INFLUENCE OF SURFACE ROUGHNESS TO SOLUTIONS
OF THE BOUSSINESQ EQUATIONS WITH ROBIN
BOUNDARY CONDITION

CHRISTIAN KOMO

ABSTRACT. Every ’'real existing’ domain 2 is covered by microscopic
asperities. We replace 2 by a sequence (Qi)ren of domains with rough
boundaries where Q) — Q. Consider weak solutions (ux,0x),k € N, of
the Boussinesq equations in [0, T[x 2 where the temperature 0 satis-
fies a Robin boundary condition. Passing to the limit we will observe an
additional weight factor in the Robin boundary condition which reflects
the rugosity of the boundaries (0%)ren. Motivated by this observa-
tion, fix A € L™ (09Q),A > 1. We will construct domains (€ )ren and
weak solutions (ug, 0 )ken of the Boussinesq equations in [0, T[x €y with
%LN’“ + (0 —¢) =0 0n ]0,T[x9Q converging to a weak solution (u,#) in
[0,T[xQ with 2% + A(6 —¢) = 0 on ]0, T[x0<; here ¢ describes the ex-
ternal temperature. This result is essentially based on the construction
of some special gradient Young measures.

1. INTRODUCTION AND MAIN RESULTS

In this paper we consider the Boussinesq equations

ur — Au+u-Vu+ Vp =tg in 0, T[x€2,
divu =0 in 0, T'[x$2,
O, — A0 +u-VO=0 in |0, T[x€, (1.1)
U = U att=20,
0 =6 att =0,

in a domain @ C R" ,n € {2,3}, and a finite time interval [0,7. The
unknowns in (1.1) are u, 6, p, where u denotes the velocity of the fluid,
denotes the difference of the temperature to a fixed reference temperature
and p denotes the pressure. The following data are given: wug,f0y are the
initial values and g the gravitational force. To simplify the notation we
have set the density, kinematic viscosity and thermal conductivity to 1. The
Boussinesq equations constitute a model of motion of a viscous, incompress-
ible buoyancy-driven fluid flow coupled with heat convection; for further
information we refer to [20, 27]. Many researchers have investigated the
Boussinesq system, see e.g. [4, 9, 12, 17, 18, 19, 22| and papers cited there.
In this paper we supplement the Boussinesq system (1.1) with the no slip
boundary condition

u=0 on]0,T[x00Q (1.2)
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and the Robin boundary condition

90
oy TA@=O =0 on]o,T[x00 (1.3)

where ¢ denotes the exterior temperature on 92 and where A : 9Q —]0, o]
is a positive, scalar function describing the ratio of heat transfer to the
difference 6 — (.

The effect of surface roughness to weak solutions of the Navier-Strokes
equations was observed in several papers. The common idea is that the
"physical’ domain  C R? is covered by microscopic asperities and is there-
fore replaced by a sequence (2)ren of domains with rough boundaries where
Qr — Q. It follows from the pioneering work [10] that for periodically,
smooth oscillating € the complete slip boundary condition on 0§ trans-
forms into the no slip boundary condition on 92 if there is ’enough boundary
rugosity’. Introducing a Young measure which describes the character of os-
cillations of (0Q)ren the authors in [6] removed the periodicity assumption
on Q. For further results and approaches we refer to [3, 5, 7, 8, 11].

In the present paper we want to investigate the influence of surface rough-
ness to weak solutions of the Boussinesq equations where the temperature
satisfies a Robin boundary condition. Consider n € {2,3}, and

Q={(2,z,) ER"; 2, >0; 2’ cR"'}. (1.4)

We replace the ’'ideal’” domain €2 by the sequence (x)gen of ’domains with
rough boundaries’ defined by

Q= {(,2,) €ER" 5 2, > —hp(2'); 2 €eR"'}, keEN, (1.5)

where (hy)gen are admissible functions, i.e. non-negative functions hy :
R ]Rar ,k € N, which are equi-Lipschitz continuous and hy — 0 uni-
formly on all compact subsets of R”~!. By definition, the equi-Lipschitz
continuity means that there is a constant L > 0 such that

(") — P ()]
2" = /]
It follows that (Vhy)ren is bounded in L®°(R""!). By Theorem 4.1 we
can assume (after a not relabelled subsequence) that (Vhg)gen generates a
Young measure v = (V) yrcpn—1.
Consider weak solutions (ug,0y) ,k € N, of the Boussinesq equations (1.1)
in [0, T[x €y, satisfying the energy inequalities (1.11), (1.12) below and the
following boundary conditions:

up =0, g?@—i—(ﬁk—g):o on |0, T[x 0. (1.6)

Let (u,8) be a weak limit of (ug, 0k )ken in [0, T[xQ. In Theorem 1.2 we will
show that (u, ) is a weak solution of (1.1) in [0, T[x€ and
06

u=0, 8—N+A(0—C):O on 0, T[x 00 (1.7)

where A : 9Q — [1,00] describes an additional heat transfer coefficient to
the exterior which is due to the rugosity of the boundaries. This function
can be computed using the Young measure v, see (1.16).

<L Va'y eRvY 2/ £y VekeN
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Motivated by this result, fix A € L*(9Q),A > 1. In Theorem 1.3 we
will construct domains (Q)ren as in (1.5) and weak solutions (ug, Ok)ren
of (1.1) in [0, T[x Q4 with (1.6) converging to a weak solution (u, @) of (1.1) in
[0, T[x$ with (1.7). This result makes essentially use of the Young measures
constructed in Theorem 4.3.

We need the following spaces of test functions:

Cso([0,T7; CS?J(Q)) = {w’[()’T[XQ; we C(]— 1L, T[xQ); divw =0},

Co ([0, T[xQ) = { ¢l rpxars @ € Co (1 = 1, T[xR") }.

Motivated by the concept of a weak solution of the Navier-Stokes equations
in the sense of Leray-Hopf we arrive at the following

Definition 1.1. Let Q@ CR"™, n € {2,3}, be a uniform Lipschitz domain, let
0<T <o0,g€ L>®(]0,T[xQ), let ¢ € L*(0,T; L?(00N)), A € L>=(9Q) with
A(x) > 0 for almost all x € Q. Further assume ug, 8y € L*(Q).

(i) A pair

we L2(0,T; L*(Q) N L0, T Wy 2(9))
6 € L>(0,T; L*(Q)) N L*(0,T; H(Q))

is called a weak solution of the Boussinesq equations (1.1) with no slip bound-
ary condition (1.2) and Robin boundary condition (1.3) if

T T T
—/ (u,wt)gdt+/ <Vu,Vw>th+/ (u-Vu,w)qdt
0 0 0

(1.8)

. (1.9)
= [ (6. wlad+ (o, w(o)n
for all w € C§°([0, T'[; CF5,(£2)) and
T T T
/ <9,¢>t>gdt+/ (V@,V¢>th+/ (u-V0,p)qdt
0 0 0 (1.10)

T
_ /O (A0 — C), D)an dt + (80, $(0))e

for all ¢ € C§°([0,T[x€). In the identities above (-,-)q denotes the usual
L?-scalar product in €.

