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Abstract

Consider a bounded domain 2 C R? with smooth boundary, some
initial value ug € L2({2), and a weak solution u of the Navier-Stokes
system in [0,7) x £2, 0 < T < oo. Our aim is to develop regularity
and uniqueness conditions for u which are based on the Besov space

00 1/s
B#(02) i= {v € L2(2); [vllpos(o) = (/0 He_TAUHZdT) < oo}

with 2 < s < 00, 3 < ¢ < 00, %—i— % = 1; here A denotes the Stokes
operator. This space, introduced by the authors in [4], [5], is a subspace
of the well known Besov space B;g/s(()), see [1]. Our main results on
the regularity of w exploits a variant of the space B?*({2) in which
the integral in time has to be considered only on finite intervals (0, )
with § — 0. Further we discuss several criteria for uniqueness and local
right-hand regularity, in particular, if u satisfies Serrin’s limit condition
u € L2 ([0,T); L3(£2)). Finally, we obtain a large class of regular
weak solutions u defined by a smallness condition |uol ges(2) < K

with some constant K = K(£2,q) > 0.
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1 Introduction

Let £2 C R? be a bounded domain with boundary 942 of class C*! and 0 < T' < co.
In [0,T) x 2 we consider weak and strong solutions of the Navier-Stokes system

up—Au+u-Vu+Vp =0, divu =0 (1.1)
ulon =0, uli=0 = ug
where ug € L2(§2) is given and p means the associated pressure. For simplicity,
the external force is assumed to vanish.

We set LE(12) = C5o.(2) 1%, C§2(2) = {v = (v1,09,03) € C(2); dive =
V-v=0},1<g< 0.

Definition 1.1 Let ug € L2(£2). Then a vector field
u = (ur,uz,uz) € L0, T; L2(£2)) N L*(0,T; Wy 2 (£2)) (1.2)
is called a (Leray-Hopf type) weak solution of the system (1.1), if the relation
—(u, w) o v + (Vu, Vw) o r — (uu, Vw) o r = (ug, w(0)) o (1.3)

holds for each w € C§°([0,T); C§%,(£2)), and if the strong energy inequality

1 ! 1
S+ [ IvulBar < Jutio)l3 (1)
to
holds for almost all ty € [0,T) including tg = 0, and all t € [to,T).

Usually, a weak solution u of the system (1.1) is defined with energy inequality
(1.4) only for ty = 0, u(ty) = u(0) = ug. However, for a bounded domain, clas-
sical existence proofs of weak solutions rest on approximation procedures yielding
smooth approximate solutions (ug)ken, such that uy — u, K — oo, in a cer-
tain sense, and that even the strong energy inequality (1.4) holds for almost all
to € [0,T), see [15, V. Theorem 3.6.2].

Moreover, we may assume that, after a redefinition on a null set of [0,T), such
a weak solution

u:[0,T) — L2(£2) is weakly continuous. (1.5)

Thus the initial condition u|;—¢ = u(0) = ug is well defined, see [15, V], [17].

The regularity results in this paper are based on the idea to identify u locally
at least for almost all ¢y € [0,7") with a regular Serrin solution in some interval
[to,to +0) C [0,T"), d > 0. For this purpose we first develop such local Serrin solu-
tions for initial values u(tg), see Proposition 3.6 below. For this local identification
we need that the given weak solution wu satisfies the strong energy inequality (1.4).



A weak solution u in Definition 1.1 is called a strong solution of (1.1) if Serrin’s
condition

2 3
u € Ly, .([0,T); L(£2)), 2< s <00, 3<g< 0, §+6:1 (1.6)

is satisfied. It is well known, see e.g. [15, V. Theorem 1.8.2|, that a strong solu-
tion u is regular (of class C®) in (0, T') x £2 and uniquely determined by ug € L2(2).

To present our main results in Section 2 below we will introduce some notation;
further notation and preliminaries will be described in Section 3 below. We will use
standard notation for Lebesgue and Sobolev spaces as well as for their solenoidal
subspaces of vector fields.

We also discuss several regularity and uniqueness conditions for u based on
Lorentz spaces. We need the usual Lorentz spaces L™7(£2) with 2 < r < v < o0,
see [1, (0.16), (0.17)], [18, 1.18.6]. Further we need the solenoidal Lorentz spaces
L57(@) == Cga M@ [gee [1, (0.16), (0.17)], [5, Lemma 3.2]. In Proposition 3.3
below further properties of these spaces will be mentioned.

On LE(2),1 < g < oo, let A =—PA, A=A, denote the densely defined
Stokes operator which generates an analytic semigroup {e*tA; t > 0}; here P = P,
denotes the Helmholtz projection from L4(§2) onto L&(£2).

Let 2 < s < 00,3 <q< o0, % + % = 1. Then we need the normed space

oo 1/s
B () = {v € L2(2); [[vll o) == (/0 He_TAUHZdT) < oo}

with norm |[|v|| ga,s (). Equipped with the norm
[0l 30s = o1l sy + 1ol

EQ’S(Q) = B?%%({2) is a well defined Banach space of Besov space type, see Propo-
sition 3.1 below. Moreover, for § > 0 we consider the normed space

1/s
BI(£) = { € L2(Q); (0]l oy == ( /0 ’ He—TAvH;dT) < oo}
as well as the Banach space
BE*(0) = BEH(Q) with [oll gy ) = ol gy + ol
Finally, we mention the continuous embeddings
D(A;") € L3(2) = L3P(2) C Lp*(2) € Ly (92), (L.7)
L3#(2) C §q’s(9) = B?(£2) with 3 < ¢ < s < 00, % + z =1,

see (3.19), (3.20), (3.21).



