Asymmetric hydrodynamics of suspensions.
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A viscous incompressible fluid with a large number of small axially symmetric solid
particles is considered. It is assumed that the particles are identically oriented and under
the influence of the fluid they move translationally or rotate around symmetry axis but the
direction of their symmetry axes does not change. The asymptotic behavior of oscillations
of the system is studied, when the diameters of particles and distances between the nearest
particles are decreased. The equations, describing the homogenized model of the system,
are derived. It is shown that the homogenized equations correspond to a non-standard
hydrodynamics. Namely, the homogenized stress tensor linearly depends not only on the

strain tensor but also on the rotation tensor.
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1 Introduction

Mechanics of suspensions is a part of a general physical-chemical sphere of knowledge about
dispersions. Dispersion is a mixture of 2 phases one of which forms a continuum medium (we
will call it a dispersive phase) and the other one is dispersed and distributed in the form of
separate volume elements inside the first one (we will call it a disperse phase). In this work it
is supposed that the dispersive phase is a viscous incompressible fluid and the disperse phase
consists of a great number of small solid ferromagnetic particles suspended in the fluid. The
sizes of particles are assumed to be of the same order as the distances between the nearest

particles.



When neglecting all physical-chemical processses, the study of the suspension motion can
be considered as a problem of pure classical mechanics. In this case the motion of the dispersive
phase is governed by the Navier-Stockes equations, and the motion of solid particles forming
a dispersed phase is described by the equations of continuum mechanics. However, the study
of the properties of the fluids in the framework of such a model by using both analytical and
numerical methods appears to be an unsurmountable problem because of a great number of
the small particles. Therefore it is necessary to develop adequate macroscopic models that can
help in studying such fluids. It is known that under the absence of external forces the motion
of the compound is governed by the following homogenized equations:

p% + (v, V)u —divolv] = pf, divy =0,

where p = p(z) is the homogenized specific mass density of the mixture, v(z,t) is the homog-
?J:
is the external force acting on the suspension. Moreover, the stress tensor linearly depends on

the strain tensor efv] = {e;;[v] = %(S;” + gZ]) ERE
j i ’

enized velocity of the suspension, o[v] = {;[v]};;_, is the homogenized stress tensor, and f

olu] = Aelu] — Ep,

where A = {anqu (&7 t)

to permutation of pairs of subscripts and of subscripts in pairs themselves), £ = {5,]}5’ j=1 18

12 pan—1 is the effective viscousity tensor (it is symmetrical with respect
the unity matrix, and p(z,t) is the pressure. The result is qualitatively the same in the case of
weak electric or magnetic forces affecting the suspension.

If the suspension is subjected to the influence of a very strong electric or magnetic field
then its behavior appears to be different. The study of such a behavior leads to a development
of the so-called asymmetric hydrodynamics in which case the stress tensor appears to be non-
symmetric (see, for example, the pioneer works [1] and [15] where this fact was established
from physical considerations, and our previous work [4] where the same linear problem was

considered):

olv] = APefv] + A"wlv] - Ep. (1)

Here AP and AF are the deformative and rotational parts of the effective viscousity tensor, and

) ov;
wly] = {wi;[v] = %(% - a;i) ?,j:l‘

In this paper we suggest a non-linear mathematical model of a suspension which is a mixture

of a viscous incompressible fluid with a large number of small perfectly rigid inclusions which are
the prolate particles oriented along the fixed direction [. Under the influence of the surrounding
fluid the particles can move translationally or rotate around symmetry axis but the direction
of their symmetry axes does not change. Such a motion of the composite can be realized, for
example, if the particles are strongly magnetizable and subjected to the influence of the strong

magnetic field, so that they are oriented along the field direction B (see Figurel).



Figure 1: The suspension with oriented particles

We study the asymptotic behavior of such a mixture when the diameters of inclusions tend
to zero and the inclusions are distributed in the whole volume. As a result, we obtain the

homogenized equations corresponding to asymmetric hydrodynamics.

2 Statement of the problem

Consider a bounded domain  in R?® with smooth boundary 9. Suppose that this domain
is filled with a mixture consisting of a viscous incompressible fluid with a large number N, =
O(e73) of small solids Q'(t) bounded by smooth surfaces dQ'(¢) and suspended in the fluid.
Further we will call them ”the particles”.

N
Let Q.(t) = Q\ U QL(¢) be a domain filled with the fluid, p; and ps be the specific mass
=1

density of the fluid a;d of solid particles respectively, p be the dynamic viscosity of the fluid,
v. = v.(z,t) be the velocity of the fluid, p. = p-(z,?) be the pressure, f = f (z,t) be the

_ . 1,0v, Ov, 3 .
external force acting on the suspension, efv_ ] = {enp[y] = 5(8_% 6x: ) }n,p—l be the strain
tensor in the fluid, ofv.] = {on,[v] = 2pen,[v] — peénp}ipzl be the stress tensor in the fluid,

Z'(t) be the position of the center of mass of Q.(t), u'(t) be the displacement of the center
of mass of Q'(t), 0'(t) be the rotation vector of Q'(t), m’ be the mass of Q'(t), I'(t) be the
inertia tensor of Q%(t).

