OPTIMAL INITIAL VALUE CONDITIONS FOR THE
EXISTENCE OF STRONG SOLUTIONS OF THE
BOUSSINESQ EQUATIONS

CHRISTIAN KOMO

ABSTRACT. Consider the instationary Boussinesq equations in a smooth
bounded domain Q C R?* with initial values ug € LZ(Q), 6o € L*(Q) and
gravitational force g. We call (u, ) strong solution if (u,#) is a weak
solution and additionally Serrin’s condition w € L*(0,7; L9(2)) holds
where 1 < s,q < oo satisfy 2 + % = 1. In this paper we show that
15 le™*uo |5 dt < oo is necessary and sufficient for the existence of such
a strong solution (u, 8) in a sufficiently small interval [0, 7,0 < T < oo.
Furthermore we show that strong solutions are uniquely determined and
that they are smooth if the data are smooth. The crucial point is the
fact that we have required no additional integrability condition for € in
the definition of a strong solution (u, ).

1. INTRODUCTION AND MAIN RESULTS

Let Q C R3 be a domain, and let [0,7[,0 < T < oo, be a time interval.
Then we consider the Boussinesq equations

ug — Au—+u-Vu+ Vp =bg in 0, T[x2,
divu =0 in |0, T[xQ,
0 — A0 +u-VO=0 in )0, T[x92, (1.1)
u=0, 6=0 on ]0,T[x0%,
u=1uy, 6=~0 att =0,

where u denotes the velocity of the fluid, 6 the difference of the tempera-
ture to a fixed reference temperature and p denotes the pressure. Further,
ug, 0y are the initial values. For mathematical completeness we allow a
time dependent gravitational force g = ¢(¢,z). However, in most appli-
cations the gravitational force is a constant vector field in time. To sim-
plify the notation we have set the density, kinematic viscosity and thermal
conductivity to 1. The Boussinesq equations constitute a model of motion
of a viscous, incompressible buoyancy-driven fluid flow coupled with heat
convection. For further information about the Boussinesq system we re-
fer to [17, 22|. The Boussinesq equations have been investigated by many
researchers, see e.g. [1, 2, 3, 11, 12, 14, 16, 18, 21] and papers cited there.
We need the following space of test functions:

CE([0, TT; G5 (9) = {wljorien sw € C3(] = 1, T[xQ) sdivw =0},
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Motivated by the concept of a weak solution of the instationary Navier-Stokes
equations (in the sense of Leray-Hopf) we arrive at the following

Definition 1.1. Let Q C R? be a general domain, let 0 < T < o0, let
g:]0, T[xQ — R3 be a measurable vector field. Further assume ug € L2(Q)
and 0y € L?(Q2). A pair

w € LX(0,T5 L5(2)) 0 Lioe ([0, T[ Wy 5 (). (1.2)
0 € L*(0,T; L*(2)) N Lie ([0, T[; Hy (2)) (1.3)
with 8g € LL ([0, T[; L?(Q2)) is called a weak solution of the Boussinesq sys-

loc

tem (1.1) if the following identities are satisfied for all w € C§°([0, T'[; C§5(2))
and all ¢ € C3°(]0, T[xQ):

— (u, w)o,r + (Vu, Vw)or + (u - Vu,w)or = (0g, w)yor + (uo, w)a,
—(0,90)ar +(VO,Vo)ar + (u-V,d)ar = (0o, #(0))q.

In the identities above (-,-)q, (-, )o,7 denotes the usual L?-scalar product in
2 and in ]0, T[x €, respectively.

Given a weak solution (u,6) of (1.1) we may assume, after a possible re-
definition on a set of Lebesgue measure 0, that u : [0,T[— L2(f2) and
6 : [0, T[— L*(Q) are both weakly continuous functions and the initial values
ug, fp are attained in the following sense:
%{%(u@)v w)Q = <U0, w>Q ) 1151\1"%<9(t)7 ¢>Q - <907 ¢>Q

for all w € L2(Q) and all ¢ € L2(Q). If g € L*(]0,T[xQ) it can be
proved using the Faedo-Galerkin method that there exists a weak solution
(u,0) of (1.1) in [0, T[x Q. We can show this analogously as in |16, Theorem
1] where the corresponding result is proven in the case of mixed Dirich-
let/Neumann boundary conditions. Moreover, there exists a distribution p,
called an associated pressure, such that

uy — Au+u-Vu+ Vp =tg

holds in the sense of distributions in 0, T'[x£2, see [19, V.1.7]. For exponents
s,q with 1 < g, s < oo we define the Serrin number by

S(s,q) == 2 + §
s q

Up to now, uniqueness and regularity of a weak solution w of the three-
dimensional instationary Navier-Stokes equations is an unsolved problem.
However, it is known that uniqueness and regularity holds if additionally
Serrin’s condition w € L*(0,7;L(2)) holds where 1 < s,¢ < oo with
S(s,q) = 1. Since the Navier-Stokes equations can reduced to the Boussinesq
equations we give the following definition.

Definition 1.2. Consider data as in Definition 1.1. We say that (u, ) is a
strong solution of (1.1) if (u,#) is a weak solution of (1.1) and if there are
exponents 1 < s,q < oo with S(s,q) = 1 such that u € L*(0,T; L4(R2)).

