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Abstract. In an exterior domain  C R? and a time interval [0,7), 0 < T' < oo,
consider the instationary Navier-Stokes equations with initial value uy € LZ(€2)
and external force f = div F, F € L?(0,T; L*(€)). As is well-known there exists
at least one weak solution in the sense of J. Leray and E. Hopf with vanishing
boundary values satisfying the strong energy inequality. In this paper, we extend
the class of global in time Leray-Hopf weak solutions to the case when Ug =9
with non-zero time-dependent boundary values g. Although uniqueness for these
solutions cannot be proved, we show the existence of at least one weak solution
satisfying the strong energy inequality and a related energy estimate.
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1 Introduction

Let  C R® be an exterior domain with boundary of class C*!, and let [0, 7,
0 < T < oo, be a time interval. In  x [0,7) we consider the instationary
Navier-Stokes system with viscosity v > 0 and data f, g, ug in the form

u —vAu+u-Vu+Vp=f, divu=0
=g, u(0)=1up.

(1.1)
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For the data we assume the following:
f=divF, F ¢ LQ(O,T; L2(Q)), ug € L2(92),

g € L0, T; W=4(0Q)) N L* (0, T; W™ (69)), (1.2)
34_3:17 2 <59 <00, 3<qy < o0
So 4o

the initial data wug has to satisfy further assumptions to be introduced later, see
Section 5.

A weak solution u to (1.1) will be constructed in the form v = v + E where
E solves an instationary Stokes system with the boundary data g, and v solves a
type of Navier-Stokes system with additional perturbation terms related to E but
homogeneous Dirichlet data on 0€2. Therefore, the problem splits into two almost
independent parts, the construction of £ as weak (or very weak) solution of a
Stokes system and the analysis of a perturbed Navier-Stokes system. It is worth
mentioning that the second step needs only very low assumptions on E known
from the theory of very weak solutions (F lies in Serrin’s class L*(0,7; L%(£2)))
and from the classical theorem for weak solutions to satisfy the energy identity
(E € L*0,T;L*Q))); here the assumptions on g and on wug in (1.2) are not
explicitly needed.

To be more precise, we have to find first of all a (so-called) very weak solution
of the inhomogeneous Stokes system

E,—vAE+Vh=f,, divE=0

1.3
E|8Q:ga E(O):E07 ( )

see [2]-[6] and, for the case of exterior domains, [7], in £ x [0,7") with suitable
data fo = div Fjy and Ejy; here Vh means the associated pressure. At first sight,
it seems to suffice to choose fo = 0, Fy = 0, but for later application it will be
helpful to consider general data fy, Fy, see Assumption 1.6 to be used in Corollary
1.7 below. Setting

v=u—FE, p=p—nh, fi=[— fo, vo=1uo— Ep (1.4)

we write (1.1) as a perturbed Navier-Stokes system with homogeneous boundary
data Voo = 0

v —vAv+ (v+E)-V(v+ E)+Vp=fi, dive=0,

0, v(0)=uwvy (1.5)

v|8Q -

with the new perturbation terms

(v+E) - Vw+E)=divivev+(E®uv+v®E)+ E®E);



here E® v = (E;v;); j=1,2,3 denotes the dyadic product of the vector fields £ and
v and the divergence is taken columnwise, i.e., div EQv = ( S 0B v;)).
(= E - Vv, since div E = 0).

To deal with Leray-Hopf type weak solutions v of (1.5), see Definition 1.1
below, we need that E has the following properties:

E € L*(0,T; L*(Q)) N L*(0,T; L (Q))
z+i:1,2<30<oo,3<q0<oo. (16)
So 4o
Actually, the condition E € L*(0,T;L*(Q)) in (1.6) is needed for estimates of
the perturbation term E ® E in the space L?(0,T; L*()), whereas the second
condition £ € L% (O,T ; L (Q)) of Serrin type will help to estimate the terms
v® FE and E®wv. To guarantee (1.6) for the solution E of (1.3) the data fo, g, Eo
have to satisfy certain assumptions known from the theory of the very weak
Stokes system, see Sect. 5. However, looking at (1.5), it suffices to assume (1.6)
and vy € L2(Q), fi = divFy, Fy € L*(0,T;L*)), in order to define Leray-
Hopf type weak solutions of (1.5); later concrete conditions on g, ug, Ey will be
described to satisfy these assumptions, see Sect. 4 and 5.
In this respect, this paper mainly deals with the perturbed Navier-Stokes
system (1.5) rather than with (1.1).

Definition 1.1 Let E satisfy (1.6) and assume vy € L2(Q), f1 = divF,, F} €
L? (O,T; LQ(Q)). Then a vector field v on Q x [0,T) is a Leray-Hopf type weak
solution of the perturbed Navier-Stokes system (1.5) if the following conditions
are satisfied:

(i) v € L. ([0, 7); L3 () N Li,e ([0, 7): W (),
(i) for each test function w € C§°([0,T); C5%,(2))
(v,w)ar + v {(Vo,Vw)ar — (v + E) ® (v+ E), Vw)ar
= (vo, w(0)) — <F1>VW>Q,T>
(iii) the energy inequality

7=1,2.3

(1.7)

1 t 1 t
@B +v [ IVelgdr < Sl ~ [(Fi -0+ B)s BV e (1)
0 0

holds for 0 <t <T.
Our first main result reads as follows:

Theorem 1.2 Let Q) C R3 be an exterior domain with 92 € O let f; = div I},
Fy € L*(0,T; L*()), vo € L2(Q), and assume that E satisfies (1.6). Then the
perturbed Navier-Stokes system

v —vAv+ (v+ E)-V(u+ E)+Vp=f, divv=0,

=0, v(0)=n1v (1.9)

Y0an



has at least one Leray-Hopf type weak solution v in the sense of Definition 1.1.
Moreover, v satisfies the energy estimate

t
ool +» [ 1ol ar < e(jlunl} +
(1.10)

4 [t c K s
2 [URE+ 1EI dr) e (s [ 1Bl ar)
0 v 0

for all0 <t <T; here c =c(£2,qo) > 0 means a constant.

Remark 1.3 (i) In view of (1.1), (1.3)-(1.5) and Definition 1.1 u = v + E
is called a Leray-Hopf type weak solution of (1.1) with boundary data Ul =
g = ElaQ and initial value u(0) = vy + Ey. In the most general setting of very

weak solutions, cf. [23], [24], these terms are not well-defined separately from
each other and from f, but have to be interpreted in the generalized sense that
v =u— F satisfies U)o = 0 and v(0) = vy. For a more concrete situation and
assumptions on g,uy we refer to Sect. 5.

(1) The weak solution v in Theorem 1.2 may be modified on a null set of
(0,T) such that v : [0,T) — L2(Q) is weakly continuous. Hence v(0) = vy is
well-defined, U)o = 0 is well-defined for a.a. t € [0,T) in the sense of traces,
and there ezists a distribution p on Q x (0,7T) such that

v —vAv+ (v+ E)-V(v+ E)+ Vp = fi.