(ii) Consider a weak solution of (1.1) with (1.2), (1.3). Then (u, ) satisfies
the energy inequalities if

1 t 1 t

gl + [ Ivuldar < Sl + [ 0g.waar, (11

1 2 ! 2 ! 2

163+ [ 19813 dr+ [ VRO o dr
0 0 (1.12)

1 t '

< S0l + [ (A Ohan dr
0

are satisfied for almost all ¢ € [0, 7.

Consider a weak solution (u,f) as above. After a redefinition on a null set
of [0,T] we have that u : [0, T[— L2(Q) and 6 : [0, T[— L?(Q) are weakly
continuous functions and u(0) = Pug,6(0) = 6y where P : L?(2) — L2(Q)
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denotes the usual Helmholtz projection, see [23, IV, Lemma 2.4.2|. Further,
there exists a distribution p, called an associated pressure, such that

u — Au+u-Vu+ Vp =0g

holds in the sense of distributions in ]0, T[x€2, see [23, V.1.7]. Our first main
result reads as follows.

Theorem 1.2. Let n € {2,3}, let Q,(Q)ken be as in (1.4), (1.5), and
0 < T < oo. Further let g € L>=(]0,T[xR"),¢ € L*(0,T; H'(R")), and
ug, 0y € L*(R"™). Assume that (Vhg)ren generates the Young measure v =
(V! )prern—1. For every k € N let (ug, 0x) be a weak solution of the Boussinesq
equations (1.1) in [0, T[xQ (with data g, Clyo,rxq, and uo,Oole, ) satisfying
the energy inequalities (1.11), (1.12) (where Q is replaced by Q) and

00y,

ur =0, a—N+(0k—C) =0 on]0,T[x0Q. (1.13)

Consider u,0 € L>(0,T; L*(Q)) N L(0,T; H'(Y)) such that
w, =" w in L0, T;L*(Q), w, — u in L*(0,T; H(Q)),

k—o0 k—o0
) ) X (1.14)
O =" 0 in L>(0,T;L°()), 6 — 0 in L*(0,T;H ().
k—o0 k—o0

Then (u,0) is a weak solution of (1.1) in [0, T[x (with data g,(|yorxq and
uo, bola) satisfying
06
u=0, a—N—f—A(Q—C):O on 0, T[x 00 (1.15)

where the function A : 092 — R fulfils
A(2',0) = / V14 [P dvg(N) (1.16)
Rn—1
for almost all z = (2,0) € Q with ' € R* L.

We proceed with the following theorem.

Theorem 1.3. Letn € {2,3}, let Q := {(2/,2,) € R"; 2, > 0,2/ € R* 1},
and 0 < T < co. Further assume g € L>=(]0, T[xR"™),¢ € L?(0,T; H(R™)),
and ug, O € L*(R™). Let A : 9Q — [1,00[ be a bounded, measurable func-
tion. If n = 3 we need additionally g € L*(0,T; L*>(R™)). Then there exist
admissible functions (hg)ken and domains (U )ken defined as in (1.5) such
that the following properties are fulfilled:

o There exist weak solutions (ug,0;) , k € N, of (1.1) in [0, T[xQy, (with
data g, |jo,r(x0, and uo,bolq, ) satisfying

up =0, g?\?—l—(ﬁk—g“):() on |0, T[x 0. (1.17)

o There exists a weak solution (u,0) of (1.1) in [0, T[xQ (with data
9:Cljo,rixa and ug, bola) satisfying
o0

u=0, a—N+A(0—C):0 on 10, T[x0S. (1.18)
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o We have

w, —=* w in L0, T;L*(Q), w, — u in L*(0,T; H'(Q)),
k—o00 k—o00

O, —* 0 in L™(0,T;L*Q)), 60p — 0 inL*(0,T;H'()).
k—o0 k—o0

In the two-dimensional case we can use (see Theorem 3.1 (iii)) the uniqueness
of weak solutions of the Boussinesq equations (1.1) with (1.2), (1.3) to obtain
the following ’stronger version’ of Theorem 1.3.

Theorem 1.4. Let Q := { (2/,22) € R? 25 > 0,2’ € R}, let 0 < T < 00, let

g € L>=(]0,T[xR?),¢ € L?(0,T; H(R?)), let ug, 0y € L*(R?). Consider a

bounded, measurable function A : 0Q — [1,00[. Let (u,8) be the unique weak

solution of (1.1) in [0, T[x (with data g,Cljor(xa and uo,Oola) satisfying
00

Then there exist admissible functions (hi)ken and domains ()ken defined
as in (1.5) such that if (ug,0;),k € N, denotes the unique weak solution
of (1.1) in [0, T[xQy (with data g, (|10 7xq, and uo,bole,) satisfying

00y,

up =0, 8—N+(9k—C) =0 onl0,T[x0Q
then
w, —=* w in L0, T;L*(Q), w, — u in L*(0,T; H(Q)),
k—o0 k—o0
O, —* 0 in L>(0,T;L*Q)), 60p — 0 inL*0,T;H' ().
k—o0 k—o0

The paper is organized as follows. In Section 2 we present some preliminaries.
The following section investigates existence and uniqueness of weak solutions
of (1.1) with (1.2), (1.3). In Section 4 we present the needed results from the
theory of Young measures and construct some ’special gradient Young mea-
sures’. After some preparation in Section 5 we prove Theorem 1.2. Finally,
Section 7 is dedicated to the proof of Theorem 1.3.

2. PRELIMINARIES

Let Q@ C R",n € N, be an open set, let 1 < p < oo,k € N. We denote by
LP(Q), WhP(Q), Wg’p(Q) the usual Lebesgue and Sobolev spaces with norm
|- llzr) = || - lp and [| - lwr.p(q), respectively. We set H*(Q) .= Wk2(Q)
and HE(Q) = Wéc’z(Q) . Furthermore H~1(Q2) := H}(Q)'. For s € RT\ N
let W52(Q2) denote the usual Sobolev-Slobodeckij space, see [25, Definition
I1.3.1]. Looking at [25, Satz I1.5.3, Satz I1.5.4 and Satz I1.7.9 | we get that
for a bounded Lipschitz domain 2 C R™ and 0 < s < s1 < 1 the imbedding

W 2(Q) — W2(Q) (2.1)

is compact. For two measurable functions f, g with the property f-g € L*(£2)
where f-g means the usual scalar product of scalar, vector or matrix fields,
we set (f,g)q = [ f( x) dz. Note that (in general) the symbol LP(92)
etc. will be used for spaces of scalar, vector or matrix-valued functions.
Byv®wv = (Uivj);szl we denote the usual tensor product of v € R™. Let
Cc™(Q),m = 0,1,...,00, denote the usual space of functions for which all
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partial derivatives of finite order |a| < m exist and are continuous and let
C™(Q) = {dlg;¢ € C™(R™)}. As usual, CJ"(Q) is the set of all func-
tions from C™(Q2) with compact support in € and let C5°(]0,T[x€2) de-
note the space of smooth function with compact support in 0, T[x. Fur-
ther we introduce C§%,(Q) := {v € C§°(Q); dive = 0} as the space of

smooth solenoidal vector fields. For 1 < ¢ < oo we define the spaces
£8(Q) = Ceo (@' and WiA(Q) = G @1 For 1 < ¢ < o0
let ¢’ be the dual exponent such that % + % = 1. It is well known that

