < C||(1 + Ay)itre 24|, and continue as above.
Finally, if uq € D;/ * we follow the proof of [29, Lemma IV.1.5.3]. With

v == (1+ Ag)*ug, we note that r > 2 and get from the moment inequality
I(1 + Ag)*vllza < Clloll (T + Agvl$,, that

%05
T ~ 1,1 i ~
/ 11+ Ag)ddemtagy | dt = / (1 + Ag) /22 ethag, |t
0
<C/ 0 A e e
< Cwolly” / (1 + Ay) /262y |2 dt.
0

The integral on the right-hand side is estimated as follows:

T - T . ~ ~
/ ||(1 + 1212)1/26_“21)0“; dt = / ((6_2t‘421}0, Uo)Q + (A26_2tA21)0, vO)Q> dt
0 0

T 5 1 T d 5
:/0 He“%ollidt—g/o E(efzmzvoavo)ﬂdt

1 -
< ool + 5 (00 v0)a = (74200, v0)a)
< O3

1

Combining these estimates we get that fo H (14 Ay)rt1 _“‘Quo”2 dt < Cllugl|™ B

(ii) Note that 717" «— L=(0,T; L?) since ¢(T) = 0 and ¢, € L" (0, T; Lq)
for ¢ € T4"4'. Hence f, € L*(0,T; L?) defines a bounded functional on 7574,

The other assertions follow immediately from Lemma 2.3 (ii).

(iii) These assertions evidently follow from Lemma 2.3 (iii).

(iv) For ¢ € T4 (T, Q) note, since ¢ < 2, that V¢ € L" (0, T; WhH? (Q) +
W12(Q)). Therefore, for each € > 0, we find ¥, € L (0,T; W7 (Q)) and ¥, €
L™ (0, T; W'2(Q)) such that V¢ = 9, + 95 and

HﬂlHLT’(Wlaq’) + “Q%HLT'(WL?) < HV(b”LT'WLq') +e
We can now estimate:

(9, N -Vé)raal < g

LT(L”(aQ))HﬁlHL’“’(LP’(BQ)) +lg L"(LV(BQ))Hﬁ?”y’(m’(ag))-

12



Note that ¢ < p' < (" D7 and 2 < ~ < (" 1) . Therefore, using trace estimates
(cf. [1, Theorem 5.36]) We get that

1911l o700 002)) < ClV1I 1 0,001 (@)
192l (0717 002)) < CllV2ll 1 (0 712062

implying that

(9, N - Vo)aal < C(llgllrweoey) + gl wron)) IVl v gy +€)

for all € > 0, and thus also for € = 0. This finishes the proof.

Concerning the functional I and corresponding assumptions on g let S C
0f) denote the compact support of g - N in 0. Choose a bounded Lipschitz
domain Qg C 2 with the property that S C 9€. Then for a.a. ¢t € [0,T") there
exists a constant m(t) € R (measurable in ¢) such that [[1(t) — m(?)| e ) <

ClIVY ()|l e o) with some constant C' depending on € and ¢ only. Hence, for
any Vi € L”(0,T; Gy (Q)) and for a.a. t € [0,T),

[(g(t), ¥ ()N )aal < [(g(t) - N, ¢ (8))s] = |(g(t) - N, (¢ ) m(t))s|
< gl Lo () l12(E) — m(t)|lL<q/n
< Mgl Lo 20 19(2) = m(t)HL(Q/"’) (99%)"

By the trace estimate we can continue by

[(E) = ()| Loy aag) < CllU(E) = m)lwra@p) < CIVOD e 0

Finally, since {2 is a bounded subset of €2, the norm [V (?)|| 14 (q,) can be esti-
mated by Cl|VY(t)| e g, < CIVY({#)|fr (o). Summarizing these estimates we
conclude that

|(9a 1/)N)T,8Q| < CHgHLT(O,T;Lq/n'(BQ)) ||¢||Lr’(o,T;éq,(Q))a

and get the assertion.

(v) Let K denote the support of k, which is compact in €. Then for a.a.
t € [0,T) there exists m(t) € R such that [[¢(t) — m(t) || e ) < ClIVY D) 70 (@)
We thus get that

|(k(2), (@))al = |(k(8), () = m(t)) k| < ClE@) |2 [V @) 2o

which leads to the estimate |(k,¥)r.a| < Cllkl o100 [V v 0 7.5y - O

Remark 2.5. Assume that F € T T,Q) and K € L™(0,T; @q_l(Q)) are
gwen. Then we can restrict F and IC to smaller time intervals. For K it is clear
how this is to be understood. For F we note that for the test function spaces it
holds that TV (T',Q) «— T4 (T, Q) for 0 < T" < T in the sense that we can
Just extend any ¢ € T "4(T', Q) by 0 to the larger time interval [0,T], hereby
preserving the norm. Hence we can restrict the functional F to those functions
¢ which vanish on [T",T). We will write | for this restriction.
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For later use we need two further technical lemmata.

Proposition 2.6. Let 0 C R™ be a uniform Cz—domgin, 0 < T < o0, and
1 <rq<oo. Let FeT T, Q) and K € L™(0,T;G,(Q)) be given. Then
for any e > 0 there is a 0 < T’ < T such that

IFlozyllr=1ma@ o) + 1Kl o165 1)) <

Proof. First we need to find a better representation for ||F|l7-1rarq). Recall
that the test function space 757 (T, Q) is a closed subspace of L™ (0, T’; Dql,) N

W' (0, T, Af/g/(Q)) By the Hahn-Banach theorem there is a norm preserving
extension F of F onto that space, i.e.