In Theorem 1.2, cf. [5], there is still missing the so-called strong energy inequality
where the initial time ¢o = 0 in (1.8) is replaced by an arbitrary initial time t,. In
fact, as is well known, it is an open problem whether the strong energy inequality
holds for all weak solutions and all ty. Here we will prove the usual strong energy
inequality, i.e. for a.a. ty, following ideas of the seminal paper of T. Miyakawa
and H. Sohr [21]. Since in that proof we have to (construct and) control the
pressure, we need stronger assumptions on the field E.

Theorem 1.4 In the situation of Theorem 1.2 additionally assume that f; €
L? (O,T; LZ(Q)) and with exponents 1 < s1 < 00, 2 < ¢ < 00

1 1 o 1 1
<—+—<-, —+—<1 (1.11)

VE € L**(0,T; L™ (Q where
( ( >) qQ q1 6 so s1

N | —

Then the perturbed Navier-Stokes system (1.9) has a weak solution satisfying the
strong energy inequality

1 i 1 K
SO +v [ Vel dr < Sl - [ (Fi = 0+ B0 B, Vopdr (112
to

to
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and the strong energy estimate

t
o+ [ IVelar < (ol +
to

(1.13)

4 [t c ¢ s
w3 LRI+ 1B i) oo (5 [ BN dr)
to

to

for almost all ty € (0,T) and all t € (ty,T).

Remark 1.5 Assume T = oo and

E € L*(0,00; L*(Q)) N Ly®

loc

(10,00); L(9)), 2 < 59 < 00,

such that fot | E|[;0 dr is increasing at least linearly as t — oo; we note that in
this case the proof in Sect. 4 will easily show the existence of a weak solution v
in (0,00). Then the energy estimate (1.10) yields for the kinetic energy 1{jv(t)[3
only an exponentially increasing bound as t — oo. This worst case estimate
reflects the fact that nonzero boundary values could imply a permanent flux of
enerqy through the boundary into the domain.

To avoid the situation described in Remark 1.5 above we consider an assumption
on E known as Leray’s inequality in the context of stationary Navier-Stokes
equations in multiply connected domains:

Assumption 1.6 Let £ € L™ (0, 00; L4(Q)) satisfy for a.a. t € (0,00) the con-
dition
v
‘/wl ® B(t) - Vs dx’ < LIVl [Vunlls,  wiws € WiHQ) N L2(Q).
Q
(1.14)

We recall that in a (multiply connected) exterior domain 2 C R? with boundary
components I'y, ..., 'y (L € N), i.e., 00 = Ule I'; € CY') to any boundary data
g € W/22(90) satisfying the restricted fluz condition

/g'NdO:O, j=1,...,L,
F.

J

and any € > 0 there exists a solenoidal extension E. € W2(Q) of g with compact
support in 2 such that

‘ / wE. - Vu dx) <cl|Va|?  for all w e WI2(Q) N L2(Q). (1.15)
Q



Corollary 1.7 Let Q C R? be an exterior domain with 9Q € CY', let vy € LZ(2)
and let
fi=divFy, Fy € L*(0,00; L*(9)). (1.16)

Furthermore, let E satisfy Assumption 1.6. Then the perturbed Navier-Stokes
system (1.9) has a global in time Leray-Hopf type weak solution v satisfying the
enerqy estimate

t 92 t
@l +v [ I190lEar < lwlp+2 [ (IRE+ 1B . @D

There are many applications of the two-dimensional Navier-Stokes system
with nonhomogeneous boundary values in optimal control theory since the 2D-
system admits global smooth solutions and uniqueness. For the three-dimensional
case there are only few results on the existence of global or weak solutions.
We mention the existence of local in time strong solutions by A.V. Fursikov,
M.D. Gunzburger and L.S. Hou [12], and results in a scale of Besov spaces by
G. Grubb [17]. The existence of global in time weak solutions is proved by J.-
P. Raymond [22] for boundary data in a fractional Sobolev space on 92 x (0,7")
with derivatives in space and time of fractional order 3/4 for domains with bound-
ary 0 € C®. For first results on global weak solutions of Leray-Hopf type in
bounded domains see R. Farwig, H. Kozono and H. Sohr [8| for time-independent
boundary data and [9], [10] for time-dependent boundary (and even a prescribed
non-zero divergence [9]). The existence of weak, mild and strong time-periodic so-
lutions in a bounded domain with non-zero boundary values constant in time was
recently shown by R. Farwig and T. Okabe [11]. The first result on weak solutions
with nonhomogeneous boundary data in an exterior domain as in Theorem 1.2
was published as part of the proceedings of a conference in Kobe (2009), see [5];
however, the question of weak solutions satisfying the strong energy inequality
was left open.

After introducing some notation and preliminaries in Sect. 2 we construct
approximate solutions (vy,), m € N, of the perturbed Navier-Stokes system using
Yosida operators in Sect. 3. The passage to the limit will be performed in Sect.
4 where we prove the existence of weak solutions to the perturbed Navier-Stokes
system and also the strong energy inequality. Finally, in Sect. 5 we discuss the
construction of suitable vector fields F.

2 Preliminaries

Let Q C R3 be an exterior domain with 9Q € C'!, let 0 < T < oo and 1 <
q, s < oo with conjugate exponents 1 < ¢, s’ < co. We will use standard
notation for Lebesgue spaces (LY(Q), || - ||a@) = || - |g) and for Bochner spaces



(L0, 75 L), [ - Nl zsomszacyy = | - lgsr) - Here v € L, ([0, T); L(2)) means
that v € L*(0,77; Lq(Q)) for each finite 0 < 7" < T'. The pairing of functions (or
vector fields) in © and © x (0,7) is denoted by (-,-) and (-,-)qr, respectively.
Sobolev spaces are denoted by (W"™4(Q), || - |[wma),m € N, the corresponding
trace space by (W™ 1/49(9Q), || - | jym-1/¢q) When 1 < ¢ < co. The dual space to
W1-1/44(9Q) is denoted by W~1/%9(9Q), the corresponding pairing is (-, -)aq.
Concerning smooth functions we need the spaces Cg°(€2), Cg5, (Q2) = {v € Cg°(Q) :
dive = 0}, and in the context of very weak solutions

C3,(Q) = {w € C*(Q) : divw = 0, supp w compact in Q, w = 0 on 9N},

see Sect. 5. Note that W, (Q) := C’OO(Q)llel’q, with dual space denoted by

W4 (), and that L§(©) == Co ()", By w € CG([0,T); G55 (52)), the space
of test functions in Definition 1.1, we mean that w € C§°([0,7) x Q) satisfies
div,w =0 for all ¢ € [0, 7)) (taking the divergence with respect to = € ).

