UNIQUENESS CRITERIA AND STRONG SOLUTIONS OF
THE BOUSSINESQ EQUATIONS IN COMPLETELY
GENERAL DOMAINS

CHRISTIAN KOMO

ABSTRACT. Consider the instationary Boussinesq equations in a com-
pletely general domain Q C R* and a time interval [0, T[. We deal with
existence of strong solutions of the Boussinesq equations. These results
will be used to prove uniqueness criteria for the Boussinesq equations
which are based on the local or global identification of a weak solution
with a strong solution.

1. INTRODUCTION AND MAIN RESULTS

Let Q C R3 be a general domain, i.e. a nonempty, open and connected subset
and let [0,7],0 < T < oo, be a time interval. We consider the Boussinesq
equations

ur — Au+u-Vu+Vp=60g+ f1 in ]0, T[xQ,
divu =0 in |0, T[x€Q,
Oy — A +u-VO = fo in 10, T[x€2, (1.1)
u=0, =0 on |0, T[x0%2,
u=ug, 0 = 6 att =20,

where u denotes the velocity of the fluid, # the difference of the tempera-
ture to a fixed reference temperature and p denotes the pressure. Further,
ug , 0y are the initial values, f; the external force per unit mass and fy the
external thermal radiation per heat capacity. For mathematical complete-
ness we allow a time dependent gravitational force g = ¢g(t,z). However,
in most applications the gravitational force is a constant vector field in
time. The Boussinesq equations are a widely used model of motion of a
viscous, incompressible buoyancy-driven fluid flow coupled with heat con-
vection, see [19, 24]. The Boussinesq equations have been investigated in
many paper, see e.g. [1, 2, 3, 13, 14, 15, 18, 20, 23| and papers cited there.
We need the following space of test functions:

Cgo([O,T[, C(CJ)?J(Q» = {w’[O,T[XQ ;W E CSO(] - 17T[XQ) sdivw = 0}

Motivated by the definition of a weak solution of the instationary Navier-
Stokes equations in the sense of Leray-Hopf we give the following
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Definition 1.1. Let  C R3 be a general domain, let 0 < T < 00,g €
LY5(0, T LA(Q)). Assume fi, fo € L ([0, T[; L3(R)) and uy € L2(Q),

0o € L*(Q). A pair
u € L% ([0, T[; L2()) N L3, (0, T[; Wy 2 (),

0 € Lis([0, T[; L*(€2)) N L, ([0, T[; Hy (), 2

is called a weak solution of the Boussinesq system (1.1) if the following
properties are fulfilled:
(i) The functions u : [0,T[— L2(Q) and 6 : [0, T[— L*(Q2) are weakly
continuous.

(ii) We have
— (u,wp)or + (Vu, Vw)or + (u - Vu, w)o
= (fi,w)ar + (0g, w)a 1 + (uo, w)q

for all w € C§°([0, T'[; C§%(52)).
(iii) There holds

— (0, ¢t>Q7T +(Vo, V¢>Q7T + (u- V0, ¢>Q7T
= (f2, 9)ar + (0o, #(0)) 0
for all ¢ € C3°([0,T[; C§°(£2)).

In the identities above (-, -)q, (-, o7 denotes the usual L?-scalar product in
2 and in ]0, T[xQ, respectively.

Due to the weak continuity of (u,#) in the definition above we have that
u(t) € L2() and 6(t) € L?(Q) are well defined for all ¢ € [0, T[. Especially
u(0) = ug and 0(0) = 6y. If g € L>(]0, T[xQ) we can show with the Faedo-
Galerkin method analogously as in [18, Theorem 1| that there exists a weak
solution of (1.1) in [0, T[x€2. Moreover, there exists a distribution p, called
an associated pressure, such that

u — Au+u-Vu+Vp==0g+ fi

holds in the sense of distributions in 0, T[x€2, see |21, Section V.1.7].

Up to now it is not known if weak solutions (u, #) of the three-dimensional
Boussines equations are uniquely determined and regular. In [17] it is proved
that uniqueness and regularity holds if additionally Serrin’s condition wu €
L#(0,T; L)) holds where 1 < s,q < oo with 2 + % = 1. In general
domains, which may have several exits to infinity or may have edges and
corners, only the L?-approach to the Stokes operator is available. We arrive
at the following definition.

Definition 1.2. Consider data as in Definition 1.1. We call (u,0) a strong
solution of (1.1) if (u,0) is a weak solution of (1.1) and u € L8(0, T; L*(2)).