F e (L7(0,T; DLy n W (0,T; LT ()"
= (L7(0.7: D))" + (WH(0, T3 LE ()"

Hence we find a representation

Fooh= [ (000005 03, + (005 1)+ al0) 6O 1)

for all ¢ € 7577 (T, Q) with functions f € L7(0,T; D, '), 1, fo € L7(0,T; LL(R)).
Consequently, on (0,7”), 0 < 7" < T, we obtain the estimate

||]:|[0T’]HT1W(T' Q) < ||f||Lr 0,7";D ‘l’ Hf1||LT 0,T";L9) + ||f2HLT 0,T";L9)

The right hand side tends to 0 as 7" — 0 by Lebesgue’s theorem on dominated
convergence. It is also clear that ||IC||LT(0 Tiéi@) — 0. m

Lemma 2.7. Let 1 <rq,72,q1,q2 < 00 and v > 0. .
(i) The space L' (0, T; L% (Q)) N L™(0, T} D ) is dense in L™ (0,T; D%).
(ii) The space T+m@ (T, Q) N Three(T, Q) is dense in Tl (T,9Q).

Proof. (i) The set of simple functions v = Zjvzl Xm;v5, N € N, with pairwise
disjoint measurable subsets M; of [0,T) and v; € D_* is dense in L"2(0,T; D_*)
by the definition of Bochner spaces. Also, the space Cg5,(€2) is dense in D_?, since
it is dense in L2(€2), which again is continuously and densely embedded into D_*.
Combining, we find that the simple functions ), xar,¢; with ¢; € CG5,(€2) are
dense in L™(0,T; D_®). In particular the intersection space above is dense.

(i) Let ¢ € TH9(T,Q) and define v := —¢; + Ay, ¢ € L™(0,T; L% ().
For ¢ > 0 we find by part (i) of this lemma a function v. € L™ (0,7 LZ(2)) N
L(0,T; LE($2)) such that [[v—ve||ri o, far) < € For this v. we get that ¢(v.) €
ThreanThr2e, Hence ||¢—@(vo)|lrima < COllv—vellpr 70y < Ce. This implies
the claimed density. O
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3 Very Weak Solutions to the Stokes System

Definition 3.1. Let Q C R" be a uniform C?-domain. Let 1 < rq < oo and
0 <T < oo Fordata F € T (T, Q) and K € L"(0,T;G,(Q)) we call
we L7(0,T; L9(Q)) a very weak solution of the Stokes system with data F, K if

_<u7 gbt)T,Q - (u’ AQS)T,Q = <~/—:’ ¢>,
(u, V¢)T,Q = (K,¢)
hold for all ¢ € TV"9(T,Q) and Vi € L™ (0,T; G (Q)).

Proof of Theorem 1.2 For every v € L™ (0,T; LY) there exists by Lemma 2.3 (ii)
a unique function ¢(v) € T and a unique gradient Vi(v) € L™ (0,T;G?)
such that

v=—0¢v) — Ap(v) + Vib(v).

These functions depend linearly on v and satisfy the maximal regularity estimate
()l 71mmar + IV ()| oy < Clloll 0y

with a constant C' = C(7(€2),7,¢,T). Now we define u € L"(0,T; L9) via duality
as the linear functional on L™ (0, T; L) acting for every v as

(u, v)ra = (F, 0(v)) + (K, ¥ (v)).

This vector field u is indeed a very weak solution, since for every ¢ € T4 and
Vi € L"(0,T;G7) we have with w = —¢; — A¢ + V) that

—(u, d)r0 = (u, Ad)ra + (u, V)10 = (U, w)re = (F, ) + (K, ¥).
The a priori estimate follows from the observation that for every v € L™ (0,T; L?)
|(w, v)ral < [|Fllr-rmallo@)llroma + 1Kl Lro.may VOO 0,0, 20)
< C(IFllr=rma + KN L@y ) M0l 2oy

It remains to prove uniqueness of very weak solutions. To this end assume
that 7 = 0 and K = 0. Then we have for every v € L' (0,T; LY) that

(u’ U)T,Q = <F> ¢(U)> + <IC7 ¢(U)> = Oa
proving that «w = 0 a.e. This finishes the proof. m

We now focus on the case K = 0, i.e., the very weak solution u is contained
in the solenoidal space L”(0,T’; L%(Q)).

First of all, we give optimal conditions for the data F such that a very weak
solution u € L"(0,T; L1()) is contained in a space of the same type, but with
different exponents.
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Theorem 3.2. Let Q C R" be a uniform C*-domain and 0 < T < co. Assume
that exponents 1 < r,q < oo and a data functional F € T 1™4(T,Q) are given
and that v € L"(0,T; LL(Q)) is the uniquely determined very weak solution to the
Stokes system with data F (and K =0). Also let 1 < rg, gy < 0.

Thenu € L™(0,T; L () if and only if F is also contained in T 1709 (T, Q).