For 1 < ¢ < oo let P, : L(Q2) — L1(Q) be the Helmholtz projection and let

A, = —P,A:D(A,) = W(Q) N W, Q) N LLQ) € LL(Q) — LI(NQ)

denote the Stokes operator. For —1 < o < 1 its fractional powers Ag‘ : D(Af;) —
L1(Q)) are well-defined injective, densely defined closed operators; for 0 < o < 1
we know that D(A,) € D(A7) C LI(Q2) and the range R(A]) is dense in LZ(2);
finally, (AZ‘)*1 = A, for =1 < a < 1. In particular, one has

1A 2ully < e[ Vully, 1< q<oo,
IVull, < cl|AY?u),, 1<q<3, (2.2)
with constants ¢ = ¢ (g, Q) > 0; for A = Ay, one has ||AY?v||y = || Vv, for v €

D(AY?). Moreover, we note the following embedding estimates (with constants
c=c(q,2) >0):

1 3 3
lolly < ell A%l 0<a<3, 1<¢<3, 2a+ S= Y€ D(AY)  (2.3)
[A%v]l2 < [Av[i3 lvlls™, 0<a <1,veD(A) (2.4)
_ _ 3 3
lolly < Iollgllvll™ < e Vollslloll;™, 2< ¢ <6, 8= 2 V€ Wy (Q)
(2.5)

Recall that —A, generates a bounded analytic semigroup {e*4 : ¢t > 0} on

L4(Q) satisfying the estimate
||A‘;e_t‘4qv||q <ct vy 0<a<l, t>0,ve L) (2.6)

with a constant ¢ = ¢(q,Q2) >0 and ¢ =1 if ¢ = 2.
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The Stokes operator A, has the property of maximal regularity: For all 1 <
s,q<ooand feL* (O,T; Lq(Q)) the instationary Stokes system

v+ vApu =P, f, v(0)=0

has a unique solution v € C°([0,7); L%()) such that v, A;v € L*(0,T; LL(Q))
and v satisfies the a prior: estimate

||Ut||q,8;T + ”VAQUHq,S;T < CHqu,S;T' (2.7)

This solution has the representation

v(t) = /Ot e V=14 p £(7)dr. (2.8)

Moreover, there exists a pressure p € Li (Q x (0,7)) such that

loc
vy —vAv+Vp=f

and ||Vpllgsr < ¢l fllgsr- When 1 < ¢ < 3, then there exists a unique pressure

function p € L*(0,T; L% (£2)) where qi* = é —Land

gosT < CHVP”q,S;T < ||f”q,S;T' (2.9)

In (2.7), (2.9) the constant ¢ = ¢(£2, ¢, s) > 0 is independent of f, 7" and v.
To find approximate solutions of the Navier-Stokes system in Sect. 3 we need
Yosida’s approximation operators

Ip

1 -1
= (T4 —AY2) " men,
m
where I denotes the identity on L2(Q). The following properties are well-known:

1
[ melle < olla, || A2 ]| < Jlolls,
m 2

lim J,v = v for all v € L2(Q), (2.10)

m—ro0

IV Jvll2 < [|Volls for all v € W, 2(Q) N LA(Q) = D(AY?);

for the proof of the last inequality we use that ||AY2v||y = ||Vv]|2 and the commu-
tativity of J,, with AY2. Moreover, since A,u = Aqu for u € D(A,) ND(Ay), the
family of Yosida operators is also bounded uniformly in m € N on LZ(Q)N L2(Q)
with respect to || - ||, 1 < ¢ < 0.

For these and further properties of the Stokes operator and Yosida’s approx-
imation we refer e.g. to [14], [15], [20] and [25].



3 The approximate system

As in the classical case of vanishing Dirichlet data our proof rests on three steps:
(1) an approximation procedure yielding a sequence of solutions, (v,,), (2) an
energy estimate for v,, with bounds independent of m € N to show that each
Uy, exists on the maximal interval of existence, [0,7), and (3) weak and strong
convergence properties of a suitable subsequence of (v,,) to construct a weak
solution of the Navier-Stokes equation. Here we have to take into account that
for an exterior domain, compact Sobolev embeddings do hold only for bounded
subdomains Q' C €.

For step (1) we use the Yosida approximation procedure in (1.9) yielding the
approzimate perturbed Navier-Stokes system

v —vAv+ (J,v+ E) - Vu+E)+Vp=f;, divv=0

V], = 05 v(0) = v (3.1)
where vy € L2(2), fi = div Fy, Fy € L*(0,T; L*()), and E satisfies (1.6).
Definition 3.1 A wvector field
v = v € L (0. T)s () 1 L2, (0.7 13 2(9) 32)
is called a (Leray-Hopf type) weak solution of (3.1) if the relation
—(v,wi)or +v{(Vo,Vw)gr — (Jnv + E)® (v+ E), Vw)or (33)

= (vo, w(0)) — (F1, Vw)ar

is satisfied for every w € Cg°([0, T ng;(Q)) and the energy inequality

1 ! 1 !
W@ +v [ IVol3dr < Sl — [ (A - (Vo + EY@ B, Vo) dr, (3.0)
0 0

0<t<T, holds.

Lemma 3.2 Letvy € L2(Q), fi = div Fy, Fy € L*(0,T; L*(2)), and E satisfying
(1.6) be given. Then there exists some T" = T'(v,vo, F1, E,;m) € (0, min(1,7T)]
such that (3.1) has a unique weak solution v = v, on  x (0,T").

Proof In the proof of this local existence result we assume without loss of gener-
ality that v = 1.

Let v = v, be a solution of (3.1) on Q x (0,7"), 0 < T" < 1. Hence v is
contained in the space

X = L0, T3 L2(2)) 0 L2(0, T Wy 2())



with
1
[vllxp = lvll2,007 + [[AZ0]|2,2,7 < 00.

Note that an element v € X7 satisfies v € L*(0,7”; L9(12)) for all 2 + % =2 and
the estimate ||v||4.s7 < c||v||x,, With a constant ¢ = ¢(€2,¢q) > 0.

Then we obtain for any 0 < 77 < min(1,7), using Holder’s inequality, the
properties (2.3) - (2.5) and (2.10) the following estimates for (J,,v+ E)® (v+ E)
with some constant ¢ = ¢(2) > 0:

[T @ V2220 < (| Tmvlloiz [0]lsa0 < ¢ |AY? Tvl2a 0]l x,,
< em|ollaar vl x,, < em (T o,
1B @vllz20r < |1 Ellgo,sor [0l 3- 1)1 3- 2y < €l Bllagsorr V] x
1m0 ® Bll22r < | Ellgo,sor 1l 3 - 2y-1,3- )10 < €l Bllgo,soir [[0]]x7-
Since |E ® Elly01 < ||E|F 47, We proved the estimate

[(Jmv + E) @ (v + E)|2.2.1
N1/4 2 2 (3.5)
<em(T) " vk, + 1Bz + cllEllgsor 0] x,-

With the definition
F1<U) = F1 — (JmU + E) & (U + E)
we write the system (3.1) in the form

v, — Av + Vp = div Fi(v), divo =0
v=00n09Q, v(0)=uvy

Since vy € L2(Q) and Fi(v) € L*(0,7"; L*(Q)), we apply classical L*-results
[25, Ch. IV] on weak solutions of the instationary Stokes system to get that
v € C°([0,77); LX(Q)) and satisfies the fixed point relation v = Fp/(v) in Xg;
here

¢
(Fr () (t) = e g —I—/ Az ¢~ (=74 A~3 Podiv By (v)(1)dr; (3.6)
0

see |25, I11.2.6] concerning the operator A~z Pydiv. Moreover, v satisfies even an
energy equality for ¢ € [0,7") instead of the energy inequality (3.4), and, by (3.5),
the energy estimate