The crucial point in the definition above is the fact that we have required
no additional integrability condition for #. Our first main result deals with
existence of strong solutions of the Boussinesq equations in general domains.
For the construction of strong solutions of the instationary Navier-Stokes
system (see (1.10) below) in general domains we refer to [7, 9] and to [21,
Section V.4.2|. We denote by A = Ay, A = Ay the Laplace and Stokes
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operator, respectively. For further information about these operators we
refer to the preliminaries.

Theorem 1.3. Let Q C R3 be a general domain, let 0 < T < oo, let
g € L¥3(0,T; LX(Q)). Assume fi € L*3(0,T;L*(Q)), fo € LY(0,T; L*(Q))
and ug € L2(Q),00 € L*(Q).
(i) There exists an absolute constant e, > 0 (independent of Q, T, g, f1, f2,
ug, Bg) with the following property: If the conditions

T 1/8
(/O e~ uglffar) " < .. (13)

T 3/8
lollser ([ 00l ar)™” < c.. (14)
11l 27+ gl sl fellonir < e (1.5)

are satisfied, then there exists a uniquely determined strong solution
(u,8) of the Boussinesq equations (1.1) in [0, T[x$2.
(ii) The condition

/ et ug|§ dt < oo (1.6)
0

is mecessary and sufficient for the existence of 0 < T < T and a
strong solution (u,0) of (1.1) in [0, T'[x€2.

Remark. Combining (1.4) and (3.9) below it follows that e, can be replaced

by a smaller constant (if necessary), to be denoted again by e, such that
if (1.3), (1.5) and

||9||4,§;T||90”2 < € (1.7)
are satisfied, then there exists a strong solution (u, ) of (1.1) in [0, T[x€2.
For existence of strong solutions of the Boussinesq equations if § C R3
is a smooth bounded domain we refer to [17, Theorems 1.3, 1.4]. From
Theorem 1.3 (i) with f; := f,fo := 0,9 := 0 and initial values uy and
6y := 0 we obtain the following result, c.f. [9, Theorem 4.1] with a different
condition on f.

Theorem 1.4. Let Q C R? be a general domain, let ug € L2(Q), let 0 <
T < oo, f € L¥30,T;L*(Q)). Then there exists an absolute constant
€x > 0 (independent of Q, T, f,ug) with the following property: Assume that

the conditions
T
(/ ||e—tAu0\|§dt> <e, (1.8)
0

1l sz < e (1.9)

are satisfied. Then there exists a strong solution u € L3(0,T; L*(Q)) of the
instationary Navier-Stokes equations

u—Au+u-Vu+Vp=f in)0,T[xQ,
divu =0 in]0,T[xQ,
u=0 on]0,T[x00,
u=wug att=20,

(1.10)
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with initial value ug and external force f.

Before we start to present uniqueness criteria for the Boussinesq equations
we need the following definition.

Definition 1.5. Consider data as in Definition 1.1, assume additionally
g € LB/B([O,T[; L4(9)) and let (u,0) be a weak solution of (1.1). We say

loc

that (u, 0) satisfies the strong energy inequality if there is a null set N CJ0, T'[
such that

1 t 1 t t
Sl B+ [ 1vul3ar < Slu) B+ [ @9 uadr+ [ (huadr (111)
for all s € (]J0,T[\N)U{0} and all ¢ € [s, T[.

The additional integrability assumption on g is needed to guarantee that
f;<9g, u)q dr exists. We proceed with a general uniqueness theorem which
will be the basis for Corollary 1.7 and Theorem 1.8 below. The central idea
is the local construction of a strong solution and the identification of this
solution with (u, ) and (v, ®). For uniqueness and regularity results for the
Navier-Stokes equations which are based on the method of the identification
of a strong solution with a weak solution we refer to [4, 5, 6, 8, 10].

Theorem 1.6. Let Q C R3 be a general domain, let 0 < T < oo, let
g € L33(0,T; LX(Q)). Assume fi € L*3(0,T;L*(Q)), f» € L'(0,T; L*(Q))
and ug € L2(Q),00 € L*(Q). Consider weak solutions (u,0) and (v,0) of
the Boussinesq equations (1.1). We assume that the following properties are
fulfilled:

(i) There holds that

/ e Au(to)|[S dr < oo for all to € [0, T]. (1.12)
0
(i) (u, ) and (v,O) satisfy the strong energy inequality (1.11).
(iii) At least one of the functions u : [0, T[— L2(Q) or v : [0, T[— L2()
1s strongly continuous.
Then u(t) = v(t) and () = O(t) for all t € [0,T7.