Proof. First assume that F € T 170%  We want to prove by duality arguments
that u € L™(0,7;L%). For any v € L"(0,T;L¥) N L"(0,T;LY) we get by
Lemma 2.3 a corresponding ¢ = ¢(v) € T4, Then it holds that

(u,0)r0 = —(u,d)ra+ (u, Agd)ra = (F, )

for all such v, since u is a very weak solution. We get that

|(u, v)ral = (F, )] < (1Fll7-rr000 [0l 10,05

< ]|

where by maximal regularity ||¢| Ty < (L) Hence, for any v, we get

the estimate
0zl < CIFr-onsallvl oty
Since by Lemma 2.7 (i) (with a = 0) the space L"0(0, T} f/g‘/)) NL"(0,T;LY) is
dense in L"0(0,T; L®), we conclude that u € L™(0, T LD).
Now assume that u € L™(0,7; L%). We want to prove that F must have
been an element of 7-170%  For any ¢ € T170% N Th™4 we can estimate

(F. o) < | = (u, ¢)al + |(u, Agd)ral
< Null prozaoy (192l 1ot 26y + 144 @1 Lt o)
< ull pro(zao) 1Dl 1.rg e -

By density of 7440 Throd in Throw cf Lemma 2.7 (ii), we get F € T ~Lro:do,
finishing the proof. [l

Now we discuss higher order differentiability in space. The following theorem
is an extension of the preceding one, but the proof is essentially the same.

Theorem 3.3. Let Q C R” be a uniform C?*-domain, 0 < T < oo and 1 <

r,q < oo. Further, for F € T-54(T,Q), let w € L"(0,T; LL(Q)) be the uniquely

determined very weak solution to the Stokes system with data F (and K =0).
If F satisfies for some 0 < a <1 and 1 < 1y, q. < 00 a bound of the form

(F. o)) < CI(L+ Ag) 0| (3.1)

L7 (0,73 L% (92))

forallv e L™ (0,T; LY (Q))NL™ (0, T quo‘) and corresponding ¢(v) € T4 (T, Q),
then u € L™(0,T; Dgi)
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Proof. For any function v € L™ (0,T; LY (Q)) N L™ (0, T"; D(io‘) and corresponding
¢ = ¢(v) we get by the assumptions on F that

(w,0)ral = | = (wd)ra+ (w Agd)ral = [(F.6) < Clvl e o, pey

Then Lemma 2.7 and the duality qua = (f);)‘)* prove that u € L™ (0,T; Dg“) ]

The condition in the above theorem is very abstract. To be more precise, let
us consider the three-dimensional case only.

Proposition 3.4. Let QT and r,q, 14, q«, @ be as in the preceding Theorem 3.3.
Assume that a data functional F € T1m4(T, Q) is given in the special form

(F,9) = (u0,9(0))a + (f1,9)ra + (f2, Vo)ra

forall p € TH 4 (T, Q). Then the following conditions on ug, f1, fo are sufficient
to guarantee the estimate (3.1) in Theorem 3.5:

(i) Let ug € L2(9) fm:some p € (1,00) and fOT ||(1+/~lp)ae*”ipu0 2, dr < o0
FEven the condition ug € LY(2) with0 < vy < 00, 0 < % < %4—%—2@ is sufficient.

(11) Let q. > 2, 2a < q% + %, and let v € (1,00) defined by % = %1—1— %(% +
2 —2a). Then the condition f € L7(0,T; L*(Q2)) is sufficient.

(iii) The condition fo € L7(0,T; L*(Q)) is sufficient, if q. > 2, 2a < q% -
and zf% = —%1—1—%(%—1—[%—204) € (0,1).

1
2

Proof. (i) For given v € L”(0,T;L%(Q)) N L™(0,T; ZND%O‘) and corresponding
¢ = ¢(v) € T4 Lemma 2.3 yields

(g, 6(0))q = /0 (o, T o(T — 7)) dr

= /0 ((1+ A,)*e ™ eug, (1 + Aq;)_o‘v(T))Q dr.

Then we estimate

1/ry
r
- dT) ol oty
*

(0. 6(00al < ( [ @t Aee o,

This proves the first condition for ug.
Now assume that vy € LY(Q2), 0 < % < % + q% —2a. We estimate, using (2.9),

11+ A)%e ™ oug |, < CT g7,

with § = %(% — qi) if ¢* > 7 (or with 8 = 0 if v > ¢, using the Holder inequality
|- l7ee < |- 1l7+) and continue with

Tx
Ly’

r . T
/ H(l + Ap)aefpruoHE*q* dr S C/ T*(aJrﬁ)T* dr ||U0
0 0
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The right hand side is finite if and only if 3 <= —|— q— — 2a.
(i) Since |(f1, @)ral < N fillov2) Ol v 12y, we only estimate

T
160 ey = [ 00T =015

/ (/ R 7)H2d7>wdt |

~ ~ Y
:/ (/ H<1+Aqf>ae-<f-f>f‘q'<1+Aqf>-%<T—T>||2dT) “
0 0
T t ~ B ~ v
SC/ (/ [(1+ Ay)> e A (1 4+ Ay)™o(T — 7 H~,d7) dt
0 0

with g = (q— - —) Then, by the analyticity of the Stokes semigroup and the

Hardy—thtlewood Sobolev inequality,

/

T T Y
1117 12y < C/O (/0 It — 7|7 ||o(T — g dT> dt

,y/

The condition 2a < q— + = is needed for oo + 3 < 1. This shows the assertion.
(iii) The proof is almost the same as for fi. In this case we use that