LI(Q) = L(q,/(ﬂ) ,1 < g < oo, using the standard pairing (-,-)q. Given a

Banach space X and an interval |0, 7,0 < T < oo, we denote by LP(0,T"; X)

the Banach space of (equivalence classes) of strongly measurable functions
1

f:]0,T[— X such that| f||, := (fOT | f @)% dt)p < oo if 1 <p < oo and
[ flloo == esssupsejo rll f(t)l|x , if p=o0. If X = LIQ),1 < g < oo, the
norm in the space LP(0,T; L(2)) is denoted by || - ||qp:0:7-

Let Q@ C R™,n > 2, be a uniform Lipschitz domain (see f. ex. [1, 4.9].) Let
dS denote the surface measure on 9). The space L?(92) should denote the
usual Lebesgue space on 02 with scalar product (-, -)gq. If Q is bounded and
0 < s < 1 we define the trace space W*2(9Q) as in [23, 1.3.6]. Further (see
25, Satz I1.8.7]) for 3 < s < 1 there exists a continuous, linear trace operator
T : W2(Q) — WS_%’Q(aﬂ) with the property T'¢ = ¢|gq for ¢ € C1(Q).
When there is no possibility of confusion we will identify ¢ € W*2(Q) with
its trace and just write ¢ instead of ¢|aq := T'¢.

Further if (X,)nen is a sequence of Banach spaces we will write that a
sequence v, € X,,,n € N, is bounded in (X, )¢ if there is a constant M > 0
such that [|v,||x, < M for all n € N.

3. EXISTENCE AND UNIQUENESS OF WEAK SOLUTIONS

The following theorem is needed for the construction of the weak solutions
stated in Theorems 1.3, 1.4. It is not known whether weak solutions of (1.1)
are uniquely determined if n = 3 since the corresponding problem for the
Navier-Stokes equations is not solved.

Theorem 3.1. Let Q C R" n € {2,3}, be a uniform Lipschitz domain, let
0<T <o0,9€ L>®(]0,T[xR), let ¢ € L*(0,T; L*(00)),A € L>(09) with
A(x) > 0 for almost all x € Q. Further assume ug,0y € L*(Q)). Then the
following statements are satisfied:

(i) There exists a weak solution of the Boussinesq equations of (1.1) with
boundary conditions (1.2), (1.3).

(ii) If n = 3 and if additionally g € L*(0,T; L?(Q)) holds then there
exists a weak solution of (1.1) with (1.2), (1.3) satisfying the energy
inequalities (1.11), (1.12) for a.a. t € [0,T].

(iii) Ifn = 2 there exists exactly one weak solution (u,8) of the Boussinesq
equations (1.1) with (1.2), (1.3). After a redefinition on a null set of
[0, T[ we have that u : [0, T[— L2(Q),0 : [0, T[— L?(Q) are strongly
continuous and the energy equalities are satisfied, i.e. (1.11), (1.12)
hold as equality for all t € [0,T.
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The most parts of the proof of this theorem are based on well known argu-
ments. Therefore we will only give a sketch of proof and focus on the parts
of the proof which are not standard, i.e. (3.4) and statement (ii).

Sketch of proof. Choose linearly independent vectors wy € C§%(€2), k €

N, such that span{wy;k € N} is dense in Wolf(Q) and (w;,w;) = 0;; for
i,j € N. Further, choose linearly independent vectors 1, € C§°(Q),k € N,
such that span{tx; k € N} is dense in H(Q) and (¢;,vj)q = &; ; fori,j € N.

Fix k € N. Using the well known Galerkin procedure and existence theory
for ordinary differential equations we can prove (see [24, Chapter 3, Theo-
rem 3.1, respectively [19, Theorem 1]) that there exist unique functions
ug(t) == Z§:1 a; (t)w; and O(t) = Zle Bik(t)Y; which satisfy the finite
dimensional Galerkin approximation system

d
£<Ulmwi>§2 + (Vug, Vwi)a + (uk - Vug, wida = (0kg, wi)a (Gall)
for a.a. t €]0,T[, Vi=1,...,k,

%Wkﬂmﬂ +{(VO, Vo + (ug - VOr, vi)a + (A0 — (), Yi)aa =0
(Gal2)
for a.a. t €]0,T[, Vi=1,...,k,
k
up(0) = Z<U07wi>9 Wi , (Gal3)
i=1
k
0,(0) = > (B0, i) vi. (Gald)
=1

Further, there exists a (not relabelled) subsequence (ug,0)ken and (u,6)
such that

wp, —* w in L®0,T;L*(Q), uy ou i L0, T; Wy 2(), (3.1)
—00 ’

k—o0

O, —* 6 in L0, T;L*(Q)), b, o 0 in L2(0,T; HY(Q)). (3.2)
—00

k—o0
Analogously as in [24, Chapter 3, Theorem 3.1] it follows that for 0 < v < 1
the sequence ([ |72 [16x (7) |12, dT)k . is bounded where ), : R — L2(Q)
’ €
denotes the Fourier transform of 1 pf. Fix a bounded Lipschitz domain

G C Qand 3 < s < 1. Consequently, (see 2.1)) the imbeddings
HYG) — W**(G) < L*G), (3.3)

compact continuous

and Theorem [24, Chapter 3, Theorem 2.2| imply that (0j)ren contains a
strongly convergent subsequence in L2(0, T; W*%2(G)). Due to the continuous
trace operator W52(2) — L%(92)) it follows

O o 0 strongly in L*(0,T; L*(G)) N L*(0,T; L*(9G)). (3.4)
—00

A similar argumentation as above (see also [24, III, (3.41)]|) shows

up U strongly in L%(0,T; L*(G)). (3.5)



8 CHRISTIAN KOMO

Using (Gall)- (Gal4) and (3.1), (3.2), (3.4), (3.5) we can prove that (u,0) is
a weak solution of (1.1) with (1.2), (1.3).
Proof of (ii). The crucial point in the proof of (1.11) is to show

t t
lim [ (Qpug,g)odr = / (Qu, g)q dr (3.6)
0

k—o0 0

for a.a. t € [0,T[. Sobolev’s imbedding theorem implies that (fxug)ken is
bounded in L*/3(0, T; L?()). Looking at (3.4), (3.5) it follows fuy — Qu in
L*3(0,T; L?*(Q)). Now we make use of the assumption g € L*(0,T; L?(Q))
to obtain (3.6). From (Gall), (Gal3) we get

1 ! 1 t
sl + [ 1VulBar = Shalp+ [ g wadr  G1)

for all K € N and ¢t € [0,7[. By (3.6), (3.7) and (3.1), (3.5) it follows
that (1.11) is satisfied for almost all ¢t € [0,7'[. Using (3.1), (3.2), (3.4) we
can show in a standard way that (1.12) is fulfilled for a.a. ¢t € [0,T.

Proof of (iii). This can be shown using the ideas presented in [24,
Chapter 3, Section 3.3] in a standard way. O

4. YOUNG MEASURES

Our main tool to analyse the boundary behaviour of weak solutions of the
Boussinesq equations is the theory of Young measures. Theorem 4.1 deals
with the existence of Young measures generated by bounded sequences in
L>(Q). Afterwards, we will construct some ’special gradient Young mea-
sures’ which will be needed for the existence of the domains with rough
boundaries stated in Theorem 1.3 and Theorem 1.4.

