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Abstract

This paper is concerned with the approximation of solutions of operator equations
using the finite sections method with the operators belonging to the closed subalgebra of
B(LP(R)), 1 < p < 00, generated by operators of multiplication by piecewise continuous
functions in R, operators of convolution by piecewise continuous Fourier multipliers and
the flip operator. This algebra includes Wiener-Hopf and Hankel operators with piecewise
continuous symbols. To prove the result, we use algebraic techniques and introduce a
larger algebra of sequences, which contains the special sequences we are interested and
the usual operator algebra generated by the operators of multiplication, convolution and
flip. There is a direct relationship between the applicability of the finite section method for
a given operator and invertibility of the corresponding sequence in this algebra. Exploring
this relationship and using local principles, we construct locally equivalent representations
that allow to derive invertibility criteria.

1 Introduction

Several problems in diffraction theory lead to Toeplitz or Wiener-Hopf plus Hankel operators.
In [5], for instance, the authors consider classes of problems of wave diffraction by a plane
angular screen occupying a 270 degrees wedge with combinations of Dirichlet, Neumann and
impedance boundary conditions, and explicitly derive the corresponding operators. Other
diffraction problems that result in operators equivalent to Wiener-Hopf plus Hankel operators
with piecewise continuous generating functions are described for instance in [3, 6]. These
operators are considered on LP-spaces over the real line R, or in related Bessel spaces.

In general, the exact inversion of such operators is extremely hard, and can only be found
under specific circumstances (see for instance [4], [10]) which brings approximation methods
for these problems into focus.

Consider then the operator equation Au = v, where the operator A is a general oper-
ator belonging to the algebra generated by the flip J ((Ju)(x) := u(—z)), convolution and
multiplication operators. This class includes the Wiener-Hopf plus Hankel and Toeplitz plus
Hankel operators. To solve the equation Au = v numerically by a direct method, formally one
specifies a sequence of simpler operators A, which converge strongly to A, and replaces the
equation Au = v by the sequence of the (simpler) equations A u, = v. The crucial question
is if this method applies, i.e. if the equations A,u, = v possess unique solutions for every
right-hand side v and for every sufficiently large 7, say for 7 > 79, and if the sequence (ur)r>r,
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converges to the solution u of the original equation Au = v. The applicability of the method
is equivalent to the stability of the sequence (A;), i.e. to the invertibility of the operators A,
for T being large enough and to the uniform boundedness of the norms of their inverses.

By simpler it is meant in that context that we replace the operator A by its compressions
to the compact intervals [—7, 7] with 7 € (0, 00). These compressions are also called the finite
sections of A, whence the name finite sections method for this kind of approximate solution.

In [19], Bernd Silbermann and the authors studied operators which are sums and products
of operators of multiplication by piecewise continuous functions and operators of convolution
by piecewise continuous Fourier multipliers. These operators were considered on LP(R). In
order to identify the corresponding local algebras and, thus, to obtain invertibility conditions
for the local representatives, we used homomorphisms which are defined by certain strong
limits. More precisely, given a sequence (A,) of approximation operators, one multiplies
A, by certain shift operators V,, (which have to be specified in each context), and then
the homomorphism maps the sequence (4,) to the strong limit of the sequence V, 14,V,,.
Homomorphisms of this form are widely used (see for instance the monographs and textbooks
[1, 2, 8, 12, 13, 16, 20] and the papers cited there).

The objective of the present work is to extend the above results with the addition of the
flip operator to the possible operator building blocks. This extension allows the study of
stability of finite sections sequences for Wiener-Hopf plus Hankel operators on LP(R") and
Toeplitz plus Hankel operators on HP(R), for instance. The main technical difficulty had to
do with finding appropriate homomorphisms “V,,”. The point is that the homomorphisms
used for the algebras without the flip are not, in general, defined in the algebra containing
the flip.

In [17] the authors managed to describe homomorphisms applicable to algebras generated
by multiplication, convolution and flip operators. In this paper we use those homomorphisms
in the larger algebra of sequences generated when joining finite section related projections.
The developed techniques allow to study both the usual finite section method (FSM) on the
real line or half-axes as well as its Fourier counterpart, which we will call Fourier finite section
method (FFSM). The discrete variant of the FFSM corresponds to the classical Fourier ap-
proximation and has been extensively and since a long time used in applications (in Economy
or Antennas, see for instance [7]). Its continuous version, which we treat here, was already
referred to in [11, Chapter IV, Section 4] for a special case.

The paper is organized as follows. In Section 2 we generalize the well-known notion of
(function) Fourier multipliers to operators. That notion facilitates the description of operators
that appear in later sections. Section 3 is devoted to introducing and describing properties
of the building blocks for the homomorphisms, as well as proving basic convergence results.
In Section 4 is the main part of this paper, where the approximation problem is described
as a invertibility problem in a suitable Banach algebra and then invertibility conditions are
derived for elements of that algebra. That section end with the main result. Finally, a few
examples of applications are provided in the concluding section.

2 Operator Fourier multipliers

The following notation is used throughout the paper. For a Banach space X, we denote by
B(X) the Banach algebra of all bounded linear operators on X, and by I(X) the ideal of
the compact operators on X. The identity operator is denoted by I. Further, for a given
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(bounded or unbounded) interval I C R, LP(I) refers to the standard Lebesgue space on I
with norm ||.|[,. Unless mentioned explicitly we will assume that p € (1, co) and write ¢ for
the conjugate exponent p/(p—1). If we define the Fourier transform F on the Schwartz space
S(R) of rapidly decreasing infinite differentiable functions in the form

+o00 .
(Fu)(y) = / e 2oy (2)dz, y € R, (1)

—00

then its inverse is given by

(F~ 1) (z) = /+OO ™MWy (y) dy, x €R. (2)

—0o0

It is well known that F and F~! extend continuously to bounded and unitary operators on the
Hilbert space L?(R), which we denote by F and F~! again. Thus, if A is a bounded operator
on L?(R), then the composition F~'AF is also bounded on L?(R). This simple observation is
of particular interest when A = al is the operator of multiplication by a bounded measurable
function a. Then F~'AF becomes a (Fourier) convolution operator which we denote by
WO(a); thus, multiplication and convolution operators on L?(R) are unitarily equivalent and
can be treated “on the same level”.

The study of convolution operators on LP(R), for p # 2, is more delicate. It is still true
that F' extends continuously to a bounded operator from LP(R) to L4(R) if 1 < p < 2 (see
[23, Theorem 74]), but this property is not strong enough to give expressions like F~1AF a
sense when A is an arbitrary operator in B(LP(R)). This leads us to the following definition.

Definition 2.1. For p € (1, 00), let M stand for the set of all operators A € B(L*(R)) with
the property that F~'AFu € LP(R) whenever u € L?(R) N LP(R) and there is a constant c,
such that [|[F~tAFul|, < cpllull, for all u € L*(R) N LP(R). If A is an operator in M3, then
the composition F~!AF extends continuously to a bounded operator on LP(R). We denote
this extension by Af and call it the Fourier image of A.

If A, B are in Mj, then so are A+ B and AB, with (A + B)f' = AF + BF and (AB)F =
AFBF . Tt is also clear that the identity operator I is in M, for every p > 1, with [ F=.
Thus, M} is a unital algebra with respect to the natural operations, and the mapping M, —
B(LP(R)), A+ AT is a unital algebra homomorphism. The definition [ Al == IAE || 5(Lr(r))
makes M) to a normed algebra and the mapping A — AF to an isometry.

Definition 2.2. Let M, := M7 N Mg and define ||A[[ag,:= max{|[Al|xeg, [|A[mg} for A € M,
We call the operators in M,, the operator Fourier multipliers on LP(R).

It is evident that M, = M, and My = B(L?*(R)), and that M, is a normed unital algebra.
Theorem 2.1. The following statements hold:
(i) if A€ My, then A* € Mg, and |[Allng = [[A|lmg . Moreover, (AF = (AF)*,
(ii) M, ds an involutive algebra, and [|Al|ly, = ||A*|ln, for A € M,
(iii) [|Allpr2my) < |4, for A€ M,,
)

(iv) M, is a Banach algebra.
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Proof. (i) Let A€ M3, u € L*(R) N LP(R) and v € L*(R) N L9(R). Then
(F7YA*Fv, u) = (v, F"YAFu) = (F-1AFu, v) (3)
where (u, v) := fR wodz. Since F~'AFu = AFu, this implies
(F~LA" Fo, u)| = [(ATu, v)] < | A7 ls(zogay lullp 0]l

This estimate holds for all functions u in a dense subset of LP(R). Hence, F~!A*Fv € L(R)
and
IF~L A Folly < AT |say vl

for every function v € L*(R) N LY(R). Consequently, A* € M and [A* lvee < ([ Alloveg-
Applying this estimate to A* € My in place of A, we obtain the reverse norm inequality
[Allaeg = [[(A")*llag < |A*[[ag- From (3) we then conclude (A v, u) = (v, AT'u) for all
u € LP(R) and v € L4(R), whence (A*)F = (AF)*.

(ii) If A € M N Mg, then A* € M) N My by assertion (i). The norm equality follows also
easily from the norm equality in (i).

(iii) Let A € M,,. By the Riesz-Thorin interpolation theorem,

1AlE L2 @) = I1F~ AF Il 2 g
< [|A") e @) AT | 5(2a(w))
= [|Allnes [ Allaes < 1A%, -

(iv) Let (A,) be a Cauchy sequence in M,. Then (AL is a Cauchy sequence in B(LP(R)),
hence convergent. We denote its limit by B. Further, by assertion (iii), (A,) is a Cauchy
sequence in B(L?(R)), and we write A for its limit. Thus, if v € L*R) N LP(R), then
APy = F~'A,Fu converges to Bu on LP(R) and to F~'!AFu on L?*(R). Consequently,
B =F'AF on L*(R)N LP(R). But then A € M5 and B = A", Repeating this argument for
the conjugate exponent g, we get the assertion. O

Three examples of operator Fourier multipliers are basic in this paper. The first one is the
flip, or reflection, operator (Ju)(x) := u(—=x), which clearly is an operator Fourier multiplier
for every p > 1 with J = J. Note in this connection that JF = FJ and F~' = F.J on
L2(R).