/

T T o
IVl 1) < 0/ (/0 |t—Ty—a—ﬁ—l/%(T—T)||D$d7) dt

’Y
e H—

The condition 2a < q% — % is needed for o + 8 + % < 1. ]

4 The Navier-Stokes System

Proof of Theorem 1.3 (i) We consider the modified data functional ¢ — (F, ®) +
(fa(u,u), Vé)ra, where fo(uy,us) = u; ® ug, and show that fo € T 19T, Q).
Indeed, f; has the form of the function f discussed in Proposition 2.4 (iii) with
p2 = 5 and 7y, = 1. Hence by (2.12)

I(fz(U1, uz), Vo)rol < Cllur HLT(O,T;DI) ||u2HLT(0,T;DI) ||V¢||L<r/2>/(i<q/2>')

< Clluall o sy uall oo oy 101 Lo 20y (4.1)

and [[v[| . zoy < C||@[l 10 where C = C(1(Q),r,q,0)eT.
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We define a map S: L"(0,T; LI(Q)) — L"(0,T; L)) as follows: for u €
L7(0,7T; LY(2)) let S(u) be the unique solution to

_(S<U)> ¢t>T7Q - (S(u)7 A¢>T,Q = <~F7 ¢> + (f2<u7 u)? V(b)T,Q?
(S(w), V)ra = (K, 1)

for all ¢ € 744 and Vi) € L' (0,T;G?). Then we get the estimate

1Sl e zoy < CLlllFlr-1m0 + KN r671) + CrCollull gy (4:2)

for all w € L"(0,T; L9) where C; = C}e’" is the constant coming from the linear
system and Cy = CheT is the constant from the control of the nonlinearity.

Since very weak solutions of the Navier-Stokes system are fixed points of the
mapping S and vice versa, all we need to show is the existence of a fixed point
using Banach’s theorem. We put

3 1
T=16c20, T acoy

Assume [|ul[rzq) < p. Then from (1.5) and (4.2) we see that
ISl (e < Can + C1Cop”

SR NN D S
= 16010, | 16C,Cy  4C1Ch

P

which implies that S is a selfmap of the closed ball B,(0) C L"(0,T; L9).
Now consider uy,us € B,(0). Then

—(S(u1) — S(us), ¢t)T,Q — (S(uy) — S(u2), Ad)ra = (U1 @ up — ug ® uz, Vo)ra,
(S(ur) — S(uz), Vip)r0 =0

for all ¢ € T4 and Vi € L”(GY). Hence, from linear theory, we get

15 (u1) — S(U2)||Lr(Zq) < 0102(||U1||Lr(£q) + ||u2||LT(f,q))||u1 - u2||Lr(Lq)

1
< 2pC1Callwr — w2l 2oy = 5 llur = wall 1o zay,

implying that S is strictly contractive on B,(0). By Banach’s fixed point theorem,
there exists a unique fixed point u € Fp(()), i.e. a very weak solution in this ball.
Note that this does not yet imply uniqueness of very weak solutions globally. The
very weak solution u satisfies S(u) = u and hence

ull 2oy = 1Sl 2oy < CLIF =10 + 1K 671)) + CrCollul 7 oy

1
< CL(IFll=1ma + 1K 1 671)) + 710l e (zay:
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yielding the a priori estimate (1.6) by absorption.
(i) By Proposition 2.6 there exists a T' € (0,T') such that

IF oz ll7=rmac o) + 1Kl o065 1) < 5

with 7 > 0 as in (i). Thus there is a very weak solution v € L"(0,T"; L(£2)) on
the possibly smaller time interval [0,7") to the restricted data F |1, Kl|jo77. O

Theorem 4.1 (Uniqueness). Let Q C R" be a uniform C*-domain, 0 < T < oo,
and let Serrin exponents 2 <r < oo, n < q < o0, % + % =1 be given. Assume
that F € T 4T, Q) and K € L™(0, T} éq_l(Q)) Then there is at most one very
weak solution v € L"(0,T; LY(2)) to the Navier-Stokes system with data F, K.

Proof. Let u and v be very weak solutions to the Navier-Stokes system with data

F, K. Put
Tnae = sup{Ty: u=v a.e. on [0,7p)}

including 7,4, = 0 if w # v on every interval [0,7p), 0 < Ty < T. We need to
show that 1,,,, = T. To this end we assume T,,,, < T and derive a contradiction.

Fixing an arbitrary 7" € (T}44, T], the difference u — v of the two solutions
solves the system

—(u—v,9)r 09— (u—0v,Ad)70=URU—VRV,V)rq,
(u—v, V)10 =0

for every ¢ € T4 (T",Q) and Vip € L™ (0,T"; G¥(Q)). Consequently, by linear
theory, we can estimate
Ju — UHLT(O,T’;DI) < OlC?(HU ® (u— U)HL’”/?(O,T’;DJ/?) +[[(u—v)® UHU/Q(O,T';DI/?))