Consider n,d € N and a measurable set 0 C R™. A Carathéodory function
is a function 1 : @ x R? — R such that for almost all z € Q the function
Y(z,-) : R? — R is a continuous function and for all A € R? the function
¥(-,A) : @ = R is measurable. We denote by B(R?) the o-algebra of Borel
sets on RY, define Cy(RY) := {4 € C(RY); limy 500 ¢(\) = 0}. A Young
measure v = (V;)zeq is a family of probability measures on (R%, B(R?)) such
that for all ¢ € Cp(R?) the function

Q—=R, z~— d(N) dvg(N)
Rd
is measurable. We will use the notation v = (v;),ecq. Consider measurable

function 2z : @ — R? k € N. We say that (z;)ren generates the Young
measure v = (1) zeq if for all ¢ € Cp(R?) we have

o) = 3 in L) (1.1
where
o(z) = /]Rd d(A) dvg(N)  for a.a. z € Q. (4.2)

We proceed with the following theorem which plays a crucial role in this
paper. For a proof we refer to |2, Section 2]. We remark that ¢ (-, zpm, (+)) is
an abbreviation for the function z — ¢ (x, 2z, (2)) ,z € A.
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Theorem 4.1. Let n,d € N, let Q@ C R™ be a measurable set, let zj :
Q — R4k € N, be measurable functions, assume that (zj)pen is bounded
in L>®(2). Then there exist a subsequence (zm, )ken and a Young measure
v = (Vg)zeq such that the following properties are satisfied:

(i) The sequence (zm, )ken generates v.
(i) There is a compact subset K C R with supp(v;) C K for a.a. x € Q.
(iii) Let A C Q be a measurable set, let ) : AxR?Y — R be a Carathéodory
function with the property that (¢(, ka(')))keN is a weakly conver-

gent sequence in L'(A). Then 1)(x,-) is integrable with respect to v,
for a.a. x € A. Define

D)= [ Y@\ dv(\)  for a.a. x € A
Rd
Then v € L'(A) and

U () = B in LH(A),

The rest of this section is dedicated to the proof of Theorem 4.3 below. First,
we consider the ’homogeneous case’ of this theorem.

Lemma 4.2. Let Q CR"™,n € N, be a bounded Lipschitz domain, let z € R™.
Define the (homogeneous) Young measure v = (Vy)zcq by

vei= g (0. 40.2), weQ

Then there exist non-negative functions uy : 0 — Rg ,k € N, fulfilling the
following properties:
(i) The sequence (uy)ren is bounded in W1°(Q) with uklsn = 0 and
(Vug)ken generates v.
(ii) There holds ur — 0 strongly in L>®(Q) as k — oo and ||Vug|e <
3|2| for all k € N.

Proof. Step 1. Define for z € [0, 1]
1, z€l0,1],
x(z) = { 2)

~1, z€ld 1],

—

and extend x by periodicity to all of R. Introduce
Tz
h:R" =R, h(z) :zl—i—/ x(s) ds.
0

Then Vh(z) = x(x - )z for almost all z € R™. Define

= 1h(k::n) _1 + = /kxz x(s)ds, zeR"

2 PREA ! '
Consequently Vwg(z) = x(kz - z)z for almost all z € R™. There holds
|willoo < 2,k € N, and therefore wy — 0 strongly in L>®(2) as k — oc.
Moreover wy, € Wh*°(Q) and ||[Vwg||o = |2|. In the following we will show
that (Vwy)ken generates v. For ¢ € Cp(R™) we introduce

R =R, f(z):=¢(x(z-2)2).

wi(x) :
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Define fi : R® — R, fi(x) := f(kz) for every k € N. By the Riemann-
Lebesgue Lemma, see [13, Theorem 2.6|, we get
fr =" f in L®(Q) (4.3)
k—o00

where f : Q — R denotes the constant function with f(z) := %(qﬁ(z)—l—qﬁ(—z))
for every x € Q). The definition of v implies

[ o)) = 5(6(:) + 9(—2) (4.4
for all x € Q. Combining (4.3), (4.4) yields
o) = (o [ 6 dn(N) i L¥(@)

for a.a. x € Q. Therefore (Vwk)keN generates v.

Step 2. We have to modify the sequence (wg)gen such that additionally
wy|aq = 0. We follow the ideas presented in [21, Lemma 8.3]. Let n, € C*(Q)
be a sequence of cut-off functions with 0 < ;. < 1 such that:

1. np(z) =0if x € 002 .

2. m(z) =1 if z € Q with dist(z, Q) > 1 .

3. We have |V (z)| < ck for all x € Q,k € N, with ¢ = ¢(Q) > 0.
For j,k € N define

wjr(x) = np(z)wj(z) fora.a. ze, (4.5)

so that wjilan = 0 and Vw;i(x) = np(x)Vw;(z) + w;(x)Vng(x) for a.a.
x € Q. Choose a strictly increasing sequence (ji)ren of natural numbers
Jr € N,k € N, such that ||wj, x|lec < k%, ,k € N, and define u, := wj, 1 for
k € N. Then
1

Vil < [Vl + ot eI e < 905 o 75
By (4.5), (4.6) we get that (uy)ren is bounded in WH°(Q) and up — 0
strongly in L>*°(Q2) as k — oco. From

(4.6)

{z € Q; Vuy(z) # Vw;, (2)}| < [{z € Q;dist(z, 00Q) < }‘ - 0

k—o0

and [21, Lemma 6.3] it follows that (Vug)ren generates v. Due to (4.6) we
can choose a subsequence (l;)ren of (ji)keny With ||V, [jee < %\z\ for all
k € N. Altogether, (u;, )ren satisfies (i), (ii).

Now we have all ingredients at hand to prove the following

Theorem 4.3. Let Q CR™,n € N, be an arbitrary open set, let z : Q — R"”
be a bounded, measurable function. Define the Young measure v = (Vz)zcq

by
1
Vg 1= 5(5Z($) + 5_2(95)) , x el (4.7)
Then there exist non-negative functions up : £ — ]Rar,k: € N, such that

(up)ren is bounded in WH(Q), we have that (Vuy)ren generates v and
up, — 0 strongly in L>=(2) as k — oo.
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Proof. Choose a sequence (h;)ieny € C§°(€2) which is dense in L}() and a
sequence (¢;)jen € Co(R™) which is dense in Cy(R™). Define for j € N

qu(a:) = o dj(N) dvg(N) = %(gb](z(:c)) + qb](fz(x))) for a.a. x € Q.