The present paper deals with optimal initial value conditions, uniqueness
and regularity of strong solutions as defined above. The crucial point in
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this analysis is the fact that we have required no additional integrability
condition for 6.

Our first main result is a sufficient criterion for the existence of a strong
solution of (1.1). We denote by A = Ag, A = Ay the Laplace and Stokes
operator, respectively. For further information about these operators we
refer to the preliminaries.

Theorem 1.3. Let Q C R? be a bounded domain with 0 € C*', let 0 <
T < o0. Consider 1 < s,q < oo with S(s,q) = 1. Let 1 < s1,52,q1 < o0 be
defined by

1 1 1 1 1 1 1 1
s1 2 s @ 2 q sa 2 s

Consider g € L*2(0,T; L4(2)) N L*(0,T; LP(QQ)) where 1 < p,p < oo satisfy
S(p,p) = 3 and 2+ g > q% + % . Further assume ug € L2(Q),0p € L*(Q).
Then there exists a constant €, = €,(€2, p,q) > 0 with the following property:
If the conditions

T
/0 lle ™ Aupl|S dt < e, (1.4)
T
/ "2 00|15t dt < e, (1.5)
0
9]l < €, (1.6)

are satisfied, then there exists a strong solution (u, ) of the Boussinesq equa-
tions (1.1). After a possible redefinition on a null set, u : [0, T[— L%(Q) and
6 :[0,T[— L*(Q) are strongly continuous and the energy equalities

1 t 1 ¢
IO+ [ IvulEar = Sl + [ @gmadr. 1)

1 t 1
ﬂﬂm@+AHVﬂﬂﬁM=2Wﬂ% (18)

are satisfied for all t € [0,T[. Moreover (u,0) is the only strong solution
of (1.1) in [0, T[x€Q.

Remark. Tt follows from (2.2), (2.4) below that e *4ug € LI(Q) for a.a. t > 0
and consequently the left hand side of (1.4) is well defined. It is easy to see
that for all ¢ > 3 there exists p > 2 satisfying 2 + % > q% + %. Therefore, the
requirements on u,p can be fulfilled for all possible exponents s,q. In the
case 3 < q < 9 it is possible to choose p = ¢;.

For a proof of this theorem we refer to Section 4. The idea is to construct
(u,0) as a solution in L5(0,T; LE(2)) x L51(0,T; L%(Q)) of a suitable non-
linear system, see (3.14) below. The estimates needed to solve this system
with the help of Banach’s fixed point theorem are presented in Lemma 3.2.
The final step is to prove that (u,#) fulfils (1.2), (1.3) and is therefore a
strong solution of (1.1).

In [5, 6] the authors proved that (1.9) below is the optimal initial value
condition on ug € L2(Q) to get a strong solution u € L*(0,T;L4(£)),0 <
T < o0, of the instationary Navier-Stokes equations in a smooth bounded do-
main  C R3 where S(s, q) = 1. In the following theorem we show that this
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condition also characterizes the class of initial values ug € L2(2),6 € L*(Q)
that allow a strong solution of the Boussinesq equations (1.1) in a sufficiently
small interval [0, T[,0 < T < oo. Especially no additional integrability con-
dition is required for 6.

Theorem 1.4. Consider Q,T,g and exponents s,q,s1,52,q1 as in Theo-
rem 1.3. Further assume ug € L2(S2),00 € L?(Q). Then the condition

[o@)
/ e~ g 2 dt < oo (1.9)
0

is mecessary and sufficient for the existence of 0 < T < T and a strong
solution (u,0) with u € L*(0,T7"; LY(Q)) of the Boussinesq equations (1.1).

It is known (see [16, Theorem 3|) that weak solutions of the Boussinesq equa-
tions are uniquely determined if uw € L*(0,7;L%(Q)),0 € L*(0,T; L1(2))
where S(s,q) = 1. The following uniqueness theorem for (1.1) needs no
additional integrability condition for 6.

Theorem 1.5. Let Q C R? be a bounded domain with 09 € C*t, let 0 <
T < o0, and 1 < s,q < co with S(s,q) = 1. Consider g € L}, ([0,T[; LP(£2))
where 1 < p,p < oo satisfy S(p,p) = % and 2+2 > q% +% . Assume
that (u1,01) and (ug,02) are weak solutions of (1.1) such that additionally
ur,ug € L§ ([0,T[; LY(SY)). Then ui(t) = ua(t) and 01(t) = O2(t) for almost
allt € [0,T7.

The next theorem states that strong solutions (u,#) of (1.1) are smooth if
the data are sufficiently smooth. A proof can be found in Section 5. In this
theorem we allow domains which are not necessarily bounded.

Theorem 1.6. Let Q C R? be a uniform C?-domain (which is not neces-
sarily bounded) such that Q is also a C*°-domain. Let 0 < T < oo and
g € C§°(]0,T[xQ). Consider ug € W&’i(Q),GO € H}(Q). Let (u,0) be a
strong solution of (1.1) in [0, T[xS2. Then, after redefinition on a null set of
10, T[x 2,

ue Cp(le, T'xQ), 6 Cphle,T'[xQ) (1.10)
for all e, T" with 0 < e <T' < T. There exists an associated pressure p of u
satisfying

p € Crle, T'[xQ) (1.11)
for all e, 7" with0 <e<T < T.