From [17, Theorem 1.5] it follows that weak solutions (u, #) and (v, ©) of the
Boussinesq equations (1.1) coincide if additionally u,v € L8(0,T; L*(2)). In
the following corollary we will show that the assumption v € L8(0,T; L*(2))
can be replaced by the weaker assumption that (v, ©) satisfies the strong
energy inequality (1.11).

Corollary 1.7. Let Q C R? be a general domain, let 0 < T < oo, let g €
L¥3(0,T; LY(Q)). Further let f; € L*Y3(0,T;L*()), fo € LY(0,T; L*(Q))
and ug € L2(Q),00 € L*(). Assume that (u,0), (v,0) are weak solutions
of (1.1) and that the following conditions are fulfilled:

(i) u € L3(0,T; L*(Q)) or u € L>®(0,T;D(AY*)).

(ii) (v, ©) satisfies the strong energy inequality (1.11).
Then u(t) = v(t) and O(t) = O(t) for allt € [0,T[. Especially it follows that
every strong solution of (1.1) and every weak solution of (1.1) which satisfies
the strong energy inequality (1.11) coincide.
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We can apply the results of Theorem 1.3 and Corollary 1.7 to obtain an
uniqueness and regularity result for (1.1) which is based on the smallness of
1wl s (0,7;04(2)) Where 2+ 3 > 1is allowed. For this theorem we need that
) C R3 is a domain such that

le™lla < ¢flvlls (1.13)

holds for all v € L*(Q) N L2(2) with ¢ = ¢(R2) > 0. Especially the estimate
above is fulfilled if — A4 generates an uniformly bounded semigroup on L2 ().
Therefore (see [11|) we have that (1.13) is satisfied in the following cases:
(i) Q=R",
(ii) Q is a bounded domain with 992 € C*1,
(iii) ©Q is a half space,
(iv) Q is an exterior domain with 9Q € C*1.

In the following theorem we need no smallness conditions on fi, f2, g, c.f.
Theorem 1.3.

Theorem 1.8. Let Q C R3 be a domain such that (1.13) holds. Let fi €
L5(0,T; L3(Q)),g € L*0,T; LA(Q)) where s > 4/3, 1 > 8/3. Assume 0 <
T < oo, let fo € LY0,T;L*(Q)) and ug € LE(Q) N LYQ),0p € L*(Q).
Further consider 1 < s < 8. Then there exists a constant ¢, = c4(2,s) > 0
such that if (u,0) is a weak solution of (1.1) satisfying

§_1 T s 1/8
Julli ™ ([ It iar) " < (114

then (u, ) is in fact a strong solution of (1.1). Furthermore, every weak
solution (v, ©) of (1.1) satisfying the strong energy inequality (1.11) coincides
with (u,0).

The present paper is organized as follows. After some preliminaries in Sec-
tion 2 we deal with the proof of Theorem 1.3. The proofs of Theorem 1.6,
Corollary 1.7 and Theorem 1.8 can be found in Sections 4-6.

2. PRELIMINARIES

Given a domain 2 CR™",n € N, and 1 < ¢ < 00,k € N, we need the usual
Lebesgue and Sobolev spaces, L9(2) and W*4(Q) with norm |- za) = IIllq
and || - lywr.a) = || - [[k,q, respectively. For two measurable functions f,g
with the property f-g € L'(Q), where f-g means the usual scalar product
of vector or matrix fields, we set (f, g)a = [, f( x)dx. Note that the
same symbol L7(2) etc. will be used for spaces of scalar— vector- or matrix-
valued functions. By v ® v = (v;v;)} 'j=1 we denote the usual tensor product
of v € R". Let C™(Q2),m = 0,1,...,00, denote the space of functions for
which all partial derivatives of order |a| <m (la] < oo if m = 00) exist and
are continuous. Further C{"(€2) is the set of all functions from C™(Q) with
compact support in  and Cg5, () := {v € C§°(Q); dive = 0}. Introduce

LA(Q) == O (@) "1 < ¢ < o0, and Wo2(Q) := Cgo () 12,
Given a Banach space X, 1 < p < oo, and an interval ]0, 7| we denote by
LP(0,T; X) the space of (equivalence classes of) strongly measurable func-

1
tions f :)0,T[— X such that | f||, := (fo I f ()% dt)p <ooifl<p<oo
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and || flloo := esssupyejo oy |1 f(¢)|lx if p = co. Moreover, we define the set of
locally integrable functions

LY ([0,T[; X) := {u:[0,T[— X strongly measurable,
ue LP(0,7"; X) for all 0 < T' < T'}.