1Fr ()lxp < allvllk,, +0llvlx, +d (3.7)
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where
a=cm(T)* b=c||Elgsr, d=c(vollz + | Elf sz + |1 Fill220)  (3.8)

with constants ¢ > 0 independent of v, m and T".
By analogy, we get for two elements vy, v9 € X7 the estimate

| Frr(v1) — Fro(v2)|lx,
< cllor = vallxy, (m(T)* (Jor]lx, + 2]l x,) + 1 Ellgo,s0)  (3:9)
< lvr = va|lx,, (a (il + [Jv2llx,. ) + b)-

Up to now, to derive (3.7), (3.9), we considered a given solution v = v,, € Xz of
(3.1).
In the next step, we solve the fixed point problem v = Fp/(v) in X7v. Assum-
ing the smallness condition
dad+2b<1 (3.10)

we easily see that the quadratic equation y = ay? + by + d has a minimal positive
root y; which also satisfies 2ay; + b < 1. Hence, under the assumption (3.10),
Fr maps the closed ball By = {v € Xp : ||v]|x,, < 31} into itself. Moreover,
(3.9), (3.10) imply that Fp is a strict contradiction on Br. Now Banach’s
Fixed Point Theorem yields the existence of a unique fixed point v = v,, € By
of Fr.. This solution is a weak solution of the approximate perturbed Navier-
Stokes system (3.1). Moreover, v satisfies an energy identity, cf. (3.15) below,
and v € C°([0,77); L2()).

To satisfy the smallness assumption (3.10) (for fixed m € N), it suffices in
view of (3.8) to choose T € (0, min(1,7")) sufficiently small.

Finally, we show that the solution just found, v = v,,, which is unique in By,
is even unique in X7v. Indeed, consider any solution © € Xy of (3.1). Then there
exists 0 < 7™ < min(1,7") such that ||?]|x,. < y1, and the estimate (3.9) with
T replaced by T* € (0, min(1,7)) implies that

v = || xpe = || Fre(v) = Fr«(9) || xpe < (2ays + b)|Jv — 0| x..

Since 2ay; + b < 1, we conclude that v = ¥ on [0, T*]. When T* < T’ we repeat
this step finitely many times to see that v = ¥ on [0,7"]. [ |

To prove that the approximate solution v = v,, does not exist only on an
interval [0,7") where T" = T"(v, vy, F1, E,m), but on [0,7"), and to pass to the
limit m — oo, we need a global (in time) and uniform (in m € N) energy estimate
of v,,.

Lemma 3.3 Let v =v,,, m € N, be a weak solution of the approximate perturbed
Navier-Stokes system (3.1) on some interval [0,T") C [0,T) where vy € L%(Q),

11



fi =divF, Fy € L*(0,T; L*(2)), and let E satisfy (1.6). Then v satisfies the
enerqy estimate

lo(®)]3 + V!!Vv!\§,2~t
(3.11)

< (ol + 2 10+ 2 1B ) 50 (oo 1213 )

for allt € [0,T") where ¢ = ¢(2, qo) > 0 is a constant.

Proof In view of the energy inequality (3.4) we have to estimate the crucial term
fo Jnv + E) @ E,Vv)qdr. By Hélder’s inequality, (2.3)—(2.5) and (2.10), we
get

t t
| [y o B0 dr| < [ 10l 1Bl Vol dr
t
<o [ el IVl 1Bl [V dr— (312)

t
<e / 1ol | Elly 170127 dr
0

where o =1 — 2 = 2 cf. (2.5). Hence, by Young’s inequality,

q0 S0
| [y o 0 ar| < Eivelty + = [ lBIEIR e @19

with a constant ¢ = ¢(qg, ) > 0. Moreover,
' ' 2 v 2 2 4
| [ vdr < [ NBRIVoldr < & 190l + 1Bl s (19
0 0

the term fOt(Fl, Vu)qdr is treated similarly. Inserting these estimates into (3.4)
we are led to the estimate

12 + vVl 20 < llvollz + ||E||44t+ IF 500 + = / iz I 115 dr-

Then Gronwall’s Lemma proves (3.11). n

Lemma 3.4 Under the assumptions of Lemma 3.2 for every m € N there exists a
unique weak solution v = vy, of (3.1) on [0, T). This solutionv € C°([0,T); L2())
satisfies in addition to the energy inequality (3.4) the (strong) energy identity
1 ! 1 !
3 OB+ [ 1Vel3dr =3 o)l - [ (Fi - (o + B) o B, V) dr
to to
(3.15)
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for allty € [0,T) and ty <t < T, and it holds
5 = @2+ vIVe@)] = —(F = (Juv + E) ® E, V) (1) (3.16)

in the sense of distributions on [0,T).

Proof Let [0,7*) C [0,T) be the largest interval of existence of v = v,,, and
assume that T* < T. Since v € C°([0,T*); L2(Q)), we find 0 < Ty < T* arbitrar-
ily close to T* with v(Tp) € L2(Q) which will be taken as initial value at T, in
(3.1) in order to extend v beyond Tj. Since the length 0 of the interval of exis-
tence [Ty, To+9) of this unique extension depends only on [|v(7p)||2 and || Fi||2.2.7,
| E|4,4;7, || Ellgo.s0;7 by Lemma 3.2, we see that v can be extended beyond 7™ in
contradiction with the assumption.

Since v = v, in Lemma 3.2 satisfies an energy identity instead of only an
energy inequality, v = v, will satisfy the strong energy equality (3.15) on [0, 7).
Since both integrands in (3.15) are L'-functions, the corresponding integrals are
absolutely continuous in ¢; hence we get the differential identity (3.16) in the
sense of distributions. |

4 Proofs of Theorems 1.2, 1.4 and of Corollary 1.7

Theorem 1.2 will be proved by extracting a suitable (weakly) convergent sub-
sequence of (vy,), the sequence of approximate solutions on [0,7) constructed
above, and by passing to the limit. Let 0 < 7" < T be finite. By (3.11) we find
a constant ¢ = ¢(7") > 0 such that

||Um||2,oo;T’ —+ ||V’Um||272;T/ S C fOI' aH m & N (41)

Hence there exists a subsequence of (v,,,) which for simplicity will again be denoted
by (v,,) with the following properties:

There exists a vector field v € L>(0,T"; L2(Q)) N L?(0,T"; H)(€)) such that
for each bounded subdomain ' C €2 and for each 0 < 7" < T

U — v in L®(0,T7; L2(9)) (weakly™)

Vm — v in L2(0,T"; H}(Q)) (weakly) (4.2)
U — v in L2(0,T; L*(€Y)) (strongly) '
(

vp(t) = v(t) in  L*) for a.a. t € [0,T) (strongly)

The third property is based on compactness arguments just as for the classical
Navier-Stokes system and needs the boundedness of the underlying domain. In-
deed, concerning the crucial strong convergences (4.2)3’4, we use a sequence of
increasing bounded subdomains €, C Q such that |J, Q = €, find for each

13



a suitable subsequence of (v,,) such that (4.2) holds for Q' = € and, finally,
apply a typical diagonal argument. Property (4.2), is a well-known consequence
of the strong convergence in L*(0,7"; L*(€Y')). A similar diagonal argument for
subsequences is used to get (4.2), for any 7".