Consider the following system of equations:

B
pfa—%f +p5(v., Vv, — plv. =Vp. +ppf , dive. =0, z€Q; (2)



vo=d 40l x (z—2i), 0.=P%, zeaQ (3)

mii; + / olvJvds = / psf_ dx; (4)
i Q:

-1

P+ P [ a) x olududs = P [(o - o) x puf de )
Q1L Qi

where f_= f (z,t) is the external force acting on the mixture, v is the unit inner normal vector

to the surface 0Q'(¢), and P? is a projection operator onto some fixed d-dimensional subspace

Sd C RS

Depending on d, such a system describes non-stationary motions of the mixture under
various regimes of particles rotations. Namely, if d = 3 then the particles can rotate without
any constraints. Such a situation was considered in [11] (for the case of an elastic medium filled
with the particles) and in [2],[12],[17],[26] (for the case of a viscous incompressible fluid filled
with the particles). If d = 0 then the particles move translationally without any rotations. In
this paper, we focuss on the non-standard cases where d = 1 or d = 2 (a similar linear problems
for the case of elastic and fluid media were considered in our previous works [9] and [4]; see also
10]).

The case d = 1 can be realized, for example, if we consider strongly magnetizable prolate
ellipsoidal particles in the strong magnetic field directed along a constant vector B. Then all
the particles are aligned along B ([20]), and under the influence of elastic forces they can move
translationally or rotate only around their symmetry axis [ = B, but the direction of their
symmetry axis does not change (see Figurel). In this case, the subspace S is a linear subspace
spanned by the vector [.

The case d = 2 can be realized, for example, if we consider strongly magnetizable oblate
ellipsoidal particles in the strong magnetic field. Moreover, it is assumed that the particles are
aligned in such a way that their symmetry axes are identically oriented along the direction [
perpendicular to the field direction B and they can rotate both around their symmetry axis
and around the field direction. In this case, subspace S? is a linear subspace spanned by vectors
[ and B. The result both in case d = 1 and in case d = 2 is qualitatively the same: the stress
tensor in the homogenized model is expressed via the strain tensor and the rotation tensor in
accordance with (1).

The system of equations (2)-(5) is supplemented by the initial conditions

v(2,0) = vo(z), z€Q(0); (6)
st(o) =0, @ls(o) = Qév 02(0) =0, 9;(0) - wé (7)



(divo,y =0 at z € Q.(0) and vo(z) = v’ + w' X (z — 2:(0)) at z € JQ*(0)) and the boundary

condition on 9f2

vz, t) =0, x€d. (8)

Theorem 1. There exists a unique solution of the problem (2) —(8) fort € [0,T] (local in time
(0 < T < o0) or even global (T = o) if the data are small enough and the particles do not
collide with each other and with the boundary 0X2; for more details see, for example, [28] and

references therein).

The main goal of the paper is to study the asymptotic behavior of the solution of problem
(2) —(8) ase — 0.
At first, we get uniform (with respect to ) bounds for the derivatives of that solution

extended onto the particles Q'(t) by equality (3).

3 A priori estimations of the solution
of the problem (2) — (8)

Starting from the solution {v_(z,t), u'(t), 8" (t) = P%"(t), i = 1, N.} of the problem (2) — (8)

we construct the vector function

(2, 1) = Xe(z, t)v(, 1) +Zx6xt B+ 0L(t) x (z — (1)), (9)

where x.(z, t) is the characteristic function of the domain Q.(#), filled with the fluid, and x%(z, t)

is the characteristic function of a particle Q%(t). We also denote by

Ne
pe(z,t) = prxe(z,t) + ps D Xi(z, 1)

i=1

the density of the suspension ”the fluid-the particles”.
1. At the first step we estimate ||V0.(z,t)||L,p), Where Qp = Q x [0,7]. To do so, we
multiply equation (2) by v.(z,t) and integrate over domain Q7 = [0, 7] x Q.(t). Using Green’s

formula, we get

T T 5
//pf d:cdt—i—/ / pr(v,, (v, -V dxdt—i—Zu/ / Zeil | dzdt—
0 0

0 Q(t) Qo (t) Qo) WL



With the aid of the boundary conditions (3), equations (4)-(5) and Reynolds transport

theorem (see, for example, [3]), the surface integral in (10) can be transformed as follows:

T T N,
/ / ve) dSdt :/% % / |Qi(t)+ei(t) x (z — z(t))|* dzdt—
0 99(t) 0 =1 ol
T N.
_m/“ t/(ﬁ@f+i@ﬁ<@—gﬁﬂki@¢»¢Mt 1)
0 =i

Consider now the second term in the LHS of (10). Taking into account the boundary
condition (8) and the divergence-free condition for the velocity v_(z,t), with integrating by

parts we get

T
/ pr(v, v.) dzdt =0,
0

Q(t)
whence it follows that
T T n
| [ ot Vimydeit=—p; [ 3 [ 0w V) dait (12)
0 Q1) 0 “loiw
With the help of equality (3) one can easily check that
[ el Vimyde =0, =T (13)

QL(?)
Combining now (12) and (13), we conclude that the second term in the LHS of (10) is equal to
0.