The second example is given by convolution operators. For a € L*°(R), the convolution
operator W%(a) = F~laF is bounded on L?(R), and this operator is an operator Fourier
multiplier because F~'W%a)F = F~2aF? = JaJ and JaJ is bounded on LP(R) for every
p > 1. Since JaJ = al with a(t) := a(—t), the Fourier image of a convolution operator is a
multiplication operator.

The third basic example is multiplication operators. In contrast with convolution opera-
tors, not every operator al of multiplication by a function a € L*°(R) is an operator Fourier
multiplier. In fact, the intersection of the algebra of bounded multiplication operators with
the algebra M, is just the algebra of the classical Fourier multipliers. The Fourier image of
a multiplication operator in M, is a convolution operator. For multiplication operators al,
we will mainly use the standard notation W(a) in place of (al)¥. We will also write a € M,
instead of al € M, likewise for M.
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It turns out that if a € L>(R) is in M}, then a is already in M. To see this, note that

(al)* =al = CaC, where C is the operator of complex conjugation, (Cu)(x) := u(z). Using
CF = F~1C = FJC we obtain

FY(al)*F = F'CaCF = CFaF~'C = CJF'aFJC.

Since C' and J are bounded on LP(R) for every p > 1, this implies that (al)* is in M} whenever
a is in Mj and that ((aD))F' = CJ(al)¥ JC or, equivalently, W%@) = CJW°(a)JC. But
(al)* € My implies a € My by Theorem 2.1 (i); so a is in M.

We call a function a € L®(R) piecewise constant (resp. piecewise linear) if there is a
partition —oco =ty < t; < ... < t, = 400 of the real line such that a is constant (resp.
linear) on each interval [t,tr11]. Stechkin’s inequality (see for instance [9])

lallv, < cp(llallo +V(a)),

where ¢, is a constant depending on p and V(a) represents the total variation of a, entails
that the multiplier algebra M, contains the (non-closed) algebras Cj of all continuous and
piecewise linear functions on R and PCj of all piecewise constant functions on R. Let C)p and
PC), denote the closures of Cy and PCj in M, respectively. Further we write a(s™) resp.
a(s™) for the limit of the function a at s from the right- resp. left-hand side.

We continue with two special instances of multiplication and convolution operators. The
first example is P (7 > 0), the operator of multiplication by X|_,,, where xy stands for
the characteristic function of the set U. These functions are in PC), for every p. Clearly,
both P, and the associated Fourier multiplier P! are projections. We will also need the
complementary projections Q, := I — P, and Qf := I — PF.

Lemma 2.2. The operators Pr and PL are uniformly bounded on LP(R), and they converge
strongly to the identity as T — oo.

The assertion is trivial for P.. The uniform boundedness of the P! is a consequence of
the Stechkin inequality, and the strong convergence of P will follow from Proposition 3.5
below.

For the second example, take s € R and denote by U the operator of multiplication by
the function & — e~2™%5_ This function has infinite variation; so we cannot use Stechkin‘s
inequality to conclude that Uy is a Fourier multiplier. But if V; denotes the shift operator
(Vsu)(z) = u(x — s), then a direct computation gives F'V; = UsF and FUs; = V_ F if p = 2.
Thus, Us and V; are operator Fourier multipliers for every p > 1 with U SF = Vs and V;F =U_s,.
Clearly, U;! = U_,, V! = V_, and, moreover, V,U; = 2™t V.

s

3 Auxiliary operators and convergence results

Our next goal is to introduce further types of shift, projection and reflection operators on
LP(R) and to collect some of their properties. These operators are used later to define strong
limits, which will provide us with the key tools to identify local algebras. The reader can skip
the results of this section on a first reading, and refer to them when checking a proof in the
continuation.
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For 7 > 0, define

u(r—z) if O<z<rT

(Rru)(x) =} u(-7—z) if —7<zx<0 (4)
0 if |z|>71
0 if |zl <7
(Sru)(z) =4 uwlz—7) if z>17 (5)
ulx+71) if z<-—1
s ={ uetD Lzl ()

which are bounded and have norm 1 on every LP(R). We proceed with a couple of lemmata
which collect some elementary properties of these operators which will be used often without

reference in what follows.
We first observe that the operators P,, R, and Si, can be written in terms of the shifts
V=; and the multiplication operators x, /. Let s € R and 7 > 0 in the forthcoming lemmata.

Lemma 3.1. The following equalities hold.

(i

) X Pr= X Vaerxa Varxe = X Varxe Var = Varxs Verxs
(i) x4Qr = Varxy Var and X Rr = IX Varxoe I = X2 Varxs J,

) X

)

(iii =Vi-x, I and x.S—7 = x. Vs,

(iv) Pr, R: and S1; are operator Fourier multipliers for every p > 1, and the Fourier images
of these operators are uniformly bounded with respect to T > 0 for every fized p > 1.

Proof. The proof of assertions (i), (ii) and (iii) is straightforward. For (iv) note that the
operators P;, R, and S4,; commute with the operator of multiplication by the characteristic
function y, of the positive and negative half-axis, respectively. It is thus sufficient to prove
that the restriction of each of these operators to the positive and negative half-axis is an
operator Fourier multiplier. In assertions (i), (ii) we observed that these restrictions are
composed by operators of shift V-, multiplication by x ., and reflection J, which are operator
Fourier multipliers as already noticed. The uniform boundedness assertion follows also from
this observation, together with the uniform boundedness of the operators Vf' = U_,. O

Note that the relations (i)-(iii) above hold with the elements x_, P-, R; and Si, substi-
tuted by their F'—counterparts.

Lemma 3.2. (i) R,P.=P.R, =R,, P, = R?, R = R,,
(i) S,5_r = Qr. S8, =1, (S,)* = S_.,
(iii) P.S; = S_,Pr =0,
(iv) JSir =84rd, JPr =P, J, JR; = R;J, JUs =U_sJ and JVs =V_gJ
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For 7 > 0, we further introduce the operators (Z,u)(z) := 7~ YPu(x/7). Clearly, Z;! =
Z.-1, and these operators are bounded and have norm 1 on every LP(R). The adjoint operator
acts on L4(R) and is given by Z* = Z.—1. The latter identity needs an explanation, because Z,
depends on p by definition. If we write Z; , instead of Z; then, more precisely, Z7 , = Z -1 .
We will nevertheless often omit the p in the notation, because the Z, will typically appear in
products of the form Z -1 AZ,, which are independent of p.

Lemma 3.3. We have JZ, = Z,J, Z,PsZ;' = Py, Z,RsZ7' = Ryy and Z;S+sZ -1 =S4s,.

Next we turn to convergence issues. We start with a general observation, which allows us
in most situations to be able to work in the L?-setting, the convergence results being valid
in L? due to the uniform boundedness of the operators involved. In what follows, the arrow
— will be used to indicate strong convergence, whereas — is reserved for weak convergence.
Moreover, a sequence (A;) of operators on a Banach space X is said to converge *-strongly
if it converges strongly on X and if the adjoint sequence (A%) converges strongly on the dual
space X*. In this case,

s A= Ghp A

The following is also well-known.

Lemma 3.4. If AY — A, B, — B strongly and C; — C weakly, then A;,C:B; — ACB
weakly.

Proposition 3.5. Let I be a real interval and (A;) be uniformly bounded on LP(I). Then
(i) if A € B(LP())NB(L*(I)) and A, — A weakly on L*(I), then A, — A weakly on LP(I);

(ii) if, moreover, (A;) is uniformly bounded on L"(I) for all r in a neighborhood of p and if
A; — A strongly on L*(I), then A € B(LP(I)) and A, — A strongly on LP(I).

Proof. If A, — A, then ((A; — A)f,g) — 0 for any piecewise constant functions f, g (which
vanish at infinity in case I is unbounded). Because the set of those functions is dense in both
LP(I) and LY(I) and (A;) is uniformly bounded on LP(I), a standard density argument gives
the result.

For the second assertion, notice that if A, — A on L?(I), then A, f converges for every f
in a dense subset of LP(I) by the interpolation theorem. Thus it converges for any u € LP(I
By the Banach-Steinhaus theorem, the operator A" defined by A’u = s-lim Aw is in B(LP(I)
This operator must coincide with A on the intersection space LP(I) N L2(I). O

).
)

Lemma 3.6. The following limits hold on LP(R) as T — oc.
(i) S—r — 0 strongly;

(i) R., Sy, Vir, Ux,, RE, SE VE UL | ZF — 0 weakly;
(iii) for every s € R, R._sZ-' — 0 weakly and Ss_,Z1 — 0 strongly;
)

(iv) for every s € R, R;UsZ; — 0 and S_;UsZ. — 0 weakly.
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Proof. The proof of assertions (i) and (ii) is straightforward for the operators P, R;, Si,,
Vi, and Uy,. The convergence of their F—counterparts is immediate on L?(R) and then
on LP(R) via Proposition 3.5. For Z*!, the assertion is proved in [20, Lemma 4.2.12]. The
first assertion of (iii) can be proved as [20, Lemma 4.2.12] by a straightforward calculation
again. The second assertion in (iii) follows from Ss_,Z~ 1X[a, y) = 0 for 7 sufficiently large.
In assertion (iv), we first let s = 0. Then the identities R;Z; = Z;Ry and S_;Z, = Z;5_1
together with assertion (ii) imply the weak convergence to 0. For s # 0 we write

R.U,Z, = R,U,P, Z, = (R.UR,) (R, Zy).