If X = L), 1 < ¢q < oo we denote the norm of LP(0,T"; L4(S2)) by || f||q.p:7-
In the following fix a general domain Q@ C R3. Let P : L*(Q) — L2(Q)
be the Helmholtz projection. We need the Stokes operator A : D(A) C
L2(Q) — L2(9) and the Laplace operator A : D(A) C L2(Q) — L2(Q).
For a definition and further properties of these well known operators we
refer to [21, Sections I1.3.3 and III.2.1]. Fix a € [-1,1]. Introduce the
fractional powers A%, (—A)* as in [21, Section I1.3.2]. There holds that
A% D(A®) — L2(Q) with dense domain D(A%) C L2(f2) and dense range
R(A%) C L2(9) is a well defined, injective, closed operator such that

(A1 = A", R(A%) =D(A™).

The same properties hold for (—A)*, o € [-1,1].

In general D(A%) will be equipped with the graph norm |Julls + [|A%®||2
which makes D(A%) to a Banach space since A® is closed. Analogously
D((—A)%) becomes a Banach space when equipped with ||¢[|2 + [[(—A)%¢2.

It is well known that —A generates a uniformly bounded, analytic semi-
group {e7*;t > 0} on L2(Q) and that A generates a uniformly bounded,
analytic semigroup {e**;t > 0} on L?(Q). The decay estimates

JA%e Aully < ¢ ulla, t>0,u€ L2(Q), (2.1)
I(—a)e2glls < tlla, > 0,6 € LA(Q), (2.2)

are satisfied for all o € [0, 1]. For a proof of (2.1) we refer to [21, IV.(1.5.15)].
Analogously (2.2) holds. We need that

lulla < K||APully Vu € D(AYP), (2.3)
I6lla < KI[(=A)*P¢]ls Vo € D((—A)**), (2.4)

are satisfied with an absolute constant K > 0 (independent of Q,u, ¢). For
a proof of (2.3) we refer to [21, Lemma II1.2.4.2]. The proof of (2.4) is
analogous.

Let us introduce the generalized operators A~'/2Pdiv and (—A)~/2div.
Fix F € L*(Q). By |21, Lemma II1.2.6.1] there exists a unique element in
L2(Q) to be denoted by A~1/2PdivF such that

(AH2PdivF, AV w)g = —(F,Vw)g  Yw € Wy2(Q).
Further
A2 PdivE |y < ||F|a. (2.5)
Analogously (—A)~Y2divF is well defined by
(—A)712AivF, (=A)2p)0 = ~(F.Vo)a Ve € Hy(Q).

In the lemma below we formulate integral equations which characterize weak
solutions of the Boussinesq system (1.1).
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Lemma 2.1. Let Q C R3 be a general domain, let 0 < T < o0o0,g €
L2([0, T LAQ)). Assume fi, fo € L (0,7 L3(©)) and uy € L2(9),

loc loc

0o € L*(Q). Then (u,0) satisfying (1.2) is a weak solution of (1.1) if and
only if the integral equations

‘ t
u(t) = etAuo+/ e~ (= Ap g (1) d7+/ e "TAP(6(7)g(7)) dr
t 0 0 (2.6)
B A1/2/ ef(tfr)AAfl/ZPdiV(u(T) ® u(T)) dr,
0

t
0(t) = ™0y + / =R by (1) dr
0

— (—A)V/? / t TR (=AY 2div (0(T)u(r)) dr
0

are satisfied for almost all t € [0,T7.

Proof. For a proof of (2.6) we refer to |21, Section IV.2.4]. To prove (2.7)
we replace —A by A and use an analogous argumentation as in the proof

of (2.6). O

3. PROOF OF THEOREM 1.3

The idea of the proof of Theorem 1.3 is to construct u € L8(0,T; L2(1)),
6 € L¥3(0,T; L*(Q)) fulfilling (3.12) below and to show that (u, §) is indeed a
strong solution of (1.1). To solve this system with a fixed point result we need
the estimates of Lemmas 3.1, 3.2. Since we allow a general domain instead
of a smooth bounded domain we have to define the bilinear forms Fi , F» in
a slightly different way than in [17, Lemma 3.2 with ¢ = 4,¢1 = 4,a = g]

Lemma 3.1. Let Q C R3 be a general domain, let 0 < T < o0o0,g €
L¥3(0,T; L4(Q)).
(i) Define the bilinear form

Fi: L0, T; Lg () x L¥(0,T; Ly () — L0, T; Lg (%)) ,
(Fi(,0))(#) = —AY? / t e (=DAA=12 Py (u(r) ® v(7)) dT
ﬁrwwte[QTLO

Then
[ F1(w,v)|lagr < Kllu®wv

for all u,v € L8(0,T; L%(Y)) where K > 0 is an absolute constant
(independent of Q,T,g).
(ii) Define the bilinear form