2 Main results on regularity and uniqueness

2.1 Regularity of weak solutions

The following results are sufficient for weak solutions to (1.1) to satisfy Serrin’s
condition (1.6), i.e. u € L .([0,T); LI(£2)).

Theorem 2.1 Let u be a weak solution of the Navier-Stokes system (1.1) as in
Definition 1.1, and let 2 < s < 00, 3 < ¢ < 00, %-I— 3 = 1. Then the following

q
properties are sufficient for Serrin’s condition (1.6):
u € Lig.([0,T); B**(£2)), (2.1)
ti—t /s
gltn </ ||eTAu(t)||f1d7') =0 foreach t; € (0,T). (2.2)
1 \Jo

Remarks a) Using Proposition 3.2 below we conclude from (2.1) that u(t) €
B%#(42) is well defined for each 0 < ¢ < T, and that

lull oo 0,55B05(2)) = sup [[u(t) || pas o) (2.3)
0<t<s

is satisfied for each 0 < § < T'. Thus (2.2) is well defined.
b) The condition (2.2) can be written in the form

t—t 1/s
““(t)”BEI’it(Q) = </0 ||e_TAu(t)||;dT> —0 as t714¢. (2.4)

The next result rests instead of (2.2) on the slightly stronger condition (2.5).

Corollary 2.2 Let u,s,q be as in Theorem 2.1. Suppose the condition (2.1), and
assume that for each S € (0,T') there exists some Sy € [0,.5) satisfying

lim [ull oo (50,5;82 (12)) = O- (2.5)

Then Serrin’s condition (1.6) is satisfied.

Remarks a) Assume (2.5) holds for each S € (0,7) with Sy = 0. Then

l(siiaoi lull oo (0,5,82 (2)) = 0 holds for each S € (0,T), (2.6)
and it follows from Corollary 2.2 that Serrin’s condition (1.6) is satisfied

b) Assume instead of (2.5) that for each S € (0,T) there exists some Sy € [0, 5)
satisfying

%iﬁ)l ||u(t)||B§’S(.Q) = 0 uniformly for a.a. t € (S, S).
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Then Serrin’s condition (1.6) is satisfied. This result is obvious from (2.5).
c¢) Using the estimates in the proof of [4, Theorem 1.3| we obtain the following
result:

Let u, s, q be as in Theorem 2.1. Then the conditions (2.1) and (2.2)

are sufficient and necessary for the validity of Serrin’s condition (1.6). 27)

The next result shows the validity of Serrin’s condition if w : [0,T) — B¥*(£2)
is continuous for some d > 0 or equivalently for all § > 0 including § = oo; note
that this equivalence follows from (3.11) below.

Theorem 2.3 Let u be a weak solution of the Navier-Stokes system (1.1), and let
2<s5<00,3<qg<o0, %4—%:1. If the condition

u € C([0,T); BY*(£2)) holds with any 0 < § < oo, (2.8)
then Serrin’s condition (1.6) is satisfied.

The following theorem yields the regularity of w if the norm of uw €
L>®(0,T; BI*(£2)), 0 < 6 < oo is sufficiently small.

Theorem 2.4 Let u be a weak solution of the Navier-Stokes system (1.1) and let
2<s5< 00,3 <qg<o0, %—l—% = 1. Then there exists a (sufficiently small) constant
K = K(£2,q) > 0 such that the condition

[ull Lo 07,82 (2)) < K with some 0 < § < oo (2.9)
implies Serrin’s condition (1.6).

The next corollaries are based on the embedding properties (1.7) and are
consequences of Theorems 2.3 and 2.4. Note that s > ¢ is needed in this case.

Corollary 2.5 Let u be a weak solution of the Navier-Stokes system (1.1) and let
3<g<s< oo, %—i—%zl.
(i) Each of the conditions

u € C([O,T);D(A§/4)) or u e C([0,T); L3(£2)) oru € C([0,T); L3*(£2)) (2.10)

is sufficient for Serrin’s reqularity condition (1.6).
(ii) There exists a constant K = K(£2,q) > 0 such that each of the conditions

ol oz pairtyy < K or lllzeqorszacan < K o lull o rspae oy < K (211)

implies Serrin’s condition (1.6).



2.2 Uniqueness conditions for weak solution

The regularity results in Subsection 2.1 also show that the given weak solution
u is uniquely determined for the initial value ug € L2(£2). However, if we are
only interested in the uniqueness of u, there are several weaker conditions, see the
following results.

Theorem 2.6 Let u be a weak solution of the Navier-Stokes system (1.1) with
ug € L2(02), and let 2 < 5 < 00, 3 < q < o0, %—i— % = 1. Assume that

u € L. ([0,T); B°(£2)), (2.12)

and that the energy equality

1 t 1
S lu®)3 + / [Vull dr = 5 llu(to) |3 (2.13)
0

holds for each 0 <ty <t <T. Then u is uniquely determined by the initial value
Uug.