The second factor tends weakly to zero, as we already know. For the first factor, consider its
action on RT and R~ separately. On R, one easily checks that R,UsR, = e 2™7U_,. Since
U_, is independent of 7 and the scalars e 27 are uniformly bounded, the first assertion of
(iv) follows. For the second assertion of (iv) we employ the identity

S U Zr = (87U ) (S Z7) = € 2™ TUL(S_+ Z;)
on R™ and argue as before. O
Lemma 3.7. Each of the following sequences tends weakly to zero on LP(R) as T — oo:
RfR., st s., s.s¢ R.RC SFR., R.SE

Proof. By Proposition 3.5 it is just necessary to prove the results for p = 2. We first check
that Uy, V; — 0 weakly. Let a,b,c,d € R such that a < b and ¢ < d. Then,

<U:|:7‘V7'X[a’b] ) X[c,d]> - <U:|:7'X[a+.,-!b+7-] ) X[c,d]> - / 6$27T1:ET dr — 0
[a+7,b4+7]N[c,d]

since the integration set is empty for sufficiently large 7. A density argument and the uniform
boundedness of the involved operators give the result. Analogously, Uy, V_, — 0.
We now use the above results to check that if x,, € {x,,x_}, then Vi,x, Fx,V; and

Virx, Fx,V-r tend weakly to 0. Note that Virx, V4, converges *-strongly (to 0 or I) as
T — oo. For instance, by writing

Virx  Fx, Ve = (Vﬂ:TX1V:FT) (Vﬂ:TFVT) (V—TX2VT)=

noting that the middle term equals FU=x,V;, and applying Lemma 3.4, we get the result.
Now we turn to RfRT = F1R_FR,. Tt is sufficient to show that R,FR, — 0 as T — o0.
The result comes by writing

R.FR, = Ryx,FX, Ry + R, FX_R, + R.x_Fx, Ry + Rrx_Fx_R-,

noting that each of the summands on the right-hand side can be decomposed with the help
of Lemma 3.1(ii), and applying the observations above. For instance,

Rixy FxsRe = IXVarxe X Varxs J

and Verx, F'x, Vi, was seen to tend weakly to 0. The weak convergence of SE S, and S_,SF
can be proved in the same way, and the result for the remaining three sequences follows by
taking adjoints. O
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Lemma 3.8. Let s > 0. Then

(1) IS+ RsZ7 Y| — 0, S_,SsZ-1 — 0 strongly, and R-RsZ-' — 0 and R, SsZ-' — 0
weakly as T — 00.

(i) R,RfZ, —0,S ,RFZ, — 0, R,SFZ, — 0, and S_,SF'Z, — 0 weakly as 7 — .
Proof. (i) We use that, for 7 > s,
R Ry = ST—SP87 S—TRS = 07 RTSS = RT—S7 S—TSS = ST—S' (7)

Then, by Lemma 3.6 (i), (R, RsZ;1)* = (S;_sPsZ 1)* = Z,P;S;_s — 0 strongly; hence,
R,;RsZ-! — 0 weakly. Further, ||S_,RsZ || = 0 for large 7 by the second identity in (7).
Finally, the last identities in (7) give R;SsZ- ' = R,_Z-'and S_,S;Z71 = S, Z-! and
the weak resp. strong convergence of these sequences to zero follows from Lemma 3.6 (iv).

(ii) For the first assertion, we write Ry = Jx_V_sx, I + Jx, Vsx_I to obtain
R.RYZ. = R.(IXFUXT + IXFU_XF) 2.

Since R, commutes with J and the operators Xf are homogeneous, this implies

ReR{Z: = J(Rex"Us Zr)XT + J(RexTU—s Zo)X"s
so it remains to show that

RTinisZT — 0 weakly as 7 — oo. (8)
We use Lemma 3.4. For that purpose, we write the operators in (8) as
RoxE(RE + S-S +)UssZr = (Rext Rr)(ReUss Zr) + (Rex5 S7)(S Ui Zy)

and note that the sequences R,U+sZ, and S_,UisZ; converge weakly to 0 as 7 — oo by
Lemma 3.6 (v), whereas the sequences (Rﬁ(i7 R;)* and (RTxi S;)* converge strongly by

Proposition 3.11 below (take into account that x, € PC,(R)). Hence, (8) follows, which
implies the weak convergence of R, RY' Z, to zero.

The weak convergence of S_,RIZ, to zero follows by exactly the same arguments. For
the third sequence in (ii) we write

R.SEZ: = Ry (Vax, + Vosx_ )" Zr = RU_Z: X" + R U Z: X"

So the weak convergence of this sequence to zero is an immediate consequence of Lemma 3.6
(v). The weak convergence of fourth sequence in (ii) follows in exactly the same way. O

For s € R and every function a : R — C, set a(r) := a(—r) and aq(z) := a(z — s). The
following lemma is straightforward. Lemma 3.10 is proved in [20, Lemma 5.4.2 (i), (ii)].

Lemma 3.9. Ifa € L>®(R), b€ M, and s € R, then
(i) U—saUs = al, VsaV_s = agnI and JaJ = al,

(i) U_;WOb)U, = WO(b,), V.WO(B)V_s = WO(b) and JWO(b).J = WO(b).



Finite section approximations for operators with flip on LP(R) 10

Lemma 3.10. If a € PC(R) and b € PC,, then
V_saVy — a(£00)I and UWO(b)U_, — b(£o0)I ass — £oo.

The following proposition is proved in [17], but we give here a short proof whose idea will
be further used.

Proposition 3.11. Let a € PC,(R) and 7 > 0. Then

RTXiWO(a)XiRT =X+ WO((NL)XiPT, RTXiWO(a’)XiST = Xy JWO(Q)XiI,
S_rXa Wo(a>XiRT = Xz WO(G)JXiPT, S_rX+ Wo(a)XiST = XiWO(a)XiI
and
R.x. Wo(a)XIRT — 0, RTXiWO(a)XqEST — 0,
S_rx Wo%a)x;Rr =0, S_x . W%a)x,Sr =0
strongly as T — 0.
Proof. We will only check the first identity. The others can be proved in the same way.

By Lemma 3.1, R:x, = x.Rr = Jx;Vzrx.. Then, because ViTWO(a)V:FT = WY%a) and
JaJ = al,

RTXj: Wo(a)Xi R; = JX; VZFTXi WO(G)JXq: V:F’T'Xj:
= X Verxz JWO(a) Tx; Varxa
= X4 ViTX; V$TW0(a)ViTX1 V$7'Xi = PTXi Wo(d)XiP‘ra

again using Lemma 3.1. The strong limits can be found as is shown below, again for the first
one.

Rrx, Wo(a)x¢RT = Jx: Verxs VVO(a)JXi Virxs:
= X+ V:I:TX:,: VZETWO(a)V:FTXj: V:tTXq:
= XiViTXIS—TWO(a)PTXJF-

The assertion follows form the fact that S_TWO(EL)PTX]F tend strongly to zero and x, Virx.
is uniformly bounded. O

The F'—dual of Proposition 3.11 for operator Fourier multipliers reads as follows and is
proved in the same way.

Proposition 3.12. Let a € PC(R) and 7 > 0. Then

REXFaxERE = PEXEaxt PF,  RExTaxtSE = PExE JaxE,
S_TxiaXiRF—XiainPf, S_TxiaxFSF—Xiaxi.

and
RFX aXFRF—>O RFXiaxFSF%O

S,TxiaXFRF%O SFTXiaXFSF%O

strongly as T — 0.
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4 Approximate invertibility

Besides the standard finite sections P;AP; of an operator A € B(LP(R)) with respect to
the projections P,, we also consider its Fourier finite sections P APY. While the standard
finite sections are extensively studied, their F-counterparts attracted less attention in the
literature. The physical meaning of the projection Pf is to cut the higher values in the
frequency domain. This cutting is the continuous analogue of the usual (discrete) Fourier
analysis for periodic functions.

In both settings we will actually work with the extended finite sections PrAP; + Q-
(with Q, := I — P;) and PYAPF + QL. The passage from standard to extended finite
sections does not involve any complications since the sequences and the extended sequences
are simultaneously stable or not. One technical advantage of using extended finite sections is
that the operator A and its extended finite sections act on the same space.

The stability of a bounded sequence of operators is equivalent to the invertibility of a
certain associated element in a suitable Banach algebra. To make this precise, let £ be set
of all bounded sequences (A;),>o of operators A, € B(LP(R)) and G the subset of £ which
consists of all sequences tending to zero in the norm. With respect to pointwise defined
operations and the supremum norm, the set £ becomes a Banach algebra, and G is a closed
ideal of that algebra. A Neumann series argument shows then that a sequence in £ is stable
if and only if its coset modulo G is invertible in the quotient algebra £/G.

In what follows we will have to pay particular attention to the inverse closedness of
subalgebras (of £/G and of other “super-algebras”). The following elementary observations
are often useful. The proof of the second one is evident.

Lemma 4.1. Let X be a Banach space, Z the Banach algebra of all bounded sequences
A = (A;)r>0 of operators on X, with pointwise defined operations and the supremum norm,
and G the closed ideal of Z of the sequences tending in the norm to zero. Suppose that we are
given a uniformly bounded family (H;)r>o of homomorphisms H, : B(X) — B(X) such that
H-(I) — I *-strongly. Let finally Zy stand for the set of all sequences A = (A;) € Z such
that the *-strong limit H(A) := s-lim; oo Hr (A;) exists. Then

(i) 2o is a closed unital subalgebra of Z, and G is a closed ideal of Zy;
(ii) H: Zy — B(X) is a bounded unital homomorphism, and G is in the kernel of H;
(iii) the quotient algebra Zy/G is inverse closed in Z/G, and 2y is inverse closed in Z.

Proof. We concentrate on the proof of the inverse closedness assertions. Let A = (A;) € 2,
and let B = (B;) € Z be an inverse modulo G of A. Then (B;)(4,) — (I) =: (G;) € G. For
every u € X, there is a positive constant ¢ such that

IHr(Nullx = [| (H+(Br)H7 (A7) — Hr (G7)) ullx
< CHHT(AT)uHX + ||HT(GT)U||X

Taking the limit as 7 — oo we obtain ||u||x < ¢||H(A)u|/x which implies that the operator
H(A) has a trivial kernel and a closed range. Applying H. to (A;)(B;) — (I) € G, taking
adjoints, and passing then to the strong limit as 7 — oo, we obtain similarly that the kernel
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of H(A)* is also trivial. Hence, H(A) is invertible in B(X). Now we estimate

I (H-(Br) — H(A)™)
= [[H+(Br)u — (H(I) + 1 = H-(I ))H(A) fullx
= [Hr(Br)u — (H(Br)Hr (A7) = Ho(Gr) + 1 — Ho (1)) H(A) " Mullx
< cllu—Hr(AHA) ull + || (=Hr(G7) + 1 = Ho (1) H(A) " ul x
= c[[H(A)v = H-(A-)o| + [| (=H-(G7) + T = Ho (1)) ul|x,

ullx

where v := H(A)~!u. It is easy to see that the latter expression goes to zero as 7 — oo. Thus
the strong limit of H,(B,) exists and is H(A)~!. The same arguments imply the existence of
the adjoint limit. So B is indeed in Zj, which settles the inverse closedness of Zy/G in Z/G.
The inverse closedness of Zj in Z follows then from [20, Lemma 1.2.33]. O

Lemma 4.2. For a Banach algebra A and a non-empty subset M C A, the commutant
{a € A:am =ma for allm € M} of M is a closed and inverse closed subalgebra of A.

