On regularity of weak solutions to the instationary
Navier-Stokes system - a review on recent results
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Consider a weak instationary solution u of the Navier-Stokes equations in a do-
main  C R?, i.e., u solves the Navier-Stokes system in the sense of distributions
and

u € L*(0,T; L*(Q)) N L*(0, T; Wy ().

Since the pioneering work of J. Leray 1933/34 it is an open problem whether
weak solutions are unique and smooth. The main step - to nowadays knowledge
- is to show that the given weak solution is a strong one in the sense of J. Serrin,
ie,uelL’ (O,T; Lq(Q)) where s > 2, ¢ > 3 and %—1— % = 1. This review reports
on recent progress in this important problem, considering this issue locally on
an initial interval [0,T7"), T < T, i.e., the problem of optimal initial values u(0),
globally on [0,T), and from a one-sided point of view u € L*(T" — e, T"; L(£2))
orueL® (T’ T + € Lq(Q)). Further topics deal with the energy (in-)equality,
uniqueness of weak solutions and blow-up phenomena.
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1 Introduction

The Navier-Stokes system is the most classical model to describe the flow of a
viscous incompressible fluid, the so-called Newtonian fluids. Despite of about
80 years of mathematical analysis, since the seminal paper of J. Leray [36] on
the existence of global weak solutions in the whole space R? and corresponding
results of E. Hopf [29] for domains, basic questions on uniqueness and regularity
of weak solutions are still open. These fundamental problems are also of impor-
tance for the general theory of partial differential equations and brought Clay
Mathematics Institute in 2000 to classify the issue of regularity as one of the
seven Millennium Prize Problem, see C. Fefferman [22].

Given a domain Q C R? and a time interval [0,7), 0 < T' < oo, let there be
given an external force f : Q x (0,7) — R? and an initial value ug :  — R3.
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Then we are looking for a velocity field v and an associated scalar pressure
function p such that

—Au+u-Vu+Vp=f, divu =01in Q x (0,7,

(1.1)
u(0) = g, u=0on 02 x (0,T).

For simplicity the coefficient of viscosity v > 0 has been set to v = 1. The
nonlinear transport term u-Vu is defined by E?Zl u;0ju and can also be written
in the form u-Vu = div (u®u) since u is solenoidal; recall that u®v = (uivj);?”jzl
and div ((Fj;)i ) = (ZZ 10 F”) for a matrix field F' = (Fj;).

In this article we use standar(f notation for Lebesgue, Sobolev and Bochner
spaces spaces, i.e. (L9(Q) = L9, - ||g), (WEI(Q) = Wr || - |[jyrq), and
(L(0,7); L) = L (LY |- lgir = | - leeny). 1 < 5,4 < o0, respectively.
We do not differ between spaces of scalar-, vector- and matrix-valued functions.
The index o will denote a subspace of solenoidal vector fields, the subscript 0 a
subspace of functions with vanishing trace. Duality products of functions on {2
and 2 x (0,7") will be denoted by (-,-)q and (-,-)q,r, respectively.

To consider (1.1) as an abstract nonlinear evolution problem we introduce
the Helmholtz projection on L4(£2),

Py : L9Q) — LYQ) = Cgo ()1,

where 1 < g < oo and CF5,(2) = {u € C§°(Q) : divu = 0}. We recall that P,
is a well-defined bounded projection for bounded and exterior C''-domains and
defines an algebraic and topological decomposition

LI(Q) = Lg(2) © G4(©)

with LE(Q) = R(P,), the range of P, and G,(Q) = {Vp € LIY(Q) : p €
Ll (Q)} = N(P,), the kernel of Py; for details see [24], [45], [46].
Then we define the Stokes operator A, = —P,A on LE(Q), 1 < g < oo, by

D(Ag) = W29(9) nWe(2) N LE(S),
A, :D(A)) C LL(Q) — LL(Q), u— Aju=—P;Au.

It is well-known, see e.g. [14], that —A, generates a bounded analytic semigroup
{e~*44;¢ > 0} for bounded and exterior domains of class C1!. Since A, coincides
with A, on D(A4) ND(A4,), 1 <r, g < oo, we simply write A; by analogy, since
Pyu = Prufor u € C§5,(€2), we simply write P. Note that in general non-smooth
or general unbounded domains P and A may fail to exist, see [3], [38]. However,
for ¢ = 2 and any domain 2 C R3, Hilbert space methods can be used to define
P, and Ay = —P, A with the properties mentioned above.

Using the Helmholtz projection P and the Stokes operator A = —PA we
get rid of the pressure term Vp in (1.1) (P(Vp) = 0) and rewrite (1.1) as an
abstract nonlinear evolution equation

ut +Au+ P(u-Vu) = Pfin (0,T), wu(0)=wug (1.2)

in LZ(©2). Here we assume the condition ug € L(£2) leading to Pyug = ug. Now
we are in the position to introduce several notions of solutions u to (1.1).



Definition 1.1  (Definition of several notions of solutions)

1. A weak solution u (in the sense of Leray-Hopf) is a solution in the sense
of distributions, i.e.

—(u, w)op+(Vu, Vw)o r+(u-Vu, wyo,r = (f, w)or+(uo, w(0))o (1.3)
for all test functions w € C(‘)’O([O,T);Cgf’g(ﬂ)), lying in the Leray-Hopf

class
we CHr = L0, L) N LA (0, 1): (@) (14)
and satisfying the energy inequality (EI)
t t
Sl B+ [I1VulBdr < Jluol+ [(fwadr @9
0 0

for allt € [0,T). Redefining u on a subset of (0,T) of Lebesgque measure
equal to 0 we may assume that

w:[0,T) = L2(Q) is weakly continuous, (1.6)
oru € CY([0,T); L2()) for short.

2. A weak solution uw € LHrp is called a strong solution (in the sense of
Serrin) if there are exponents s,q such that

2 3
ue L*(0,T;LY(Q)), s>2,¢>3, =-+=-=1 (1.7)
s q

Under the assumption % + 2 = 1 the space L* (O,T; Lq(Q)) is called a
Serrin class.

3. A mild solution u € CO([O,T);Lq(Q)), 1 < g < o0, 18 a solution of the
nonlinear integral equation

u(t) = e Hug + / e~ DA(F(r) —div (u@u) (7)) dr.  (1.8)
0

which originates from the variation of constants formula applied to the
evolution problem (1.2).

4. Classical solutions have weak or even classical derivatives with respect to
time and space such that u;, Vu, Vu € LI(Q), ¢ > 1. A classical solution
satisfying u € C*° (Q X (O,T)) when f € C% (Q X (O,T)) and even u €
C>®(2x[0,7)) when f € C®(Q2x[0,1)), up € C®(Q) and I € C™, is

called a smooth solution.

5. Strong solutions (in the sense of mazimal regularity) are solutions of the
evolution equation (1.2) with f € L*(0,T;L%(S)) and adequate initial
value ugy such that e.q.

ug, Viu € L* (O,T; Lq(Q)) for some 1 < s, g < o0. (1.9)

For a more precise definition of mazimal regularity of the linear Stokes
system and its properties we refer to Section 3.



6. Very weak solutions are solutions u in Serrin’s class L® (O,T; Lq(Q)) as in
(1.7) with no differentiability (except for the weak divergence divu = 0).
To be more precise, for any test function w € C§°([0,7); 0870(5)) (i.e.

w(t) € C*(Q), w(t)|ag =0, divw(t) =0, suppw(t) C Q compact)

—(u, w)a,r — (U, Aw)o,r — (u @ u, Vw)a T
= (f,w)a,r + (uo, w(0))n (1.10)
divu(t) =0 in Q, u(t)-N=0 ondQ fora.a te(0,T).

Here N = N(x) denotes the outward normal at x € 02, and the tangential
component u— (u-N)N vanishes on 0Q due to the first equation of (1.10).

Let us recall several important results on these different notions of solutions.

Remark 1.2 1. The existence of weak solutions is known for arbitrary do-
mains 2 C R?, initial values in ug € L2(€2) and forces f € L'(0,7; L?(2)).
More generally, f may be assumed to be a functional of the form f = div F/,
F € L?(0,7; L%*(2)) so that in (1.3)

<f7 w)Q,T = _<F, VU))(LT.