The next lemma yields some sufficient conditions for the energy inequality (1.4)
to hold at every tp and for the energy equality (2.13).

Lemma 2.7 Let u,ug be as tn Theorem 2.6.
(i) If we assume

lu()I3 € C([0,T)), (2.14)

then the energy inequality (1.4) holds at every to € [0,T).
(i) If either

wu € L2,([0,7); I2(92)), (2.15)
u € L, ([0, T); L3(2)), (2.16)

then the energy equality (2.13) holds.
If (2.12) is replaced by (2.17) below, we obtain the following simpler result.

Corollary 2.8 Let u be a weak solution of the Navier-Stokes system (1.1) with
initial value ug € L2(£2), and let 3 < ¢ < s < 0o be given such that 2 + % = 1.
Assume that one of the following conditions is satisfied:

u € LS([0,T); D(AY™) or u € LS,([0,T); LE(12)) (2.17)
or u € Liy.([0,T); Li”s(ﬁ)).

Then u is uniquely determined by the initial value ug.



Remark Let u be a weak solution of (1.1) as in Corollary 2.8. Tt is interest-
ing to discuss uniqueness and regularity properties of u if the Serrin condition
u € Lj ([0,T); LY(£2)), %—i—% = 1 holds in the limit case s = 00,¢ = 3. In
this case, Corollary 2.8 yields the uniqueness property for w, and from Corol-
lary 2.5 we see that the stronger assumption u € C([0,7); L3(£2)) or the small-
ness condition ||ul|peo(omir3(0)) < K are sufficient for Serrin’s regularity class
u € Lj .([0,T); LY(£2)) with certain 2 < s < 00, 3 < ¢ < 00, %+ % = 1. Further,
[o.e]

in the limit case u € L2 ([0,T); L3(£2)) we can prove, instead of the complete
regularity, the local right-side regularity property of u for each t € [0,T'), see The-
orem 2.10 (ii) below. Hence Theorem 2.10 is a slightly weaker result than that in
[12] where, on the other hand, in domains with curved boundaries some additional
condition on the pressure had to be assumed; we also refer to [13] for domains with
a flat boundary.

2.3 Local regularity results

Definition 2.9 Let u be a weak solution of the Navier-Stokes system (1.1) and let
2<s5<00,3<qg<o0o0, %-I—%zl.

(i) A point t € (0,T) is called an L*(L7)-regular point of u if there exists
some interval (t—e,t+¢) C (0,T) with € > 0 such that u € L*(t —e,t+¢; L1(12)).
Moreover, t = 0 is called L*(LY)-regular for u if there exists some ¢ > 0 with
(0,) €(0,T) and u € L*(0,¢e; LI(£2)).

(i) A point t € [0,T) is called local right-side L*(L%)-regular for u if there
is somee >0,t<t+e<T, such that u € L*(t,t+¢; L1(§2)). By analogy, a point
t € (0,T) is called local left-side L°(LY)-regular for u if there is some € > 0,
t —e >0, such that u € L*(t — e, t; LI(£2)).

(113) A point t € [0,T) is called a singular point for u if it is not regular.

Note that in Definition 2.9 ¢ = £(¢) > 0 may depend on ¢ € [0,7"). We know
from [5, Proposition 1.2] that ¢ = 0 is regular if and only if ug € B9*(12).

The following local L#(L%)-result extends the result in [5, Theorem 4.4], where
the energy equality is supposed. We will see that the conditions (2.12), (2.13) in
Theorem 2.6 are sufficient to obtain the local right-side L*(L4)-regularity condition
for each ¢t € [0,T"). Since € = £(t) > 0 may depend on ¢ € [0,7) we do not know
whether v € L{ _([0,7T); L4(2)) is satisfied. Thus we only obtain a partial regularity
result.

Theorem 2.10 Let u be a weak solution of the Navier-Stokes system (1.1), and
let 2 < s < 00,3 <q< o0, %—i—%zl.

(i) Assume that v € Li5.([0,T); BY*(2)) and that u satisfies the energy in-
equality (2.13) (i.e., for each tg € [0,T) and each t € [ty,T)). Then u satisfies the
local right-side L*(L?)-regularity condition u € L*(t,t+e¢; L9(£2)) for each t € [0,T)
withe =€(t) >0, t+e<T.



(i) Assume that either u € L%’C([O,T);D(A;M)) or u € L ([0,T); L3(2))

loc

or u € L ([0,T); LY*(2)) where additionally s > q. Then u satisfies the local

loc

right-side L*(L?) regularity condition as in (1).

The next result shows that the local left-side L*(L?)-regularity condition for
u € L2 ([0,T); B*(£2)) even yields the complete regularity of w.
Theorem 2.11 Let u be a weak solution of the Navier-Stokes system (1.1) as in
Definition 1.1, and let 2 < s < 00, 3 < q < 00, % + 3 = 1. Assume that

u € Lig ([0, T); B9*(£2)) (2.18)
or that
u(t) € B¥*(02) for each t € [0,T). (2.19)

Further assume that each t € (0,T) is local left-side L*(L?)-reqular for u. Then u
satisfies Serrin’s condition (1.6).

It is interesting to note that the corresponding result for local right-side points
cannot be proved. We know that (2.19) is a corollary of (2.18), see Proposition 3.2.