< CICQ(”U”LT(TmmTf;Eq) + ”UHLT(TmM,T’;iQ)) lu — UHLT(O,T’;fﬂ)
where C} = C1e®T and Cy = Che®T are constants as in the proof of Theorem 1.2.
Choosing T" > T,,4, such that

ClCQ(HUHLT(TmM,T’;f,q) + ||U||LT(TmM,T’;DI)> <1,

we obtain that ||u — vl ro:iey = 0, which contradicts the maximality of Tyq-
Hence, u = v a.e. on [0,7). O

In the following analysis of regularity we will assume for simplicity that = 0,
i.e., any very weak solution belongs to the solenoidal space L"(0,T; LL(£2)).

Proposition 4.2. Let a uniform C*-domain Q C R™ and a finite time interval
[0,T) be given. Assume that 2 < 11,79 < 00 and n < qi,qa < 00 are two pairs of
Serrin exponents, i.e. % +o=1= % + = Assume that F € T 20 (T,Q) N
T-1r22(T Q) (and K = 0) and that uw € L™(0,T; L () is a very weak solution
to the Navier-Stokes system.

Then u is also contained in the Serrin class L'>(0, T; L% ().
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Proof. Let v € L"(0,T; [:g/l) N L(0,T; [:gé). With ¢(v) € THa N Three we
then see that

[(u,v)r0 = | = (u, ¢ 10 + (u, Ay d)ral = [(F, ¢) + (u @ u, Vo)1l
< Ol Fllr=rrzar [10]] g 7oty + ||u||in(f,q1)||V¢||L(T1/2)’(i(q1/2>’)-

In a first step assume that ¢, satisfies the relation

1 2 1 1

—< =< —4 -, (4.3)

2 q1 QG2 n
cf. Lemma 2.3 (iii) with v = ¢1/2, ¢ = ¢2 and ps = r1/2, r = 5. From (2.12)
we conclude that [[Vol| ¢ 2 (7@/2ry < Cllo| Combining the estimates we
see that

L'2(L%2)"

|(w, v)10] < CUFNr-rrwan + Il 7o )0l g s

giving by a duality and density argument that u € L™(0,T; L%(2)).

Now we have to get rid of the restriction on ¢, see (4.3). To this end, first
observe that, by interpolation, the data F are contained in any 7 174(T, Q), as
long as ¢ € [min(qy, ¢2), max(q1, g2)], where of course 7 and ¢ are Serrin exponents,
i.e. 2/7 +mn/q = 1. This enables us to iterate the procedure.

Note that the iteratively defined sequences

ag = by 1= l € (0, l) , Qg1 = 2ap — l, bry1 := 2by,
01 n n

satisfy ap < ar—1 < 1/n and 0 < by < by for all k& > 1 such that even

ap — —oo and by — oo as k — oo. Therefore, for some finite kg, depending

only on ag = qil, we have the inclusion q% S (O, %) C (ak, by) for all k > kq. This

ensures that the above procedure can be used repeatedly, leading to the property

w e L™(0,T; L%(Q)) after a finite number of steps. O

Corollary 4.3. If F € T~ H9(T, Q)NT _12%(T,Q), and if very weak solutions
uy € L™(0,T; L7 () and us € L™(0,T; L%=(2)) are given, then uy = uy almost
everywhere on [0,T).

Proof. This follows directly from the above theorem, the uniqueness theorem,
cf. Theorem 4.1, and the fact that 771:% N T172:% is dense in both 71"1% and
T'2%  see Lemma 2.7. O

In the theory of the Navier-Stokes system it is a very important question
whether a given solution w satisfies the condition u®@u € L*(0,T; L*(©2)). In this
case a solution may satisfy the energy equality rather than the energy inequality
and very weak solutions may be identified with a weak solution to prove regularity
results for weak solutions, cf. [16]. One sufficient condition in this step is clearly
u € L*0,T; L*(R)), at least for finite times 7. We give here a sufficient condition
for a very weak solution to be contained in that space.
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Theorem 4.4. Let Q C R? be a uniform C?*-domain, 0 < T < oo, and let
Serrin exponents % < r <16, % < q <8, %—i—% =1 be given. Assume that
we L7(0,T; LL(Q)) is a very weak solution to the Navier-Stokes system with data
FeT 1T, Q) (and K =0). )

If F is also contained in T—Y44(T,Q), thenu € L*(0,T; L*(Q)). In particular,
u®u € L*0,T; L*(Q)).
Proof. Again, the idea of the proof is similar to the one of Proposition 4.2. For
any v € LY3(0,T; Ly®) N L™ (0, T; L) and corresponding ¢ = ¢(v) € T4 N
T14/34/3 we find that

|(w,0)r0] = | = (u,¢)m0 + (4, Agd)ral < [(F, o) + [(u @ u, Vo)ral

where

[(Fs o) < I Fllr-rasll@lirarmas < CllFllr-raalollpasorios)-

The other term is treated as follows. First we consider the case r = 16,
q = 24/7 and obtain the estimate

(u®@u, Vo)ral < ||“||il6(o,T;fJ24/7)||v¢||L8/7(0,T;Z12/5)’
Now we apply (2.8) to V¢(t) and see that for a.a. ¢
1Yo 125 < CIL+ Argys)20(0) | prss < ClI(L A+ Auya)d(t)| s
Since ||(1 + A4/3)¢||Lg/7@4/3) < Cl|vllzs/7(zarsy by Lemma 2.3, we get that
(08 0, Vo)ral < Clull, .m0l romizosy
Let us now consider the case r < 16, ¢ > 24/7. Again we first estimate
[(u®u, Vo)ral < ||U||2r(0,T;iq(Q))||V¢||L<r/2>'(o,T;L<q/2>'(Q))-
Form (2.12) (with v5 = q/2, ps = 1/2) we get

IV Loy ot arary < Cllvllpsreo,rizars)-

From here on we can again treat the cases r = 16 and r < 16 together. By
Holder’s inequality we find that |[v][s/7(z4/5) < T1/8\|UHL4/3@4/3). Hence

|(w, )0l < CIFIr-1aa + 1ullf o) [0l s zass).