2. Weak solutions can be constructed by several methods, e.g. by Galerkin’s
approximation method, approximation by time discretization or by ap-
proximation of the term w - Vu by Jyu - Vu via Yosida operators J; =
(T+3a12)

3. Weak solutions constructed as in 2. satisfy the energy inequality (ET) in
(1.5). The reason for the inequality rather than an equality is the use of
approximation techniques and the lower semi-continuity of the norm || - ||2
with respect to weak convergence. When {2 is bounded, the weak solutions
constructed as in 2. even satisfy the strong energy inequality (SEI)

t

t
1 1
SN+ [IVulBdr < Jlut)l3+ [(fudadr (1)
to to

for almost all to € [0,T) (including to = 0) and for all ¢t € (¢p, 7). In the
case of an exterior domain maximal regularity estimates yielding L*(L?)-
estimates of the associated pressure p are needed to construct a weak
solution satisfying (SEI), see [41].

When a weak solution satisfies (1.11) for a specific tg, we will say that
u satisfies (ET)y,. Hence

u satisfies (SEI) < w satisfies (EI)q, for a.a. to € [0,T7.

It is an open problem whether (EI) for a weak solutions implies (SET).
Moreover, it is even open whether every weak solution satisfying (1.3) and
(1.4) automatically satisfies the energy inequality (£I). Note that weak
solutions in our definition are assumed to satisfy (EI) = (EI)o.



4. One of the fundamental problems on weak solutions is the question of
uniqueness. A classical theorem, the so-called Serrin uniqueness theo-
rem, states that a weak solution u lying in a Serrin class L* (0, T; Lq(Q)),
see (1.7), is unique in the class of all Leray-Hopf type weak solutions.
Note that by definition a Leray-Hopf type weak solution satisfies (ET)
and that a weak solution in a Serrin class even satisfies the energy equal-
ity (FE), see 5. below. Uniqueness for a weak solution in the limit class
L>(0,T; L*(2)) was proved by Kozono-Sohr [35] and in [19], see also
Theorem 2.14 below.

5. Less restrictive assumptions than in 4. are needed to prove that a weak
solution u satisfies the energy equality (EE), i.e.

t

t
1 1
@B+ [19alBar = Jjuol + [(fwadr (112
0 0

for all t € (0,7). A classical theorem requires the condition
u e L*(0,T; L*(Q)) (1.13)

or equivalently v ® u € L? (O,T; LQ(Q)). In this case, the term u - Vu =
div (v ® u) has the same properties as the external force div F' with F €
L?(0,T; L*()). In particular, u may be used as test function w in (1.3)
leading to the integrability (u- Vu)u € L'(0,T;L'(2)) and the fact that
(u - Vu,u)q(t) = 0 for a.a. t € (0,7). Note that in the general three-
dimensional case a weak solution v € LH7 is not an admissible test func-
tion in (1.3).

Assumptions different to (1.13) were discussed by Shinbrot [44]: if
u € L™ (0,T; L)) where %+% < 1+%, q > 4, then u satisfies (EE). Ac-
tually, Shinbrot’s condition together with the Leray-Hopf integrability u €
L™ (O,T; LZ(Q)) implies by Holder’s inequality that v € L4 (O,T; L4(Q)).
A similar argument can be applied when u € L" (O,T; Lq(Q)), where
% + % <1+ %, r > 4, together with the fact that v € L2 (O,T; LG(Q)).
Definitely weaker assumptions than (1.13) will be discussed in §2.3.

6. The main open problem for weak solutions is the question of regularity,
see [22]: is every weak solution u (and an associated pressure p) of class
C® in space and time provided that f,u and 09 are of class C*®7 The
classical result requires that w lies in Serrin’s class L* (O,T; Lq(Q)) as in
(1.7); the proof of the implication v € L?* (O,T; Lq(Q)) = u,p € C® is
based on mathematical induction, cf. [47, Ch. V, Theorems 1.8.1 and
1.8.2].

7. A weak solution u of (1.1) is defined on the half-open interval [0,T") as
a solution of a partial differential equation. However, a careful check of
the proof of existence and of the definition shows that e.g. under the
assumption F € L? (O,T; LQ(Q)) the solution u can be extended to ¢t =T
and considered as a function u € C3,([0,T]; LZ(2)) and that the energy
inequality (and energy equality, if possible) do hold for all £ up to t =T



There are numerous results on conditional regularity, i.e., a posteriori con-
ditions on a given weak solution u to guarantee its regularity. Most of these
criteria are of Serrin type controlling Vu, w = rot u or various components of u,
Vu, w; other conditions work with the deformation tensor %(VQH— (Vu)T) or the
pressure p; concerning a recent review on results using the vorticity we refer to
|2]. Rather than trying to summarize and describe these results the focus of this
review is on a recent approach to use an optimal initial value condition on wg
and on function values u(t) of u for all or almost all ¢. These and further related
results, including also for unbounded domains, can be found in the articles [8],
[9], [10], [11], [12], [13], [15], [16], [17], [18], [19], [20], [21] and [33].

This article is organized as follows. In Section 2 we present the main results,
postponing the proofs to Section 3 - except for some short proofs. §2.1 starts
with the discussion of the optimal initial value condition on ug to guarantee the
existence of a local strong solution. The main Theorem 2.1 is the basis for most
of the following results and uses a Besov space characterization to be introduced
in the beginning. Next, §2.2 deals with further regularity criteria which either
in some sense are beyond Serrin’s condition or need the kinetic energy function.
Then we discuss conditions to guarantee the energy equality and the uniqueness
of weak solutions in §2.3. Section 3 contains all longer proofs, starting with
some preliminaries on the Stokes operator in §3.1. The proof of Theorem 2.1
can be found in §3.2, all other proofs in §3.3. Note that we consider mainly the
case of bounded domains, shifting further results on unbounded domains mainly
to the remarks.

2 Main Results

2.1 Optimal Initial Values

To describe an optimal condition on initial values ug € L2(€2) to allow for a local
in time strong solution u € L?* (O,T; Lq(Q)) of Serrin type of the Navier-Stokes
system (1.1) it is natural to require that the solution

u(t) = Eo(t) := e g

of the corresponding linear Stokes system with vanishing external force has the
property Ey € L* (O,T; Lq(Q)). Actually, this condition which is well-known
for the case of the whole space = R? yields also a necessary and sufficient
condition for smooth bounded and exterior domains, see [15], [17], [18] and [9],
[33], respectively. The integrability condition on Ejy, say

x
/||e_TAu0||ZdT < o0, (2.1)
0

can be considered in terms of Besov spaces. Starting with the classical Besov
space B;,/‘Z,(Q) for a domain Q C R? (cf. [50, Ch. 4]) where ¢', s' are the

conjugate exponents to ¢, s, respectively, and % + % =1, solenoidal subspaces

B2/s

gl
q,s

(@) = BS(@) N LE(Q) = {ve BY () : divo=0, N-v|, =0}

gL q,s'



were defined in [1]. Actually, IB%E,/;,

space (L (), D(4y)), Jow C LL () (|1, Prop. 3.4, (3.18)]) yielding an opti-
mal space of initial values uo such that Ey(t) = e *ug satisfies (Ey);, AEy €

(©) coincides with the real interpolation

s (0, T; Lg’ (Q)) ,1.e., Eyis a classical strong solution of the homogeneous Stokes
problem with initial value wy.
Here we do need the dual space

B 2/5(Q) := (BY,())". (2.2)

q,s q s

By elementary properties of real interpolation and the duality theorem [50,
Theorem 1.11.2]

!