The paper is organized as follows: In Section 2 we present some preliminaries.
Section 3 deals with the construction of a fixed point needed for the proof
of Theorem 1.3. In the following section we will prove Theorems 1.3-1.5.
Finally, Section 1.6 is dedicated to the proof of Theorem 1.6.

2. PRELIMINARIES
Given a domain  C R",n € N, and 1 < ¢ < 00,k € N, we need the
usual Lebesgue and Sobolev spaces, L4(Q), W*4(Q) with norm || - za(o) =
|- llg and || - [[yr.a(q), respectively. For two measurable functions f, g with

f-g € LY(Q), where f-g means the usual scalar product of vector or matrix
fields, we set (f, g)a = [, f(x) - g(z) dz. Note that the same symbol L?()
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etc. will be used for spaces of scalar-, vector- or matrix-valued functions.
Let C™(Q),m = 0,1,...,00, denote the space of functions for which all
partial derivatives of order |o| < m (Ja] < co when m = c0) exist and are
continuous. As usual, C§*(€) is the set of all functions from C™ () with
compact support in Q. Further C§%,(Q) := {v € C5°(Q); dive = 0}. For
1 < g < oo we define LL(Q) := C&U(Q)H-”q and Wol”f(ﬂ) = Cg,og(Q)”'HWl’z.
For 1 < ¢ < oo let ¢/ be the dual exponent such that é + % = 1. It is well
known that LZ(Q)" = Lgl(Q) ,1 < ¢ < 00, using the standard pairing (-, -)q.

Given a Banach space X, 1 < p < oo, and an interval |0, 7| we denote by

LP(0,T; X) the space of (equivalence classes of) strongly measurable func-
1

tions f :]0,T[— X such that || f]|, := (fOT I f ()% dt)p <oifl <p<oo
and | f|loo 1= esssupyejo (|| f(t)||x if p = oc. Moreover

LP

loc

([0,T[; X) :={w:[0,T[— X strongly measurable,
ue LP(0,7"; X) for all 0 < T' < T'}.

If X =L9Q), 1< q < oo, the norm in LP(0,T; L9(2)) will be denoted by

[ llgpi-
Fix a bounded domain 2 C R? with 9Q € C?*! and 1 < ¢ < oo. Let

P, : LY(Q) — LI(Q), be the Helmholtz projection and let A, denote the

Laplace operator with domain D(4A,) = Wol’q(Q) N W24(Q). We introduce
the Stokes operator by

D(A,) = LL(Q) NWy Q) nW2(Q), Agu:=—P,Au, uecD(A,).
The Stokes operator is consistent in the sense that for 1 < ¢,r < oo
Aqu=Au Yue D(A;) ND(A). (2.1)

Throughout this paper we will write A = Ay. For a € [0, 1] the fractional
power AY : D(AJ) — L(Q) with dense domain D(AJ) C Lg(f2) and range
R(AY) = L§(Q) is a well defined, bijective, closed operator (see [8, 9]). In

particular the inverse operator (AZ‘)_1 = A, is a bounded operator on
L3 (). Further (Ag) = AZ for the adjoint operator. The space D(Ag)
equipped with the graph norm |[ul[p(ag) := ||ullq + [|Agullq which is equiva-

lent to ||Agull, is a Banach space. Analogous properties hold for fractional
powers (—Ag)* : D((—Ay)*) C LI(Q) — LI(N) of —A,.

It is well known that —A, generates a uniformly bounded analytic semi-
group {e ;¢ > 0} on LL(Q) and that A, generates a bounded analytic
semigroup { e?®4;¢ > 0} on L(Q). The decay estimates

A2 |, < et™, t>0, (2.2)
(=A%), <ct™ >0, (2.3)
are satisfied where a > 0,¢ > 1, and ¢ = ¢(€2, ¢, &) > 0. There holds
ully < cl[AGully,  Yu € D(Ag), (2.4)
[olly < cll(=Ag)“dllq Vo € D((—Ag)?)
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with a constant ¢ = ¢(2,¢,a) > 0 where 0 < a < 1,1 < ¢ < oo with
200 + % = %. Furthermore

D(A,%) = Wy () N LEQ),  |[Vulg < el A ?ullg,u € D(A?),  (2.6)

DI = W) Vel <l (-5 Pula v € D=2

for all 1 < ¢ < oo with a constant ¢ = ¢(€,¢q) > 0. If ¢ = 2 it is possible
to choose ¢ = 1 in (2.2), (2.3), (2.6), (2.7). We refer to [7, 8, 9, 10] for the
results above and further properties.

To proceed we formulate integral equations which characterize weak solu-
tions of the Boussinesq system (1.1).

Lemma 2.1. Let Q C R? be a general domain, let 0 < T < oo, let g :
10, T[xQ — R? be a measurable vector field. Further assume ug € L2(Q) and
0o € L*(?). Then (u,0) satisfying (1.2), (1.3) and 0g € L} ([0,T[; L*(2))
is a weak solution of (1.1) if and only if the integral equations

u(t) = e ug + /t 6_(t_T)AP(9(7')g(7‘)) dr
e (2.8)
— A1/2/ e_(t_T)AA_l/QPdiV(u(T) @ u(r))dr,
0

0(t) = 200 — (—A)? / t A=A 2div(0(r)u(r)) dr - (2.9)
0

are satisfied for almost all t € [0,T].