Consider now the first term in the LHS of (10). It is easy to see that the following identity
holds:

f
0 Q:(t) Qc(t)
T N T N
d ~— - dlv_|?
+/p—2f%§ o, |2 dadt /% |c_l;| dxdt
0 =aiw 0 =i

Using Reynolds transport theorem and recalling that v, = @’ + QZ X (z —2') for z € QL(t)
(¢ = 1, N.), one can be convinced that the second and the third term in the RHS of that
equality coincide with each other. Hence,



T
d
//pf v, 52 ) dudt = /%% / v, |? dadt. (14)
0

0 Q. ()

Combining now equalities (10)-(14), we obtain

T T N,
ﬁi 2 Ps - i / _ 2 _
/2dt/|y€| difdt+/2 o |u()+9() (x — xL(t))|* dzdt
0 Qe(1) o TGl
T ; . T 5
—Ps/z (%(tHQZ(t) x (z—ai(t), f (1) dxdt+2u/ / > ehlv.] dedt =
0 ileé(t) 0 Qo) 1=l
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Due to the first Korn’s inequality (see [25])

3
AARELY D SETCAT (15)
Q

the last identity gives us the required bound

IVE L0 < C (16)

provided the external force L_ is bounded.

2. At the second step we prove the following estimation:

o i+ 20 [ 3 el . 7)] ds < C. (a7)
Q(T )kl 1

To prove this bound we assume that the following conditions hold.

3.1) Let d be the diameter of the ellipsoidal particle Q(t), B(Q%(t)) be a minimal ball con-
taining Q'(t), and R'(t) be a distance from the ball B(Q(¢)) to other minimal balls and



to the boundary 9. We suppose that both d’ and R.(t) (for any fixed ¢ € [0, T]) satisfy

the following inequalities:

018 < dl RZ( ) < CQE, (18)
where constants C; and Cy do not depend on € (0 < C; < Cy < 00).

3.2) The velocities 1’ (t) of the centers of mass of Q%(¢) for any fixed t € [0,7] change in a

smooth way when passing from one particle to another, i.e. there exist smooth vector
functions V_(x,t) such that @'(t) = V_(z%,t), V.(z,t) = 0 for (z,t) € 9Q x [0,T],
oV

a——;‘ < Cand |V,V.| < C.

3.3) The instant angular velocities and accelerations of the particles Q%(t) are bounded, so
< Ne Y i
that the following estimates hold: |6_(¢)| < C, > 10.*(d})® < C.
i=1
3.4) max |v.(z,t)] < C.
(z,t)eQT

3.5) The external force f (z,t) and the initial velocity v.o(z) are bounded: [|f_[|z,0r) < C,
vzl a1 () < C.

Here, all constants C' do not depend on ¢,

Let ¢l(x,t) € C(2 x [0,T]) be the functions satisfying the following conditions for any
t€[0,T): pL =1for x € B(QL(t)), ¢L = 0 for & ¢ B1yaya(t), 0 < L < 1for z € Biiaya(t)
and |V, pi(z,t)| < %, where B(14q4: (t) denotes a ball of diameter (1 + a)d. concentric with
the minimal ball B(Q%(t)), and constants o > 0, C' > 0 do not depend on ¢.

Introduce the following vector field:

N. '
Lz t) =V.(z,t)+ Y W)+ 0.(t) x (z — 2(1) = Volz, )] pi(z, 1), (z,0) €QT.  (19)
From the properties of V' (x,t) and ¢’ (x,t) follows that

Lia,t) = i(t) +0L(t) x (@ —2(t) forze Qi) (=T, No);

‘%(L t)

ot

where C' > 0 does not depend on €.

’ <C; Vel (z,t)| < C; I (x,t) =0 for (z,t) € 0Q x [0,T], (20)

Consider in €27 the following vector function:

l) 2

e Zza = (1 L)

(21)

S

&N>



Ve

where denotes the directional derivative of @_ along the vector field
[ —{ 1 a1 le le3 }
T LR L) (LR L)
Since 0_(z,t) is continuous everywhere in Qr, V,0_(z,t) and Qeé t) are continuous both
in Q7 and in QT = Qp \ QF, o.(z,t) = 0 for (z,t) € 90 x [0,T], and the vector field .

is tangent to the lateral surface of 9OF, then gs(g, t) is continuous everywhere in Q7 and
q(z,t) = 0 for (z,t) € 00 x [0,T]. Therefore, from (19) and (21), it follows that for any

t€[0,7] g (z,t) €H" (). Moreover, since div 0. = 0, we get

Ol.; D0,
0xj 81‘1 )

div g = (22)
ij=1
For further considerations we need a technical lemma which can be proved analogously to

12].

Lemma 1. For any vector function g_(z) EHl (Q) there exists a vector function z_(x) EHl ()
such that div z.(z) = div q_(z )for@EQ, z.(z) =q () +al forz e Q. (i=1,N.) an

Ne
el < € (div g I3y + - 1V 0 ) (23)
=1

where a’ are constant vectors and C' does not depend on .