Fot L3(0,T5 La () x L¥3(0, T3 L)) — L¥3(0,T: L*(Q2)) ,

2,47 < Klullag.7||v||la8T (3.1)

(Falu, 0))(t) := —(—AY?) /O t IR (A 2div (0(r)u(r)) dr

for a.a. t €[0,T].
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Then
[F2(w, O)lly 5.0 < KlOull220 < Kllullagrlflly 5.7 (3.2)
for all w € L3(0,T;L4(R)),0 € L¥3(0,T; L*()) with an absolute

constant K > 0.
(iii) Define the linear map

L L¥3(0,T; LX) — L¥(0,T; L3()

t
(L£O)(t) == / 6_(t_T)AP(9(T)g(T)) dr  for a.a. t € [0,T7.
0
Then
1£0]|l48:7 < K”99H2 &r < Kllglly 521004 5.0 (3.3)

130 737

for all 6 € L¥3(0,T; L*(Q)) with an absolute constant K > 0.

Proof. Fix u,v € L3(0,T; LA(Q)) and § € L¥3(0,T; L*(Q)).
Proof of (i).  Estimates (2.1), (2.3), (2.5) in combination with the
closedness of A7/® and [12, Theorem 3.7.12] imply

1(Fi (s 0)) ()[4 < KHA7/8 /Ot e~ (=4 A=12 pdiy (u(7) © (7)) dTHQ

t
=K ATBe= =1 AA=12pdiv (u(t) @ v(7)) dr||  (3.4)
H (M) dr|
0

T
gK/ t— 7" u(r) @ o(r) |2 dr
0

Hoélder’s inequality to (3.4) and obtain
H"rl (u7 U)

with an absolute constant K > 0.
Proof of (ii). As a consequence of (2.2), (2.4), an analogous estimate
of (2.5) for (—A)~'/2div and [12, Theorem 3.7.12] we get

(Pt o)) < K[ (=a)7" [ DA A) iy (0 )u(r) |

<K [l o) dr

for a.a. t € [0,7] with an absolute constant K > 0. Using the Hardy-
Littlewood inequality in the form (1 — 1)+ (—1) = 1 and Hélder’s inequality

8
3

yields
[Fo(u, O)lg 8.0 < KllOull20r < KlullagrllOll, 5.7 (3.5)

with an absolute constant K > 0.
Proof of (iii). From (2.3) it follows

T
1(£0)(#)]la < K/O [t —717250(r)g(r) |2 dr (3.6)
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for a.a. t € [0, 7] with an absolute constant K > 0. Applying the Hardy-
Littlewood inequality to (3.6) shows that (3.3) holds. O

Our next lemma reads as follows:

Lemma 3.2. Let Q C R3 be a general domain, let 0 < T < co. The following
statements are fulfilled:

(i) For fy € L*3(0,T; L*(Q)) define

(Gf)t) = /Ot e DAPE (7Y dr  for a.a. t € [0,T].

Then

16 Fillagr < Kl filly,s.7- (3.7)

with an absolute constant K > 0 (independent of Q,T, f1).
(i) For fo € LY(0,T; L*(2)) define

(Hf2)(t) := /Ot A f(r)dr for a.a. t € ]0,T].

Then
”’HfQHzL,g;T < KHf2||2,1;T (3.8)
with an absolute constant K > 0.

(iii) We have
3/8

T
(/ ||emeo||i/3dt) < K)ol (3.9)
0

for all Oy € L*(Q) with an absolute constant K > 0.

Proof. In this proof we will make frequent use of the following interpolation
inequality: For E € L°(0,T; L?(2)) N L?(0,T; H}()) there holds

1/4 3/4
”EH‘L%;T < ||E”2,/00;THEH67/2;T
1/4 3/4
< K| By a7l ()2 B3 r (3.10)

< K(||Ell2,007 + (= A)2E||2,2,7)
with an absolute constant K > 0.
(i) Replace fg by f1 in the proof of (3.3).
(ii) An analogous energy estimate as in (|21, IV.(2.3.4)]) yields
1 f2ll3 oir + I (=A) PH o350 < K| £113.00
with an absolute constant K > 0. Therefore
1H fall2,00ir + (= 2) 2 H foll220 < K| fll2,157-

Consequently, by (3.10) it follows that (3.8) is satisfied.
(i) Putting 00l < 002 and [[(~A) 2200l < 602