Proof. The representation formula (2.8) follows from [19, Chapter IV, Sec-
tion 2.4] with f := fg € L _([0,T[; L*(2)). To prove (2.9) we replace —A
by A and use the same argumentation as in the proof of (2.8). O

3. CONSTRUCTION OF A SUITABLE FIXED POINT

The proof of Theorem 1.3 is based on the construction of a solution of the
system (3.14) below. To solve this system with the help of Banach’s fixed
point theorem we need the estimates presented in Lemma 3.2. In the follow-
ing lemma we use the boundedness of ) to show that the assumption p > %
in [4, Lemma 3.1| can be removed.

Lemma 3.1. Let Q C R? be a bounded domain with 0Q € C*! and p >
1,F € LP(Q). Choose r,o > 0 with
3 3

20+-=—-, 0<o0<
roop

There exists a unique element in L7 () denoted by A7 PdivE € L7(92)
with

. (3.1)

| =

(Ao PdivE, A w)g = —(F, Vg (3.2)
for all w € D(Ai,/%rg). There holds
1A 2 PdivF |, < e F)l, (3-3)

with a constant ¢ = c¢(Q,p,r) > 0.
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Proof. From 2 - % + % > % it follows 2 - % + z% > % Sobolev’s imbedding
theorem yields the continuous imbedding

Wh(Q) <= LY (Q). (3.4)
(If »* > 3 we use the boundedness of €2.) Fix w € D(A,s). Using (2.6)
and (3.4) we see w € D(A;,/z). From the consistence of the Stokes operator

(see (2.1)) it follows Azl),/gw = Ai,mw. Further, since Ai,/Qw € D(A1/2

) we
get from (2.6), (2.4)

(P, Vw)al < | Fll| Vel
1/2

< | Fllpll Ay w]l,y
1/2

= | Fll[|AY *w]],

1/2+
< | F || A wl,

with a constant ¢ = ¢(2,p,7) > 0. The rest of the proof can be finished
as in [4, Lemma 3.1]. There are no problems occurring although we allow
1<p<oo. O

In the same way (—A,)"/277divF is well defined by
(=An)T277divE, (=) *7g)q = —(F, Voo
for all ¢ € D((—A+)/?+7). We proceed with the lemma below.

Lemma 3.2. Let Q C R3? be a bounded domain with 9Q € C*1 and 0 < T <

oo. Consider 1 < s,q < oo with S(s,q) = 1. Let 1 < s1,q1 < oo be defined
by
1 1 1 1

B 11
2

si 2 s @ q
Consider g € L*(0,T; LP(S)) where 1 < u,p < oo satisfy S(u,p) = % and
24 % > q% + % . Define a := % + 2371 and the Banach spaces
X :=L°0,T;LL(2)), Y :=L"(0,T;L"(Q)).
(i) Define the bilinear form F; : X x X — X by

t
Fi(u,v)(t) :== —Ag‘/ e_(t_T)AqA;andiv(u(T) ®u(r)) dr
0

for a.a. t €[0,T7.
Then
[F1(u, )| x < cllu @ vl

g7 < dlullx[lv]x (3.5)

279
for all u,v € X where ¢ = ¢(,q) > 0 is a constant.
(ii) Define the bilinear form Fo : X XY — Y by

Fo(u,0)(t) == —(=Ag )" /O et Ra (A, ) "div(0(T)u(T)) dr

for a.a. t €[0,T7.

Then
[F2(u, 0)ly < cll0ul|2,0r < cllullx[|10]]y (3.6)
forallue X ,0 €Y with ¢ = ¢(€,q) > 0.
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(iii) Define the linear map L:Y — X by

(£0)(t) := /0 t e~ =DAPO(1)g(1)) dr for a.a. t € [0,T].

Then
1£0]|x < cllgllp,ur0]ly (3.7)
for all 0 € Y with ¢ = ¢(Q,p,q) > 0.

Proof. Fix u,v € L*(0,T; LE(Q2)) and § € L*(0,T; L1 ()).
Proof of (i). We use (2.2), (3.3) and get

[[F (u, v) (@)l < 0/0 |t — 7|7 Ay Pydiv (u(r) @ v(7))[lq dT
T
< c/o t— 71" lu(r) © v(r) g dr

for almost all ¢ € [0, T with ¢ = ¢(€,q) > 0. Apply the Hardy-Littlewood

inequality (see [20, Ch. V, 1.2]) with (1 — «) /2 to obtain
|’f(u>v) g % S C”u q,s; T”UHqu (38)
with ¢ = ¢(Q, q) > 0.
Proof of (ii). There holds 2 - 21 3 = % By an analogous version
a
of (3.3) for —A,, we get
1(=Ag,)~*div(O(t)u(®))llgy < (2, @) 0 u®)ll2 (3.9)

for a.a. t € [0,T[. It follows from (2.3), (3.9)
1(F2(u, 0))(#)llg < C/O |t =77 (=Ag) " div(0(r)u(T) ) g dr
T
<e [ =l dr

for a.a. t € [0,T[ with ¢ = ¢(Q,¢q) > 0. The Hardy-Littlewood inequality
with (1 —«) + % = %, combined with Holder’s inequality, yields

| F2(u, 9)”(11,51;T < CHHU”Z?;T < C(Qaq)HUH%S;TH@”qhsuT- (3.10)