Moreover, for all ¢ € [0,T) and almost all 7 € (0,7)

IVollaze < liminf Voo,
m—0o0

(4.3)

lol: < Tminf o (r)]e

For the proof of (4.3), we first get that ||v(7)| 12y < liminf,, o [|[Vm(7)| L2
for each bounded subdomain €' C € using (4.2), and then apply Fatou’s Lemma.
By Hélder’s inequality, (4.1) and (4.2) we also conclude (after extracting a further
subsequence again denoted by (v,,)) that

Uy — v in L%2(0,7"; L2(Q)), sz—i- =5 2< 82,2 <00
U = w0 in L3(0,T5L%(Q)), 2+ 2 =3, 1 <s3,q3 <oo (4.4)
U - VU, = v-Vo in L*(0,7"; L9(£2)), i+q%—4, 1 <s4,qs <0

When passing to the limit in the weak formulation (3.3) only some terms in
((JVm + E) @ (v, + E), Vw)qr need a special consideration. Concerning the
crucial term J,,,v,, ® v,, we first note that

1
T U — Uy, = —Jm<—A1/21)m> — 0 in L*0,T'; L*(Q));
m
hence, as m — oo, by (4.4), and Holder’s inequality

T @ Uy —0 Q0 = (JpUm — Upn) @ Uy + Uy @ (U, — v) + (V5 — V) @0
— 0 in L*(0,7"; L' (©Y)).
(4.5)
Proceeding similarly with all other terms we prove that v is a weak solution of
the perturbed Navier-Stokes system satisfying Definition 1.1 (i), (ii).

It remains to show that v satisfies the energy inequality (1.8). To this aim
we consider the energy equality (3.15) for v, and ¢, = 0. By (4.3) and (4.2),
the first three terms in (3.15) pose no problems for m — oo (for a.a. t > 0).
The same holds true for the terms (F,Vo,,) and (F ® E,Vu,,). To treat the
remaining term we have to prove that

¢ ¢
/ ((Jmvm) @ E,Vuy,)dr — / (v® E,Vv)dr as m — oc. (4.6)
0 0

Since C5°((0,¢) x ) is dense in L*(0,¢; L*(Q?)) and E € L*(0,¢; L®(Q)), it
suffices to show (4.6) for any smooth E and that the sequence ((J,,v,,)Vuy,) is
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bounded in L*(0,t; L%(Q)). Indeed, for £ € C3°((0,t) x Q)

/t (<vam ® E? Vo) —(v® E, VU)) dr

¢
= —/ <vam®vm—v®v,VE)dT — 0 as m— o
0
due to (4.5). Moreover,

)71;t (47)

N|=

[ (V) - VUquO shit = [V l2,2: HJmUmH ié L=ty

S

2
Summarizing the previous ideas we proved (4.6) for a.a. t > 0. However,

since v(t) is weakly continuous in L?((2), the result easily extends to all ¢ > 0.
Now the proof of Theorem 1.2 is complete. ]

is uniformly bounded in m € N by (4.1) and since 2(% —3)+ 3(qi, -3 =4
0

To show the strong energy estimate, we do need further a priori estimates of
(vy,) and in particular of the corresponding pressure functions provided the data
fi = div F; and F has better properties. We follow the ideas of T. Mlyakawa and

H. Sohr [21] and decompose the solution into several parts v, = Z . w) where

w,%) and a corresponding pressure psrll) is a solution of the instationary Stokes

system

Ol — vAw® +vpl) = £ divwl! =0,
(4.8)

w =0, wd(0) =

Moreover, for given v,,, let f; = fr(,z), 2 < j <5, be defined by
f2 = —vam'VE, f3 —F. VE f4 mvm VUT,“ f5 = —E'Vl)m, (49)
and let (wj,p;) = (wﬁn), p,(ﬂb)), 2 < j <5, be the solution of the Stokes system

@wj - l/AU)j + Vp] = fja div w; = 0,
(4.10)
= O, w](O) =0.

Wil 90

Lemma 4.1 Assume f; € L*(0,T; L*(Q)), vo € L2(), and let E satisfy (1.6)

as well as

1 1 5 1 1
<ot o< R te <l (4.11)

VE € L°*(0,T; L™ (Q where
( () do q1 6 so s1

l\DI»—

with exponents 1 < s1 < 00, 2 < 1 < 00. Then for almost all ty € (0,t) we get
the following results on solutions (wj, p;), 1 < j <5, of (4.8) and (4.10).
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(i) System (4.8) has a weak solution (wy,p;) = (w,(n), p,(n)) satisfying for each

€ (0,7)

T
0wl + w3 + 1Vl + o) d
3

T
<c.(lmlg+ [ 1n1Bdr)

with a constant C. > 0 independent of m, v, T" and f1, vg.

(4.12)

(i) Forj=2,...,5 there are exponents 1 < v; < 00, 1 < p; < 2 with %4—% <5
J J

and £+ = L — % to be described in the proof below such that system (4.10)

P b
has a solution (w;, p;) = (w%), pfn)) satisfying the estimate

T
/0 (19et5 13 + 1w Aws [+ 19513 + 511

)m<c/nﬁwm<u@

here C > 0 is a constant independent of m, v,T and f;.

Proof (i) The unique solution of (4.8) has the representation

t
w1 (t) = eitAQUo + / eiy(tiT)AQPQfl (7') dr
0

Then classical L?-estimates easily yield the assertion; for a related estimate see
[21, (3.17), (3.17")]. Moreover, using the Helmholtz projection P», there exists
a pressure pﬁ,ll), cf. [21, Lemma 3.2|, defined by Vp(l) —(I - Pg)(@twﬁ) —
vAwS — f1). Hence Vpl) € L%, T;L2(Q)) and Vply satisfies (4.12). Since
Vpi (1) € L2(Q) for a.a. 7 € (0,T), we may even determine a unique function
P (1) € L8(Q) such that py) € L2(e, T; L(€)) with norm bounded by the right
hand-side of (4.12) uniformly in m € N.

(i) Assume for a moment that f; € LV (O,T;L”J’)) for any 1 < ; < oo,
1 < p; < 3. Then the maximal regularity estimate (2.7), (2.9) for the Stokes
system in an exterior domain yields the existence of a unique solution (wj;, p;) of
(4.10) satisfying

T

T
/o (90w, 3 + llv-Awy 1 + 19511 + s 1}2) dr < © / I1illz; dr

with a constant C' > 0 independent of the data. Hence (4.13) will be proved, but
it remains to show that f; € L (O T; L”j)) for suitable exponents v;, p;.

Consider fo = —J,,Up, - VE and let + = %+qi1, Yo = s1. Obviously 1 < py < 2
and 2= = p32 = (% + q1) + 3 <5 since % + q% < 1. Then by Hélder’s inequality

1fallpmoit < N Tmvm 2,000 [V Ellg1 130
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For an estimate of f; = —F - VE we need the assumption pig = qio + qil >
to get p3 < 2. Then by Hélder’s inequality

/31l psrsst < 1B lgo,sost |V E o3t 3
here - = i+i € (0, 1) by assumption and %+p% = (l—k 2 )+(%+q%) < % <.