Corollary 2.12 Let u be a weak solution of the Navier-Stokes system (1.1) with
ug € L2(£2). Then the set R C [0, T) of reqular points of u is dense in [0,T), and
the set [0,T) \ R of singular points of u is a null set.

2.4 A large class of regular weak solutions

The following result yields a regular weak solution w of (1.1) if the initial value
norm ||ug || pa.s(gy is sufficiently small.

Theorem 2.13 Let ug € B?5(2) with2 < s < 00, 3 < g < 00, %—i—% = 1. Assume
that

ol Bas () < €x (2.20)
with €, = €4(82,q) > 0 as in Proposition 3.6 below. Let u be a weak solution of

the Navier-Stokes system (1.1) with initial value ug € B?*(§2). Then u satisfies
Serrin’s condition (1.6) on [0,T).



3 Preliminaries

In this section £2 C R? is always a bounded domain with 2 € C%'. Moreover,
[0,7) with 0 < T' < oo will be a time interval. By (-,-) we denote the pairing of
vector fields in {2, and (-, -) 7 means the corresponding pairing in [0,7) x {2. Let
C5%,(92) = {v € C§°(2); dive = 0} and Lg(2) = CS?U(Q)H'HQ, 1 < ¢ < 00, where
| - || means the norm in the Lebesgue space L?({2). Further, W"4(£2), k € N, and
Wé“’q(ﬂ) = Cgo(Q)H'HWk’q(”) are the usual Sobolev spaces.

The Bochner space L*(0,T; L9(£2)), 1 < s,q < oo, has the norm

T 1/5
|WhmmmmD:W%mT:WM@mm:<A|Wmm> v e L0, LY(9)),
and L*°(0,T; L9(£2)) has the norm

V|| po0 0.1 La(0)) = inf sup ||v(t ),

ol (0,15L12(2)) FC[0,T),|F|=0 (tE[O,T)\]-'H ( )HLq( ))
where F C [0,7) runs through the set of all Lebesgue null subsets of [0,T), i.e.
with |F| = 0. A calculation shows that for each v € L*(0,7T; L%({2)) there is a
null set F C [0,7), |F| =0, depending on v, such that

[vllzorLa2) = sup  [Jo(t)]La(e)- (3.1)
te|0,T)\F

Let P = P, : LY(2) — Li(2), 1 < q < oo, denote the Helmholtz projec-
tion, and let A = A, = —P,A : D(4y) — L&(£2) be the Stokes operator with
domain D(A,) = W24(2) N Wy '(£2) N LL(£2) and range R(A,) = L%(£2). Then
AY 2 D(AG) — Lg(2), —1 < a < 1, denotes the fractional power of Ay. It holds
D(Ay) C D(A]) C LE(£2), R(AY) = LE(2) if 0 < o < 1, see [6], [9]. In par-
ticular, D(A,}/Q) = Wol’q(ﬂ) N LL($2) with equivalent norms ]|Aé/2v||q ~ ||V,
v E D(Aéﬂ). Moreover, with C' = C(£2,q) > 0 we need the following important
embedding estimates:

3 3
o]l < CllASv]|y, v € D(AS), 1 <y <gq, 2a+ phabet 0<a<l1, (3.2)

3 3 3
|A %]y < Clloll2, v € LE(2), 0 < a < 2T Py (3.3)

Let e7t 1 LL(2) — L&L(2), 0 < t < oo, denote the analytic semigroup
generated by the Stokes operator A,. Since ) is bounded, we obtain with some
k=#k(£2) >0 and C = C(£2,a) > 0 the estimates

A% 0|, < CE e olly, v € LL(2), 0<a < 1, ¢ >0, (3.4)
le™*olly < Gt A %], < Ct~ e ||ols, v € LE(£2), (3.5)



where in (3.5) the parameters «, g are assumed to satisfy the conditions in (3.3),
see [4], [5].
For 2 < s < 00,3 <q< o0, %—1— % = 1 we define the normed space

o0 1/s
BQ;S(Q) = {’U = Lg—(‘Q)a HUHBQ*S(Q) = (/0 ”e_TAUHZdT> < OO} . (36)

Since ¢ > 2 and v € L2(§2), we conclude from (3.5) that the function 7 ||e_TAv||Z
is well defined for 7 € (0,00). Thus the condition v € B?*(£2) is well defined and
means that 7 — He_TAvHZ is integrable on [0, 00). The space B%*(2) with norm
[v]| Ba.s 2y is @ normed space. Additionally,

BY*(2) = BP*(2) with [0l gg.e(g) 7= [0l Bos() + llvll2, (3.7)

is a well defined Banach space, see Proposition 3.1 below.