Proof of (iii). Choose 0 < ¢ < 1 such that 20 + g = q% + %. Define
1 < Py, pe < 00 by
1 1 1 1 1 1
b« @ P s 51 W
Using (2.2), (2.4) yields

I0)Olla < 45, [ et B, (8(g(r)) dr

, P (3.12)
<e /0 1t — 7= 10(r)g (7). dr

for a.a. t € [0, 7] with ¢ = ¢(Q2, p,q) > 0. Since
1 1 1 1
l-0)+-=—=—+—
s pe ST M
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we can apply the Hardy-Littlewood estimate to (3.12) and get

| L6

‘q,s;T S CHQQHP*JM;T S C(Qap7 q)”g”pyﬂ;THGHQhSMT' g

Now we have all ingredients at hand to construct a solution of (3.14).

Theorem 3.3. Let Q C R? be a bounded domain with 0Q € C*t, let 0 <
T < c0. Consider 1 < s,q < oo with S(s,q) = 1. Let 1 < s1,q1 < 00 be
defined by

111 1 11

5T q q
Consider g € L*(0,T; LP()) where 1 < u,p < oo satisfy S(u,p) = % and
2+ % > q% + % . Then there exists a constant €, = €.(82,q,p) > 0 with the

following property: If By € L*(0,T; LL(Q)), By € L*1(0,T; LY (Q)) fulfil

N

1B lg,s7 + [ E2llgr 50 + [l

o, T < € (313)
then there exists u € L*(0,T; LE(Q)),0 € L51(0,T; L%(Q)) satisfying

u=FEy + Fi(u,u) + L0,

3.14
GZEQ—F.FQ(U,@) ( )

and
||U||q,S;T + H‘9||q1,81;T < 4(HE1Hq,S;T + ||E2||q1781;T)‘

Proof. Let XY, let Fi1,F2, L be defined as in Lemma 3.2, and let ¢ =
c(Q,p,q) > 0 be a constant such that the estimates (3.5), (3.6), (3.7) are
fulfilled. We endow X x Y with the norm ||(u, 8)||xxy := ||ulx + |||y and
obtain that X x Y is a Banach space. Introduce the nonlinear map

T:XxY—=>XxY, T(u0):=(E + Fi(u,u)+ L0, Es + Fa(u,0)).

Define €, := ﬁ Therefore

1
1£0]x < cllgllprlblly < 5101y

for all @ € Y. Introduce M := ||E1||x + || E2|ly. With no loss of generality
assume M > 0. Since 4cM < 1 we can define R as the smallest positive root
of the polynomial cx? — %x + M, ie.

R_%—\/%—%M_ oM
B 2c 1 1 '
L/t —dem
We define the closed ball B := {(u,0) € X xY;||(u,0)||xxy < R}. Hence
there holds

1 1
17w, O)llxxy < ellullx (lullx +10lly) + 5 l10lly + M < cR? + i+t M=R.
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Thus T'(B) € B. We obtain
|17 (u, 0) — T(@, 0)]|x xy
= (Fi(u,u — @) + Fi(u— @,a@) + L0 — 0), Fo(u, 0 — ) + Fo(u — @,6))

< c(llullx + @l x + 10]v)llu = allx + cllullx [0 = 0]y + %HQ —0lly
< 2¢R||u — || x + cR||0 — 0|y + %H@ — 0|y
< 2R+ 3)(u,6) = (3, 6) v

for all (u,0),(@,0) € B. We get from R < 4M and (3.13) that

1 1
2cR+ - <8M+ - < 1.
2 2
Altogether T : B — B is a strict contraction. By Banach’s fixed point
theorem there exists (u, ) € B with T'(u, ) = (u,0). Especially
llullx + [|0]ly < R < 4M. O

4. PROOF OF THEOREMS 1.3, 1.4 AND 1.5
Proof of Theorem 1.3. Step 1. Define
Ei(t) :=e g,  Ex(t) =6 for t € [0, T7. (4.1)

We use [19, IV, Theorems 2.3.1 and 2.4.1] to get By € L>(0,T;L2(2)) N
L2 ([0,T]; WOIUQ(Q)) and that Fj is a weak solution to the (linear) Stokes

loc
system with initial value ug and external force 0. Analogously it follows

Ey € L®(0,T; L*(Q)) N L2 ([0, T[; H3(Q)) and that Fs is a weak solution

loc
to the heat equation with initial value 6y and external force 0.

Let Fi,F2, L be defined as in Lemma 3.2 and let €, = €.(2,p,q) > 0 be
the constant constructed in Theorem 3.3. Thus, if

1B [lg.5m + 1 B2l g1 5057 + I gllpsr < € (4.2)
then there exists u € L*(0,T; LE(Q)),0 € L51(0,T; L%(Q)) satisfying
u=FEy + Fi(u,u)+ L0,
0 = By + Fao(u,0)

(4.3)

and
ullgsi + 10llgr.50:7 < 401 E g5 + [ E2llqy,00:7)- (4.4)
In the following assume that w € L5(0,7T; LE(Q)),0 € L*1(0,T; L1 (%))
satisfy (4.3), (4.4). We will show that, after a possible reduction of €, (see
the discussion following (4.8)), that (u,6) is a weak solution of (1.1), in
particular (u, 6) fulfils (1.2), (1.3).
Step 2. We obtain