4.1 Essentialization

Let F denote the set of all sequences A = (A;);~o € € such that the following limits exist in
the *-strong sense:

o Wy(A) :=s-lim; o0 Ar;

e Wi(A) :=slim; 00 [5},2 } A, [R S ]
RF
o WF(A) = slim, [ & ] A, [RF ST

o Yo(A) :=slim, ,o0 Z, A, Z7 1 Yg(A) = s-lim, o0 Z7 1AL Z1

Zr R
Z:5_¢

Ys(A) :=s-lim, [ ] A, [RSZ;1 SsZgl] for every s > 0;

Z—IRF
Zils_lg

YE(A) == s-lim; 00 [

. ] A [RSFZT SfZT] for every s > 0.

Remark. Note that the F—homomorphisms are related to the others formally by W' (A) =
F~'W(FAF~1)F whenever that makes sense. Wy is its own “F-dual”, and YJ'(A) could be
written as s-lim, oo ZX A, (ZF)7L. In [17], Yo, YE, Ys and YL are denoted by Y0,000 Yo0,0
Ys,00 and Yoo s, respectively. With this change of notation we want to emphasize the symmetry
between those homomorphisms (and the related ideals defined below).

Lemma 4.3. (i) F is a closed unital subalgebra of £, and G is a closed ideal of F.

(ii) Wo, Yo and Y§ are bounded unital homomorphisms from F to B(LP(R)) with norm
1, and W, Wf, Ys and Yf (s > 0) are bounded unital homomorphisms from F to
(B(LP(R)))?*2. The ideal G lies in the kernel of each of these homomorphisms.

(iii) The quotient algebra F/G is inverse closed in £/G, and F is inverse closed in E.
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Proof. Using the lemmata in the previous section and simple identities like

mfﬁwmizmm+&&ﬁm
S_r
the assertions follow easily from Lemma 4.1. O

Let K = K(LP(R)) denote the closed ideal of the compact operators in B(LP(R)) and set

Jo ={(K+G.)rs0: K €K, (G,) € G},
Ji = {(R: K1 Ry + R K2S_; + S; K3R; + S:KuS_; + Gr)rs0 : Ki € K, (G7) € G}
JE = {(RFK\RE + RIK, ST+ SFR3RE + SFK(SE . + Gr)rso: Ky € K, (G) € G}

Proposition 4.4. Jy, J; and JIF are closed ideals of F.

Proof. First one has to show that Jy, J1 and le are contained in F. We postpone this
proof to Propositions 4.7 - 4.12 where these facts are collected together with some closely
related assertions. In anticipation of these results it is clear that Jp is even a linear subspace
of F. Now let A = (A;) € F and K a compact operator, and set A := Wy(A). Then
(A;)(K) = (AK)— ((A— A;)K) is in Jy since the operator AK is compact and the sequence
((A— A;)K) is in G because A, — A strongly. Hence, Jp is a left ideal. The right ideal
property of Jy follows similarly, using that A — A* strongly.
To prove that Jy is closed, note first that

I = Tim [+ G| < (5 +Go)e (9)

for (K +G,) € Jo. Now consider a Cauchy sequence ((K®*) + Gﬁk)))kzl in Jp. Then, by (9),
the sequence (K (k)) k>1 is also a Cauchy sequence. Thus, there exists a compact operator K

such that || K — K®)|| — 0. But then, ((G(Tk)))kzl is also a Cauchy sequence. Since G is closed
in &, there exists a (G;) € G such that |G, — G(Tk)H — 0. We conclude that the sequence

(K +G,) is the limit of the sequences (K*) + G(Tk)) as k — oo. This finishes the proof of the
assertion for the ideal Jp.

The proof for J; and le proceeds in a similar way. We will only check the left ideal
property of Ji. For (A;) € F and K; a compact operator,

A, R,K4R. = R.R.AR.KR, +S,5 ;A R, KR~
= RTAllKlRT + RT(RTATRT - All)KlR‘r
+ STA21K1RT + ST(SfTATRT - A21)K1RT'

Since K is compact and the sequences (R;A;R; — Aj1) and (S_;A; R, — As1) tend strongly
to zero, the sequence (A, R K1 R;) belongs to J;. Similarly,

AT RTKQS—T = RTA11K2S—T + STA21K25—’T + Gs-l)a

A:S;K3R, = RyA1K3R, + S AnK3R, + G,
A; S;K4S—; = RrA1KiS— + SrAnKiS_, +GY

T

with sequences (G(Tk)) in G. Hence, J is a left ideal. O
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Let J denote the smallest closed ideal of F which contains [Jy, J1 and le . One easily
checks that J = Jo + J1 + le. Specifying the lifting theorem [20, Theorem 6.3.8] to the
present context, we obtain the following result (which also has a simple direct proof). The
result indicates that a main task in the stability analysis of a sequence A in F is to study the
invertibility of its coset in F/J.

Theorem 4.5. Let A € F. The coset A + G is invertible in the quotient algebra F/G if and
only if the operator Wo(A) is invertible in B(LP(R)), the operators Wi(A) and WI'(A) are
invertible in (B(LP(R)))?*2, and the coset A + J is invertible in the quotient algebra F/J.

4.2 The sequences we are interested in

The sequences we are interested in belong to the smallest closed subalgebra of £ which contains
all constant sequences (al) of operators of multiplication by a function a € PC(R), all
constant sequences (W°(b)) of operators of convolution by a multiplier b € PC), the constant
sequence (J), the sequences (P;)r-o and (PL),;s0, and the sequences in the ideal J. We
denote this subalgebra by A = .A(PC(R),PCP,J, (P;), (PF)). This algebra can be seen
as an extension of the algebra A(PC(R), PC),J) studied in [17, 20] and of the algebra
A(PC (R), PC,, (P:)) studied in [19]. The goal of this section is to prove the following basic
fact.

Theorem 4.6. A(PC(R), PC,, J,(P;), (PF)) is a subalgebra of F.

T

To get this assertion, it is sufficient to show that the generating sequences of the algebra
A(PC’(R), PCy, J,(P;), (PL)) belong to F, i.e., that the strong limit homomorphisms which
specify F exist for the generating sequences. The existence and computation of these specific
limits will be the subject of Propositions 4.7 - 4.12 below. So Theorem 4.6 will follow once
these propositions are verified. Note that also the proof of Proposition 4.4 is completed by
the last assertion in each of these propositions.

Proposition 4.7. The strong limit Wo(A) exists for the following sequences:
(i) Wo(Pr)) =1;  Wo((Pf)=1;  Wo(J)=1J;

These assertions are evident for constant sequences and for the sequence (P;). For (PI)
the result is in Proposition 2.2. The assertion for sequences in /7 and JlF is a consequence of
Lemma 3.6.

In what follows, we set as := a(s™)x_ + a(sT)x, and ao = a(—o00)x_ + a(4o0)x, for
every piecewise continuous function a and every s € R.

Proposition 4.8. The strong limit W1(A) exists for the following sequences:

)

owie =) o) wen =5 Y o= ]
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ascd 0

(i) Wi(al) = [ 5 I] for a € PC(R);

(iif) W1 (WO(b)) =

[ X WODI T +x WOb)X_ T x, JWOb)x, I+ x_ JWO(b)XI]
X+W0(b)JX+I+ X WOob)Jx_I X+W0(b)x+l+ x_WO(b)x_I

forbe PC,;

(iv) Wi((R;K 1R + R:K2S_+ + S;K3R: + S; K4S_;)) =
Kj, and W1(J) =0 for J € JoU le.

{Iﬁ

K for compact operators
Ky Ky p 4

Proof. The computation of the limits for (P;) and the constant sequence (J) are straightfor-
ward (see Lemma 3.2). For (P"), decompose each entry of the matrix in a sum with regards
to the characteristic functions of the half-lines. For instance the first entry decomposes into

R.P'R, = R.x, P'X, R, + R.x, PPX R, + R.x_P'x R, + R.x_PIx R..
Now, Proposition 3.11 gives
F _ F
Rex Py x.Rr = Prxo PrxoPr— x.-

Also as in the proof of that proposition, one obtains that the crossed elements R X PF X+ B
tend strongly to zero. Thus (R.PI'R;) — I.
One does the same decomposition for R, P!'S,. Proposition 3.11 then gives

RTXinXiST = TXiJPin = XzJxL =0.

The elements R,y P X+ 57 tend also to zero and thus (R,PFS.) — 0. Likewise, one obtains
that (S_,P'R.) — 0 and (S_,PI'S;) — I.

The W;-limits of the constant sequences (aI) and (W°(b)) were calculated in [17, Propo-
sitions 4.6-4.8]. The computation of the limits in (iv) is straightforward for sequences in J;.
For sequences in Jy and le use Lemmas 3.6 and 3.7, respectively. ]

The next proposition is the dual of the previous one and can be easily proved for operators
acting on L?(R) and then on LP(R) via Proposition 3.5.

Proposition 4.9. The strong limit Wf(A) exists for the following sequences:

owiee =y § wien =[5 o wro= Y]

)

ax" +xFax®  xFJaxt +xFJax"

Fa .
(i) WF(al) = { XXy ] for a € PO(R);

XPadx + xFadx®  xFax! + xFax”
WO (bso) 0
F 0 — o0 .
(iil) WFWO(b)) = [ 0 W )] for b€ PC,;

K,

() WE((RERVRE +RE RS+ SERGRE+SFHSE) = [
3

K, and Wi(J) =0 for J € JoU Ji.

Ky
K for compact operators
4



Finite section approximations for operators with flip on LP(R) 16

Proposition 4.10. The strong limit Yo(A) exists for the following sequences:
@) Yo((P))=1;  Yo(PF)=P[;  Yo(J)=J;

Proposition 4.11. The strong limit Yg(A) exists for the following sequences:

©) YE(P) =P Yo(PH) =1 Y{())=J;
(i) Y{'(al) = asol for a € PC(R);
(iii) Y& (WO(b)) = WO(by) for b € PCy;
(iv) YF ) =0 forT e J.