(analogous to |21, Lemma IV.1.5.3|) in (3.10) we get (3.9). O

Now we have all ingredients at hand to show that the statements formulated
in Theorem 1.3 are fulfilled.
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Proof of Theorem 1.3. Step 1. Define X := L8(0,T;L4(Q)),Y :=
L83(0,T; L*(Q)) and let Fi, Fa,L be defined as in Lemma 3.1. Choose
an absolute constant K > 0 (independent on €, T, g) such that (3.1), (3.2),
(3.3) are fulfilled. Furthermore introduce

t
Ei(t) := e My —|—/ e EIAPL (1) dr,
0

t
Ey(t) := e, + / WA fo (1) dr
0

for a.a. t € [0,7[. From [1, Lemma 5.1 with n = 3 and a3 := K ,a9 := K

and a3 = K]||g]|, 5., we obtain the existence of a constant ¢, = c.(K) > 0
737

such that if

1B + gl sl Bally 5. < e (311)
then there exist u € L¥(0,T; L4(Q)),0 € L8¥3(0,T; L*(Q)) fulfilling
u=E; + Fi(u,u) + L0,
(3.12)
0 = Ey + Fa(u,0).

By construction ¢, is an absolute constant. Looking at (3.7), (3.8) we get
the estimate

| B

4,87 + H9H4,§;THE2H4,§;T

r 1/8 T 8/3 . \3/8
< [( [ 1wl i)+ Uil g+ ol ([ 1001 )

19l 57l Fellenir ]

with an absolute constant K. > 0. Define €, := 5%—. Thus, if (1.3), (1.4),
(1.5) are satisfied, then (3.11) is fulfilled and consequently there is a solution
u € L3(0,T; LA(Q)),0 € L¥3(0,T; L(Q)) of (3.12).

Step 2. Let (u,0) with w € L8(0,T; L(Q)) and § € L¥3(0,T; L*(Q))
be a solution of (3.12). Consider any 0 < 77 < T with 77 < oo. It follows
u®u € L?(0,T";L*(2)). Consequently, from [21, Lemma IV.2.4.2] (with
F =u®u) we get

Fi(u,u) € LH7 = L0, T"; L2()) N L*(0,T"; Wy 2 (). (3.13)

From P(fg) € L*3(0,T;L*(Q)) and [21, Lemma IV.2.4.2] (with f = fg) it
follows £ € LH7,. Thus u € LHz. Using Ou € L?(0,T; L?*(2)) and an
analogous version of |21, Lemma IV.2.4.2] with A replaced by —A we get

0 € L>=(0,T'; L*(Q)) N L*(0,T'; HY(2)).
Looking at Lemma 2.1 we get that (u,0) is also a weak solution of (1.1) in
[0, T[x€. Since u € L3(0,T; L*()) we have that (u,#) is indeed a strong

solution of (1.1). The uniqueness of a strong solution of the Boussinesq
equations (1.1) in [0, T[x €2 follows from Theorem 4.1 below.

Step 3. From (3.9) we get fOT H@tAQ(]Hi/g dt < co. The sufficiency of (1.6)
for the existence of 0 < T < T and a strong solution of (1.1) in [0,7"[x
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follows from Theorem 1.3 (i). Assume that (u, 6) is a strong solution of (1.1)
in [0,7'[xQ where 0 < T" < T'. From (2.6) we get

e = u(t) — Fi(u,u)(t) — LO(t) — /t e DAPf(r)dr, aa te[0,T]
0

By Lemma 3.1 (i), (iii) and Lemma 3.2 (i) it follows e *4ug € L¥(0,T'; L*(2)).
From (2.1), (2.3) we get [ [le ugll§dt < ¢ [ t3||luo§ dt < oo. Alto-
gether (1.6) holds. O

4. PROOF OF THEOREM 1.6
For the proof of Theorem 1.6 we need the following result.

Theorem 4.1. Let Q C R? be a general domain, let 0 < T < o0,g €
L¥3(0, T[; LA(), let f € LY3([0,T[; L2(Q)), fo € L} ([0, T[; L*(Q)). As-

loc

szi(';cne that (u,0) and (v, ©) aréocweak solutions of (1.1) such that additionally
w,v € LY ([0,T[; L*(2)). Then u(t) = v(t) and 0(t) = O(t) for almost all
tel0,T].

Proof. The proof is analogous to the proof of [17, Theorem 1.5] with ex-
ponents s = 8,¢ = 4 and 51 = %,ql = 4. Indeed, since [17, Lemma 3.2|
can be replaced by Lemma 3.1 there are no problems occurring in this proof
although we consider a general domain instead of a smooth bounded domain

in [17, Theorem 1.5]. O
We proceed with the following lemma.