10ull220 < [10llgy 157 [|ullg,57 < oo

Consequently fu € L?(0,T; L*(Q2)). By construction

0(t) = €20 — (—A)? / t TR (—A) 2 div (0(r)u(r)) dr
0
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for a.a. t € [0,7]. Thus, from [19, Chapter IV, Lemma 2.4.2| (with A
replaced by —A) it follows that 6 fulfils (1.3).
Step 3. Define

E(t) == Ey(t) + L(0)(t) = e Hug + /O t e~ DAP(O(r)g(r)) dr,  (4.5)
a(t) == — / t Ase” A g o pdiv((a+ E) @ (4 + E))(r) dr (4.6)
0

for a.a. ¢t € [0,7]. Thus v = ¢+ E. From g € L%2(0,T;L9(2)) we
get that g € LY(0,T;L%*()). Therefore [19, IV, (2.3.2)] implies VE €
L?(0,T; L*(2)). Let 1 < v < oo be defined by % = % + é. In the follow-
ing we use the consistence of the Stokes operator and duality arguments to
rewrite (4.6). We apply [4, (3.11)] (which is also true for a smooth bounded
domain) with r; = ¢/2,ry = g and F := u®@u € L3(0,T; L3(Q)) to (4.6)
and obtain

[ A AR (04 E) 6 (a4 ) 1)

for a.a. t € [0,T. Using (2.1) and F' € L2 ([0,T]; L7(Q)) yields

t

a(t) = — / AY2em A AP div((a+ B) ® (@ + E))(r)dr (4.7)
0

for a.a. t € [0,T[. Let J, := (I + %A%/Q)_l ,n € N, be the Yosida approxi-

mation of I in L (), so that u = J,u+ %A}/QJ,JL. For further properties of
Jpn, we refer to [19, II, Section 3.4]. Applying Yosida’s smoothing procedure
in combination with the consistence of the Stokes operator in the same way
as in [6] that leads from (2.46) to (2.48) in this paper shows that

27) (4.8)

for all n € N with a fixed constant ¢; = ¢1(€,q) > 0. Replacing e, by
min{e,, i} it follows from (4.4) that

|Ase2 Tutllaar < e ullgsr (|AY2 T,

1

Cl”““q,S;T < der (|| Ea ‘q,S;T + ||E2||q1781; )< 3 9’

By construction €, = €,(€2,p,q) > 0. We can apply the absorption principle
to (4.8) and get

1AY2 Ttz 2 < cllullgsr | VE 2,2 (4.9)

with a constant ¢ = ¢(2,¢q) > 0 independent of n € N. By a functional
analytic argument (see [19, II. (3.1.8), (3.1.9)]) in combination with the
consistence of the Stokes operator it follows @(t) € D(AY/?) for a.a. t € [0, T
and AY24 € L*(0,T; L*(Q)). Therefore Vi € L?(0,T; L*(52)).

Step 4. Since Vu € L?(0,T; L*(Q)) we can write

a(t) = — /O e EIANP (u- V) (r) dr
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for a.a. t € [0, T[. The same argumentation as in [6, page 640| shows that (4)
implies u ® u € L%(0,T; L*()). We get

t

) = — / AV2e=(=DA 12 iy (4 @ ) () dr
0

for a.a. ¢t € [0,T[. Therefore, @ can be considered as a weak solution of the

(linear) Stokes system with initial value 0 and external force f = —div(u®u)

where u ® u € L?(0,T; L?(92)). Then linear theory (see [19, IV, Theorems

2.3.1 and 2.4.1]) implies that @ satisfies (1.2).

Step 5. We have proven that (u, 0) satisfies (1.2), (1.3). Lemma 2.1 yields
that (u,6) is a strong solution of (1.1). We obtain (see |19, IV, Theorem
2.3.1]), after a possible redefinition on a null set, that u : [0, T[— L2(Q)
and 6 : [0,T[— L?(Q2) are strongly continuous. The uniqueness of a strong
solution follows from Theorem 1.5. The proof is complete. (]

Proof of Theorem 1.4. Let e, = €.(Q,p,q) > 0 be the constant con-
structed in Theorem 1.3. Let FEjp, E2 be defined as in (4.1). Since Ey €
L=(0,T; L*(Q)),VE, € L2(0,T;L*()) and S(s1,q1) = 3 it follows by
interpolation and the continuous imbedding H'(Q2) — L%(Q) that Ey €
L (0,T; L™ (92)).

First, assume (1.9). Due to ||E2|q ;7 + [|9]lpusm < 00 we can choose
0 < T’ < T such that (1.4), (1.5), (1.6) are fulfilled where T is replaced by
T'. Consequently, by Theorem 1.3 there exists a strong solution (u, ) with
we L0, T'; L)) of (1.1).