For constant sequences of multiplication and convolution operators, the proof of the pre-
ceding propositions can be found in [20, Propositions 5.4.1, 5.4.3]. The proof for the sequences
(Py), (PF) and (J) is evident. The assertions (iv) follow from Lemma 3.6 (iii) (for Proposition
4.10) and (v) (for Proposition 4.11) by choosing s = 0. O

Proposition 4.12. Let s > 0. The strong limit Y (A) exists for the following sequences:
1 0 J 0
N VE((PFY — : F(7y_ .

)

(i) YE((P,)) = [ PP+ xEPixE xR T + Xfplej]
ST XEPXET+XEPXET X P +xFPixt

F~ F F~ F F~ F F~ F
(ifi) YF(al) = [ X oo Xy + X ooX X %mX,;Z‘F XFaooXFJ}
° X GooXJ + XD aco X J X GooX ] F X GooXT
for a € PC(R);

—5) ) F s )vE
(iv) YE(WO(b)) = [b(( ) )Xb+b( )X%((—s)_)xl_?—i— b(3+)Xf}
for b € PCy(R);
v) YEQ@)=0forJ e J.

Proof. The strong limits of the constant sequences were calculated in [17] again. Next we
determine the first entry of the matrix YI'((P;)). The calculation of the other entries runs
similar. It is easy to check that Z-1F~1 = F~1Z, 71=2/P and FZ, = 7~ '*2/P Z=1F (remember
that we are working on LP(R) and that Z; depends on p by definition). Thus,

ZREP.RIZ, = Z7'F'R,FP.F 'R, FZ,
= F 'R, FZ'P.Z,F 'R, F
— F'R,FPF'R,F = RE PRE.

T
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Writing Rs; as Rsrx, + RsrX_, We express RsFTPlRfT as the sum

(X+RS’T)FP1(RS’TX+)F + (X+ RST)FPI (RSTX )F
+ (XfRST)FPI(RSTX+) (X RST) 1(RerX ) (10)

Using Lemma 3.1, we find for the first and last item in this sum

(XiRST}FPl(RSTXi) JX V. s-rXFPlJX V s*rXi
= X4 V:I:STXFP1X V STXi

Note that these terms are uniformly bounded on LP(R). Since V., = Uzs, and U; commutes
with Pp, these terms are further equal to

XfU:FSTXfSU:tSTPIU:FS’TXiU:l:STXi' (11)

Taking into account that U, (al)*Ur, — a(Foo) as 7 — oo by [20, Lemma 5.4.2 (ii)]) we
conclude that the operators (11) converge strongly to x L Fpiyt L as T —00.
For the terms (y, Rsr)" Pl(RSTX:F) in the sum (10) we obtain

(X2 Ror)E PR )T = T(Xe Varsrx s )T PLI (X Vs x2 )
= (Xe Vasrxe )" Pr(xs Vasrxs ) o
= (e Viesr X Vi) P (Vs xe Vaesrxs )"
= (xa Viesr Xz VasrQsr) T PL(x; Por)
Since (x. ViSTX?V:EST)F is uniformly bounded, the asserted strong convergence follows from

F — 0and P — I strongly as 7 — co by Lemma 3.6 (iii). Finally, assertion (v) follows
from Lemma 3.8 (ii) and from the weak convergence of Z-! to 0 by Lemma 3.6 (iii). O

Proposition 4.13. Let s > 0. The strong limit Ys(A) exists for the following sequences:
. L 0} |J 0]
oven=[y fl o=l Y

XoPOX T+ x PEX T x Pix J + XP1FX+J} .

i) Y ((PF)) = ;
(i) Ys((27)) [X+Pfx_J+X_P1FX+J X+P1FX+I+X_P1F)<_I

XTI+ a(sT)x I 0

_ |al(=9)") R):
(iii) Ys(al) = [ 0 a((—s)")x T+ a(s*)XJFI] for a € PC(R);

. be+XbxlbexJ—l—xbx .
Y (WO(b)) = | X+ oo X + Xt b e PCy(R);
(iv) Ya(WH(b)) = |:X+bOOX J+x_ booX+J X+bOOX+I+beF i for b€ PCy(R);

(v) Ys(J)=0 forJ e J.

The proof runs similar to that of the previous (F-symmetric) lemma.
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4.3 Localization

Let C(R) and C’p denote the sets of all even functions in C(R) and C), respectively. We say
that a sequence (A;) € F is of local type if

(A (D) = (fD)(Ar) € T, (A)(W(g) — (W(9)(Ar) € T

for all f € C (]R) and all g € C'p. Let £ denote the set of all sequences of local type. The
proof of the next lemma is very similar to that of [14, Lemma 6.2]. Assertion (ii) follows from
Lemma 4.2.

Lemma 4.14. (i) £ is a closed unital subalgebra of F, and J is a closed two-sided ideal
of L.

(ii) The quotient algebra L/J is inverse closed in F/J, and L is inverse closed in F.
The algebra L is still large enough to contain all sequences that interest us.
Proposition 4.15. A(PC(R), PC,, J, (Pr),(PF)) is a (closed, unital) subalgebra of L.

Proof. We have to show that the generators (a) with a € PC(R), (W(b)) with b € PC,,
(J), (P;) and (PF) of A(PC’(R), PCy, J, (Pr),(PF)) commute modulo sequences in J with
the constant sequences (fI) and (W0(g)) where f € C(R) and g € C,. This is trivial for
(J). For the other constant generating sequences, this property follows from [20, Proposition
5.3.1]. In fact, it was shown there that these sequences commute modulo J already with the
“non-symmetric” sequences (fI) and (W°(g)), where f € C(R) and g € C,,.

It is further evident that (P,;) commutes with every (fI) and (P!) commutes with every
(WO(g)). Next we verify that the commutator

(Pr)(W°(g)) — (WO(g))(Pr) = (P,W(g) — W'(g) )
belongs to J for every multiplier g € C},. Write this commutator as

(P-W(9)Qr — QWO (9)Pr) = (Prx, W°(9)x. Qr) — (Qrx, W(g)x, Pr)
+ (Prx . WO(9)x_Qr) — (Qrx, W (9)x_Pr)
+ (Prx_W(9)x, Qr) — (Q@rx_W°(9)x, Pr)
+ (Prx_W9)x_Qr) — (Qrx_W°(9)x_Pr).

By Proposition 3.11, the first sequence in the first line of the right-hand side of this equation
is equal to

(Prx, W29)x, @Qr) = (Re(Rex , W)X, S7)S—r) = (R (JXx_W(g)x, )S-r).

Since the operator x_W?%(g)x, I is compact by [20, Proposition 5.3.1], this sequence is in J;.
Similarly, the second sequence in the first line and the sequences in the last line belong to
J1. The sequences in the second and third line belong to the ideal G, which follows from
the compactness of the operators Wo(g)ijI by [20, Proposition 5.3.1] again and from the
strong convergence of the @, to zero. Likewise, one proves that (Pf) commutes with (fI)
for f € C(R) modulo sequences in 7, as JE is part of it. O
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Let RT denote the compactification of R* by the point {oo}, i.e., R* is homeomorphic
to the interval [0, 1]. The maximal ideal space M of the algebra C generated by all cosets
(fWO(g)) with f € C(R) and g € C,, is homeomorphic to the subset (R* x {oco})U({oco} xR*)
of the square RT x R*, and the value of the Gelfand transform of an element ®(fW?9(g)) € C
at the point (s,t) € Mc is f(s)g(t); see [20, Section 5.7].

Given (s,t) € (R* x {o0}) U ({oo} x RY), let Z,; denote the smallest closed two-sided
ideal of the quotient algebra £/J which contains the maximal ideal corresponding to the
point (s,t), and let (1)27, , refer to the canonical homomorphism from £/J onto the quotient
algebra L’,gt = (L/T)/Zsys. In order not to burden the notation, we write @gt(A) instead of
<I>:Z (A + J) for every sequence A € L. Then Allan’s local principle (see, for instance, [20,
Section 2.2]) states that the coset A 4+ 7 of a sequence A € L is invertible in £/7 if and only
if all “local” cosets @g (A) are invertible in the corresponding ”local” algebras E;Z ‘-

One cannot hope to find a complete description of the local algebra Eg .. But we will be
able to identify its smallest closed subalgebra Ag , of Ejz . which contains all cosets (P;)+Zs ¢,
(PFY 4+ Zy4, (al) + Ty with a € PC(R), (WO(b)) 4+ L, with b € PC, and (J) 4 Zs 4, and this
identification will be sufficient for our purposes. For the algebras A‘g , with (s,t) # (00, 00), we
achieve this description by means of the family of the Y-homomorphisms introduced above.
The algebra .AOJO,OO will require a modification of these mappings.

4.4 The local algebras A7__ and .»4;7070

0,00

In the case of the local algebras with s = 0 or ¢ = 0, we have localization at “a single point
of” R, which implies that these algebras can be described by the techniques in [19]. With
Lemmas 4.10 and 4.11 it is easy to see that the homomorphisms Yy and Yg are well defined
as quotient homomorphisms on the local algebras A({ o and A‘;O, respectively. We use the
same notation for a homomorphism and its quotient. Further, given a set M of operators on
a Banach space X, we write alg M for the smallest closed subalgebra of B(X) which contains
all operators in M. The proofs of the following results proceed then as those of [20, Theorems

6.6.13 and 6.6.15].

Theorem 4.16. The mapping q)bT,oo(A) — Yo(A) is an isometric isomorphism from the local
algebra Aoj,oo to the closed subalgebra alg{I,x I, P{",W°(x,),J} of B(LF(R)).

Theorem 4.17. The mapping q)go,o(A) = YE(A) is an isometric isomorphism from the local
algebra .A‘O7070 to the closed subalgebra alg {I,x,I,P1,W°(x,),J} of B(LP(R)).

4.5 The local algebras AJ , for s >0

We start with describing a generating system of .Agw.

Proposition 4.18. Let s > 0. The algebra A;Zo,s is generated by the identily e := <I>‘O707S(I),

by the projections p1 = @‘()7078(1/1/0()((078))), p2 = @gO’s(WO(X@YOO))), p3 = @go’s(x+f) and
Dy = ‘DgO’S((PT)), and by the flip @£7S(J).