B;g/s(ﬁ) = ((D(Aq')ng (Q))l/s’,s’>* = (D(Aql)*’Lg(Q))l/s’,s

since (LZI(Q))* = LL(2). Hence

Cas ~ ~|A~!
luollg 2 ”“0”(D(Aq»*,Lz(m)l,s,,s | “‘)”(Lzm),D(Aq))l_l,s,s
o 1/s (2.3)
~ |47 uollg + (/IIAe_TA(A_luO)IIZdT>
0

where the second equivalence of norms uses the identity (A~ ug, Ap)q = (uo, P)q
for ¢ € D(Ay) and the equivalence ||¢||y2.00 ~ ||Ag |y (for bounded €2). The
norm on the right-hand side of (2.3) is the norm of A~!ug in Bg{;(ﬁ), and, by
[50, Theorem 1.14.5], the interval of integration (0, c0) may be replaced by any
interval (0,6), 0 < § < oo, yielding an equivalent norm on ]B;E/S(Q). Finally,
for a bounded domain, the term ||Atugl|, in (2.3) may be omitted.

Given § € (0, 00] we denote the space B;g/s(ﬁ) also by

J 1/s
B (Q) = {uo o g+ = </y|e—TAu0||;dT) < oo}. (2.4)
0

Recall that B*(Q) C D(Ay)* is a reflexive, separable Banach space and that
all norms || - || 5*(0), 0 > 0, are equivalent. To be more precise, there exists
¢(6) > 0 such that

(O - sy < I+ llsze(0) < I lls22(0)-
For B (Q) we also simply write B%*(Q).

Theorem 2.1 Let Q C R? be a bounded domain with boundary 0 € C1', let
0<T§oo,2<s<oo,3<q<oowith%+%:1begiven, and consider

the Navier-Stokes system with initial value ug € L2(Q) and an external force
f=div F where F € L*(0,T; L*(Q)) N L*/2(0,T; LY%(Q)).



(1) There exists an absolute constant €, = e.(q,Q) > 0 with the following
property: If
[uoll gz + [1Fllg/2,5 /2 < €x, (2.5)

then the Navier-Stokes system (1.1) has a unique strong solution u €

L5 (0,75 L9(5)).

(ii) The condition ug € B (Q) is sufficient and necessary for the existence
and uniqueness of a local in time strong solution u € L® (O,T’;LQ(Q)) of
(1.1) for some 0 <T' < T.

Let us recall further results and extensions of Theorem 2.1.

Remark 2.2 1. A classical result, see e.g. [31], states that an initial value
ug € D(Az) allows for a local strong solution. The condition ug € ’D(A;M)
is due to Fujita and Kato [23] for a smooth bounded domain. Since this
result is based on L?-theory, it can be generalized to arbitrary bounded
and unbounded domains, see [47, Ch. V, Theorem 4.2.2]. Fabes, Jones and
Riviére |7] as well as Miyakawa [40| proved that the condition uy € L"(2),
r > 3, yields a local strong solution.

2. The condition ug € D(A%/4) has the important property of being scaling
invariant. To explain this notion recall that with a solution u of (1.1)
also uy(z,t) = Mu(Az, A\%t), A > 0, is a solution of (1.1) with the same
Reynolds number (here Re = L = 1) on the time interval (0, A72T) and
domain A~'Q. Note that

G

_ 3
lunllzszay = A E T ul Lo oy

Hence ||ux||ps(re) = [lullps(rey if and only if L*(L9) is a Serrin class; in
this case, the space L*(L%) (or its norm) is called scaling invariant.
The corresponding condition for the initial value is related to (ug)a(x) =

Aug(Az). Scaling invariant initial value conditions are ug € D(A'*) and
ug € L2 (). The latter case was considered by Kato [30] and Giga [27].

The condition ug € L3(£2) can be weakened to assumptions in Lorentz
spaces Lg’s(Q) when ¢ < s < oo, see [48]. Here we mention the continuous
embeddings

D(AY*) € LE(Q) C LI (Q)  BL () (2.6)
where each space is scaling invariant; for the latter embedding which holds
when ¢ < s < oo we refer to [1, (0.16)]. Replacing BL'(2) by BY*(2), the
family of spaces By (f2) is scaling invariant in the sense that § must be
changed to A 726 (and Q to A7 1Q) .

3. For a smooth exterior domain 2 C R3 similar results were obtained in
[9], [33]. It is also shown that the assumption F € L*/2(L9/%) (with
s/% + q% = 2, cf. Theorem 2.1) can be generalized to F' € L**(L%) with

2 4 qi = 2. Then the condition [;° ||e_TAu0HZ d7r < oo is necessary and

sufficient for the existence of a local strong solution u € L*(L?), %—i—% =1

8



4. For a general bounded or unbounded domain € C R? only L?-theory for
the Stokes operator and the Helmholtz projection is available. In this case
Theorem 2.1 (i) holds with the exponents ¢ =4, s = 8, cf. [17, Sect. 4].

5. The largest space of initial values to yield solutions in scaling invariant
function spaces was found by Koch and Tataru [32] for the whole space
case R3. Assume that ug € BMO™!, i.e., ug can be written in the form
ug = div f with some f € BMQO. Then there exists a local solution
u € L (R® x [0,00)) such that the scaling invariant norm

loc
1 R?
sup / / |u|2dyd7
z€R3,R>0 |Br(z)] Jo Br(z)

is finite; here Br(z) C R? denotes the ball with center z and radius R.

For simplicity let F' = 0 in the following. It suggests itself to use Theorem
2.1 (i) not only at tg = 0, but at all or almost all ¢y € [0,7) to show that a
weak solution is a strong one. In view of (2.5) we need more information on the
space B%#(€2) and on functions u : [0,T) — B{* (). Although the constant e,
in (2.5) cannot be determined precisely, we will fix some e, > 0 in the following
so that Theorem 2.1 (i) can be applied.

Definition 2.3 Let 0 # v € L2(). Then

0 if v ¢ BT5(Q)
d(v) :=< 0 €(0,00) ifveBL(Q) and ||“||B§’S = ex < ||vl|pes
oo if v € BY*(Q) and [|v]| e < e«

With an abuse of notation we set ||v||ge.s = oo when v ¢ B*(2).
For a weak solution uw € LHr of (1.1) we simply write 6(t) for §(u(t)).

The second case in Definition 2.3 is well defined: Assume that v € B%*()
and [|v]|ges > €4 Then the function V' : (0,00) — (0,00), V(1) := [|v]|ge is a
strictly increasing continuous function with range (0, [|ullzes) D (0,e«]. Hence
there exists a unique § € (0, 00) such that V' (§) = e,. The strict monotonicity of
V is based on the fact that if ||e" ™|, = 0 then 0 = (e”™v,v) = |le” /203
and consequently ||e*TA/2kv||2 = 0 for all £ € N; in the limit & — oo we get
v = 0 due to the strong continuity of the Stokes semigroup.

Lemma 2.4 Let u € LHp be a Leray-Hopf type weak solution of (1.1), and
0> 0.
(i) If additionally u € L>([0,T); BE*(€2)), then u € CY([0,T]; BE*(2)). In

particular, ||u(t)||331s is a lower semi-continuous function of t € [0,T], and
ol oy = sup [fu(h) gy 27)
t€[0,77]

(i1) If u € LHr is not necessarily contained in L>([0,T); BY*(2)), then the
function [0,T] — [0, 00], ¢+ Hu(t)||3§,s is lower semi-continuous.
(#i) The function 6(-) from Definition 2.3 is upper semi-continuous.



For the problem of local regularity we need the following terminology:

o u is left-sided L*(LY)-regular at ty € (0,7T] if there exists € = e(tg) € (0, to)
such that u € L*((to —€,10); L1(2))

e u is right-sided L*(LY)-regular at ty € [0,T) if there exists ¢ = e(ty) €
(0,T — to) such that u € L*((to,to + €); LY(2))

o v is L*(L?)-regular at to € (0,T) if w is left- as well as right-sided regular
at tg.

Theorem 2.5 Let u € LHr be a weak solution of (1.1) in a bounded smooth
domain Q C R? satisfying the strong energy inequality (SEI), and let 2 < s < oo,
3 < g < o0, %—F%:l.
(i) Let u satisfy u(t) € BY*(Q) for all t € [0,T). Given t; € (0,T) assume
that
d(t) >t —t (2.8)

for a.a. t in a left-sided neighborhood of t1. Then u is left-sided L*(LY)-regular
at t;.