For the proof of the converse direction consider 0 < T” < T and a strong
solution (u,6) with v € L*(0,7"; LY(Q2)) of (1.1). From (1.3) it follows by
interpolation § € L*1(0,7"; L7 (£2)). By (3.7) we get L0 € L*(0,T"; L1(Q2)).
Using (2.8) we obtain

e Hug = u(t) — (L£O)(t) — a(t) (4.10)

for almost all ¢ € [0,7"[ where

t
alt) = — / A2~ DA 412 iy (u(r) © u(r)) dr
0

for a.a. t € [0, T'[. From [4, (3.11)] (which holds true for a bounded domain)
it follows

¢
a(t) = —/0 Ag‘e_(t_T)AqA;andiv(u(T) ®u(r)) dr
for a.a. t € [0,7'] where o := 3 + 23—(1. Consequently, (3.5) yields @ €

L5(0,T"; L9(R2)). Altogether, from (4.10) we get e~*4ug € L*(0,T; L9(9)).
From (2.2), (2.4) and S(s,q) =1 we get

o —tA s o *és(l*l) s
/ lle™  ug|l; dt < c/ t 272 |yg|5 dt < 0.
T T

Altogether (1.9) holds. U
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Proof of Theorem 1.5. Throughout this proof we will use the results of
Lemma 3.2 without referring back to them. Especially let s1,q1, t«, p« be
defined as in (3.2), (3.11). Further we introduce for 0 < 7" < T < oo and

1
f € L3(0,T; L9(Q2)) the notation || fqsz1 = (f,ﬁ Hf(t)ugdt) 3
Define

Tnaz = sup{T" € [0,T[; u1(t) = uz(t),0:(t) = O2(t) for a.a. t € [0,T']}.

Suppose by contradiction Ty,e, < T. Consider any T’ € [Ty, T[. By
Lemma 2.1 there holds

up — uz = Fr(ur, ur —ug) + Fi(ug — ug,uz) + L(01 — 62) ,
01 — Oy = Fo(ur — ug, 1) + Fa(ug, 01 — 62).
Thus

|lur — ug

q,5T"

< c(flur ® (w1 —u2)llg s + [ (ur — u2) @ uzllg s
+ 1161 = 02)gllp. i)

= c([lur ® (ur — u2)llg 573,00 10 + (w1 — u2) @ s
+ 1101 = 02)9llp. T )

< C( HulHq,s;TmM,T’ + ||u2‘

%7%§Tma:c7T/ (411>

q75§TmazyTl ) ||u1 - u2||Q75;Tma17T/

+ CHng,u;TmM,T’ 61 — 92||q1751§Tma17T/

with ¢ = ¢(2,p,q) > 0. The difference ||#; — 624, ,5,;77 can be estimated
analogously. We get

161 = 02 qy,s151 < C( 1 = w2l g, Tman, 77 101 | g1 51 Thma, 77
+ [lu2llg,5: a1 101 = 02l g1 51 Tomac, 7 )-
Altogether
ur — uallgs;rr + 1161 = O2llg, 50577
< e1(llurllgsiTiman, + 1u2llgsiTman  + 101 s 513700 7 ) 101 = U2l 5700 7

+ C1 (Hng7N§Tmaz7T/ + ||u2||q75§Tmaz7T/) ||01 - 92”‘]1751§TmazaT/
(4.12)

with a fixed constant ¢; = ¢1(Q2,p,q) > 0. Now T" > T}, can be chosen
such that the two conditions

I

AN

Cl(Hulnq,s;Tmaz,T/ + ||u2||q75§TmazyT/ + ||9||q1731§TmazyTl) S
(4.13)

FSQE,

&1 (Hg”p7M§Tmaz7T/ + ||U2 q»s;Tmaszl) S
are satisfied. From (4.12), (4.13) we get
[ur — U2”q,S;T’ + 1|61 — 92”(11781;T’ = 0.

Since T" > Ty,qz this is a contradiction to the definition of T},4,. Therefore
Toaz =T. O
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5. REGULARITY OF A STRONG SOLUTION

The goal of this section is to show the smoothness of a strong solution
(u, ) of (1.1) if the data are sufficiently smooth. The definition of a strong
solution (u,0) of (1.1) is ’asymmetric’ in the sense that we require u €
L5(0,T; LY9Q)), 2 + 2 = 1 but no additional condition on 6. Therefore,
the crucial point in the first step in the proof of Theorem 1.6 is to show
u-Vo e LE ([0,T[; L*(Q)).

loc

Theorem 5.1. Let Q C R3 be a uniform C?-domain, let 0 < T < oo.
Consider 1 < s,q < 0o with S(s,q) =1 and g € L ([0,T[; L*(2)). Consider

uy € Wolﬁ(Q),Go € H(Q). Let (u,0) be a weak solution of (1.1) with
we L5 ([0,T];L4S2)). Then the following statements are satisfied:

loc

(1) w fulfils

we L ([0, T W 2 () N LE([0, T H2(Q)), wp € L3, ([0, T]; L2(Q))
(5.1)
and
u-Vu € L} ([0, T[; L*(Q)). (5.2)

Moreover, there exists an associated pressure p of u with

P € Lipe([0, T LE,e(R) . Vp € Lo ([0, T]; L (). (5.3)
(ii) O fulfils
0 € Lig,([0,T[; Hy ()N Lo ([0, T HA(Q)), 0p € Lio([0, T L* () (5.4)

loc loc

and

w-VO e L2 ([0,T[; L*(Q)). (5.5)

Proof. Step 1. Replacing T by 77,0 < T' < T, we may assume with
no loss of generality that g € L8(0,T;L*(Q)),u € L*(0,T; L)) and
u € L*(0,T; Wolyf(Q)),G € L%(0,T; H(Q)). From (1.3) it follows by in-
terpolation § € L¥3(0,T; L*(R2)). Thus 8g € L*(0,T; L*(Q)). We consider
u as a strong solution of the instationary Navier-Stokes equations with initial
value up and external force f := 6g. From [19, Chapter V, Theorem 1.8.1]

we obtain (5.1), (5.2) and an associated pressure p of u satisfying (5.3).