Lemma 4.2. Let Q C R? be a general domain, let 0 < T < oo, let g €
L83(0,T; L*(Q)). Consider fi € L*3(0,T;L*(Q)), f» € LY(0,T; L*(Q))
and ug € L2(Q),00 € L*(Q). Let (u,0),(v,0) be weak solutions of (1.1) in
[0, T[xS, let to € [0,T[ such that u(ty) = v(to),0(to) = O(ty). Assume that
(u,8) and (v,0©) satisfy (1.11) with s =ty and all t > to. Further assume

/ e HAu(to) |} dt < oo. (4.1)
0

Then there exists & > 0 such that u(t) = v(t) and 0(t) = O(t) for all t €
[to, to + O]

Proof. Define

a(t) == u(t+to), 0(t):=0(t+1to), (4.2)

(t) :==v(t+1to), O(t):=0(t+1) (4.3)
for all t € [0,T — to[. A standard argumentation, which uses the weak con-
tinuity of (u,6), (v,0), shows that (@,6), (,O) are weak solutions of (1.1)
in [0,7 — to[x$ with initial values ug := u(tp), 0 := 0(to) and fi(- + to),
fa(- +t0), 9(- +to).

Define f(t) := fi(t + to) + 0(t + to)g(t + to), a.a. t € [0,T — to[. By
Theorem 1.4 with f € L83(0, T —t; L*(R2)) and initial value ug there exists
0 <8 <T —tyand a strong solution w € L¥(0,d; L*(Q)) of the Navier-
Stokes equations (1.10). By construction, @ is a weak solution of (1.10) in
[0, T — to[x satisfying the energy inequality, i.e. (1.11) holds with s = 0
and all ¢ € [0,T — to[. Altogether, all requirements of Serrin’s uniqueness
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theorem (see [21, Theorem V.1.5.1]) are fulfilled. We obtain @(t) = w(t) for
a.a. t € [0,8] and consequently @ € L8(0,0; L*(Q2)). In the same way as
above we can prove (after a possible reduction of §) that o € L8(0,§; L*(Q)).

Now the requirements of Theorem 4.1 are fulfilled and therefore u(t) = v(t)
and 0(t) = O(t) for a.a. t € [0,8]. This means u(t) = v(t),0(t) = O(t) for
a.a. t € [tg,to + d[. By weak continuity these identities are even fulfilled for
all t € [0,0]. O

Proof of Theorem 1.6. From Lemma 4.2 we get the existence of § > 0
such that u(t) = v(t) and 6(t) = O(t) for all ¢t € [0,0[. Define

te :=sup{t €]0,T[;u(r) =v(r) and §(7) = ©(r) for all 7 € [0,¢]}.

To finish the proof we have to show t, = 1. Assume by contradiction
that t. < T. By weak continuity u(t.) = v(t«). Consequently, looking at
assumption (iii) of Theorem 1.6 we see that u,v : [0,t.] — L2(f2) are both
strongly continuous functions.

From (1.11) we obtain 0 < t; < t,,j € N, with t; — ¢, as j — oo such
that

1 t 1 t t
Slu@+ [ 19uldr < Shu@)IE+ [ Gg.wadr+ [ (huadr @)
i j i
for all t € [t;,T[ and j € N. Due to the strong continuity of u we can pass
to the limit in (4.4) and obtain
1 t 1 t t
S+ [ IVular < Slu)B+ [ Ggmadr+ [ (fuads
t* t* t*
for all t € [t., T[. Analogously we can prove that (v, ) satisfies (1.11) with
s =ty and all t € [t,,T[. From Lemma 4.2 we obtain ¢ > 0 such that
u(t) = v(t) and O(t) = O(t) for all t € [ts,t. + €[. This is a contradiction to
the definition of ¢,. Thus ¢, = T. O

5. PROOF OF COROLLARY 1.7
Step 1. Assume u € L3(0,T;L4(Q)). Then u®u € L2 ([0,T[; L?(52)).

loc
By [21, Theorem 1V.2.3.1] with f = g + fi we get that u : [0, T[— L2(Q)
is strongly continuous and that (u,#) satisfy (1.11) (even as an equality).
Considering (u,f) as a weak solution of the Boussinesq equations (1.1) in
[to, T — to| we obtain from Theorem 1.3 (ii) that (1.12) holds. Theorem 1.6
yields u(t) = v(t),0(t) = O(t) for all t € [0, T7.