(i1) Given t; € (0,T) assume that u(t,) € BY*(Q) and that u satisfies (EI)y,,
i.e., the strong energy inequality in t1. Then u is right-sided L*(L?)-regular at
t.

(i13) Let u satisfy u(t) € B9*(Q) for all t € [0,T) and condition (2.8) at
t1 € (0,T). Then u is reqular at ty. If condition (2.8) is satisfied at every
t1 € (0,T), then u € L{ ([0,T); LI(Q)).

loc

(i) Let u satisfy u(t) € BL*(Q) for allt € [0,T). Assume that at t; € (0,T)

Jin (0, = 0. 2.9)
Then u is L*(LY)-regular at t1. If condition (2.9) is satisfied at every t1 € (0,7T),
then u € Li ([0, T); LY(£2)).
Remark 2.6 The explicit lower bound §(¢) > t;—¢ in (2.8) leads to the question
whether also the condition 0(¢) > a(t; —t) with « € (0, 1) will suffice to get the
same result. For simplicity let T' = ;. In this case, starting with ¢t =ty < T we
get the sequence of instants (¢;) defined by t; = T — (1 — a)?(T —t() converging
to T; hence u € L* (to,tj;Lq(Q)). However, there is no uniform bound of
|lw a,5:(to,t;) @ J — 00. To be more precise and to apply Serrin’s uniqueness
theorem in each step, each t; can be replaced by t;- < t; such that still t; - T
as j — 00.

Corollary 2.7 Let u be a weak solution of the Navier-Stokes system as in The-
orem 2.5.

(i) Assume that u € Li ([0,¢1); LE()), but uw ¢ L5(0,t1; LE(Q)). Then

loc ’
there eists an e, > 0 such that for all o € (1, 3]

|A%u(t)]]2 > ety — )4 for a.a. t € (0,t1). (2.10)

10



(11) Assume that u satisfies (EI)y, (this condition is e.g. satisfied when t,
is a left-sided regqular point of wu), but is not right-sided reqular at ty. Then
u(ty) ¢ B#*(Q) and for each § >0 and o € [, 3]

lu()lls, [[A%u(@)ll2; Nu@)lses = 00 as &\ .

2.2 Regularity Criteria Beyond Serrin’s Condition and Energy
Criteria

The regularity criteria of Theorem 2.5 have the disadvantage that the norm of
u(t) in B{? () cannot be controlled directly for the solution u. However, there
are many easy applications of Theorem 2.5 yielding more concrete conditions.

Corollary 2.8 Let u € LHy be a weak solution of (1.1) on a bounded smooth
domain  C R?® satisfying (SEI).

(i) If there ezists & € (0,00] such that u € C°([0,T); BY*(Q)), then u is a
strong solution on [0,T).

(1) If there exists 6 € (0,00] such [|ul|po(orp2s) < €x, then u is a strong
solution on [0,T).

(i) In (i) and (i) the space BE*(Q) can be replaced by any of the spaces
D(AYY), L3(Q) and LY*(Q) (s > q > 3).

Proof (i) If u € C°([0, T'); BE*(2)), 0 < T" < T, then w is uniformly continuous
in ¢ € [0,T'] with values in BJ*(2). Given e, from Theorem 2.1 the uniform
continuity in ¢ allows to find ¢’ € (0, §] such that ||u(t)||Bg;s < e, forallte[0,T].
Then a compactness argument on [0,7"] implies that u € LS([O, T'; Lq(Q)).
(ii) From Lemma 2.4 we know that ||u(t)||6g,s < ||u||Loo(0’T;Bg,S) < e, for all
t €10,7). Now a compactness argument as in (ii) completes the proof.
(iii) The embeddings (2.6) and (i), (ii) immediately prove (iii). [ ]

Note that L (0,T; BY*(Q)) = L>(0,T; BL'(Q)) and C°([0,T]; BY*(Q)) =
CY([0,T); B&'(2)), 6 € (0, 00], with equivalent norms.

The next criteria are based on Theorem 2.1, however, in a certain sense work
beyond Serrin’s condition at the expense of a further smallness assumption.

Theorem 2.9 Let uw € LHr be a weak solution of (1.1) as in Corollary 2.8.
Further let the exponents q and 7, s satisfy 2 < s < 00, 3 < q < 00, % + % =1
and 1 <r <s.

(i) Assume that

t1

o 1

hgn_}glfi(gl—r/s / |u(T)|[g dT = 0. (2.11)
t1—96

Then wu is reqular at ty, i.e., u € L* (t1 —&,t1 +¢; Lq(Q)) for some € > 0.

11



(1) Assume that for 0 <tg <ty <T and some t; <T' <T

t1

/(T’ oy ()| dr < .. (2.12)

to

1
t —to

Then u is reqular at t1. Here €, > 0 is a constant related to e, in (2.5).

An easy consequence of Theorem 2.9 (i) is the well-known fact that a weak
solution u € LH7 is regular almost everywhere (even everywhere in (0,7) ex-
cept for a possible set S C (0,T) of vanishing Hausdorff measure #'/2(S) = 0).
Actually, since u € L?(0,T; L%(2)) C L'(0,7; L5(<2)), Lebesgue’s differentia-
tion theorem implies that 3 ;11_5 |ull§ dT — |lu(t1)]|e¢ t-a.e as §to0. Hence the
term in (2.11) (with ¢ =6, r =1 and s = 4) vanishes t-a.e.

Finally, we describe a regularity criterion based on the kinetic energy

Bi(1) = 5 lu(t)1}. (213

Theorem 2.10 Let u € LHr be a weak solution of (1.1) satisfying (SEI) as in
Corollary 2.8. Assume that at t; € (0,T) for a € (3,1] the left-sided a-Hélder

semi-norm |E t 5) — Byt )|
Ep(t—)]a = su k\l1 —0) — Lg(l1
S

is finite (with the supremum taken only for small 6 > 0) or that
[Er(t1—)]1/2 < € (2.14)
Then u s reqular at t;.

Proof Obviously the condition [Eg(ti—)]a < oo for @ € (3,1] implies that
[Er(t1—)]1/2 < €« (with the supremum taken only for small § > 0). Hence
it suffices to assume the second condition. With r =2, ¢ = 6 and s = 4 we get
that

[ Ilzar<e [ ivueizar
o t1—0 (2.15)
< c(Ex(t — 0) — Ex(t1))

< e /2

provided we choose only those d > 0 such that (EI);,_s holds. We conclude
that (2.11) is satisfied and consequently that u is regular at ;. ]

Note that for the Holder exponent a = % we do need a smallness condition on
the local left-sided Holder seminorm. Actually, if (¢o,¢1) C [0,7) is a maximal
interval of regularity of a weak solution u, then due to (2.10)

IVa(r)llz = 14" ?u(r) |2 > ec(tr = )74, 0 <7 <1,

12



Hence the estimate

IS 1
2 2
2 < 51/2/1,‘1—5 IVun) 3 dr < <7 (Bt — 6) ~ Bu(n)
for a.a. § € (t; — to,t1) shows in this case that the condition (2.14) with an
arbitrary (not sufficiently small) e, > 0 does not imply regularity. For the case
including an external force we refer to [13].

For further regularity criteria beyond Serrin’s condition we refer to [11].

In the case of a general domain where only the Stokes operator A = As on
L2(Q) is available, we get the following results, cf. [11], [17]:

Theorem 2.11 Let Q C R? be a general domain and u € LHT be a weak solu-
tion satisfying (SEI). Assume that at t1 € (0,T) one of the following conditions
is satisfied: there exists 0 < § < t1 such that

t1
£ 14t ) o dr <., (2.16)
t1—8

t1
£ 1l 1Vuo)ldr <. 2.17)
t1—6

<[ sup HU(-)H%)][ IVu(r)l3dr < e, (2.18)

t1_5;t1] i 5
1—

Here f E—é(' ..) denotes the integral mean %ﬁll,(;(- ..), and e, in (2.16)-(2.18)
is an absolute constant independent of the domain. Then u is L8 (L*)-regular at
t.