Let IB%;,/;,(Q), s'=2q = qgﬁ, denote a well known closed solenoidal sub-

space of the usual Besov space B;/i,(()) introduced in [1], see also [4, (3.1)], [5,

Lemma 3.1], and let B;j/s(!)) be its dual space. Using [4], [5], we obtain for

v € LZ(2) that ||v]| ge.s() + [|v]l2 and ||U||B;§/S(Q) + ||v||2 as well as HUHE‘”(Q) are
equivalent. Therefore we obtain that

B () = B (2) = B2/ (2) N L2(2) € B;2/*(22), (3.8)

and we call Eq’s(ﬂ) a Besov space.
Further we need, for § > 0, the normed space

5 1/s
B (Q) = {v € L2(92); ollpe (o) = </0 ||eTAv||fIdT> < oo}. (3.9)

Correspondingly, we obtain that
Bg’s(ﬂ) = Bg’s(()) with ||U||§g,5(9) = ||U||Bg-5(9) + |lv]l2 (3.10)

is a Banach space. Using the estimates (3.2)-(3.5) we easily get for the normed
spaces B*(£2), B}*(£2) and the Banach spaces B%*(£2), BP*(£2) the following
results:

B\%S(Q) = B\g’s(()) with equivalent norms || - ||§§’S(Q) <" ||§q,3(9), (3.11)
B%5(£2) = B}*(£2) with equivalent norms || - IBre(2) < NI | Bas()- '

Next we will analyze the structure of the spaces B?*(£2), B{*(£2), etc. Any

v € B%%(§2) can be identified with an element of L2(f2) and with the function
7 = e ", such that B%*(£2) can be considered as a subspace of L*(0, oo; LI(£2)).
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Due to this point of view we will identify each (continuous linear) functional on
B%5(02) with a pair (F, f) where F' € L* (0, 00; LY (£2)) and f € L2(£2) in the sense

(v, (F, ) = /OOO<€TA’U,F(’T)>Q dr+ (v, f)n, ve Eq’s(()). (3.12)

Proposition 3.1 B\q’s(()) and B\g’s([)) are reflexive Banach spaces.

Proof Since By, 3/ *(£2) and L2(£2) are reflexive Banach spaces, the same holds for
Bo#(02) = B,3*(2) N L2(82) as well as for BI*(£2). n

Finally we investigate properties of weak solutions u with values wu(f) in
B%%($2)),0<t<T.

Proposition 3.2 Let u be a weak solution of the Navier-Stokes system (1.1), and
assume that u € L2 ([0,T); BY*(£2)). Then u(t) € B¥*(£2) is well defined for each

loc

t €[0,T) and it holds

lull oo 0,5;B05(2)) = sup [Ju(t)||pas(), 0<8<T. (3.13)
t€[0,9)

The corresponding result holds with B%*(82) replaced by BY*(£2), § > 0.

Proof Let F C [0,5) be a Lebesgue null set such that ||ul|ge(o,5;805(02) =
sup  [[u(t)|| Bas(a)), cf. (3.1). Let tg € [0, ) be given. Then we choose a decreas-

te[0,5)\F

ing sequence (t;);en C (0,.5) \ F such that tog = lim ¢; satisfying u(t;) € B9*(£2)

j—o00

for each j € N and sup, [|u(t;)||gas(n) < co. Due to (1.2) also ([|u(t;)]2)jen is

bounded so that (u(t;));en is bounded even in B%5(£2). Since B4*(£2) is reflexive,

see Proposition 3.1, we obtain some uy € B%*({2) such that (omitting the notion

of subsequences) u(t;) — ug converges weakly to ug in B%*(§2). Moreover, in view

of the calculation (3.12) it holds

luollpos() < lim inf [ujll prs(2) < sup; [|ujlpos(a) < o0 (3.14)

and u(t;) — wg in LZ(£2. Finally, due to (1.5), u(t;) — u(tp) in LZ(£2. Hence
uy = u(to) € B¥*(£2).
Thus we obtain from (3.14) that
||u(t0)||quS(Q) < sup; ||U(tj)||qus(Q) < ||u||L°°(0,S;B‘1-S(Q))-

This shows that u(t) € B?*(£2) is well defined for each ¢t € [0,S5), and that (3.13)
is satisfied. By analogy, we get the proof with B%*(£2) replaced by B{”*(12).

The next proposition concerns the Lorentz spaces Ly*(£2) C Ly™(£2). Note
that || - ”Bq‘i/s(ﬁ) + - |l2 means the norm of ]B%;?/S(Q) N L2(0).
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Proposition 3.3 Let 2 <s< 00,3 <qg< o0, s> q, % + 2 =1. Then there hold
the following continuous embeddings with constants C = C(£2,s) > 0.

o) D(AY") C L3(Q) C L¥*(2) C B24(), (3.15)
b)) LE(Q)=L¥(Q), [2(2) = L2(0), (3.16)
¢c) L3(02)CL2(0), (3.17)
d) US(Q) C B, 2/5(!2) N L2( ) = Eq’s(ﬁ), (3.18)
) L¥Q)C Lf;°°(9>. (3.19)

Proof a) The first result in (3.15) is proved by (3.2). The other embeddings are
contained in [1, (0.16)] and [5, Lemma 3.2].

b) See [18, 1.18.6, (5a)].

c¢) The result (3.17) rests on [18, 1.3.3, (e), (f), and 1.18.6, Theorem 2|: Since
LS(Q) c L*(Q) for the bounded domain €, we get that (L*(, L%(Q)1/9, =

L?#(Q) C (L*(2), L*(2)1/2,s = L*(Q) with a continuous embedding. Hence also
L¥*(Q) C L2(9) by the density of the space C§%(Q) in both spaces L¥*(Q) and
L2(9), see Section 1.