(4.8)
Step 1. Define the set
]El{$€ rl\I‘%|er|/$r|¢] (CL‘)| Yy O}

It is easily verified that A C €2 is measurable. By Lebesgue’s differentiation
theorem we have |2\ A| =0. For k € N define

1
O = {B(:z:,r) CQsuchthat x € A,0<r < Z satisfy

1 o 1
e () — 6 < =1,k b
BTl /B(m)\qs](y) G(@) dy < - forall j =1,....k }

By Vitali’s covering theorem (see [15, Theorem 1.150 and Remark 1.151])
there exist for every k£ € N a countable set I, C N and pairwise disjoint
B(xk,lyrk,l) S Ok,l € I, such that

}A\ U B(ﬂfk,l,ﬁg,z)’ =0.

eIy

(4.9)

To simplify the notation assume I, = Nk € N. Fix j € N and h €
C3(€2). Without loss of generality assume supp(h) # @. Define ¢ :=
dist(supp(h),R™\ Q) if @ # R™ and ¢ := 1 if Q = R™. Introduce
D = {x € Q;dist(supp(h),z) < g},
My, :={l e Nysupp(h) N B(xp,rr1) #9}, keN.
For all k € N with k > max{%, 7} it follows with (4.9)

‘/ () de — " G (a / h(z) dz

leN B(wk,1,m,1)

<Aoo Y 16;(z) = ¢; ()| d

e, ¥ B@k,1rk1)

< |lAlloo Z E\B(ﬂfk,z,rk,l)’

e M,

1
=Pl oo| D]
lhll<ID)

IA

Passing to the limit in the inequality above yields

/Q h(z)¢;(z) de = Jim Z@ Tk / h(z) dz (4.10)

*IeN B(zg,1mk,1)

for all h € C3°(Q2),j € N. For k,l € N define the homogeneous Young

measure

k,l(

v (z) = Vi for all x € B(xy,75,)-
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Step 2. In this step we will define functions uy : 2 — R(}F ,k € N, with
ug — 0 strongly in L®(2) as k — oo and || Vug|leo < 2|2]|e , ¥ € N, in such
a way that

lim /B (xkl’rkl)hi(x)gi)j(Vuk(z))dx = lim l%\:}@(m) /B hi(x) d

St (Tk,1,m1,1)
(4.11)

for all 4,5 € N.
Fix k,1 € N. In the following wj will be defined on B(xj, k). Use

Lemma 4.2 to obtain functions 25! : B(zk,rr1) — RS’ ,m € N, such that:
(i) (z,’f,{l)meN is bounded in W1°°(B(zy., k1)), we have 2ih = 0 strongly
Tht) — 0, meN.
(ii) (V25 en generates 17! and || V25! [loo < 2||2]|c for all m € N.
Thus

in L*>°(Q) as m — oo and z’;{le(%l,

lim [ h(2)e(VEH (@) de = Blans) /Q h(z) dz (4.12)

m—0o0 Q

for all h € Ll( ) and ¢ € Cy(R™). Choose m = m(k,l) € N (see (4.12))

such that ”Zm(kl oo < # and that
_ 1
| D)0,(Vabiyy (@) o~ Gy [ hla)de] < o
/B(l"k LTk, ’ mlkt) ’ B(@k,1,mk,1) (2lk )
4.13
is satisfied for all 7,7 = 1,..., k. Now we define
kl .
'LLk(.’L’) — (kl)( )a lfxEB(xk’,lark,l)a (4 14)
o, if z € N. '

rey) = 0 for all I € N we obtain that the weak

gradient Vuy exists as function Vuy, € LS (€2). For fixed 4,5 € N we sum

over [ € N in (4.13), let k — oo in this sum and use (4.14) to prove (4.11).

Moreover by construction [|ug|ec < ¢ and [|[Vug|los < 3[2]|oo for k € N.
Step 3. Fix 7,7 € N. Then

lim [ h(2)¢;(Vun(z)) do = lim Z / 2)bi(Vuy(x)) dz

k=00 Jo Clen Y B@r,i,rk)

= lim 3765 / ha() d

lEN B(@k,1,7k,1)

_ / hi(2)8; () da
Q

To obtain the identity above we have used (4), (4.11) and (4.10). By den-
sity of (h;)ien in LY(2) and of (¢;);en in Co(R™) it follows that (Vug)ken
generates v. O

Fix k € N. Since Zk’ik l)|BB(xk b

5. PREPARATION OF THE PROOF OF THEOREM 1.2

5.1. Decomposition of the pressure. Let G C R™ ,n > 2, be a bounded
Lipschitz domain. For u € L*(G) we write divu = 0 or Au = 0 if these
identities are satisfied in the sense of distributions in G. If u € L?*(G)
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satisfies Au = 0, we can apply Weyl’s Lemma to get (after a redefinition on
a null set) that u is smooth, i.e. u € C*°(G). Define

AWA(G) = { Apsp € W3(@G) },
L(Q)(G) ={pe L2(G);/Gpd$ =0}.

A major point in the proof of Theorem 1.2 is to prove identity (6.6) below.
This proof is based on the construction of a ’local pressure’ introduced by
J. Wolf. We proceed with the following theorem which is a variant of [26,
Theorem 2.6].

Theorem 5.1. Let G C R™,n > 2, be a bounded C?*-domain, let 1 <
v <00, 0<T < oo, let ug € LAQ), let Q1 € L7(0,T; L*(G)), and let
Q2 € L7(0,T; L*(GR)). Consider u € L*>(0,T; L*(G)) with divu(t) = 0 for
a.a. t €]0,T[ and

T T T
/ (u,wy) dt +/ (Q1, Vw)g dt Jr/ (Q2,w)g dt — (ug,w(0))g =0
0 0 0
(5.1)
for all w € C§°([0,T[; C55,(G)). Then there exist unique functions p, €
L7(0,T; L2(G)), pr € L=(0, T; L3(Q)) with p,(t) € AWF(G), Appn(t) = 0
for a.a. t €]0,T[ such that

T T T
- [t Vamwadi+ [ QuVwadt+ [ (Quuldr
0 0 0

T (5.2)

= (ug, w(0))¢ —|—/ (pr, divw) g dt

0

for all w € C3°([0,T[; C§°(G)). We have
Iprll2y:ar < e(1Q1ll2 6 + 1Q2ll24:6:7) 5 (5.3)
[Prll2006:r < elllull2,cocr + 1Q1ll2y6r + 1Q2ll2yer)  (5.4)

with a constant ¢ = ¢(G,~,T) > 0.
Proof. Step 1. Define u(0) := ug. For w € U5, (G),n € C5°([0,T]) we

have

T
- / (ult), w)e 1 (£) dt — (up, w(0))e 7(0)
0 (5.5)

= - /OT( (Q1(t), Vw)e + (Q2(t), w)c)n(t) dt.
Identity (5.5) implies that there exists a null set N = N(w) such that
(u(t), w)a = (uo, w)a = — /Ot ((@1(t), Vw)e +(Q2(t), w)e ) dt - (5.6)
for all t € [0, T[\N. Using u € L>(0,T; L?(G)) and a separability argument

u can be redefined on a null set of [0, 7] such that (5.6) holds for all t € [0,T]
and all w € C§%,(G). For t € [0, T[ define Q1(t) := fg Q1(s)ds and Q2(t) :=
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fg Q2(s) ds. We employ Fubini’s Theorem and [23, II, Lemma 2.2.2] to get
for each fixed t € [0, T[ a unique p(t) € L(G) such that

(u(t) = uo, w)e + (Q1 (1), Vw)a + (Q2(1), w)e = (p(t), divw)  (5.7)
for all w € Wol’Q(G). Estimate [23, II, (2.2.6)] yields

()12 < (G, ) (lu(t) = uollz + Q1 (t)l2 + |Q2(t)]12) (5-8)

for all t € [0,T[. Using (5.8) we can show that [0, T[— L?(G),t ~ p(t), is
Bochner measurable. Furthermore