Applying this Lemma to the function ¢ _(z) defined by equality (21) for every ¢ € [0, 7],
we construct a vector function z_(x,t). From estimate (23), using equalities (21) and (22) and

taking into account the properties of the vector field [_(z,t), we get

2= () @y < CIVEDIE, +Z (O + 01 (&)}

Hence, due to the estimate (16) and conditions 3.1) and 3.3), the following inequality follows

T
eyt < 21
0

where C' does not depend on €.

Set now w, = ¢_—z.. It is clear that w.(z,t) € L2(0, T} H' (), div w,. = 0 and w_(x,t) =

a'(t) for z € Q'(t) (i = 1, N.). Multiply equation (2) by w, and integrate over domain Q7.

Using Green’s formula, we get



3
/ Z erw.ep|v.] dedt—

Qo (t) k=1

T
v,
pf(%,g) dmdt—l—/ pr(we, (ve - Vv, dwdt+2u/
0 0

( olv.]dS, a (t dt ,of/ / w,, [)dzdt. (25)
0 0 Q. (¢

Estimate now each of the terms in (25). Taking into account the form of the vector function
(x,t) and using inequality (20), Cauchy-Schwarz and Young’s inequalities (with arbitrary
0), estimate from above the RHS of equality (25):

’pf/ / w, [ dxdt‘ —pf‘/ / dwdt‘

0 Qc(t) 0 Qc(t

g\
J >

< ool Neatory (1 B2 Nratary + NVl ey + o)) < (26)

= 45||f HL2 Qr) +3Pf5(|| _EHL2 o7) +C2HV ||%2(QET) + HZEH%Q(QST))-
Consider now the first term on the LHS of equality (25). With the help of the same

arguments as before, we obtain the following lower bound:

//pf<w€,aai_te> dxdt:]/pf<ga—§€,%>dxdt:
0

Q:(t) 0 o)

T T
2 du. dv, 9
m dxdt+Z/ / pfz&(a“ 55 ) dudt - //pf(zg,§> dedt > (27)
=10 0 ()

300 (V22 o) 6| 2

Qr ) - %HZEH%Q(QT Pfsz HLQ(QT)

> o] e,
=P ot |l Ly@7)

Next, analogously to (12)-(13), it can be shown that

[ f(w., (v, - V)v.) dedt = 0. (28)
K

0 Qc(t)

Estimate now the fourth term in the LHS of (25):

Ne

/Ti / olv.]dS, a (t ) f (t)) dt—

=1 oQL(t z:l

10



Ne

—pS/T ( xtd:ca())dt:Jj—Jf.
0

= Qi

Using Cauchy-Schwarz inequality and identity al(t) = ¢_(z,t) — z.(z,t) for z € QL(¢)
(1 =1, N.), we get:

N. T , T )
2= o] [ttt} { [ mdlapar}” <
=1 0 0
L p I N
2 S
5/Zm| |dt+§/ (I (@ D + |2 (@, £)) dadt,
0 0 o

whence, taking into account the form of the vector function g_ (z,t) on the particles Q(t) and

conditions 3.2)-3.3), the following upper bound follows:

Ps ; Z
\Jé\S;H&H%Z(QTﬁCO@tax{Z|e\ (@) +Z! P +Z|9 iy} <

Ps
< Tz, + C-

The term J2 can be estimated analogously:

Ps
2] < H_5HL2(QT +psllf HL2(QT +C.

Thus,

T

N¢
| / > ( / olo.]dS,a (1)) di| < o1z r) + poll S IRucar) + 2C. (29)

0 =1 e
It remains to consider only the third term in the LHS of (25). Taking into account that

w, = ¢q_— z., we have:

Z ekl[w ]ekl[ ]dxdt

T

=2 /T iekl[q Jew[v.] dedt — 2p / / Zek, Jew[v.] dxdt. (30)

0 Q(t) M=t

™
T~

Il

-

The second term in the RHS of (30) we can estimate as follows:

11



3
2 / | Y culzdente dodt| < (192001, + 192 q0m) (31)

0 Q. (t) k=1

Recalling the definition of ¢_ and [, the first term in the RHS of (30) can be written as

follows <8ix0 = %)

3 T 3 3
@ )
/ > eulq Jew(v.] dadt = u/ Zax- EIENAUEDY egl[%D drdt—
0

as(r) Bi=1 ol =0 k=1
r SOl o r az 0 Ol O
N el d dt / / et Usk et Usl) d dt _
M/ / o0x; Z Chalve] dedt + p 8951 ox; &ck ox; eulu] dv
0 Qo (t) =1 k=1 0 Q(t) i,k,l=1

=JI+ 2+ 2

Due to (20), we have:

2 3 2
|21+ 2] < ClIVuLlz, qry.
Applying the divergence theorem to the integral J! and taking into account that the vector

. 3
field I_(z,t)(1 + |1.[*)z 3. €2[v.] is tangent to the lateral surface of the domain Q7 we get:
o=

Thus,

w

T
2,u/
0

3
Z enlw.ewv] dedt > p Z ex[v.(z, T)] dz—
() M=

k,

3
o / S lug@)) do - OV, qr) (32)

0.(0) Fi=1

Combining now (25)-(32), we obtain:

pf(l - (30+4)6>

v, || 2 - 2 Pr 2 2
|G, T | 2 il Dl e < F L0y + oull el +
¢ kl=1

Q(T)

C 1
+<3pf(45 + C%5) 4+ 2C + 1) IVu T, + oy (—

35 T 30) Izl o) + 19200+

12



1
Taking here § = m, using previously obtained bounds (16) and (24), and taking
into consideration condition 3.5), we get the required bound (17):
3
o5 R+ 20 [ D eulunte Dz < €,

Qe(1) B

where constant C' does not depend on €.