The proof of Theorem 2.11 shows that each of the conditions (2.16), (2.17)
or (2.18) even yields the global regularity of u on (¢; —¢,7"). Note that (2.16)-
(2.18) are scaling invariant conditions.

2.3 The Energy Equality and Uniqueness

As already mentioned in Remark 1.2 5., a weak solution u € LHr satisfies
(EE) if u € L*(0,T; L*(Q)) or if related L*(L9)-conditions are fulfilled which
imply u € L*(L*) by Hélder’s inequality and the assumption u € LHp. In
other words, those L*(LY)-conditions are closer to Serrin’s class as to the class
of weak solutions: actually, for those ¢, s we have % + % < % = % + % < % Re-
cently, Cheskidov, Friedlander and Shvydkoy [5] and together with Constantin
[6] found conditions which concerning their scaling behavior are of the type
L3(0,T; L%?(%2)) where

3

L3 45
3°9/2 37 4
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Theorem 2.12 Let Q C R3 be a C?-domain and u € LHT be a weak solution
of (1.1)

(i) Asume that
u e L*(0,T; D(4)"?)).

Then u satisfies the energy equality (EE); see [5].

(ii) Let Q = R3 and let u satisfy
u e L*(0,T; By/2 (R?)).
Then u satisfies (EE); see [6].

We note that D(Ag/u) C Lg/Q(Q) equals a solenoidal subspace of the Bessel

potential space H?/ 6(€2). The second result is available only for the whole space
1/3
3,00
decomposition is crucially used. Formally, the order % of fractional derivatives

case since the characterization of the Besov space B via Littlewood-Paley

in B;/Oi is optimal in view of the term [ps(u - Vu)u dz which must be shown to
vanish.

An intermediate result for domains exploiting derivatives of fractional order
% was proved in [21]. To meet the same scaling as in Theorem 2.12 the space

D(Ag/m) is replaced by ’D(Aig/;/l?) c LY2(Q).
Theorem 2.13 Let Q C R? be a bounded domain with 0 € CY' and let
u € LHr be a weak solution of (1.1) with u(0) = ug € L2(Q) satisfying

we L3(0, T, D(A),)). (2.19)
Then u satisfies the energy equality (EE).

This theorem will be proved in §3.3. It can be extended to general unbounded

domains Q C R? of uniform C%!-type where D(A}é%) has to be replaced by

D((I + A18/7)1/2) and ~ indicates that the space L7(€2), ¢ > 2, is replaced
by LI(Q) = LI(Q) N L2(Q). For further details we refer to [21] where also a
generalization to domains of fractional powers of the Stokes operator on Lorentz
spaces can be found.

The final problem to be addressed is the question of uniqueness of weak
solutions. The regularity results of §§2.1 and 2.2 will yield uniqueness, but
there are several weaker conditions for this result.

Theorem 2.14 Let uw € LHt be a weak solution of the Navier-Stokes system
(1.1) in a bounded smooth domain Q C R3 with ug € L2(£2).

(i) Assume that for some 2 < s < 00, 3 < q < 00, %—i— 3 =1 there holds
u(ty) € BL*(Q) for all ty € [0,T), and that u satisfies the energy equality (EE).
Then u 1s uniquely determined by the initial value ug within the class of all weak
solutions satisfying (SEI).

14



(i1) If u € L ([0, T); L*(£2)) or

loc
u € Lig. ([0, T); Ly (£2)), (2.20)
then u even satisfies (EE).

Remark 2.15 Let u be a weak solution of (1.1) as in Theorem 2.14. It is
interesting to discuss uniqueness and regularity properties of v with the Serrin
condition u € L, ([0,T); LI(£2)), % + 2 =1 in the limit case s = c0,q = 3. In
this case, the arguments in the proof of Lemma 2.4 (i) show that u(t) € L3(Q)
for each t € [0,T). Since L3(Q) C L3>*°(Q) N B%*(Q), Theorem 2.14 yields
the uniqueness property for u. On the other hand, from Corollary 2.8 (iii) we
see that the stronger assumption u € C([0,7); L3(Q)) is sufficient to get the
regularity u € Lfoc([O, T); Lq(Q)) with certain 2 < s < 00, 3 < ¢ < oo such that
2yi=

Furthermore, for u € L% ([0,7); L3(£2)) we get the local right-side regu-
larity property for each t € [0,7T), see Theorem 2.5 (ii). Hence Theorem 2.5
is a slightly weaker result than that in a series of papers on the celebrated
L™ (0, T; L?(£2))-regularity result of Seregin et al. We refer to [42] for domains
with a flat boundary, and to [39] where in domains with curved boundaries some

additional condition on the pressure had to be assumed.

3 Proof of the Main Results

3.1 Preliminaries

Before coming to the proof of the main result, Theorem 2.1, we start with some
preliminaries.

The Stokes operator A,;, 1 < ¢ < oo, being sectorial and generating a
bounded analytic semigroup, admits fractional powers A7, —1 < a < 1. First
we consider the case of a bounded domain Q C R? of class C%!. Then Ag,
0 < a <1, is an injective, closed and densely defined operator with domain
D(Ag) C Li(Q) and range R(A$) = LE(Q) such that D(4,) C D(AS) C
D(Aqﬂ) C LI(Q) for 0 < B < a < 1. For -1 < a < 0 we define the bounded
operators AY = (A;*)7' : LE(Q) — R(AS) = D(A;*). Important properties
are the embeddings

3 3
lvllg < cl|Afvll,, veEDAY), 1<r<g<oo, 2a+ i (3.1)
IVollg ~ 14 %0llg, v € D(A?) = W d(Q), 1< q<o0; (3.2)
moreover, [|[Volle = ||A%/Qv||2 for v € Wol’f(Q) From semigroup theory and

the fact that o(A4,) C (0,00) we know that there exist ¢ = ¢(q,2) > 0 and
d = 0(q,Q) > 0 such that

||Ag‘e_tAqv||q < ct_ae_5t||v||q, veLL(N), 0<a<l. (3.3)
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When Q C R? is an exterior domain with 9Q € C!, then

[vllg < cllA7v]lr, 0<a< 5’ 1<r<3
3 (3.4)
lolly < ellArvlly, 0<a<l, 1<r<g
where 200 4 2 = % Furthermore, the equivalence of norms in (3.2) is to be

replaced by
14520l < ¢l Vollg, 1<g<oo; [[Vollg <cll4i?vlly, 1<g<3.  (35)

Since 0 € 0(A) = [0, 00), inequality (3.3) does hold only with § = 0, cf. [4], |28].
A weak solution to the (Navier-)Stokes system can be considered as a mild
solution of the related (non-)linear integral equation

t
u(t) = e tug + A2 /e(tT)A(Al/ZP div)(F —u®@u)(r)dr,  (3.6)
0

cf. (1.8). To understand this formula we have to explain the formal operator
A~12Pdiv on matrix-valued L?(Q)-functions F. Actually, we define for ¢ €

DA% C LY ()

(ATV2Pdiv F,¢) == —(F, VA, p)q (3.7)
admitting the estimate |(F, VA;l/Q(,O)‘ < ||F||q||VA;1/2<p||q, < ¢gll¢lly. Hence
ATY2Pdiv € L(L9(Q)), [[ATV2Pdiv]|g(za) < g (Q). (3.8)

Note that (3.8) holds for all 1 < ¢ < oo when  is bounded, but for ¢ > %
(1 < ¢ < 3) only when Q is an exterior domain.

For a further analysis of (3.6) we need the notion of maximal regularity.
Consider the abstract inhomogeneous linear Cauchy problem

ug+Au=f in (0,7), u(0)=wuyg (3.9)
where —A is the generator of an analytic semigroup e** on a Banach space
X. Then A is said to admit mazimal LP-regularity on [0,7), 1 < p < oo,
0 < T < o0, if for suitable ug and all f € LP(0,T; X) the solution of (3.9) given

by the variation of constants formula
t
u(t) uO+/e EAr(rydr, tel0,T), (3.10)
0

is differentiable a.e., u(t) € D(A) a.e. and us, Au € LP(0,T; X). In this case
the closed graph theorem yields a constant C' = C(p,T) > 0 independent of f
such that

1/p
l|ut; Aull Leo,rx) < C(/ [ A~ “uq % dt) + Cllfllrorixy- (3:11)
0
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It is well-known that maximal LP-regularity for one p € (1, 00) implies maximal
LP-regularity for all p € (1, 00).