HpHZOO;G;T < C<G777T)(Hu 2,00;G;T + HQI 2,v;G;T + HQZHQ,V;G;T)- (59)

Step 2. From |26, Corollary 2.5] we get unique p,(t) € AW02’2(G) ,pr(t) €
L?(G) with Agpp(t) = 0 for all t € [0, T[ such that

p(t) = pr(t) +pu(t),  [lpr(@)ll2 + [lpa@)ll2 < cllp(t)ll2 (5.10)
with ¢ = ¢(G,v,T) for a.a. t € [0,T[. Since p(t) € L3(G) we get pu(t) €
LA(G), [0,T[. Combining (5.9), (5.10) yields p, € L°(0,T;L*(Q)).

t €
From (5.8), (5.10) it follows p,(0) = 0. For fixed w € C§°([0,T[xG) we
insert w(t) in (5.7) and integrate with respect to ¢ € [0, 7 to obtain

T T T __
/ (ult) — o, we dt + / (@1(8), Ve dt + / (@alt), w) dt
0 0 0 (5.11)

T T
- / (52.(1), diveo)e dt — / (Vapn(t), whe dt.
0 0

Step 3.  Fix 7 €]0,T]. Given ¢ € C°(G) insert w := V¢ in (5.7).
Consider t €]0,T — 7[ such that divu(t) = 0, divu(t + 7) = 0. We make use
of Azpn(t), Agpn(t + 7) = 0 and obtain

et +7) = 5r(t), AP = (Q1(t +T) — Qu(t), VZ¢)a
+(Qa(t+1) — Qa(t), Vo).

Since p,(t) € AW?(G) we obtain from [26, (2.1), (2.2)] that

t+7

2 Y
e n) -mOR<e Y| [ Qsas] (512
i=1 7t
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with a constant ¢ = ¢(G,~,T) independent of ¢,7. Especially, (5.12) is
satisfied for a.a. ¢t €]0, T — 7[. Fix 0 < T’ < T. We get

T’ 2 Tt ¥
|l -moRa<e [ ([ 1Qlas) @
=1
2 T pt+1 ,
SCZ/ / 10s(s) (2 ds 77/ dt
=170 Jt
, 2 T T
— Y /0 /0 L ()11Q(s)|3 dt ds
=1
2 T
<y /0 1Qi(s)]13 ds
=1

(5.13)

for all 7 €]0, T —T'[ with a constant ¢ = ¢(v, G, T) > 0 independent of 7", 7
Estimate (5.13) yields p, € W17(0,T; L?(G)) and

10epr|l2,4:7 < ¢ ([Q1ll27;7 + |Q2ll2,4:7 )-

Step 4.  Define p, := 9p, € L7(0,T; L*(G)). For w € C5([0,T[xG)
insert w; instead of w in (5.11) and integrate by parts to get (5.2). In this
argument divu = 0,w(T) = 0 and p,(0) = 0 were used. The uniqueness
follows from (5.3), (5.4). O

5.2. Two auxiliary lemmata.

Lemma 5.2. Let Q,(Qx)ken be as in (1.4), (1.5), let 0 < T < oo, and
K CR™ ! pe compact.

(1) Let (vg)ren be a bounded sequence in H'(Q). Then

Jim / (@ —hi (') — v (', 0)] da’ = 0. (5.14)

k—o0 K

(2) If (Ox)ren is a bounded sequence in L*(0,T; H'(Q4,)) then

lim |0k (t, ', —hi(z")) — O (t, 2", 0)| d(2',t) = 0. (5.15)
k=00 Ji0,T[x K

Proof. For v € C5°(Q) and k € N there holds
/ / / / _hk(m/) av / /
o(z!, —hi(z')) — v(z’, 0)] dz’ = ‘ S (', 7) dr| da’. (5.16)
K K'Jo Tn

By a density argument, identity (5.16) holds true for v, € H(Q). We
deduce

/ lok (', —ki(2')) — v (2, 0)] da’

5 1/2 0 1/2
/ / Uk (z',7)|? dr da’ / / ldr da' (5.17)
hk Ln, K 7hk($/)

< |K‘1/2(su11)(hk(x )) HkaHl(Qk)
x'e
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for all k € N. Using hg(z') — 0 as k — oo uniformly for 2/ € K, we
get (5.14). We employ ug(-,t) € H'(Qx) for a.a. t € [0,T[ and inte-
grate (5.17) with respect to ¢t € [0, T to show (5.15). O

Lemma 5.3. Let Q, (Qp)ren be as in (1.4), (1.5), let 0 < T < oo. Consider
a sequence (ug)ren which is bounded in L*3(0,T;L*(Q)), consider u €
LA3(0,T; L*(Q)) with up — u as k — oo in LY3(0,T; L*(2)). Then
T T
lim (ug, w)q, dt = / (u,wydt (5.18)
0

k—o00 0
for all w € CY([0, T[xR™).

Proof. Choose a ball B C R" such that supp(w) C [0, T[xB. Define By :=
(U \ Q)N B,k eN. Then

T T T
/(uk,w)gkdt:/ <uk,w>gdt+/ (wp ) g, dt. (5.19)
0 0 0

We obtain with Holder’s inequality

T
/0 [k, w) B, | dt < [Jugl| passo.r;2 B 1wl a0, 02(8y))

< IBe"P TV el parso sz sup w(t )
(t,z)€[0,T[xR"

for all k € N. Since |Bg| — 0 as k — 00, we get limy_, 00 f0T<uk,w>Bk dt = 0.
Consequently from (5.19) we conclude that (5.18) is fulfilled. O
6. PROOF OF THEOREM 1.2

Since the sequence (hg)gen is equi-Lipschitz continuous the norm of the
trace operator on H'(£);) can be chosen independently of k € N, i.e. there
is a constant ¢ > 0 such that

19l 100 < clldllz2o0,) (6.1)

for all k € N and all ¢ € H'(€). Since (ug,0k)ren satisfies (1.12) in
[0, T[x € we get with Holder’s inequality, Young’s inequality and (6.1) that

1 1
ZHQkH%,oo;Qk;T + §||V‘9k||%,2;§2k;T + ||0]€| %,2;8Qk;T
< 1160130, + €llCll3 00, + €llCIB 200, 7
2 2
< c(l1foll2.n + €172 (0,751 ()

for all k € N with a constant ¢ > 0 independent of k. Thus

(0% ) ken is bounded in L°°(0,T; L*()) N L2(0, T; H (). (6.2)
Furthermore, since (ug, 0x) fulfils (1.11) in [0, T[x € we get with (6.2)
(u ) pen is bounded in L(0,T; L?(€,)) N L2(0, T; H (Q%)). (6.3)

The proof of Theorem 1.2 is based on Lemma 6.1, 6.2 and 6.3 below.