Before formulating the main result we introduce some definitions and assumptions.

4 Additional assumptions and the main result

Consider now the following auxiliary linear stationary problem in domain €. (¢) (¢ is a param-

eter):

—pulv, =Vp. + F_, divu, =0, z €, (33)
=a. +b x (z—al), b =P, z€dQ., (34)
/ ofu,lvds = / F.de, (35)
0QL Qi
Pl / (z— ) x ol ds = P / (z— 1) x F. dz, (36)
oQL Qi
v.(z) =0, x €. (37)

Let K} be a cube with the side length h (¢ < h < 1) centered at y € Q. We assume that
the edges of this cube are parallel to the coordinate axes. Let J/[K}] be the following class of

vector-functions:

JEKY] = {w. € HY(KY); divw, = 0;
w_(z) = w' + [P + (1 — PY0] x (z —2'), z € Q' N K},

where w’ and ! are arbitrary vectors, and § is a given vector. Consider a minimization problem

in this class for the following functional (mesocharacteristic):

AZh(wsvg’ T) = EKZ [w,, w.]+

Les

13



PE}W Z TnpSO Z TqTSO L= )} (38)

n,p=1 q,r=1
where
3
Eoluev) =2 [ 3 enlulenplus) dr (39)
be! n,p=1
PE"u.(x),v.(2)] = h~° 7/(%(37)’“6(56»4% (40)
G
1 Jgr o
r _ r qr n
P (z) = Slare’ +age’) = =~ ;xng , (41)
1
enfv] = (ng + gvl ), T = {T,} is an arbitrary symmetric second rank tensor, {¢"}3_; is an

orthonormal basis in R3, and 0 < v < 2 is a penalty parameter.

This mesocharacteristic plays the crucial role in our consideration. Roughly speaking, it
allows us to compute the energy of the suspension in some mesoscopic cube of size h (¢ < h <
1), which is a so-called representative volume element. In other words, if a suspension can be
described within the effective single medium approach, then the rheological properties of the
suspension can be determined by calculation or measurements in some representative volume
element of an intermediate mesoscale h, which is why we choose the cube K}.

Next, observe that the first term (39) in (38) represents the energy of the suspension. The
minimizer w, of (38) is "close”, up to an additive constant, to the true global minimizer u, of the
variational problem, which corresponds to (2)-(8) if the tensor 7" is chosen appropriately. Now
one should choose T. If the single medium homogenized description is possible, then u_(x)
is "close” to some smooth (homogenized) vector-function u(z), which depends only on the
macroscopic variable x and does not depend on ¢, so that it does not vary on the microscale ¢.
We then minimize the energy of the suspension, adding the constraint that the minimizer w, is
"close” to the linear part (differential) of the global minimizer u, so that |w.—u| = o(h) ~ h'*2
for some v > 0. This condition is imposed by introducing the penalty term (40).

It can be proved that there exists the unique vector-function which minimizes the functional

(38); the minimal value of this functional is given by

miAn AV ( Z npqr y’ Sd g, h)Tinqr+
w €JY[K}] S
+2 Z anpq (y, 5%, &, W) Ty + Z (8% 2, h)B,Br. (42)
n,p=1 g=1 q,r=1

where a% (y,5% ¢, h),

npqr
third- and second-rank tensors respectively, defined as follows

bl (Y, 5% e, h) and ¢}, (y, S% e, h) are the components of the fourth-,

14



ape(y, 8% e, h) = Egy[w™, w™] + P;? [w™(z) — " (z —y), w”(z) — " (x —y)], (43)

Opq (45 ST 6, h) = Eper[w™, 0] + P;’%” [w"™(z) — " (z — y), v7(z)], (44)
& (y, 8% ¢,h) = Egy[v?,0"] + PEM [0 (z), 0" (z)]. (45)

Here w™(z) is the vector-function that minimizes the functional (38) in J2[K}] as T =T =
5(@" ® el + e’ ® "), vi(z) is the vector-function minimizing the functional (38) in JE'[K}] as
T =0, and e" (n = 1,2, 3) form an orthonormal basis in R?.

Starting from the solution {v_(z), a’, b'(t) = P'(t), i = 1, N.} of the problem (33) — (37)

=€) =€

we construct the vector function

8.(2) = xe()en () + Yo nia)lal + 8 x (z )], (46)

where x.(z) is the characteristic function of the domain ., filled with the fluid, and y%(z) is
the characteristic function of a particle Q°.