Proof. We prove that @gO’S((PTF )) = e. Let g be an even continuous function with bounded
support such that g = 1 in a neighborhood of s. Then CIJgO,S(WO(g)) is the identity element
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of the local algebra AJ . and the asserted identity follows from

00,87

€— (I)ojo,s(Pf) = (I)go,s(Qf) = (I)ojo,s(Wo(g))q)ojo,s(Qf) = (I)go,s(Wo(g)Qf) =0,

because gQ,. = 0 for large 7. Since jp1j = ¢£7S(X(_S,O)I) and jpoj = <I>O*707S(X(_007_S)I), the
remainder of the proof runs analogously to that of Proposition 6.4 in [17]. O

We conclude from Proposition 4.12 that the homomorphism Y is well defined on the
quotient algebra qus and that its range Y is independent of s. The structure of the
algebra Y seems to be different from and more involved than that of its analogue described
in [18, Proposition 2.32]. We will see now that both algebras coincide. For that, set P := Xf:

and Q := x¥ and consider the matrix Ur and its inverse, defined by

_|JP P 1| P Q
S AN ) @
Thus the mapping
Y = UpYUR! (13)

is an isomorphism of (L£(LP(R)))**? onto itself. The images of the generators of Y under
this mapping can be easily calculated and are given in the following proposition.

Proposition 4.19. The images of the generators Y via the mapping (13) are given by

veviewt = [0 f vevEOU = |7 g
UpYE (al)UR" = _‘“5’[ 6@% I],
F 0 1 _ [b(s7T)Q+b(sT)P 0 _[wOs) 0
UFYs (W (b))UF - I 0 b((—8)+)Q+b((—S))P] _[ 0 Wo(b_s)] :

It turns out that the above matrices are exactly the matrices obtained in [18, Proposition
2.32]. The image V¥ of the algebra Y under the mapping (13) is generated by the matrices
given in the above proposition.

Corollary 4.20. The algebra Y is topologically isomorphic via the mapping (13) to the

algebra
2x2

V= (ale{L. P, x}) T C (BIP(R)).

We now turn to the inverse-closedness of the occurring algebras. It was in order to be
able to solve this (in general) complicated technical problem that it was necessary to change
the procedure used in [18] and introduce the new homomorphisms Y and Y. Note that
for non-commutative algebras A and B it is not known in general if A42%2 is inverse-closed
in B2*2 when A is inverse-closed in B. Such a result would make Lemma 4.21 an immediate
consequence of lemmas 4.3(iii) and 4.14(ii). Instead, we again refer to Lemma 4.1 for the
proof of the first part of the following result, and to Lemma 4.2 for its second part.

Lemma 4.21. The algebra £2*? is inverse-closed in F>*2, and the algebra F?*? is inverse-
closed in £2*2.



Finite section approximations for operators with flip on LP(R) 21
For s > 0, define the mapping Xgl : (B(LP(R)))**? — £2%2 by

|:A B:| [(USZTAZTlU—s)T>O (USZTBZ;lU—S)T>O (14)

¢ D (USZTCZT_IU—S)T>0 (USZ’T'DZT_lU—S)T>O ’
and write D, for the subset of (B(LP(R)))**? of all operators L such that X (L) e £272.

Lemma 4.22. D; is a closed and inverse-closed subalgebra of (B(LP(R)))**? which contains
YE. The mapping X£1 18 a continuous homomorphism.

Proof. We will only prove the inverse-closedness of Dy in (B(LP(R)))?*2. The other as-
sertions are clear. Let L € Dg be invertible in (B(LP(R)))?*2. Then Xil(L)Xil(L_l) =
XEL(LHXE (L) = XE (1) = T in £2%2. Since £2*? is inverse-closed in £2*2 by Lemma 4.21,
this implies X', (L™1) € £2*2. Hence, L™! € D,. O

As a consequence of the previous result, the mapping Xf: g 1= <I>‘O70’ s O Xi 1 (with applying

<I>O*707 s to each entry of the matrix (14)) is a continuous homomorphism from D, into (ono $)2%2,

which maps the operators in Y into (AL )22

Let f be a continuous function with value 1 at s and 0 outside the interval [3, 3—2‘9] Then
p = @Ojo’S(WO(f)) is a projection in 5570,5 and qus. Define D, as the set of all operators L

in Dy such that XQQ(L) and plsys commute. It is not difficult to see that )>F C ’.’SS (recall the
proof of Proposition 4.15). We have then the following result the proof of which is standard.

Lemma 4.23. The set 135 1s a closed and inverse-closed subalgebra of Dg, and the mapping
ng L — pXiQ(L) is a continuous homomorphism from Ds to (L;ZO,S)“?.

Set j := ®J ,(J). It is casy to check that the mapping

A® BY . . s
Xia: [C¢ D% = pATp+pBTj(e — p) + (e — p)jC*p + (e — p)sD*j(e — p).

defined on Xg 3(55) is multiplicative.

Theorem 4.24. Let X! := X§,4 o X£3. Then

(i) XF is a continuous homomorphism from D to L . which maps VF to AL o

(ii) Xf (UF Yf(‘)U},?l) is the identity map on Aojo’s;
(i) if YE(A) is invertible in (£(LP(R))**?, then @ ,(A) is invertible in L.

Proof. Assertion (i) is clear, since Xg 4 is a homomorphism. Assertion (ii) can then be checked
for the generators of the algebra. For assertion (iii), note that if YZ'(A) is invertible as an
operator, then UpYX(A)U,"' is invertible as an operator. By Lemma 4.22, UYL (A)U,?
is invertible in ﬁs. So one can apply the homomorphism X! to obtain the invertibility of
OLs(A) =X (Ur YT (A)UR') in L. O
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4.6 The local algebras A7 for s >0

The local algebras Ag o are closely related to the algebras Aojo?s due to the F-symmetry of
their generators. In particular, we will obtain an algebra ), which is F-symmetric to its
counterpart Y. Since the proofs are close to the ones given in the previous subsection, we

will omit most of them. Again we start by describing a generating system for the algebra
A7

Proposition 4.25. Let s > 0. The algebra Agoo is generated by the identity element e :=
@goo(l), by the projections p1 := (I):Z,OO(X(O’S)I), po = (1)57,00( I) and r = @goo(Wo(X+)),
and by the flip j := @gOO(J).

By Proposition 4.13, the homomorphism Y is well defined on the local algebra A;Z o0, and
its range Y is independent of s. To get a simpler form of the generators of J we again use a
special automorphism of (B(LP(R)))?*2. For that goal, we define a matrix U and its inverse
as the F-counterpart of the matrix Ur introduced above by

X(s,00)

L JX+] X+I -1 X+J x_1
U.—[X_I Ix 1| U = I x gl (15)
Then the mapping
Y UYU ! (16)

is an isomorphism of (B (LQ(R)))2X2 onto itself. Next we calculate the images of the generators
of Y under this mapping.

Proposition 4.26. The images of the generators Y via the mapping (16) are given by

[ pF
Uy =1 pOF] UYSU)U_IZB ﬂ
L [a(sx T+a(st)x, I 0 _ (el O
UYs(e)U™" = | 0 a((—s)+)xI+a((—s)‘>x+f]—[0a—sf]’
L [Wb) 0
UYAmenU'l—_ 0 Wm@;J

Corollary 4.27. The algebra ) is topologically isomorphic via the mapping (16) to the algebra

A 2x2
Vo= (alg {1, P v x0Y) € (BIEA(R))
For s > 0, define the mapping X, : (B(LP(R)))**? — £2%2 by

A B (V7$Z7-_1AZT‘/TS)T>O (Vf‘S'ZT_lBZT‘/:?)T>O
C D (V—SZ;chT‘/:S)T>O (V—SZ;lDZTVS)T>0

2X2

and let p := @goo(fl) with f as defined in the previous section after Lemma 4.22. Then we
can introduce an inverse-closed algebra 233 and mappings Xs3 :=po @goo o Xs1, and X 4 in
a similar way as before to obtain the following.

Theorem 4.28. Let X, := Xs40Xs3. Then

(i) X, is a continuous homomorphism from Dy to L{ . which maps VF to Ao

(i) Xs (UYs(-)U™Y) is the identity map on AJ,

5,007

(iii) if Y4(A) is invertible in (B(LP(R)))**?, then @7 (A) is invertible in L.
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4.7 The local algebras A7

At the point (0o, 00) we have again a single point localization. The generators of the local
algebra are described by the following result.

Proposition 4.29. The algebra AOO o 18 generated by the identity e, by the projections p :=
L (), 7= L (WO(x,) 1= L o ((Pr), p2 = @ o ((Pf)) and by the flip

The structure of this algebra seems to be too involved to be amenable to the analysis
done in the other cases, at least to our present knowledge. In particular, the interaction
between p; and po is not known. What we do know about the generators of the local algebra
is summarized in the next result. The results are evident, with the exception of the first one,
which can be proved in a similar way to [18, Proposition 2.22].

Proposition 4.30. The following relations hold in Agom.-
(i) pr=rp, ppr = p1p, rp2 = por;
(11) jpj =€—Dp, jrj =€e—-T, jplj = P1, Jp2,7 =pP2.

Using these relations we are at least able to analyze some interesting subalgebras of .Aoo 0o
where not all of the projections p, r, p1 and py are present. Specifically, we will do this for
the algebras

o A':= A{PC(R), PC),J, (P,)},
o A2:= A{PC(R), PC,,J,(PF)},
o A3 := A{PCy(R), PCpoo, J, (P;), (P},

where PCo(R) (resp. PC) o) stands for the algebra of all functions in PC/(R) (resp. in PC))
which are continuous at infinity. The corresponding local algebras at (oo, o) are then

o AT =alg{p,7,p1,5},
L4 -/4<2>S,700 = alg{p,r,pz,j},
-Aoooo = alg{php%j}-

Let us start with -/4})8,700- The following result, which is immediate from Propositions 4.8
and 4.10, describes the action of the composition Yoo W; on the generating sequences of the
algebra A"

Proposition 4.31. (i) (Yoo Wy)((Pr)) = [I O] ; (Yoo Wq)(J) = [

J 0]
0 0

0 J|

(i) (Yoo Wy)(al) = {“051 ai I} for a € PO(R);

i) (Yo o Wa)(7°(0) = [
forbe PC,;

X+Jb Ix I+ x_ JVE Jx 1 X+JbooX+I+X Jok
bFJX+I+X JoEx_ T be+I+xbxl
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(iv) (Yoo W1)(J) =0 forJ e J.
Proposition 4.31 implies that (YooW;)(A) only depends on the coset <I>o~70700 (A)of A e A

in the local algebra A})g?oo. Thus, we get a homomorphism
1.7 o 2Xx2
Yoo W, : A&opo - <alg{Ia X+7X+7J}) : (17)

Again we use the matrices U and U~! from (15) and apply the isomorphism (16) to give
the generators of the algebra a more transparent structure. Let Yo, be the mapping A +—
U(Yo(W1(A)U.