Lemma 6.1. The weak limit (u,0) in (1.14) satisfies (1.9) for all w €
C5o([0,T[; O (€)).
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Proof. By interpolation and Sobolev’s imbedding theorem we get with (6.3)

T T
4/3 2/3
/0 @ well3 dt < c / lanl3 S lunlin @ dt < e (6.4)

with a constant ¢ > 0 independent of £ € N. Therefore we find a matrix
field in L4/3(0,T; L*(R2)), denoted by u ® u, such that (along a not relabelled
subsequence)

w®up — WU in LY3(0,T; L2 (). (6.5)

— 00

The main step in the proof of this lemma is to prove the following assertion.
Assertion. There holds (along a not relabelled subsequence)

T T
lim (ug @ ug, Vw)q dt = / (u®u, Vw)q dt (6.6)
0

k—oo Jo
for all w € C§°([0, T'[; C§%,(K2)).
Proof of (6.6). Fix w € C§°([0,T[; C§%(£2)). Choose smooth, bounded
domains 7, Qs with Q7 C Q9 and supp(w(t,-)) € Q for all t € [0,T].
Since (ug, 0 )ken is a weak solution of (1.1) in [0, T[xQ we see that (5.1) is
fulfilled with @1 := Vur — up ® up and Q2 := —0rg on G := Q5. Therefore,
there exist unique

Prk € LY3(0,T; L3(Q2)),  prilt) € AWE? (), a.a. t € [0,T],
phr € L0, T; L3(Q2)), Aupni(t) =0, aa. t€[0,T],

such that

T T
—/ (ug + VaPh ’u}>9277/(t)dt = / (<uk X Uk, Vw>92 — <Vuk, Vw)92
0 0

+ <9k:ga w>QQ + <p7",k:7 dlvw>92)77(t) dt
(6.7)

for all w € C§°(Q2),n € C§°(]0, ). Since the constant c in (5.3) and (5.4) is
independent of k € N it follows that (pp k) ken is bounded in L>°(0,T; L*(Q2s2))
and that (p,)ken is bounded in L*/3(0,T; L?(Q2)). Hence (along a not
relabelled subsequence)

Phk kj:o pr, in L(0,T; L* (), (6.8)
prk = pr i L0, T5 12(9)). (6.9)
—00

By (6.8) we conclude A,pp(t) = 0 for a.a. t € [0,T[. Since O C Qo we get
from (6.8) and the estimates for harmonic functions in [14, Theorem 2.2.7|
that (ppk)ken is bounded in L>(0, T H?()1)). Therefore

Phi — pn in L*(0,T; H?()). (6.10)

k—o0

We use the imbedding L*(Q1) < H~1(1) to identify uy (t)+Vpp k(t) for
a.a. t € [0, 7] with the functional w + (ug(t)+Vapni(t), w)a, ,w € HE(Q).
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Thus, we obtain from (6.7) with (6.2), (6.3), (6.6), (6.9)

/ H* (ug + Vaph k) Hil/i(gl)dt
(6.11)

IN

4/3 4/3 4/3
o [ (e uel 1Tl + 10cg1 + Ipesls)
0
<c

with a constant ¢ > 0 independent of k € N. Consider the imbedding scheme
HY () — L*) < H YY) (6.12)

compact continuous

We get with (6.3), (6.11), (6.12) and the Aubin-Lions compactness theorem
(see [24, Theorem 3.2.2]) that (after a not relabelled subsequence)

up + VaDn i k—) u—+ Vgpp  strongly in LQ(O, T; Lz(Ql)). (6.13)
—00
To proceed we need the following fact: Consider ¢ € L?(0,T; H'(2))

with AY(t) = 0 for a.a. ¢t € [0,7]. From Weyl’s lemma and [14, Theorem
2.2.7] it follows ¢ € L?(0,T; H*(£21)). A short computation shows

Z/ )2, 0;w;)a, dt = 0. (6.14)

7,0=1

We employ (1.14), (6.5), (6.10), (6.13), (6.14) to obtain

T
/ (Vap @ Vb, Vw)q, dt =
0

T
/ (u®u, Vw)q, dt
0

T
= lim (ug @ ug, Vw)gq, dt

k—oco Jo
T
= lim ((uk + Vipnk) @ ug, Vw)g, dt

k—oco Jo
T
— lim (Vapnk @ (ug + Vepni), Vw)q, dt

k—o0 0

T T
_ / (u+ Vapn) @ u, Vw)g, — / (Vabn ® (u -+ Vapp), Vg, dt
0 0

T
:/ (u®u, Vw)q, dt.
0

Now the proof of Lemma 6.1 can be finished. Fix w € C§°([0,T[; C§%($2)).
Since (ug,0y) is a weak solution of (1.1) in [0,T[x€ and w has compact
support in [0, T[x$2 we have that (1.9) is fulfilled where (u, #) is replaced by
(ug, 0x). Passing to the limit in this identity and using (1.14), (6.6) we get
that (u,0) fulfils (1.9) .

O

Lemma 6.2. (u, ) satisfies (1.10) for all ¢ € CG°([0, T[xR™) with A defined
by (1.16).
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Proof. Step 1. In this step we show that for all bounded Lipschitz domains
G C Q there holds

O i 0 strongly in L*(0,T; L*(G)) N L*(0,T; L*(0@)) . (6.15)

Proof of (6.15). le < s < 1 and a bounded Lipschitz domain G C §2.
From (1.10) it follows

T T
—/ Ok, ) (t) dt Z/ (<9kuk7v¢>G - <V9k7V¢>G>"7(t) dt  (6.16)
0 0

for all ¢ € CSO(G) and n € C5°(]0,T[). We use the continuous imbedding
L*(G) % H1(Q) to identify 0x(t) for a.a. t € [0,T[ with the functional
¢ (Or(t),d)a, ¢ € H(G). Thus, we obtain from (6.16) with (6.2), (6.3)

/H ekH“/?’ dt<c/ <||9kuk||2/3+||V9k\|4/3)dt§c (6.17)

for all £ € N with a constant ¢ > 0 independent of k. Consider the imbedding
scheme (see (2.1))

HYG) < . W*2(@) = HYG). (6.18)

compac continuous

From (6.2), (6.17), (6.18) and |24, Theorem 3.2.2] we get the existence of
a subsequence (6, )ken Which is strongly convergent in L2(0,T; W*2(Q)).
Since 0 — 6 as k — oo in L?(0,T; L*(G)) it is possible to choose mj, =
k,k € N. Looking at the continuous operator W*2(G) — L2?(0G) we see

that (6.15) holds. O
Step 2. In the following we want to show that
T T
i [ (00 Ohon, dt = [ (30, 6)an (6.19)
k—o0 0 0

for all ¢ € C5°([0, T[xR™) where A is defined by (1.16).
Proof of (6.19). Choose an open ball B := B,.(0) C R" ! with 0 < r < oo
such that

supp(¢) C { (t,2',x,) € [0, T[xR"' x R; 2’ € B}.
Define

=+/1+|Vhg(2')|? fora.a. 2’ € BandallkeN,

and @ := [0, T[xB. We get

‘/Oka, B oo, dt — /OT<A9, a0 dt‘

< / | (0k0)(t, ', —hg(2')) — (O9)(t, 2", 0) | sp(2") d(2', 1)
9 (6.20)
T / [ (6k9)(t,2",0) — (86) (t,2",0) | sp(a’) (2, 1

—i—‘/@qﬁ )(t,2',0) sk /Rnl\/mduw/ ) )‘

for all k& € N. Introduce G := {(«/,2,) € R";0 < z, < 1,2/ € B}.
By (5.15), the boundedness of (sg)ren in L*°(B), the uniform convergence
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of ¢(t,2', —hg(z')) for (t,2’) € @, and (6.15) we obtain that the first two
terms on the right hand side of (6.20) tend to zero as k — oo.