We assume that the following conditions hold:

4.1) for some real number v > 0 the following limits exist heterogeneously at x €

L= (z,S%¢e,h) (z,5%¢e,h)
npqr npqr 0 d
DT T i T oo 857
— b (2,8% ¢, h) by (x, 8% e, h)
: npq : : npq _ d
b) Jim lim E = jm lim E = bnpq(z, 5%),
@ shen) e Shah) d
€) Jim iy === = lim lim ~=—5—— = ¢y (&, 5),
where {af,,.(z,S))}, {bnpq(z, 5%)}, {cqr(2,5%)} are continuous tensors (at z € Q).

4.2) the sequence F_(z) converges weakly in Ls(£2) to a vector function F(z), as € — 0.

Note, that the existence of limits 4.1) is a general restriction on the spatial distributions of
the particles. Since we do not require any spatial periodicity, we have to impose some conditions
on these distributions.

Remark. If the limits in 4.1) exist for some v > 0, then they exist for any v > 0 and the
z, 5} and {c,(z,S?)} are positive

definite tensors (these facts can be proved analogously to [22]).

limiting tensors do not depend on 7; moreover, {a,,.(z

In our previous work [4] the following theorem was proved.
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Theorem 2. Let conditions 4.1)-4.2) hold. Then the sequence of vector-functions v.(x), defined
by (46), converges strongly in La(2) to a vector-function v(x,t), which is a solution of the

following homogenized linear stationary problem:

3
0
-2 5 [@qur@)eqr [0] + aggr (2w [v] [€" = VD + E,  z€Q, (47)
n,p,q,r=1 p
dive =0, =z €, (48)
Here
1 3

CLTZIDPQT‘ = G?qur + 5 Z bqu€lnp7 npqr = Z Clm€lnpEmgr + 3 Z bnpquh (50)

=1 lm 1

1 8vq ov,

Worlv] = 5(8:& &Eq)’
where {€my} is Levi-Civita permutation tensor.
The problem (47) — (49) has the unique solution.

Let R and R’ (¢ is a parameter) be the resolving operators of the problems (33)-(37) and
(47)-(49), respectively (v, = RLF. and v = R'F'). Analogously to [8] and [22], one can show
that RL and R are compact and self-adjoint in Ly(€2). Moreover, with the help of Theorem 2,
it can be proved that for any ¢ € [0, 7] and any f € Lo(2)

lim [ Rf = B fllra) = 0, 1B lae) < € (52)
where constant C' depends neither on e nor on t (for more details see [22]).

Assume now that the sequence Z Xi(z,t) = 1 — x.(z,t) converges as € — 0 *-weakly in
—1

L>(Q2r) to the function 0 < C(z, t) <1

iXi(L t) = C(z,t) (% — weakly in L®(Qr)), (53)

where Cy(z,t) € L4(0,T;Ls(2)), VC(z,t) € La(Qr), and the sequences f.(z,t) and U ()
converge as € — 0 strongly in Ly(€r) to f(z,t) and strongly in Ly(€2) to vy(z), respectively:

llg(l) Hie - iHLQ(QT) =0, (54)

li_{% 1220 — QOHLz(Q) =0. (55)
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Theorem 3. Let conditions 3.1)-3.5) are satisfied, the limits (53)-(55) exist, the limits in 4.1)
exist for every t € [0,T] and the limiting tensors {a) . (x,t, S}, {bnpg(z, t, ST)}, {cnp(z,t, S}
are continuous in Q. Then the sequence of vector-functions v_(x,t), defined by (9), converges
strongly in La(Qr) (and in La(2) uniformly with respect to t) to a vector-function v(zx,t), which

1 a generalized solution of the following homogenized problem:

3%;2) n;ﬂ a%[ D (@ egv]+al, (2, )we[v]|e" = Vp+F, € Qrp, (56)
divo(z,t) =0, =€ Qr, (57)
v(z,t) =0, (z,t)€0Qx][0,T], (58)
v(z,0) = vy(z), (59)

where
pla,t) = psll = Cla, )] + psCla,t), Elz,t) = plz,t)f(z,1). (60)

Remark. A function v(z, t) € £(Qr) = H'(Q7) () Ly (0, T; J () N L=(Q), where J ()

is the class of divergence free vector functions from H' (€2), is said to be a generalized solution
to the problem (56)-(59) if it satisfies the following integral identity

/T/{(—PQ,Qt+(Q.V)9)+
+/PU<P$T

Q
for any ®(z,t) € L(Q) and 7 (0 <7 <T).

v, 09,

NE

[@ropgr (2, 1) + G (2, 1)]

npqr
1

n

3

45T

{O\

(pv, ®(z,0)) :// (F, ®) dwdt (61)

0

Lemma 2. Problem (56)-(59) can have at most one generalized solution from L(S7).