);
d) This result is obtained combining (3.15) with (3.17).
e) [18, 1.3.3 (3)] vields (3.19). n

By Proposition 3.3 we get for 3 < ¢ < s < o0, %—i— % = 1, the continuous
embeddings

D(AY") C L3(02) C L¥*(2) C BY*(2) = BY*(0) (3.20)
with the estimate

[l Bas(2) < W0llgas () < Cllvll 3y < Cllvlizg ) < Cllvll pgrey  (3:21)

for all v € D(A;M), where C' = C(£2,q) > 0, see [5, Lemma 3.2|, [1, (0.16), (0.17)].
Hence, by (3.20), (3.21), for 0 < T' < oo, we also obtain the continuous embeddings

C([0,T]; D(4,'*)) € C([0,T); L(£2)) € C((0, T); L3*(42)) (3.22)
C C([0,T]; B**(2)).

Next we recall the classical uniqueness result by Serrin and Masuda, see |15,
V. Theorem 1.5.1].

Proposition 3.4 Let u,u be two weak solutions of the Navier-Stokes system (1.1)
in the sense of Definition 1.1 with the same initial value uy € L2(£2), and assume
that u € L, ([0,T); L9(£2)) is satisfied with 2 < s < 00, 3 < ¢ < 00, 2 + % =1.
Then it holds u =14 in [0,T).
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Lemma 3.5 Let u be a weak solution of the Navier-Stokes system (1.1) and choose
to € (0,T) such that the energy inequality (1.4) is satisfied for to <t <T. Then @
defined by

u(t) :==u(t+to) for each te€[0,T —tp)

is a well defined weak solution of the system (1.1) with initial value Uy = u(to) and
with T replaced by T — 1.

Proof Let w € Cg°([to, T); C5%,(£2)). Then we use in (1.3) test functions wj,

J € N, defined as follows: Choose t; = to(l — %), and set w;(t) =0 for 0 <t < tj,
w;(t) = %w(to) for t; < t < to and w;(t) = w(t) for tg < ¢ < T. Omitting
a smoothing procedure we can use w; as test functions in (1.3) and let j — oo.
Then a calculation and (1.5) show that @ with 4y = u(t) is a well defined weak

solution as in Definition 1.1 with ug replaced by g and with T replaced by T'—ty. =

The next proposition is a local regularity result from [5, Proposition 1.2, Corol-
lary 1.3], see also [4, Theorems 1.1 and 1.2].

Proposition 3.6 Let u be a weak solution of the Navier-Stokes system (1.1) on
[0,T), 0 < T < oo, with ug € L2(£2), and let ty € [0,T) be given such that the
energy inequality (1.4) is valid for to and t € [to,T). Then there is a constant
e« = €+(£2,q) > 0 with the following property: If for 0 < § < oo with tg + 4 < T,
and with 2 < s < 00, 3 < g < o0, %+%:1,

5 1/s
( / le (ko) 2 d7> <e (3.23)
0

then u satisfies locally the Serrin condition
u € L*(to, to + 0; L1(£2)). (3.24)

Proof In [4, Theorem 1.2|, Proposition 3.6 has been shown only for 5 = 0 and
is based on Banach’s fixed point principle. The same arguments can be used
replacing [0,T') by [to,T) and ug = u(0) by %o = u(to). Here we need Lemma 3.5
to treat u as a weak solution of (1.1) in the interval [ty,T). To identify the weak
solution on [tg, %o + 0) with initial value u(t9) by Proposition 3.4 with the given
weak solution u we need that u satisfies the strong energy inequality (1.4) for #.
The proof of this proposition also follows from [5, Corollary 1.3]. [ |

Now we discuss some sufficient conditions on a weak solution u to satisfy the
strong energy (in-)equality for each to € [0, 7).

Proposition 3.7 Let u be a weak solution of the Navier-Stokes system (1.1) as in
Definition 1.1, and assume additionally that

t— |Ju(t)||3, t €[0,T), is a continuous function.

Then the strong energy inequality holds at each ty € [0,T) and each t € [to,T).
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Proof Starting from (1.4) with ¢y = 0 and for almost all ¢y € [0,T'), let us consider
any to € [0,7T) and choose a strictly decreasing sequence (t;)jen C (to,t) with
to = lim t; such that for all "> ¢ > ¢;

J—00

1 ¢ 1
Sl + [ IVulBar < 3 jutt;) B
tj
Then we take the limit 7 — oo on both sides and obtain the result. ]

Proposition 3.8 Let u be a weak solution of the Navier-Stokes system (1.1) as in
Definition 1.1.
(i) Assume that
uu € L, ([0, T); L*(£2)). (3.25)

Then, after redefinition on a null set of [0,T), we obtain the energy equality

1 t 1
S lu®)3 + / IVull dr = 5 flu(to) |3 (3.20)
0

for each tg € [0,T) and each t € [ty,T).
(ii) Assume that one of the following conditions is satisfied: either

u € Li%(0,T); L2 (%)) (3.27)
u € L ([0, T); LE™(92)) (3.28)
u € L ([0,T); D(AY™) (3.29)

is valid. Then (3.25) is satisfied, and consequently the energy equality (3.26) holds.

Proof (i) Since u - Vu = divF with F = wu, we can write (1.1) as a
Stokes system with external force f = —divF. Using (divu(t)u(t),u(t))n =
—3(u(t), Viu(t)|?)2 = 0, and (3.25), we see that (3.26) is the well defined energy
equality for this Stokes system.