The Stokes operator A = A, on X = L(Q), 1 < ¢ < oo, has maximal
LP-regularity on [0, c0) for bounded and exterior domains  C R? of class C1';
see e.g. [28], [37], [49]. In particular, for any f € L*(0, 00; L9(f2)) the Cauchy
problem (3.9) with A; = —FP,;A, ugp = 0 and f replaced by P, f has a unique
(strong) solution u € CP [0, 00); LE(Q)) such that u;, Au € L*(0,00; LI(1)),
1< s < o0, and

||ut§AU g,sT < CHf q,8;T+ (3.12)

Moreover, if €2 is bounded and 1 < ¢ < oo or {2 is an exterior domain and
1<g< %, there exists an associated pressure p such that

(|t V2U3 Vp”q,S;T < C||f||q,S;T- (3.13)

For ug € (L&(€2),D(4,)) C D(A,), a real interpolation space with norm

1-1/s,s

_tA s

olllssjs s 3= ol + [ 146 uollzar) ™
0

the Cauchy problem (3.9) has a unique solution as above; however, in (3.12),
(3.13) the additional term |[[uo]|[1_1/s,s,4 is needed on the right-hand side. For
details on the above real interpolation we refer to [50, Chapters 1.13, 1.14].
The integration over (0,00) in the norm || - [[;_;/s 4, may be replaced by an
integration over (0,d) for any ¢ > 0, and, if © is bounded, the term || - ||, may
be omitted [50, Theorem 1.14.5]; cf. the discussion of HUUH]B%‘?/S in § 2.1.

The relation between a weak solution u of the instatioééry Stokes system
(omitting the term u - Vu in (1.1)) with force term f = div F' and initial value
up and the notion of a mild solution, cf. (1.8), is given by the representation

t
u(t) = e Hug + AY? / e~ =TAAY2 P div)F(7) dT. (3.14)

0
Due to [47, Ch. IV, Theorem 2.4.1, Lemma 2.4.2] for any ug € L2(f2) and
F € L*(0,T;L?(9)), the vector field u in (3.14) is the unique weak solution

u € LHr of the instationary Stokes system. Moreover, u satisfies the energy
equality (EE), cf. (1.12), leading to the estimate

1
el oo + IVullzor < 2lluoll3 + 4111507 (3.15)
Obviously, the closed operator A'/2 may be commuted with the integral in

(3.14). Working for a moment with v(t) = A~"/?u(t) we see that v; + Av =
A~12Pdiv F. Hence (3.14) is equivalent to the identities

(AY2u), + A0 = A7Y2PdivFE  on (0,T), u(0)=ug (3.16)
and
t
u(t) = e ug + / A2 DA (AT 20, + AY2u) (1) dr. (3.17)
0
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3.2 Proof of Theorem 2.1

Proof of Theorem 2.1 (cf. [17]) The starting point to construct a strong solution
u € L*(0,T; LI(R)) is the representation (3.14) where by (3.8)

F:= A"'2Pdiv F € L*?(0,T; LY?(Q))
for F € L*/2(0,T; LY%(2)). Due to (3.1) with r = ¢ and o = 2371 < 5 and by
(3.3) we get that
¢

lu(®)llg < lle Huglly + ¢ / (t— 1) V2B (1) pdr  (318)
0

where « + % = 2371 + % =1- % Then the Hardy-Littlewood inequality (see e.g.
[47, Ch. II, Lemma 3.3.2]) implies that

Hqu,S;T < HeitAuOHq,S;T + C||ﬁ||q/2,s/2;T' (3-19)

Let ug = 0. Then a direct application of the maximal regularity estimate
(3.12) to v(t) = A=Y 2u(t), cf. (3.16), (3.17), yields the estimate

(A1), A1/2u||q/2,s/2;T < C||F||q/2,s/2;T (3.20)
with F = (A~1/2u), + AY2u. In view of (3.20) we define the Banach space
Xr = {'u L [0,T) — LY2(Q) :

~1/2 1/2 s ~1/9
(Aq/Q/ U)t’ Aqﬁv eL /Q(O,T; Lg/Q(Q)), Aq/Q/ v(0) = 0}

equipped with the norm

ollxz = [|(A7 4 v); AY20||

q/2 q/2"1q/2,8/2;T

which by (3.20) is equivalent to the norm H(Aq_/g/gv)t + A;g 0/2.5)2:T

In our application to the Navier-Stokes system (1.1) with ug € L2(Q) N B%*
let Eo(t) := e *ug, which by assumption satisfies Ey € L°(L?), and let

gl

t
Ei(t) = / A2 AL=2 P div F(7) dT (3.21)
0

satisfying By € L*(0,7; LE(2)) by (3.19). Then & = u—E, with E := Ey+E; €
L#(LY), is a solution of the fixed point problem @ = Fu where

Fia(t) = — / AY2e==NA (A2 P div) (a4 E) @ (@ + E) (1) dr. (3.22)
0

By (3.19) we conclude that Fua € L*(LY) for u € L*(L4) and

1Fall g < e(lallf s + 1 BIG o)

18



where || E||,sr can be estimated by F in L*/2(L%/?) and by ||E||4,s:00- Due to
the quadratic term @ + E in F it is easy to show that F defines a (strictly)
contractive map from a closed ball B C Xr into itself provided that ||E| 4 s
is sufficiently small. This smallness condition is guaranteed by the assumption
(2.5). Now Banach’s fixed point theorem yields the existence of a unique fixed
point % of F in B. Then u = @+ E € L%(LY) is a solution of (1.1) in the sense
of the integral equation (3.6).

In the second step of the proof we have to show that u = a4 + E € L*(L9)
is also a weak solution, i.e. u € LHp. To prove that 4 € LQ(WOLQ) we use the

Yosida approximation operators J, = (I + %Al/g)_1 : LE(Q) — Wolg(Q) Note
that the family of operators (.J,,)nen and (%Ak/an)neN are uniformly bounded

in £(L&(2)) and that J,v — v as n — oo for every v € LE(2), 1 < ¢ < oo.
Writing (3.22) with @ = v — E = F(a) in the form

t
/A1/2 —(t—7) A_1/2Ple)(U®U+U®E)( )dT, (323)
0

we apply J,, which commutes with A¥*/2 and e~ *~74 Thus, with @, := J,4,
we are led to the term

1
Jn P div (u® @) = JP(u - Vi) + (—Al/QJn> (AY2Pdiv) (u ® AY?ay,)
n
which can be estimated in L"(£2), % = % + %, as follows:
1Tn P div (wii) | < cllullg [|A" i l2;

here we used (3.2), the uniform boundedness of the operators J,,, P, %Al/ 2]
and A~Y/2P div, and Hélder’s inequality. Moreover,

172 P div (u® B)|l; < clully A E]..

At this moment, we already mention that AY/2E = A/2(e tAug) + A2 E; lies
in L2(L?) and satisfies due to (3.15) the estimate

1AY? Ella 2 < e(lluollz + | Fll227).
We conclude that the operators A/2 and A~/2 in (3.23) cancel each other and
that AY/24, = AY2J,4 has the representation
t
A4, (t) = — / A2 AT Pdiv(u® a4+ u® E)(r)dr.
0
As for the proof of (3.18), (3.19) we use (3.1) (Wlth 3=12 —|—2a a= q <3)

and the Hardy-Littlewood inequality (with 1 + 2 + (e + 1) = £ +1) to get the
estimate
t

1A a0, (1)]2 < / (t=7) " 2 ully (A2t |2 + A2 E],) dr,
0
142l < collullgser (14" 2Tl o0 + 1AV Ella 7).
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with an absolute constant ¢ = ¢(q,) > 0 independent of T'. Choosing T} €
(0, T] sufficiently small such that co||ul|g,s;, < 3 we obtain the uniform bound

||A1/2ﬂn||2,2;T1 < 2¢plu

q¢,5;11 ||A1/2E||2,2;T1, n € N.