Since L*3(0,T; LN L7 (0,T; L) is dense in LY3(0,T: Ly'*) we find that u €
L*0,T; L}). This finishes the proof. O
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Similarly to Proposition 2.4 we now discuss more concrete conditions on wuy,
f1, fa for a functional F to be contained in 7 144(T, Q).

Proposition 4.5. Let Q2 C R” be a uniform C*-domain, n > 3,0 < T < oo, and
let 1 < r,q < oo be Serrin exponents. Assume that F € T 179(T,Q) is given by

(F,9) == (u0,9(0))a + (f1,0)r.0 + (f2, VO)ra. (4.4)
Then the condition F € T~ 54T, Q) can be ensured if
(1) concerning ug
T -
w € L2(), /0 e gl g dr < o0
or ug € LY(Q), 1< % < i+35, and
(11) concerning fi, fo
fL € L0, T L7 (Q)), - f2 € 172(0,T5 L7()),
where 1 < p1, 71, p2, 72 < 00,

2 n n -+ 2 2 n n -+ 2
— 4+ — =2+ , —+—=1+
Prom 4 P2 Ve 4

and}1 < 'y% < i+% and}t < 712 < %4—%. This includes the case p1 = 4, %1 = i—k%
and py = 4, % = 14+ 1 and, when n = 3, the case fi € L¥7(0,T; L*())

fo € L¥3(0,T; L*(2)).

)

Proof. (i) For ¢ € T“/343(T,Q) we let v := —¢, + Ay¢. Using Lemma 2.3 we
estimate

/0 T(uo,e*fﬁavm)ﬂ dr /0 T(efﬁxguO,v(TDQ .

T B 1/4
< ( [ e, dr) T T—
0

T i 1/4
< (/ HeiTAQUOHEz; dT) H¢H7~1,4/3,4/3.
0

Hence the functional ¢ — (ug, ¢(0))q is contained in the space 7~ 544(T', Q).

For the second condition on uy we use L"-Li-estimates, see (2.9). Since
le"™2ugl|7a < CT7Yugl|z, for 0 < 7 < T, with o = g(% — 1) < 1, we get
that

T i T
/ lle 2w ||, dr < CHUOH%/ 7 dr < oo
0 0

| (o, ¢<O))T,Q‘ =
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(ii) For the condition on f; we use (2.11) to prove that

|(fr, @)ral <Aillzenzomllol o 14

S ClAllpor @il parszarsy < Clfill o gm0l rassass.

Concerning the estimates for f, we use Holder’s inequality for |(f2, V@)ral,
then (2.12) to see that Hvd)HLPé(iVé) < Cl|v|l pass o 7.4/, and complete the proof
as above. ]

Combining the sufficient conditions of Proposition 2.4 and Proposition 4.5 as

well as the existence theorems Theorem 1.3 and Theorem 4.4 we get the following
result in the three-dimensional case.

Corollary 4.6. Let Q C R? be a uniform C?-domain, 0 < T < oo, % <r <16,
B <g<8, 24 % = 1. Assume functions ug € L2(Q) with

ey € L0, T; LY(Q)),
and fy € L7(0,T; L (Q)) where % = % + 2 together with one of the conditions
fr € LYO,T; L*M(Q))  or  LY7(0,T; L* (),

and fy € L(0,T; L?(Q)) where 712 = % + 5 together with one of the conditions

f2 € LY0,T; L7(Q))  or  L¥*(0,T; L*(2))

are giwven. Consider the data functionals K = 0 and F as in (4.4). Then there
exists a constant n = n(T(Q),q,T) > 0 with the following property: if

T )
|l gy i <

and
||f1||Lr(o,T;Lv1(Q)) <n or Hf1||L4/3(0,T;L2(Q)) =,
and
1follzroriewy <n  or | fellciorrze) <n if ¢ <6,

then there is a very weak solution w € L"(0,T;LL(Q)) to the data F with the
additional property u @ u € L*(0,T; L*(Q2)).

Proof. By Proposition 2.4 the functional F is contained in 7 ~%74(T,)); more-
over, ||F|l7-1re < 7' if n > 0 is chosen small enough. Here 7’ is the constant
from Theorem 1.3. Then, by Theorem 1.3, there exists a very weak solution
u € L"(0,T; Li(Q)). By Proposition 4.5 it also holds that F € 7~ '44(T,Q)
Now we use Theorem 4.4 and get that u ® u € L*(0,T; L*(Q2)). O
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In the final results we will improve space regularity, cf. Theorem 3.3 for the
linear case. After an abstract result in Theorem 4.7 we discuss more concrete
conditions on the data functional in Proposition 4.8 below.