(ii) By Hélder’s inequality and (1.2) we obtain for 0 < 7" < T that |juul|22r <
Cllul|3,00,17[|1e]|6,2,77 < 00. Hence (3.27) yields (3.25).

In the case (3.28) we use Holder’s inequality in Lorentz spaces (|10, Lemma
2.2|), namely

lvwll 22y < cllvwlz2200) < ellvllpsce@)llwlzez(2), ¢=c(£2) >0,

and the Sobolev embedding WOI’Q(Q) C L%2(02), see [10, Lemma 2.1 (1)], to get
that [luul|r2(p) < C||u||L3,oo(Q)||u||W()l,2(Q). Now we may proceed as in the previous
case.

Assuming  (3.29) we know from (3.21) that L*(0,7";D(AY%))
L°(0,T"; L3(£2)) for 0 < T" < T. Hence we proceed as for (3.27).

m N
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4 Proof of the main results

Proof of Theorem 2.1 First we show that each point ¢; € (0,7T) is local left-side
L#(L%)-regular for u. Let t; € (0,7) and let * = £*(£2,q) > 0 be given as in
Proposition 3.6. Then, using (2.2), there exists some 0 < dg < ¢; such that

t1—t 1/s
( / e~ ()| d7> <o (4.1)
0

is satisfied for each ¢ < ¢; with ¢; —¢ < dp. In particular, choose t = tg € [t1 —do, t1)
such that also the energy inequality (1.4) is satisfied for ¢y. Using Proposition 3.6

we conclude that
u € L°(to, t1; LI(£2)). (4.2)

Thus each ¢; € (0,7) is a local left-side L*(L?)-regular point.

In a second step we show that each ¢, € [0,T") is local right-side L*(LY)-regular.
Let t; € [0,T) be given. In order to apply Proposition 3.6 with u(tg) replaced by
u(t1) we have to show that the energy inequality (1.4) holds, here in the form

1 t 1
5llu(t)||% + [ [[Vullzdr < §||U(t1)||%a t<t<T. (4.3)
t1

To prove this we first conclude from (4.2) with ¢; = ¢y + Jp that wu €
L?(tg,t1; L2(£2)). This follows from Holder’s inequality

HuuH?:?,(to,tl) < CHU“‘];sa(tO:tl)HUHQI;SI:(tO;tI)’ ¢>0, (4'4)

with gi,51 > 2, 5=+ 5= 5+ 5, & + & = 5, see [15, V. (1.8.11)].

q’ 2 s17 81

Then we obtain from Proposition 3.8 that the energy equality

1 t 1
2mam@+L|ww&h=JW%m% (4.5)

0

is satisfied for each t{, € [to,?1). Thus it holds

lim [lu(to)[13 = [[u(t:) 3. (4.6)
toTtl

Next we use (1.4) with a sequence t; € (to,t1), t; < t; 4, j € N, Jlggot; =1,
such that .
1 1
S + [ IVular < )l 0 <e<T (@7)
i

is satisfied for 5 € N. Using (4.6) and the same argument as in the proof of
Proposition 3.7, we pass to the limit j — oo on both sides of (4.7) and obtain that

1 t 1
gwmﬁ+ANww&vs2wmmauSt<T (4.8)
1
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is satisfied.

Further we observe, using Proposition 3.2, that u(t) € B%%(£2) is well defined
for each t € [0,T). Thus we can apply Proposition 3.6 for each initial value u(¢;),
t1 € [0,T). This shows that each t; € [0,T) is local right-side L*(L?)-regular.

Together with the first step of the proof we conclude that each ¢; € [0,T)
is L*(LY)-regular. Thus uw € L*(0,S;L%(f2)) for each S € (0,7) and Serrin’s
condition (1.6) is satisfied. This completes the proof of Theorem 2.1. |

Proof of Corollary 2.2 Assume it holds (2.1) and (2.5). Then we have to show the
validity of (2.2). Let ¢; € (0,T), 0 <t < t;, be given. Then we set S = ¢; and we
choose Sy € [0, S) satisfying (2.5). Let ¢ > 0 be given and choose 0 < 6y < ¢; such
that HU“LOO(SO,S;Bg‘S(Q)) < € holds for each 0 < § < dp. Then for each 0 < t < #;
with t; — ¢ < g we obtain, using the argument as in (3.13), that

lu@lisge @) < lu®)llses o) < lullLoeisy,sipee) < €

is satisfied. n

Proof of Theorem 2.3 Let (2.8) with 0 < § < oo be given. We show that the
conditions (2.1), (2.2) are satisfied. Let 0 < S < T'. Then, using (3.13) and (3.11)
we obtain that

||UHL°°(0,S;BW(Q)) < C||U“Loo(o,s;3§’s((z)) < o0

with C' > 0. Thus (2.1) is satisfied.
To prove (2.2) let t; € (0,7) and let € > 0. Then, using (2.8), we choose
0 < dg < t1, dg < d such that