Since (@,) C L*(0,T1; L(f2)) is bounded, we get that Va € L2(0,T1; L*(2));
for this argument we refer to the implication (3.1.8) = (3.1.9) in [47, Ch. II,
3.1]. Repeating this step finitely many times we show that @, u = o + E €
L%(0,T; Wy* () for any finite 7T,

Finally we have to show that @, u € L*(L?). Arguing formally and omitting
details, cf. [17, pp. 102f], we consider @ as a solution of the instationary
Stokes system with right-hand side —P(u - Vu) € L1 (L%) where % =1+

q% =5+ % since u € L*(L9) and Vu € L?(L?). The corresponding "Serrin

number" % + ‘% = (% + %) + (% + %) equals % so that maximal regularity
estimates yield the result 4;, Aa € L*?(L%) with Serrin number % + q% = %

Then Sobolev’s embedding theorem formally implies that @ € L®3(L%) with
Sl + q% = % -2 = % A rigorous analysis proves that é = % ~ 1 L_1_1
are admissible. Since also F € L% (L%) we have u € L*3(LB)NL

Holder’s inequality u € L*(L%).

We conclude that u solves (3.6) and can be considered as a solution of the
Stokes system with right-hand side div (F — u ® u) where F —u ® u € L?(L?).
Then (3.6) implies that w is also a solution of the variational problem (1.3).
Testing (1.3) with w = u we get that (v ® u, Vu)or = 0 and that u satisfies
(EE). In particular, u € L>®(L?).

Now the proof of the sufficiency of the condition (2.1) to guarantee the
existence of a local strong solution is complete.

To prove necessity assume that F € L3/2(L%/?) and that u € L5(L?). Then
4 = u — F has the representation

t
u(t) = —/Al/Qe_(t_T)AA_1/2P div (v ® u)(7) dr
0

where u ® u € L¥/2(L9?). As in (3.19) we conclude that @& € L*(L9) so that
also E = u —u € L*(L%). The term Ey, see (3.21) satisfies £, € L*(L?) due to
(3.19) since F € L3/?(L9/?). Hence also By = e *Yuy = E — E; € L*(L9). m

3.3 Proof of Further Results

Proof of Lemma 2.4 (i) For the proof it is more convenient to consider u as
a function with values in the intersection space B{*(Q) = LZ(2) N B¥*(Q).

Obviously, gg’s(Q) is a reflexive, separable Banach space when equipped with
the norm ||+ fl2 4[| - [| 5= It is easy to see that there exists a Lebesgue null set
N C [0,T] such that ||uHLoo(07T;gg,s) = SUD4c (0,1 N ||u(t)||gg,s. A similar result
holds when the norm in gg’s is replaced by the norm in Bj”.

Consider any ty € N and choose a sequence (¢;) C (0,7) ~ N such that
tj — to as j — oo. Thus (u(t;)) is a bounded sequence in gg’s(Q) C L2(Q).
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Due to (1.6) we get that u(t;) — u(tg) € L2(Q). Moreover, by the reflexivity of
BY*(Q) we may conclude by standard arguments that u(¢;) — u(to) in BY* ().
Hence u(to) € B () and [Ju(to)]|ges < liminf||u(t;)]gos.

é j—o0 s

The same ideas prove that u € Cp, ([0, T]; BY*(Q)). In particular, ()]0
is lower semi-continuous.

(ii) We consider ¢ € [0, T] such that u(t) ¢ BY* () and choose any sequence
(tj) C [0,T] with ¢; — ¢ as j — oo. Since (u(t;)) C L2(f2) is bounded, we get
from (3.1), (3.3) with 2a+% = 3 that [[e ™u(t;)llg < emlu(t;)|2 < C with a
constant C' = C(7) > 0. Moreover, the weak continuity of u(-) in L2 () implies
the convergence

(e ulty), ) = (ulty), e ) = (u(t), e o) = (e u(t), ¢)

for all ¢ in the dense subset L2(Q) N LY (Q) of LY (€2). Summarizing the last
two arguments we conclude that e ™u(t;) — e "u(t) in LE(Q); in particular,
le=™u(t) ||y < liminf; |le="u(t;)||4- Hence by Fatou’s lemma

1) 1) é
/ le ™ u(t)]|5 dr < / lim inf [|e"*u(t;)||5 dr < liminf / e ™u(t;)|5 dr,
0 0 J J 0

e, 00 = Ju(®)llgee < limint; Ju(ty)llgre Thus [u(®)llsse — Ju(®)lse as
t' — t. Similar arguments apply when u(t) € B{*(Q).

(iii) Assume that d(t) € [0,00). Then for g > §(t) and any sequence (t;) C
[0,T] with t; =t as j — oo

8 8
e, < / le="Au(®)]) dr < lim inf / le= A u(ty)|[5 dr
0 J 0

which implies that foﬁ ||e_TAu(tj)||Zd7' > ¢, for large j. Hence §(t;) < B, i.e.,
d(-) is upper semi-continuous at ¢. The case §(t) = oo is trivial. ]

Proof of Theorem 2.5 (i) Let t; € (0,7). To show that ¢; is a left-sided regular

point of u we find due to the assumption (2.8) and (SEI) t < t; such that

[u)]|pss | < Hu(t)”b’ggi) < &, and that (EI); holds. Here €, > 0 is the constant
"

from Theorem 2.1, see (2.5). By Serrin’s uniqueness theorem and Theorem 2.1
we conclude that u € L*(to, t1; L(£2)). Hence u is left-sided regular in .

(ii) Since u(t;) € B&'(), there exists a strong solution v € L*(t1,¢; +
e;L9(Q)), € > 0, of (1.1) with initial value v(t;) = u(t;). Moreover, by as-
sumption the energy inequality for w holds with initial time ¢;. Hence Serrin’s
uniqueness theorem implies that v = w in [¢t1,¢; +¢), and w is right-sided regular
in tl.

(iii) To combine the results from (i) and (ii), in particular to apply (ii), it
suffices to prove that u satisfies (EI), at any t;. Let t; € (0,7) be an instant
where the validity of the energy inequality is not guaranteed by (SEI). By (i)
t1 is a left-sided regular point for u and, consequently, u € L*(tg,t1; L(€2)) for
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some 0 < tg < t;. Therefore, u satisfies (EE) for all initial times t{ € (to, 1),
in particular

1 b 1
SlluCt)lI3 + / IVull3 dr = 2 llu(t)I15

to

Thus li}n llu(th) |3 = ||u(t1)||3 for t € (to,t1). Moreover, by (SEI), there is a
t6 11

sequence t; 't such that
1 2 ! 2 1 2
3 lu@®ll2 + t IVullzd7 < Sllult)llz, & <t <T.
i

Passing to the limit ¢;  t; we get that u satisfies (EI)y,.

Finally, since u(0) = up € B%'(2), we know that u € L*(0,e0; LY(2))
for some ¢y > 0. Now an elementary compactness argument proves that u €
L ([0,7); LY(%)).

(iv) Under the assumption (2.9) for ¢; we get for a.a. ¢ in a left-sided neigh-
borhood of ¢; that ||U(t)|B§1’{t < &4. Hence §(t) > t; —t for these t; moreover, we

may assume (FET);. By the above arguments we conclude that u lies in Serrin’s
class L*(LY?) on the interval (¢,t+0(t)) D (¢,t1), i.e., uwis L%(L7)-regular at t;. ®

Proof of Corollary 2.7 (i) Fix a € (

%] and let ¢ > qp > 2 satisfy 204—1-% =3,
By Theorem 2.5 (i) we get for all ¢

1
4 q
€ (0,t1) where (ET); is satisfied that ’

t1—t t1—t
€ < / le ™ u(t)]|5 dr < c/ A% Tu(t)|5, dr
0 0

t1—t ,,(ﬁ,i)
Sc/ T 222 w’||A%(t)]|5 dT
0

since —$(3 — 2) = —% +as — 1> —1. Hence [|A%u(t) 2 > e.(t; — )T for
a.a. t € (O,tl).