Theorem 4.7. Let Q C R" be a uniform C?-domain, 0 < T < oo, and let
Serrin exponents 2 < r < oo, n < q < 00, %—i—% =1 be given. Assume that
a very weak solution u € L"(0,T; LL(Q)) to the Navier-Stokes equations is given
for data F € T=174(T,Q) and K = 0.

Furthermore, consider exponents 1 < ry,q. < o0 and 0 < a < % such that
200 — 1 1 2 2 n

<< 4142
n g« q T« g«

2
S+
q

Alternatively, we consider the limit case where a =
F the additional inequality

(FL o) < CRllU+ Ag) ™ 0ll ot oziz (4.5)

and r, = %, ¢, = %. If for

N |

holds for all v € L' (0,T; LY (Q)) N L™(0, T, qua), then u also satisfies
ue L™(0,T; f)g‘)

Proof. Consider any v € L™ (0,T;L%) N L™ (0, T; quo‘) and the corresponding
¢ =¢(v) € TH I NTWo% Then (u,v)ro = (F,d) + (u@u, Vé)ro admits the

estimate
|(w, v)r0] < CEII(L+ Ag) ™0l e gty + Nl 2 IV Ol 2y zarory-

Let us estimate the term HV¢HL(T/2) (0.7;ia/2yy by v in L™(0,T; [)_a)

In the limit case @ = %, T« = 5, ¢« = % we exploit (2.10) and the maximal

regularity estimate for (1 + A,,)~'/%¢ and (1 + A,.)""?v to obtain that

IVl Loror oriparmry < CN(L 4 Ag ) Ol ot o 1.2ty
< CH(l + Aq*)iavHLri(QT;Zqi)'

Now consider 0 < o < % We define 0 < 8 < % by 8 = %(% — qi) and see that

the assumptions on ¢, imply that % + a+ f < 1. This and Lemma 2.3 allows to
continue as follows:

V(T — )| parar < CII(L+ Ag) 2 (T — 1) asey
<c|rl+A>+%< >HM*

<C’/ II(1 +A U(T—T)Hiq;dr
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Then we insert 1 = (1 + A, )*(1 + A, )~ and use the fact that the semigroup
commutes with the fractional powers. Hence we find by the Hardy-Littlewood-
Sobolev inequality that ||V ||« 2y 7,2y is bounded by

T/ ot _ /2y \ Y (/2)
¢ </ (/ (1 + Ay )zrerPe DA (14 A )~ 0(T — 7)|| ;0 dT> dt)
0 0

T T X 3 (r/2)’ 1/(r/2)
<c /'(/ u—TrfWﬂm1+AmrﬂMT—fnbg) at
0 0

<1+ Aqi)_aUHLri(O,T;ifzi)'
Putting together all the pieces we find that
. 0)zal < (Cr Ol ) 9l 015
for all v € L™ (0,T; LYYN L™(0, T; D(Z“). By a density argument, see Lemma 2.7,
this implies by duality that v € L™ (0, T’ Dfl") This finishes the proof. ]

Proposition 4.8. Letn =3, Q, T, r,q,r. =5, ¢ =%, a = % be as in Theorem
4.7. Let the functional F € T 49T, Q) be given as in (4.4) for some functions
uy € LY(Q), 3 < v < oo, and f; € L'72(0,T; L"(Q)), % =1+ %, as well as
fo € L'?(0,T; L9%(Q)).

Then a very weak solution w € L"(0,T; L9(Q)) to the Navier-Stokes equations
with data F (and K = 0) even satisfies u € L'/*(0, T} Wol’q/z(Q)).

Proof. Let us prove the estimate

[(F, ()] < Crll(1+ Agyay) ™20l Lirsar o iarr @)

for all v € L™ (0, T; LY (Q)) N L/ (0, T [)(q}g,) The condition on ug is justified

by Proposition 3.4. Concerning f; it suffices to estimate ¢ as follows:

Hﬁb”L(r/W(o,T;i(m’) < CH(l + le(q/z)’)1/2¢"L<r/2)’(o,T;ﬂ(q/2>’)
<Cl1+ A(Q/Q)’>_1/QU||L<T/2>’(0,T;L<q/2)’)-

For f; we simply note that
VBl Loy oi@rry < ClL+ Awgyay) 6l ey o.ruiarry

and continue as for f;. Now we use Theorem 4.7 to see that u € L"/? (O, T; D;Z)

Identifying the space D2 with Wo?(Q) N L¥*() we get the assertion. O
q/2 0

26



References

[1]

2]

3]

4]

[5]

6]

7]

8]

19]

[10]

[11]

12]

R.A. Adams and J.J.F. Fournier: Sobolev Spaces. 2nd edition, Elsevier,
Oxford (2003)

H. Amann: Linear and Quasilinear Parabolic Problems. Vol. I: Abstract
Linear Theory. Monographs in Mathematics 89. Birkh&user, Basel-Boston-
Berlin (1995)

H. Amann: Nonhomogeneous Navier-Stokes equations with integrable low-
regularity data. Nonlinear Problems in Mathematical Physics and Related
Problems II. Intern. Math. Ser., 2, 1-26, eds. M.Sh. Birman, S. Hildebrandt,
V.A. Solonnikov and N.N. Uraltseva, Kluwer Academic/Plenum Publ., New
York (2002)