Step 2. Fix 2 < v < 4. Define a := % Then % < a < % Choose

3 < r < 6, such that 2a + % = % We get with Sobolev’s imbedding theorem
and [19, Chapter III. (2.2.8), (2.4.18)] that

[u®) oo < cllu®)|lwrr@)
< (A2 rut)la + lut)]2) (5.6)
< (|| Au(t) |31 A 2u () 572 + [lu(t)]|2)

for almost all ¢ € [0,7'] with a constant ¢ > 0 independent of ¢. Integrat-
ing (5.6) yields

ulloo it < e(lAul3S Il AYully 2% + llull2qr) < oo (5.7)
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for all 2 <~y < 4. We know (see (2.9)) that

O(t) = Ea(t) 4+ 0(t) := "y — (—A)/? / t IR (=AY 2div (0(T)u(r)) dr
0

(5.8)
for a.a. ¢t € [0,T[. There holds
1(=2)122 0]z = [|e"(—2) 2602 < [|(—A)"260]»
for all £ > 0. Thus
Ey € L®(0,T; Hi(Q)). (5.9)

We use [19, Chapter IV, Lemma 1.5.3] (also true for (—A)) and obtain:
I(=2)e" 20 ||z2 = [|(—A)! /22 (=A) (=2)"26p2.

By the maximal regularity of —A (c.f. [19, IV, Lemma 1.6.2] for —A) it
follows that Es fulfils (5.4) where 6 is replaced by Es.

By (5.7) and V@ € L?(0,T;L?(Q)) it follows u - VO € L'(0,T;L?()).
Consequently, since div((6u)(t)) = (u- V6)(t) for a.a. ¢ € [0, T in the sense
of distributions in €2, we obtain

o(t) = — /0 t WA (- V) (1) dr (5.10)

for a.a. t € [0,7]. The proof of u- V@ € L?(0,T;L*(Q)) is based on the
following
Assertion.  Consider 2 < 1 < oo and assume VO € L7(0,T; L*(Q)).

Let 2 < 9 < 00 be defined by%—l—%:%. Then

V6 € L7(0,T; L*(Q)) (5.11)

for all 2 < v < 7.
Proof of the assertion. We get

I8 a0ll = | [ (8723w vo)r)

— 772 (u - T T
s/ow 72| (u- VO) (1) 2 d

for a.a. t € [0,T[. Define 1 < 73 < oo by ,713 = i—l— 7—11 Consequently,
the estimate ||u- V0|2 < ||ulloo|| V0|2, Holder’s inequality and (5.7) imply
u- VO € L7(0,T; L?(Q)) for all 1 < v < 3. Thus, the Hardy-Littlewood
inequality with § + 2 = L implies (=A)'/20 € L7(0,T; L*(2)) for all
1 <5 < 7. From (5.9) it follows (—=A)Y/2Ey € LY(0,T; L*(2)),1 < v < 7a.
Altogether, see (5.8), we get (—A)Y20 € L7(0,T; L*(Q)) for all 1 < v < 7o
and consequently, (see (2.7)) the proof of the assertion is finished. O

We use an iterative procedure to show u - V6@ € L?(0,T; L*(2)). First,
define 71 := 2. Consequently, we get VO € L7(0,T; L*(Q)) for all 2 < v <
4. In the next step, the requirements of the assertion are fulfilled for all
2 <7y < 4. Thus VO € L7(0,T; L?(2)) for all 2 < v < co. Especially
u-V0 e L*0,T, L*(Q2)).

Step 3. Since u-V6 € L?(0,T; L*(Q)) we obtain from [19, IV, Theorem
2.5.2] (with A replaced by —A) that  fulfils (5.4), (5.5). Thus 6 = 0 + Fs
satisfies (5.4), (5.5). The proof of this theorem is completed. O
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Looking at Theorem 5.1 we see that u and € obtain the same degree of regu-
larity. Now, well known methods developed for the Navier-Stokes equations
can be used to show the smoothness of (u, 6).

Proof of Theorem 1.6. From (2.8), (2.9) in combination with (5.2), (5.5)
we get

t t
u(t) = e ug + / e~ AP (0g) dr — / e~ APy - Vu) dr
N 0 (5.12)
0(t) = et — / 1D (. V6) dr
0

for almost all ¢ € [0, T]. By the maximal regularity of A and —A it follows
w+ Au= P(0g) — P(u- V) in L((0,T; L2(2)).

. ) (5.13)
0 — A0 = —u-Vo in Li,.([0,T]; L=(2)).

Further, let p be an associated pressure of u satisfying (5.3). A careful
inspection of the proof of [19, Theorem V, 1.8.2] shows that u,6,p can be
redefined on a null set of |0, T[x 2 such that (1.10), (1.11) are fulfilled. Every
step in this proof to increase the regularity of u can be used analogously to
increase the regularity of 6.

Acknowledgement. The author thanks Reinhard Farwig for his kind sup-
port.
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