Proposition 4.32. The homomorphism Yo maps

(i) Yoo((Pr)) = [XO XO],- Yool J) = B é] ;

(i) Yoo(al) = [““goﬂ a(_(io

)I] for a € PC(R);
bl

i) Yau 7900 = |

0
BOFJ forbe PC,;

(iv) Yoo(J) =0 for J € J.

Combining the previous proposition with (17) we easily obtain that the homomorphism
Yo is onto. We will now see that this mapping is in fact an isomorphism. For that purpose,
notice that we are in the conditions to apply the flip elimination scheme described in [20,
Section 1.1.5] due to the relations in Proposition 4.30. We thus get by [20, Corollary 1.1.20]
an isomorphism L, as follows.

) ] ) 1.7 1.7 2X2
Lemma 4.33. There is an isomorphism L : Ao — (pAo’o,oop> that maps:

(i) q)go,oo(X+I) s [‘I)ojo,oo(X+I) 0] :

0 0

(i) ®L . (J) = [q) gOMO(XJ) @&,mo(xﬂ)] ,.

(i) BT _ (WO o {@ojo,oo(xﬂo‘/o(m)xﬂ 5. VOV L
(iv) ©L o ((Pr)) — [q)g"’mgMPT) @570700?%&)]'

2x2
For [Az‘j]?,j:1 € (alg {I, X+,xf, J}) , define

2
ij=1"

Xeo ([Aij]zz,jzl) = [(I)go,oo(X+VfAijV*TX+)] (18)

It easy to see that (V,AV_,) € Al if A € {I, x+,xf} (for A = x, I note that V_.x,V; =
X[roo = X4 (I = Pr)). Thus, A — (V;AV_;) is a homomorphism from alg {I,X+,Xf} to AL
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Taking into account that (I)ojo,oo(X 1) commutes with the other elements of Aég?oo except

@7 (J), it is casy to conclude that

2%2 2%2
Xoo t (alg {1 X5 T}) T = (pARTp) (19)

is a continuous homomorphism. The action of this homomorphism on the generators of the
algebra can be computed straightforwardly.

2x2
Lemma 4.34. The homomorphism Xo, maps the generators of (alg {I, X+,xf,J}> as

follows:
. _X, 0 <D£um(X+}%) 0 ]
i — ’ ;
o [ = g ey
. a(+00)] 0 a(+00)®7, X 1) 0
(ii) > ’ 7 ;
0 CL(*OO)I 0 CL(*OO)@OO’OO(X_,'_I)
.. [0 ] [%m(mwo(boo)xﬁ 0 ]
iii B ' ~ ;
U 1o ar 0 D, oo (X, WO(hro)x,)
oI o (x., Pr) 0
O P el R S
Proof. For the first assertion note that Vix_V_r = X|_oo I Whence x (Vox_V_;) = x, Pr.
The other assertions are even more trivial. O

Combining Proposition 4.32 with Lemmas 4.33 and 4.34 we get that the mappings

X2 2x2

2
Xoo 0 Yoo : AL = (pALTp)™*  and L: AL — (pAL D)

coincide. The isomorphism between the algebras then is true because L is an isomorphism
itself. The following diagram illustrates the relations between the algebras:

L 1 2x2
&ﬂ¥ <p¢4&£kp>

Xoo

r 2x2
(alg {17, 71)

Summarizing we get

Theorem 4.35. Let A' := A{PC(R), PC,,J,(P;)}. Then the local algebra AL is iso-
2x2
morphic to (alg {I,X+,Xf, J}> , with the isomorphism given by Yoo. Further,

(i) if W1(A) is invertible for a sequence A € A', then ®Z, , (A) is also invertible;
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(i) there is a 4 x 4-matriz-valued symbol for AS.

Proof. The assertions are clear from the preceding discussion. For (ii), note that the algebra
alg {1, x,, Xf } is generated by two projections, having thus a 2 x 2-matrix-valued symbol by
[20, Section 3.1]. O

A similar (F-symmetric) description holds for the local algebra Aig?oo of the algebra A?
at (00,00). We omit the details. For the algebras A! and A%, we then have the following
result.

Theorem 4.36. A sequence A belonging to one of the algebras A', or A2 is stable if and
only if the following operators are invertible in LP(R) or [LP(R)]?*2, as appropriate:

(i) Wo(A), Wi(A) and Wi (A);
(ii) Ys(A), YE(A) for s > 0;

Proof. If A belongs to one of the algebras A%23, then A is in £ by Proposition 4.15. Stability
is equivalent to invertibility of the coset A + 7 in £/J and invertibility of the operators in
(i), by Theorem 4.5 and Lemma 4.14. Applying Allan’s local principle and Theorems 4.16,
4.17, 4.24 and 4.28, we see that invertibility of the coset A + J in £L/J is equivalent the
invertibility of the operators in (ii) and invertibility in the local algebra indexed by (0o, 00).
The invertibility of Wi (A) (resp. WI'(A)) already implies invertibility in the local algebra
(see Theorem 4.35). ]

Finally, we turn our attention to the algebra Aig{,o. This algebra is generated by the
idempotents p; and ps, the flip j and by the identity element. By Proposition 4.30, j is in the
center of the algebra. So it is possible to define central projections ji := ®£7W(Ji), where
Jy := (I £ J)/2 is the projection onto the subspace of even (odd) functions, respectively,
satisfying J+ +J_ = I. The projections ji allow the decomposition of the algebra Aig?oo into
the subalgebras

'Agg,yoo,:l: = JiAgyo{ooJi
with identity elements j; and j_, respectively, in the sense that an element a is invertible
in Ai&;?oo if and only if aj; and aj_ are invertible in the respective subalgebras. Each of the
algebras Aigooi is generated by two projections and the identity, and it is thus subject to
the two projections theorem (Theorem 3.1.4 in [20]).
, }o employ the theorem, we need the spectrum of jipipop1 + j+(e —p1)(e — p2)(e —p1) in
Aoza,oo,:l:‘

Proposition 4.37. The spectrum of jipipep1 + j+(e —p1)(e —p2)(e — p1) in Aifoo’i is the
lentiform set £, := U120 where I is the interval between 1/p and 1/q and Ay is the circular
arc

{(1 4 coth((y +it)m))/2: —c0o <y < oo} U{—1, 1}.

In order to prove the above proposition, we need some information on the stability of the
related sequence

(JL(P-PEP. — \I)) AeC. (20)

7>0’
The sequence (20) is stable if and only if the sequence

(Z(Je(P-PEP. = XN Z7)) o = (Je(Pr2P{ P — X)) __,

™0
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is stable, which holds if and only if the sequence

(Jo (PPl P — AD))

7>0

is stable. Since JLP{ = JiWO(x[,l,l]) € A', the stability of this sequence can be derived
from Theorem 4.36. The result is described in the following lemma, where the notion stability
spectrum of a sequence A is used to refer to the spectrum of the coset A + G in £/G.

Lemma 4.38. Let Ay := (PrJeWO(x_1,1) Pr+(I—P;))rs0 and Ag := (PrJWO(x(_1 1) Pr+
(I — P;)))r>0. Then the stability spectrum of

(i) A+ is equal to the lens £,;
(i) Ao is equal to the double lens £, U —£,.

Proof. Set Jy1 := J+ and Jy := J. By Theorem 4.36, the stability spectrum is the union of
the spectra of the operators mentioned in conditions (i) and (ii) of that theorem. It is easy

to check that, among theose operators, the only ones for which the spectrum is not a subset
of {-1,0,1} are

Jk(X+W0(X[71,1])X+ + X7W0(X[71,1])X7) and  Jp(Px—1,1P + Qx(-1,1Q)- (21)

The operator Ji(x, VVO(X[,L”)X+ +x_ WO(X[A,H)X,) can be considered an element of the
algebra alg {e,p,r,j} with e:=1, p:= WO(X[_M]), r = x, and j := J. Then these elements
satisfy
Jpj=p,  Jrj=e—r.
Algebras with these properties were described by Krupnik and Spigel [15] (see also [20, Section
3.4]). We determine the 4 x 4-representations ®, for x € o(prp) \ {0} according to [20,
Theorem 3.4.7]. Tt is known that o(prp) = o(rpr) = o(W(x|-1,1))) is the lens £, and so the
two-dimensional representations do not play a role by Corollary 3.4.8. The symbol of the
operator
X WO L)X + X WP xma)x. = rpr+ (e = r)p(e — 1),

which does not depend on k, is equal to'

[Ax 0] with szz[ 22+ (1 —x)? (29:—1)@17—.@)} (22)

0 A, (2 — 1)y/z(1 — z) 2z(1 — x)
Then the symbol of ji(rpr+ (e — r)p(e —r)) is
(o 7= o) [v 2]
2\ [0 [ I 0 0 A,
Because all blocks of the 2 x 2 matrix

LA, £4] ([0
2 |£4, As 0 I

1
3 (23)

A, TA;
+A, A |’

'Here \/2(1 — z) refers to any complex number the square of which is z(1 — z).
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commute, this matrix is invertible if and only if its determinant is invertible (see [20, Lemma
1.2.34]), that is, if and only if

1 1 1 1
(340 = M)(5As = AD) = S A, 5 A, = MM = A)

is invertible, which happens if and only if A € o(A,) U {0}. A simple calculation shows that
the eigenvalues of the matrix A, are z and 1 — z. Thus o(4,;) = £, and, consequently,

o(j+(rpr + (e —r)ple = 7)) = £p.
Regarding the second operator j(rpr + (e — r)p(e — r)) in (21), we get

0 IljA, 0] |0 A,
I 0|0 A |4, O
for its symbol. Its spectrum is the set of all A € C such that

-\ A,

det |:Ax Y

} =M1 — A% = (M - A)(M\I + A)

is not invertible, that is,
o(j(rpr+ (e —r)ple — 7)) = 0(A)Uo(-A4) = £, U —E&),
and the lemma is proved. O

Now we proceed with the proof of Proposition 4.37. We know from the previous lemma
that the spectrum of the coset (JiPTPTFPT — M)+ G in £/G is the lens £,. Since £, has a
connected complement, the spectrum of (Jy Pr P P;)+G in £/G is also £,. Thus, by Allan’s
local principle,

£, = U o (27,((Jo P PEP.))) . (24)

(s,t) €(RF x{ooh)U({oo} xRY)

Now we use Theorems 4.16, 4.17, 4.24 and 4.28 to determine the spectrum of the local coset
@gt((JiPTPTFPT)) at points (s, t) # (00, c0). Taking into account Propositions 4.10 — 4.13,
we see that the homomorphisms that describe the local algebras map one of the sequences
(P;), (PF) to the identity operator (and the other one to a projection), and they map J+ to
a commuting projection. Consequently, ‘1)27, ((J£P-PI'P,)) is an idempotent for these (s, t).
Since the spectrum of an idempotent is in {0, 1} we conclude from (24) that

2\ {0, 1} Co (9L (JoP,PFPy)) C £,
Since spectra are closed, this implies that
=0 ((I)ojo,oo((JiPTPfPT))) = o(j+p1p2p1).