Step 2. Assume u € L>®(0,T;D(AY*)). Using the trivial imbedding
D(AY4) < L2(Q) we can prove that u : [0, T[— D(AY*) is weakly contin-
uous. Especially u(t) € D(AY4) for all t € [0,T[. Further, the continuous
imbedding D(A'/*) < L3(Q) implies v € L>(0,T; L?(Q2)). By interpolation
and Sobolev’s imbedding theorem

lu®ull2,2;0 < cllullpzo0,7;m1 () llu

Therefore, see [21, Theorem 1V.2.3.1], it follows that u : [0, T[— L2(Q)
is strongly continuous and that (u,#) fulfils (1.11). From (2.3) and |21,

3,00;T"+
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IV.(1.5.24)] we get
T T
/ le™ Ao | dt < K / |AYSemt A A Ao |[5 dt < K[| AT uglla (5:1)
0 0

with an absolute constant K > 0. The claim follows from Theorem 1.6. O

6. PROOF OF THEOREM 1.8

Let us introduce for 0 < 7" < T < oo and f € L%(0,T; L(?)) the nota-

1
. T s
tion || fllgszr.r = (o ILF(8)]5 )
Step 1. (Preparation) Let €, be the constant constructed in Theo-
rems 1.3, 1.4. From (1.13) we get

g 1
([ e ular)” < s fuol (6.1)
0

for all > 0 with a fixed constant ¢; = ¢1(£2,¢) > 0. Define

8
E/S

Y
051;/521/3

Cy 1= min{

Let us introduce exponents 1 < fi,§ < oo by

1_1+1 1_1+1
8/3 u p’ 4/3 s 5

Now we define

. €x 8 €x B
el (o) (s
ciluoll4 914,17 16|2,00;7

i) G T
2(|gllawrll follzar/ N2l fillosrll/ T
Consider any to,t; € [0, T[ with [t; — tg] < J. Then

Iglly.s.00 0, 10Ct0) 12 < (t1 = t0) Pl gllapsto s 10]l2,007

737
< 61| glla, e 16)
< €.

(6.2)

2,00;T

Analogously

Hlez,g;to,tl + HQHZL,%;tO,tlHfQHQ,l;to,tl < 51/8”f1H278;T + 51/“H9H47M;THJC2”2,1;T
< €.

(6.3)

1/8
Step 2. (Regularity on [0, d[) By construction (fO‘S le™™Auo]|§ dT) < €.
Inserting t9 := 0,¢; := d in (6.2), (6.3) we see that (1.3), (1.5), (1.7) are
satisfied on [0, d[. By Theorem 1.3 (i) there exists a strong solution (v, ©) of
the Boussinesq equations (1.1) in [0, §[x €2 which coincides by Corollary 1.7
with (u,6). Thus u € L3(0,0; L4()).

Step 3. (Global regularity) Fix an arbitrary t € [0,T — %[
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Assertion. There exists t €]t — 3, ¢[\V such that

t

-~ futt)lli <5 [ (=D fu(rliar (6.

é
t—3

where ¢ : =t + % and N CJ0, T denotes the null set in Definition 1.5.
Proof of (6.4). If such a ¢y would not exist we could integrate the
estimate

s s 2/ s s 5
(t1 —to) = [Ju(to)[| > 5/ S = )sllu(r)llidr, aa to €]t — 5,1
t—3

over |t — %, t[ and get a contradiction to (6.4). O
Using the definition of ¢, , ¢ and (6.1), (6.4) we obtain

(/o e uto) [ )T < ea (1 — t0) i) )

1
s

2 [ IR
<ol /t_g@l ) u(r)| dr

T 1/s
< o2ttt (/ )5 dr) (6:5)
0
1—8
< 012%( o ) ) C*s
clluolla? g~
< €.

From (6.2), (6.3), (6.5) in combination with Theorem 1.3 (i) we get the
existence of a strong solution (v,©) of the Boussinesq equations (1.1) in
[0,t1 — to[x with initial values v(0) = u(to),0(0) = 0(tp) and fi(- +
to), fa(-+t0), g(-+1t0). Asin (4.2) introduce a(t) := u(t+to),0(t) := 0(t+to)
for t € [0,¢; — to[. From Corollary 1.7 we get & = v and § = © in [0, ¢ — to]
and consequently u € L8(to,t1; L*(£2)). Altogether u € L3(t, t+g; L4(Q)) for
all t € [0,T — 3[. Since ¢ is independent of ¢ we obtain u € L5(5, T; L*(Q2)).
It follows u € L3(0,T; L*(2)) which means that (u,#) is a strong solution
of (1.1) in [0, T[x€. The uniqueness statement at the end of Theorem 1.8
follows from Corollary 1.7. O

Acknowledgement. The author thanks Reinhard Farwig for his kind sup-
port.
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