To show that the third term in (6.20) converges to zero introduce the
Carathéodory function

Y N) =1+ [N\2, 2/ €B,XeR" L (6.21)

By assumption (Vhg)gen generates v. Combining Theorem 4.1 with the
uniqueness statement in [21, Lemma 6.3] it follows that properties (ii), (iii)
stated in Theorem 4.1 are fulfilled with my = k, k € N. Therefore

sp — <x'HAn_1\/l+]A\2dux/(A)> (6.22)

k—o0

in L'(B) and even in L?(B) due to the the boundedness of B. Especially
we get for a.a. t € [0, T

lim [ (0¢)(t,2",0) sg(z’) da’

k—oco Jp
= [@orea'0) [ VIF ROy a
B Rn—1

Due to the boundedness of (sg)ken in L°(B) and (6.23) we conclude with
Lebesgue’s dominated convergence theorem that the third term on the right
hand side of (6.20) tends to zero as k — oco. Altogether (6.19) holds. O
Analogously we can prove

(6.23)

T T
lim <C, ¢>an dt = /0 <AC, (Z)>BQ for all ¢ € Cgo([O,T[XRn). (6.24)

k—o0 0

Step 3. Since (ug,0x)ren is a weak solution of (1.1) in [0, T[x 2 there
holds

T T T
—/“wm@mﬂn+/<V@xwmwﬁ+/<wfV@@mﬂn
0 0 0 (6.25)

T
—_A(@—Q@WMH%%¢@mk

for all ¢ € C§°([0,T[xR"™)). From [1, Theorem 5.8|, n € {2,3}, and the
equi-Lipschitz continuity of (hx)keny we get

10k () ur (O ll2,00 < 10k(E) [l4,0 lur(t)] 4.0,

< [0 (0) Y on 18 D30 o ek D115 3, lan (D30

3/2 3/2 )

1/4 1/4
< C||0]€| 27/oo7Qk,T”uk||27/oo,Qk,T(Hek(t)HHl(Qk) + ||uk(t)||H1(Qk)

for a.a. t €]0,T[ and all k € N with a constant ¢ > 0 independent of k.
From (6.2), (6.3) it follows that (fpuz)ken is bounded in L*/3(0,T; L?(Q)).
From (1.14), (6.15) we get

Opur, — Ou  in LY3(0,T; L2(Q)). (6.26)

k—o00
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Integration by parts in space and employing (5.18), (6.26) implies

T T
lim (uk . V&k, ¢>Qk dt = — lim <9kuk, V(b)Qk dt
k—o0 0 k—o00 0
T
_ / (0u, V) dt (6.27)
0

T
:/ (u- V0, p)q dt
0

for all ¢ € C§°([0,T[xR"™). Passing to the limit in (6.25) and making use
of (1.14), (6.27) and of (6.19), (6.24) yield (1.10). O

Lemma 6.3. We have u(t) € WOIUQ(Q) for almost all t € [0,T7].

Proof. First we prove the following

Assertion. Let (vg)ren be a bounded sequence in HY(Qg), let v € H()
such that v, — v as k — oo in HY(Q). Then v € H} ().

To prove the assertion consider an open ball B C R"~! and define G :=
{(z',2,) €ER% 0 <, < 1,2 € B}. Since the operator H(G) — L*(0G)
is compact it follows v — v as k — oo strongly in L?(0G). Therefore

k—o0

Jim / (@', 0) — v, 0)| da’ = 0. (6.28)
B
We use (5.14), (6.28) and vg|pq, = 0 to obtain
/ lv(2,0)] dz’
B

S/ \U(x’,O)—vk(x’,O)\da;'—i—/ log(2,0) — v (2!, —hg(z))| da’ .
B B

—0 as k—oo

Thus [p.—1 |v(2’,0)| dz’ = 0 and consequently v|so = 0. O
To prove Lemma 6.3 we define for k€ Nand § > 0 withd <T — ¢

ul(t) = @ pa)(t) = [ @t~ TIon(r)dr, te T3],
R

where (ps)s>o is a smooth Dirac sequence with suitable compact support
and ug(7) := 1o 7((7)ux(7). Then the sequence (ul (1)) ken with t € [6,T — 0]
has the properties of the sequence (vg)ren of the assertion above. Hence
u®(t) € H3(Q) for all t € [6,T — 6]. Since u®(t) — u(t) for § \, 0 strongly in
H(Q) for a.a. t € [0,T[ we get u(t) € H}(Q) for a.a. t € [0,T].

From uy(t) € L2(Q,) for all k € N and a.a. t € [0, T[ and (1.14) it follows
divu(t) = 0 for a.a. t € [0,T]. Further, from [16, Chapter ITI, Section 4.3] we
get Wy 2(Q) = {v € HY(Q);dive = 0,v|aq = 0}. Altogether u(t) € Wy7(Q)
for a.a. ¢t € [0,T7. O

Proof of Theorem 1.2. Combine Lemma 6.1 and Lemma 6.2 to get that
(u, 8) satisfies (1.9), (1.10) for all test function ¢ and w as in Definition 1.1.
From Lemma 6.3 we obtain u(t) € Wol[f(Q) for a.a. t € [0,T7. O
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7. PROOF OF THEOREM 1.3

Step 1. Choose w € R"~! with |w| = 1. Introduce

2R SR, 2(2):= (A(m’,O))2 —1lw
Consequently,

A(@',0) = V1 + |2(2')]? (7.1)
for all z = (2/,0) € 0Q with 2’ € R"!. Define the Young measure v =
(Vﬂc’)x’eR”*1 by

1

vt i= 5 (0 +0a) @l R

By Theorem 4.3 there exist non-negative functions h; : R"~! — Rk €
N, such that (hj)ren is bounded in WH°(R"™1), we have that (Vhg)gen
generates v and hj — 0 strongly in L>°(R""!) as k — oco. For every k € N
the function hy can be redefined on a null set of R*~! such that hj : R*~! —
Rg is Lipschitz continuous. Altogether, the sequence (hg)ren is admissible.
Further, the definition of v and (7.1) imply that

A(2',0) = / V14 [N2duyg () for aa. 2’ € R"L (7.2)
Rn—1
Step 2. Define
Q= { (@, 2n) ER 2y > —hp(2);2’ e RV} EeN

Making use of Theorem 3.1 we obtain for every k € N a weak solution (ug, 6)
of the Boussinesq equations (1.1) in [0, T[xQ (with data g,(|j07(xo, and
uo, o|q,, ) satisfying the energy inequalities (1.11), (1.12) (where Q is replaced
by Q) and the boundary conditions (1.17).

Therefore we can choose u,0 € L°°(0,T; L?(2)) N L2(0,T; H'(R)) and a
subsequence (U, , Om, )ken such that

Uy, =" uin L>®(0,T; L*(), um, — u in L*(0,T;HY(Q)),
00 k—o0

Om,, —*0 in L=(0,T;L%(Q)), 6pm, — 6 in L*0,T;H(Q)).
k—o0 k—o0

Theorem 1.2 in combination with (1.16), (7.2) implies that (u,#) is a weak
solution of (1.1) with boundary conditions (1.18). O
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