From Corollary 3.1.5 in [20] we finally obtain the assertion. O
Using the two projections theorem (Theorem 3.1.4 in [20]) we arrive at the following.

Theorem 4.39. The mapping Yoo,00,+ Which associates with j, j+p1 and j+pa the functions

. 1 0 . 1 0 . x z(1—x)
0 1|’ 0 0|’ z(1—x) l—z
on the lens £y, respectively, extends to a continuous homomorphism from AZ’O‘Z)Oi to the

algebra of all bounded functions from £, to C2%2, and the following assertions are equivalent
for a sequence A € A3:
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(i) the cosets @gom’i(A) are invertible in Aig{w7i,-
(ii) the coset @ . (A) is invertible in Loo oo
(iii) the functions Yoo,oo,i(q)gopoi(A)) are invertible at every point of £p.

We condense the main result in the following theorem. Its proof is the same as that of
Theorem 4.36, except that the invertibility in the local algebra at (0o, 00) is now described
in Theorem 4.39.

Theorem 4.40. A sequence A belonging to the algebra A3 is stable if and only if the following
operators and matrices are invertible:

(i) Wo(A), W1(A) and W (A);
(ii) Ys(A), YE(A) for s > 0;

(if]) Yoo,00,2 (P oo (A))(2) for z € £,

5 Results and Discussion
First we consider the Wiener-Hopf plus Hankel operator on LP(R™),
A:=Wi(a)+ H(b). (25)

Remember we use the notation as := a(s™)x_ + a(s™)x, and ax = a(—o0)x_ + a(+00)x,
for every piecewise continuous function a and every s € R.

Theorem 5.1. Let a, b € PC,. The finite section method with respect to the projections
X[0,7]» T > 0, applies to A if and only if

(i) A is invertible on LP(R™),
(ii) W (a) is invertible on LP(RT),
(iil) xo,1)(W(ao) + H(bo))|zr ([0, 1)) is invertible on LP([0, 1]), and

(iv) [X[o,u 0 HW(as) H(b,)

» is invertible on L5([0, 1]).
0 X[0,1] H(b_s) W(CL_S) |L2([O,1]) 2([ D

Proof. The operator A can be extended to functions living on the whole real line by
Acar = X, WOa)x T+ x, WO0)Ix, I+ x_I. (26)

Clearly, the finite sections method for A with respect to the xjo ;] applies if and only if the
finite sections method for the operator A.,; with respect to the projections P, converges,
i.e., if and only if the sequence A := (P;AcxtPr + Q7)r>0 is stable. The sequence A belongs
to the algebra A!. Applying Theorem 4.36, we obtain that stability of A is equivalent to
invertibility of the following operators:

W The operator Ag,x = W(A) is invertible if and only if A is invertible, which gives
condition (i).
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Wi

Yo

A4

By Proposition 4.8,

wia) =5 o witae [ o + 5 9

The left upper entry of Wi(Aey) is
X W@, + X WOB)X, T, +x- = x, W@, +x_,
which gives (ii).
A simple calculation using Proposition 4.9 shows that UrW{ (A)U, s equal to

a(+oo)x I 0 n 00 pe I 0
0 a(—oo)x_1 0 0 0 x. 1|’
which is invertible whenever a(£o00) # 0. The latter property follows if A is invertible.

We obtain directly from Proposition 4.10 that
YO(A) = X+W0(GOO)X+ + X+W0(bOO)JX+ +x_1I.
This operator is invertible if A is invertible.

We obtain directly from Proposition 4.11 that
Yo(A) = Pi(x, W ao)x, +x, W2 (bo)Jx, +x_ )P+ Q1.
This operator is invertible if and only if the operator in condition (iii) is invertible.

A simple calculation using Proposition 4.26 shows that

I SR

for s > 0. This operator is invertible if and only if W°(as) is invertible, i.e., if a(+o00) #
0. The latter condition is implied by (i).

From Proposition 4.19 one obtains that UpYY (A)U,! is equal to

P 0
0 P

X+WO(QS)X+ +X_ X+W0(b8)X_

X WOb-)x, x WOa s)x_ +x,

P 0
0 P

Q1 0
0 @
where Q1 = I — P;. Multiplying this operator by the diagonal matrix diag (7, J) from

both sides we see that the resulting operator is invertible if and only if the operator in
condition (iv) is invertible.

Finally, according to Theorem 4.35, the invertibility of Yo (A) is implied by that of
Wi (A). O



Finite section approximations for operators with flip on LP(R) 31

Next we consider the Toeplitz plus Hankel operator on HP(R) = PLP(R),
B =T(a)+ H(b). (27)
This operator can be extended to an operator acting on all of LP(R) by
Beyt = PaP + PbJP + (@),

which can be identified with the operator AL = F7 1A F, with Agy as in (26), but with a
and b substituted by a and b, respectively.

Theorem 5.2. Let a, b € PC. The finite section method with respect to the projections Py,
7> 0, applies to Begt if and only if

(i) B is invertible on HP(R),

.. . 1+a(+o00) 1—a(+o00)
(i) the functions y — s £ —

real line R,

coth(w(y + i/p)) do not vanish on the extended

(iii) the operator Pi(T(as) + H(bso))P1 is invertible on LP([—1, 1]).
Proof. The finite sections method applies to Beg: if and only if the sequence
B:= (PTBextPT + QT)T>0 = (PT(PQP + PbJP + Q)P’T + QT)T>0

is stable. The sequence B belongs to the algebra A'. Applying Theorem 4.36, we obtain that
stability of B is equivalent to invertibility of the following operators:

W The operator B.;; = W(B) is invertible if and only if B is invertible, which gives
condition (i).

W; A simple calculation using Proposition 4.8 gives that UW;(B)U ! is equal to
X (a(+o0) P+ Q)x_ +x, 0
0 X_(a(=00)Q + P)x_ +x,]’

which is invertible if and only if x, (a(+00)Q+P)x, +x_ and x_ (a(—0c0)P+Q)x . +x_
are invertible on LP(IR) or, equivalently, if a(4+00)Qr+ + Pg+ and a(—o00)Pg+ + Qg+ are
invertible on LP(R™1). The latter condition can be effectively checked by means of the
Mellin calculus, which gives condition (ii) (see Section 4.2.2 in [20]).

W¥ Since WE'((P,)) = diag (I, I), the operator Wi (B) is equal to WI'(B..), which is

invertible if B is invertible.
Yo Since Yo((Pr)) =1, Yo(B) is equal to Yo(Begt), which is invertible if B is invertible.

Y{ By Proposition 4.11, Y} (B) is equal to Py (Paso P+ PbooJ P+ Q)P + Q1. This operator
can be formally written as P (T (ax0) + H(bso))P1 + Q1, which gives condition (iii).

Ys Since Y ((P;)) = diag (I, I) for s > 0, the operator Y4(B) is invertible whenever B is.
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YE A simple calculation using Proposition 4.12 shows that UrY¥ (B)U" is equal to

Pras Py + Q1 0
0 P+

for s > 0. This operator is invertible if and only if Pias P is invertible, i.e., if and only
if a(+00) # 0. The latter condition holds if B is invertible.

Yo Finally, by Theorem 4.35, the invertibility of Yo, (B) is implied by that of W1(B). O

Using the F-symmetry, it is easy now to establish conditions for the convergence of the
Fourier Finite Section Method with respect to the projections PTF for the operators A and B
in (25) and (27) (respective for their extensions).

Theorem 5.3. Let a, b € PC,. The FFSM with respect to the projections PTF, 7> 0, applies
to A if and only if

(i) A is invertible on LP(R™),
(ii) the functions y +— 1+a(2i°°) + 1_a(2i°o) coth(m(y + i/p)) do not vanish on the extended
real line R,

(iii) The operator P (W (aso) + H(bso) + x_)PL + QY is invertible.

Theorem 5.4. Let a, b € PC,. The FFSM with respect to the projections PE. 7 >0, applies
to B if and only if

(i) B is invertible on HP(R™),
(ii) PaP + Q is invertible,
(iii) Pf(T(ag) + H(bo) + Q)PE + QI is invertible, and

vy [Nou O [Zo)  HO.

is invertibl
0 X{S,l] H(b—s) T(a_s)] |Pxf371]H§(R)) 18 1nvertidble
on Pxjo 1 H3(R)).

5.1 Discussion and Conclusions

Since 1997, when the authors, together with B. Silbermann, derived conditions for stability of
operator Wiener-Hopf plus Hankel related sequences in the L2-norm [18], the corresponding
results for the more general LP-norms remained an open question.

The main problem was related to the algebraic techniques used, because the passage to
sub-algebras is a trivial matter in C*-algebras (due to their inverse-closedness property), but
not in the Banach algebras that have to be used in the LP-case. It took much more time than
expected to overcome what in the beginning appeared to be a detail, as considerable technical
challenges surfaced. To solve those problems, a deeper understanding of the structure of the
algebras was needed and new tools had to be developed.

In the end, we were able to obtain conditions for approximation of solutions of both
Wiener-Hopf plus Hankel and Toeplitz plus Hankel equations in the LP-norm. The results
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highlight the duality between the two types of operator that extends beyond the L? case
isomorphism.

The approximation methods considered were the finite section method and its Fourier

equivalent, but it should be possible now to adapt the techniques presented in this work to
spline approximation methods, as previous examples indicate (see for instance [12, 21, 22]).
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