(ii) Since u(t1) ¢ B%*(f2), we have ||u(t1)||3§,s = oo for each 6 > 0. The
lower semi-continuity of the map ¢ — ||u(t)||6§,s implies that ||u(t)||6§,s — 00

as t N\, t;. Moreover, due to the embeddings (2.6) we get that ||u(t)||5-§,s <
cllu()lls < cllu®lparray < cllul®)llparz). m

Proof of Theorem 2.9 (i) Assuming (i) we find § > 0 such that with to =¢; — 0
and T' = tl + )

it t
! / (@ = oy () dr < 20 / lu(r)l7 dr < &
t, — to q = §l-r/s q — =%
to to

i.e., (2.12) is satisfied. Thus it suffices to prove (ii).
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(ii) Let us check condition (2.8) in Theorem 2.5 (i), i.e., find ¢ € (0, ¢;) such
that |[u()||gee < e« and that (EI); is satisfied. Now from (2.12) there exists
o

t € (to,t1) such that
(T" =) |lu(®)]; < &

or, equivalently, (T" —t)|lu(t)||? < ¥/ and that (ET); holds. Hence, employing
the boundedness of the semigroup e ™ on LL(£),

T —¢
/ le” ™ u();dr < O(T" = t)llu(t)]; < &
0

with an appropriately chosen £, in (2.12). [ |

Proof of Theorem 2.11 By the moment inequality of interpolation theory and the
identity ||Vulls = ||AY?uly (cf. (3.2) with ¢ = 2) which holds for any domain
we get that

i1 2 t1 2
(][ ||A1/4u||2d7> < (][ ully’> ||A1/2u||§/2d7)
t1—90 t1—0

t1
< f lull [Vl a7
t1—0

t1 1/2
< sup ||u<->||2<][ ||vU||ng) -
[t17(5,t1]

t1—0

Hence it suffices to consider (2.16) only. From (2.16) we find ¢ € (t; — 0,1)
where u satisfies ||A'/*u(t)||2 < e, and (EI);. Next we need the estimate

1/8

(/Ooo IIG_”‘U(t)IIidT) < e A u(b)]l2

which is based on L2-arguments only, cf. [17, Proof of Theorem 4.1], and holds
with a constant ¢ > 0 independent of the domain. As in the case of smooth
bounded domains the condition ||e~74u(t)||4,8.00 < €« suffices to prove that the
weak solution u is L8(L*)-regular, cf. [17, Theorem 4.1]. [ ]

Proof of Theorem 2.13 The main idea to analyze the term fQ(u -Vu)udz is the
splitting of the third factor u into a low frequency and a high frequency part,
ug and uyp, respectively. For u, we take

up(t) = e %u(t), 0<d<1,
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and use it as (admissible) test function in (1.3). By Lemma (3.2) below we get
that for 0 <t < T

t
%(u(t) —04y, -I-/Al/Zu,e_MAl/Qu)dT
0

¢
1
:§(u0, +/ u - Vu, e 4u) dr.
0
Since AY?u € L? (0,T; L2(€2)) we pass to the limit § — 0 to get that
1 / 1
S+ [ Iular = S unl + iy [ - Ve ) ar.
2 2 5—0
0 0

To discuss the last term we write Vu = Vuy + Vuy, use that (u - Vug, ug) =0
and obtain, after an integration by parts, the estimate

[(u - Vu,ue)| = [{u- Vug,up)| < ullosz Vuellisz [lunllis/z
< cllullg/z ||A1/2W||18/7 lunll1s/7
< C||A1/4u||18/7(571/4”141/4“”18/7) (51/4||A1/4U||18/7)

= C’|A1/4U||18/77

in the second last step we used the embedding (3.1) with o = 1, the estimate
”Al/QUéng/? < 05_1/4||A1/4u||18/7, see (3.3) with o = 1, and the identity u;, =
u— e 0%y = f: Ae ™Ay dr for u € D(A}g?) together with (3.3). Moreover,
since |Jugllz < V4| AV ullz < ed'/4|AY?uly by (3.3) and (3.1), we get the
pointwise convergence

(- Vu,ug) = (u- Vu,u)| < Jlulls || Vull2 ¢/ Vulls = 0
as 0 — 0. Hence the assumption (2.19), i.e., ||Al/4u||“;’8/7 € LY(0,7), and
Lebesgue’s convergence theorem yield the convergence
¢ t
/(u - Vu, e ) dr — /(u - Vu,u)dr = 0.
0 0

Now Theorem 2.13 is proved. [ |

Lemma 3.1 Let u € LHT be a weak solution of (1.1) with ug € L2(2) and let
S € L(LA()) be a self-adjoint operator satisfying the estimate [Sv|lpeay) <
cllvlla for all v € L2(Q) and commuting with AY? on D(As). Then for all
0<t<T

¢ ¢
%(u(t),Su(t)) + /(SAl/Qu,Al/Qu) dr = %(’U,(),SU()> - /(u - Vu, Su)dr.
0 0
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Proof Following an approximation argument of Serrin [43] let 0 < p € C§°(R)
be an even cut-off function with [ odr =1 and let o.(7) = Lo(Z), € > 0. Then
fix 0 <t < T, define the convolution

t
U (1) := /QE(T — s)u(s)ds
0

and note that u. — u and AY?u. — A2y in L2 (0,2 L*(2)) as e — 0. Since
S is self-adjoint, an elementary calculation using symmetry arguments and a
change of variables imply that

¢ t ot
/(u,@TSug)dT:// O0r0:(T — 5)Swu(s))drds = 0.
0 00

Moreover, the weak L?-continuity of u with respect to time yield the conver-
gences

(u(0), Suc0)) > Su(e), Su(0),  (uo, Suo)e) = 3 (uo, Suo)

as € — 0. We also note that

t t
/VU VSu.)d :/(Al/zu,Al/QSug)dT
0 0
t
/(SAl/Qu AV2y,) dT—)/ (8 AY2u, AV dr
0
and that

t

i 1/2
| / (- Vu, Su. —w) dr| < cuu||z,oo;T||w||2,2;T( / 1S e = w) |3, dT)
0

0

converges to 0 as € — 0. Now the assertion follows from (1.3) with the admis-
sible test function w = S u,. [ ]

Proof of Theorem 2.14 (i) Assume that u satisfies (EE) and u(tg) € BY*(Q2) for
all tg € [0,T). Moreover, let & be another weak solution satisfying (SEI) for
the same initial value ug € L2(£2). We obtain that u € L*(0,d; L9(£2)) with
some 0 < 6 < T. Then Serrin’s uniquenes theorem implies that u(t) = a(t) for
0<t<o.

Let [0,%p), 0 < to < T, be the largest half open interval such that u(t) = u(t)
is satisfied for each ¢t € [0,g). If to < T, then the weak L?-continuity in time
(1.6) implies that u(tg) = u(to)-
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Since u satisfies u(ty) € B»*(Q) and (EI);, we conclude that u € L* (t, to +
8; L(42)). Moreover, since @ satisfies (SEI), hence (EI),; for a sequence (t;)
with ¢; 7 to, and since u = @ on [0,%] satisfies (FFE), we conclude that
la(t;)ll2 — |la(to)|l2. These arguments imply that @ satisfies (£1)y,. Con-
sequently, by Serrin’s uniquenes theorem, v = @ in [0,7} + J). This is a contra-
diction to the construction of ¢g.

(ii) For u € L*(L*) Remark 1.2 5. yields (EE). Now assume that u satisfies
(2.20). By Holder’s inequality in Lorentz spaces ([34, Lemma 2.1]) and Sobolev’s
embedding Wy*(£2) € L52(£2) ([34, Lemma 2.2]) we get that

uul[r2 < clluulr22 < cllullpsel|ull Lo

< cllull ps.eo llullwr2,

where ¢ = ¢(£2) > 0. Hence u € L*(L*). Now we proceed as above. ]
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