H. Amann: Navier-Stokes equations with nonhomogeneous Dirichlet data.
J. Nonlinear Math. Phys. 10 (Suppl. 1), 1-11 (2003)

H. Amann: On the strong solvability of the Navier-Stokes equations. J.
Math. Fluid Mech. 2, 16-98 (2000)

Ch. Amrouche and V. Girault: Decomposition of vector spaces and appli-
cation to the Stokes problem in arbitrary dimension. Czech. Math. J. 44,
109-140 (1994)

M.E. Bogovskij and V.N. Maslennikova: Elliptic boundary value problems
in unbounded domains with noncompact and nonsmooth boundaries. Rend.
Sem. Mat. Fis. Milano 56, 125-138 (1986)

M.E. Bogovskij: Decomposition of L,(2; R™) into the direct sum of subspaces
of solenoidal and potential vector fields. Sov. Math. Dokl. 33, 161-165 (1986)

R. Farwig, G.P. Galdi and H. Sohr: A new class of weak solutions of the
Navier-Stokes equations with nonhomogeneous data. J. Math. Fluid Mech.
8, 423-444 (2006)

R. Farwig, G.P. Galdi and H. Sohr: Very weak solutions of stationary and
instationary Navier-Stokes equations with nonhomogeneous data. Nonlinear
Elliptic and Parabolic Problems, eds. M. Chipot and J. Escher, Birkh&user,
Basel-Boston-Berlin (2005), 113-136

R. Farwig, H. Kozono and H. Sohr: An Lf-approach to Stokes and Navier-
Stokes equations in general domains. Acta Math. 195, 21-53 (2005)

R. Farwig, H. Kozono and H. Sohr: Very weak solutions of the Navier-
Stokes equations in exterior domains with nonhomogeneous data. J. Math.
Soc. Japan 59, 127-150 (2007)

27



[13] R. Farwig, H. Kozono and H. Sohr: On the Helmholtz decomposition in
general unbounded domains. Arch. Math. 88, 239-248 (2007)

[14] R. Farwig, H. Kozono and H. Sohr. Maximal Regularity of the Stokes Op-
erator in General Unbounded Domains: Functional Analysis and Evolution
Equations. The Giinter Lumer Volume, eds. Amann, W. Arendt, M. Hieber,
F. Neubrander, S. Nicaise and J. von Below, Birkhéduser Verlag, Basel (2008),
257-272

[15] Farwig, H. Kozono and H. Sohr: On the Stokes operator in general un-
bounded domains. Hokkaido Math. J. 38, 111-136 (2009)

[16] R. Farwig and P.F. Riechwald: Local and global regularity criteria for very
weak and weak solutions to the Navier-Stokes system in general unbounded
domains. In preparation

[17] R. Farwig and H. Sohr: Existence, uniqueness and regularity of stationary
solutions to inhomogeneous Navier-Stokes equations in R™. Czech. Math. J.

59, 61-79 (2009)

[18] R. Farwig and H. Sohr: Optimal initial value conditions for the existence
of local strong solutions of the Navier-Stokes equations. Math. Ann. 345,
631-642 (2009)

[19] R. Farwig and H. Sohr: On the existence of local strong solutions for the
Navier-Stokes equations in completely general domains. Nonlinear Anal.,
Ser. A: Theory and Methods 73, 1459-1465 (2010)

[20] R. Farwig, H. Sohr and W. Varnhorn: On optimal initial value conditions
for local strong solutions of the Navier-Stokes equations. Ann. Univ. Ferrara,
Sez. VII, Sci. Mat. 55, 89-110 (2009)

[21] G.P. Galdi, C.G. Simader and H. Sohr: A class of solutions to stationary

Stokes and Navier-Stokes equations with boundary data in W~ a4, Math.
Ann. 331, 41-74 (2005)

[22] P.C. Kunstmann: H*-calculus for the Stokes operator on unbounded do-
mains. Arch. Math. 91, 178-186 (2008)

[23] P.C. Kunstmann: Navier-Stokes equations on unbounded domains with
rough initial data. Czech. Math. J. 60, 297-313 (2010)

[24] P.F. Riechwald: Interpolation of sum and intersection spaces of Li-type and
applications to the Stokes problem in general unbounded domains. Ann.
Univ. Ferrara Sez. VII Sci. Mat. 58, 167-181 (2012)

28



[25] K. Schumacher: The Navier-Stokes equations with low-regularity data in
weighted function spaces. PhD thesis, Technische Universitdt Darmstadt
(2007)

[26] K. Schumacher: Very weak solutions to the stationary Stokes and Stokes
resolvent problem in weighted function spaces. Ann. Univ. Ferrara Sez. VII
Sci. Mat. 54, 123144 (2008)

[27] K. Schumacher: The instationary Stokes equations in weighted Bessel-
potential spaces. J. Evol. Equ. 9, 1-36 (2009)

[28] K. Schumacher: The instationary Navier-Stokes equations in weighted
Bessel-potential spaces. J. Math. Fluid Mech. 11, 552-571 (2009)

[29] H. Sohr: The Navier-Stokes Equations. An Elementary Functional Analytic
Approach. Birkhduser Verlag, Basel (2001)

[30] H. Triebel: Interpolation theory, function spaces, differential operators.
North-Holland Publ., Amsterdam (1978)

29