9
lu(t) = u(t)lggs (o) < lut) —ult)lpg) < 5
e

lu(@)liBge @) < lut)llpge @) < 5

hold for each t € (0,%1) with ¢t; — ¢ < dp. Consequently,

IN

@)z oy < lult) = (i) L ) + Ntz o
< % +i=¢

\)

for each ¢ € (0,t1) with t; — ¢ < dg. Thus (2.2) is satisfied. |

Proof of Theorem 2.4. Choose K := e, = e4(£2,q) > 0 with £, as in Proposi-
tion 3.6. Using Proposition 3.2 with B%5(£2) replaced by BJ*(£2), § > 0, we see
that u(t) € By’ (£2) is well defined for each ¢ € [0,T'), and that

sup ||u(t)||gescoy = llull poo om0 <e. =K.
tE[O,T) B5 (‘Q) L (07T736 (Q)) *
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Hence for each § > 0 and almost all ¢¢ € [0,T) it holds the energy inequal-
ity (1.4) and we have ||“(t0)||B§’S(Q) < ¢e4. Now Proposition 3.6 implies that
ue L ([0,T); LI(2)). ]
Proof of Corollary 2.5 This result follows from Theorem 2.3 and Theorem 2.4,
using the embedding properties (1.7). ]

Proof of Theorem 2.6 Assume that in addition to the weak solution w satisfying
(2.12), (2.13) there is another weak solution @ for the same initial value ug. By
Proposition 3.6 for u with ¢y = 0 we obtain that v € L*(0,4d; L9(£2)) with some
0 < § <T. Then Proposition 3.4 implies that u(t) = u(¢) holds for 0 < ¢ < 4.

Let [0,71), 0 < T1 < T, be the largest half open interval such that u(t) = u(¢)
is satisfied for each ¢ € [0,77). Assume that T} < T. Due to Proposition 3.2,
u(Ty) € B9*(£2) is well defined. Choose an increasing sequence (t;);en € (0,77)
with jlggo t; = T, and use the weak continuity (1.5) for both u and @ at each ;.
Then u(t;) = u(t;) converges weakly in L2(§2) for j — oo to u(Ty) = u(T1).

Now let ty := Ty. Obviously, by (2.13), u satisfies the energy inequality at .
Using Proposition 3.6 for the initial value u(ty) € B?*(2) = BY*(£2) with some
0 >0, tp +9 < T, such that ||u(t0)]|Bg,S(Q) < e, is satisfied, we conclude that
u € L*(to, to + 0; L9(£2)). Moreover, since u = 4 on [0, %y] and since 4 satisfies the
strong energy inequality, the energy equality (2.13) for u on [0,%y] implies that @
satisfies the energy inequality with initial time ty. Hence Proposition 3.4 implies
that w(t) = a(t) in [to,to + ). Thus tg+0 =11+ 6 > 11 and w = 4 in [0,T1 + 9).
This is a contradiction to the construction of T7. This proves Theorem 2.6. |

Proof of Lemma 2.7 (i) If (2.14) holds, then Proposition 3.7 yields the result.
(ii) In the case of (2.15) and (2.16), we use Proposition 3.8 (i) and (ii), respec-
tively, to get the energy equality. [ |

Proof of Corollary 2.8 By the embeddings (3.20) and Lemma 2.7 (ii) we see
that the conditions (2.12) and (2.13) are satisfied. Then Theorem 2.6 yields
the result. |

Proof of Theorem 2.10 (i) Due to Proposition 3.2 we know that u(ty) €
B%#(£2) = B{*(12) for each t; € [0,T) and 6 > 0. By (2.13) we obtain from
Proposition 3.6 that u € L*(ty,ty + 6; L9(2)) for each ty, € [0,7") with some
§ = d(tg) > 0, to + 0 < 7. This proves part (i).

(ii) Using Propositions 3.8 and 3.3, (3.19) we conclude from the as-
sumptions that the energy equality (3.20) is satisfied for each ¢, € [0,7),
t € [ty,T). Further we obtain from the embedding properties (3.20) that
u e LY ([0,7); B¥*(£2)) holds as in (i). Now the result follows as in (i). =

loc
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Proof of Theorem 2.11 Recall that (2.18) implies (2.19); thus we only as-
sume (2.19). Assuming the local left-side L*(L9)-regularity for each ¢t € (0,7)
we can argue as in the proof of Theorem 2.1, part b). This shows that each
ty € [0,7) is local right-side L*(L?)-regular. Thus each ¢ € [0,7T) is regular
and we obtain the Serrin condition (1.6). n

Proof of Corollary 2.12 Let u be the given weak solution. Then u(ty) €
L2(£2) is well defined for each to € [0,T) and u(ty) € W,*(2) C L*(Q)
holds for almost all ¢, € [0,7), c¢f. (1.5) and (1.2). Thus using (3.20) we
see that u(ty) € L2(£2) C B¥(2) = B*(12) for a.a. ty € [0,T). Moreover,
we may assume that the energy inequality (1.4) is satisfied for ¢y, and all
t € (ty,T). Proposition 3.6 implies for each such ¢y that for the initial value
u(ty) € B?¥(£2) there exists some 6(tg) > 0 such that the weak solution u
is a strong solution in L*(to,to + d(to); L9(f2)). Hence each such interval
(to,to + 6(to)) € [0,T) consists of regular points. Since this holds for a.a.
to € [0,T), the union of these intervals is an open dense set of regular points.

n

Proof of Theorem 2.13 Use Proposition 3.6 with T' < oo, tg = 0, u(ty) =
u(0) = up € B?*(£2). Then we obtain from (2.20) that (3.23) and (3.24) hold
for each 0 < § < T. Thus Serrin’s condition (1.6) is satisfied for T < 0.
This proves Theorem 2.13. ]
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