Proof. Assume that there exist two solutions v/(z,t) € L(2r) and v"(z,t) € L(Qr). Then the
function v = v’ — v” € L(r) satisfies the following identity for any ® € £(Qr):

_]/{(py, @) + (pu, (- V)®) — (0, (y.v)g)} drdit

] )+ el e )G S w4 [ (et 7). 00w, ) de = 0



Choosing here ®(z,t) = v(z,t), after obvious transformations we get that

[\ZJI»—l

3
ov,, Ov
/ plx, 7)|v(z, 7 ]Qd:v—i-// Z npqr af‘pqr(a: t)]a axi dzdt <

0o Q™ q,r=1
r

%//’ ‘”l2dmdt+///){|(2’ (- V)u)| + | (", (Q-V)y)\}dxdt.

Since for any fixed t € [0, 7] v(z,t) eJ (), the following inequality holds (see [4]):

b

v, Ov
D R n Olq 2
— dz > 62
/[anpqr + anpqr] oz, Oz, L= HQHHl(Q)a (62)
Q
where a) . and aff = are defined by (50). Using now inequality (62) and the fact that both

the function p(z,t) and the vector functions v'(z,t) and v”(x,t) are bounded, we obtain:

gg&x/p(g,T)\y(g,T)Fdx—l—//|Vy|2dxdt§C’{//|pt||y|2dxdt+//|y|\Vy| da:dt},
- 0 0 0 0 0 0

Q
(63)
where constant C' does not depend on 7.

Using Holder’s inequality, we can write

/T/|pt||y|2dxdt§ {](/ |Q’qdl’>2dt / /|pt|q dx T/dt}ll
0 Q 0 0

_ 2
=W o 10, o) (64)

q r
here ¢’ = r’ = >2,1r>2).
where ¢' = -, 5 (a=22,r22)

Introduce now the following space of vector functions:

V(@) ~{utz.t) s [, = esspax [lotePdo+ [ [ (Voo dodt < oc
Q

vz, 1) =0, (z,1) € 92 x 0,7 }.

For any vector function v(z,t) E\;g (Q,) the following inequality holds (see [19]):

191, o) < Al (65)
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1 3 3 _
where § and 7 are arbitrary constants such that — + % =T 7>22<g<6andf=4%".
r q

Note that due to the Embedding theorems (see [19]) £(r) C‘;'g (Qr).
Choosing in (64) ¢ =4 and r = 3 and taking into account (65), we get

2 2 2
[ [ i ded < 21l o) (66)
0 Q

Next, using Holder’s inequality, we have

T T

1
2 1 1
[ [ iivetdsds < oo { [ [ 1o dsat}” < o) (meas ) el el (o)
0 Q 0 Q
/ 2r ' 2q . 8 .. .
where 7' = 5 and ¢ = — Choosing, as before, ¢ = 4 and r = 3 and using inequality
r— q—
(65), we get
[ [l Veldsar < pr)neas) e, (67
0 Q

From (63), (66) and (67) it follows that

min{py, ps, 1[5, < 0(7)llul,, (68)

where (1) = BQHptHL (0.ma2) +B(7) (meas ) 1. Taking now 7 so that 0(7) < min{py, ps, 1},
from (68) we conclude that v(z,t) = 0. If 7 < T, then partitioning interval [0, 7] into subin-
tervals of length 7 (for which v(z,t) = 0) and repeating the above arguments, after a final

number of steps one can show that v(z,t) = v/(z,t) —v"(z,t) = 0 in Qp. The Lemma is proved.

5 Proof of Theorem 3

In accordance with the bounds (16)-(17) and conditions 3.1)-3.3) the sequence of vector func-
tions {v_(z,t), e > 0} is bounded in H'(Qr) and, thus, it is weakly compact in H'(Qr) (and
in I} 1 (Q) for any t € [0,7]). Due to the Embedding theorem, this sequence is compact in
Ly(Qr) (and in Ly(Q2) for any t € [0,77). Hence, there exists a subsequence {v_ (z,t), x > 0}
which converges weakly in H'(Q7) (and in H'(Q) for any ¢t € [0,7]) and strongly in Ly(Q27)
(and in Ly(Q2) for any t € [0,T]) to some vector function v(z,t). Using conditions 3.3)-3.4), we
conclude that v(z,t) € L(r).

As it is shown below, the limiting vector function v(z,t) is a solution of the problem (56)-
(59). Since this problem, due to Lemma 2, has a unique generalized solution from L£(€7), the

entire sequence {v_(z,t), € > 0} also converges to v(z,t).
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Introduce now the following vector function

v, .- oV i il
W.(z,t) = py | 52+ (0 V) xelw ) + 0 D | 5= + (2 VIV i t), (69)

i=1

where Vi (z,t) = @' (t) + 0.(t) x (z — 2%).