73 S0 S0 q_o
Concerning f; we note that (4.7) may be rewritten in the form

[

Hf4H(§+§)—l,(§+%)—1;t < [[Vumll2.2 | mvimllg,s:0

where 2 < 5 < 00,2 < ¢ < 6 satisfying % + g = % are arbitrary. Choosing any

q € (2,6) we find exponents 74, ps such that 1 < py < 2.
Since E € L* (O, T; L4(Q)) we get by analogy to the estimate of f; that

| fsllazzg/me < IVUmllait | Ellagsze < Cell Vomllagn | B4 -

Now the proof of the Lemma is complete. [ ]

We note that the assumption 1 < p; < 2 in Lemma 4.1 is not needed to get
(4.13) (here 1 < p; < 3 suffices), but in the proof of Theorem 1.4 below.

Proof of Theorem 1.4 To prove the strong energy inequality choose a cut-off
function ¢ € C§°(R3;[0,1]) such that ¢(z) = 1 for |x| < 1, and let py(x) =
¢(x/N), N € N. Then we write the equation for v,, in the form

5
Oy, — VAV, + VP, = Z fj, divu, =0
j=1

together with initial and boundary value conditions, where the f;’s are defined
in (4.9), v, P, can be written in the form

5 5
vm:ij, wjzw,(ﬂ;), Pm=P1+ij> pj:p%)a
j=1 J=2

and where (v, p;) have the properties as described in Lemma 4.1. Now we test
the equation for v,,, see (3.3), with v, on on (t,t) x Q to get

1 t
3 m ot} () 47 [ (Tonow Vo) dr
to
1

- §<Um7 QONUm>(tO) + /to <f17 QONUm> dr

+/ (JnVm @ B,V (vpipn)) dT + / (E® E,V(pnvn)) dr (4.14)

to to

—y/ (Vow) - Tom, o) d¢+1/ Uoml, (Tt + E) - (Viow)) dr

to 2 to

5 t t
+Z/ <vm~(Vg0N),pj)dT—/ (oNVUm, V1) dT.
j=2 "t

to

17



Next we pass to the limit m — oo and then N — oo in each term.
Obviously, for almost all ¢ > t,, using (4.2);, and Fatou’s Lemma, the left-
hand side terms in (4.14) obey the estimate

1 t
Sl + [ Ivelar
to

1 t
< liminf lim inf <§<vm, ExUm) (L) + / (Vs o Vo)) dT).

N—oo m—o0 t
0

The next four terms will yield in the limit the missing terms in the energy
inequality. By (4.2),, for almost all t, € (0,T), the norm (v, eNvn) (o) con-
verges to ||v(to)||3. Evidently, ftto(fl, ©NUm) dT converges to ftt0<f17 v) dr due to
(4.2),. For the term involving J,,v,, ® E we conclude as in the proof of (4.6) that

t t
/(vam®E,V(vm<pN)>dT — / (v® E,V(vpy))dr asm — oo.
to

to

Then, for N — oo, we get that the integral fti) (v® E,(Vv)en)dr converges to

ftz (v® E,Vv)dr, cf. the proof of (4.7); the remaining integral involving v(Vey)
we estimate as follows:

t t
| / 0 B (Vox)dr| < o] Vol / VE[lal[o])2,5 dr
to to
t
5/4 3/4
< o]Vl / VBl w0 dr  (415)
to

C 3/4
< Bl Vol = 0
as N — oo.

Since E € L*(0,t; L*(Q2)) and v,, — v, Vv, — Vo in L*(0,¢; L*(Q2)),

t t
/ (E® E,V(pnvy))dr — / (E® E,V(pyv))dr asm — oo;
to

to

the latter integral converges to ft';(E ® E,Vv)ydr as N — oo, since the term

f;(E ® E,vVy)dr is easily seen to vanish for N — oc.
Now it suffices to show that the remaining terms in (4.14) converge to 0 as
m — oo and then N — oo. Indeed,

t
C
| [ (en) Tt v} dr| < [Fpwlclomllaad Vomllaae < 5 0.
to

Furthermore, since ||J, 0|3 < c|lvm]ls < chmH;/QHvaHéﬂ, we see that

t t
| / (ol T (Vion)} | < el Voo / ol 221V 0 22 dr = 0.
to to
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The integral ftto<|vm|2,E - (Vpn)) dr is easily seen to converge to 0 using an
estimate as in (4.15)
For the next terms I; J; U - (Von)pj) dr, pj = p%), 2 <5 <5, we use

(4.13), i.c., that
T o T '
/ 5 dr < [ Mgl ar<c
0 0

is bounded uniformly in m € N by a constant C' € (0, 00); here 1 < p} < 6 since
1 < p; <2,2<j<5. By Holder’s inequality, with an r = r; € [2, 6],

[(vm - (Voon), )| < 1)
< Jonlls H V0l A,
Here 4 3~ % - =<3 pr0V1ded —I— - > 1; since 1 < p; < 2, this can be achieved

for an adequate r=r; €2, 6] to be chosen below. This condition is needed to
conclude that &y = ||Vg0N|| Ay — 0 as N — oo. Now we proceed with

the estimate

3_
2

,dT

;| < Coy / Vo139

t (3-8 v
(3-2) g
< q)N< ||VUm||;] ’ dT) JHP%)Hp}'ﬁ;t

to

where 73’» > 1 is the conjugate exponent to «;. By Lemma 4.1 the sequence

(

equwalent to 7 <i 5+ 2 3. for an r > 2 sufficiently close to 2 this can be achieved

for any ~; > 1. ThlS proves that I; converges to 0 as N — oo.

Finally, concerning the term fto ONUm, V1)) dr, p1 = ]07(71)7 we conclude from

t) is bounded uniformly in m € N. Moreover, v/(3 — £) < 2 which is

(4.12) that we may extract a (diagonal) subsequence from (Vp%)) converging
weakly in L (0,T; L*(Q2)) to some gradient field VP;. Then (4.2), implies that

t ¢
/<(pNUm,VP£r1L)>dT—>/<QONU,VP1>dT as  m — 00.
to

to

The latter term converges to ftz (v,VPy)dr as N — oo; this integral vanishes
since v is solenoidal and a formal integration by parts can be justified.
Summarizing the previous results we get the energy estimate for v, for almost
to € (0,7) and for almost all ¢ € (ty,T). However, due to the weak continuity of
v(+) in L2(Q) the energy estimate even holds for all ¢ € (to,T). u

Proof of Corollary 1.7 Since the proof will be based on a differential inequality
rather than on Gronwall’s Lemma applied to an integral inequality we have to
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consider the sequence of approximate solutions (v,,) first of all. By the differential
equation (3.16) for v = v, we get the estimate

1d
5 7 1om Oz +v[Von @)z < ([Fll: + 1EID1Vmll2 + ((Tmvm) E, Vom)

where the last term due to Assumption 1.6 can be estimated as follows:
v v
((Tmvm) B, V)| < ZIV (Tt 21V Omlla < 2V 0m]5.

Then Young’s inequality and an absorption argument lead to the estimate

d 2
Zlom @Iz + v Vom@)llz < =115 + [ E2)(@) (4.16)

for a.a. t > 0 yielding

t
2
lom ()12 + V/ IVomll2dr < [loollz + —(1F1l5 200 + [ Ell3 40)- (4.17)
0

Hence v,, is uniformly bounded on (0, 7T') for all 7' < oo with a bound independent
of m € N. By the pointwise convergence property (4.2), and Fatou’s Lemma v(t)
satisfies the same bound, first of all for a.a. t > 0, but due to its weak continuity
property in L%(2) even for all ¢ > 0. ]

5 Construction of the vector field F

To apply Theorem 1.2 and Corollary 1.7 and to find solutions u of the Navier-
Stokes system (1.1) in the form u = v+ E we have to construct a suitable vector
field E solving (1.3); the solution should satisfy the assumptions (1.6) to apply
Theorem 1.2 and (1.14) to apply Corollary 1.7, respectively.

First we consider very weak solutions F of (1.3), see [7], for suitable data g, Ey
and fp. For their definition we introduce the space of initial values, J%°(Q2), by

JI3(Q) = {uo € D(Ay) : |Juol| 725 = </ ||Aq6_TA‘1(Aq_1Pqu0)||ZdT> T < oo}

’ (5.1)
Here, D(A,) is equipped with the homogeneous norm || A,ul,, v € D(A,), and
the term A, ' Pyug for ug € D(Ay)" denotes the unique element u* € LZ(Q) such
that (u*, @) = (A" Pyug, ¢) = (uO,Pq/A(;l@ for all p € R(Ay).

Proposition 5.1 Let Q C R3 be an exterior domain with 0Q € C%', let 0 <
T <ooandletl < q,r,s < oo satisfy % + % = % Assume that fy = div Fy,

Fye L*(0,T; (), g € L*(0, T; W™ 27(99)) (5.2)
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and Ey € J2%(Q2). Then the Stokes system (1.3) has a unique very weak solution
E € L*(0,T; L)) (5.3)
in the sense that for all test functions w € C§([0,T); C¢,(Q))

—<E7 wt)Q,T - V<E> Aw>Q,T = <Eo7w(0)> - <F0> Vw>Q,T - <97 N - vw>BQ,T

divE=0 in Qx(0,T), E-N=g-N on 0Qx (0,T).
(5.4)

This solution satisfies the a priori estimate

[VElgs < ¢ (| Follr s + [lvg

Ls(0,T;W—1/9:4(5Q)) + ||V1_1/SU0HJ§*S) (5-5)

with a constant ¢ = ¢(s, q,2) > 0 independent of T, v and of the data.

Proof The result is proved in [7, Theorem 1.4] where 9Q € C*! was assumed.
However, the result also holds when 992 € C! only; see a remark in [6, §1.3] on
the extension of results in [3], [4] to this case when 2 is bounded. n

For more details on very weak solutions we refer to [1]-[6] and [23], [24]. Note
that Serrin’s condition % + % = 1 is not needed in the linear theory.

Corollary 5.2 Let Q) C R3 be an exterior domain with 0Q € CH1 let 0 < T < oo
and let 1 < qg, 79, So < 00 satisfy %4—% =1, %—i—qio = % Assume that fo = div Fy,
Fy € L*(0,T; L (Q)) N L*(0,T; L7 (),
g € L0 (0,T; W™ (09)) N L (0,T; W-4(69)), (5.6)
Ey € Jio(Q) N TH(Q).

Then the inhomogeneous Stokes system (1.3) has a unique very weak solution E
satisfying (1.6), i.e.

E € L*(0,T; L*(2)) N L*(0,T; L*()), (5.7)
and the a priori estimate

1V Elgo 507 + 1V El|aar < ¢ (I Follng,soir + [Foll12 47

+ Hl/g LSO(O,T;W_%AO(BQ)) + HngL‘l(O,T;W_%A(aQ)) (58)
o0 g + [ o] )
with a constant ¢ = ¢(qo, ro, So, 2) > 0 independent of T, v and of the data.
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Proof We apply Proposition 5.1 with the exponents sq, qq, 79 and 4,4, % Since
the very weak solution E of (1.3) in [7] is constructed in a finite number of steps
where each of them yields the same result for sg, qo, 79 and for 4, 4, 1—72, it is easily
seen that the unique solution E satisfies (5.7), (5.8). n

Remark 5.3 (i) In the case sy =8, qo = 4 and T finite the L* (L%)-conditions
in (5.6) imply the L*(L*)-conditions; then (5.6)-(5.8) simplify considerably.

(ii) For the system (1.1) consider data f = divF, F € L*(0,T; L*(2)), ug €
LZ(Q) and boundary data g as in (5.6),. Then solve (1.3) with data fo = 0,
Ey =0 and g to get a (unique) very weak solution E satisfying (5.7) and the a
priori estimate

1B o0 + 1Ellaaz < (llgl

Ls0(0,T;W—1/10:20 (5Q)) + ||g||L4(0,T;W—1/4’4(8Q))) :

Nezxt, by Theorem 1.2, we find a weak solution v of the perturbed Navier-Stokes
system (1.9) with data f; = f = divF, Fy = F, and vy = ug satisfying (1.8),
(1.10). Then u = v+ E is a weak solution of (1.1) split into a weak and a very
weak part, v and E.

(111) To apply Theorem 1.4 we need E (as in (ii) above) to satisfy (1.11),
i.e., VE € le(O,T;qu(Q)) where % + i <1 and% < qio + qil < %. Since
by assumption also qu > 2, these conditions imply that % + q% < % In view of
scaling properties, Sobolev embedding estimates and the assumptions (1.6) on E
this condition is relatively weak; actually, (1.6) would lead to the much stronger
integrability condition of VE with exponents satisfying % + q% =2 or= %.

In the second part of this Section we consider the Assumption 1.6. Suppose
that the domain © C R? is exterior to L € N bounded domains ; with boundary
components I'; € CH'1 1 < j < L, such that Q = R?\ Ule ﬁj and 0Q) =
Ule I'; € C'. Further, let the boundary data g with g(t) € W22(99) for a.a.
t € (0,7T) satisfy the restricted flux condition

/ g(t)-Ndo=0,1<j<L. (5.9)
L

Then, due to a construction in [18], there exists a compactly supported solenoidal
extension F = E. € W?(Q) of g for a.a. t € (0,T) satisfying (1.15) (for arbitrary
but fixed € > 0 and for a.a. t). However, we do need also an estimate of E and
FE; in terms of g and g;, respectively.

Proposition 5.4 Let Q C R? be an exterior domain as above and let the bound-
ary function

g € L*(0,00; W'22(09)), g, € L (0, 00; W~1/22(00)) (5.10)
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satisfy the restricted flux condition (5.9). Then there exists an extension
E € L>®(0,00; W"*(Q)), E; € L>®(0,00; W™12(€2)) (5.11)

of g supported in a neighborhood of 0S), satisfying inequality (1.14), and the a
priori estimate

||E||L°°(0,00;W1*2(Q)) <c ”gHLoo(o,oo;W%v?(aﬂ))

(5.12)

HEtHLOO(O,OO;W_I’?‘(Q)) <c HgtHLOO(O,oo;W’%’Q(aﬂ))

with a constant ¢ = ¢(§2) > 0.

Proof We follow the ideas of E. Hopf [18] as described in [13, 16] to find an
extension E of g written as the curl of a suitable vector potential and defined by
a bounded linear operator g — FE.