Lemma 3. The sequence of vector functions {W_(z,t), € > 0} is weakly compact in Lo(S7).
So, there exists a subsequence {W_ (x,t), ex > 0} which converges as e, — 0 weakly in Ly(Qr)
to the limiting vector function W (z,t) which is given by

d(pv)

W(z,t) = o T (v-V)(pv), (70)

where p(z,t) is determined by equation (60) and v(z,t) is a limit of the subsequence

{st(i, t)? €k — 0}

Proof. From the bounds (16)-(17) and conditions 3.3)-3.4) it follows that the sequence
{W_(z,1t), e > 0} is bounded in Ly(€r) and, hence, it is weakly compact. Let ¢(z,t) € C§(Qr)
be an arbitrary smooth vector function with a compact support. Then

/T/(Wsk,ga dxdt—pf//

0 Q.(t)

(v,, - V)st,£> dxdt+

T
8V’
1 1 _Ek .
+PSZ/ /( o + (VL V)Vk,gp dxdt f// (2, V)ng,g) drdt+
Q

0 QL) 0

8V’
— Py Z/ / Vi, -V)VL, ¢> dedt = J! + J2 .. (71)
=ho Qi
Since v, (z,t) converges weakly in H'(Qr) and strongly in Ly(Qr) to v(z, 1),

T
lim J} :pf// (v-V)u, 90> dxdt. (72)
ex—0

0

The second integral in (71) we can write in the form

=1 gi =0
N. T 3
=Y [ [ S0V (Vi g2 ) dede = 24 22
=10 Qi 70



where 2y = t, Vko =1, V;H = V! i(z,t) (j = 1,3). Since the vector KZ { 6H}?’:O is
tangent to the lateral surface of [0,T] x QL (¢) (i = 1, N,,) and the vector function ¢(z,t) has
a compact support in Qp, with the help of the divergence theorem we conclude that Jflf =0.

Using (53) and taking into account that VI (z,t) = v_ (z,t) at (z,t) € QL (t) x [0,T] and

v, (z,t) converges strongly in Ly(€r) to v(z,t), we obtain

Thus, i
i 2 =~ =) [ [on]( ) +Z (05, )] it =
~o=op) [ [(Z2+ @ V(€. p) d. (73)

Here, the integration by parts is justified, because v(z,t) € HY(Qr)(L®(Qr), p(z,t) €
H'(Qr) N L>®(Qr) and p(z,t) € Cj(Qr).
Combining now (71)-(73) and taking into account (60), we finally get

T
// dmdt—elklg//_gkxt z,t)) dedt =
0

T

B //(8%) +(u- V)(py%g) dudt,

0 Q

whence the statement of the lemma follows. OJ

Denote by F. the RHS of problem (2)-(5):

Fu(z,t) =[prx:(@ ) + ps(1 = Xz, )] f (2, 1) (74)

Recalling now (69) and taking into account that

aazt; +(VEV)VE = (1) + 6.(8) x (z— 2 (1)) + 6(8) x [BL(t) x (z — 2 (1))], (75)

we can represent the solution v_(z, t) of the problem (2)-(8) in the form v_(z,t) = RL®![z], where
R! is the resolving operator of the problem (33)-(37) in the domain Q.(t) (¢ is a parameter),
and @;[z] = F_(z,t) — W.(z,1).
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Since for every t the operator R is self-adjoint in Ly(2), for any continuous vector function

E(L t) = ﬁt[i] we have:

T T T
// dxdt://(Ré@t ) dxdt = // (®L, RLy') dwdt =
0 0 0 0
T
:// (®L, R'¢") dxdt+// D!, Rl — R'¢') dadt. (76)
0 Q 0

Using Lemma 3 and conditions (53)-(54), we conclude that the subsequence {®f [z] =
®_ (z,t), e > 0} converges weakly in Ly(2p) to the vector function ®(z,t) = F(z,t) —
W (z,t) = ®'[z], where the vector functions F and W are defined in (60) and (70), respec-
tively. Thus,

T T
lim// D! R dadt = lim//(ggk(g,t),Rtgo(g,t)) dxdt://(@(g,t),Rtgo(g,t))dxdt:
er—0 er—0 - -
0 Q 0 Q
T

/ / (@, R'¢") dudt = / / (R'®', ") dudt = / / (R'®'[z], p(z, 1)) dzdt.  (77)

0
Here we took into consideration that for almost all ¢t € [0, 7] ®(z,t) € Lo(§2) and the operator
R! is self-adjoint in Ly(2). Next,

1

T T
[ [@ R = Rt dedt] < @l { [ 1R~ B0t}
0 Q

0
Since the sequence {®,, € > 0} is bounded in Lo (§27) uniformly with respect to e, with the
help of (52) we get:

T
lm| / / (8!, B! — Bg') dudi| = 0. (78)
E—r - -

Combining now (76)-(78), we obtain:

T
hm) / / dmdt - / / (R'®'[z], ") dadt.
er—0

0

On the other hand, since the subsequence {v_, (z,t) = v{ [z], & > 0} converges as €, — 0
strongly in Ly(Q7) (and in Ly(£2) uniformly with respect to ¢ € [0,7]) to the vector function

v(z,t) = vt [z], we have:
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aid

T
lim// xt dxdt:// dxdt
er—0

0

So, for all t € [0,7T] v(z,t) = v[z] = R'®'[z] = R'[F(x,t) — W(x,t)]. Moreover, with the
of condition (55), we conclude that v(z,0) = v,.

Recalling the definition of the resolving operator R! and the form of the vector function

Wz, t) (see (70)), we conclude that v(z, ) is the generalized solution of the problem (56)-(59).

Theorem 3 is proved.
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