Ignoring ¢ € (0,T) for a moment we consider g € W/22(9)) satisfying the
restricted flux condition as in (5.9). Then we use the theory of very weak solu-
tions, see [3]-[6], to find a solution u; € L*(Q;), 1 < j < L, of the stationary
Stokes system

—Auj+Vp; =0, divy; =01in Q;, u= g on 09, (5.13)
for each hole €2;, 1 < j < L. By definition

—(uj, Aw)g, + (9, N - Vw)ag, = 0 forallw e C3, ()
divu; = 0inQ;, wu;-N =g-N on 09,

and [4, Theorem 3] yields the existence of a unique very weak solution u; satisfying
the a priori estimate

||“j||2,ﬂj <c ||9||W—1/2»2(as2j) )
here the necessary compatibility condition (g, N)r, = 0 is fulfilled due to (5.9)
for each j. Finally, we choose a ball of radius R such that Ule ﬁj C Bpg and

consider the annular domain A = Bpg\ Ule Q. We find a unique very weak
solution uy € W12(A) of the Stokes system

—Auy +Vpa=0,divuy =0in A, ul, =9 1<j <L, Ul o =0;
J R

note that the compatibility condition (g, N}, r; = 0 is satisfied by (5.9) and that

[uallo,a < cllgllw-1/2290):

Since g € WY22(9Q) C W~1/22(9Q), the very weak solutions u;j, us con-
structed so far are also weak solutions, and, in particular, u; € W?(€;) and
Jujllwre) < cllgllwiezog,); for this regularity argument see [4, Remarks 2(1)].
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Next we define u on R® by u = u; in Q;, 1 <j < L, u=usin Aand u=0
in R®\ A. Obviously, supp u C By, u € WH3(R?), divu = 0 in R3, and u satisfies
the estimates

IVulla < cllgllwirzzon),
(5.14)

ulls < e ||g||W71/2,2(3Q).

Let us construct a vector potential ¢ € W22(R?) of u satisfying

u=r0t9, [l < cllull iz, 198l + [Vl < clullwrzs.  (5.15)

Indeed, we consider the equation
rot (rot ) = rotu, divey) =0 in R®.

Such a solution can be explicitly represented as

(x) = /3 D@ —y) rotyuly)dy = | K(z—y)xuly)dy,
R R
where I'(2) = = |z[~ and K(z) = VI'(z). Since divu = 0, we easily see that u =
rot ). Moreover, since K (z) < c|z|™2, the Hardy-Littlewood-Sobolev inequality
implies that

[¥ll2 < cllull poss sy = cllull Loy < cllullzzsg)-

Finally, since VK defines a Calderon-Zygmund kernel, we get the last two esti-
mates in (5.15).
Summarizing (5.14), (5.15) we get that

IVell2 +11V*%ll2 < e llgllwirzz o)

(5.16)
1¥ll2 < cllgllw-1/22(00)

with a constant ¢ = ¢(€2) > 0. Moreover, the map g — 1) is linear.

In the next step we define the vector field £ = E. by E = rot (0.1)) where
0 = 60. € WH*(R3) is a carefully chosen cut-off function with support in an e-
neighborhood of 99 and € > 0 will be chosen below. Following |16, pp. 288-290]
or [26, Ch. II, §1] for pointwise estimates of 6. and E we get for all wy,w,y €
Wolf(Q) the estimates |(w; ® E,Vws)q| < [Jwy @ Ela||Vws|l2 and with x. =
Xsuppo. and d(z) = dist (z, 092)

€ 2
w, @ B3 < c/ w]?( —|v| + |VY|x. ) dx
o ® B2 Azl (d(_)w V.

< o flao|

< cllVullz [$lzees) (€ + lIxl6);

dm) 1911% + e s [GI VA IIG X 1E
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here ¢ > 0 may be chosen arbitrarily small and is related to the size of supp 6.
which shrinks when € — 0. Hence (1.14) can be fulfilled for a.a. fixed t > 0 in
the sense that

v
‘<U)1 X E, VU)QH S Zval‘b HV'LUQHQ, w1, Ws € Wol’2(Q) N LZ_(Q) . (517)

Furthermore, since (E, ¢)q = (0.4, rot ¢))q for all ¢ € Wy(Q) we get by (5.16),
the estimate

1B llw-129) < €llgll -3 50 (5.18)

In the final step we define E() satisfying (1.14) and (5.11). Given g €
L"O(O,oo;W%’Z(aQ)) fulfilling (5.9) for a.a. ¢t > 0 we find by the previous ar-
guments for a.a. ¢ > 0 a vector field E(t) = rot (61 (t)) satisfying (5.17) and, due
to (5.16),

| E(t)|wrz@) < c||g(t)]|W%72(aQ) for a.a. t € (0,7).

Hence E € L>(0,00; W'2((2)), and (5.12),, (1.14) are easy consequences. Since
the map g — E is linear and g, € L>(0,00;W~/22(99)), the previous ar-
guments, the method of difference quotients and (5.18) also imply that E; €
L>=(0, 00, W=22(99)) and that (5.12), holds.

Now Proposition 5.4 is completely proved. [ |

To apply Proposition 5.4 to the Navier-Stokes system (1.1) via Theorem 1.2 we
have to consider the Stokes system (1.3) for £ more closely. In this setting where
E has already been defined by the boundary data g we have to determine fy and
Ey in (1.3). Let h = 0 so that by the construction in the proof of Proposition 5.4

fo=FE,—vAE, FE =rot(6v),

which may be written also in the form fy = div Fy. By (5.12) we easily get that
Fy € L**(0,00; L*(2)) and that

”F0H2,oo;oo <c (HEtHLOO(O,oo;W—LQ(Q)) + ”I/EHLOO(O,OO;WLQ(Q)))
(5.19)

sc (HgtHLOO(O,oo;W_%’Q(@Q)) T “VgHLOO(O,oo;W%’Q(BQ)))'

Moreover, the properties of FE, E; and a classical interpolation result imply that
E € C°([0,00); L*(9)), the initial value Ey = E(0) € L*(Q) is well-defined and
there exists a constant ¢ > 0 such that

1Eoll2 < ¢ (1Bl Lo 0.00wr2()) + | Bell oo 0,00 -12(2))
(5.20)

s¢ (HgHLOO(O,oo;W%’Q(@Q)) T ”'gtHLOO(O,oo;W_%’Q(aQ)))'

Furthermore, div £y = 0 and EO|8Q = ¢g(0) where g(0) is well-defined in L?*(092).
Now we are ready to state our final result.
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Corollary 5.5 Let Q C R? be an exterior domain with boundary 0 € O
and boundary components I';, 1 < j < L. Assume that f = divF, F €
L2(0,00; L*()), uo € L%(Q) and that g satisfies (5.10) and the restricted fluz
condition (5.9). Then the Navier-Stokes system (1.1) has a global weak solution
u=v+ E where E satisfies (5.11), (5.12) and

t t
C
o+ [ IVolar < ool + 5 [ (IFIB -+ 1E1) dr.
0 0
Here Fy = F + Fy satisfies (5.19), vg = ug — Ey where Ey is subject to (5.20).
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